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1. Introduction

In nature we observe that some physiological characteristics, like age, level of satiation (of a predator), energy reserves
or the body size of the individual, play an important role in its behaviour. Physiologically structured population models ex-
press the dynamics of the population in terms of the processes taking place at the basic unit (individual level) considering
physiological differences. They describe the changes in the number of individuals of a population due to growth, death and
reproduction and reflect the effect of the physiological state of the individuals on the population dynamics.

Unlimited population growth does not exist either. A population influences its environment and therefore its own be-
haviour. In addition, many biological feedback loops can only be described properly in terms of the interaction of the
physiological processes within the individuals (e.g. the availability of food). Consequently, the use of nonlinear structured
population models is an ideal tool to give a realistic mathematical formulation of density dependence. They allow us to take”
into account the effect of competition for natural resources in the structured-specific growth, mortality and fertility rates.

In this paper, we study a situation in which the vital rates are influenced by the availability of food in the environment, for
which the individuals in the population compete. The dynamics of food density is determined by two processes: the regen-
eration of the food within the environment (which models the changes in the food density in the absence of any consumers)
and the feeding by the individuals of the physiological structured population. It could be explained as a predator-prey model
in which the predator is considered physiologically structured and the prey is unstructured. A similar theoretical framework
could be found when we try to model the dynamics of a cellular population for a continuously stirred batch culture in a tank
reactor [1]. In this case, the model includes a different integral term which takes into account how cells divide. With respect
to individual growth rate, a fraction of the ingested food is channelled to maintenance and growth. The necessity of main-
tenance could make this quantity negative. Therefore, the ‘animal shrinks in fact (sea-anemones, flatworms, water fleas,
etc.) [2-4].

A

* Corresponding author. Tel.: +34 983 423000x5835; fax: +34 983 423661.
E-mail addresses: oscar@mat.uva.es (O. Angulo), lopezmar@mac.uva.es (J.C. Lépez-Marcos), malm@mac.uva.es (M.A. Lopez-Marcos).

http://dx.doi.org/10.1016/j.camwa.2014.04.009
0898-1221/© 2014 Elsevier Ltd. All rights reserved.

Please cite this article in press as: O. Angulo, et al., Analysis of an efficient integrator for a size-structured population model with a dynamical resource,
Computers and Mathematics with Applications (2014), http://dx.doi.org/10.1016/j.camwa.2014.04.009



http://dx.doi.org/10.1016/j.camwa.2014.04.009
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
mailto:oscar@mat.uva.es
mailto:lopezmar@mac.uva.es
mailto:malm@mac.uva.es
http://dx.doi.org/10.1016/j.camwa.2014.04.009
Juan Carlos
Texto insertado
IMUVA, 

Juan Carlos
Texto insertado
IMUVA, 


CAMWA: 7610

2 0. Angulo et al. / Computers and Mathematics with Applications xx (xXxx) XXX—XxX

Theoretical analysis of these kinds of problems is highly difficult. With respect to models with a nonlinear dependence
on weighted populations, the analysis of existence and uniqueness was proven in [5]. Calsina et al. [6] made an in depth
theoretical study in two settings: a finite and infinite size range, although it was made only in the case of the nonlinear au-
tonomous case. It was pointed out in [4], that for an analysis of models that involves a dynamical resource we had to perform
as carried out in [6]. The study of this theoretical framework appeared first in a Thieme’s presentation http://math.la.asu.
edu/~dieter/workshop/schedule.html. Nevertheless, a problem with only positive growth was analysed in [7]. They showed
stability properties and bifurcation phenomena within a study of the renewal equation for the consumer population birth
rate coupled to a delay differential equation for the resource concentration. We can find an extensive study of physiolog-
ically structured population models, with analytical studies of aspects such as existence and uniqueness, smoothness and
the asymptotic behaviour of solutions in [8,2,9,10,4].

Often, models such as those discussed above cannot be solved analytically and require numerical integration to obtain an
approximation to the solution. Nevertheless, standard numerical methods cannot be indiscriminately applied, because they
could lead to inaccurate results and, therefore, wrong conclusions. We could introduce the following examples. We showed
that the application of a non A-stable numerical method for the simulation to this problem in [11] was not suitable for the
approximation of its asymptotically stable steady state. Some spurious oscillations occur if we use a wrong choice of the
numerical integrator [ 12]. The choice of the selection procedure makes the approximation to singular asymptotically stable
steady states better [13]. Also, the lack of regularity of the solution plays an essential role in using an ad hoc method [14].

The numerical solution to the model, due to its obvious mathematical complexity, entails a serious challenge. De Roos [ 3]
introduced a semidiscrete method, the “escalator boxcar train”, in terms of momenta of the original density function. How-
ever, it did not provide a direct approximation to the density function and its convergence has not yet been considered yet.
In [15], we consider a direct integration of the system by means of a version of a numerical method, successfully employed
in [11], to obtain this missing information. Nevertheless, it was shown that some numerical methods were not appropri-
ate for a long-time integration. In that work, we presented a new suitable numerical method based on the modified Euler
method and the mid-point quadrature rule. On the other hand, a modification of such a numerical procedure was introduced
in [13] in order to approximate singular asymptotic states for these kinds of models. Details about the numerical integration
of physiologically-structured population models can be found in [16] and the references therein.

On the other hand, numerical methods for the solution to these kinds of models have been successfully applied to struc-
tured models to replicate the available field and/or laboratory data for a variety of different systems: rotifers [17,18], where
we showed the existence of an asymptotic stable equilibrium state and the existence of a stable periodic solution with ad hoc
schemes due to the lack of regularity of the problem; slugs [19], in which we studied equilibrium and oscillatory solutions
of a general mass structured system with a boundary delay: the numerical calculations revealed oscillations, pulse solutions
and irregular dynamics; marine invertebrates [20,21], where we approximated accurately the steady states and analysed
the asymptotic behaviour of the solutions to the linear model and provided original knowledge about the mechaniSms that
govern the stability of a nonlinear system with a dynamical larvae behaviour; forest dynamics [22,23], in which we described
coexistence mechanisms in a size-structured model in terms of competitive differences at the regeneration state, etc.

Finally, when we have to face a numerical simulation in a problem, we must carry out the analysis of the following
numerical properties: consistency, stability and convergence. These properties guarantee the goodness of the method to
approach the solution.

In this paper, we have developed a new, more efficient second-order numerical method for the problem and performed its
complete convergence analysis. We have developed numerical simulations for an academic problem to confirm numerically
the convergence order. Also, we have applied it to a significant biological example: the dynamics of a Daphnia magna popu-
lation. It has been studied numerically, but the convergence analysis for the numerical integration has not yet finished [3].
Nevertheless, an analysis of a different scheme that utilized an intermediate value to perform the numerical integration was
initiated in [24]. Here, we place emphasis on the approximation to the asymptotically stable states of the model. In Section 2
we proceed to present the general model. Section 3 is devoted to introducing the numerical method employed to approx-
imate the solution to the model. The analysis of the convergence properties is shown in Sections 4-7 and the numerical
results performed complete ahe last section.

2. The model

We consider the following nonlinear size-structured population model where the population feedback on the individuals
life history is given by an integro-ordinary differential equation,

U+ (g(x, S(t), ) u)y = —ux,S(t), Hu, 0<x <xy(), t >0, (2.1)
xpm (t)
g(0,5(t),t)u(0,t) = / ax,S(), t)ux, t)dx, t=>0, (2.2)
0
ux, 0) =up(x), 0=<x=<xy(0), (2.3)
S'(t) =f(S(t),I(t),t), t>0, (2.4)
S(0) = S°. (2.5)
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The model involves a nonlinear hyperbolic partial differential equation which represents a balance law, a nonlinear and &
nonlocal boundary condition which reflects the reproduction process and an initial size-distribution for the population. This
size-structured problem is coupled with an initial value one.

The independent variables x and t represent size and time, respectively. The dependent variable u(x, t) is the size-specific
density of individuals with size x at time t. The influence of the environment is given by a function S(t) which represents a
physiological resource. Its dynamics is driven with the initial value problem (2.4)-(2.5), which is coupled with (2.1)-(2.3).
The evolution of such a resource also depends on the population, which is performed by means of the nonlocal term I(t)
defined by

xm (6)
I(t) = / y(x,S(), t) u(x, t)dx, t=>0. (2.6)
0

Functions g, @ and u represent the growth, fertility and mortality rates, respectively. These are usually called the vital
functions and define the life history of an individual. Functions « and p are nonnegative. Note that all the vital functions
(g, n and «) depend on the size x (the structuring internal variable), on time t and on the value of the resource at time ¢,
which can reflect the influence of the environmental changes on the vital functions. The function f on the right-hand side
of (2.4) depends on the value of the resource at time t, on the total amount of individuals in the population by means of the
weighted functional I(t) (which represents the way of weighting the size distribution density in order to model the different
influence of the individuals of different sizes on such dynamics) and on time t. In general, the size of any individual varies
according to the following ordinary differential equation

dx
i =g(x, S(),t). (2.7)

Therefore, as the growth rate does not have a determined sign, the maximum size x;(t) that an individual could have at
time t, changes with time and its dynamics is described by
d
axM(t) =g(X1\/[(t),S(t), t)a t> 07 (28)
XM (0) = XM-
Model (2.1)-(2.5) represents a way of describing the dynamics of a Daphnia magna population into an algal food source and
was introduced first in [3].

With regard to the theoretical and numerical analyses of the model, they were mentioned in the Introduction. We note
that the mathematical analysis of the solutions té the problem (2.1)-(2.5) in its general setting is beyond the scope of this
paper and we will concentrate on the numerical aspects of the problem. Thus, we assume the existence and uniqueness of
sufficiently smooth solutions under suitable hypotheses.

In the present paper, we introduce a new, more efficient second-order numerical method for this nonlinear model. We
also validate it with its convergence analysis. Throughout the paper we assume the following regularity conditions on the
data functions and the solution to the problem (2.1)-(2.6):

(Hl) ue 02([03 XM(t)] X [07 T])v u(x7 t) = va S [Oa XM(t)]vt > 0.
(H2) S € G*([0, T]),S(t) > 0,t > 0.
(H3) y € €%([0, xy (t)] x D x [0, T]), where D is a compact neighbourhood of

{S@®.,0=<t=<T}.

(H4) p € C2([0, xy ()] x D x [0, T]), is nonnegative and D is a compact neighbourhood of
{S@®),0=<t<T}.

(H5) a € @2([0, xy(t)] x D x [0, T]), is nonnegative and D is a compact neighbourhood of
{St),0<t<T}.

(H6) f € G*(D x D; x [0, T]), is nonnegative, D is a compact neighbourhood of
{S@®),0=<t=<T},

and Dy is a compact neighbourhood of

xpm (t)
{/ y(x,S(t), t) u(x, t) dx, OftsT}.
0

(H7) g € 3([0, xy(t)] x D x [0, T]), where D is a compact neighbourhood of
{S@®,0=<t=<T}.

andg(0,S,t) > C > 0,t > 0,S € R. In addition, the characteristic curves x(t; t*, x*) defined in (2.7) are continuous
and differentiable with respect to the initial values (t*, x*) € [0, T] x [0, x;(t)].

The above hypotheses may be based on three possible reasons. First, biological assumptions such as the nonnegativity of
some of the vital functions or, in (H7), to reflect that any individual in the studied population could shrink [2]. Second, the
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mathematical requirements to obtain the existence and uniqueness of solutions for the problem (2.1)-(2.6) [2]. Finally, the
regularity properties needed in the numerical analysis to derive optimal rates of convergence [15].

3. Numerical integration

The numerical method we employ to approximate the solution to (2.1)-(2.6) is based on the discretization of a repre-
sentation of the solution along the characteristic curves [11]. First of all we rewrite the partial differential equation (2.1) in
a more suitable form for its numerical treatment. So we define

W%z, t) = u(x, z, t) + g(x, 2, t).
Thus, Eq. (2.1) has the form
U +gx,St), Huy = —u xS, ) u, 0<x<xy(),t>0. (3.9)

We denote by x(t; t*, x*) the characteristic curve of Eq. (3.9) that takes the value x* at time t*. Such a characteristic curve
is the solution to the initial value problem

d
E"(“ t*,x*) = g(x(t; t*,x%), S(t), t), t=>t",

(3.10)
x(t%; £, x*) = x*.
Now, we consider the function that represents the solution to (3.9) along the characteristic curves
w(t; £, %) = ux(t; £, %), 1), t>1",
which satisfies the initial value problem
d
TG = -t (x (66X SO, wE X, =t
w(t™; t*, x") = u(x*, t*),
and, therefore, it can be represented in the following integral form
t
w(t; t*, x*) = u(x*, t*) exp {—/ w* (x (5 t%,x%) . S(0), 7) dr} , t>t" (3.11)
[*
Given a constant step k > 0, we introduce the discrete time levels t" = nk,n = 0, 1, 2, .... We also take J a positive integer,

as a parameter related to the size variable which describes the number of points in the uniform initial grid. The diameter of
such a mesh grid is h = x),/J, and the initial grid nodes are on =jh,0 <j <].Inorder to start the integration, we consider
as an approximation to the density at the initial time (t°), the grid restriction of the initial condition in (2.3), Uj0 = uO(XjO),
0 < j < J.Also, we use S® in (2.5) as the initial value of the resource. Then, the numerical method provides, at each dis-
crete time level, a mesh grid on the size interval in X", the approximation to the density on such a mesh grid in U" and the
approximation of the value of the resource S", from the approximations we computed at the previous time level, by using
discretizations of Egs. (3.10), (3.11), (2.2), (2.5),(2.6). Thus, forn = 0, 1, 2, . . ., the numerical solution at time t"*! = t" 4k,
is obtained from the known values of the numerical solution at time t" as follows,

Xt =o, (3.12)
k
X=X+ 2 (8061 S ) +80GL ST ) 0 <<, (3.13)
k
sn+l Sn 5 (f (Sn (Q(Xn }’ Un) t ) f (S"_H’*, (Q(X"_H’*, yn+1,* .Un+1,*’ t"+1))) , (3.14)
k
Uﬁ;l — an exp (_5 (M (Xn Sn t") _’_M ( ]'1++]1 * Sn+l * tn+1))) , (3'15)
0=<j=<]J
Q Xn+1’ an+1 . Un+l
ot = & ). (3.16)
g(O, Sn+l7 tn+1)
where we have to compute approximations at time level "1,
X =0, XU =X+ kg(qh, S, 0<j<], (3.17)
ST = ST kf (ST, QX YU, ), (3.18)
U = Ul exp (—kp* (X7, 8", ¢"), 0<j<], (3.19)
Q Xn+1,>»<7 an+1,* . Un+1,*
Ut = ( ). (3.20)

g(o’ S"+]'*, tn+1)
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Note that the general step of the method increases the number of grid points and also the dimension of the vector with the
numerical densities: at time t", we have J + 1 grid nodes in X" and the (J + 1)-dimensional vector U", and at time t"*! we
obtain J + 2 grid nodes in X"*! and the (J + 2)-dimensional vector U"*'. In order to maintain the number of grid points
suitable to perform the next step, we eliminate at time t"*! the first grid node X,”“ which satisfies
X=X = min X — X (3.21)
We reproduce the same reduction in the corresponding vector U"*!. However, we do not recompute the approximations to
the nonlocal terms at such a time level.

In the description of the method, we use the following notation; vectors o and y? contain the evaluations of the functions
« and y in (2.2) and (2.6), respectively, at the grid points in XP, at the resource value SP and at time t”. Products y?.UP
and o .U? must be considered componentwise. In order to approximate integrals over the interval [0, x,;(t?)], we use the

composite trapezoidal quadrature rule based on the grid points XP = [X(’,J , Xf Y ,ij ], that is
J xP—XxP,
_ j i— P p
QX" V) = § —— (VP +V). (3.22)

j=1
Note that the method is implicit: all the expressions provide explicit equations for the numerical values at the highest time
level, except those which involve the numerical density U} at the first grid point, but it is easy to implement the method in
an explicit form.

4. Convergence analysis: preliminaries

Below, we will analyse numerical methods based on integration along characteristics that use a general quadrature rule
with suitable properties to approximate the integral terms. Convergence will be obtained by means of consistency and
nonlinear stability. We use the discretization framework developed by Lopez-Marcos et al. [25].

We assume that the spatial discretization parameter, h, takes valuesin the set H = {h > 0 : h = x/J, ] € N}. Now, we
suppose that the time step, k, satisfies k = r h, where r is an arbitrary and positive constant fixed throughout the analysis.
In addition, we set N = [T /k]. For each h € H, we define the space

N
‘A’h — (R]‘H’l X R]-H’H—l) X R[\H—l,

where R/*" is used for the approximations to the interior grid nodes and R/*"*! for the approaches to the theoretical solution
on them and on the left boundary node, at time level t", 0 < n < N; and R¥*! is employed for the approximations to the
theoretical solution to the initial value problem. We also consider the space

N
8= (R x FT" xR) x RN x l_[ (RIF" x R x RY,
n=1
where (Rf x RIFT x ]R) is employed to compare with the initial approximations; RN considers the residuals that take place

on the boundary node for every time step; and Hg=1 (]RH” X ]RH”), is used for the residuals which arise in the formulae

that define the grid nodes and the solution values; and R" considers the residuals that are computed for the resource. Both
spaces have the same dimension.
In order to measure the size of the errors, we define

I7llc = max [m;], 5= (1, n2,...,7p) € R,
1<j<p

J+n
IVl = hIVRL V" e R
j=0

Thus, we endow the spaces 4y and B with the following norms.
If (y0, VO, ..., y", V¥, a) € Ay, then

0 y;0 N yN
I,V Y, VY a) |, =maX<max Y lloo, max [V lo, IIalloo>-
0<n=<N 0<n<N

On the other hand, if (Y°, Z°, Ao, Zo, Y', Z, ..., YN, ZV, A) € By, thus
(Y%, 2% Ao, 2o, Y, Z', ... YN, ZV A) Il g, = I¥]lco + 1Z°]lo + Aol + 1 Zoll

N N N
+ ) kIZ'loo + D KIY oo + Y KA.
n=1 n=1 n=1
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Now, for each h € H, we define

xp=0.x, % xY), X =K e R
X =jh, 1<j<],
X' =x(ty tp_1,X), 1<j<]J+n 1<n=<N; (4.23)

and we denote xj = 0,n > 0. Recall that x(t; t*, x*) represents the theoretical solution to problem (2.7), t* € [0, T],x* €
[0, xp (£)]. In addition, if u represents the theoretical solution to (2.1)-(2.6) we define

= u ), W=l € R

w'=u(t), 0<j<J+n 0<n<N. 42
Finally, if S is the theoretical solution to (2.5) then we define

Sh = (S0, 1,52, - - -, SN), sp=S(t), 0<n<N. (425)
Therefore, @i, = (x°, u®, x!, ul, ..., x", u",sy) € Ay

Next, we introduce the discretization operator. Let R be a positive constant and we denote by B, (s, Rh?) C Ay the
open ball with centre u, and radius Rh?, 1 < p < 2,

Dy 1 By, (U, RIP) — By,

@ (yO, V0, ... yN VY a) = (YO, PO Ap, Po, Y, P, ... YV, PV A), (4.26)
defined by the following equations:

Y=y X0 eR, (4.27)

PP =Vv0 — U0 e RFHT, (4.28)

A=qa-S"eR. (4.29)

Vectors X°, U° and value S° represent approximations at t = 0, respectively, to the initial grid nodes, to the theoretical
solution at these nodes and to the initial resource. Also,

Q (yn+l7 an+1 -V'H_])

n+1 _ oyl
Po™ =Vo g (O, at, tn+l) ’ (4.30)
1 k
Y;r}:rll — E y;ljll _yjp _ 5 (g(yjn’ an! tn) _{_g(‘y]zj:]l,*’ an-H,*’ tn+1))} , (4_31)
PRA! = VI — V) exp (—5 (e )+ (v @ ,r"“)))} , (432)
0<j<J+n-1,
1 k
An+l — T{ an+1 —_ad" = 5 (f ((1”, &(yn’ yn _vn)’ tn) +f (an+1,*’ @(ynJrl,*7 yn+1,* _Vn+1,*)’ tn+l))} , (4'33)
0 < n < N — 1, where, with the notation introduced in Section 3,
A
VI =y kg, Y, (4.34)
Vj'fll* = V" exp (—ku* (y]. d". ")), (4.35)
0<j=<J+n-1,
Vﬂ+1,* _ Q(yn+1,*’ an+1,* . vn+l.*) (4 36)
0 2(0, an+1.*, tn+1) ’ .
a"t ="+ kf (a", Q" " -V, "), (4.37)

0 <n <N — 1.Wedenote by Q(X,V) = Z?io q:(X) V|, the general quadrature rule employed in (4.30)-(4.37). We have
to highlight that the number of nodes considered at each time level is | + n + 1, which does not coincide with the number
of nodes of X", 0 < n < N.This is due to the fact that the quadrature rules use the fixed values of the nodes X = x{j = 0,
0 < n < N. This notation is also valid if we consider quadrature rules whose nodes are, at each time level, a subgrid of X",
0<n<N.
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Note that, @, takes into account all the possible nodesNand their corresponding solution values at each time level, and it
employs quadrature rules possibly based on a subgrid. If U, = (X°, U%, X", U', ... XN, UV, s;) € B, (@4, RKP), satisfies

@,(U) =0 € By, (4.38)

the nodes and the corresponding values of the solution at such nodes of Uy are a numerical solution to the scheme defined
by (3.13)-(3.16) when the composite trapezoidal quadrature rule is given. On the other hand, the numerical solution to the
scheme defined by (3.13)—(3.16) satisfies (4.38).

Henceforth, C will denote a positive constant, independent of h, k(k =rh),j (0 <j <J+n)andn (0 < n < N); C may
have different values in different places.

We assume that the quadrature rule satisfies the following properties:

(P1) |I(t") — @ (X", " -u")| < Ch?, whenh — 0,0 <n <N.

(P2) [ [ @, SE, € ux, ) di — @ (&7, - u)| < CIP, whenh — 0,0 < n < .

(P3) |g;j(x™)| < qh, where q is a positive constant independent of h, k,j (0 <j <J+n)andn(0 <n < N),for0 <j <J+n,
0<n<N.

(P4) Let R and p be positive constants with 1 < p < 2. The quadrature weights g; are Lipschitz continuous functions on
Boo(X",RhP),0 <j<J+4+n0<n<N.

(P5) Let R and p be positive constants with 1 < p < 2.Ify", 2" € B (X", RhP), V" € B, (u", Rh?) and a" € B, (S", RhP),
then

J+n

> (@ — @) y@E ' )V

i=0
whenh — 0,0 <n <N.

(P6) Let R and p be positive constants with 1 < p < 2.Ify", 2" € Boo (X", RhP),V" € B, (u", Rh?) and a" € B, (S", RhP),
then

=Cly" = 2|,

J+n
D (@@ — ai(@)) e (g a" ") V)

i=0
whenh — 0,0 <n <N.

< CIY" = 2" 0s

The following result establishes that the composite trapezoidal rule used in our experiments satisfies these properties [15].

Theorem 1. Assume that the hypotheses (H1)-(H7) hold. If the quadrature rules are the composite trapezoidal quadrature on
M(n)
subgrids {xj’}1 }l , 0 < n < N with the property
1 —0
(SR) There exists a positive constant C such that, for h sufficiently small, Xj'% —Xj";] <ChO<lI< M(n)—l,x]',’n =0, xj’?n = Xj4n,
1+1 0 M(n)
}M(ﬂ)—]

with [x'?,,

; contained inx",0 < n < N.
1

I=1
Then, properties (P1)-(P6) hold.

The following result shows that operator (4.26) is well defined.

Proposition 1. Assume that hypotheses (H1)-(H7 ) hold and that the quadrature rules used in (4.30)—(4.37) satisfy the properties
(P1)-(P6). If
(X%, V0, ..., XN, VYS) € By, (i, RP),

where R is a fixed positive constant and 1 < p < 2, then, for h sufficiently small,

QX y"-Vv" e Dy, (4.39)
0 < n < N. Furthermore, as h — 0, X™* € By, (X", R' hP), S™* € Bo(s", R’ h?) and V** € B, (u", R’ h?), and

QX Y1 V) € D, (4.40)
1<n<N.

Proof. The definition of @, the hypotheses (H1)-(H7), the properties (P1)-(P6) and that V" is bounded, allow us to obtain
l@X™, y" -V — It = [@X", y(X", 8" - V') — @(", y(X", ) - V)]
+ ex®, yX", s") -V — @, y(X", S(tM) - V)|
+ |@", p(X", S(t") - V") — @x", " - u")| + |@X", p" - u") — It

Please cite this article in press as: O. Angulo, et al., Analysis of an efficient integrator for a size-structured population model with a dynamical resource,
Computers and Mathematics with Applications (2014), http://dx.doi.org/10.1016/j.camwa.2014.04.009
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J+n
D (GXY — &) y KL SH V]
j=0

J+n

D gy (Vo)
j=0

J+n
D g (Y (XL S") — y (. sh) VI

=0

=

+

+ +o(1)

< CRE J+n+ DIy lloo IV'loo + CaRRPFT (J + 1+ 1) [Vl
FRAWPTTG +n+ 1) [yl +o0(D), (4.41)
0 < n < N, h — 0. Therefore (4.39) holds, for h sufficiently small. On the other hand, (4.40) is derived following the same
arguments. [

5. Consistency

We define the local discretization error as
I = & (1) € By,
and we say that the discretization (4.26) is consistent if, as h — 0,
lim || @n (@)l g, = lim |15, = 0.

The following theorem establishes the consistency of the numerical scheme defined by Eqgs. (4.27)-(4.32).

Theorem 2. Assume that hypotheses (H1)-(H7 ) hold and that the considered quadrature rules satisfy properties (P1)-(P6). Then,
as h — 0, the local discretization error satisfies,

@ (@) )15, = u® — Ullo + [[X° = Xloo + [s® — S°| 4+ O(h® + k). (5.1)
Proof. We denote &, (i1;) = (Z°, L%, 6%, Ly, Z', LY, ..., ZV IV, o).

First, we set the next bounds for the auxiliary values. Then, by means of regularity hypotheses (H1)-(H7), properties (P1),
(P2) of the quadrature rule and error bounds for the explicit Euler method and the rectangular quadrature rule, we obtain

X =X = e (e e ) — X — kg st )|
< Ck, (5.2)
1<j=<J+n,
|Sn _ Sn,*| < ‘S(tn) _ sn—] _ kf (Sn—l, I(tn_]), tn—])‘

Ok (S ) = f (T s @yt ut )|
< C (€4 e — @y )
= (53)

and

s —1
! — | = |

n—

tﬂ
exp [‘f i (x(r ), 5(0), 7) "’}
t 1

— exp {—ku* (x}':f, s < ck, (5.4)
1<j<J+n,1<n < N.Bymeans of inequality (5.3) we arrive at
luj —upg™| < C |g (0,s™*,t") ug — @ (x™*, a™* u”‘*)|

< Clg(0,s™ ") — g (0,s", t")]| |ug|

Xm(tn)
+ / akx,s", tYuk, " dx — @ (x", " u")
0

+ ‘@ (xn’ o un) ) (Xn.*’ a* un,*)|
<CIP+1) +]@(x", «"u") — @ (x™*, o™  u™*)|. (5.5)

Please cite this article in press as: O. Angulo, et al., Analysis of an efficient integrator for a size-structured population model with a dynamical resource,
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Now, by means of inequalities (5.2)-(5.5), hypotheses (H1)-(H7) and the properties of the quadrature rule (P3) and (P6), we
obtain

J+n
@ (¢ w) — @ (w2 |3 ()~ ge) @ (5 1)

j=0
J+n

F 3l (o (4,57, 1) — o (5" 17)) |
j=0

J+n

+ 3 lat)e(.7) (4 1)

j=0

b

SCH+K)+Ch|Q(x, o«"u") — @ (x"*, o u"™*)

thus, for h sufficiently small, we arrive at

|@ (x", a"u") — @ (x™*, & u™*)| < C(W* +KP). (5.6)
Therefore, by means of (5.5) and (5.6), it follows that

lup — up™| < C (h* 4+ Kk%). (5.7)

Finally, using the inequalities (5.2)-(5.4) and (5.6)-(5.7), the hypotheses (H1)-(H7), the properties of the quadrature
rule (P3) and (P5) in (5.6), we obtain

@ (x", y"u") — @ (x*, y" u™*)| < C (P + k). (5.8)

Now, we set the bounds for Z", 1 < n < N. By means of (3.10) and (4.31), the regularity hypotheses (H1)-(H7), inequal-
ities (5.2)-(5.3) and the error bound of R schemes employed, we have
A

12 = % { X =X = ’25 (& (= s ) + 8 (5™ f”))‘
5 [g (5 ) —g (90|

45 6 ) - e e )

C {4 ¥ — x| + Is" — s™*[}

IA

A

C (K +h?), (5.9)

1<j<J+n1<n<N.

Next, arguments analogous to those used to derive (5.9) lead us to establish the bound for the truncation errors produced
by the resource solution. By means of (4.33), the regularity hypotheses (H1)-(H7), the property of the quadrature rule (P1),
inequalities (5.3) and (5.8) and the error bound of l;’:—lﬁschemes employed, we arrive at

0"l < ¢ .
Tk

s — Sn—l _ 5 (f (Sl’l—‘l7 I(tn_l), tn—l) +f (Sn, I(tn), tn))
+§ |f (Sn—l7 I(tn_l), tn—]) _f (Sn—l’ Q(Xn_1, yn—l .un—l)’ t“_l)|

I
+ 5‘ F(s™, 1CE™), £7) — F (™, 1(ta), £7)]

_+_12£ |f (Sn,*’ 1(ty), t”) _f (511,>s<7 @(xn.*, yn,* 3 un,*)’ t“, )‘}
< C {k2 + ’Sn _Sn,*’ + ‘I(tn—l) _ Q(Xn_], yn—1 . un—l)‘
+ |I(tn) _ &(xn’ yn . un)| 4 |Q(Xn, yn _un) _ (Q(X"’*, yn,* _un,*)|}
<C (K¥+h), (5.10)

1 < n < N. Finally, we establish the bounds for the truncation errors produced by the solution to the PDE with a similar
reasoning. By means of (3.11) and (4.32), the regularity hypotheses (H1)-(H7), the property of the quadrature rule (P1),

Please cite this article in press as: O. Angulo, et al., Analysis of an efficient integrator for a size-structured population model with a dynamical resource,
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inequalities (5.2)-(5.3) and the error bound of the trapezoidal quadrature rule, we have

C
k

[n
ft w (x(; £, x;'__ll), s(t), 7) dt — g (n* (x}?_l, st

L] < -
_'_M* (X;,Sn, tn))| 4 g |M* (X}l, Sn’ tn) _ ’u* ()(]1_1,*7 sn.*, tn)|}
< C R+ =+ 5 =)
< C(K*+h?), (5.11)

1<j<J+n1<n<N.And, to find an estimation for the boundary terms, Eq. (4.30), hypothesis (H7) and property (P2),
allow us to obtain

Il < C |g (0,8 t") uj — @ (x", " - u")]

C

IA

xp (t")
/ akx,s", tYux, " dx — @ (x", o" - u")
0

< Ch, (5.12)
1 < n < N.Therefore, (5.1) follows from (5.9)-(5.11) and (5.12). O

6. Stability

Another notion that plays an important role in the analysis of the numerical method is the stability with h-dependent
thresholds. For h € H, let R, be a real number (the stability threshold) with 0 < R, < 00, we say that the discretization (4.26)
is stable for u,, restricted to the thresholds Ry, if there exist two positive constants hy and S (the stability constant) such that,

forany h € H with h < ho, the open ball B, (i, Ry) is contained in the domain of @y, and, for all \7,,, Wh in that ball,

[V, — Wil < S | @n(Vh) — @4 (Wp)]|.

We begin with the following auxiliary result whose demonstration was made in [24] where the same quadrature rule is
. A
given.

Proposition 2. Assume that hypotheses (H1)-(H7) hold and that the considered quadrature rules satisfy properties (P1)-(P6).
LetAy”, 72" € Boo (X", Rh?), V', W" € B,,(u", Rh?) and a", b" € By (s", RhP). Then,ash — O,

lQy", y" - V) — @@, y"-WH| < C (IV" —W"[[; + ly" — 2"l + |b" — d"]), (6.1)
@™,y V) — @@,y WP < C (VP = W (Y™ — 2o + B — a™) (6.2)
1<n<N.

Now, we introduce the theorem that establishes the stability of the discretization defined by Egs. (4.27)-(4.32).

Theorem 3. Assume that hypotheses (H1)-(H7 ) hold and that the considered quadrature rules satisfy properties (P1)-(P6). Then,
the discretization is stable for u, withR, = Rh", 1 < p < 2.

Proof. We denote
@ (y0, V0¥ VLYY VY ) = (YO, PO A, Py, YL P LYY PN A)
@, (22, W0, 2" wh 2%, WY b) = (2°,R%, By, Ro, Z', R, ..., Z",R", B),

(O, Vo, y" vy VN a), (20, WO, 2 WL 2V, WY b) € By, (i, Ry).
Now, we set

E'=V' —W' e R A" =y — 7" e R 6" =p"—a"e€R, 0<n<N.
EM* = Vb — W ¢ RH—"—O—Z’ AF — yn,* — 7 e RH—”'H, o™* = P — g™ g R,
1 < n < N.From (4.34) and by means of hypotheses (H7), we obtain
AT < A] | +k (g (i a ) — g (27 b £
, (6.3)

< (1+Ch A+ Ck o
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1 <j <]+ nThus

|4 = @ +Clo A+ Ch fo™ ]

[e.¢]

1 < n < N.Next, from (4.37), by means of hypothesis (H6) and inequality (6.1), we arrive at

11

|O,n,*| < |0,n—1|+k |f (an—l7Q(yn l’yn 1 vn l) n 1) f(bn_l,Q(Zn_l,yn_l 'Wn—l),tn—1)|

< A+Chlo™ M +Ck{|a"]  + e ],),

1 < n < N.Now, from (4.35), by means of hypotheses (H4), (H7), [W"!|sc < C, we have

EM| < |E | exp (—kp* (v a" 1 "))

+|ijn_—]1| |eXp(—k[,L* (y}'__]],a"q,t” 1))_exp k,LL (n 1 bn 1 tn 1))|
*

< |En711| +Ck |M* (y;:117 an—ly tn—l) —u (]n 11 bn 1 n 1)|
< B+ Ck {|o" + A}
1 <j <]+ n.Thus,
1 < [+ Ck o™+ AT
1 <j <]+ n. And, from (4.36), (H7) and inequality (6.2), enable us to write
|Eg*| <C {|g (O, an.*’ tn) —g (O, bn,*’ tn)| ‘Q(yn,*7 yn,* Vn,*)|
+ |g (O, an,*, tn)| |@(yn,*, yn,* Vn,*) _ @,(Zn’*, yn,* Wn,*)|}
= C{le™ [+ a™ ] + e~}

1 < n < N.Next, we use (6.4) and (6.5) in (6.7) to obtain, for h sufficiently small,

1B = C {lo" 7+ A + [E + B}

(6.6)

(6.7)

(6.8)

1 < n < N. Now, multiplying |E}7‘*| by h and summinginj, 0 <j <] 4+ n+ 1, from (6.6), (6.8) and that k = r h, we obtain

J+n+1

IE* s = Chflo™ 4 A o+ JE e+ n 3o {[E ]+ k(o™ + a4 )

j=1
< Ch [ +c {lo™ [+ a4+ e}
1 < n < N.Therefore, for h sufficiently small,
IE™* s = € {[o" |+ [a™ "] o + e}

1<n<N.
Now, by means of (4. 31) hypotheses (H6)-(H7), (6.3) and (6.5) enable us to write

Al < |A”1|+ R b B T ]
X \g(yf"* a", (") — gz b |+ kY = 2|

< |An 11|+Cl<{|g(y” 1 a" 1 = 1) g(z , n—l,tn—1)|

+ ’g(zjn 1’ an 1’ tn 1) _g(zjn 1’ bn 1’ tn 1)’ + }g(y;,*’ an,*’ tn) _g(Z]ﬂ.*’ aﬂ

n |g(z”’* n,# tn)_g(zjn,*!bn,*’tn)| +k |an_Zjn|}
SA+CRIAT [+ Ck {lo" ' +]A7"] + o™} + k |V — 27|
= 1A+ Ck A+ e + o+ k v -2
1<j<J+n1<n<N.Thus,whenN >n > j > 1, from (6.11), we have
j—1 i1

1471 < Ch Y {IE ™y + 1A o + o™} + k> v =2

1=0 =0

(6.9)

(6.10)

*’ tn)‘

(6.11)

(6.12)
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Therefore, when N > n > j > 1, by means of (6.12), we establish

n—1 n—1 n—1 n
A < C [ DOKIE" 4+ Y kAT + Y K |a'“\] + Y KIYT = 2. (6.13)
m=n—j m=n—j m=n—j m=n—j+1
On the other hand, when ] +n >j > n > 1, due to (6.11) it follows that
n—1 n—1
A7 <140+ Ch Y {IE T+ 1A oo + o™ kDY =2 (6.14)
=0 =0

Thus, whenJ +n >j>n > 1,(6.14) yields

n—1 n—1 n—1 n
A7 < |4%00 + C !anﬁmn] +Y kA M+ Y K |am|} + Y KIY" = 27| (6.15)
m=0 m=0 m=0 m=1
Then, by means of (6.13) and (6.15), we can conclude that
n—1 n—1 n—1 n
1A oo < 14°l00 + C {anEmn] +Y kA + Y K |a'"|} + Y kY = 27| (6.16)
m=0 m=0 m=0 m=1

1 < n < N. On the other hand, from (4.33), hypothesis (H6) and inequalities (6.1)-(6.2), (6.4)-(6.5) and (6.10), we arrive at
lo" < [o" '+ k|A" =B+ Ck {|f@ ", @y, ¥y (v ) - V'), 1)

ot LCARCI( A Y (A I Vil Wb
+ [fe L ey Yy T v ) -V, )
_f(bn—l, Q(Zn—l, yn—l(z’ b) .vn—l), tn)|
+ |f@*, @™, y™*(y. a) - V'), ")
—fO™, QU™ Yy, ) - V), |
+ [f O™, @™, Yy, @) - V'),
—f(B™*, @@, Y™*(z, b) - V'), tn)|}
(14 Ck) lo" | + k|A" — B"| 4+ Ck {|o™*|
+ |@(yn—1’ yn—l(y’ (1) .Vn—l) _ @(zn—l’ }In_l(l, b) .vn—l)|
+ |@(yn,*’ YRy, @) - V') — @@,y (z, b) .vnf*)”

< (A+Ch o™ +k|A" =B+ Ck {|A™ |+ [E"'],}

Ok (A + (B, + b1}

S (A+Ch o™+ kA" =B+ Ck {|a™]_ + [E"'],}. (6.17)

1 < n < N.Thus,

IA

n—1 n—1
0" < A+ CR" 0%+ > k(14 Cl' A =B+ Y Ck+Ch' {|a™""] _+ &}, (6.18)
=0 =0
1 < n < N.Therefore,
n n—1 n—1
lo" < C :|a°| + Y KIAT =BT+ > kAT + Dk HE’”Hl} , (6.19)
m=1 m=0 m=0

1<n<N.
On the other hand, from (4.32) we arrive at

k
E'| < |E'S eXP{—E (1 (i a e (yf’*,a"’*,t”))}

+ |VV]n_7]1| exp {_g (/'L* (y}l:11’ an—l’ tn—l) + /L* (y}l,*’ an,*, tn))}
— exp {—12‘ (" (0" ) (2 b t“))}) + k|P! — R, (6.20)
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1<j<J+n,1<n <N.Now,by means of hypotheses (H4) and (H7), we have
k
exp {—2 (1 f a )  t ( am t"))} <1+4Ck, (6.21)

1<j<J+n1<n <N.Thus,(6.1),(6.4)-(6.5), (6.20)-(6.21), hypotheses (H4) and (H6)-(H7), and that [W" ||, < C,
enable us to write

E[| < k[P — R[4+ (14 Ck) |E |+ Ck {|u* (f a1 =t (71 a7 )|
o lw O a ) =t (g )
+ ‘/’L* (2;1—1, an—l, tn—l) _ /’L* (Z;?_l, bn—l’ tn—l)’
+ |M* (ij,*7 an,*7 tn) _ M* (Zjn,*, bn,*, tn)|}
< kP =R+ (14 Ch) [E/S [+ Ck {|Al| + |o" |+ |Al*| + o™}
< kPP =R+ (1 +Ck) ES [+ Ck {|A™ |+ B, + |o" [} (6.22)
1<j<J+n,1<n <N.Now, from (4.30) and hypotheses (H7) it follows that
Q" "y V) Q" «"(z, b)) W")
g (0,a", t") g (0, b", tm)
< |P§ —Rgl+C {|g(0,b",t") — g (0,a", t")| |@ (2", a"(z, b)) W")|
+ |g (0,t",b")] |@ (y" «"(y, 0) V") — @ (", &"(z, Yy W") |}, (6.23)
1 < n < N.Next, (H5), property (P3), and that |W"||», < C, enable us to obtain

|Egl < |Pg — Rgl +

@ (2", o«"(z, by W")| < C, (6.24)
1 < n < N. Furthermore, the definition of «; and hypotheses (H5) yield

los (v}, a", t") — o (21, ", t")| < C {1471+ 10"} (6.25)
1 < n < N. Next, by means of (6.25), hypotheses (H5), properties (P3) and (P6), and that ||W" ||, < C, we arrive at

J+n

o ayHawy. ) (v = wh
i=0

J+n

D (@ ey d" " — qi(@") e@, b, ") W

i=0

|@ (y" a"(y. 0) V") — @ (2", «"(z, ) W") | <

+

J+n
> (@M — ai@)) aGf. " ) W

i=0

< CIE" I +

J+n

+ Y ai@) (a1 d") — al, ", bh) W
i=0

< C{IE"l + 1A oo + |0"[} (6.26)

1 < n < N. Therefore, we complete the derivation of the stability estimate for the boundary node taking into account
(6.23)-(6.24) and (6.26), and hypotheses (H7),

|Eg| < IPg —Rgl+ C {[o"| + [[a"] , + [E"[,}. (6.27)
1 <n < N.Thus,whenN >n > j > 1, from (6.22), we obtain
o
Bl < A+ CRY 1By I +k D _(1+Ch' P15 — R|
=0
j—1
+CkY A+ Ch' {IEl + 14" o + 10" (6.28)
=0
Therefore, we establish
. n—1 n—1 n n—1
EF < CLIES 1+ D KIE™ i+ Y kAo + Y kIP" =R+ > klo™|¢. (6.29)
m=n—j m=n—j m=n—j+1 m=n—j
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On the other hand, when ] +n > j > n > 1, due to (6.22) it follows that

n—1
Ef| < A+ CR"E), |+ kY (1+Ch'IP = R|
1=0
n—1
+Ck Y (14 CR I+ A e + o]} (6.30)
1=0
Thus, we can conclude that
n—1 n—1 n—1 n
Ef| < C {||E°||1 + KIE™ i+ Y kA oo + Y klo™ + Y k[P™ — R’“noo} : (631)
m=0 m=0 m=0 m=1

Now, multiplying |Ej"| by h and summing inj,0 <j <J+4+n,1 <n < N, from (6.27), (6.29) and (6.31) and that k = r h, we
have

J+n
IE" Iy = hIEg| + Zh|E"| + Y hiE]

j=n
< h|P”—R”|+Ch (Jo" \+||E”||1+||A"||oo)

n
+C Zh {w“ 1+ Z kIE™|11 + Z kIA™ o0 + Z ko™ + > 1<||Pm—Rm||oo}

m=n—j m=n—j m=n—j m=n—j+1

J+n—-1

+C Z h {||l-:°||1+Zk||E'“||1+Zk||Af"||w+Zk|o |+Zk||Pm—Rm||oo}

c {nl-:"n] + h||E"|; +Zk||E"’||1 + Zh|£3‘f| +h o] +Zk|a'“|
m=0 j=1 m=0

IA

m=0 m=1

n—1
+haA" ||m+Zk||A'"||oo+Zk||Pm R"||o + h |P§ — R"|}

IA

n n n—1
c {nl-:“n] + ) KIE" + Y klo™+ > _h (|P3" — Ry 1+ IE™ 1 + A" oo + |o"—f|)
m=0 m=0 j=1

n n
+ ) kAo + > kIP™ —R"[s + h|P§ —R3|}

m=0 m=1

n n n n n
< CIE s+ D _KIE™ 4 > kA"l + Y _klo™ + D KkIIP" = R™[loo + » _h|Pf' — Rg"|} ,
m=0 m=0 m=0 m=1 m=1

1 <n < N.Then,

IE" s < € {IE%: + Zk ™[Iy + Zk 1A™ |0 + Zk|o’"| + Zk IP™ — R™||oc + [Py — Ronoo] . (632)
m=0 m=1
1 < n < N.Thus, by means of the discrete Gronwall lemma,
n n n
IE™ s < € S IE + Y kA" oo + > _klo™ + > kIP™ = R"||oo + [Py — Ronoo] : (6.33)
m=0 m=0 m=
1 < n < N. Next, we substitute (6.33) into (6.16) to have
n—1
A"l < 1A% +C {k IE s+ > kIIA™ oo
m=0

n—1 m m m
+ )k <||E°||1 + Y kllA o + Y ko'l + D k[P = Rl
m=1 =0 1=0 =1
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n—1 n
+1IPo — Ronoo) + Y klo™ 4 Y k(Y - Z’"nw}
m=0 m=1

n—1 n—1
<cC {||A°||oo +IE% s+ D kIl A™ oo + Y ko™
m=1 m=0

m=1 m=1

n—1 n
+ ) kIIP™ — Rl + IPo — Rollo + > _ kY™ — Z'"noo} :

1 < n < N. Again, by means of the discrete Gronwall E\emma, it follows that

n—1 n—1 n

m=0 m=1 m=1

1Al < C {uA“uw + %1 4+ D _klo™| + [Py — Rolloo + Y _ KIIP™ = R™ [l + Y k[I¥" — Z"ls

1 < n < N.Next, we substitute (6.35) in (6.33) to obtain

n n n
" < C [||A°||oo + IE%ls 4+ D _klo™ + IPo — Rolloo + Y KIIP™ = R™{log + Y " K[I¥" = Z"1s

m=0 m=1 m=1

1 < n < N.Next, we substitute (6.35) and (6.36) in (6.19)

n n—1
0" < 10°1 + Y kA" =B +C Yk [o"]
m=1 m=0

|

|

n—1 m—1 m m
+C > k {||A°||oo + IE% 4+ ) _klo'| + 1IPo — Rolloo + > KIIP' = Rl + Y kY’ —Z’uoo}
1=0 =1 =1

m=1

n—1 m m m
+C > k {||A°||oo + IE%s 4+ D _klo'| + IPo = Rolloo + Y _KIIP' = Rl + Y _k[Y' — zlnoo}

m=1 1=0 =1 =1
n n—1
<cC {|00| + Y kAT —B"|+C > ko™
m=1 m=1

n—1 n—1
+ 1A% o0 + Il + [P0 — Rolloo + Y K [P™ —R™[lo + Y k[Y™ — Z'"noo}
m=1 m=1
1 < n < N. Again by means of the discrete Gronwall lemma, it follows that
A

n
lo" < C {nA"noo + %l + o° + ) kIA™ = B"| + [Py — Rolloc

m=1

n—1 n—1
+ ) kIP" =R + >_kY" —zmnm} :
m=1 m=1

1 < n < N.Then, we substitute (6.38) in (6.35) and (6.36) to obtain

n—1
1Al < C {uAOnw + [IE%ll1 + [0°] + [IPo — Rolloo + ) _ k|A™ — B"|
m=1
n—1 n
+ ) k[P =R+ > k|Y" —Z'"noo},
m=1 m=1
and
n—1
IE" 1 < € 1 1A%loe + IE%ll1 + [0°] + [P — Rolloc + Y _ kIA™ — B"|
m=1

n n
+ Y KIPT =Rl + Y k[Y" —Z'"noo} :
m=1 m=1

15

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)
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1 < n < N. And, finally, we substitute (6.38)-(6.40) in (6.27), (6.29) and (6.31) to arrive at

n—1
IE" o < € 1A% e + IE%ll1 + 0°] + [P0 — Rollos + Y _ k|A™ — B"|
m=1
n n
+ Y kIP" =R+ > _k ||Y'”—Z’"||oo}, (6.41)
m=1 m=1

1 <n < N.So, due to (6.38),(6.39) and (6.41) we have
I (A% E% ..., AN EY, 0) |4, < C (A% E°, 6% Pp—Ro, Y —Z', P —R', ..., Y' —Z"P" — RV, A—B)||5,. O

7. Convergence

The global discretization error is defined as
éh =ﬁh—ﬁh € Ap.
We say ttlat the discretization (4.26) is convergent if there exists hg > 0 such that, foreach h € H with h < hg, (4.38) has a
solution Uy, for which, ash — 0,

lim ||ty — Upll.4, = lim [[€4]].1, = 0.

In our analysis, we shall use the following result of the general discretization framework introduced by Lépez-Marcos
et al. [25].

Theorem 4. Assume that (4.26) is consistent and stable with thresholds Ry. If @y, is continuous in B(ay,, Ry,) and ||1;]| 5, = 0(Ry)
as h — 0, then:

(i) For h sufficiently small, the discrete equations (4.38) possess a unique solution in B(ay, Ry).
(ii) Ash — 0, the solutions converge and ||€|| 4, = O(|[lx |l 5,)

Finally, we propose the next theorem which establishes the convergence of the numerical method defined by Eqs. (4.27)-
(4.32).

Theorem 5. Assume that hypotheses (H1)-(H7 ) hold and that the considered quadrature rules satisfy properties (P1)-(P6). Then,
for h sufficiently small, the numerical method defined by Eqs. (4.27)-(4.32) has a unique solution Uy € B(uy, Ry) and

10 — gy < € (I1X" = X'llo + [[0” = U2l + [s% = S°] + O(h* + k%)) . (7.1)
The proof of Theorem 5 is immediately derived by means of consistency (Theorem 2), stability (Theorem 3) and Theorem 4.
Specifically, if X° = x%, U° = u® and §° = s, the proposed numerical scheme is second-order accurate.

At this moment, we have obtained convergence of the numerical method (4.27)-(4.33) which does not employ selection
at each time level. Also, we have proven the convergence of numerical methods which employ a selection criterion, when-
ever the positions, which are determined by the criterion we have chosen, lead us to subgrids which satisfy property (SR).
For the criterion presented in this paper, this property may be shown in two stages. First, as proven in [15], it leads us to
subgrids with such a property when we applied it over nodes which are in a neighbourhood of the theoretical ones with
radius R hP. In a second stage, it is proven that the nodes, which in fact the numerical method computes, are in such neigh-
bourhoods. In order to do this, it is enough to realize that such nodes could be seen, up to each time level, as the solutions
obtained by a discrete operator which has the form of that defined in (4.26).

Remark. It is well known that regularity hypotheses are necessary, in numerical analysis, to derive optimal rates of
convergence for numerical quadrature rules and numerical methods for differential equations. This is the meaning of our
smoothness assumptions. However, an interesting question is to consider how the numerical scheme analysed in this paper
should be used to carry out the numerical integration of problems with non-smooth biological data functions. In such case,
sometimes it is possible to locate these singular points, thus we would obtain the convergence result taking into account
that the method is based on the approximation along the characteristics curves by means of quadrature rules. For example,
with respect to the discontinuities caused by the lack of compatibility among the initial and boundary conditions, the
discussion introduced in [15], for the model without dynamical resource, is also valid in this case. In other physiologically
structured models, we can observe finite jump discontinuities caused by the problem itself (as in [14]), or by non-smooth
coefficients (as in [26,27]) which propagate along the characteristic curves. While these points are located, a proper choice
of the mesh grid and a suitable simple adaptation of the quadrature rules, keep the order of convergence of thé'method. The
same studies could be made for our model if they would be necessary. Also we have found situations, as in [13], providing
unbounded solutions close to the maximum size. Again, we can perform a different selection procedure and a modification
of the quadrature rule to describe the approximation to the solution. Finally, we refer to [28,29], and the references therein,
for numerical approximation to weak solutions for a similar kind of models.
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Table 1
Error and experimental order of convergence.
k\h 2.5e—2 1.25e—-2 6.25e—2 3.13e—2 1.56e—2

2.5e—2 1.565536e—4  2.674563e—4  2.852092e—4  2.888894e—4  2.897345e—4

6.434510e—4  3.741278e—5 6.469671e—5 6.920614e—5  7.013337e—5

1.25e—2 S0 oo rot
2.05
6250_p 647515e—4  165641le—4 9.157412e—6 1.500974e—5  1704878e—5
’ 1.96 2.02 2.02
2.03
313e_p 8238862e—4 1916386e—4 4209129e—5 2265792e—6  3.944845e—6
’ 2.00 2.01 2.01
1.98
lsge_y 8438404e—4  205118%e—4 47909935  1060032e—5  5.635547e—7
’ 2.01 2.00 1.99 201

8. Numerical results

We have carried out different numerical experiments with the scheme defined in Section 3.

First, we have considered an academical problem. It consists of a theoretical test problem with meaningful nonlinearities
(both from a mathematical and a biological peint of view). In this case, the numerical integration for the experiment was
carried out on the time interval [0, 10]. The size interval was taken as [0, 1]. Below, we describe the functions involved in
the experiment. The size-specific growth, fertility and mortality moduli are chosen as

(xzt)—k1+z z \’ 2) + xr (29 z
szt =57 Utz 1+z\30 k)

(th)_xl+z z 4 2x 3r 29 2z
pre=+—""\1+2 1+z\30 k)

The weight function is taken as y (x, z, t) = x? and, finally,
. z . (1+2)°
z,i,t) = z(]—f)— 7
fein=r k " 125(1 + 4e—At)

With this choice of data functions, the problem (2.1)-(2.6) has the following solution

w0 = (3o _x)2 e (S<f>> .
’ 1+ (1) 1150 :

29 CeZQrt/ESO
St) = ———=7—,
® 30 1 + Ce29rt/30 /f

r =0.1,C = 24,k = 5,1 = 0.3. Since we know the exact solution to the problem, we can show numerically that our
method is second-order accurate by means of an error table. In Table 1, each entry in columns two to seven of the upper
value represents the global error

€11 = max {max jux?, ) = P, 15(t°) — $°, max {max e, € — uj"|} Ise") - S"|}
0<j<J 1<n=<N |0<j<J
and the lower number is the experimental order s of the method as computed from

_ log(ean,2k/en.k)
log 2

Each column and each row of the table correspond to different values of the spatial and time discretization parameter, re-
spectively. The results in the tablé clearly confirm the expected second-order convergence. The property of convergence
A
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in finite time interval is important to carry out experiments in which the long-time behaviour of the population is investi-
gated. Therefore, the numerical integration of the model with an efficient method allows us to consider a more realistic test
problem.

Second, the numerical method has been employed to describe the dynamics of a population of ectothermic invertebrates:
the water flea, Daphnia magna. In this particular case, the data functions employed in [3] are given by

z
X,Z,t) = —X],
8( ) =g <1+Z )
wx,z,t) = u,
X,z,t) = X2,
o ) 7
f(z,i,t) z(l Z) 2
LU =T ——)—1 )
K 142z
y(x,z,t) = x°.
Simple calculations provide the following steady state of the model,
L_q
or S* X \¢
U= —@0+SH(1-— (1—— . 0<x<xp, (8.1)
g K Xy

with the following maximum size and resource

%
XM

= \/ Wp AWt 52)

2ag? S 1-x

This model, with the following set of parameter values © = 0.1, « = 0.75,r = 3, K = 8.3 and x; = 1, was analysed
with different numerical techniques in [3,13]. This set is beyond the theoretical analysis settings because the steady state is
unbounded (although integrable in whatever case g > w).

We have performed simulations with g = 0.0075, © = 0.1, « = 0.75,r = 3 and xy = 1. This set of parameters
makes the solution be bounded and therefore, within the theoretical analysis settings. In a first experiment, we take the
value K = 8.3. We employ initial conditions (2.3) and (2.5) which ensure compatibility between u, S° and the problem,

a [ S0 3guo(0
u(0) = f/ X uo(x) dx, ;= e o® ,
g ) 1+S 2a [ xug(x) dx 4 g uy(0)
and integrate numerically until T = 1000. We employ small perturbations of (8.1) and (8.2) as initial conditions: Xy = 0.875,
$9=7,and

a4 (1 SN (1 X g ifo<x<%
U =1 g K R =0 = (8.3)

0 if Xy < x < xy.

The value of 8 is taken in order to ensure the compatibility conditions

~3
2axy

B+3HB+2)B+1 = 7 |

which results in 8 ~ 0.5153057420.

The computations performed with different values of the parameters of the discretization, k and J, show that the numer-
ical solution is attracted to a stationary state. Therefore, we can state that equilibrium is asymptotically stable. For a fixed
number of grid points on the size interval, J, the numerical steady state converges to the theoretical one as the time step k
decreases. However, we observe that a critical value of the time step k, depending on J, appears. Below this critical value,
the numerical method does not produce better approximations to the theoretical values of the equilibrium state. Our expe-
rience allows us to estimate that an optimal ratio of the discretization parameters is about kJ ~ 250. In Table 2, we present
the errors produced by the numerical approximations to the theoretical equilibrium state with different values of the dis-
cretization parameters (J and k). Note that the convergence is second-order. For this choice of the final time integration, the
approach to the theoretical steady state is good enough as shown in Table 2.

In Fig. 1, we show the long time evolution of the numerical solution obtained with the values of the discretization pa-
rameters k = 0.0625,] = 4000. In the figure, we draw the evolution of the density function, the total population computed
from the population density by the confposite trapezoidal quadrature rule, the maximum individual size and the dynamical
resource. As we can observe, all of them evolve towards the equilibrium state.

Taking into account the good behaviour of the numerical solution in a predictable situation, we now consider a more
complicated situation. As the value of the parameter K increases, the equilibrium state becomes unstable. In a second
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Table 2
Errors in the approximations with respect to the theoretical val-

ues: Nj = fﬁ” u*(x) dx ~ 46.6763867098 (total population),
S* =~ 4.0859721214 (resource).

k J Total population ~ Resource
1 250 4.946335e—3 4.112717e—-2
5e—1 500 1.004377e—-3 9.992129e—-3
2.5e—1 1000 2.270716e—4 2.461613e—4
1.25e—1 2000 5.403338e—5 6.108879¢e—4
6.25e—2 4000 1.318184e—5 1.521058e—4
3.125e—-2 8000 3.255560e—6 3.788916e—5
1.5625e—2 16000  8.089576e—7 9.394259e—6
7.8125e—3 32000 2.016265e—7 2.277898e—6
55
50
> 100 c
@ S 45
% 5
t 50 g 40
2 g
& =
3 _ g 35
& o. 1000
0 ) 30
0.5 500
. 25
. 0 time 0 200 400 600 800 1000
size time
1 7
0.95 6
8 o9 .
£ 2
é 0.85 § )
x =
g o8
0.75 8
0.7 2
0 200 400 600 800 1000 0 200 400 600 800 1000
time time

Fig. 1. Evolution of the numerical solution. Case of a stable steady state.

experiment, we present an example of this situation by taking K = 9.64. As an initial condition, we take the unstable
equilibrium state (8.1)-(8.2) (we extend this function to the whole interval [0, xy] by taking ug(x) = 0if xy; < x < xum).
As in the previous experiment, the values of the discretization parameters are k = 0.0625,] = 4000. We can observe
the instability of the equilibrium and the solution evolving towards a cycled situation (Fig. 2). Taking into account that the
numerical solution is attracted to a limit cycle, considering a sufficiently large time, the numerical solution obtained after
this long time integration lies practically on such a cycle. In this way, the numerical method provides an approximation to
the limit cycle. In Fig. 3, the representation of such a cycle in the tridimensional space defined by the total population, the
maximum individual size and the dynamical resource, is drawn. From the numerical results obtained for the total population,
the maximum size and the dynamical resource, we can obtain an in depth analysis of these quantities throughout a period
of the limit cycle. For example, in Table 3, we present the behaviour of some numerical quantities of the solution throughout
a period of the limit cycle. Also, we can estimate such a period by interpolation: it is about 64.6824. A

9. Conclusions

We have analysed a second-order numerical method for a problem that describes a population with a possible shrinking
size and witH'a dependency on the environment managed by the evolution of a vital resource. The method involves only one
level of time each step. The second-order convergence has been theoretically proven by means of an argument of consistency
and stability of the scheme. The academical test problem allows us to report numerical experiments which demonstrate the
predicted accuracy of the scheme.

This knowledge leads us to make a long time integration of the model. The biological problem we consider is well known.
It describes the dynamics of a Daphnia magna population. With its long time integration, we observe the good stability
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Fig. 2. Evolution of the numerical solution. Case of an unstable steady state.
6
55
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§ 4.5
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2 4
o
35
3
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0.79
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total population 47" 076 0.77 . ,
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Fig. 3. Limit cycle appearing in the case of an unstable steady state.

properties that our numerical scheme possesses. In the settings of the theoretical analysis, our numerical scheme makes it
possible to determine the rich dynamics of the model. It presents an equilibrium that is stable until the parameter K reaches
the bifurcation value. After that, it becomes unstable. In the stable case, we show how the numerical steady state approaches
the theoretical steady state. When the equilibrium is unstable, a stable limit cycle appears, the characteristics of which are
also described.
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Table 3
Behaviour of some numerical quantities of the solution throughout a period of the limit
cycle.
Time  Resource Total population Maximum size
0 Abs. maximum (5.91) 7 S
14.22 N\ S Abs. maximum(0.82)
19.57 \y Rel. maximum(53.41) o
27.01 Rel. minimum(3.42) o N
3090 N\ Rel. minimum(0.80)
3215 7 Rel. minimum(51.37) /!
36.21 Rel. maximum(4.92) J Va
43.09 N\, S Rel. maximum(0.81)
45.92 N\ Abs. maximum(53.52) N\
57.50  Abs. minimum(2.55) o N
60.20 \ Abs. minimum(0.77)
6179 Abs. minimum(47.35) S
64.68  Abs. maximum(5.92) J/ S
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