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Collective ionic dynamics in the liquid Na-Cs alloy: Anab initio molecular dynamics study
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We present results for several structural and dynamical properties of the liquid Na-Cs alloy. The study has
been carried out by means of the orbital-fegeinitio molecular dynamics method, combined with local ionic
pseudopotentials constructed within the same framework. The results show good agreement with the available
experimental data, reproducing the homocoordinating tendency exhibited by this alloy.
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I. INTRODUCTION [10], the field was stimulated by a CMD simulation of liquid
Li,Pb by Jacuccket al. [11], where a new, high-frequency
Molecular dynamicgMD) has become a useful technique mode, supported by the Li atoms onlthe so-called “fast
to study the properties of liquid systems. The classical mosound”) was found. Subsequently, several theoret[da@—
lecular dynamic§CMD) techniques require interatomic po- 14], computer simulations[15-17 and experimental
tentials, whereas thab initio molecular dynamicgAIMD ) [16,18-2( studies have investigated the existence and prop-
methods compute the forces acting on the nuclei from elecerties of the collective excitations in liquid binary systems.
tronic structure calculations performed as the MD trajectoryFor binary systems with disparate masses, two main
is generated. Therefore the nuclear positions evolve accorghranches(low- and high-frequency ongf the collective
ing to classical mechanics, while the electronic subsysteraxcitations have been found to contribute to the longitudinal

follows adiabatically. o dynamics, although its origin is still unclear. However, the
Recently, there have been many applications of the AIMDyansverse dynamics has been much less investigated, mainly

methods based on the density functional the@¥T) [1,2.  pecause it is not visible in scattering experiments and only
This theory allows us to calculate the ground state electronigye \1p simulations can provide information about the trans-
energy of a collection of atoms, for glv_en_nuclear POSItIONS, o s excitations. At this stage we mention that the recent
and vyields the forces on the nuclei via the He”mann'oafoplication of the generalized collective mod€ICM) ap-

Feynman theorem. However, the computational demands roach, which combines CMD simulations with the memor
those AIMD methods where a Kohn-ShdksS) orbital rep- proach, . . . Ty
function formalism, to binary Lennard-Jones fluids and lig-

resentation of DFT is use(KS-AIMD methods grow very . ’ .
rapidly with the system size and limits the sizes of the sys—UId allqys has shown_ the e_X|stence of transyerse optic modes
tems and the simulation timé8—6]. These limitations can that arise in connection with the concentration fluctuations.
be partly overcome by the so-called orbital-frab initio This paper reports an AIMD study on the structural and
molecular dynamicéOF-AIMD) method which by eliminat- dynamical properties of the liquid Na-Cs alloy. This system
ing the orbitals of the KS formulation provides a simulation exhibits significant homocoordinating tendencies, and has al-
method where the number of variables describing the eledeady attracted much experimenfal—24 and theoretical
tronic state is greatly reduced, enabling the study of larget6,24-28 work. The experimental works have measured
samplegseveral hundreds of particleand for longer simu-  several thermodynamic magnitudegxl-23, as well as the
lation times(tens of picosecond static structure factor by means of x-ray-diffraction and
The study of the dynamical properties of liquid metals hasheutron-diffraction experiment§24]. A marked departure
already produced much experimental and theoretical workrom ideality has been observed in several properties; espe-
[7]. Most experimental investigations have been performedially a substantial increase in the concentration fluctuation
by means of inelastic neutron scattering although the recerstructure factoiSc(0), atsodium concentrationsy,~0.8.
development of new synchrotron radiation has opened then the theoretical side, several studies using either semi-
possibility of using x rays too. It has also been stimulated byempirical [25—-28 or more fundamenta]6,24] approaches
MD simulations because of its ability to determine severahave calculated the static structure and/or some thermody-
dynamical magnitudes that are not accessible to experimentamic magnitudes such as the concentration dependence of
and, in this way, they have supplemented the experimentahcc(0) or the entropy of mixing which according to the ex-
information. On the theoretical side, the development of mi{periment is nearly ideal. Among the semiempirical models,
croscopic theories such as the memory function formalism owe mention Refs[25—-2§ that calculated the concentration
the kinetic theory has created a theoretical framework, whosdependence dd-(0) [25,26,28 and the free energy of mix-
application to simple liquids has lead to good qualitativeing [25] or the entropy of mixingd26,27. As for the more
results for several dynamical magnitud&s-9]. fundamental approaches, Huijbest al. [24] performed a
Less attention has been devoted to the dynamics of liqui€MD simulation using interatomic pair potentials obtained
binary alloys, although the last 15 years have witnessed afiom the standard second-order pseudopotential perturbation
increasing effort. Following a CMD study of liquid Na-K theory. Their results predicted homocoordinating tendencies
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although strongly overestimated the oscillations of the ex- DA . R

perimental total static structure factor. Recently, Costa Ca- Exc Lpl= J drp(r) exc(p(r)), (5
bral and Marting 6] have performed an AIMD study, with
ionic pseudopotentials derived by the Troullier-Martins . . .
method[29], to determine the static structure and the diffu- Where exc(p) is the density of exchange-correlation energy
sion coefficients(DC’s) in the alloy. Their results for the in a uniform electron gas of densify, which is known

total static structure factor showed a good agreement wit rough simulatipns[BO] apd further fittings[31,32. Al-
the experiment, although fax,,=0.8 some discrepancies though the LDA is clearly inexact, however, it is remarkable

appeared for the amplitude of the oscillations. Moreover, be'Ehat hundreds of calculations with the LDA have yielded

cause of the huge computational demands of their metho&}ccurate calculated properties for many systems. This suc-

these authors used 108 particles and the simulation rang&?ss is partially attributed to the fact that it gives the correct

for 400 configurations only, which obviously does not allow sum rule for the exchange-correlation _hm]' Further im-
to study most of the dynamical magnitudes. provements have been developed, which include dependence

on the gradient of the density. However, because of its sim-
plicity, most AIMD calculations have used the LDA, and we
Il. THEORY have also adopted it in the present calculations.

A simple liquid metallic alloyA,B;_, can be regarded as
an assembly oN,, A type, andNg, B type, bare ions with A. The kinetic energy functional

A B . . . . —
chargesZ;’ and Z;, respectively, interacting wittNe=N, The kinetic energy functiondls is a basic ingredient of

Z,+Ng Z; valence electrons through electron-ion potentialsyg energy functional. It is generally consideféd] that the
va(r) andvg(r). Therefore, the total potential energy of the \,on \WeizSaker term

system can be written, within the Born-Oppenheimer ap-

proximation, as the sum of the direct ion-ion interaction en- . 1 I -

ergy, which we assume Coulombic, and the ground state en- Twle(r)]= gf dr|Vp(r)|?/p(r) (6)
ergy of the electronic system subject to the external potential

created by the ions/e,(r {R})=Zi-asZiyvi(Ir—Ril), is essential for a good description of the kinetic energy. It

applies in the case of rapidly varying densities, and it is exact

E{R)) = 1 D ZiZ, for one- or two-electron systems. Usually other terms are
! 20 SABI)FMD) |R—Ry| added in order to correctly reproduce some exactly known
limits. In the uniform density limit, the exact kinetic energy
+Egl pg(1),Vexd(r {RD]1, (1) s given by the Thomas-Fermi functional

where F3| are the ionic positions, the sum ovi) extends
over the sites occupied by theype ions, anqog(F) is the
ground state electronic density. According to DEQ’(F) can
be obtained by minimizing the energy functional where kF(F)=(3w2)1/3p(F)1/3 is the local Fermi wave vec-

. tor. In the limit of almost uniform density, the linear response
Elp(r)]=Tdpl+Eed pl+Enlp]l+Exdpl, (2)  theory(LRT) is correct, with a response function correspond-
ing to a noninteracting uniform electron gas, which is given

where the terms represent, respectively, the electronic kinetisy the Lindhard functiony, (d,po).

- 3 - . -
Trlp(N]= 15 drp(r)ke(r)?, )

energyT4 p] of a noninteracting system with densityr), The f:omputational advantages of the OF-AI!\/ID.methOd
the energy of interaction with the external potential due tohave stimulated the development of accurate kinetic energy
the ions, functionals [35—38 which correctly recover some known

limits, such as the Thomas-Fermi, the linear response, and
. . the quadratic response limits. However, an undesirable fea-
Eed p1= f drp(r)Vex(r); ()  ture of those functionals is that they are not positive definite,
and therefore can lead to unphysical negative kinetic ener-
gies.
Within the “averaged density” approach, Chacand co-
workers[39,40 have developed some kinetic energy func-

the classical electrostatic energ@yartree term,

1 _ _p(r)p(s) tionals that, besides recovering the uniform and LRT limits,
Enlpl= EJ J drd Ir—s| @ are also positive definite. However, they are complicated to

apply as they require ordéd more fast Fourier transforms

and the exchange-correlation enefgy] p] whose exact ex- (FFT’s) than simpler functionals. Therefore we have used a

pression is unknown, although several approximations havélmplified version41],
been proposed. The simplest one is the so-called local den-
sity approximation(LDA), Ts=Twlpl+Tglpl, (8
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3 - o - In order to keepp(r)=0 everywhere, the minimization is
— 5/3—-2 2
Tolp]= 1_Of drp(r) ()2, © most conveniently performed in terms of affective orbital
#(r), defined throughp(r)=(r)?, with real ¢(r). This
effective orbital is expanded in plane waves compatible with
the simple cubic periodic boundary conditions of the simu-
lation:

'R<F>=<2k8)3f dsk(s)wp(2kP[r —s),

k(r)=(37%)"p(r)”, -
(=2 cge ',
wherekg is the Fermi wave vector corresponding to a mean G
electron densityp, andwp(x) is a weighting function, de-
termined by requiring the correct recovery of the LRT and 1 . s G
uniform density limits. This kinetic energy functional is posi- CG‘VJVdW(r)e ’
tive definite for any value oB; moreover, in thek(F’—>0 limit
when the mean electron density vanisiiesy., for a finite o
system, the von Weizseker term is recovered i3=4/9, G=—-—(Ny,N»,N3), (11)
whereas for other values ¢, the limit is Ty,+ C?Tre. In L

the present simulations, we have usge0.51, which is
close to 4/9 and for whiclC = 0.046. wherelL is the superlattice paramet&f,is the volume of the

cell, and the expansion is truncated at wave vectors corre-
sponding to a given cutoff enerdyc,. Following Car and
_ _ _ _ _ Parrinello [43], we introduce a fictitious kinetic energy

We bl’leﬂy describe the main StepS in the construction Of:%McEé dCé /dt|2, and determine the electronic ground
the ionic local pseudopotentialg,(r) used to describe the state using damped Newtonian mechanics with an electronic
ion-electron interaction; further details are in Ré®1,42.  time stepAt,. We have usedM.=3.5x10" hartree a.d.
The pseudopotentials are developed from first principles byng a At,=1.1x10 4 ps. The forces on the ions were

fitting to a generic model of an ion immersed in a metallic j, ... \ia the Hellmann-Feynman  theorenf; =
medium. In the first step42], for a given ion type, the elec-

tron density distribution is calculated in a model system~ Y& Edlp(r).{Ri}], (i=1,...N) and the ionic positions
Composed of an homogeneous electron gas of de%ity and velocities were updated by numerically solving New-
=N,/V, in which a spherical cavity has been made andon’s equationsi®R; /dt?=F;/M,, using the Verlet leapfrog
where the ion has been inserted. This is performed using thalgorithm [44] with a time stepAt=2.5x10"2ps. The
KS-DFT approach and includes core and valence electroE.,=10 Ry and the calculation of properties was made av-
states. The latter are used to determine the chan{jg,) eraging over 40 ps after an equilibration time of 4 ps.
(e=A,B), in the valence electron density induced in the
jellium by the presence of the-type ion and the cavitythe

B. Pseudopotentials

. . . . Ill. RESULTS
displaced valence electron dengitfhe n®(r) is pseudized
so as to eliminate the core-orthogonality oscillations. In the A. Structural properties
second step4l], an effective local pseudopotentig](r) is The liquid Na-Cs alloy has been simulated for three ther-

constructed, so that when inserted into the jellium terthanodynamic states alf=373 K and concentrationy,
with the cavity, it reproducesyithin the OF-DFT procedure, — 3 0.5 and 0.75, with the experimental total ionic num-
the same pseudized®(r) as previously obtained. This is per gensities taken from Ref25,26.

achieved by inserting each®(r) into the Euler equation,  The simulations allow a direct evaluation of the partial
obtained by minimizing the energy functional of EQ),  pajr distribution functiong);; (r), which are shown in Fig. 1,
together with the normalization constraifdrn®(r)=2;, and the partial Ashcroft-LangretliAL) structure factors

Sij(0). Thegna.ndr) changes substantially with concentra-
oT{p] +5Eext[l)] +5EH[P] +5Exc[P] tion, whereas botlyy, c{r) andgcs.c{r) change little. As
5p(F) 5p(F) 5p(F) 5p(F) the Na concentration is increased, the height of the main
peak ofgnand ) decreases, whereas those dr.c{r) and
with p(r)=p*(r)=pe+n“(r) and u=pu® is a Lagrange Ycsc{r) are relatively unchanged and slightly smaller, re-
multiplier. Moreover, due to the spherical symmetry of thespectively. Also, forxy,=0.30 and 0.50, th@jy,.c{r) re-

system, all the magnitudes depend|oh= r. mains smaller than the average @s.c{r) and gnandr).
which is an indication of homocoordinating tendencies.

The Warren-Cowley45—-47 short range ordelSRO) pa-
rameter for the first neighbor shettl", is a simple way of
We have considered 600 ions in a cubic cell with periodicdisplaying the short range order in the alloy. It is defined as
boundary conditions. Given the ionic positions at timée
electronic energy functional is minimized with respect to (i) _

n..
Al . . af)=1-———— (j#i=12, (12
p(r), yielding the ground state electronic density and energy.

w=0, (10

C. Technical details

X;(Nnji +nij)
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oL FIG. 2. Local mole fractionXy.na (dot-dashed ling Xcs.cs
| (dashed ling andxs—1 (full line), as function of the upper inte-
gration limitR;; , for the liquid Ng 7:Cs, s alloy atT=373 K. The
I dotted lines represent the partial$yandr): Inacdl), and
0 Jcsc{r), scaled so as to fit in the figure.
However, the Warren-Cowley SRO parameters may be inad-
oL equate because of the large atomic size mismatch between
the pure component@&he volume ratio is around 3.0and
we have resorted to the local mole fractions metp@-53
that has also been widely used to study the homocoordinat-
ing tendencies in mixtures. For a binary system, the local
0 L mole fractionsx;; are defined as
0
i = j#i=12 (14)
tonEny ) o

FIG. 1. Partial pair distribution functiong;;(r) for the liquid
Na-Cs alloy atT=373 K and three concentrations. The full,
dashed, and dot-dashed lines represengthe{r), gnandr), and

Onacdl), respectively.

Since there has been much discus$® 54 —56 of the suit-
able upper integration limiR;; in Eq. (13), we have evalu-
atedx;; as a function ofR;;. For an homogeneous phase,
when both species are nearly equally distributegh-1
=X31+Xy— 1 is around zero; whereas for a demixed state
particles of the same species dominate the distribution and
Xs—1 grows[50,51. Figure 2 shows, foky,=0.75, a plot

Rij of xs—1 as a function of the upper integration link; in
nij=47Tpij reg;(rdr, (13)  Eq.(13). Notice thatxg, X411, andx,, change rapidly when

0 Rjj increases, but a plateau is observed wkgnreaches
. . - . . val round th ition of the first minimum of th
whereR;; is usually identified 48] as the position of the first gi:ces(sr)?'?;kigg th?s gwoiﬁin?umoas thee upsper integ?atiog Iimi?
minimum of g;;(r). For a random distribution of atoms, Ry, Xs—1 takes small positive values, suggesting a week

a{’=0, whereas a positivegativé value fora}’ suggests homocoordinating tendency. Furthermore, the corresponding
homocoordinatingheterocoordinatingtendency. Calculated Warren-Cowley SRO parameters now become positsee
values fora{"® and a(fs) for the liquid N3Cs, _, alloy at  Taple |). The total static structure factor at several concen-
T=373 K are shown in Table I, but they are inconclusivetrations and temperatures has been measured using x-ray-
since a{® is always positive whereaa{"® is negative. iffraction and neutron-diffraction experiments by van der
Lugt and co-workerg24]. Several experimental x-ray and
TABLE I. Calculated values of coordination numbers and  neutron weighted total static structure factdBs(q) are
the Warren-Cowley SRO parameterg’ for the Na-Cs liquid alloy  shown in Fig. 3 along with the OF-AIMD simulation results
at T=373 K. The numbers in parenthesis give the .valuesz%?f _that reproduce rather well the basic features of the measured
whe_nnij are evaluated by integrating up to the position of the f'rStST(q), namely, the position and amplitude of the oscilla-
minimum of ges.c{r)- tions, including the damping of the oscillations with increas-
(Na) (9 ing sodium concentration. From the experimental x ray and
1 ! neutronS;(q)’s, and assumin®ya.n{d)~1, van der Lugt
030 24 73 34 10.8 —0.08(0.04 0.21(0.015 and co-workers[24] derived semiempirical results for
050 40 64 64 85 —0.23(0.0) 0.14(0.0 Scsc{d) and Sya.cdq). Their results forxy,=0.30 are
075 7.6 40 119 51 —0.38(0.04 0.07(0.0) shown in Fig. 4 along with the OF-AIMD simulations that
partly support theSy,.n{q) =1 assumption, although notice-

wheren;; is the number of-type particles around aintype
particle, within a sphere of radiug;; . Then;; can be calcu-
lated from theg;;(r) by

XNa Nna-Na MNa-cs Ncs-Na Nes-cs
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Xe=0.30
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aNa
g |
"3
0 4
‘kw:“
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CsNa
L X, =0.75
: 2 NaNa
2 [ CsCs
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- -1
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FIG. 3. Total static structure fact@(q) for the liquid Na-Cs FIG. 4. Partial static structure factdBg(q) for the liquid Na-Cs

alloy at T=373 K and three concentrations. Continuous lines arealloy at T=373 K and three concentrations. The full diamonds are
the results from the present OF-AIMD simulations, whereas the fullsemiexperimental data of Huijbest al. [24].

circles and squares are the experimental x-ray-diffraction and neu-

tron diffraction-data, respectively. The neutron data have bee

) X nsO.S, then increase toward a maximum value=e¥ at
shifted upward by one unit.

Xna= 0.80 and thereafter quickly decrease toward 1. These
values clearly indicate homocoordinating tendencies for all
concentrations. Although this behavior is qualitatively repro-
duced by the present OF-AIMD simulations, the results for
Scc(q—0)/XnXcs remain around~1.3 with a minimum
value of=~1.0 for xy,~0.50.

able deviations appear gt~1.35 A~1, where its first mini-
mum is located. Discrepancies By,.c{q) also appear in
this region, but for othelg’s the agreement between the
semiempirical/simulation results f@cs.c{q) and Sya.c{q)
is satisfactory. The recent AIMD simulatiof§] for xy,
=0.60 and 0.80 also gave reasonable resultsSfdiq) and
St(q), although a detailed comparison with the experiment B. Dynamic properties
is not possible because the results are rather ridisg to the
small sample size and simulation tine

For investigating the ordering tendencies in a liquid alloy, The information about the transport properties in multi-
the Bhatia-Thornton(BT) partial structure factor§57] are  component liquid systems is provided by various time corre-
ideally suited. For a binary alloy, they are the concentrationiation functions among the atomic velocities. However, they
concentratior] Sc(q)], the number-numbdrSyy(g)], and  cannot be determined experimentally and must be obtained
the number-concentratidrSyc(q)] partial structure factors, by other methods such as MD simulation. We present results

1. Single-particle dynamics

defined as for the relative velocity correlation function&CF) Z;;(t)
defined[58] as the time correlation function of the relative
S @) = X1X2[ XpS11(q) + X1 S0() — 2(X1%2) *2S1( )], velocity of the center of mass of speciesith respect to that
of specieg:
San(@) =X1S11(0) + X252 0) + 2(X1 %) V2S 1),
_ 112 R . B, .
Sncl(@) = S1a( ) = SpaA Q) + (X2 = X1)/ (X1X2) 7S1q) Z(t)= %Xixj NG (1) = Uj()]-[G,(0) — U;(0)]), (15)

whereS;;(q) are the AL partial structure factors. Moreover,

their long-wavelength limit provides microscopic informa- _ ) .

tion on the liquid alloy, e.g.Scc(q—0) portrays short range WhereN is the total number of particles ang(t) the mean
order. The experimental result§22—24 for Scc(q velocity of component, is given in terms of the velocity of
—0)/xXyaXcs are slightly greater than unity for €9xy, thei-type particlel (i), J,(i)(t), as
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1 TABLE II. Input data for the series Na-Cs @t=373 K, studied
:‘:: \ in this work, along with some simulation detaifsis the total ionic
0.5 L\ *=0-30 number density taken from R€R25,26).
= -\
N N e X=Xna p (A9 Cutoff(Ry)
7 0.0 0.008111 10.0
-05 s ' 0.30 0.010564 10.0
) 0.50 0.012897 10.0
05 .\ *n,=0.50 0.75 0.017132 10.0
o 1.0 0.024221 10.0

where 0=Xx1X,/Scc(q—0). For a nearly ideal mixtureg
~1, y,,~0 and consequentlp;,,~DY,.

The results for the self- and relative VCF for )&s,
liquid alloy are shown in Fig. 5, along with the correspond-
ing quantities for both pure Na and Cs &&373 K and
number densities at their corresponding coexisting liiseg
Table 1I). First, we note thaZy(t) andZg{t) have shapes
(rate of decay and depth of first minimisimilar to the pure

t{ps) components. However, due to the large mass difference be-

FIG. 5. Normalized self- and relative VCF's for the liquid tween_ the Na "’,md Cs 'On,s’,the Na ions m,the alloy W'I,l
Na-Cs alloy atT=373 K and three concentrations. The dashed,expe”enc('}_'_durlng the CO"'S'_OHS’ Iarger_ relative changes n
dot-dashed, and dotted lines represent Efg(t), Zi(t), and their velocities than the Cs ions. This is reflected in their

Znacdt), respectively. The full thick lines represent the VCF's of VCF, with Z&(t) exhibiting a slower decay and smaller

pure Na(fast decay and Cs(slower decayat T=373 K. backscattering than th&y(t). Moreover, asy, increases,
the backscattering effect is slightly reduced because of fewer
N; collisions with the Cs ions, tending to enhance the corre-
ﬁi(t)z(xiN)‘1 E Gm)(t). (16 sponding self-diffusion coefficienDy,, an effect that is
1()=1 somewhat counterbalanced by the increase in the total num-
. 0 o ber density.
The Z;;(t) can be separated into s¢i;;(t)], and distinct, The Zyacdt) lies betweerzs (t) and ZE(t) suggesting

[Zij()], contributions which reflect the self-dynamic and that distinct correlation effects are weak; in fact the contri-
cros_s_—dynam|c.correlatlons, and give information abouF _thfbution of distinct effects tdy,.csis usually measured by
mobility of particles and the coupling between the velocities,, - . Eq.(18). For all concentrations, we obtain small posi-

of distinct particles, respectively, tive values ofyya.cs, Which as shown in Table 11l are smaller
0 q than 10%. Moreover, the positive values Df,, . indicate
Zij()=(1=8j)Z;j(1) +xx;Z;j (1), 17 [58,59 that particles of the same species have a greater ten-

dency to diffuse together than those of distinct species, an-
where &;; is Kronecker's delta. In terms of the well-known other indicator of homocoordinating tendencies in the alloy.
velocity autocorrelation functioZ(t) = %(Gli(t)uli(o» of  These tendencies are weakekgi~0.5, where the values of
a taggedi-type particle in the fluid, we writezﬂ (1) both yya.csand Dﬂ,a_Cs reach minima.
=x;Z3(t) +x,Zj(t). The Z?j(t) account for the contribution The experimental determination of the self-diffusion co-
of the distinct velocity correlations. The time integrals of efficients in metallic melts is rather difficult and, to our
Z;(1), Zﬂ(t), Zﬂ(t), and Z3(t) give the associated DC's,
namelyD;; , D?j , Didj , andD}, respectively, wher®? is the TABLE IlI. Diffusion coefficients(in 10~* cn?/s), and related
usual self-diffusion coefficient. Simplifications for the binary quantities for the Na-Cs liquid alloy &t=373 K.

mixtures give

XNa 0.30 0.50 0.75
0 d _nO

D12=DaptXaxe,  D1=Dif1+ 712, (18) D%, 0.41 0.39 0.48
. 0 s s . . D 0.34 0.31 0.32
v_v|th Di,= x2D_1+xlD.2 and vy, is thg measure of the devia- Diace 0.42 0.36 0.38
tion from an ideal mixture, vanishing when species are the o 0.39 0.34 0.36
same. Finally, we note that the interdiffusion coefficient is Dya-cs 016 0.08 0.09

written as Na-Cs ' : :
YNa-Cs 0.09 0.06 0.07
D; 0.327 0.363 0.371

Dijn= 60D 1,=6(1+ '}’12)D(1)21 (29 n
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knowledge, have only been measured for the Na-K system 1.5

for 32% sodium at several temperatufé8]. As a check on Xy,=0.30

1P

the accuracy of our results, we have also calculated the self-
diffusion coefficients of the pure components at 373 K. Re-
sults areDp,=0.48 andD2.=0.39, which compare favor-
ably with the corresponding experimental val(ié$] of 0.42

and 0.39 (104 cn?/s unit9, respectively. The AIMD simu-
lation of Costa Cabral and Martings] gave somewhat
smaller values foDg, and Dy,, which may be a conse- L %w=0.50
quence of the small number of particles and short time used | T Tm=——__ |
in their simulations. 05

Fya. 1)

2. Collective dynamics

The collective dynamics of density fluctuations in the al- -0.5 : '
loy is usually described through the partial intermediate scat-

tering functionsF;;(q,t) =(p;(a,t) - p} (q,0)), where the as-

terisk denotes the complex conjugation and 05 F TTm———e |

1Y .

— exdiq- Ry (1)] 0 e ]
N; 171 0 o5 Exmni Tl

pi(g.t)=

is the density fluctuation of thgth component with wave t (ps)

vectorg, in which R,(;(t) is the position of thg-type par- FIG. 6. Partial intermediate scattering functiofig(q,t) at g

ticle I(j) and(-- ) denotes}he ensemble average. The time_ 27 A1 or the liquid Na-Cs alloy aT =373 K and three con-
Fourier transform of thé;;(q,t) into the frequency domain centrations. The full, dashed, dot-dashed lines, circles, stars, and
leads to the partial dynamic structure factdBg(q,w),  dotted lines representtcec{d,t), Franddit), Fracddit),
which are directly related to the inelastic neutron scattering n(a:t), Fne(a,1), andFec(q,t), respectively.

data. Associated with the density fluctuations is jtttecom- ] )
ponent particle current cays for the smalleqg’s. In the hydrodynamic regimeq(

—0), the decay of;(q,t) for binary mixtures is related to
L. 1 N L both entropy and concentration fluctuations, and the slow
jj(ah=—=2 ugtexdig-Rg(t)], (1)  decay observed in Fig. 6 is mainly due to diffusion effects
NE! . . .
i resulting from concentration fluctuations.

which is usually split into a longitudinal componejr}r((i,t), 15
parallel toﬁ, and a transverse componejrj{'(ci,t), perpen-
dicular toq. The partial longitudinalCf;(q,t), and trans-

verse,CE(ﬁ,t), current correlation functions are obtained
from these through

Fia.

Ch(q.)=(jr(q.)j*(q,0)), (22)

- 1 - -
Cil(a.)=5(i{(a.Di*(q.0).

The corresponding time Fourier transforms give the associ-
ated spectraCj; (0, ») = »?S;j(d,») and Ci(q,®), respec-
tively. Finally, we note that for isotropic systems all these
correlation functions depend only ap=|q|.

Figures 6 and 7 show, for twg values, the partial inter-
mediate scattering functionBcs.c{q,t), Fnandd,t), and
Frnacda,t), as well as the BT partial intermediate scattering ’*bxwmf_?%%@m‘
functionsFyn(q,t) andFec(a,t). Fescddit), Frnandd.t), T
Fan(a,t), and Feo(q,t) are always positive, whereas -0.5
FnacdQ,t) can have either sign. This is consistent with
Sna-cd ) oscillating about zero, sindg;;(q,t=0)=S;;(q).

The F;(q,t) go monotonically to zero, showing slower de- FIG. 7. Same as Fig. 6, but fo;=1.34 A1,

05
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Sij(qv (0)

o@s)

FIG. 8. Partial dynamic structure factor§;(q,»), at q FIG. 9. Same as Fig. 8, but for=1.34 AL,
=0.27 A1, for the liquid Na-Cs alloy aT =373 K and three con-

centrations. The full, dashed, circles, and dotted lines represent tl

. rkﬁsa ear. These Brillouin peaks at sn$i are associated
Seocd@ @), Suand0,©), S0, @), aNdSec(d,w), respectively, PP P e

with acoustic modes propagating through the binary alloy

TheS;;(g,w) also provide information concerning the mi- With adiabg_tic velocity of'propagationsz wg/q, wherewg .
croscopijc mechanisms of propagating longitudinal modedS the position of the Brillouin peak. For the concentration

e.g., the peaks i, (q, ) for the Li,Pb liquid alloy have XNajgfg' Sun(9=0.23w) 1%%%% 2 C'er‘;".r r'?””"“i” peak o

been related to propagating fast modes supported by the 4B < PS ~ giving Cs= mis, which compares we

ions. Figures 8 and 9 show results f@cecdq,®) with the observed valugs3] of 1070 m/s. Similarly, we ob-
. S- ’ )

g tain cg=1100 m/s forxy,=0.50 andcg=1480 m/s forxy,
iﬁg”a(a(?l'wgéns (':\‘é\‘r(]?ra(;)c)nznsissﬁ(qqa?;) ';?\‘:_T;qsz)a”egnz =0.75, which are close to the experimental val{ié3] of
Sun(Q, @) exhibit clear side peaks that for<0.20 A1 are = 116,(3] andd145£)0m/s, regpectlvetl)){[. _Forjlei;:)nm?az 1d
located at very similar frequencies; this is the typical behay.Puré Na andxy,=0 (pure C3, we obtainc,= m/s an

jor of ;(q, ) in the hydrodynamic regime and represents oCs= 940 m/s, respectively, which also compare well with the

propagating sound mode corresponding experimental valug83] of 2520 and 960
The range of existence of the side peaks or shoulder@/T\'I | id ks h b b . b
depends on the concentration, with the majority component O clear side peaks have been o serveﬂd&(q,w), ut
exhibiting a wider range. For the B&Cs,, alloy, both shoulders appear which become weakerascreases, and
Seecd®®) and Syy(q,@) show side péaks u,p tay vanish forq=1.0 A~1. This absence of concentration modes
%8'_90 "&,1 at which pé)int they shoulder and vanish fpr in Scc(g,w) can be attributed to the dominance of diffusive
~10A1 ,Meanwhile Suand 0,@) has side peaks up m contributions in the partial intermediate scattering functions.
%0'40 A’.l and ShOl:I|dea;"; Ub tq~0.85 A 1. For the However, such modes may be apparent in the associated par-

. tial longitudinal current correlation functioB:.(q, ) be-
N alloy, bothSy,. ,) and ,) have side ) cc
peaglgcg(;'?houl)éers um%ig)')&fl meéqinws)‘c (9, 0) cause of thew? factor that kills the low-frequency compo-
they appear only up tqm0.5.0 A1 sea nents and enhances the higher ones. Further information

The Syy(q, @) reflects the average behavior of the Systemabout the longitudinal collective modes can be obtained from

and in the limit of a binary mixture of identical species, tN€ longitudinal current correlation fu_nctloné‘.h(q,w).

S\ (9, @) reduces to the usual dynamic structure factor of al "€S€ we haveLaIso evaluate(Lj, and Figs. 1? and 11 show
one-component system. Therefore, it is not surprising that ifésults ~ for  Ceqc{d,®),  Crand9.®),  Cracdd,®)

the hydrodynamic regimeSu(q,@) exhibits a clear Crn(d,@), andCe(q, ).

Rayleigh-Brillouin structurd62], similar to that of the dy- For all g's, Cescdd®), Crandd.@), and Cyy(g,)
namic structure factor in one-component liquids. Our resulthave at least one peak whose frequency coincides, at very
show Brillouin peakgsee insets of Fig.)dor smallgvalues, smallqg’s, with that of the Brillouin peak in their respective
which become remnant shoulders for largeand eventually  Scs.c{d.®), Snandd,®), and Syy(g,w). From those fre-
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CLij(qv ®)

FIG. 10. Partial longitudinal current correlation functions
Chi(d,w), at q=0.27 A", for the liquid Na-Cs alloy atT
=373 K and three concentrations. The full, dashed, dot-dashecﬁconcemr{jltlon -concentrat
circles, stars, and dotted lines repres@hg_cgq,w), Cha_N&(q,w),
Chacdd,0), Chn(g,0), Che(g, ), andCEL(q, »), respectively.

guencies, the longitudinal dispersion relatiomés_cgq),
wKand9), andwky(q) are obtainedsee Fig. 12 Note that

PHYSICAL REVIEW E 67, 041204 (2003
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FIG. 12. Longitudinal dispersion relation of the partials,
okandd) (open and full squareés wggc{q) (open circles
number-number wfy(q) (open and full triangles and
avk(q) (pluses longitudinal modes for
the Na-Cs liquid alloy aT =373 K and several concentrations. The
slope of the dashed straight lines stands for the respective experi-
mental sound velocity63].

close to that ofwt, {q); and the higher one is present at
frequencies comparable to those of the pure Na system. In

wés c{q) always takes markedly smaller values that those othe binary alloy, the heavy Cs ions have a characteristic low
wNandd), due to the Iarge atomic mass difference. For thefrequency, and the light Na ions a much higher frequency
three concentrations,wtsc{q) has one branch and that persists up to the hydrodynamic regime, although for
wKand9) has two, with the lower one present only at smallsmallerq some Na ions start to oscillate with the Cs ions. In
g’s, including the hydrodynamic region, and at frequencieshe hydrodynamic limit, all the particles must oscillate at the

0.4

3 o2
g

©

0.2

0.4

-0.2

FIG. 11. Same as Fig. 10, but fg=1.34 A%,

same frequency, and only the lower-frequency peak will sur-
vive in Cyand{Q.@). The marked differences between
wEec{0), andwg, n{a), for mostq’s, suggest that the mo-
tions of the Na and Cs ions are largely uncorrelated.

As shown in Fig. 12, at smali’s, the wtc{q) has an
initial linear increase up to a maximum followed by a mini-
mum atg~1.5 A1, which corresponds to the main peak
position of Sce.c{q). As Xng iNCreases, the main peak of
Scs.c{q) drops, widens, and maintains its position at
~1.5 A% this explains that at the same time the first mini-
mum of ws. {q) becomes less marked while the first maxi-
mum moves toward smalley values. A similar behavior is
exhibited by the high-frequency branch @ha_Na(q), with a
maximum and minimum at same positions as those of
Snandd). Moreover, asxy, is increased the structure of
wXandd) becomes more marked as it happens with the
maxima and minima irSya.n{q)-

The wk,N(q) dispersion curve also has two branches be-
cause for some region, theCk,N(q,w) exhibits two peaks.
As the Cy,.c{q,®) is substantially smaller than the other
partial currents, the behavior of tI@.l,;,N(q,w) is dominated
by Ctq.c{q,®) andCy,n{9, ), with the latter one playing
a greater role even when Na is the minoritary component.

041204-9
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Therefore, ag decreasesChN(q,w) shows two peaks, in- %.=0.30
duced by the high-frequency peak(b}ga_Na(q,w) and that of
C(L;S_C;q,w), respectively. At the hydrodynamic regime, the
high-frequency peak disappears and only the low-frequency
one remains that comes from the corresponding Brillouin
peak in the Syn(q,w). Therefore, the two branches of
win(9) are closely connected withs, o{q) and with the 02

CTii(q: ®)

Xya=0.50

high-frequencywy,.n4d) branches, respectively. Moreover, 05 - /\"a

the high-frequencyor,y(q) branch disappears in the hydro- Y ™

dynamic regime, whereas the low-frequency branch exhibits OOOOOOOOO\\\
e, J00 %

now a linear behavior similar to that efg, c{q).

Two branches are also exhibited by thg.(q) dispersion
curve becausé:'éc(q,w), which is substantially small as
compared with the other partial currents, shows either one or 05|
two peaks that may be connected with propagating concen-
tration modes. At smaly|’s, including the hydrodynamic re-
gime,Céc(q,w) shows only one peak, but for greater wave
vectors two maxima appear 'ﬁ',gc(q,w): one at a similar
frequency as the high-frequency branch @fy(q,) and 02 T 0 s 20
another at a frequency slightly lower than that in o@ps™
CES_ng,w). In conclusion, the high-frequency branch of
wéc(q) exists for allq values, closely follows the high fre-

L s .
qgencwaN(q) and goes toward' a fl.mte value whan- 0; =373 K and three concentrations. The full, dashed, dot-dashed
this is a typical trend of the kinetic modes. On the other"nesl circles, stars, and dotted lines repres@, {(q,®),
hand, the low-frequency branch oi%:c(q) appears outside Cload @), Clcd @), Clh(a,), Cle(q, @), andCSzc(q,w),
the hydrodynamic regime and closely follows.. -{q). respectively.

-0.2

FIG. 13. Partial transverse current correlation functions
Cli(d.w), at q=0.43 A", for the liquid Na-Cs alloy atT

3. Transverse currents T - .
Cnand 0, w) already exhibits a high-frequency pealogf;, ,

The partial transverse current correlation functionsynich |asts up togq ~4 A1 moreover. a low-frequency
T . . . . il ]
Cij(q,w_) provide information about the eX|stence_ of sh_earpeak appears iﬁ:-ll\—la-Na(q’w) atq., which persists for a lim-
modes in the system. These modes are not associated direcfyq range and has a similar frequency to those in

with any measurable quantity and can only be analyzed byt and CT Notice that CT
either theoretical models or by MD simulations. Few works cscdq. @) Na-cdd, ). Na-c{ )

have addressed the transverse currents in liquids, and most%lfmkly diminishes ag) increasedsee Figs. 13 and 14in
them have focused on one-component systems where
C'(q,w) evolves[7], as a function ofw, from a Gaussian 0.4 _ %,=0.30
(whenq — «) toward a Lorentzian curvéwhen q—0).

Transverse modes do not propagate in these extreme regimes Kl
but at intermediatay’s, the C'(q,w) may exhibit a peak =
associated with propagating shear waves. ©
The first CMD simulations of transverse current correla- oA et

tions in binary fluids were performed on molten sdbd]. X=0.50
CI,N(q,w) showed a peak at intermediatgs as in one- -
component liquids. Also, a peak appeared in the charge-
charge transverse current correlation functions at both small
and intermediate’s, which was related to transverse optic
modes with a finite value of frequency in the hydrodynamic v, L
limit. Subsequent CMD studies in binary Lennard-Jones sys- -0.1 T
tems [14] and metallic alloys[65] have found opticlike '
modes associated wiB-(q, ®).

Figures 13 and 14 show some caIcuIa@Hq,w). Both
Clsc{9,®) andC{, c{q,w) show no peaks for the smallest
g’s reached in the simulationsqg;, ~0.19, 0.17, and
0.16 A1 for xy,=0.75, 0.50, and 0.30, respectivghjow-
ever, starting from aj. (q.~0.23 A~ for Nay 7£C5.5 and
q.~0.32 A~ for Na, {Cs-) a peak appears in both partials,
which persists for a limited range @f values. In contrast, FIG. 14. Same as Fig. 13, but fge=1.34 AL,
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$ %,=0-30 for the Li,Pb alloy behaved similarly to the present high-
10 @&Bﬂ—‘f Fhpo g frequency branch, remaining finite gs-0. This absence of
& + the propagating transverse collective modes for thglhi
s alloy was associateld5] with the large mass ratio~30) of
"'; '396 be 2 the components along with a majority concentration of the
= 0 , LA light Li particles. In the Na-Cs system, the mass rati6,
h;‘ g Ror &L o and we find twow,(q) branches for the three concentra-
o} & A B tions considered. As the concentration of the light Na par-
ﬁ " %,=0.50 ticles is increased, the high frequen@%,\,(q) branch exists
35043?‘#3 Ata for a largerg-range, while the range of the low-frequency
F 08+ wyn(a) branch shrinks toward smallervalues.
0 — A : Afitting of the Iow-frequencyoLN(q) branch in the linear
ol QA%.?. A 9A region, wn(9) ~cr(q—q), allows estimation of the veloc-
i ity of propagation of the shear modes in the alloy:~570,
N ¥u,=0.75 ~850, and~1500 m/s forx,,=0.30, 0.50, and 0.75, re-
@Mme spectively. For comparison, we have also calculated the ve-
& locities of the shear modes in pure Na and Cs at the same
o3 ] 2 3 temperature, 373 K, obtainingr~1700 m/s(pure Na and
q(A™ cr~475 m/s(pure Cs.

Clc(0, ) is smaller than any of the oth&(q,), sug-
gesting a weak contribution of concentration fluctuations to
the collective transverse dynamics; however, clear peaks are
seen iNCL(q,w). At gmin, there is a high-frequency peak
for a limited g region, it takes finite values a3—0 and
follows roughly the high—frequency{,a_Na(q) branch. This
dicating strong decoupling of the dynamics of the two speRehavior has also been observed in molten salts, and was
cies. associated not with shear propagating modes but with trans-

From the peaks irCiT(q,w), the transverse dispersion Verse optic modes of kinetic charac{é#,64. The damping

i . | .
relations o are obtainedFia. 15. wL has one of the concentration modes estimated from peak widths does
lons w;; (q) ar nedFig. 19. wee.cdq) has not go to zero ag]—0. Bryk, Mryglod, and Kah[14], in

T i -
fbranch onlg/, th ria&’.Na'Na(?r)] hals tWZ’é with th_(la_hlower their GCM study of transverse dynamics in the liquid Kr-Ar,
requency branch staying rather closecig;.c{q). The ap- Mgo 7ZNg 3, Li4Pb, and Hg7sArg o5 Systems, reported similar

pearance of_the two branches i_n the dispersiqn re_lation_ of thl%SlﬂtS that they attributed to opticlike nature of the trans-
Ilghter Species was fou_nd earl|_er in the Iong|tU(_j|naI d_'Sp_e_r'verse concentration fluctuations. This conclusion was cor-
sion relation, and is typical of binary systems with a signifi- roborated by Anento and Padf65] in their CMD simula-

car_:_thm?:sTs ratio. . i . h behavi tions of liquid Li-based alloys.
€ Cnn(9.t) gives information on the average behavior wic(q) also has a low-frequency branch in a limitgd

of the system. Anmi”’T it already shows a high-frequency range, starting aj~0.6 A%, outside the hydrodynamic re-
peak similar to that 0Cy,.n{g, ), moreover, a second peak gion ang even beyond the linear region associated with the

appears for a limited range and shows a behayior ty.pical of ghear modes. Its disappearancedsr0.6 A~ is further evi-
one-component system. Consequently, the dispersion CUNVBence of the homocoordinating tendencies of the liquid
win(Q), has two branches: a high-frequency branch taking a-Cs alloy[14,65.

finite value asq—0, and a low-frequency branch with a | the hydrodynamic limi{7], the one-component trans-
g — gc. In this linear region the low-frequency branch is

quite close taw{ c{q) and to the low-frequencyw, \{a) CT(q—0,t)=(1/Bm)exp{ — q?7|t|/mp}, (23
branch, which suggests that the propagation of shear modes

involves both species, although the appearance of the highvhere 8 is the inverse temperature times the Boltzmann's
frequency branch o&JLa_Na(q) shows that some Na particles constantm is the mass of the particles, angis the shear
exhibit kinetic modes in this lovg region. Similar behavior ~ Viscosity coefficient. For finite|, using the memory function
was found in the longitudinal dispersion curves in the regiorfépresentation,

within and close to the hydrodynamic regime. The appear-
ance of the two branches for thﬂ{,,\,(q) is qualitatively
different from the recent CMD simulations of Anento and
Padro[65] for liquid Li-Mg, Li-Na and Li,Pb alloys, where _
the wLN(q) had one branch only. The'mLN(q) in Li-Na,  where the tilde denotes the Laplace transform g(q,z) is

and Li-Mg alloys exhibited behavior qualitatively similar to @ generalized shear viscosity coefficient. The area under the
the present low-frequenay (q) branch, whereas\(q)  normalizedC'(q,t) gives BmC'(q,z=0), from which val-

FIG. 15. Transverse dispersion relation of the partira}T@Nﬁ(q)
(open and full squareswés_cgq) (open circleg number-number
wLN(q) (open and full triangles and concentration-concentration
w(T;C(q) (pluses transverse modes for the Na-Cs liquid alloyTat
=373 K and several concentrations.

2

q ~ -1
Z+p—m77(q,2)

: (24)

- 1
CT(q,Z)ZIB—m
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TABLE IV. Calculated and experimental values of the shearciples local pseudopotentials derived within the same frame-

viscosity 7 (in GPa p$ for the Na-Cs liquid alloy al =373 K. work. This demonstrates the feasibility of this technique for
investigating time correlation functions and the dynamical

XNa 7 Mexptt properties of binary alloys.

0.0 4205 4.7+0.32 The results for the static structural properties show good

agreement with the available experimental data, although the

0.30 4.6-0.5 : . . I

0.50 47-05 S|mu[at|ons predict somewhat weaker homocoordinating t_en-

0.75 5.0-0.5 Qenmes. We have analyzed the local arrangement of partlples

1'0 5'@0'5 6.6+ 0.33 in the mixture and found that when there is a large size
' T T mismatch, the biggest value of the minimum of the(r)’s

*Referencd66]. should be used for estimating the coordination numbers.

For the dynamical properties, we have analyzed several
time correlation functions, although comparison with the ex-
! : ; . %eriment could only be made at the level of some transport
9=0, give the shear viscosity. The results fory obtained  ;qefficients. The excellent agreement with the experiment of
in this way for pure Na and Cs dt=373 K are presented in - e cajculated self-diffusion coefficients for the pure compo-
Table 1V, showing good agreement with the experini6l.  onts suggests that the simulations of the alloys treats self-
Extension of this scheme to binary systems is straightyigsion very well. The calculated longitudinal dispersion
forward. The equivalent correlation function is Tthe total re|ations show the existence of kinetic concentration modes.
transverse  current  correlation  function Cy(q,t) |y addition, the results for the adiabatic sound velocity in the

ues forz(qg,z=0) can be obtained and, when extrapolated t

=(j{(a.t)j{*(q,0)),  where j{(q,)=xi"m;ji(a.t)  pure components and the alloy are in very good agreement
+x3'%m,j3(q,t) is the total transverse current apf(g,t)  with the experiment.
are defined according to E@1). In the hydrodynamic limit, An interesting feature is the appearance of the two
. _ 5 _ branches in the transverse dispersion relationafﬁg,(q),
Cu(q—01)=(m/B)exp{ —q*n|t|/mp}, 29 ol ndq), andwl(q), with the high-frequency branch rep-

— ) _ ) resenting overdamped kinetic modes. The low-frequency
wherem=x;m;+Xx,m, and » is th_e aII(_)y shear viscosity. wLN(Q) and wLa-Na(Q) branches, along with the’gs_ci(q),

The results for the alloy shear viscosity calculated in thisg linearly to zero at a finitg valueq, and represent propa-
way are presented in Table IV. No experimental results ar%ating shear modes. However th; Iow-frequerm&c(q)

av?_”r?ble' itv of simole liquid all h ith i branch does not exist for logyvalues, in agreement with the
€ viscosily of simple iquid alloys Shows €ither a inéar , o yictions of the GCM model. The presence of two

or slightly concave behavior with concentration, Wherea{ranches contrasts with the recent results for other binary

large positive deviations from linearity are exhibited by lig- T
. . S systemg 65], where only one branch fap was found.
uid alloys with heterocoordinating tendenc[dg,67. When yThe Er;he]ar viscosityyof the alloy hasNthg()an estimated by

homocoordinating tendencies are present, the available ex-. '~ . o o
perimental data suggest a mixed behavior, with a marke sing its relationship with the hydrodynamic limit of the total

predominance for a negative departure from linearity. More- 2NSVerse current correlation functiqn. .The resultg seem
over, some semiempirical modelé7,67 establish a close plau3|bl_e_, given the Weak_h_omocoordlnatlng tendencies and
connection between positiv@egative deviations from the the rr)]osmv_e enthalpy of mixing %f thebz_illcl)¥. b initi

linear law and a negativi@ositive) enthalpy of mixing in the The main approximations in the orbital-fres initio mo-
alloy. The positive experimental enthalpy of mixing of Iecular dynamics method used here are the k'net.'c. energy
Na-Cs alloy[21] suggests some negative deviation of thefuncﬂonql anq the I.ocal pseudopo?entlals descr|b|'ng the
alloy shear viscosity from the linear law. The calculated Val_elefﬁrodn-lqn mterachonih qurthtlar lmpt[ov]f:ments In thte
ues obtained for the shear viscosity of the liquid Na-Cs alloyg.1e t.o Wi corfne :_om | € E.Vf] opmelg IO dmtore_ accurade
given in Table 1V, show a linear variation with concentration, INetic_energy functionals, which would lead 1o improve
which according to the previous comments may reflect théOcal pseudopotentials.

real behavior of the system in view of its weak homocoordi-
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