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Introduccion

Es un hecho bien conocido que las series divergentes aparecen de manera natural en nu-
merosos problemas relacionados con las ecuaciones funcionales, aunque estos problemas in-
volucren exclusivamente series convergentes. Quizas uno de los primeros ejemplos, historica-
mente hablando, es el que proporciona L. Euler en su tratado De seriebus divergentibus [E].
En este articulo, L. Euler estudia, entre otras cosas, la serie numérica

[o¢]
1—14+20 =31 44l =5l 4. =) "(=1)"nl, (0-1)
n=0
que llama serie hipergeométrica de Wallis. Para ello, propone hasta cuatro métodos diferen-
tes de sumacién, entre ellos

1. Una iteracion de las llamadas hoy transformaciones de Euler y el cdlculo de la “suma
hasta el menor término”,

2. La introduccién de un parametro x adicional, lo cual nos lleva a considerar la serie de
potencias

o
z— a2 + 2% — 62" 4 242° — 12020 + .- = (=1)"nl2™t, (0-2)

n=0

que llamaremos serie de Euler y que resulta ser una solucién de la ecuacién diferencial
lineal

oy (@) +y(@) = .

resoluble por variacién de constantes. La solucion de esta ecuacién, evaluada en x = 1,
permite atribuir un valor a la suma de (0-1) (aproximadamente 0.59637164).

En el siglo XVIII estos razonamientos eran interesantes para intentar aproximar el valor de
algunas constantes matematicas, como e 6 7: lo importante era atribuir de manera coherente
un valor a la suma de este tipo de series sin limitarse a las nociones clasicas de convergencia
que se estudian en los primeros cursos de una carrera universitaria.

El interés fisico de las series divergentes se puso de manifiesto con los trabajos de G.G. Stokes
sobre la funcién de Airy: esta es una funciéon que aparece en el estudio de las causticas en
Optica, tales como las del arcoiris. Histéricamente, este fue el problema matematico que
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llevé a G.B. Airy a desarrollar esta funcién especial. Més precisamente, la funciéon de Airy
se define por la siguiente expresién integral:

1 [ t?
Ai(z) = 277/ cos (xt + 3) dt,

y es solucién de la ecuacién diferencial y”(z) — zy(z) = 0. Uno de los métodos que se
estudian en cursos elementales para aproximar las soluciones de este tipo de ecuaciones, es
el desarrollo en serie de potencias de las mismas. En el caso de la funcién de Airy el radio
de convergencia de su serie de Taylor en el origen es infinito, lo cual aparentemente daria el
problema por resuelto. Pero esta serie de potencias resulta ser de convergencia muy lenta,
motivo que la hace impracticable a los calculos. G.G. Stokes tuvo la idea de desarrollar la
funcién Ai en el infinito, lo cual da como resultado una serie divergente en potencias de z/2:
“sumando hasta el menor término”, dicha serie proporciona datos asombrosamente precisos
sobre la funcién de Airy. Un ejemplo fisico mas moderno lo hallamos en el campo de la
electrodindmica cuantica: en el estudio del momento magnético del electrén aparece una
serie de potencias en la que cada término se calcula a partir de diagramas de Feynman. Esta
serie resulta ser divergente, y de nuevo la suma de algunos términos (se ignora cuél es el
menor término) proporciona valores muy cercanos a los experimentales. Pueden leer detalles
de esto, asi como de estos problemas, en el articulo de divulgacién de J.P. Ramis [R1]. Para
una descripcién mas detallada también se puede consultar [R2].

Hemos mencionado en dos ocasiones la técnica de la “suma hasta el menor término”. FEn
numerosas series divergentes que aparecen en problemas fisicos, los primeros términos decre-
cen en valor absoluto, pero luego crecen indefinidamente. La técnica mencionada consiste
en truncar la serie en el momento en que los términos empiezan a crecer. Esta técnica es
llamada por H. Poincaré “sumacién de los astrénomos”, en contraposicién a la “sumacién de
los geémetras” (series convergentes en el sentido moderno). Su justificacién precisa requiere
el uso de las series de tipo Gevrey, tal y como comentaremos méas adelante.

Es precisamente H. Poincaré quien da uno de los grandes impulsos a la teoria de la sumacion
de series divergentes, que diversos matematicos de prestigio habian despreciado (para N.
Abel, eran una “invencién del diablo”). Como en numerosos otros problemas de mateméticas,

[13

y en palabras de J. Hadamard: el mejor y més corto camino entre dos verdades del
dominio real suele pasar por el dominio complejo” [H, pag. 123]. Asi, H. Poincaré en su
trabajo [P] introduce a finales del siglo XIX la nocién de desarrollo asintdtico: una funcién
f, holomorfa en un sector V = V(a,b,r) = {x € Cla < arg(z) < b,0 < |z| < r}, admite una
serie f () =307 apx™ como desarrollo asintdtico en el origen sobre V si para cada nimero

natural N y cada subsector W de V existe una constante Cy(W) tal que

N-1
flx) =) ana™| < On(W)lz|Y,
n=0

sobre W. Cabe notar que esta no es la definicién original dada por H. Poincaré pero si
resulta ser equivalente para funciones acotadas en cada subsector de V. Para los detalles de



este hecho se puede consultar [FZ].

Los estudios de H. Poincaré, asi como de otros matematicos posteriores, se centran en las
series de potencias que aparecen como soluciones de sistemas de ecuaciones diferenciales
(lineales o no) holomorfas, en torno a los llamados puntos singulares. Centrandonos en el
caso lineal, nos referimos a sistemas de ecuaciones del tipo

2Py (z) = Al2)y(z) + b(z),

donde y(x) = (y1(2),...,yn(2))t € O(D)*, A € Mat(n x n,O(D)), b € O(D)", siendo D
un disco en torno de 0. En algunos textos cldsicos, como [CL], estos puntos singulares se
clasifican en puntos de primera clase (si p = 0) y de segunda clase (si p > 0), lo cual determina
frecuentemente la naturaleza de las soluciones. Aludiendo a estas, los puntos singulares se
clasifican como regulares (reducibles a los puntos de primera clase) o irregulares. Es en estos
ultimos tipos de ecuaciones en los que aparecen fenémenos de divergencia. Asi H. Poincaré,
M. Hukuhara, H.L. Turritin y W. Wasow entre otros demuestran el siguiente resultado,
valido en el caso no lineal:

Teorema.(Teorema fundamental de los desarrollos asintéticos) Consideremos el sistema de
ecuaciones diferenciales holomorfas

Pty (z) = F(z,y(z)), pe N,

que admite el vector de series formales § como solucion, y en el que la matriz de la parte
lineal oF
A= 67/(0’ 0),

es invertible. Si'V es un sector de abertura a lo mds 7/p, existe una solucion y(x) € O(V)™
que admite a § como desarrollo asintético en V.

Una prueba de este hecho se puede consultar en [W1].

Este teorema permite dotar de cierto significado geométrico a la serie formal g(x), inter-
pretdndola como y(x). Pero esta funcién y(x) dista mucho de ser unica, pues hay funciones
con desarrollo asintético nulo que son soluciones de ecuaciones diferenciales.

Un nuevo y crucial impulso a la teoria se produce a finales de los anos 70 con los trabajos,
por una parte de J. Ecalle, sobre las llamadas funciones resurgentes, y por otra parte, de J.P.
Ramis, quien introduce y sistematiza la nociéon de k—sumabilidad, la cual generaliza la nocién
de sumabilidad dada por E. Borel en los afios 20 [B]. La definicién de desarrollo asintético
dada por H. Poincaré fue precisada en los llamados desarrollos asintdticos s—Gevrey: en
ellos, la constante C'y que alli aparece se sustituye por una del tipo

CANN,

explicitindose la dependencia de N. Resulta que si una serie formal g(x) es el desarrollo
asintético s—Gevrey, de una funcién y(x) definida en un sector V' de abertura estrictamente
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superior a sm, y(x) es la unica funcién con esa propiedad, y es legitimo llamarla la k—suma
de j en V (aqui k = 1/s, respetando las notaciones hoy habituales en la teoria). En este
contexto el Teorema fundamental de los desarrollos asintdticos fue refinado por J.P. Ramis
y Y. Sibuya en 1989, como se enuncia a continuacién.

Teorema. Consideremos el sistema de ecuaciones diferenciales holomorfas
2Py () = Fa,y(x)), peN,

que admite el vector de series formales § de tipo s— Gevrey como solucion. StV es un sector
de abertura a lo mds min{rs,w/p}, existe una solucion y(x) € O(V)™ que admite a § como
desarrollo asintotico de tipo s—Gevrey en V.

La demostracién completa de este resultado se puede consultar en [RS2].

Ademas de introducir la nocién de serie k—sumable, J.P. Ramis enuncia un resultado sobre
la estructura formal de las soluciones de los sistemas lineales con singularidad irregular que
equivale a decir que toda solucién formal se puede construir a partir de series k—sumables,
para diversos valores de k (los niveles de la ecuacién). Resulta claro a partir de aqui que no
toda serie formal solucién de una ecuacién diferencial holomorfa es k—sumable para un tinico
valor de k por lo que se introduce la nocién de multisumabilidad en la que intervienen diversos
valores de k. La primera prueba de la multisumabilidad de las soluciones de ecuaciones
diferenciales lineales es dada por W. Balser, B.LL..J. Braaksma, J.P. Ramis y Y. Sibuya en
[BBRS]. Posteriormente, B.L.J. Braaksma prueba un resultado similar para las ecuaciones
no lineales [Br].

Con esto, tenemos una respuesta parcial al problema de asignar una suma a las series formales
obtenidas como soluciones de ecuaciones diferenciales, pero esta respuesta no es constructiva.
En el citado texto de E. Borel [B] se describe determinada transformada integral, la hoy
llamada transformada de Borel, la cual, combinada con la transformada de Laplace permite
construir explicitamente la suma en una direcciéon de una serie 1—sumable, caso de existir.
J.P. Ramis generaliza esta nocién introduciendo la nocién de k—transformada de Laplace y
Borel, las cuales permiten construir la k—suma de una serie k—sumable. Asimismo J. Ecalle
define los operadores de aceleracién. Con ayuda de ellos, si ky > ko > -+ > kp, > 0,y ¢
es una serie (ki, ..., ky)—multisumable en la direccién d, su suma en esta direccién puede
computarse como

Ly oApy ko 0---0Ap 1k © By, (§(2)),

donde Bkm representa la k,,—transformada de Borel formal, 2 ;s es el operador de ace-
leracién de orden (k, k'), k > k', y Ly, es la kj—transformada de Laplace. Para que esta
maquinaria funcione, es necesario observar que los distintos niveles de k—sumabilidad son
incompatibles: si k # k' toda serie que sea simultdneamente k'—sumable y k—sumable ha
de ser necesariamente convergente.



En este punto de la historia podemos citar las palabras de J.P. Ramis en [R1, pag. 139]:

“Que réserve le futur aux spécialistes des séries divergentes? Les principaux défis
concernent ce que l’on nomme les perturbations singulieres.”

La primera direccién a la que se dirige la presente tesis es hacia los desarrollos asintéticos
asociados a problemas de perturbaciones singulares. Un sistema lineal singularmente per-
turbado es uno del tipo

aag‘z(x, g) = A(z, e)y(z, e),
donde A(x, €) es una matriz de funciones holomorfas en un entorno de (0,0) € C2. Tipicamen-
te una solucién formal de este sistema depende del parametro de perturbacién singular €, y
admite un desarrollo en serie de potencias en ¢ del tipo

y(z,e) = yo(x) + y1(z)e + ya(2)e + -+ |

con coeficientes y;(x) holomorfos en un disco comin de convergencia, y divergente en e. Se
plantea el problema de la sumabilidad en € de las soluciones de dichos sistemas, problema al
que han contribuido numerosos autores. Citemos algunos logros destacados:

e M. Canalis-Durand prueba el cardcter Gevrey de la soluciéon formal de la ecuacién de
Van der Pol perturbada [CD] y A. Fruchard y R. Schéfke prueban la sumabilidad en ¢
de dicha solucién [FS].

e En el caso general, las soluciones resultan ser no necesariamente k—sumables para
ningin valor de k. No obstante, M. Canalis-Durand, J.P. Ramis, R. Schéifke y Y.
Sibuya [CDRSS] muestran que, en condiciones de invertibilidad de la parte lineal (de
hecho, ellos consideran condiciones algo mds generales), toda solucién formal es de
tipo Gevrey y puede representarse como una funcién holomorfa y(x,e) € O(D x V),
donde D es un disco en torno al origen y V' es un sector, que admite como desarrollo
asintético la serie formal solucion.

Un problema adicional se encuentra cuando consideramos perturbaciones singulares de ecua-
ciones diferenciales con puntos singulares. Por ejemplo, podemos considerar la ecuacion de
Schrodinger lineal singularmente perturbada

62
&35 (@,2) + Pa)y(a,e) =0,

donde P(z) es un polinomio. En este caso la singularidad en x estd en el infinito, y la sin-
gularidad en el parametro €, en 0. Este tipo de ecuaciones y sistemas han sido considerados
por diversos autores, como W. Wasow [W2]. Para su tratamiento, parece necesario hacer
intervenir una nocién de desarrollo asintético en varias variables. La primera nocién satisfac-
toria de esto se debe a H. Majima, quien en [Mj1] define la nocién de funcién con desarrollo
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asintotico fuerte en un polisector (producto de sectores), la cual permite generalizar a la
que tenemos en una variable. La definicién de H. Majima es técnica, pero admite diversas
equivalencias que la hacen més facilmente tratable (ver por ejemplo [M2] y [M3]). En el texto
[Mj2] H. Majima trata diversos tipos de sistemas de ecuaciones perturbadas empleando esta
nocion. Entre este tipo encontramos los sistemas de ecuaciones de la forma

0
et S (w.e) = Fla,e.y),

con F' una funcién holomorfa en el origen. Bajo la hipdtesis de invertibilidad de la parte
lineal de F' en el origen, H. Majima prueba que hay soluciones holomorfas en polisectores
adecuados, admitiendo un desarrollo asintético fuerte. Los polisectores que él considera estan

contenidos en conjuntos de la forma
a < arg(zPe?) < B,

con B — a < w. Esto induce a pensar que es factible encontrar una nocién de desarrollo
asintético en dos variables que haga intervenir la expresién xPe?. Es lo que hacen M. Canalis-
Durand, J. Mozo Ferndndez y R. Schéfke en [CDMS], introduciendo la nocién de desarrollo
asintético monomial, asi como de sumabilidad monomial. Ellos denominan a tales ecuaciones
sistemas doblemente singulares y prueban en particular el siguiente resultado:

Teorema. Considere el sistema de ecuaciones

Ay
‘qup—‘rl%(x’ 5) = F(xa &, y),
con p,q € N*, y en el que suponemos que la parte lineal (A := %—Z(0,0,0)) es invertible.
Entonces el sistema admite una tinica solucion formal §(x,€), que es 1—sumable en xPel.

De forma paralela, W. Balser y J. Mozo Ferndandez [BM] emplean transformadas de Borel y
Laplace en dos variables para, en el caso lineal, mostrar que las soluciones formales de los
sistemas anteriores son (s1, s2)—sumables, donde ps; + gs2 = 1. Ello permite la construccién
de la suma de las series formales solucion de dichos sistemas perturbados, series en dos
variables.

No estaba clara la relacién entre la sumabilidad monomial y la sumabilidad por medio de
transformadas de Borel-Laplace de [BM]. Asimismo se hace necesario tratar de considerar
sistemas con parte lineal no invertible, y desarrollar por tanto una nocién de multisumabili-
dad monomial. Esta es la linea en la que se desarrolla el presente trabajo. En él, ademaés de
revisar y detallar la nocién de sumabilidad con respecto a un monomio, y la de las transfor-
madas de Borel y Laplace generalizadas, se caracteriza la sumabilidad monomial en términos
de estas iltimas. Con vistas a una definicion de multisumabilidad monomial, la cual se pro-
pone en el Capitulo 4 para un caso particular, se generalizan los operadores de aceleracion y
se muestra la incompatibilidad de las nociones de sumabilidad con respecto a dos monomios
distintos, al estilo de los teoremas de J.P. Ramis antes mencionados.



Se aplican las técnicas anteriores a los sistemas doblemente singulares, a un tipo especial de
ecuacién diferencial parcial, asi como a los sistemas de pfaffianos del tipo

Oy
8qxp+1 a. = fl(x7€ay)7

ox

/ ! 8
AL )

Es interesante mencionar en este punto que estos sistemas son parte del objeto de estudio
de H. Majima en [Mj2], bajo la condicién de integrabilidad completa de los mismos. Hemos
observado que dicha condicién impone fuertes restricciones a dichos sistemas, que en la
practica hace que su estudio se reduzca exclusivamente a casos triviales o muy degenerados,
hecho que al parecer no habia sido notado por H. Majima ni por otros autores. Detallamos
todo esto en el Capitulo 3.

Resumen y resultados principales

De forma més concreta, pasamos a exponer el contenido de los cuatro capitulos que componen
esta tesis, con mencion expresa de los resultados maés destacados obtenidos.

Capitulo 1. Sumabilidad Monomial: El objetivo central del Capitulo 1 es recordar y de-
sarrollar la nocién de desarrollo asintético y sumabilidad en un monomio en dos variables, tal
y como fue introducida por M. Canalis-Durand, J.Mozo Ferndndez y R. Schifke en [CDMS].
En aras de lograr una exposicién lo mas autocontenida posible hemos dedicado la primera
seccion de este capitulo a recopilar los resultados fundamentales de la Teoria de desarrollos
asintéticos y sumabilidad en una variable que necesitaremos a lo largo del texto. Trabajando
con series de potencias en una variable con coeficientes en un espacio de Banach complejo
recordamos la definiciéon de desarrollo asintético, desarrollos asintéticos de tipo Gevrey y
algunos resultados que equivalen a estas nociones (Proposicién 1.1.1, Proposicién 1.1.2 y
Corolario 1.1.3). Luego de enunciar los teoremas de Borel-Ritt y Gevrey-Borel-Ritt y el
Lema de Watson (pieza clave para definir sumabilidad como lo hace J.P. Ramis) recordamos
efectivamente la definicién de k—sumabilidad, el método de Borel-Laplace para calcular
dichas sumas y el producto de convolucién junto con todas las propiedades mas relevantes.
También destacamos el celebrado Teorema de Ramis-Sibuya y los teoremas tauberianos so-
bre k—sumabilidad debidos a J.P. Ramis. La seccién finaliza con un pequeno apunte sobre
desarrollos asintdticos en los que las series de potencias que intervienen no tienen necesaria-
mente nimeros naturales como exponentes. Debemos mencionar que no hemos incluido el
uso de haces en la teoria puesto que no se utilizara en el texto.

En la segunda seccién del primer capitulo abordamos la definicién de desarrollo asintético
en un monomio en dos variables x,¢. La razén de la notacién de las variables yace en
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las aplicaciones, en el caracter de variable de perturbacion que ejerce la segunda de ellas.
Aunque la extensién de la teoria a series con coeficientes en un espacio de Banach complejo
y un numero arbitrario de variables es factible y los resultados presentados en esta seccién se
extienden de manera natural a este caso, nos hemos limitado al caso de series con coeficientes
complejos en dos variables por ser este mas conciso y de menor costo técnico. La seccién estd
dividida en cuatro partes. En la primera de ellas establecemos la definicién y propiedades
del conjunto de las series formales de tipo Gevrey y en particular del conjunto de las series

de tipo s—Gevrey en un monomio xPe? que denotamos por RS’ )

Se incluyen férmulas
elementales obtenidas al escribir una serie como una serie en el monomio y asi se aprovecha
para introducir los espacios de funciones donde ciertas series tienen sus coeficientes. Se
presta atencion en cémo pasar de un monomio arbitrario al monomio simple z¢, en el cual la
teoria se escribe més facilmente. Finalmente se estudia el efecto de introducir una variable z
con pesos de manera que reemplazamos el punto (z, ) por (zsl/pa:, 282/‘16), donde s1, s2 son
nimeros positivos tales que s; + so = 1. Una vez establecido el contexto formal, pasamos al
contexto analitico en la segunda parte. Se definen los sectores en un monomio que son los

dominios fundamentales en la teoria. Estos son conjuntos precisamente de la forma

I, 4(a,b,7) = Spq(d,c,r) = {(z,6) € C*| 0 < |2[?, |e|? < 7, a < arg(aPe?) < b},

donde a,b € R, a = b—a es la apertura del sector, d = (a+b)/2 es su bisectrizy 0 < r < 400
es su radio. Tras ver como podemos tratar funciones definidas sobre ellos para el caso de
p = ¢ = 1 mediante el cambio de variable ¢t = xe, se recuerda la definicién de desarrollo
asintotico en el monomio ze. A partir de esta definicién presentamos dos caracterizaciones
de la propiedad de poseer un desarrollo asintotico de este tipo: la primera usando la teoria
en una variable, Proposicién 1.2.11, y la segunda aproximando por funciones holomorfas,
Proposicién 1.2.12. Usando las diferentes caracterizaciones se demuestra detalladamente que
esta nocién de desarrollo asintético es compatible con las operaciones algebraicas béasicas asi
como con la diferenciacion respecto a cualquiera de las variables. Se caracteriza el hecho
de poseer un desarrollo asintético de tipo s—Gevrey nulo en el monomio ze con tener un
decaimiento exponencial de orden 1/s en el monomio ze, en el sector monomial donde se
esté trabajando, Proposicion 1.2.14. Con este se demuestra el Lema de Watson para el caso
monomial. Finalmente todas las consideraciones y resultados se extienden a un monomio
arbitrario xPe?. La seccién finaliza con el enunciado de los teoremas de Borel-Ritt, Gevrey-
Borel-Ritt y el Teorema de Ramis-Sibuya para este tipo de desarrollos.

En la tercera parte de la segunda seccién recordamos finalmente la nocién de k—sumabilidad
en un monomio tanto en una direccién d como en general, sus propiedades bésicas y como
calcular la suma pasando a una variable y aplicando el método de Borel-Laplace. En par-
ticular se deduce que Rgl;’]g’)d y Rgl;’]g), que denotan el conjunto de series k—sumables en el
monomio zPe? en la direccién d y de series k—sumables en el monomio xPc?, respectivamente,
son algebras diferenciales con las derivaciones usuales. Ademds damos una nueva caracte-
rizacién en la Proposicion 1.2.30 de sumabilidad monomial en términos de ciertas subseries

obtenidas a partir de la serie que sumamos. También se incluye en la Proposicién 1.2.31 el



efecto de fijar una de las variables cuando se tiene un desarrollo asintético monomial. Esta
parte finaliza con un ejemplo para ilustrar los razonamientos anteriores. En la cuarta y
ultima parte de la segunda seccién proponemos tres formulas para calcular la suma de una
serie k—sumable en algin monomio, dada la dificultad en la practica de utilizar directamente
el paso a una variable. Las Proposiciones 1.2.32 y 1.2.33 explican cémo sumar en x y en ¢
para el caso p = ¢ = 1 y el caso general, respectivamente. La Proposicién 1.2.34 justifica
céomo sumar usando pesos en la variables.

La tultima seccién de este capitulo desarrolla propiedades de tipo tauberiano para la k—
sumabilidad monomial. Las dos primera y ya conocidas propiedades establecen que: la
ausencia de direcciones singulares (direcciones donde no se es sumable) implica convergencia,
Proposicién 1.3.1, y si 0 < k < k' entonces Rgz;};z) N Rgl;’lg/) = C{z,e}, Proposicién 1.3.2.
Esta tultima propiedad admite una generalizacion para el caso de monomios diferentes y
es el resultado principal de este capitulo. Para demostrarlo requerimos de varios pasos
intermedios. Primero comparamos sumabilidad en un monomio con sumabilidad en una de

sus potencias. En este sentido tenemos la siguiente proposicién:

Proposiciéon 1.3.3. Sea &k > 0 un ndmero real, p,q, M € N* numeros naturales y d una

direccion. Entonces Rgz;,kq? 0= R%Z:%Z).

Pasando por un caso particular, Proposicion 1.3.4, demostramos en su generalidad el si-
guiente resultado:

, . o .
Teorema 1.3.5. Sean k,l > 0 numeros reales positivos y sean xPe? y xP ¢ dos monomios.
Los siguientes enunciados se verifican:

1. Sip/p' =q/q =1/k entonces Rg’;’g) = R%’q,).

2. Sip/p'=q/qd yq/d #1/k entonces Ri’;’,g) N Rg%q/) = C{z,¢}.

(p7Q) N R(plvq,) — C{x’ 8}.

3. Sip/p # q/q entonces Rl//,c 1

con el que finalizamos el Capitulo 1.

Capitulo 2. Métodos de sumabilidad de Borel-Laplace monomiales: El propdsito
de este capitulo de tres secciones es desarrollar y sistematizar métodos de sumabilidad de

tipo Borel-Laplace en dos variables para caracterizar la sumabilidad monomial. Asi en

(p,9)
k,(s1,82)’

52) incluidas sus versiones formales y el producto de convolucién

la primera seccién definimos la transformada de Borel B

(p,9) (p.9)
Ek,(sl, k,(s1,s2

monomio xzPe?, un parametro de sumabilidad k y pesos s1, so en las variables. Incluimos tres

la transformada de Laplace

) asociados a un

subsecciones para tratar cada transformada, resp. operacién por separado. Estos operadores
solo los aplicamos a funciones cuyo dominio sea un sector monomial. Todas las propiedades,
tales como el comportamiento respecto a desarrollos asintéticos, se focalizan en el caso en
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que dichos sectores sean en el mismo monomio zP&%. Sin embargo hemos incluido en cada
subseccion una nota para describir brevemente qué pasa en el caso en que los monomios sean
distintos. Senialamos la siguiente interesante férmula, pieza clave para una de las aplicaciones
que tratamos en el siguiente capitulo:

Proposicién 2.1.3. Considere una funcion acotada f € O(Sy 4(d, w/k+2€0, Ry)). Entonces

(p.q) poavk (1 0f  s2 Of —tep vk a(P:a)
Bk,(s1,82) ((IE 5‘1) <p xax + q 886 (f,v) - k(f Uq) Bk7(51752)(f)(§7v)7

para todos s1,s9 > 0 tales que s1 + so = 1.

También hemos incluido otras formulas de caracter presumible como en la Proposicion 2.1.14
que muestra que los operadores de Borel y Laplace son inversos uno del otro (hecho que usa
la inyectividad de la transformada de Laplace, Lema 2.1.13) é como en la Proposicién 2.1.15
que afirma que la transformada de Laplace convierte la convolucién en el producto usual.

FEn la segunda seccion definimos un método de sumabilidad asociado a un monomio xPe?,
un parametro de sumabilidad k, un peso de las variables s, s2 y una direccion d, utilizando
las transformadas antes mencionadas y basados en las mismas lineas que en la teoria de una
variable: una serie f es k — (s1, s2)— Borel sumable en el monomio xPe? en la direccion d si
X))
esta es 1/k—Gevrey en zPeq, la serie (
k=G Y ’ Bk7(31752)

digamos ¢, s,, & un sector monomial de la forma S 4(d, 2¢,4+00), € > 0, y con crecimiento

((2P£9)* f) se puede prolongar analiticamente,

exponencial del tipo

‘9051752(577))’ § l)eMrnax~[|g|pk/s1,|U\qk/sz}7

para algunas constantes positivas D, M. Con esta definicién y las propiedades desarrolla-
das hasta este punto hemos conseguido la caracterizacién que buscdbamos de sumabilidad
monomial, la cual consideramos es uno de los resultados mds relevantes del trabajo.

Teorema 2.2.1. Sea f € R%g) una serie de tipo 1/k— Gevrey en el monomio xPe4. Entonces

es equivalente que:

1. fe R§’}f’)cl,

2. Existen s1,s9 > 0 con s1 4+ so = 1 tales que f es k — (s1,82)—Borel sumable en el
monomio xPe? en la direccion d.

3. Para todo s1,s9 > 0 con s1+ s2 =1, f es k — (s1,s2)—Borel sumable en el monomio
xPe? en direccion d.

En todos los casos las correspondientes sumas coinciden.

Concluimos esta seccion utilizando esta caracterizacién para obtener pruebas alternativas de
algunos resultados obtenidos en el primer capitulo. Finalizamos el capitulo con la Seccién
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2.3 donde exploramos el comportamiento basico de los desarrollos asintéticos monomiales de
tipo Gevrey bajo las explosiones de puntos en el plano complejo.

Capitulo 3. Ecuaciones diferenciales analiticas lineales singularmente pertur-
badas: Dedicamos este capitulo a las aplicaciones de la sumabilidad monomial al estudio
de las soluciones formales de ciertos tipos de ecuaciones diferenciales. En la primera seccién
trabajamos con ecuaciones doblemente singulares de la forma

€q$p+1% — A(x’g)y(;)j75) +b($,€), (3_1)

donde p, g son niimeros naturales positivos, y € C!, A € Mat(l x I,C{z,e}) y b € C{z,e}".
Bajo la hip6tesis de la invertibilidad de A(0, 0) recordamos la demostracién del hecho que esta
ecuacion posee una unica solucién formal, 1—Gevrey en el monomio zPe?, Proposicién 3.1.2,
empleando las normas de Nagumo. Para las propiedades de sumabilidad hemos propuesto
una nueva demostracién del siguiente teorema:

Teorema 3.1.4. La tunica solucion formal y de la ecuacion (3-1) es 1—sumable en xPe.

Las ideas detras de dicha demostracién no son nuevas. La esencia de las mismas se basa
en las demostraciones habituales: usar una transformada de Borel apropiada para estudiar
por el método del punto fijo las soluciones de la ecuaciéon en convolucién que resulta. Una
vez construidas dichas soluciones, invocar el Teorema de Ramis-Sibuya para obtener un
desarrollo asintético y asi deducir la sumabilidad. Mencionamos ademas que utilizando la
caracterizacién de sumabilidad monomial a través del método de Borel-Laplace explicado
en el Capitulo 2 hemos mejorado el Teorema 3 en [BM], resultado que exponemos en el
Corolario 3.1.5.

Finalmente mencionamos que el Teorema 3.1.4 también es valido en el caso no lineal, aunque
para dicha situacién nos hemos limitado solo a enunciar el resultado en el Teorema 3.1.6.

En la segunda seccién, y como lo sugiere la formula obtenida en la Proposicién 2.1.3, estu-
diamos las soluciones formales de la ecuacién diferencial parcial

Sengrti Py 2oreant O O(a, (e, 2) + (o), (3-25)

donde p, ¢ son numeros naturales positivos, s1, so son numeros reales positivos que satisfacen
51+ 82 =1y C € Mat(l x I,C{x,e}), v € C{z,e}!. Siguiendo las ideas aplicadas en la
seccién anterior pero con las herramientas para sumabilidad monomial hemos obtenidos los
siguientes resultados:

Proposicién 3.2.1. Considere la ecuacion diferencial parcial (3-25). Si C(0,0) es invertible
entonces (3-25) tiene una vnica solucion formal § € C[[x,€]]'. Ademds i € (Rgp”))l.
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Teorema 3.2.2. Considere la ecuacion (3-25). Si C(0,0) es invertible entonces la inica
solucion formal § dada por la proposicion anterior es 1—summable en zPe?. Sus posibles
direcciones singulares son las direcciones que pasan por los valores propios de C(0,0).

En la dltima seccién pasamos al estudio de sistemas pfaffianos en dos variables de la forma

it = i(re) (3-350)
xp'sq’ﬂaig = folz,e,y), (3-35b)

donde p,q,p’,¢ son nimeros naturales positivos, y € C!, y fi, f» son funciones analiticas
definidas en una vecindad del origen en C x C x C'. Recordamos que si f1(0,0,0) =
f2(0,0,0) = 0 y las funciones fi, f2 satisfacen sobre su dominio de definicién:

/ ! / ! 6 6
e i)+ P e ) J;u,e, Wheey) =  (336)
0 0
e oo, 2,y) + P (0,9) + G ol ),

el sistema pfaffiano se dice completamente integrable. Bajo esta hipdtesis hemos deducido
la siguiente proposicién sobre el comportamiento de los espectros de las partes lineales de f;
y f2 en el origen:

Proposicién 3.3.1. Considere el sistema pfaffiano (3-35a), (3-35b). Si es completamente
integrable entonces las siguientes afirmaciones son vdlidas:

1. La matriz %—’3(0,0,0) es nilpotente sip=p' yq<q, 6p =Npcon N>1,6¢ =quy
p<p 6q =Mqcon M >1.

2. La matriz %—];1(0,0,0) es nilpotente sip=p yq <q, 6p=N'p con N' >1,6¢ =q
yp <pdq=Mq con M > 1.

3. Sip=9p yq=q para todo valor propio pu de %—J;(O,O,O) existe un wvalor propio
A de %—2(0,0,0) tal que g\ = pu. FEl nimero X\ es un valor propio de %—’;(0,0,0),
cuando se restringe a su subespacio invariante E, = {v € C"|(%—’3(0,0,0) — ulFv =
0 para algin k € N}.

Teniendo en cuenta estas restricciones, utilizando los resultados de la primera seccién y
las propiedades tauberianas encontradas en el primer capitulo hemos obtenido el siguiente
resultado sobre convergencia y sumabilidad de las soluciones de estos sistemas:

Teorema 3.3.3. Considere el sistema (3-35a), (3-35b). Las siguientes afirmaciones son
validas:

1. Suponga que el sistema tiene una solucion formal §. Si %—J;(O,O,O) Y %—5(0,0,0) son

. . o R
invertibles y xPe? £ xP e? entonces 3 es convergente.
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2. Si el sistema es completamente integrable y %—fyl(o, 0,0) es invertible entonces el sistema
tiene una unica solucion formal §. Ademds § es 1-sumable en xPeq.

3. Si el sistema es completamente integrable y %—f;(O, 0,0) es invertible entonces el sistema

. ’ . e A ’ ~ / /
tiene una unica solucion formal y. Ademds y es 1-sumable en xP €7 .

Finalmente nos restringimos al caso lineal y en el que ambos monomios que aparecen en los
sistemas son iguales. Nos referimos a sistemas de la forma

Eq:cp“gi = A(z,e)y(z,¢€) + a(x,e), (3-48a)
:cpeq“a% = B(z,e)y(z, &) + b(z, ), (3-48b)

donde p,q son nimeros naturales positivos, 4, B € Mat(l x I,C{x,e}) y a,b € C{xz,e}".
En este contexto tenemos los siguientes resultados sobre convergencia y sumabilidad de sus
soluciones:

Proposicién 3.3.4. Las siguientes afirmaciones son vdlidas:

1. Si el sistema (3-48a), (3-48b) es completamente integrable y A(0,0) ¢ B(0,0) es inver-
tible entonces el sistema (3-48a), (3-48b) tiene una unica solucion formal, 1—sumable

en xPe.

2. Si el sistema tiene una solucion formal § y existen s1,82 > 0 tales que s; + so =
1 y s1/pA(0,0) 4+ s2/qB(0,0) es invertible, entonces § es 1—sumable en zPe9. Sus
posibles direcciones singulares son las direcciones que pasan por los valores propios de

51/pA(07 0) + 52/qB(07 0)'

Teorema 3.3.5. Considere el sistema (3-48a), (3-48b) y suponga que tiene una solucion
formal §j. Denote por Ai(s), ..., \i(s) los valores propios de £A(0,0) + (lf;s)B(0,0), donde
0 < s <1, y asuma que nunca son cero. Si para cada direccion d existe s € [0,1] tal que

arg(A;(s)) # d para todo j =1, ...,1 entonces § es convergente.

Capitulo 4. Hacia multisumabilidad monomial: En el dltimo capitulo de esta tesis
mostramos los avances logrados hacia una buena nocién de multisumabilidad monomial.
El capitulo estd dividido en tres secciones. En la primera recordamos los operadores de
aceleracién y la nociéon de multisumabilidad en dos niveles para una variable, incluyendo
férmulas importantes que seran usadas en la siguiente seccién.

En la segunda seccién definimos los operadores de aceleracion que conectan un monomio zPe9,
, [ . o ,

un pardmetro de sumabilidad k£ y un peso s1, s2 con otro monomio z? €7, otro pardametro de

sumabilidad [ y otro peso s}, s,. Estos operadores los hemos obtenido a partir de calcular
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®,q")

formalmente la composicién de la transformada de Borel B, (55
\S1

/) con la transformada de
2

(p,q)

Laplace Ek,(shsz)‘

Naturalmente existen condiciones sobre estos valores para realizar dicho calculo, a saber:

SQP(I'
sapq’ + s1p'q’

Slp'q

77 S
sopq’ + s1p'q

N~

s =

p . P q l
81(p/q —pq/) > j(qk— q'l), mm{p/, q’} < i

Asi, si I = (p/,q,p,q,l, k, s}, 85, s1,52) donde dichos valores satisfacen las condiciones an-
teriores, tenemos el operador ;. De manera andloga al Capitulo 2, desarrollamos todas
las propiedades de estos operadores de aceleracion tales como comportamiento respecto a
desarrollos asintéticos monomiales y convolucién.

Finalmente en la tltima seccién proponemos una definicién de multisumabilidad asociada
a dos monomios, dos parametros de sumabilidad y dos pesos, motivados por el siguiente
resultado, andlogo al de una variable y que hemos demostrado aplicando explosiones de
puntos en el plano complejo.

Teorema 4.3.1. Sean pg,...,Pr, qo,-.--, @ NUmMeros naturales positivos y sean kg, ..., k,
, L r (p]7qj) : 1
nimeros reales positivos. Sean f; € R; /k; \ C{z,e} series kj—sumable en el monomio

zPiel para j = 1,...,r, respectivamente. Entonces fo = fl 4+ -+ fr es ko—sumable en
xPoe siy solo si kopo = kjpj y kogo = kjqj para todo j =1,...,7.

Finalizamos el capitulo mostrando que la nocién de multisumabilidad propuesta es estable

por sumas y productos y que es capaz de sumar series de la forma f + g, donde f € Rgl;’g) y
p (4"
g€ Ry iwo

El tema dista mucho de estar cerrado. Numerosos problemas abiertos se plantean, de los
que citamos algunos de ellos:

1. Dar una definicién completa de multisumabilidad monomial, que contemple no solo los
casos particulares tratados en esta memoria.

2. Demostrar que la propiedad de ser multisumable como aqui lo hemos definido es inde-
pendiente de los pesos elegidos. Una via posible es extender el resultado de descom-
posicién de W. Balser de series multisumables como suma de series sumables.

3. Estudio sistematico de los sistemas de ecuaciones lineales singularmente perturbados,
sin la hipétesis de invertibilidad de la parte lineal, aplicando operadores de aceleracién
generalizados a varios niveles.
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. Estudio més general de los sistemas lineales pfaffianos, ya sea con las restricciones que
impone la condicién de integrabilidad completa o sin ella.

. Estudio de la ecuacién diferencial parcial (3-25) en el caso no lineal con o sin la hipétesis
de invertibilidad de la parte lineal.

. Adaptacién de las demostraciones aqui contenidas al caso de varias variables.

. Hacer uso de la teoria de haces para desarrollar la teoria de manera mas intrinseca.






Introduction

It is a well known fact that divergent series appear in a natural way in many problems related
with functional equations, even when those problems involve exclusively convergent series.
Perhaps one of the first historical examples is the one given by L. Euler in his work De
seriebus divergentibus [E]. In this paper L. Euler studied, among other things, the numerical
series

o0
=142 =344l =5l = > (=1)"nl, (0-1)
n=0
and called it the Wallis hypergeometric series. For its study, he proposes four different
methods of summation, including

1. An iteration of what are now called Euler transformations and the computation of the
“sum up to the least term”,

2. The introduction of an additional parameter x, what leads us to consider the power

series
o0

x— x4 223 — 62 4+ 242° — 12025 + - = Z(—l)”n!az"“, (0-2)

n=0

that we will call Euler’s series and that turns out to be a solution of the linear diffe-
rential equation
a?y () + y(x) =

solvable by variation of constants. The solution of this equation evaluated at x = 1,
allows to attribute a value to the sum of (0-1) (approximately 0.59637164).

In the 18th century those reasonings were interesting to attempt to approximate the value of
some mathematical constants, such as e or 7m: what mattered was to attribute in a coherent
way a value to the sum of this kind of series, without restricting to the classical notion of
convergence that nowadays is studied in the first courses of a university career.

The physical interest of divergent series was revealed with the works of G.G. Stokes on
Airy’s function: this is a function that appears in the study of caustics in optics, such as the
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rainbow. Historically, that was the mathematical problem that took G.B. Airy to develop
this special function. More precisely, Airy’s function is defined by the following integral

1 [ t?
Ai(z) = 277/ cos (xt + 3) dt,

and it is a solution of the differential equation y”(z) —xy(z) = 0. One of the methods studied

expression:

in elementary courses to approach the solutions of this kind of equations is to develop them
into power series. In the case of Airy’s function the radius of convergence of its Taylor series
at the origin is infinite, what apparently solves the problem. However this series has a very
slow convergence, a fact that makes it hardly useful for calculations. G.G. Stokes had the
idea of developing the function Ai at infinity, and obtained a divergent power series in z'/2:
“summing up to the last term”, that series gives surprisingly precise values of Airy’s function.
A more modern physical example can be found in the realm of quantic electrodynamics: in
the study of the magnetic moment of the electron appears a power series where every term
is calculated from Feynman’s diagrams. This series is divergent and again the sum of some
terms (the least term is still unknown) gives very close results to the experimental ones. The
reader may find details of this and related problems in the divulgence paper of J.P. Ramis

[R1]. For a more detailed description the reader may also consult [R2].

We have mentioned twice the technique of the “summation up to the last term”. For nu-
merous divergent series coming from physical problems, the first terms decrease in absolute
value, but then they grow indefinitely. The mentioned technique consists in truncating the
series at the moment when the terms start to grow. This technique was called by H. Poincaré
“summation of the astronomers”, in contrast with the “summation of the geometers” (con-
vergent series in the modern sense). The precise justification for this requires the use of
Gevrey type series, that we will comment further on.

It is precisely H. Poncaré who gives one of the greatest impulses to the theory of summation
of divergent series, that many prestigious mathematicians had neglected (for N. Abel those
were an “invention of the devil”). As in many mathematical problems and in words of
J. Hadamard: “...the shortest and best way between two truths of the real domain often
passes through the imaginary one” [H, page 123]. So it was H. Poincaré in his work [P] who
introduced at the end of the 19th century the notion of asymptotic expansion: a function
f, holomorphic in a sector V.= V(a,b,r) = {z € Cla < arg(z) < b,0 < |z| < r}, admits
a power series f (x) = D02 anaz™ as asymptotic expansion at the origin on V if for each
natural number N and every subsector W of V' there is a constant C (W) such that

N-1
‘f(x) — Z anx"
n=0

on W. We remark that this is not the original definition given by H. Poincaré but it turns

< On(W)|=|V,

out to be equivalent for functions bounded in every subsector of V. For the details of this
fact the reader may consult [FZ].
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The works of H. Poincaré, as well as of many other mathematicians, focus in power series
that come from solutions of systems of holomorphic differential equations (linear or not),
around the so called singular points. Restricted to the linear case, we refer to systems of
equations of the form

2Py (z) = Al2)y(z) + b(z),

where y(z) = (y1(z),...,yn(x))t € O(D)", A € Mat(n x n,O(D)), b € O(D)", where D
denotes a disc centered at 0. In some classical texts, for instance [CL], those points are
classified into first class (if p = 0) and second class (if p > 0), what usually determines
the nature of the solutions. Referring to those, the singular points are classified as regular
(reducible to points of first class) or irregular ones. It is for this last type of equations in
which divergence phenomena occur. Thus H. Poincaré, M. Hukuhara, H.L. Turritin and W.
Wasow among others show the following result, valid in the non-linear case:

Theorem.(Main Asymptotic Existence Theorem) Let us consider the system of holomorphic
differential equations
2Py () = Fa,y(x)), peN,

that admits a vector of formal power series § as solution and such that the matriz of the

linear part at the origin
oF
A:=—(0,0),
5, (0.0)
is invertible. If V is a sector of opening at most 7/p then there is a solution y(x) € O(V)"

that admits § as asymptotic expansion on V.
A proof of this fact can be found in [W1].

This theorem provides a geometric meaning to the power series ¢(x), interpreting it as
y(z). But the function y(x) is far from being unique because there are functions with null
asymptotic expansion that are solutions of differential equations.

A new and crucial impulse to the theory was given at the late seventies with the works,
from one side by J. Ecalle on the so called resurgent functions and from the other side by
J.P. Ramis who introduced and systematized the notion of k—summability, that generalizes
the notion of summability given by E. Borel in the twenties [B]. The notion of asymptotic
expansions was specialized in the so called asymptotic expansions of s—Geuvrey type: in this
case the constant Cp in the definition is given by one of the type

CANNI®,

making explicit the dependence on N. It turns out that if a formal power series §(z) is the
s—Gevrey asymptotic expansion of a function y(x) defined in a sector V' of opening strictly
greater than st then y(z) is the only function with this property and it is legitimated to
call it the k—sum of § on V (here k = 1/s, as in nowadays notations in the theory). In
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this context the Main Asymptotic Existence Theorem was improved by J.P. Ramis and Y.
Sibuya in 1989, as we state below.

Theorem. Let us consider the system of holomorphic differential equations
Py () = F(z,y(x)), peN,

that admits a vector of formal power series § of s—Gevrey type as a solution. If V is a
sector of opening at most min{ws, 7 /p} then there is a solution y(x) € O(V)" that admits §

as s—Gevrey asymptotic expansion on V.
The complete proof of this result can be consulted in [RS2].

Besides of introducing the notion of k—summable series, J.P. Ramis formulated a result
on the structure of the formal solutions of linear systems with irregular singularities being
equivalent to the statement that every formal solution can be built from k—summable series
for different values of k (the levels of the equation). It is clear from here that not every
formal solution of a holomorphic differential equation is k—summable for a unique value of
k and because of this the notion of multisummability is introduced where different values
of k intervene. The first proof of the multisummability of the solutions of linear differential
equations was given by W. Balser, B.L.J. Braaksma, J.P. Ramis and Y. Sibuya in [BBRS].
Later B.L.J. Braaksma proved a similar result for non-linear equations [Br].

With this we have a partial answer to the problem of assigning a sum to formal power series
obtained as solutions of differential equations, but this answer is not constructive. In the
referred text of E. Borel [B] it is described certain integral transformation, nowadays called
the Borel transform which combined with the Laplace transform allows one to build explicitly
the sum in a direction of a 1—summable series, when it exists. J.P. Ramis generalized this
notion introducing the k—Borel and k—Laplace transform, which makes possible to build
the k—sum of a k—summable series. Likewise J. Ecalle defined the acceleration operators.
With their aid if k&1 > kg > -+ > ky, > 0 and g is a (kq, ..., k) —multisummable series in a
direction d, its sum in that direction can be calculated as

ﬁkl o Qlkl,lm S Omkm—lgkm o Bkm(g(x))7

where l’;’km represents the formal £, —Borel transform, 2l ;- is the acceleration operator of
order (k,k’), k > k' and Ly, is the kj—Laplace transform. In order for this machinery to
work it is necessary to note that different levels of summability are incompatible: if k # &’
every power series k—summable and k’'—summable is necessarily convergent.

At this point of the history we can quote the words of J.P. Ramis in [R1, page 139]:

“Que réserve le futur aux spécialistes des séries divergentes? Les principaur défis
concernent ce que l’on nomme les perturbations singuliéres.”
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The first direction where the present thesis points to is to asymptotic expansions associated
to singularly perturbed problems. A singularly perturbed linear system is one of the form

dy
7= =A
S (z,€) = Az, e)y(z, €),

where A(x,¢) is a matrix of holomorphic functions in a neighborhood of (0,0) € C2. Usually
a formal solution of this system depends on the singular perturbation parameter € and admits

an expansion into power series in € of the form
y(z,e) = yo(z) + y1(x)e + yo(x)e® + -,

with coefficients y;(x) holomorphic in a common disc of convergence and it is divergent in
€. The problem of summability in € of the solutions of such systems was posed and many
authors have contributed to it. We remark some important achievements:

e M. Canalis-Durand proved the Gevrey character of the formal solution of the singularly
perturbed Van der Pol’s equation [CD] and A. Fruchard and R. Schéfke proved its
summability in ¢ [FS].

e In the general case, the solutions are not necessarily k—summable for any value of
k. Nonetheless M. Canalis-Durand, J.P. Ramis, R. Schifke and Y. Sibuya [CDRSS]
showed that under the condition of invertibility of the linear part (in fact, they consider
slightly more general conditions), every formal solution is of Gevrey type and can be
represented by a holomorphic function y(z,e) € O(D x V'), where D is a disc at the
origin and V is a sector, that admits as asymptotic expansion the formal power series
solution.

An additional problem is found when we consider singularly perturbed differential equa-
tions at singular points. For instance, we can consider the singularly perturbed Schrédinger
equation

82
& 523 (@) + Pla)y(z.2) = 0,

where P(x) is a polynomial. In that case the singularity in z is located at infinity and
the singularity in the parameter € is at 0. This type of equations and systems have been
considered for many authors, for example W. Wasow [W2]. For their treatment it seems
necessary to use a notion of asymptotic expansions in many variables. The first satisfactory
notion was due to H. Majima, who in [Mjl] defined the concept of strongly asymptotically
developable functions in a polysector (product of sectors) which led to a generalization of
the concept in the one variable case. The definition of H. Majima is technical but admits
some equivalences that make it more easily tractable (see for instance [M2] and [M3]). In



22 Introduction

the text [Mj2] H. Majima considers many types of singularly perturbed systems of equations
employing this notion. Among them we find those of the form

a1 Y (0 0) = Pz, e,),

with F" holomorphic at the origin. Under the hypothesis of invertibility of the linear part of F
at the origin H. Majima proved that there are holomorphic solutions in adequate polysectors,
admitting strong asymptotic expansions. The polysectors he considers are contained in sets
of the form

a < arg(zPe?) < B,

with S—a < 7. This lead to think that it is plausible to find a notion of asymptotic expansion
in two variables where the expression zPe% intervenes. That is what M. Canalis-Durand,
J. Mozo Ferndndez and R. Schéifke did in [CDMS], introducing the concept of monomial
asymptotic expansion, as well as monomial summability. They called such equations doubly
singular systems and proved in particular the following statement:

Theorem. Consider the system of equations
Ay
elgPt 221 e) = F(x,e,v),
5, (€)= Flz,e,y)

with p,q € N*, where we suppose that the linear part (A := %—5(0,0,0)) is invertible. Then
the system admits a unique formal power solution §(x,e), 1—summable in xPeq.

In a parallel way, W. Balser and J. Mozo Ferndndez [BM] employed Borel and Laplace
transformations in two variables, in the linear case, to show that the solutions of the previous
systems are (s1, sp)—summable, where ps; + ¢so = 1. This let them build the sum of the
formal power series in two variables of such singularly perturbed systems.

The relation between monomial summability and summability through Borel-Laplace trans-
forms in [BM] was not clear. In the same manner it is necessary to treat systems with non-
invertible linear part and to develop a notion of monomial multisummability. The present
work advances precisely in this direction. In it, besides of recalling and detailing the notion
of summability w.r.t. a monomial and the generalized Borel and Laplace transforms, the
characterization of monomial summability in terms of the last ones is given. For the sake
of a definition of monomial multisumability, which is proposed in Chapter 4 for a particu-
lar case, the acceleration operators are generalized and the incompatibility of the notions
of summability for different monomials is shown, in the same spirit of Ramis’s theorems,
mentioned above.
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The mentioned techniques are applied to doubly singular systems, to a special type of partial
differential equation and to Pfaffian systems of the form

Jy
5qxp+1 % = fl(x)eay)v

mplsql“'l% = fo(x,e,vy).
At this point it is interesting to mention that those systems are part of the work of H.
Majima in [Mj2], under the hypothesis of complete integrability. We have observed that this
condition imposes strong restrictions to such systems and in the practice makes their study
to reduce exclusively to trivial cases or highly degenerate ones. This fact apparently had not
been noticed by H. Majima or by other authors. We detail all in Chapter 3.

More consistently, we detail now the contents of the four chapters that this thesis has, with
express mention of the main results obtained.

Chapter 1. Monomial Summability: The central aim of Chapter 1 is to recall and
develop the notion of asymptotic expansion in a monomial in two variables, such as it was
introduced by M. Canalis-Durand, J. Mozo Fernandez and R. Schéfke in [CDMS]. In order
to have an exposition as self-contained as possible we have devoted the first section of this
chapter to collect the main results of the theory of asymptotic expansions and summability
in one variable that we will need along the text. Working with power series in one variable
with coefficients in a complex Banach space we recall the definition of asymptotic expan-
sions, asymptotic expansions of Gevrey type and some characterizations of these notions
(Proposition 1.1.1, Proposition 1.1.2 and Corollary 1.1.3). After formulating the Borel-Ritt
and Gevrey-Borel-Ritt theorems and Watson’s Lemma (key element to define summability
as J.P. Ramis does) we recall effectively the notion of k—summability, the Borel-Laplace
method to calculate such sums and the convolution product all together with their more
relevant properties. We also highlight the celebrated Ramis-Sibuya Theorem and the taube-
rian theorems of k—summability due to J.P. Ramis. The section ends with a brief note on
asymptotic expansions where the power series involved have not necessarily natural numbers
as exponents. We need to mention that we have not included the sheaf theoretical point of
view because we will not use it in the text.

In the second section we recall the definition of asymptotic expansion in a monomial in two
variables x,e. The reason of this notation lies in the applications, in the role of perturbation
variable of the second one. Although the extension of the theory to series with coefficients in
a complex Banach space and in an arbitrary number of variables is possible and the results
presented here extend naturally, we have limited to the case of complex number coeflicients
in two variables for being more concise and of less technical cost. The section is divided into
four parts. In the first one we establish the definition and properties of the set of formal
power series of Gevrey type and in particular of the set of series of type s—Gevrey in a

R(Spvq).

monomial zPe? that we denote by Elementary formulas, obtained when writing a
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power series in a monomial, are included and this process leads to introduce the spaces of
functions where certain series have its coefficients. We pay attention to how to pass from an
arbitrary monomial to the simple monomial ze, in which the theory is written more easily.
Finally we study the effect of introducing a variable z with weights in the way that the point
(z,€) is replaced by (2%1/Px, 252/9¢), where 51, 5o are positive numbers such that s; + sy = 1.
Once the formal setting is established we pass to the analytic one in the second part. We
define the sectors in a monomial that are the essential domains in the theory. These sets are
precisely given by

I, 4(a,b,1) = Spq(d, o, 1) = {(:U,e) € C? |0 < |z, |e]? < r, a < arg(zPe?) < b},

where a,b € R, @« = b — a is the opening of the sector, d = (a + b)/2 is its bisectrix
and 0 < r < 400 is its radius. After seeing how we can treat functions defined on them
for the case p = ¢ = 1 through the change of variable ¢t = z¢, we recall the definition
of asymptotic expansion in a monomial xe. From this definition we present two different
characterizations of the property of having such expansions: the first using the theory of one
variable, Proposition 1.2.11, and the second one by approximating by holomorphic functions,
Proposition 1.2.12. Using the different characterizations we prove in detail that this notion
of asymptotic expansion is compatible with the basic algebraic operations as well as with
derivation w.r.t. any of the variables. We characterize the fact of having a null s—Gevrey
asymptotic expansion in the monomial ze by exponential decay of order 1/s in the monomial
xe at the origin, Proposition 1.2.14. With the last property we prove the analogous version
of Watson’s Lemma for the monomial case. Finally all the considerations and results are
extended to an arbitrary monomial zPe?. We finish the section by formulating the Borel-Ritt,
Gevrey-Borel-Ritt and Ramis-Sibuya theorems for this kind of expansions.

In the third part we finally recall the concept of k—summability in a monomial in a direction
d as well as in general, the basic properties and how to calculate the sum by passing to one
variable and applying the Borel-Laplace method. In particular we deduce that RPD and

1/k,d
Rg’;’,g), that stand for the set of k—summable series in the monomial xPc? in the direction d

and the k—summable series in the monomial xP?, respectively, are differential algebras with
the usual derivations. Furthermore we give a new characterization in Proposition 1.2.30 of
monomial summability in terms of certain subseries obtained from the series we sum. We
also include in Proposition 1.2.31 the result of fixing one of the variables when we have a
monomial asymptotic expansion. This part ends with an example to illustrate the previous
reasoning. In the last part of the second section we propose three formulas to calculate the
sum of a k—summable series in a monomial due to the difficulty in practice to use directly
the pass to one variable. Propositions 1.2.32 and 1.2.33 explain how to sum in = and in €
for the case p = ¢ = 1 and in the general case, respectively. Proposition 1.2.34 justifies how
to sum using weights in the variables.

In the last section of this chapter we develop tauberian properties for summability in a mono-
mial. The first two already known properties establish that: absence of singular directions
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(directions where a series is not summable) implies convergence, Proposition 1.3.1 and if
0 < k < k' then R%g) N Rgz;’g,) = C{=z,¢e}, Proposition 1.3.2. This last property admits a
generalization for the case of two different monomials and it is the main result of this chap-
ter. To prove it we require of some intermediate steps. First we compare the summability
in a monomial with summability in a power of such monomial. In that sense we have the
following proposition:

Proposition 1.3.3. Let k > 0 be a real number, p,q, M € N* be natural numbers and d a
direction. Then Rg’;’g?d - R%Z,Jz\\/[/[? _

Using a particular case, Proposition 1.3.4, we prove the following general result:

Theorem 1.3.5. Let k,I > 0 be positive real numbers and let xPc? and 2’ e? be two
monomials. The following statements are true:

L If p/v' = a/q = U/k then R = R D).

2. If p/p' = q/q" and q/q # /K then Rg%z) N Rgl;,l’q,) = C{x,¢e}.

3. If p/p' # a/q then Rﬁ’;’,f) g Rﬁ’},’q ) = Cfz,e}.

with which we end Chapter 1.

Chapter 2. Monomial Borel-Laplace summation methods: The goal of this chapter
of three sections is to develop and systematize Borel-Laplace type summability methods in

two variables to give another characterization of monomial summability. Thus in the first
(p,9) (p,q) : :

ko (51,59)? the Laplace transform Ek’(smz) including
their formal versions and the convolution product *;p (3)1 52)
xPe?, a parameter of summability & and weights s1, s3 on the variables. We include three

section we define the Borel transform B

, all associated with a monomial

subsections to treat separately each transformation, resp. operation. These operators are
only applied to functions whose domain is a sector in a monomial. All the properties, such
as the behavior w.r.t. asymptotic expansions, are focused in the case when the mentioned
sectors correspond to the same monomial xPe?. However we have included in each subsection
a brief note to describe the situation when the monomials are different. We point out the
following interesting formula, a key observation to one of the applications we discuss in the
next chapter:

Proposition 2.1.3. Consider a bounded function f € O(Sy4(d, 7/k + 2€9, Ry)). Then

(p.q) k(s Of sz Of _ k 12(p.0)
Bk‘,(81,82) ((xP€Q) <p x@x + q 685 (57 U) - k(gp,uq) Bk,(sl,SQ)(f)(fa U)a

for any s1,s2 > 0 such that s; 4+ so = 1.
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We also have included other presumable formulas as in Proposition 2.1.14 that shows that
the Borel and Laplace operators are inverses one of each other (fact that uses the injectivity
of the Laplace transform, Lemma 2.1.13) or as in Proposition 2.1.15 that states that the
Laplace transform interchanges the convolution with the usual product.

In the second section we define a summability method associated with a monomial 2P, a
parameter of summability k, a weight on the variables s1,ss and a direction d, using the
aforementioned transforms and based in the same lines of the theory in one variable: a series

fis k — (s1, s2)— Borel summable in the monomial xPe? in direction d if it is 1/k—Gevrey in

(p,q)
k?(sl ;82

sector of the form S, 4(d, 2¢,4+00), € > 0, and with exponential growth of the form

2Pe?, the series B )((xpsq)kf) can be analytically continued, say s, s,, to a monomial

‘8081’82(571))’ < DeMmax{|§|pk/s1,|u\qk/s2}’

for some positive constants D, M. Based on this definition and the properties obtained so far
we have achieved the searched characterization of monomial summability, what we consider
is one of the most remarkable results of the work.

Theorem 2.2.1. Let f € R?;? be a 1/k—Gevrey series in the monomial xPc?. Then the

following are equivalent:

1. fe Ri’}’,ffd,

2. There are s1,82 > 0 with s1 +so =1 such thatf is k — (s1, s2)— Borel summable in the
monomial xPe? in direction d.

A~

3. For all s1,s2 > 0 such that s1 + so = 1, f is k — (s1,s2)—Borel summable in the
monomial xPe? in direction d.

In all cases the corresponding sums coincide.

We finish this section using this characterization to obtain alternative proofs of some results
we got in the first chapter. The present chapter ends with Section 2.3 where we explore the
basic behavior of monomial asymptotic expansions of Gevrey type under point blow-ups in
the complex plane.

Chapter 3. Singularly perturbed analytic linear differential equations: We devote
this chapter to the applications of monomial summability to the study of formal solutions
of certain type of differential equations. In the first section we work with doubly singular
differential equations of the form

d
aqmpﬂﬁ = A(z,e)y(x,e) + b(z,e), (3-1)

where p,q are natural numbers, y € C!, A € Mat(l x [,C{z,e}) and b € C{z,e}'. Under
the hypothesis of invertibility of A(0,0) we recall the proof that the equation has a unique
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formal solution and that it is 1—Gevrey in the monomial xPc?, Proposition 3.1.2, using the
Nagumo norms. For the monomial summability properties we have proposed an alternative
proof of the following theorem:

Theorem 3.1.4. The unique formal solution § of equation (3-1) is 1—summable in xPe.

The ideas behind the proof are not new. Their essence lies in the typical reasoning: to use
an adequate Borel transform to study the solutions of the associated convolution equation,
by the fixed point method. Once the solutions are obtained the Ramis-Sibuya theorem is
applied to get an asymptotic expansion and deduce summability. We mention that with the
characterization of monomial summability through the Borel-Laplace method explained in
Chapter 2 we have improved Theorem 3 in [BM], a result that we state in Corollary 3.1.5.

Finally we mention that Theorem 3.1.4 is also valid for the non-linear case, but for that
situation we have limited ourselves to enunciate the result in Theorem 3.1.6.

In the second section and as it is suggested by the formula contained in Proposition 2.1.3,
we study the formal solutions of the partial differential equation

0 0
%eqxp“a—i + %prsqﬂa—‘z =C(z,e)y(z,e) + v(x,e), (3-25)

where p, ¢ are positive natural numbers, s1, sg are positive real numbers such that s1+s9 =1
and C € Mat(l x I,C{z,¢}), v € C{x,e}!. Following the same ideas applied in the previous
section but with the tools of monomial summability we have obtained the following results:

Proposition 3.2.1. Consider the partial differential equation (3-25). If C(0,0) is invertible
then (3-25) has a unique solution § € R'. Moreover § € (Rﬁ”’q))l.

Theorem 3.2.2. Consider equation (3-25). If C(0,0) is invertible then the unique formal

solution y given by the previous proposition is 1—summable in xPel. Its possible singular
directions are the directions passing through the eigenvalues of C(0,0).

In the last section we pass to the study of Pfaffian systems in two variables of the form

0
£l ypt1 % = fi(z,e, ), (3-35a)
A S C (3-35D)

where p,q,p, ¢ are positive natural numbers, y € C!, and fi, fo are analytic functions in a
neighborhood of the origin in C x C x C'. We recall that if f1(0,0,0) = f»(0,0,0) = 0 and
the functions f1, fo satisfy on its domain of definition the equation:
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/ ! / ! a a
e i)+ P e ) (;;Wx Whizey) =  (336)
0 0
e oo, 2yy) + I (0,9) + ) il ),

the pfaffian system is said to be completely integrable. Under this hypothesis we have
deduced the next proposition on the behavior of the spectra of the linear parts of fi and fo
in the origin:

Proposition 3.3.1. Consider the Pfaffian system (3-35a), (3-35b). If it is completely
integrable then the following assertions hold:

1. The matriz %—f(0,0,0) is nilpotent if p = p' and ¢ < ¢, or p’ = Np with N > 1, or
qd =qandp<p orq = Mq with M > 1.

2. The matriz %—2(0,0,0) is nilpotent if p =p’ and ¢’ < q, or p = N'p’ with N' > 1, or
¢ =qandp <porq=Mq with M > 1.

3. Ifp=yp and q = ¢, for every eigenvalue p of %—’2(0,0,0) there is an eigenvalue A
of %—JZ(O,O,O) such that g\ = pu. The number X is an eigenvalue of %—JZ(O,O,O), when
restricted to its invariant subspace E, = {v € C”\(%—J;Q(O, 0,0)—ul)kv = 0 for some k €
N}.

Taking into account these restrictions, we have used the statements of the first section and
the tauberian properties found in the first chapter to obtain the following result on the
convergence and summability of the solutions of such systems:

Theorem 3.3.3. Consider the system (3-35a), (3-35b). The following assertions hold:

1. Suppose the system has a formal solution 7. If%—};(o, 0,0) and %—’;2(0, 0,0) are invertible

/ ! A .
and xPel # xP e? then ¢ is convergent.

2. If the system is completely integrable and 88—];1(0, 0,0) is invertible then the system has
a unique formal solution 3. Moreover 3 is 1-summable in zPeq.

3. If the system is completely integrable and %—J;Q(O, 0,0) is invertible then the system has

. . A A . / /
a unique formal solution 3. Moreover 3 is 1-summable in zP €9 .

Finally we turn to the linear case and when the two monomials involved are the same. We
refer to systems of the form

5%‘”“% = A(x,e)y(z,¢€) + a(x,e), (3-48a)
2Pett1 Y B(z,e)y(x,e) + b(z,€), (3-48Db)

Oe
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where p, q are positive natural numbers, A, B € Mat(l x I,C{x,e}) and a,b € C{z,c}'. In
this context we have obtained the following results on convergence and summability of their
solution:

Proposition 3.3.4. The following assertions hold:

1. If the system (3-48a), (3-48b) is completely integrable and A(0,0) or B(0,0) is inverti-
ble then the system (3-48a), (3-48b) has a unique formal solution that is 1—summable
in xPed.

2. If the system has a formal solution § and there are s1, 2 > 0 such that s1+s2 =1 and
51/pA(0,0) + s2/¢B(0,0) is invertible, then y is 1—summable in xPel. Its possible sin-
gular directions are those passing through the eigenvalues of s1/pA(0,0) + s2/qB(0,0).

Theorem 3.3.5. Consider the system (3-48a), (3-48b) and suppose it has a formal solution
g. Denote by Ai(s), ..., \i(s) the eigenvalues of £A(0,0) + %B(0,0), where 0 < s <1, and
assume that they are never zero. Then if for every direction d there is s € [0,1] such that
arg(A;j(s)) #d for all j =1,...,1 then § is convergent.

Chapter 4. Toward monomial multisummability: In the last chapter of this thesis we
show the progress towards an adequate notion of monomial multisummability. The chapter
is divided into three sections. In the first one we recall the acceleration operators and the
concept of multisummability for two levels in one variable, including important formulas
that will be used in the next section.

In the second section we define the acceleration operators that relate a monomial zPe?,
a parameter of summability & and weights s1, so with another monomial 2 &7, another
parameter of summability | and other weights s}, s,. Those operators have been obtained
from the formal computation of the composition of the Borel transform Bl(’zzls’,lqjs)é) with the

(p,q)

Laplace transform £ (51,52)"

But of course there are conditions on those values to be able to make the computation,
namely:

s1p'q / sopq’

!
s =—" sh=—T"
VU sopd +s10/q” TP sapd + s1p/q

p ) P q l
s1(p/q—pq/) > j(qk — q’l), mln{p,, q’} < T

Then if I = (p',q,p,q,1,k, s}, s, s1, s2), where those values satisfy the previous conditions,
we have an operator ;. As we did in Chapter 2, we develop all the expected properties
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of these acceleration operators such as the behavior w.r.t. monomial asymptotic expansions
and the convolution.

Finally in the last section we propose a definition of monomial multisummability associated
with two monomials, two parameters of summability and two pairs of weights, motivated
by the following result, analogous to the one in one variable and that we have proved using
point blow-ups.

Teorema 4.3.1. Let po,...,pr, qo,---,q» be positive natural numbers and let kg, ..., k. be
(j,95)
1/ij

xPig¥i for j = 1,...,r, respectively. Then fo = fl 4+ fr is kp—summable in zPoe% if and

positive real numbers. Let fj €ER \ R be kj—summable power series in the monomial

only if kopo = kjp; and koqo = kjq; for all j =1,...,7.

We finish this chapter showing that the proposed monomial multisummability concept is
stable under sums and products and that it is capable of summing series of the form f + g,

where f € Ri’;’lg) and g € Rgl;/l’q/).

The subject is far from being closed. Many open problems are posed and we name some of
them:

1. Give a complete definition of monomial multisummability that includes not only the
particular cases treated here.

2. Prove that the property of being multisummable as we defined here is independent of
the chosen weights. A possible way of doing this is to extend the decomposition result
of W. Balser of multisummable series as sums of summable series.

3. Study systematically the singularly perturbed systems of differential equations without
the invertibility hypothesis of the linear part at the origin, applying the accelerator
operators generalized to many levels.

4. Study in greater generality the linear pfaffian systems with or without the restriction
of complete integrability.

5. Study of the partial differential equation (3-25) in the non-linear case with or without
the invertibility hypothesis of the linear part at the origin.

6. Adapt the proof given here to the case of many variables.

7. Make use of sheaf theory to develop the theory presented here in a more intrinsic way.
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The aim of this chapter is to recall and develop the notion of asymptotic expansions and
summability in a monomial in two variables as was introduced by M. Canalis-Durand, J.
Mozo Fernandez and R. Schéfke in [CDMS]. In the mentioned paper the authors are moti-
vated by the summability properties that possess the formal power series solutions of certain
singularly perturbed systems of holomorphic differential equations that we will also discuss
in Chapter 3. The main idea that monomial summability describes is that a source of di-
vergence for some type of series comes from a monomial and then treating this monomial
as a new variable lead to a way to associate a sum to the series. Along the chapter we pro-
vide complete proofs of the statements related with monomial summability, in many cases
following the same lines as in the referred paper.

The chapter is divided into three sections. The first of them is devoted to recall the theory
of asymptotic expansions, Gevrey asymptotic expansions and k—summability via Ramis
definition and via the Bolel-Laplace method, for one complex variable and to put together
all the classical results that we will need in the forthcoming sections. It also establishes
the notations we will use through the text. The theory is developed for power series with
coefficients in a complex Banach space. We remark that we have only included the proofs of
Proposition 1.1.1, Proposition 1.1.2 and Corollary 1.1.3 since we did not find any reference
where the results are proved in the way we do here. Proposition 1.1.2 and Corollary 1.1.3,
surely well-known by the specialists, are not easily traceable in the literature.

The second section is the cornerstone of the chapter since establishes the concept of summa-
bility in a monomial in Ramis style. It contains four subsections in order of dependency. In
the first one all the necessary formal background is developed, i.e. we introduce the differen-
tial subalgebras of Gevrey series of the ring of formal power series in two variables as well as
useful formulas that will be used in the text. Special attention is played on the pass from an
arbitrary monomial to the simple monomial xe via ramification. Also the trick of introdu-
cing a new variable by weighting the previous variables is included. The second part of the
section treats with the analytic setting for asymptotic expansions in a monomial, i.e. with
the analytic maps we will work and its domains: the monomial sectors. With the monomial
sectors defined we pass to define asymptotic expansions and Gevrey asymptotic expansions
in a monomial, first for the simple monomial x¢ and then to an arbitrary monomial. Some
equivalent properties of having an asymptotic expansions in a monomial are provided, one
of them reducing the notion to the case of one complex variable (the monomial) providing
a bridge between the two theories. The stability of monomial asymptotic expansions under
the usual algebraic operations including differentiation and also the analogous to the cla-
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ssical theorems as Watson’s lemma and Ramis-Sibuya theorem are explored. In the third
section the definition of monomial summability is given joint with a way to calculate the
sum using the step into one variable. Also an equivalence of summability, not included in
[CDMS], using the so called components of a function is provided in Proposition 1.2.30. In
order to provide different ways to calculate the sum in a monomial of a series three different
formulas are included in the last subsection: one calculating the sum as a series in x, another
calculating the sum as a series in € and the last one by weighting the variables.

The last section contains tauberian properties for monomial summability. The first and
already known is the fact that absence of singular directions implies convergence. The second
and new one is Theorem 1.3.5 that establishes that a divergent series cannot be summable
for two essentially different monomials. This theorem is proved analyzing the different order
relations between the exponents of the monomials and the parameters of summability.

1.1 Classical summability

The goal of this section is to quickly recall the well known facts of k—summability of Ramis
and to establish the notations we are going to use through the text. Most of the results are
taken from the books [B1] and [B2]. All the results exposed here are going be used in the
next section to be able to recall the notion of monomial summability in two variables.

We need to clarify that the Borel-Laplace method we use here is not precisely the same used
in the mentioned books and either in the classical literature. An issue that the classical
method faces is that when the formal k—Borel transform is applied, the exponents in the
series are not necessarily positive integers anymore: the transformation subtracts a k from
them. In the mentioned books this problem is remedied by modifying the integral trans-
formations involved. The disadvantage is that the formulas involving differentiation and
convolutions increase their complexity. We approach Borel-Laplace method by keeping the
classical integral transformations unmodified but instead of calculating the formal k—Borel
transform to a series we calculate the transform to the series times z¥. At the end when
calculating the Laplace transform we divide by z* to compensate the initial change. Both
approaches are equivalent since the resulting function is the k—sum of the series in the sense
of Ramis. Unfortunately this process does not extend well to the case of multisummaility as
will be noticed in Chapter 4.

We will denote by N the set of natural numbers, Z the ring of integers, Q the field of rational
numbers, R the field of real numbers and C the field of complex numbers. N* will denote
the set of natural numbers without 0, R~y will denote the set of positive real numbers and
R>( will denote the set of non-negative real numbers. For r > 0 and zg € C we will denote
by D,(xq) the disc of radius r centered at zg and by D,(zg) its closure. If zg = 0 we
will simply write D,. Also we will set V' = V(a,b,r) for the sector in C (or in @, the
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Riemann surface of the logarithm), centered at the origin with opening o = b—a > 0, radius
r (0 < r < 400) and bisecting direction d = (b + a)/2. We will eventually use also the
notation V(a,b,r) = S(d,a,r). If W is a subsector of V' we will write W € V. We also call
sectorial regions to regions G such that there are real numbers d, & > 0 and 0 < r < +o00 such
that G C S(d,a,r), and for every 0 < B < « one can find p > 0 such that S(d, 3, p) C G.
As before, d is referred to the bisecting direction and « to the opening of G, respectively.
The cartesian product of sectors will be called polysector.

From now on we will work in a fixed but arbitrary complex Banach space E equipped with
a norm || - ||. We will denote by E[[z]|] the C—vector space of formal power series in the
variable z with coefficients in E. We also let E{z} denote the subspace of convergent power
series and by E[[z]]s, s > 0, the subspace of s—Gevrey formal power series. Remember that
f= Yooy anx™ is s—Gevrey if we can find positive constants C, A such that ||a,| < CA™n!®,
for all n € N. By Stirling’s formula we can replace the term n!® by I'(1 + sn) or by n®",
by changing the constants C, A. Note that when FE is a Banach algebral, E[[z]], E{z} and
E[[z]]s are algebras too. The space of analytic maps (resp. bounded analytic maps) defined
on V with values in E will be denoted by O(V, E) (resp. Op(V, E)). The last space becomes
a Banach space with the supremum norm. Finally we will simply write O(D,) = O(D,,C)
(resp. Op(Dy) = Oy(D,,C)) for these particular cases.

Definition 1.1.1. Let f = Yoo anx™ € E[[z]] be a formal power series and V a sector. An
analytic map f € O(V, E) is said to have f as asymptotic expansion at 0 on V and we will
use the notation f ~ f on V, if for each of its proper subsectors W and each N € N, there
exists asymptotic constants Cn (W) > 0 such that for all x € W we have:

f@) =) ana”|| < Cn(W)lz|Y. (1-1)

H N-1
n=0

If we can take On(W) = C(W)A(W)NN!®  the asymptotic expansion is said to be of
s— Gevrey type and we will use the notation: f ~; f on V. We will also denote by A(V, E)
(resp. As(V, E)) the set of analytic maps defined on V' with values in E that admits a formal
power series as asymptotic expansion on V' (resp. asymptotic expansion on V' of s—Gevrey

type).

M@ _ o,

If f~ f on V, the coefficients of f can be characterized as the limits limz—o =5 =

zeW
for any W &€ V, and the existence of this limits is equivalent to f being the asymptotic

>y

expansion of f on V. Besides we also have that |a,|| < Cn(W). In particular, if f ~, f on
V, then f € E[[z]]s. In this case, this is equivalent to the condition: for every W € V, there
‘f(n)(m) H < CA™!?, for any n > 0. For classical

n!

are constants C, A > 0 such that sup,

examples of asymptotic expansions of special functions the reader may consult the book [O].

'Recall that a Banach algebra is a Banach space E in which an operation of multiplication is defined, that
makes E an algebra and such that ||ab|| < ||al|||b], for all a,b € E.
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Before we continue we need the following three characterization of asymptotic expansions
(and more importantly, of asymptotic expansions of s—Gevrey type) described in the next
propositions. The first one is taken from Exercise 1.(a), Section 4.5, Chapter 4, [B2].

Proposition 1.1.1. Let f € O(V, E) be an analytic map defined on'V and f = 3 apz” €
E[[z]] be a formal power series. The following statements are equivalent:

].fwfonV,

2. Fix an integer p > 1. For all M € N of the form M = pN and every subsector W € V
there is Cpr(W) such that (1-1) is valid for all x € W.

The result is also valid for s— Gevrey asymptotic expansions: f ~g f on V if and only if (2)
is fulfilled with Cpy(W) = CAMM!* | for some C, A > 0 independent of M.

Proof. We only write the proof for the case of Gevrey asymptotic expansions. The general
case follows the same lines. The only non-trivial part is that (2) implies (1). We first show
that f € E[[z]]s. For m € N, let N = [m/p] the integer part of m/p, so Np < m < (N +1)p.
Using inequality (1-1) with Np and (N + 1)p and some W & V we get from triangle’s
inequality

lanp + anpt1® + .. + anprp—127 | < CANP(Np)I® + CANTIP(N + 1)p)t° |,

for all x € W. Now take xg,x1,...,2p,—1 € W any p distinct points on W with a common
radius, say |z;| = R. We may suppose for simplicity that AR < 1. Let U = (z)o<i j<p—1
the Vandermonde matrix associated with the points xg, x1, ..., £p,—1. By using the norm || -||;
of EP given by || (20, ..., 2p—1)'|l1 = Z?;é ||z, we conclude from the previous inequality that

HaNp-&-jH < H(aNmaNp-Ha ---aaNp+p—1>t"1
= HU_IU(CLvaaNpH»--waNpﬂ)fl)t”l
<[ UY |1 pCANP(Np)!*(1 + AP(Np+ 1) --- (Np + p)°RP)
< JUHipCANP(Np)1*(1 + (2p)*P)",

IUv]l1

l[oll1

of a matrix of complex numbers. We also have used the inequality Np+j < p(N +1) < p2".

stands for the associated matrix norm

for all j =0,1,...,p — 1. Here ||U||1 = sup,cpr

The previous bound let us conclude that f is s—Gevrey, say llan|| < DB™n!*, for all n € N.
We also may take C' < D and max{1, A} < B.

Now we show that f ~ f on V. Take W = W(a/,t/,7) € V, m € N and let N = [m/p]. It
follows that for all z € W
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m—1 (N+1)p—1
Hf(w) =Y ana”|| < CAVFIP((N + Dp)PJaf NP N a2
n=0 n=m
(N+1)p nls
m S m n—m.,n—m :
< DB™m!’|z[™ Y B"Mr o
n=m
(N+1)p—m
< DB™ml¥|z|"2PNp? 3" (Br)*
k=0
(Br)ptt —1
< D Sp 2SB m !S m
< Dp*?(2°B)" - ml[a|",
as we wanted to prove. ]

Proposition 1.1.2. Let V be an open sector in C* and f € O(V,E). Then f € A(V,E) if
and only if there is v > 0 and a family of analytic maps fny € O(D,, E), N > 1, satisfying
the condition:

1. For every subsector W of V. and N > 1 there is a constant Cn(W) such that
I () = fn (@)l < Cn(W)|al™ for all 2 € W N D,

Analogously, for s > 0, f € AV, E) if and only if there is r > 0 and a family of analytic
maps fn € O(D,,E),N > 1, satisfying condition (1) with Cx(W) = CANN!*, for some
C, A depending only of W, and

2. There are constants B, D with sup,cp | fn(z)|| < DBY NS, for all N > 1.

Proof. As before, we only write the proof for the case of Gevrey asymptotic expansions. If
f e Ay(V,E) and Y 2 a,x™ is its asymptotic expansion then the condition is fulfilled by
taking fn(z) = Zivz_ol apx®. Conversely, suppose we have a family of such maps. Write them
using its Taylor’s expansion at the origin, say fn(z) =Y -, a%v )2 Note that condition
(2) and Cauchy’s inequalities implies that [la% || < DBN N1 /r™ for all m, N € N. For every
positive pair of integers N, k with k > N consider the maps gy x(z) = 27V (fn(z) — fr(2)).
Then the conditions on the fyn imply that for any W € V and x € W N D, we have:

lgnk(x)|| < CANNIS + CAFERIS |2F=N.

In particular, the gy are bounded on W an thus they have a limit when  — 0 in W. This
implies that a%v) = agi) for all k > N and m = 0,1,..., N — 1 and the gy are analytic on
D,. Let ay = limy_ 4o ag,iv) = ag,TH) and f =3 o amx™. To see that f is the s-Gevrey
asymptotic expansion of f it is sufficient to establish the inequalities (1-1) for W N D, with
p < r. Indeed, for any x € W N D, we get that
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N-1
Hf(x) =Y ama™| < | f(x) - fn(@)] +
m=0

N-1
fN(x> - Z amwm
m=0

D BN
= (caN =) N15|z|V.
(0 + g ) e

This concludes the proof.

Using the same arguments of the previous proof joint with Proposition 1.1.1 we can obtain
another characterization of Gevrey asymptotic expansions. It will be used in the next section
(see Proposition 1.2.31).

Corollary 1.1.3. Let V be an open sector in C*, f € O(V, E) and p € N* fized. Then f €
As(V, E) if and only if there is v > 0 and a family of analytic maps f,ny € O(D,, E),N > 1,
satisfying the following conditions:

1. For every subsector W of V' there are constants C, A > 0 such that || f(z) — fpn(2)| <
CAPN (pN)#|z[PN for all € W N D,

2. There are constants B, D with sup,cp, || fon (x)]] < DBPN (pN)!*, for all N € N.

Sometimes when one has to deal with ramifications (a change of variables ¢t = P) it is
useful to be able to express asymptotic expansions in x as asymptotic expansions in ¢ and
conversely. Consider f € E[[z]] and decomposed uniquely as

p—1
flx) =) a7 fi(a?),

J=0

where each fj can be recovered from f by pxjfj(xp) = Zf;ol w!P=9) f(wlz), where w is a
primitive pth root of unity.

This process can also be done for analytic maps. Indeed, take a function f € O(Up<;<,V}, E),
with V; = V(a4 27j/p, b+ 27j/p,r). Note that the domain of f is a sector in the variable
aP, ie., Up<j<pVj = {2 € C|0 < |z|P < 7P ap < arg(zP) < bp}. Then f(z) = Z?;é zd f;(xP),
where each pzd f;(xP) = Zif:ol w'P=9) f(W'z) is defined on V = V(pa,pb,r?). Under these
considerations we can obtain the following proposition (see Corollary 2.3.14, [L]).

Proposition 1.1.4. Let f € O(Up<j<,V;, E) be an analytic map and f € E[[z]]s as before.
Using the previous notation, it is equivalent:

1. Forevery j=0,1,...p—1, f ~g f on Vj,
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2. For every j =0,1,...,p—1, fj ~ps fj onV.

On the algebraic properties of asymptotic expansion we recall that A(V, E) and As(V, E)
are C—vector spaces, stable by the derivative d/dz and also C-algebras when F is a Banach
algebra. The uniqueness of the asymptotic expansion of a map let us consider the Taylor’s
map defined as Jg : A(V,E) — El[[z]], Jg(f) = fif f ~ f on V, and its restriction
Jes + As(V,E) — E][z]]s to the case of s—Gevrey expansions. Both are linear maps,
commuting with d/dz, and morphisms of algebras when E is a Banach algebra. The kernel
of the above maps will be denoted by Ay(V, E) and Ags(V, E), respectively. For the last
one, those maps are characterized by having exponential decay at 0 of order k = 1/s. More
precisely, we say that f € O(V, E) has exponential decay at 0 in V with order k if for every
W € V, there are constants B,C > 0 such that || f(z)|| < Cexp(—B/|z|¥) for all z € W.
For future references we formulate this as a proposition.

Proposition 1.1.5. Take any s > 0. Then h € Ao 4(V, E) if and only if h has exponential
decay at 0 with order k =1/s on V.

If V is a sector, the Taylor’s map induces exact sequences

0 — Ag(V,E) —A(V,E) — E[[z]] — 0,
0— Ags(V,E) — AV, E) — El[[z]]s — 0,

in the first case for an arbitrary sector, and in the second case only for V' with opening less
than sm. These facts are known as the Borel-Ritt and Gevrey-Borel-Ritt theorems and are
formulated below.

Theorem 1.1.6 (Borel-Ritt). Let f € E[[z]] be a formal power series. For every sector V,
there exists f € A(V, E) such that f ~ f on V.

Theorem 1.1.7 (Gevrey-Borel-Ritt). Let k > 0 and f € E[[x]]1/i- For every sector V of
opening less than 7 /k, there exists f € Ay, (V, E) such that f ~q fonV.

The key point to be able to define the notion of k—summability is the following statement
known as Watson’s lemma, providing conditions on a sector for the Taylor’s map to be
injective.

Proposition 1.1.8 (Watson’s Lemma). Let s > 0 and V. = V(a,b,r) be a sector with
opening b —a > sw. Then Ay s(V,E) = {0}.
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In this context we will refer to sectors with opening greater than 7/k as k-wide sectors and
those will be the domains of the sums of the k—summable series that we introduce below.

Definition 1.1.2. Let f € E[[z]] be a formal power series, take k& > 0 and let d be a
direction.

1. The formal series f is called k—summable on V = V(a,b,r) if b — a > «/k and there
exists a map f € O(V, E) such that f ~q, fonV.

2. The formal series f is called k—summable in the direction d if there is a sector V
bisected by d such that f is k—summable on V.

3. The formal series f is called k—summable, if it is k—summable in every direction with
finitely many exceptions mod. 27 (the singular directions).

We will denote by E{z},/kq the set of k—summable series in direction d and by E{z},
the set of k—summable series. It is clear that both are C—vector spaces, compatible with
the derivative and the product (in case of E being a Banach algebra).

One way to calculate explicitly the k—sum of a k—summable series f is the Borel-Laplace
method. Here we will use the following version of the formal k-Borel transform:

n+k an n
> ant '—>n:0F(1—i—n/kz)£ ’

that establish an isomorphism between the above linear spaces and restricts to an isomor-
phism between z*E[[z]]; sk and E{{}. The analytic counterpart is as follows: for V =
S(d,m/k + 2€ep, Ry), with 0 < €9 < w/k, Ry > 0 and f € Oy(V, E), the k-Borel transform of
f is defined by the integral formula:

k e d
Bef(€) = — /7 Fa)e* S

27

where 7y, denotes a path oriented positively, conformed by three pieces: an arc of circle of
radius R > 0, R < Ry, and of two segments of length R respectively starting and arriving
to 0 of arguments d + 7/2k + ¢ and d — w/2k — €, with 0 < €, ¢" < €g. By f is well-defined,
independent of R, €', ¢’ and analytic in the sector S(d, 2¢g, +00) of infinite radius bisected by
d and opening 2¢q. Besides if f(z) = z’a for A € C and a € E then its k—Borel transform

exists and is given by By f(§) = %a, justifying the definition of the formal version.

Among the properties of the Borel transform we emphasize the following two: First, if f is
bounded then By (f) has exponential growth of order at most k on its domain, i.e., for every
subsector of the domain there are constants C, B > 0 such that || B(f)(€)]| < CeBE" for all
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¢ in such subsector. Second, if f € Oy(V, E) with V = S(d, o, R), & > 7/k and f ~, f on
V then Bi(zFf) ~q, Br(z*f) on S(d, o — 7/k, +00), where sy = s1 — 1/k if sy > 1/k and
s9 = 0 otherwise.

The inverse of k—Borel transform is the k-Laplace transform defined as follows: consider d a
direction and g : [0, e*Ycc) — E a continuous function on the half-line in C with vertex at 0
and direction d. If g has exponential growth of order at most k£ on its domain, the k-Laplace
transform of f in the direction d is the function L, 4(g) defined by:

eldoo

Cral9)(z) = /0 g()e € dg*.

This function is defined in a sectorial region of opening 7/k bisected by d and 2=*Ly, 4(g)(x)
is analytic there. If the domain of g contains a sector, d,d" are directions in that sector and
|d —d'| < m/k then Ly q4(g) = Lra(g) on the intersection of its corresponding domains.

For g(¢) = &*a, Re()\) > 0 and a € E, we have Ly 4(g)(z) = T'(1+ \/k) 2***a. Then the
formal k-Laplace transform is defined as the inverse of By:

Ly :E[€)] — 2" E[[]]

i anl" — i anT (1 +n/k) 2"k,
n=0 n=0

Certainly, Ly 4 is also the inverse of By, in the sense that if f € Oy(V,E), where V =
S(d,m/k + 2¢0,R), 0 < g < w/k, then Ly(Bi(f)) is well-defined and equal to f in the

intersection of their domains.

Finally, suppose g € O(V, E), where V is a sector of infinite radius and opening « and that
g has exponential growth at most k on V. If g ~5, g on V then x_kllk,d(g) ~sy x‘kﬁk(g) in
the corresponding sectorial region of opening a + 7 /k, where sy = s1 + 1/k.

A last remarkable point on the k—Borel and k—Laplace transforms is their relation with the
k—convolution product. We recall that given f,g € O(V, E), their k—convolution is defined
by

f e 9)( / F((@* = 1")F)g (75)61(75’“)296'“/01 f(at'F)g(a(1 — )"t

and give as a result an element of O(V, E'). The k—convolution is a bilinear, commutative
and associative binary operation on O(V, E). As a particular case, using the Beta function,
we obtain the special values

—k A—i—u—k
= for all Re(\), Re(u) > 0.

T ()
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The relation mention above joint with some other properties useful for the analysis of diffe-
rential and difference equations are listed in the next the proposition, for future references.

Proposition 1.1.9. 1. Bi(f-g) = Bi(f) %1 Br(9) and Li(F *, G) = Li(F) - Lk(G), for

all functions f, g, F, G where the expressions are meaningful.

2. By (ﬁﬂ%) (©) = kC*BL(£)(C) and Li(kCFF)(x) = a1 (Ly(F))(x), for all func-
tions f, F' where the expressions are meaningful.

3. By (f (W)) () = e Br(f)(C), for all ¢ € C and all functions f where the
expressions are meaningful.

With the previous considerations we are able to explain the Borel-Laplace method: in order to
sum f € B[[z]); /k» one consider the convergent power series Bi(#* f)(€). Choosing a direction
d one attempts to make analytic continuation (&) to a small sector W bisected by d. If this
is possible and ¢ has exponential growth of order at most k£ on W, i.e., [|¢(§)] < CeBIE" for
some constants B, C and all £ € W, then f is said to be k-Borel summable in direction d
and its sum is defined by

1 ei‘ioo

f@)= o5 [ e@e @ aet = Liao)a).

Thanks to the good behavior of the Borel and Laplace transformations w.r.t. Gevrey asymp-
totic expansion we can easily justify the following theorem.

Theorem 1.1.10 (Ramis). A power series f € E[[z]] is k—Borel summable in a direction
d if and only if it is k—summable in the direction d and both sums coincide.

One of the main tools in the theory of asymptotic expansions, very useful for instance in
applications to differential equations, is the celebrated theorem due to J.P. Ramis and Y.
Sibuya stated below. One proof of this result can be achieved with the Cauchy-Heine’s
transform.

Theorem 1.1.11 (Ramis-Sibuya). Let (V;)icr be a finite good covering of a punctured neigh-
borhood of 0 in C by open sectors and (fii+1)icr be a collection of bounded analytic maps
on (Vi)ier, respectively, admitting an exponential decay at O of order 1/s, for some s > 0.
Then there exists a collection (f;)icr of analytic maps on (V;)ier, with f; € As(Vi, E) such
that fiiv1 = fiv1 — fi. Moreover, the f; admit the same asymptotic ea:pansionf of Gevrey
order s.
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The last results we will need are the following tauberian conditions on k—summability. The
first is that the absence of singular directions implies convergence and the second relates
different levels of summability.

Proposition 1.1.12. Let k > 0 and f € E[[x]]1 be a 1/k—Gevrey formal power series. If
f 1s k—summable in every direction then f 18 convergent.

Theorem 1.1.13 (Ramis). Let 0 < k < k' be positive numbers. Then E[[x]], iy N E{x}y ), =
E{z}y i 0 E{z} i = E{z}.

So far we have only considered formal power series with non-negative integer exponents, but
it is possible to extend the results to series with others exponents. Here we follow [Mal] and
we describe the case when the set of exponents G satisfy the conditions:

1. 0 e G,

2. G is a discrete semigroup of R>p, and we enumerate its elements by A,, n € N, with
AM=0< A < ... <Ay < Apa1 < oowy and limy, 5100 Ay = 400,

3. There is C' > 0 such that A\,4+1 — A, < C for all n € N.

Actually condition (3) is superfluous: note that sup,cy An+1 — An = A1, as a consequence
of (1) and (2). The typical example of such G is a semigroup generated by a finite number
of positive real numbers p1, ..., fir, i.e., every element of G has the form Y ;_, nyu, with
ng € N. In this case the optimal value of C' is min{yuyq, ..., p, }.

We will denote by E[[z]] the space of formal power series with coefficients in £ and ex-
ponents in G. Any element of this space is an expression of the form f = > ec arz?,
with ay € E. We will also write E{z®} and E[[z]], for the subspaces of convergent and
s—Gevrey formal power series with exponents in G, respectively. Then f is convergent if
there are constants C, A > 0 such that |ay| < CA* for all A € G and it is of s—Gevrey type if
there are constants C, A > 0 such that |ay| < CA*T(1+4 s)\), for all A € G. The sets E[[zC]],
E{2%} and E[[2%]]s are C—vector spaces, stable by derivative zd/dz (term by term) and
also algebras when F is a Banach algebra (here it is used that G is a semigroup).

The analytic meaning of elements of E{z%} is the following: if P ™ is convergent
and |ay,| < CAM, by the Weierstral M-test, it defines an analytic function in any sector of
opening less than 27 (condition to chose a determination of the maps 2*») and radius less

than 1/A.
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Finally we can generalize asymptotic expansions using the above type of series. A possible
definition that f € O(V, E) admits f € E[[zC]] as asymptotic expansion on V, with V of
opening less than 2 is that there is a determination of the z* on V, such that for every
W €V and X € G, there are constants C (W) with

F@) =" auat| < C\(W)|z ],

w<A

neG
for all 2 € W. The asymptotic will be of s-Gevrey type if C\(W) = CA (1 + s\) for
some C, A > 0 and in that case necessarily f € E[[x%]],. We remark that if there is p € N*
such that G C %N then the above notion corresponds to asymptotic in the variable /7, via
Proposition 1.1.4.

In this context, maps with null k—Gevrey asymptotic expansion are again those which has ex-
ponential decay (here is where condition (3) on G is used). Similar results as Watson’s lemma,
Borel-Ritt and Borel-Ritt-Gevrey theorems hold. Then the notion of k—summable series
makes sense, up to the restriction k£ > 1/2. The formal k—Borel transform
By, : 2 E[[zC]] — E[[€9]] extends naturally by By(z"*a) = ¢*a/T(1 + A/k), a € E. Finally
the Borel-Laplace summation method adapts as follows: f is k—summable in a direction d
if and only if By (f) € E{¢%} extends analytically as ¢ to a sector of infinite radius bisected
by d, with exponential growth at most k. Then the k—sum is obtained via the k—Laplace
transform of ¢.

We want to finish the survey with one example taken from [Sa], to illustrate the theory.

Example 1.1.1 (Poincaré). Fix w € C with 0 < |w| < 1 and consider the series of mero-
morphic functions of z:

wk

14+ kz’

o(x) =Y du(x), ¢nlx) = (1-2)
k=0

Restrict to the non-trivial case |w| > 0. For |z| > 1/N, N > 1, ¢g+ ¢1 + -+ + ¢n is

meromorphic with simple poles at —1, —=1/2,....—1/N, and for k > N+1, |¢r(z)| < klaﬁif/k' <
-1
(% — ﬁ) %, whence the uniform convergence and the analyticity of on11+dN1o+---

in this domain. In conclusion ¢ is meromorphic in C* with a simple pole at every point of
the form —1/k, with k € N*.

When x approaches 0, ¢ give rise to a divergent series: since ¢y (x) = wk > 00 ((—1)"k"a™,

for |z| < 1/k, when we formally interchange the sums in (1-2) we get:

o0

$(x) =Y (~1)"bua", by = ik”wk.
k=0

n=0
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Note that every b, is a convergent numerical series. However 45 is divergent: in fact it is
1—Gevrey. To prove this assertion, seen b, as a function of w and setting w = e*, Re(s) < 0,

we see that b, = (w%)n (by) = (%)n (ﬁ) Then we can recognize the formal 1—Borel

transform of a:d;(x) as the Taylor’s formula of by in the variable s:

. > (_q)n o
Bi(wd()(e) = 3 T ngn 1 _——

n! T 1€ e

n=0
The radius of convergence of the series is dist(s, 2miZ) and ¢ can be extended to a meromor-
phic in C with simple poles at s + 27iZ.

Now we check the exponential growth of ¢. First, if we take o € (0, —Re(s)) and ¢ satisfies
Re(£) > —o, then |p(€)| < A(0), with A(o) = (1 — eRels)+o)—1,

For § > 0, let C5 = {¢ € C|dist(&,s + 2miZ) > 6}. Since |p(€)| = eR*©)/F(¢) where
F(€) = |ef — €°|, and F is 2mi—periodic, positive on Cs, F(£) — 400 as Re(£) — +oo and
F(§) — |w| as Re(§) — —o0, we can take R > 0 with F(§) > |w|/2 if Re(§) > R. Then,

|p(&)] < B,

with B = B(6) = max{2/|w|,1/M(6)}, and M(5) = inf{F(£)|¢ € Cs,[Re(§)] < R, [Im(&)] <
7} is a well-defined positive number, by compactness.

The above considerations show that ¢ is 1—summable in every direction in (—m/2,7/2) U
Urez(arg(wy), arg(wi41)), where wy, = s — 2mik. Since ¢ has infinitely many poles, ¢ is not
1—summable.

We can see that the 1—sum of gzg in the direction 0 is precisely ¢. By the general theory we
know that this sum is given by

x e€ —w

~ 1 [+ £-¢/z
$(z) = = /0 © e,

and it is defined for Re(z) > 0. If we fix z > 0 and consider the previous function as a function
g(w) of w, g is analytic in |w| < 1. Then a calculation shows that g(*¥)(0)/k! = H% By
Taylor’s formula we see that g(w) = 3272, ¢ (0)w* /k! = ¢(z). Since x > 0 was arbitrary,

it follows by the identity principle that ¢(x) = ¢(x) for Re(z) > 0.

1.2 Monomial summability

To establish the notion of monomial summability some previous considerations must be
made. In particular, we must settle the type of series we will work with as well as the kind
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of functions and domains that will play the role of its sums. Those are particular goals
behind Subsections 1.2.1 and Subsection 1.2.2. After a brief recall of point blow-ups in
C? the concept of asymptotic expansion and Gevrey asymptotic expansion in a monomial
is exposed. Going into detailed proofs we show the compatibility of this notions with the
standard algebraic operations and differentiation. Functions with null s—Gevrey monomial
asymptotic expansion are characterized by having exponential decay of order 1/s at the
origin in the monomial. Analogous versions to Watson’s lemma, Borel-Ritt and Borel-Ritt-
Gevrey theorems as well as the Ramis-Sibuya theorem are also included. With the previous
tools the definition of monomial summability and its properties are achieved. The section
ends with different ways to calculate these sums, all proposed in Subsection 1.2.4. We note
that although it is possible to develop the theory for power series with coefficients in an
arbitrary complex Banach space E as in [CDMS], we have opted by restrict our attention to
the case £ = C.

1.2.1 Formal setting

We will denote by R = C[[z,¢]] the C—algebra of formal power series in the variables z,e
and by R = C{z,c} the algebra of germs of analytic functions at the origin of C2, i.e., the
algebra of convergent power series. Both become differential rings with subring of constants
C, when considering the usual derivations 0/0x and 0/0s. We start by recalling some of
its subalgebras that will play an important role on the notes. We remark that the following
definitions can be carried on over the formal power series in any number of variables but we
restrict ourselves to the case of just two since it is the only one we will use here.

Definition 1.2.1. Let s1, so non-negative real numbers. A formal power series f € R is said
to be (s1, s2)— Gevrey if we can find constants C, A such that if f =" ay ,z™e™ then

|anm| < CA™ ™l tml%2

for all n,m € N*. The set of (s1, s2)—Gevrey formal power series will be denoted by R(sth)-

It is straightforward to check that 1%(51752)
by composition. Note in particular that R o) = C{x,e}. Other property we note is the

is a differential subalgebra of R. Tt is also closed
following contention:

R(SI,SQ) N R(s’l,s’Q) - R(s’l’,sg)a (1_3)
(

valid for every (s7,s5) € R? on the segment joining (s1,s2) with (s, s). This follows from
the inequality
min{a, b} < a'b'™! < max{a, b}, (1-4)

valid for any a,b >0 and 0 <t < 1.
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Another set that will be used in the text is the union of subalgebras S = (J,- S, where
S, = Oy(D,)[[z]]NOy(D,)[[€]]. Then f € S if and only if when we write f = Yoo fus(e)a™ =
Yool o fan(x)e™, all the fry and fi, have a common radius of convergence and are bounded.
In particular C{z,c} C S.

Our main interest in this chapter is to present a theory of summability in a monomial. The
goal is to sum some type of series that in some sense have a divergence in dimension one
“parameterized” analytically (by a monomial). We first consider the monomial xe, for which
the results are easier to write, and then we move on to a general monomial based on the
previous results.

Given f € S, using the monomial ze and a recursive division process w.r.t. xe by ordering
the terms of f by total degree, we can write it uniquely as

o0

fz,e) =Y (bu(@) + cale))(ae)",

n=0
where by, ¢, € Oy(D,) for some r > 0 and ¢,(0) = 0 for all n € N. More explicitly, if
f= Y apmae™, then by (z) = > 00 anymna™ and ¢, () = > 00| Anneme™. Of course,
this formulas also hold for any element of R but with b, and ¢, just formal power series. The
hypothesis of f € § is a necessary and sufficient condition to ensure that by, ¢, € Oy(D,) for
some 7 > (. We note, for future purposes, that

n m—1
Far(@) =) anme™ +e"n(e),  fum(@) = anma™ + 2"y (). (1-5)
m=0 n=0

where £ is the union of the following spaces of analytic functions

E=Jé&, & ={bx)+c(e)|b,ce Oy(D,) and ¢(0) = 0}.
r>0
Note that every &, becomes a Banach space with the supremum norm but unfortunately it
is not a Banach algebra with the usual product (it is not closed under this operation). For
every r > 0, T)|s, is an isomorphism of vector spaces between S, and &,[[t]. We also remark

that f € C{xz,e} if and only if T'(f) € E{t}.

Definition 1.2.2. Let s be a non-negative real number. A formal power series f eSS
is said to be s—Gevrey in the monomial ze if for some r > 0, T(f) € &[[t] and it is a
s—Gevrey series in t. The set of s—Gevrey series in the monomial ze will be denoted by
H(1,1) _ (L,1)
Ry =Cllz,e]]ls .

According to the previous definition we see that 7' maps RS into £ [tlls = Upso Erllt]]s-
We can characterize more explicitly, in terms of the coefficients of a series, the fact of being
s—Gevrey in the monomial xe, as it is shown in the next proposition.
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Proposition 1.2.1. Let s be a non-negative real number. For a series f € R it is equivalent:
1. feRMY,
2. fe R(S,O) N R(O,s)z

3. If f =3 apmx"e™, then |anm| < CA™ ™ min{n!s, m!*} for some constants C, A, for
all n,m € N*.

The proof uses Cauchy’s formulas and it is left to the reader. Using item (2) of the previous
proposition the following statement is clear.

Proposition 1.2.2. For any s > 0, R(gl’l) is a differential subalgebra of R.

We can perform similar constructions replacing ze by any other monomial xPe?, with p,q €
N*. Starting with f € S and using successive divisions by aPe? (or equivalently using the
filtration of R by the sequence of ideals (zPe?)* k € N), we can write it uniquely as

F=) falw,e)(aPet)",
n=0

where f,(z,e) € & (P9) and £P9 is the following union of spaces of analytic functions

ga) — U P9,

r>0

q—1 p—1
Era) = {Zalhl(x) + Z " G (€) | hiy gm € Op(Dy), g9(0) =0,0<m < p,0<j < q} .
=0 m=0

Note that E0Y) = £. As before we take only elements in S to ensure that for some r > 0,
every f, belongs to Oy(D,). Each Sﬁp ‘D hecomes a Banach space with the supremum norm
| fll+ = supjg|,je|<r | f(z,€)| (again it is not a Banach algebra with the usual product).

The previous expressions, if f = anma"e™, are given explicitly by:

q—1 00 p—1 00
fn(ZL‘,E) = Z <Z aanrm,anrjl'm) gl + Z Zanp+m,nq+j5] ™. (1'6)
m=0 \j=¢q

7=0 \m=0

We define the map Ty, : S — EPD[[t]], as T)4(f) = Yonr o fu(z,e)t™. As before, for every

r >0, Tp4ls, is an isomorphism of vector spaces between S, and e ’Q)[[t]]. Also T =T.
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Definition 1.2.3. Let s be a non-negative real number. A formal power series f € S is
said to be s— Gevrey in the monomial zP? if for some r > 0, T}, 4(f) € &Ep’q)[[t]] and it is a

s—Gevrey series in t. The set of s—Gevrey series in the monomial xP¢? will be denoted by
H(pa) _ (p,9)
RS = Cllz, e]]s".

The analogous version of Proposition 1.2.1 for the monomial xP&? reads as follows.

Proposition 1.2.3. Let s > 0 a non-negative real number. For a series f € R the following
assertions are equivalent:

1. fe RP9

2. [ € Risjpoy N Rio,s/q)»

3. Iff =Y apmaxe™ then |an,| < CA™T™ min{n!s/p,m!s/q} for some constants C, A,
for all nym € N* .

Proof. Statements (2) and (3) are clearly equivalent. It only remains to proof the equivalence
between (1) and (3). Suppose first that f = 3 a, m2"e™ € RP?. Since Tp.q(f) is a s-Gevrey
series there are constants C, A with || f,], < CA™n!® for some r > 0 and for all n. Using
this bound together with expressions (1-6) and Cauchy’s formulas it follows that there are
constants D, B with

np+k+ng+j,,18
‘aanrk,anrj‘ <DB" Tin) )

for all n,k,j € N. Since n! < (np)!"/? < (np + k)!'/? and n! < (ng)!"/¢ < (ng+ 7)1/ we get
|anptkngrj| < DB™PTREMaH min{ (np + k)15/P, (ng + 5)!°/7} as desired.

Conversely, suppose that the coefficients of f satisfies |apm| < CAP ™ min{n!®/P m!%/9} for
some C, A. We can directly estimate the growth of the f,, by means of the expression (1-6):
if |z|, |e] <7 and rA < 1 we get

q—1 . p—1
: (ng + j)1¥/ (rA)!(np 4+ m)!*/»
< JO AmPtnat] L m ey ATprngtm ]
|fn<x,e>|_]z;rc " ﬁér c e
By Stirling’s formula we know that lim, % = 0 for any natural number p > 2. We

can conclude that there are K, B > 0 such that |f,(x,¢)| < KB"n!® for all |z, |e| < r, as we
wanted to prove. ]

It particular, by taking s = 0, the above proposition tell us that f € C{z,e} if and only if
an( f )e€ (p’Q){t}. Another important property, that follows from item (2), is the following.

Proposition 1.2.4. For any s > 0, R&p"” s a subalgebra of R.
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Proposition 1.2.3 also let us relate the Gevrey type in a monomial in terms of another

monomial. More concretely we have the following assertion.

Corollary 1.2.5. If f € R then Tpq(f) is a max{p/p’,q/q }s— Gevrey series.

Proof. If we write f = Y anmx"e™, we can take constants C, A > 0 such that |ap | <
CA™™ min{n!/?" m!"/4}s for all n,m € N. Similar calculations as in the proof of Propo-
sition 1.2.3 let us conclude that for |z|, || < r < 1/A there are constants K, B > such that
foralln e N

sup | fa(z,€)| < KBrnimax{p/via/dls,

|z|,le|<r

as we wanted to prove. ]

Remark 1.2.6. Fix p, ¢ € N*. Then any formal power series f € R can be written uniquely
as
f(x,e) = Z xiejfi,j(a:p,aq). (1-7)
0<i<p
0<j<q
We will say eventually that fij is the (i,j)—component of f in the decomposition (1-7).
Explicitly if f =3, >0 @nma"e™ then fi;(aP,e?) = >4 5 Akptirg+jTPe?. But we can

also determine the f” by solving the system of linear equations

flw™mz, vle) Z WM il £ (2P e?),
0<i<p
0<i<q
where w, v are primitive pth and gth roots of unity, respectively, and m = 0,1,....,p — 1,1 =
0,1,...,qg — 1. Indeed we can obtain the expressions

o 1 . o
2ied fi (aP,el) = — WM P=i)y,1(a—7) W, ve). 1-8
fig( ) - > f( ) (1-8)

o<m<p
0<i<q

Note that the coefficients A = (w™ /") € GL(pq, C) in the above expression are independent
of the chosen f .

Finally from the previous decomposition of f we obtain the formula

Toa(HO) (@) = Y @' Tia(fiy)(t)(a?, <), (1-9)

0<i<p
0<j<q

where the maps Tl,l are taking in the variables { = a?,n = £9.
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We now state a lemma that let us relate the fact of being s—Gevrey in the monomial zPe?
with being s—Gevrey in (n, ( = 2P, = €. The proof follows using bounds similar to the
ones used in the proof of Proposition 1.2.3 and it is left to the reader.

Lemma 1.2.7. Let s > 0 be a non-negative number and p,q € N*. Let f € R and write it
uniquely as f(x,e) = o<icp 2'e’ f; (2P, €%). Then f(x,¢) € R if and only if fi;(¢,n) €
0<j<q

(C[[C,n]]gl’l) foralli=0,1,....,p—1,7=0,1,...,g — 1.

To finish this section we point out some properties of series obtained from weighting the
variables « and ¢ and that will be essential in our treatment of tauberian properties of
monomial summability in this chapter. Consider real parameters s1,ss > 0 such that s; +
so = 1 and a new variable z € C. It induces the morphism of C—algebras

“I

)

g : Cllz,e]] — Clz, ][z
f

(@,6) > a(f)(2,)(2) = f(z"/ Pz, 2%/ 4e),

where G = Ggf:g)z = {ns1/p + msa/q| n,m € N} denotes the discrete semigroup of R>q
generated by s1/p and s2/q. G is the image of N? by the map £(n, m) = ns1/p+msa/q. We
remark that £ is injective if and only if s1/s9 ¢ Q if and only if 51 € Q.

We can find the Gevrey nature of tc(f)(z, ) from the corresponding of f. As it is expected,
if f is a s—Gevrey series in 2Pe9, then tq(f)(x, ) is s—Gevrey in z. More generally, we have
an analogous result of Corollary 1.2.5, relating two monomials.

Proposition 1.2.8. Let s1, 82 be positive real numbers such that s1 + so = 1 and let G =
Gé’j:ﬁéé. If f e R then for every (x,€) € C2, 1q(f)(x,€)(2) is a max{p/p, q/q }s— Gevrey
series in z.

Proof. Let f = Y apma"e™ be a s—Gevrey series in 2P'¢?. Then there are constants
B, D > 0 such that |a,,| < DB min{n!*/? m!*/7} for all n,m. By (1-4) and Stirling’s
formula we know that

-~ =~ / !
|an,m| < DB tmplsis/p 1528/

< DBty sismax{p/p’,q/q'}/p,,1s2s max{p/p'.q/q'}/q

< DB"™T (1 + %8 max{p/p/, q/q’}) r (1 + %8 max{p/p’, q/Q’})

< DB™™r (1 + smax{p/p’,q/q'} (ns1/p+ mSQ/q)) ,
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for some constants B, D > 0. This implies that for every fixed (z,¢) € C2, 1(f)(z,¢) is

smax{p/p’,q/q'} in 2.
O

The previous considerations show in particular that if f is convergent then el f)(x,s) is
convergent, for all (z,¢) € C2. Conversely, the problem of establishing sufficient conditions
to ensure the convergence of f from the convergence of the series 1 (f)(z,¢), for (z,€) in
an adequate set can be seen as a particular case of the following more general problem:
Pp(z1,...;xn)x™ € Clz1, ..., xy][[z]], where deg(Py,) <
Am+ B, for some A > 0, B > 0, establish conditions on a set C' C C" to prove the convergence

given a series f(x1, ..., xp, ) = > o
of f from the convergence of f(al, ey ap, x) for all (aq, ..., a,) € C. If C is open or of positive
Lebesgue measure or non pluri-polar (in the sense of potential theory) then the answer is
positive. For more information, see [Ri]. For our purposes, the following proposition will
suffice.

Proposition 1.2.9. Let f €eRbea formal power series, si,ss positive real numbers such
that s1 + so = 1 and p,q € N*. Also set G = Gg’gl. If there is an open set U C C? such
that 1(f)(x,e) € C{2C} for all (z,¢) € U then f € R.

Proof. Tf f =3 apma™e™ then to(f)(z,e)(z) = > seq Pa(z,€)z?, where

Py(z,e) = Z apmx"e™.
L(n,m)=A
We consider first the case where s; € Q, i.e. £ is injective. Then every Py has only one
summand. If we take (zg,e9) € U, xg # 0,e9 # 0, the convergence of tq(f)(zo,c0) means
that there are constants C, A > 0 such that |a, mzieft| < CA™1/PHms2/4 for all n,m € N.

Then it is clear that f converges.

For the case s1 € Q we need to find uniform bounds for the Py in some open set. This can
be done as follows: we know that for every (z,¢) € U there are constants Clue) Awe >0
such that |Py\(z,¢)| < C’(LE)A@ o) for all A € G. This implies that the closed sets

Fy = {(x,s) €U | |Pa(z,e)] < N> for all A € G},

where N € N, cover U. By Baire’s category theorem, at least one of these closed sets has
non-empty interior.

In consequence, we can take K € N, (z9,e0) € U, and r > 0 with D,(x¢) x D,(g0) C U
such that |Py(z,€)| < K* for all (z,¢) € Dy(x0) x Dy(g0) and for all A € G. Since r can be
arbitrarily small we may suppose that r < 2|z|, 2|eo].
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Fix A € G. If we expand P\ around (zg,&¢), say P\(x,¢) = Zﬁ’é‘f:o bpm(x — 20)" (e — €0)™,

it follows from Cauchy’s formulas that |by, | < K A Jrt ™ for all 0 < n < N and 0 < m <
M, where N = max{n € N[{(n,m) = X for some m} and M = max{m € N|{(n,m) =
A for some n} (depending on \).

Finally we can bound the coefficients ay, ,, as follows: take any (n,m) € N? and let \ =
¢(n,m). Then

N—n,M—m n+k m 1
nnl = 2 (" (" b))
k=0,1=0
N—n,M—m K}\
< Z 2n+k+m+lrn+k+m+l [o]*eol'
k=0,1=0
_ gty (2\" ((@lzol /1N =1 (2ol /)M — 1
r 2|zo|/r — 1 2leol/r — 1 ‘

Since £(n,m) = L(N,m’) = £(n/, M), for some n',;m’ € N then N —n < m(s9p/s1q) and
M —m < n(s1q/s2p). This let us conclude that there are large enough constants B, D such
that |ay | < DB™™ for all n,m € N, so f is convergent.

O

1.2.2 Analytic setting

To be able to sum series of S we need to determine the domains where the sum will be
defined. A relevant way in which the monomial plays a predominant role in the analytic
context is that the domains will be sectors in the monomial. We first analyze how to work
with analytic functions defined over these domains using point blow-ups. Then the notion of
asymptotic expansion and Gevrey asymptotic expansion in the monomial xze is introduced.
We provide two different characterizations of these notions, one using the change of variables
t = xe and passing to the one variable case, with power series in an adequate complex Ba-
nach space and other using approximations with analytic functions. After establishing the
compatibility of the monomial asymptotic expansions with the standard algebraic operations
and differentiation we carry on again the definition and the mentioned results with an ar-
bitrary monomial 2Pc?. The subsection ends formulating the similar versions of Watson’s
lemma, Borel-Ritt, Borel-Ritt-Gevrey and Ramis-Sibuya theorems.

Definition 1.2.4. Fix p,q € N*. We will call a sector in the monomial zPe? a set defined as

I, =11, 4(a,b,r) = {(m,a) e C? |0 < |z|P <r,0<|e|? <7 a<arg(aPe?) < b} ,
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where a,b € R with a < b and r > 0. The number r is called the radius, b — a the opening
and (b+ a)/2 the bisecting direction of the sector, respectively. Occasionally we will use the
notation II(a’,¥’,7") € Il(a,b,r) to indicate that II(a’,b',1’) is a subsector of I(a,b,r), that
is,ifa<d <b <band 0 <7’ <.

We will also use the notation Sy, 4(d, o, r) =11, ,(d — /2,d 4+ /2, 7) to denote the sector in
the monomial xP£? with bisecting direction d, opening « and radius 7.

Observe that if (x,¢) € II,4(a,b,7) then ¢t = 2Pe? € V(a,b,r?). Also for any @’ < V' and
a" < V' with a < pa’ + qa” < pb + gb” < b we see that V(a/,b,r'/P) x V(a",b",rV/9) C
I, 4(a,b, ).

As in the formal setting we focus first in the case of p = ¢ = 1. To take care of analytic
functions on a sector in the monomial we may use the charts of the classical blow-up at the
origin in C2. For sake of completeness we recall this notion, of common usage in algebraic
geometry.

Consider the point P = (0,0) € C2, and let Ep the following variety

Ep = {((z1,72),[y1,92]) € C? x Rlc | x1y2 = 2201 },

with the projection 7 : Ep — C? over the first coordinate. Let us observe that if (r1,22) € C?
then

T (w1, 22), [1,22]) if (21,22) # P,
b {(0,0)} x PL it (21,22) = P.

(Ep, ) is called the blow-up of the origin in C?: the origin has been removed and replaced
by a projective line. Each pair of this projective line corresponds to a direction from P.
Indeed, consider the straight line L = {(Azx1,A\r2) € C}\ € C}. As 7 '(\wy, \2) =
((Az1, Axa), [x1,229]) if A # 0, 7=L(L\ P) cuts the projective line in ((0,0), [x1,z2]). This
projective line will be called the ezceptional divisor.

Ep is a bidimensional variety covered by two charts, that we shall describe. Consider IP)}C =
Cy UCy, where C; = {[y1,1] € IP’}C | y1 € C} and Co = {[1,y2] € IP’}C | y2 € C}. Then

EpN(C?* x C1) = {((z2y1,32), [y1,1]) € Ep | (z2,41) € C?},
Ep N (C? x Cg) = {((z1,2192), [1,32]) € Ep | (w1,2) € C?},

both parameterized by C2. The projection 7, in this charts is represented as

m(x2,y1) = (z2y1,x2) in the first chart,

m(x1,y2) = (x1,21y2) in the second chart.
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For the sake of simplifying notation, since in our case the coordinates are (z,¢), we shall
consider the two charts of the blow-up with projections 71 (z,¢) = (x¢,¢), ma(x, €) = (z, xe).
Then for a sector II(a,b,r) = II; 1(a, b, r) we see that

t
m1(I(a,b, 7)) = {(t,e) cC?lo< |t < T2”1"| <le| <rand a < arg(t) < b},

]
;

mo(Il(a,b,r)) = {(x,t) cC?*|0< |t <r? = <|z| <rand a < arg(t) < b} .

We will write the results only for m; = 7. Analogous considerations follow for mo due to
the symmetric role between = and ¢ above. Let f € O(Il(a,b,r)) be an analytic function.
It induces an analytic function on 7(Il(a,b,r)) given by (t,e) — f(t/e,e). For fixed t

with 0 < |t| < r2 the function € — f(t/e,¢) is analytic and single-valued in the annulus
It]

"+ < le] < r and thus it has a convergent Laurent series expansion on e:

f (25) = falt)e", (1-10)

neZ
where the functions f,, are given by:
1 f (i,w)
)= — Dt g 1-11
o) =g [ S (111)
for |t|/r < p < r. In particular f, € O(V (a,b,r?)) and its derivative is given by
of (t
1 ar (&)
() = — Ir 2’2 . 1-12
e (1-12)

We can relate the growth order of f with the growth of the f,, by using formula (1-11). More
precisely we have the following proposition.

Proposition 1.2.10. Let f € O(Il(a,b,r)) be an analytic function. Suppose that |f(x,e)| <
K(|ze|) for any (z,¢) € U(d',V, p) € U(a,b,7) and some function K : (0, p?) — Rsq. Then
fort e V(d' b, p?):

L IfneN, |f.(t) < K/Elf’),

In particular, if r = p = +oo then f(x,e) = fo(xe), for all (z,e) € (d', b, +00).

Proof. The inequalities follow directly from Cauchy’s formulas. To prove the last part, note
that fixing ¢ € V, the inequalities are valid for any p > |t|1/ 2. Letting p — 400 we conclude
that f,(t) =0 for all n # 0. The result follows from equality (1-10).

O
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With the previous considerations we are ready to introduce the notion of asymptotic expan-
sion in the monomial ze.

Definition 1.2.5. Let f be an analytic function on II = II(a,b,r) and f € R. We will
say that f has f as asymptotic expansion at the origin in xe and we will use the notation
f ~ID fonIl(a,b,r) if: there exists 0 < ' < r such that T'f = S (by 4 ¢,)t" € Ev[[t]] and
for every II = II(a/, ', p) € I with 0 < p < 7/ and N € N there is a constant Cy (II) > 0
such that for all (z,¢) € II:

N-1
Fl,€) = 3 (ba(a) + en(e)) ()" < Cx (D=l (113
n=0
The asymptotic expansion is said to be of s—Gevrey type if we can find C (ﬁ), A(ﬁ) inde-
pendent of N such that Cy(II) = C(II)A(II)N N5, In this case we will use the notation:
f NS’” f on II(a,b,r). We will denote by AW (IT) the set of analytic functions defined on
II that admits an asymptotic expansion in the monomial ze on II and by Agl’l)(H) the set
of analytic functions defined on II that admits an asymptotic expansion of s—Gevrey type
in the monomial xze on II.

We note that we are only using formal series in S. It follows from Proposition 1.2.10 that if
f~LD fon II(a, b, r) then every f,,(t) and f_,,,(t)/t"™, m € N, associated with f by formula
(1-11), admits an asymptotic expansion on V (a, b,7"?). More precisely, if W = V (a', V', p?) €
V(a,b,r"?) then for every t € W:

N-1

1IN
) = 3 anpimt”| < CN(H)’;’m, (1-14)
n=0
N-1 . N
‘f_;nm(t) - Z an—l—m,ntn < CN(H)%a (1'15)
n=0

where II = II(a/, ', p). In particular if f ~§1’1) f on I(a,b,r) every fm(t) and f_n,(t)/t™,
m € N, admits an s—Gevrey asymptotic expansion on V (a, b, 7?), with the same asymptotic
constants for all m € Z.

We are going to express the notion of asymptotic expansion in the monomial ze in terms of
the classical notion of asymptotic expansion in an adequate Banach space.

Any f € O(II(a,b,r)) bounded in some subsector II(a’, b, p) induces an analytic function
T(f)y: V(d,V,p?) = Ey for all p’ < p, by means of the decomposition (1-10):

T(F), )2 = 3 LB am 3 fpen, (116
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The above expression is well-defined since f is bounded on II(da’, V', p): if |f(x,e)] < C, by
Proposition 1.2.10 we see that | f,,,(t)] < C/p™ and |f_,(t)/t™| < C/p™ for all t € V(d', V', p)
and T'(f),(t)(x,e) is absolutely convergent and bounded for |z|,|e| < p. Note that f is
determined by T'(f), since T'(f),(ze)(x,e) = f(x,€).

Proposition 1.2.11. Let f be an analytic function on I(a,b,r), f= Y apmae™ € R and
0 <7’ <r such that Tf € £.([t]. The following statements are equivalent:

1. f ~@D f on Il(a,b,r),
2. For every 0 < p <r', T(f), ~ Tf on V(a,b, p?).

The same result is valid for asymptotzc expansions of s—Gevrey type. In the last case, if

f NS’” fon II(a,b,r), then fe R(1 b,

Proof. We prove that (1) implies (2) The converse is trivial (just put ¢t = wze). T(f), is
well-defined for 0 < p < 7/ because f is bounded in every subsector of Il(a,b,r). Let
W =V(d,V, p? e V(b p? € Viab,p?) with p < p” < p. Then using the bounds
(1-14) and (1-15) we see that for t € W and |z|, |e| < p”:

T(f) - o)+ el

n=0

N-1 0o N-1
— Z an+m’nt"> fL'm + Z (fm(t) - Z an,n+mtn> €m

n=0

MN

(o]
< Z ( //m‘ |m + Z Cn //m |8’m

<
< o) (7 + 1 \e|/p"> i

where IT = II(a”, ", p"). Then taking the supremum for |z|, |¢| < p/ we obtain the bound

= 2Cn(I) | x
T(f)P(t) - (b’n + C?’L)tn S / Vi ’t’
g% 1—p'/p

as we wanted to prove.

We also can conclude that ||b, + ¢l < %, for all n € N, proving the last part of the

statement.
O]

The previous proposition let us define the Taylor’s map for asymptotic expansion in the
monomial ze. The map is defined as J = JOY : AGD(II) = S, J(f) = £, if f ~OD fon
II, and it is the only map that makes the following diagram commutative:
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Ahay —L s

Tl lT

AWV, &) —L gl

where V' = V(a,b,r?) if Il = Il(a,b,7), A(V,€) = U~ AV, &), J = Jg is the classical
Taylor’s map and T' = T4 1 is defined through (1-16).

For the s—Gevrey asymptotic expansions in ze we also have the Taylor’s map obtained by
restriction J; = Js(l’l) : Agl’l)(ﬂ) — Rgl’l), and it is the only map that makes the following
diagram commutative:

Agl,l)(n) Js Rgl,l)

For asymptotic expansions in a monomial, there is also an analog version of Proposition 1.1.2
which reads as follows.

Proposition 1.2.12. Let f € O(II) be an analytic function. The following assertions are
equivalent:

1. fe AN,

2. There is v > 0 and a family of bounded analytic functions fy € Oy(D?),N > 1, such
that for every subsector 11 of 11 there is a constant An(II) > 0 such that

|f(l',6) - fN(m35)| < AN(ﬁ)kCe‘N’
for all (z,¢) € LN D2.

Analogously, f € Agl’l)(ﬂ) if and only if (2) is satisfied with AN(ﬁ) = CANN!® for some
C, A independent of N and additionally there are constants B, D such that || fx|l, < DBN NI
for all N > 1.

Proof. We write the proof only for the case of Gevrey asymptotic expansions. If f Ngl’l) f
on IT, and T(f) = 32 (bn + )™ € & [[t])s, with this » > 0, it is enough to take fx(z, ) =
ZnNz_Ol (bn(z) + cn(e))(ze)™ and the conclusion follows from Definition 1.2.5.

To prove the converse implication write each fy(x,e) = Za%}%m”em = > obnn(z) +
cNp(€))(xe)”, as its Taylor’s expansion at the origin valid for |z, |e| < r. Note that the con-
dition imposed over the fy and Cauchy’s inequalities implies that ]agan)J < DBNNIs / pntm
for all n,m, N € N. Writing the decomposition of the fx as in (1-10) we see that
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N(t/ee) = Zka kv ka—ZCL?(l]\Q+k fN k Zan+kntn

keZ

Then for every I = (', b, p) €Il and t € W(d', ¥, p) it follows from the hypothesis and
Proposition 1.2.10 that

k() fn-k(t)| _ CANN'S
|fk(t) - fNJﬂ(t)‘ ) 1k - & < Pk ’t|N (1'17)
Reasoning as in the proof of Proposition 1.1.2 we may conclude that afl]\;) = afl]‘f[llk and
a(N) ( ) forall k>0, M > N and n=0,1,..., N — 1. This implies that by, = bar,n

n—l—k,n n-‘,—k
and cNp, = cyp forall M > N and n=0,1,..., N — 1.

Define f =D apmxe™ =Y 7 ((bn(x) + cn(€))(xe)™, where by, = bpy1, and ¢, = Cpiim.
In other words, f is the limit of the Taylor’s series of the fy in the m—topology of R, where
m is the ideal generated by x and e. It is clear that for (x,e) € II N Df, with 0 < p < r we
have

N—-1 )
f@,€) =D (ba(x) + cn(e))(we)"| < CANNPlaeN +| Y~ alare™
n=0 n/rn:
D BN
< N ‘S N
< (oA + i) Wl
. (1,1) 2
This proves that f ~5" f on I O

The next step in the study of this type of asymptotic expansions is to study its stability by the
usual operations of addition, multiplication and differentiation. This is not straightforward
since T and T' do not behave well under derivatives and of course either with multiplication,
since there is no natural product on the range of the maps.

Proposition 1.2.13. Let II be a sector in the monomial xze and s > 0. Then ALYD(II) and
Agl’l)(ﬂ) are differential subalgebras of O(I1) and the Taylor’s maps J and Js are homomor-
phisms of differential algebras.

Proof. The compatibility with sums and scalar products follows at once from Definition 1.2.5.

To prove the compatibility with derivations we only do it for the case of d/0x: the proof

for 0/0e is the same replacing x by e, i.e., using the chart my of the blow-up of the origin

and analogous considerations. Suppose that f ~(LD f = Y apmae™ on II = I(a,b,r)

and T(f) € &[[t]]. To show that % ~LD) % =Y (n+4 1)ant1,ma"e™ on II we show that

item (2) of Proposition 1.2.11 holds. First, it follows from equation (1-12) that the Laurent
of

expansion for - is given by
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(0 S

meZ

For 0 <p<p<7r and W = V(d,b,p?) € V(a,b,p) take subsectors with W € W &
V(a" V", p") € V(a,b, p?) and o > 0 such that D(t,a|t|) C W for all t € W. Note that we
can take « as small as we want by enlarging the opening of W. Then for t € W it follows,
from inequalities (1-14) and (1-15) applied to V(a”, ", p"?) and Cauchy’s formulas, that

Ry S » S
2mi |lw—t|=alt| (w_t)Q

(a 4 1)N+1 ’t’N
a pm’

N
f’r,n (t) - Z nan,nertn_l
n=0

<CN 1( )

and analogously

N
f/ (t) Z( tn+m71 - C ﬁ (a+1)N+m+1 |t|N+m
—-m — n 4+ m)an+m,n > N—i—l( ) o ,Om ;
n=0

where IT = I1(a”, ", p”). Finally if we take a such that p < ap—:l and |z|, [e| < p, we get the
bound

N—-1 00 00
0 m m n
‘T (5;) Z (Z n-+m—+ l)an+m+1,nx + Z (TL + l)an+1,n+m€ ) " <

n=0 \m=0 m=1
-1

Z (f/";ml() Z (n+m+ 1) anrmi1nt" )xm—i-
m=0 n=0 N N
Z <f;n1(t) - Z (n+ 1)an+1,n+mtn> Em'

m=1 n=0

CN(II) N+1 1 p// N+1 1 N
< o+ + — [MH(a+1 — | |t
— ( 1/ ( 1) 1 ( 1) / 7/ CN+1( )( ) 1 ~/ 1/ | i

This shows that T(0f /dx), ~ T(8f/8x) on V(a,b, p?), as we wanted to prove. The previous
proof also works for the case of s—Gevrey asymptotic expansions since the previous bounds
remains of s—Gevrey type.

To prove the compatibility with multiplication we use the previous proposition. Suppose
that f ~(D fand g ~8D gon 11, f,§ € &[[t]] and let (fn), (g,) two families of functions
in Oy(D2) such that for every II € I and N € N there are constants Ay (II), By(II) such
that |f(z,e) — fn(z,e)| < AvAD)|zelN, |g(z,e) — gn(z,€)| < By(I)|ze|V, for all (z,¢) €
IIN D(0,r). Then we see that for all (z,e) € Il N D? we have

f(x,0)g(x,€) = f(z,€)gn(,2) < (gl An D) + | x|l B (D)) e V.
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Since limits in the m—topology commute with the usual product, we see that J(fg) =
f@ and the proof is complete. For the s—Gevrey case we may take AN(ﬁ) = C1AV N,
By(II) = CoANNE | fnllr < DiBY NS and |lgn|» < DeBYN!®, for certain constants
A;j,B;,Cj,Dj,5 =1,2 and all N € N. We already know that fg ~11) fg on II. To ensure
that the asymptotic is of s—Gevrey type we apply again Proposition 1.2.12 with the family
of functions defined by

N

hn = Z(fn - f?’l—l)gN—nu Jfo=90=0.

n=1

Then the growth of these function is s—Gevrey and from the identity

N
fg—hn=(f = fn)g+ Y (fa = fa1)(g — gn—n),
n=1

we easily conclude adequate s—Gevrey bounds for this expression.

As in the classical case we can characterize when a function has null asymptotic expansion
in ze in terms of its decrease at the origin. More specifically we have the following result.

Proposition 1.2.14. Let II = Il(a,b,r) be a sector in xe and f € O(II). Then f € ALY

and Js(f) = 0 if and only if for all Il € II there are C, B > 0 such that for (x,e) € I1:

(@) < Cexp (= B/laz]")*) .

When f satisfies this type of bounds we will say that f has exponential decay of order 1/s in
the monomial ze at the origin.

Proof. Suppose that Js(f) = 0. Then T'(f), ~s 0on V = V(a,b, p?) for all 0 < p < r. By the
classical result (Proposition 1.1.5) we know that for every subsector W = V (a',¥/,p?) € V
there are constants C, B with [|[T'(f)(t)]|, < Cexp (—B/|t|1/5) for all t € W. Then if II =
II(a/, ¥, p) and (z,¢) € II, ze € W and then |f(z,£)| = |T(f)(ze)(x, )| < Cexp (—B/|m€|1/s)
as we wanted to prove.

Conversely, suppose that f has exponential decay of order 1/s in the monomial ze at the
origin. We show that T'(f), has exponential decay of order 1/s at the origin. For p < r and
subsectors 11 = II(d, ¥/, p') € I(a", V", p"") € I(a,b,p) there are C,B > 0 with |f(z,¢)| <
Cexp (—B/|ze|'/?) for all (z,e) € II(a”,b",p"). Using Proposition 1.2.10 we obtain the
bounds

[ fm ()],

fm®)| _ C \
tm( )‘ = p//m exp <_B/|t|1/ > ’

for all m € N and t € V(a",b", p"?). Then if t € V(a',V, p'?) we easily get
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20 )
IO, < 7= 77 e (=B/H)

proving that T'(f), ~s 0 on V(a,b, p?). =

Proposition 1.2.15 (Watson’s Lemma for z¢). Let IT = I1(a,b,r) be a sector in xe, with
opening b —a > smw and f € Agl’l)(H) with Js(f) =0. Then f =0.

Proof. By Proposition 1.2.14, we know that, in a subsector II with opening larger than s,
|f(z,e)] < Cexp (—B/\:U5|1/8). By Proposition 1.2.10 and classical Watson’s Lemma 1.1.8
we conclude that f, =0 for all n € Z, so f = 0 as desired. O

We continue this section describing the corresponding results about asymptotic expansions
in a general monomial zPe4. We begin by defining this notion and obtaining an equivalent
version in terms of asymptotic expansion in a monomial {7 in order to recover easily the
properties.

Definition 1.2.6. Let f be an analytic function on II, ;(a, b, ) and f e R. We will say that
f has f as asymptotic expansion at the origin in 2Pe? and we will use the notation f ~®® f
on Il 4(a, b, 7) if: there exists 0 < 7 <1 such that Tp,,f = 3 ful” € Sﬁ,p’q)[[tﬂ and for every
I, , = I, ,(a',b',p) €I, with 0 < p < 7/ and N € N there is a constant Cn(IL,,) > 0
such that for (z,¢) € II,, ;:

N-1
f(z,e) — Z fn(z, &) (2P| < CN(ﬁp’q)|a:p5q]N. (1-18)
n=0

The asymptotic expansion is said to be of s—Gevrey type if additionally

1. It is possible to chose C’N(ﬁp,q) = O(M, ) A(IL, . )N N!* for some C(ﬁp,q),A(an) in-
dependent of N.

2. fe RPY,

In this case we will use the notation: f ~ D) fonTl,,(a,b,r). We will denote by A® (1T, ,)
the set of analytic functions defined on II,, that admits an asymptotic expansion in the
monomial zPe? on II, , and by Al ’q)(Hpvq) the set of analytic functions defined on II, ; that
admits an asymptotic expansion of s—Gevrey type in the monomial xPe? on II, ;.

Remark 1.2.16. In contrast to the case of s—Gevrey asymptotic expansions in the mono-
mial ze, here we require by definition that formal series which are s—Gevrey asymptotic
expansions in a monomial xPe? of analytic functions, to be s—Gevrey in the monomial xPe.
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Remark 1.2.17. The decomposition for formal power series explained in Remark 1.2.6, is
valid for analytic functions f € O(II, 4(a, b, 7)) too. Indeed, note that (z,¢) € II, 4(a, b, r) if
and only if (wx,ve) € II,, 4(a, b, 7), for w and v pth and gth roots of unity, respectively. Then
formula (1-8) is valid in this context and clearly if { = 2P, n = €9, f;;(¢,n) € O(ILy,1(a,b, 7))
for every i =0,1,....p—1,j=0,1,...,g — 1.

We note that if f satisfies a bound of type |f(z,¢)| < K(|aPel|) for all (x,¢) € 11, 4(a, b,7)
and for some function K : (0,7) — R then for all 4, j:

K([¢nl)

| fij (G| < W’ (1-19)

for all (¢,n) € Ii1(a,b,r). Conversely, if |fi;(¢,n)| < Ki;(|¢n|) for all ({,n) € IIy1(a,b,r)

and some functions Kj; : (0,7) — R then

@)l < Y Jafel Kij(|laPe), (1-20)
0<i<p
0<j<q

for all (z,¢e) € I1, 4(a,b,r).

Proposition 1.2.18. Let II,, = I, ,(a,b,7) be a sector in xPe, f(z,e) € O(Il,,,). Using
the above notation, the following statements are equivalent:

1. f(z,e) € API(IL,),

2. fi;(¢,m) € A(l’l)(HLl(a, b,r)) for everyi=0,1,...,p—1,7=0,1,...,g — 1.

The same result is valid for asymptotic expansions of s-Gevrey type.

Proof. Suppose that f ~P9) fon TI,, and T),(f) € Eﬁ?’q)[[t]] . We know from formula (1-9)
that if f = 0<ic, a'e? fij(aP,e9) = S0 fal,€)(2Pe?)" then the f, and fi; are related by

fulw,e) = > @&l (bign (@) + cijm(e?),  fig(@P,e7) = (bign(aP) + cijn(e9))(@Pe9)™.
ogi_?; n=0

We are going to show that f;; ~L1) fij on II 1 (a,b,r) for every possible i and j. From
hypothesis we know that for II, , = I, ,(a’, ¥, p) € II, ; with 0 < p <7/, and N € N there
is CN(HP,Q) > 0 with

N—-1
fla,8) = Y falm,e)(aPe?)"| < Cn (M) |27,
n=0
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for all (z,¢) € II,,. Then, for the same (z,¢), using formula (1-19) in Remark 1.2.17 it is
clear that

i

Fi(Cm) = 3 (ign(€) + cijn(m)(Cn)"| < Cov(TLyq) ¢/ | V211,

n

0
for all (¢,n) € I} 1(a’, ¥, p). Then, using this bound for N and N + 1 we get

N-1

Fi(Cm) = D (ijn(Q) + cijn(m)) (Cn)"| < (CN+1(Hpq)P1_’/pP1_”/q + [[bijn + Cz’jNHp) ¢nl™.
n=0

This concludes the proof in this case. Note that if f N f , f is a s—Gevrey series in

aPed. This implies that there are constants B, D > such that ||b;j, + cijnl, < DB"n!® for
all n € N. This shows that the bounds obtained in the proof remains of s—Gevrey type.

To prove the converse implication, assume that f;; ~(L1) f on Iy 1 = II; 1 (a, b, 7") with
Fia(Cm) = S22 obign(©) + cign(m) ()" and Ty (fig) € £ ”H £])- Then for every i j, Ty, =
Iy 1(a, b, p) € 1 with 0 < p <7’ =min{r};}, and N G N there is a constant CZ]N(Hl 1)
such that for all (¢,n) € II;,; we have

N-1

Fid (Com) =D (bign(C) + cijn(m) (C)"

n=0

< Cin (M) [CnY

Let f = S ocicy 26 f; j(aP,€?) be the corresponding formal power series. Then qu( f) e
0<j<q

Sif)’Q)[[t]] and it follows from inequality (1-20) that for all (z,e) € II, 4(a/, V', p)

<| > pHCin(y) | 2PN,
0<i<p
0<j<q

N—1
'm,a S ety
n=0

as we wanted to prove. In the s—Gevrey case the previous bounds are clearly of s—Gevrey

type too.
O

We want to introduce now the corresponding map 7}, 4, as in the case of the monomial xe.
A possible way to do this and avoid ramifications is the following: given f € (’)( pq(a,b,7))
bounded in some subsector II,,(a’,V, p), we decompose f(z,e) = Zo<1<p zlel f;j(aP, e?),

with f;; € O(Ily,1(a,b,7)), as in Remark 1.2.17. Now, for every 1, j, T1 1(f”) was defined as

Tll(fu Z fm, Cm+ Zfzjm )

if fi;(t/n,m) = Y ez fijm(t)n™ is the convergent Laurent expansion of f;; in the annulus
[t|/p < In| < p. Now, based on formula (1-9) we define
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Tp.q(f)p(t) (2, €) = Z @'l T11 (fij)p(t) (a7, ) (1-21)
q:1 ‘ oo p—1 f (t) ‘ p—1 ‘ oo q—1 '
-5 (LT ) S [ S5 e
7=0 m=0 1=0 =0 m=1 j=0
(1-22)

As in the case of ze, the function f is completely determined by the map T}, 4(f), because

Tp7q(f)p(a:p£q)(a:, 5) = f(:L’, 6)’

In this context, we have a similar result as the one stated in Proposition 1.2.10 relating the
growth of f with the growths of the previous f;; .

Proposition 1.2.19. Let f € O(Il, 4(a, b, 7)) be an analytic function. Suppose that | f(x,e)| <
K(|xPed|) for any (z,e) € 1L, 4(a’, b, p) € Uy 4(a,b,7) and some function K : (0, p?) — Rxo.
Then fort € V(a',V, p?) and every 0 <i < p and 0 < j < q the following bounds hold:

K([t])
i/ppm+j/q—i/p ’

1. Ifm & N, |fij,m(t)| < ‘t‘

L™K ([t])
’t’j/qpm+i/p—j/q'

2. If m > 1, [fij—m(t)| <

In particular, if r = p = +o0 then f(z,€) = foo(a?<?), for all (z,) € Ty g(a’, ¥, +00).

Proof. The inequalities follow directly from inequalities (1-19) and Cauchy’s formulas. To
prove the last part, note that by changing the function K we can assume that p and ¢ are
relative primes. Then fixing ¢ € V, the inequalities are valid for any p > |t|1/ 2 Ifm>1
then m+ j/q—i/p>1and m+i/p—j/q > 1 and we can let p — +oo and conclude that
fijm(t) = 0 for all possible ,j. If m = 0 then j/q = i/p if and only if i = j = 0. Thus the
result follows by letting p — 400 to see that fi;o(t) = 0 for all i, j except for i = j =0. O

We can characterize as before the property of having an asymptotic expansion in zPe? in
terms of classic asymptotic expansion in some Banach space. Indeed, we have the following
analog to Proposition 1.2.11, which is an immediate consequence of Proposition 1.2.18 and
Proposition 1.2.11.

Proposition 1.2.20. Let f € O(II, 4(a,b,r)) be an analytic function, feRand0 <1 <r
such that ijqf € Eﬁf’q)[[t]]. The following statements are equivalent:

1. f N(PJI) f on ]:[p7q(a7 b? r)’

A~

2. For every 0 < p <r', Tpo(f)p ~ Tp,q(f) on V(a,b, p?).
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The same result is valid for asymptotic expansions of s—Gevrey type.

As before, this allows us to define the Taylor’s map for asymptotic expansions in the mono-
mial 2P¢9. The map is given by JP4 : API(TL,,) — S, JPI(f) = f if f ~PD f on II,,,
and it is the only map that makes the following diagram commutative:

APa)(IL,,,) AN

TP»Ql lj—’p,q

A(V, EP) _J EPD([1]]

where V = V(a,b,r?) if I, , = 10, 4(a,b,r), A(V, 5(3’7‘1)) = U,-0 AV, &(p,q))’ J = Jewa is
the classical Taylor’s map and T, , is defined through (1-21).

For the s—Gevrey asymptotic expansions in #Pe? we also have the Taylor’s map obtained
by restriction JI? : AP (I, ) — RPD and it is the only map that makes the following
diagram commutative:

A~

AgP,Q) (Hp q) Js RgPﬂ)

TP,QJ( l’fp,q

A (V, Py —L 5 gy,

An alternative way to prove that a function has asymptotic expansion in the monomial xPe?
is by the aid of analytic maps that approximate the functions adequately. The result is
described in the next proposition, and it is the generalization of Proposition 1.2.12 for any
monomial. The proof is similar to the one of Proposition 1.2.12: every (i,j)—component
of the given functions is analyzed to obtaining bounds similar to the ones corresponding to
(1-17) but in this case from Proposition 1.2.19. The last part of the proof remains unchanged
and will not be included here.

Proposition 1.2.21. Let f € O(1l,,) be an analytic function. The following assertions are
equivalent:

1. f eA(PvQ)(Hp,q),

2. There is v > 0 and a family of bounded analytic functions fy € Oy(D?),N > 1, such
that for every subsector 11, , of I1,, , there is a constant An(Il, ) > 0 such that

|f($75) - fN(xa 5)’ < AN(ﬁp,q)‘$p5q|Na
for all (z,e) € 11, , N D?.

Analogously, f € Agp"” (IL,, 4) if and only if (2) is satisfied with AN(ﬁnq) = CANN!® for some
C, A independent of N and additionally there are constants B, D such that || fy||, < DBYN!*
for all N > 1.
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We also have the compatibility of asymptotic expansion in zPe? with the basic algebraic
operations.

Proposition 1.2.22. Let II,, = II,,(a,b,7) be a sector in the monomial xPe?. Then
APO(TL, ) is a differential subalgebra of O(IL,,) and the Taylor’s map JP9 is an homo-
morphism of differential algebras.

Proof. The proof can be easily obtained from Proposition 1.2.13 and Proposition 1.2.18. For

sums the proof is immediate. For derivatives, for instance to 9/dz, if f € AP9(I,,) and

it decompose as f(z,€) = Y o<i<p 7€’ f; j(2P,€%) then the decomposition for df/dz is given
0<j<q

by:

, Ofit1 1
> <(Z + D) fiyr (2", €9) + pa® fa?’] (2, %) > el + Z ( fod 35p7€q)) P el

0<i<p—1
0<j<q

Since every (i, j)—component of df/dx belongs to AV (1T 1(a,b,r)) (because it is a diffe-
rential algebra), it follows that df/dz € AP (IL,4). For products the proof follows the
same idea: take into account that the (i, j)—components of a product fg can be obtained as
sums of products of the components of f and g. O

Finally, a characterization of functions with null asymptotic expansion in zPe? is given in
the next proposition, and it is a consequence of Proposition 1.2.14 and inequalities (1-20)
and (1-19).

Proposition 1.2.23. Let I, , = 11, ;(a,b,r) be a sector in zPe? and f € O(Il,,). Then
fe AP (I,4) and JPU(f) = 0 if and only if for all I, , € I, , there are C,B > 0 such
that for (x,e) € I, 4:

F(2,)| < Cexp (—B/lar='/*).

When f satisfies this type of bounds we will say that f has exponential decay of order 1/s in
the monomial xPc? at the origin.

Proposition 1.2.24 (Watson’s Lemma for zPe?). Let I1,, ,(a,b,7) be a sector in aPe?, with
opening b—a > st and f € Agp’q)(an(a, b,r)) with JOU(f) =0. Then f =0.

It is also worth to mention the analog to Borel-Ritt’s and Borel-Ritt-Gevrey’s theorems for
this kind of asymptotic expansions.

Theorem 1.2.25 (Borel-Ritt Theorem for aPe?). Given any f € S and any 11, , sector in
the monomial zPe?, there is f € O(Il, 4) with f ~P:9) f on IL, 4.
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Theorem 1.2.26 (Gevrey-Borel-Ritt Theorem for zPe?). Given any fe Rgp’q) and any
sector 11, 4(a, b, ) in the monomial xPe? with opening b — a < sm, there is f € O(1l, ) with
f ng,q) f on Hp,q-

To finish this section we formulate and prove one of the main tools to obtain what we will
call summability in a monomial: the Ramis-Sibuya Theorem for asymptotic expansions in a
monomial.

Theorem 1.2.27 (Ramis-Sibuya Theorem for aPe?). Suppose that a finite family of sectors
I; = U, 4(a,b;,7), 1 < 5 < m, form a covering of D\ {we = 0}. Given f; : II; — C
bounded and analytic, assume that for every subsector I1 of 11;, NIL;, (when not empty) there

are constants v(I1), C(I) such that
5 (@.6) — (. 0)] < O([T) exp () Jarer] 7).

for (z,e) € II. Then the functions f; have a common asymptotic expansion in xPe? on II;
of s— Gevrey type, respectively.

Proof. Since every f; is bounded on II;, T}, 4(f;), is bounded on V; = V(aj,b;,7?), for
all 0 < p < r. For every pair ji,j2 such that II;, NIL;, # @, Proposition 1.2.23 shows that
fin—Fia ~9 0 on I1;, N1, = II(a,b,r). Then for every 0 < p < 7, T, ¢(fi1)p—Tp.q(fia)p ~s
0 on V(a,b,p?). Since the II; cover D? \ {ze = 0} the sectors V; = V(aj,b;,7?) cover
D,2 \ {0}. Then by the classical Ramis-Sibuya Theorem, the functions 7T}, 4(f;), admit a
common asymptotic expansion Fe EP([t]]s on V; of s—Gevrey type. Then it is clear that

fj ng,q) Tp_’ql (F) on Hj. OJ

1.2.3 Summability in a monomial

As in the classical case, thanks to Watson’s Lemma 1.2.24 we can finally define the natural
notion of summability in a monomial zPe? in Ramis style.

Definition 1.2.7. Let £ > 0 and f € S be given. We say that f is k—summable in the
monomial zPe? in the direction d € S! if there is a sector I, 4(a,b,7) bisected by d with

opening b —a > w/k and f € O(Il, 4(a, b, 7)) with f Ngz;,]g) f on 11, ,(a,b, 7).

We simply say that f is k—summable in the monomial xPe? if it is k—summable in the
monomial zPe? in every direction d € S, with finitely many exceptions mod. 2.

The set of k—summable series in zPe? in the direction d will be denoted by Rg’;’g) , and the
(p,9)

set of k—summable series in zP¢? will be denoted by R} i
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As an immediate consequence of Proposition 1.2.22 we obtain:

Proposition 1.2.28. Let k > 0 and d € S be given. Then R%Z)d and Rgl;g) are differential

subalgebras of Rl/k .

It is clear from Proposition 1.2.20 that f is k—summable in 2Pe? (resp. k—summable in
direction d) if and only if T}, ,(f) is k—summable (resp. k—summable in direction d). With
this characterization we may apply known theorems of summability in our context. The
first consequence of this observation is that we can use the classical Borel- Laplace method

(p:q)

of summation to obtain “explicit formulas” for the sum. Indeed, in order to sum f € R1 Jh.d

we first sum 7T}, ,(f)(t)(z, €) and then we replace ¢ by 2P?. According to Theorem 1.1.10, we
first apply the formal Borel transformation By, : tké'(p"”[[t]]l/k — EPDe} to 4T, o (f), we
make analytic continuation and check the exponential growth in the variable £ and finally
we apply the Laplace transform in direction d, L 4. Thus we have obtained the following
proposition.

Proposition 1.2.29. Let f € Sy, for some r > 0. Then f is k—summable in the mono-
mial 2P in direction d if and only if Bk(tkf’pvq(f))(f)(:c,s) can be continued analytically as
o(z,e,&) on D, x D, x S(d,a, 4+0), for some o > 0, with exponential growth at most k in
&, uniform in x and €. In this case the k—sum off s given by

elloo

1
/0 oz, e, &)e /7N gek — o kqﬁkd( 0)(z, e, 7Pe9).

xkpeka

f(l',&) =

Given f , k—summable in xPe¢? in a direction d, when using the decomposition of f as in
Remark 1.2.17 we note that by Proposition 1.2.18 and its proof f is k—summable in zPe?
in direction d with sum f if and only all its components fij are k—summable in (n, ( =
xP,n = €9 in direction d with sum f;; and the components of the k-sum are the k—sums of
the components, that is, f(r,e) = > x%e’ fi;(2P,£9). An alternative proof is offered by the
Borel-Laplace method of the previous proposition: if f(:z, £) = alel fij($p, €?), by equation
(1-9) we see that:

Br(t*Tya (/) () Zx & By (t*T1,1 (i) (€) (2", 7). (1-23)
0.

Since analytic continuation is compatible with standard operations, Bk(tkfpg) can be con-
tinued analytically as ¢(z, ¢, €) on D, x D, x S(d, a, +00) if and only if every By (t*T11(fij))
can be continued analytically as ¢;;(z,e,£) on D, x D, x S(d,o,+00) and ¢(z,¢,§) =
S atelpii(w,e,€). Also it is clear that ¢ has exponential growth at most k in ¢, uniform
in x and ¢ if and only if every ¢;; does it. Since the Laplace transform is linear, the result
follows.



68 Monomial Summability

We now turn back to the case of p = ¢ = 1. Let f = > apmz"e™ € S and suppose it is
k—summable in xe in direction d with sum f, say defined over II(a, b, r). Inequalities (1-15)
and (1-14) show that the series f_,(£)/t™ = 3.5 tnrmnt™ and frn(t) = S0 annsmt”
are also k—summable in direction d with sums f_,,(¢)/t" and f,,(t) respectively, defined on
V(a,b,r?) and the series > >°_, f_t%(t) "+ Y 0 fm(t)e™ converges for all |z|, |e| < r and
has sum T'(f)(t)(x,¢).

We want to give a characterization of f being k—summable in ze in a direction d in terms
of the series f_,,(t)/t™ and f,,(t). We note that the corresponding formal Borel transforms
of Tl,l( f) and the previous series are related by the formula

BT )Owe) = 3 B (+5 ) @am + 3 B (#1,0) @

m=0

From this expression it is clear that the formal k—Borel transform of thT 1,1 f can be analyti-
cally continued, say as p(x,¢,£) on D, x D, x S(d, a, +00) for some « > 0 if and only if every
By, (tkf’%m(t)) and By, (t* fm(t)) can be analytically continued as ¢_,(£)/€™ and ¢, (t) on
S(d, a, +00) respectively, and

pae) =Y Eum 5 g gem,
m=1

m=0

for all |z|, |e| < r. By the other hand, if p(z,¢,£) has exponential growth at most k in &,
uniform in z and ¢, say |o(z,¢,&)| < KeB|5|k, then by Cauchy’s inequalities it follows that

‘wﬂn@)': 1oy

1 0™
&m m! dx™ !

K k
(o,s,@‘ < KB, Jon(e) = \

K Blglk
< BT
@ 0.9)] < 1

P

for all 0 < p < r and all m € N. This not only says that the functions 9075;(6) and @, (§)

have exponential growth at most k in S(d, o, +00), but also have a common type and the

So—m(g)
é’m

bounding constant K/p™. Conversely, if the functions and @, (§) satisfy the above

inequalities it follows that

2K k
o(x,e,8)] < ———eBRI,
1—p'/p

for |z|,|e] < p' < p, for all p < 7.

For a general monomial zPe? and a formal series f = ZZ j xiel fij(xp ,e1) € S, we can apply
the above reasoning to each of its components f” Note that for every possible pair i, j,
the corresponding series to fij are fm_m(t) Jt™ = 3" Gnptmpring+;t" and fwm(t) =
ZZO:O Anp+ing+mg+;t - With this notation we can state the following result.



1.2 Monomial summability 69

Proposition 1.2.30. Let f € S,, for some r > 0 and put f(x,e) = Y wied fii (2P, e9).

Then f 18 k—summable in xPe? in the direction d if and only if the following properties holds

1. There is o > 0 such that all the formal series By, (tkfij,_m(t)/tm> and By, (tkﬁj’m(t)>
admits analytic continuation, say @ij—m(&)/E™ and ©ijm(§), to S(d, o, +00).

2. There are constants K, B > 0 such that all the functions pij—m(§)/E™ and @ijm(§)
. k Kk
satisfy |@l],fm(€)/£m’ < p%eBlf‘ ’ |§02],m(§)| < pﬁmeBKI , Jor all § € S(d7a7+oo) and
all0 < p <.

To finish this section we note that a natural question is what happens when we fix one the
variables in the monomial asymptotic expansions. We can see that the asymptotic property
remains valid for the non-fixed variable. More precisely we have the following result, whose
proof is an immediate consequence of Corollary 1.1.3.

Proposition 1.2.31. Let IT,, = IT, ,(a,b,) be a monomial sector, f € O(Il,,) and f € S
such that f ng’q) f on I, ,. Then there is p > 0 such that for all g with |eo| < p the map
fool) = flz,80) admits fo,(z) = f(z,e0) € C[[z]] as s/p— Gevrey asymptotic expansion on
V(a/p — arg(d)/p,b/p — arg(ed)/p, p). In particular, if f is k—summable in xzPe? in some
direction d then fso is kp—summable in direction d/p — arg(ed)/p.

We finish this section with an example of monomial summability based on Example 1.1.1.

Example 1.2.1. Consider the series f = > nm>0 Gn,ma €™ where ap g = (—|n—m|)min{nm}

and ap,0 = 0. We want to study its 1—summability in xe. To calculate T 1,1( f) note that:

bo(z) = > 2™ bo(x) = (=)™ Y m"a™, cnle) = (1) Y m"e™.
m=1 m=0 m=1

Then we obtain its formal 1—Borel transform by

Bi(tTia (D)) (w.8) = 3 (nle) +en(@)) S = T+ T 2= (.. 6)
n=0 ’

For a fixed (z, ) with |z], |e| < 1, the radius of convergence of the above series is the minimum
between dist(u,2miZ) and dist(v, 2miZ), where x = e", ¢ = € and Re(u),Re(v) < 0. The
domain of definition of the analytic continuation ¢ is the set conformed by all the triples
(z,e,€) € C3 such that € # z and ef # . On the other hand we see that fo(t) = 0 and for
any m € N*,

o0

F(8) = Fom(®) /47 =3 (1) m" " =

n=0

1t < 1/m,
e M <1/m

and its corresponding formal 1-Borel transforms are:
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p-m(€) _
that have exponential growth 0 and are all bounded by 1 if Re(§) > 0. Also if we fix
0 < p <r < 1 and restrict ¢ to the domain D, x D, x {§£ € C|Re(§) > log(r)} it follows that
lo(z,e,8)| < 1_72p/r on that set. In conclusion, it follows from Proposition 1.2.30 that f is

1—summable only in every direction d of (—m/2,7/2). To calculate its 1—sum, for instance
in direction d = 0, we see that the 1—sum in direction d of lel( f) in the space &, is given
by

1 [t 1 1 e
- §8/tge 9 = .
t/o <65—x+e5—5>6 ¢ ;1+nt

So the 1—sum f in ze of f in direction d = 0 is obtained by changing ¢ = z¢ in the above
expression, and has domain of definition {(x,¢) € C||z|,|¢|] < 1 and ze # —1/n,n € N*}.

1.2.4 Some formulas for the sum

As usual we first focus in the case p = ¢ = 1. On the problem of computing the sum of
a k—summable series in a monomial f , the first issue we face is to calculate the expression
TALl( f ). This is not always so easy, so it would be advantageous to have alternative ways to
calculate the sum. We will see that in adequate polysectors (products of sectors) this can
be done by writing f as a series on x with coefficients functions of € or as a series in € with
coeflicients functions of x.

Suppose f = Y apma"e™ is 1/k—Gevrey in ze, i.e. there are constants B, D with |ay | <
DB min{n!"/k m!/*}. When we write f = 325 (by(2)+cn(e)) (ze)" = 300, fox(€)a" =
Yoo fem(x)e™, every fni(e) and fim(x) has radius of convergence at least 1/B and f €
Oy(Dr)[[z]]1/x N Oy(Dr)[[e]]1/x for 7 < 1/B. Then the k—Borel transforms in x and in € of
f , respectively, defined as:

A(L1) ( k a8 a0 kg o~ fum
B 10)( f)(é-]J )_nz_ol—‘(l_i_n/k)gla 8701)( f 1'52 ZOF 1+m/k5 &-27
are convergent for || < 1/B, |&| < 1/BEY* and |z| < 1/B,|&| < 1/BEY*, respectively.
The notation used here will be clear in the next chapter.

Now assume that f is k—summable in z¢ in direction d with sum f defined on II(a,b,r), with
d=(a+b)/2 and b—a > 7/k. Consider sectors V; =V (a',V/, p) and Vo = V(a", V", p) with
Vi x Vo C U(a,b,r), that is, a < o’ +a” < +b" < band p < r. Then f defines two analytic
functions f1 : Vi — Op(V2) and fo : Vo — Oy(V1) given by x — f1(z)(e) = f(z,e) and
e +— fa(e)(z) = f(z,€), respectively.
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If we take V; with w/k < b —d’ < b — a, we can always take V3 satisfying b” < b — ¥/
and a —d’ < d”, ie., V4 is a k—wide sector and V5 is a small one. We now can see that
f1 € O(V1,04(V3)) is the classical k—sum of f on the sector V4, in the space Op(V2). Indeed,
taking any W € Vq, W x V5 is always contained in a subsector II of II. So if z € W and
e € Vs, applying formulas (1-13) (with Cx(II) = CANN!Y/%) and (1-5) we obtain:

N-1
fi@)(e) = Y fule)a"
n=0

n=0 \m=0
N-1 N—-1 oo
= ‘f(:n,e) - (bn(x) + cp(e))(xe)™ + Z A mx"e™
n=0 m=0n=N
N—-1 o
< CANNIF|zelN + 3 N " DBttt g™
m=0n=N
N-1
< N m 'l/k N‘
< (0<Ap> +D 3 (B Bp) N1/

The same calculations works for €, that is, taking V5 as a k—wide sector and V; as a small one
we see that fo € O(Va, Oy(V7)) is k—summable on V5. Comparing with the Borel-Laplace
transform method we obtain the following proposition.

Proposition 1.2.32. Let f be a k—summable series in xe on Il with sum f. Consider
Vi =V(d,b,p) and Vo =V (a", V", p) sectors in C with V4 x Vo C II. Then

1. If Vi is a k—wide sector, f € Oy(Va)[[z]] is k—summable on Vi with sum

fle.e) = @) = /0 di6re)e @/ agt,

where 1(&1,€) is the analytic continuation of Bgd)o) (zF f) to S((V +a')/2, a1, +00) x

D,, for some a1 > 0 and some direction d' on S((b' +a')/2, 01, +00).

2. If Va is a k—wide sector, f € Oy(V1)[[e]] is k—summable on Vi with sum

s
el oo

f(z,e) = fale)(x) = glk/o o, Ex)e™ €2/  dek,

where Yo (x, &) is the analytic continuation oflg’,(:&é)l) (8 f) to D,x S((b"+4a")/2, aa, +00),

for some ag > 0 and some direction d”’ on S((V" + a”)/2, ag, +00).

The previous proposition generalizes to any monomial by means of Proposition 1.2.18. In-
deed, let f be a k—summable series in 2Pe? on II, ; =11, 4(a,b,7), b —a > 7/k, with sum f.
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Since f is 1/k—Gevrey in the monomial zP¢? then f € Op(Dp)[[2]]1/pk O Ou(Dyr)[[e]]1 /i for
some r > 0. Here we use the k— Borel transforms in 2P and in €9 of f , respectively, defined
as:

3(Pa) (o pk f fnx(g 3(P.a) (_ak f = Jem(
B (10( )& ¢e) ZF 1—|—n/pk §1a B 01)( (@, &) = mE:oP —i—m/qk)gQ’

that turn out to be convergent in some polydiscs.

As before, consider sectors V; = V(d/,V, p'/P), Vo = V(a",b", p*/9) in 2P, 9, respectively,
satisfying Vi x Va C II,, ; and consider the functions fi : Vi — Oy(V2) and fa : Vo — Op(V1)
that f naturally defines. If { = 2P and 1 = €9 then the sectors

Vi={CeC|0<[¢<p, pa <arg(C) < pb'},
Va={neC|0<|n <p, ga" <arg(n) < qb"},

in the new variables, satisfy T/I X XA/; C Iy 1(a, b, 7).

When we decompose f and f as f = i 6szj (:np ) and f = 2T 5szj (2P, ?) respec-
tively, we know by Proposition 1.2.18 that fij ~ 1/k fz] on I 1 (a, b, r), for all 0 <4 < p and

0 < j < q. Then we can apply the previous proposition to every fij and via Proposition
1.1.4 to obtain the following formulas.

Proposition 1.2.33. Letf be a k—summable series in xPe? on Il, ; with sum f. Consider
Vi =V(dV,p"P) and Vo = V(a", 1", p*/9) sectors in C with Vi x Vo C II,,,. Then

1. If Vi is a pk—wide sector, f € Oy(Va)|[x]] is pk—summable on Vi with sum
id’
[0 = h@E) = o [ iler2)e @ aghk
) 1 Ilfpk 0 1,
where ¥1(&1,€) is the analytic continuation ofB (1 0) (acpkf) to a product of the form
S((b'+a)/2, a1,4+00)xD 14, for some ay and some direction d’” on S((b'+a’) /2, a1, +00).
Besides, the i—component of xP* f1(x) is given by

e /0 ija (G e~/ ack,

where ;51 1s the analytic continuation ofB (1 1)

D,.

0)(CF fij) to S((PV +pa’) /2, pon, +00) x

2. If Vy is a qgk—wide sector, f € Oy(V1)|[e]] is qk—summable on Vs with sum

-1
ezd

1/0 T n(a, €0)e /™ aggh,

gak

f(x,e) = fae)(x) =
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where o(x, &) is the analytic continuation of Bk (o) (aqkf) to a product of the form
D x S((0" 4+ a")/2, az,+00), for some as and some direction d” on the domain
S((b" 4 a")/2, g, +00). Besides, the j—component of €T fo(e) is given by

pP— 1 zd,
Z / Yije(a®, G2)e” (Ga/e®) de

where ;2 is the analytic continuation ofl%l,(C (o) (77 f”) to D,xS((gb"+qa")/2, g, +00).

Example 1.2.2. This example is taken from [CDMS]. Consider the singularly perturbed
linear differential equation
ex’y = (1+a)y — ze,

where y € C. We will see in Chapter 3 that it has a unique formal solution ¢ € R that is 1-
summable in ze (see Theorem 3.1.4). However we can show here directly that 7 is 1—Gevrey
in zxe.

The formal solution can be easily calculated by inserting the expression § =Y 2 yn«(€)z"
into the equation and solving recursively. The solution is given explicitly by

oo n

g=c¢ Z H(le — 1)z"

n=01[1=1

and it reduces to a polynomial in z when ¢ = 1/N, for N € N*. If |¢] < R then a direct
rough estimation shows that

sup |ynt1«(e)| < R(R+1)"n"
le|l<R

for all n > 0, what shows that ¢ is 1—Gevrey in x.

If we write § = Y o7 Ysm(x)e™, it follows from the differential equation that

xm

Yam () = me(fﬂ),

where P, € Z[z]. In fact, Py(z) = 0, Pi(z) = 1, for m > 2 the polynomial P,, has degree
m—2 with leading term (—1)™, P,,,(0) = (m—1)! and if we write P,,,(z) = ?102( 1)lal(m)g;l,

then al(m) > 0 and they satisfy the recursion formula al(mH) = (m+1)a l( ™) + (m — l)al(Tl),

valid for all m > 2 and 0 < I < m — 2. Tt follows by induction that a\™ < 2m=3(m — 1)! if
m > 3. If we take |z| < p <1 then it is immediate to check that

sup gm0 < 3 (23] (=),

lz|<p p

for all m > 1, what shows that § is 1—Gevrey in €.
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To obtain a formula for the 1—sum in ze of §j we can use Proposition 1.2.32. Indeed, a
calculation using the binomial series shows that

oo n—1
B§1 1)0)(«73y 517 = EZ H le — 1 = 5(1 _ 651)1/67
n=1 =1
and the function in the right side is well-defined for e§; # 1 and € # 0. Then the 1—sum is

given in adequate polysectors by the formula

. eildno eild+arg(e)) oo

f(xaf) = 5/ (1 — 651)1/86*51/2?d§1 — / (1 _ S)]./Ef]_efs/xgds7
0 0

x

but it has the disadvantage of having the fraction 1/e.

There is still another way we may calculate the sum of a series, k—summable in some
monomial. This time we introduce a new variable by weighting the variables x and ¢, as in
the end of Section 1.2.1. For the case p = ¢ = 1, consider real parameters s1,s9 > 0 such
that s; 4+ s2 = 1, a new variable z € C and the morphism v, where G = Ggg = {l(n,m) =
nsi + msajn, m € N}.
Suppose that f Ngl/’;) f= > anmx"e™ on a monomial sector II = IIy 1(a,b,r). Consider
constants B’, D’ such that |ay, | < D'B™*™ min{I'(1 +n/k),I'(14+m/k)}, for all n,m. For
a fixed (x,¢) € II with |z|, |e| < 1/B’, consider the sector V' = V (a — arg(xe), b — arg(ze), 7),
where 7 = min{1, (r/|z|)/*1, (r/|e|)'/52}. Tt follows that (2°'z,2%2¢) € Il for all z € V.

For a subsector W € V we can always find II € II such that (251, 2%2¢) € I for all z € W.
Then by hypothesis there are constants C; A > 0 such that

f(z%rx, 2%%¢) — Z (bn(2512) + cp(2526)) (z)"2"| < CANT (14 N/k) |2V |2V, (1-24)

for all N € N and z € W. We can use this inequalities to show that f(z*'z,2%2¢) admits
rell f ) as asymptotic expansion of 1/k—Gevrey type in V' (in general, in non-integer powers
of z). To show this, we use the notation Ip; = {(n,m) € N2 |n < M or m < M}, where
M €N and Jy, = {(n,m) € N}|{(n,m) < Ao} for \g € G.

Let Ao € G and let N = [\g] be its integer part. Note that if £(n,m) < g then min{n,m} <
N. This shows that Jy, C In. Then if z € W, it follows from inequality (1-24) that

f(Z €L, z° 5 Z Z anmx € ZA = f(ZsliE,ZSQc‘:)— Z anmxnemz”51+m52

0<A<A
g £(n,m)=X (n,m)€dy,
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— f(zsll', 2528) _ Z ammxngmznsl—&-m@ + Z anjmmnsmznsl—kmsg
(n,m)eln (nym)eIn\Jx,
< CANPIT (14 (N + 1)/k) Jae M 2N 4 > Janml 2] [e]™] 2"+
(n)m)GIN\J)\O

< KLMT (14 Ao /K2,

for K, L large enough constants. To justify the last inequality note if (n,m) € In \ Jy, then
|an.m|/B™F™T(1 + N/k) is bounded and |z|"*1+™2 < |z|% because |2| < 1. In the first
summand we also have |z|VT! < |2|* since \g < N + 1. The conclusion follows observing
that we can replace I'(1+N/k) and I'(1+(N+1)/k) by I'(14+ Ao /k) by enlarging, if necessary,

the previous constants.

The previous considerations extend to the case of any monomial xPc?. Considering again
s1, 82 > 0 with s;+s2 = 1, but this time we consider the semigroup of R> generated by s1/p
and sy/q and the morphism given by f(z, g) — f(zsl/px, 2%2/9¢). The asymptotic behavior
is similar to the previous case and we state the result in the following proposition.

Proposition 1.2.34. Let s1,s9 > 0 with s1+s2 = 1. Suppose that f Ngz;,]g) f on1l, 4(a,b,r).
Then there is p > 0 such that for any fized (xo,€0) € 1, 4(a, b, r) with |zol, |eo| < p, the map
f(z51/Pxg, 2%2/9¢0) admits f(zsl/pazo, 2%2/9¢4) as asymptotic expansion of 1/k— Gevrey type in

the sector V(a — arg(:vgeg), b— arg(:pgsg), 7), where 7 = min{1, (r/|x0\p)1/51, (r/|50]q)1/52}.

The proof follows using Proposition 1.2.18 and the previous case p = ¢ = 1. We remark
that since in general s; is not necessarily a rational number, the asymptotic expansion must
be understood as explained at the end of Section 1.1. When s; is rational, the previous
proposition can be understood in the usual sense, up to a ramification (via Proposition
1.1.4).

In particular, the previous proposition implies that when f is k—summable in xPe? in di-
rection d with sum f, for points (xg,&9) with small enough radius, f(zsl/pxo,zSQ/qeo) is
k—summable in direction d — arg(zhel) with sum f(251/Pxg, 2%2/9¢4), and in particular,

id
1 e o0 _ .
f (& Py, 52/ e0) = = / Paoco(Q)e ) dct, (1-25)
0

where ¢z, ¢, is the analytic continuation to a sector bisected by d, of

A A by
Bi(2" 16 (w0, 20) (/) (2))(Q) = ) | > an’mxgggnr(li)\/k)’

AEG nsi/p+msa/q=X

the formal k—Borel transform of z*1c(z0,0)(f).
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1.3 Tauberian theorems for monomial summability

The goal of this section is to describe some tauberian theorems for monomial summability
as well as relating different levels of summability for different monomials in order to be able
to establish in future works a correct definition for a type of monomial multisummability.

As for a fixed monomial, summability in the monomial is equivalent to summability in the
classical sense, we obtain analogous results as in Section 1.1. The first classic result is that

the absence of singular directions is a tauberian condition.

Proposition 1.3.1. Iff € Rl/k) has no singular directions then f € R.

Proof Since d is a singular direction of f if and only it is for qu( f), we conclude that
Tp7q( f ) has no singular directions and by Proposition 1.1.12 it is convergent. It follows from
Proposition 1.2.3 that f is also convergent. O

The second one says that being summable in a monomial for different levels implies conver-
gence.

Proposition 1.3.2. Let 0 < k < k' be positive real numbers. Then for any monomial xPe?

we have Rg/k) N Ri’;g,) = Rg/k) N Rg’}g,) = R.

Following the same ideas that in the proof of Proposition 1.1.1 we can relate summability in

a monomial with summability in some power of this monomial.

Proposition 1.3.3. Let k > 0 be a real number, p,q, M € N* be natural numbers and d a
direction. Then Rgz;g)d R%%]]‘\%)

Proof. Let f € S be a formal power series. We can assume that M > 1. Note that if we
write Ty o (£)(t)(x,€) = 3200 fulz, )" then

M-1
Tarprtg(F)(8)(@,6) = gulw,)s", gu(,e) = Y farmsj(z,)(aPe?).
7=0

Suppose that f e Rg/k)d Then there is f € O(Il,4(a,b,r)) such that f ~1/k f on

U, 4(a,b,7) = pparg(Ma, Mb,rM), where d = (b+ a)/2 and b — a > w/k. Using the
previous decomposition, inequality (1-18) of the definition for N = ML,L € N and the
limit limy, o % = 0 we obtain that f ~ A%Q’Mq) f on asp,nq(Ma, Mb, 7). that is,

(Mp,Mq)
fe RM/}Z M-
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Conversely, if f N%%Mq) f on Iy pg(Ma, Mb, rM) = II,4(a,b,r), by definition and the

previous expressions we see that for all II Mpmq =y q(a’ b, p) and N € N there are constants
C, A such that for all (x,¢) € II,, , we have

MN-1
‘ < CAMN N1M/k|ppa| MN

Z fo(z,e)(aPet)”
n=0

Now if we write f and the f,, as explained in Remark 1.2.17, say f(z,¢) = 3_, ; z'el fij(xP, e?)
and fy(z,€) =3, 2'€7 (bijn(2P) + ¢ijn(27)), inequality (1-19) shows that

MN-1 |xp8q|MN
fi@2) = 3 (iinla?) + cijple) @e)"| < CAMNNIMIEE S0 (1-26)
x
n=0
for all possible i,j and (x,¢) € IL p,g- Since f € RA%Z’M(]) there is 0 < r/ < r and constants
B, D such that
M-
bijains1(2P) + cijnint(e9) (aPe?)!| < DB MMk,
=0

for all possible i,] and |z, |e| < r’. Using this bounds and (1-26) for N + 1 we see that

MN-1
fi(@,e) = > (bijn(@®) + cijp(h)) (aPe?)"
n=0
CAMWNFD (N 4 1) 1Mk P MN || Mp=i| o | Ma=j . D BN N1M/k|ppga MN

<

< KLN N\M/k|gpea| MN
for all possible 4,j and (x,¢) € ﬁp,q, where K, L are large enough constants.

If0<p <p<r' and |z|P,|e|? < p it is straightforward to check that

MN-1

> fat
n=0

forallt € V(d', ¥, p ) and N € N. An application of Proposition 1.1.1 shows that Tp7q(f)p ~1/k
qu(f) on V(a,b,r?), for all 0 < p < r’. By Proposition 1.2.20, we finally conclude that
f~ g/k f on T0, ,(a, b,r), as we wanted to prove. 0

(5,07)
< T TR IN(MN)I kMY

, 1—p'/p
P

Using Proposition 1.2.34, we can treat a particular case of a summable series in two different
monomials.

Proposition 1.3.4. Let k,l > 0 be positive real numbers and let zPe? and 2P 7 two mono-

mials. Suppose that k # | and min{p/p’,q/q'} <1 < max{p/p’,q/q'}. Then Rg’;,g)ﬂRg/l’Q) =

R.
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Proof. The hypothesis min{p/p’,q/q¢'} < 1 < max{p/p’,q/q'} is a necessary and sufficient
condition to ensure that the system of equations

S1 +52 - 17 Sl/p = Sll/p/a
sh+sh=1, sa/q=s5/q,

has a unique solution conformed by positive numbers. Indeed, the solution is s; = p(¢’ —
a)/('a—pd'), st =10 —a)/®'a—pd), s2=q' —p)/®'a—pd), s5 =¥ —p)/®'a—pq).

Let f € RO 0 R

—9 . A ~ YAV, 1 . VP
fixed (zg,e0) € D, the formal series f(zsl/p:ro,zSQ/qao) = f(251/7 g, 2%2/4 g0) in ZV/IPa=pd'|

is both k—summable and [—summable in z. Since k # [, by Theorem 1.1.13 we conclude

. From Proposition 1.2.34 we obtain a radius p > 0 such that for any

that f(zsl/pcro, zSQ/qEO) is convergent. Then using Proposition 1.2.9 we can conclude that f
is convergent. O

At this point we are ready to formulate and prove the main result so far, comparing summable
series in different monomials.

Theorem 1.3.5. Let k,l > 0 be positive real numbers and let xPe? and 2 ¢4 be two mono-
mials. The following statements are true:

L Ifp/v = a/d =1/k then R7;) = R,

2. If p/p' = /' and /' #1/k then R N RYT) = R,

3. If p/p' # q/q then Rﬁ’;’g) N Rgf;’,’q') - R

Proof. We split the proof in cases. First consider the case p/p’ = q/¢’. If d = g.c.d.(p,q)
and p = dp”, ¢ = dq” then p' = np”, ¢ = ng” where n = ¢'/¢" = p'/p” € N. By Proposition
1.3.3 we see that

' //)

(ra) _ p".q") w.d) _ pb”,
Rlz;lg = Rlz;dk? and Rlz;lq = Rll;nlq

Then the cases (1) and (2) follows from Proposition 1.3.2.

For the case p/p’ # q/q' we consider three possibilities:

Case 1. Suppose max{p/p,q/q'} < l/k. If | € R%) N Rgz;ll’q/) - Rgl;’,g) N f%%’q,), we con-
clude by Corollary 1.2.5 that an(f) is a max{p/p’,q/q'}/I—Gevrey series. Since Tp,q(f) is

k—summable, by Theorem 1.1.13 we conclude that Tpg( f ) and therefore f are convergent.

Case I1. Suppose I /k < min{p/p’,q/q’'}. This is equivalent to the condition max{p'/p, ¢ /q} <
/1 so this case follows from case (I).
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Case III. Suppose min{p/p’,q/q'} < I/k < max{p/p’,q/q'}. Choose a,b € N* such that
l/k # a/b and min{p/p’,q/q'} < a/b < max{p/p’,q/q}, or equivalently

min{bp/ap’,bq/aq'} <1 < max{bp/ap’,bq/aq’}.

Since Rgz;’,g) = Rélﬁ’b@ and R%’q,) = Rg%)/’aq/), this case follows from Proposition 1.3.4. [






2 Monomial Borel-Laplace summation
methods

In the previous chapter we have recalled the notion of monomial summability as presented
originally in the paper [CDMS] and we have developed many of its properties. As we have
seen many of them depend on the theory of one variable, since the notion of monomial su-
mmability can be expressed in terms of classical summability (see Proposition 1.2.11 and
Proposition 1.2.20). However so far we have no similar tools to the Borel-Laplace method
to study it. The aim of this chapter is to develop such methods. The idea behind them
is to weight the variables adequately and generalize the formulas in the classical case. The
formulas defining the Borel and Laplace transforms used here are essentially the same in-
troduced in the paper [B3] for the case of two variables. The underlying difference between
them is the domain of the functions we work with, being adequate connected sets of poly-
sectors in the mentioned paper and monomial sectors used here. Many of the formulas we
provide here are already used (sometimes implicitly) in the paper [BM] in the treatment of
summability of formal power series solutions of singularly perturbed linear systems of ordi-
nary differential equations given by the authors. In particular they show that those solutions
are (s1,$2)—summable, for adequate values of (s1,s2), where this notion of summability is
defined precisely using the generalized Borel and Laplace transforms. Once again it is not
clear that the domains they consider are sectors in a monomial.

The chapter is divided into three sections. In the first one we define the Borel and Laplace
transformations associated to a monomial, a weight in the variables and a parameter of su-
mmability, as well as its formal counterparts. Many properties of those transformations are
studied, for instance proving that they are inverses one of each other and its behavior w.r.t.
Gevrey asymptotic monomial expansions. An interesting affair is that the Borel transform
converts a certain vector field into multiplication by the monomial employed. Even many
of the properties are natural, the proofs are partly technical and include many calculations.
The section ends introducing a convolution product compatible with the previous transfor-
mations, i.e. the Laplace transform convert the convolution into the usual product.

Then the method of summability associated with each Borel and Laplace transform is pro-
posed in the second section, following the definitions in the classical case. The main result
at that point is that this apparent new method of summability is equivalent to monomial
summability. That is the content of Theorem 2.2.1. This new equivalence clarify the relation
between monomial summability and (s1, s2)—summability explained in the first paragraph.
The section concludes commenting alternative ways to prove properties obtained in the pre-
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vious chapter, using the Borel-Laplace method. Finally the matter that concerns us in the
last section is the behavior of monomial summability under point blow-ups. We only provide
an elementary result that shows the stability of monomial summability under point blow-ups.

2.1 Monomial Borel and Laplace transforms

The goal of this section is to define the Borel transform, the Laplace transform and the
convolution product associated with a monomial, a weight of the variables and a parameter
of summability. These integral transformations will help us to provide a new way to cha-
racterize summability in a monomial. To achieve this purpose it is necessary to develop the
fundamental properties of these transformation such as their action on formal power series
and their action on Gevrey asymptotic expansions on monomial sectors.

2.1.1 Borel transform

Definition 2.1.1. Let s1,s9 > 0 such that s; + s = 1. The k— Borel transform associated
to the monomial xPe? with weight (s1,s2) of a function f is defined by the formula

—k
Bl(c]?gz,w)(f) (& v) = (gpvq? / f(éuisl/pk’ qusz/qk)eud%
Y

21

where v denotes a Hankel path.

In order to make the above formula meaningful, we are going to restrict our attention

to analytic and bounded functions f defined on monomial sectors in xPe? of the form

Sp.q(d, m/k + 2€0, Ry), where 0 < ey < m/k. In this case, B,(gp(’g 52)(f) will be defined and
analytic on the sector S, 4(d, 2¢p, +00). Indeed, if (§,v) € Sp4(d, 2€0, +00), take any € such
that (&,v) € Sp4(d, 2¢,+00) and 0 < € < €. Then take the integral along the path ~ oriented

positively and given by: the arc of a circle centered at 0 and radius
R > max{(|¢[P/Ro)**", (|v]*/Ro)*/**},

with endpoints corresponding to the directions —m/2 — k(eg — €) and /2 + k(eg — €) and
the semi-lines of those directions from this arc to co. If u goes along this path we see that
(Eu=s1/Pk pu=s2/9%) € S, (d,7/k + 2€p, Ry) and the integral converges, due to boundedness
of f and to the exponential term tending to 0 in those directions. The result is independent

of € and R due to Cauchy’s theorem.

We note in particular that if f(x,e) = 2*e#, A\, u € C, then it follows from Hankel’s formula
for the Gamma function that
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SA—pkUu—qk
Asy/ptpsa/q )
F( s1 pk;U«SZ q)

BEE ()€ v) = 1)

The previous formula let us introduce the formal k— Borel transform associated to the mono-
mial xPe? with weight (s1, s2), defined naturally by

BAI(:{Zz,sz) : xpkEQkC[[x>E]] - CH&UH

E (g " TPEEMTIR § an’/m+ / £ny™,
ns1/p+msa/q
n,m>0 nm>0 1’ (1 + = )

It follows that l’;’,gp (gi 52) establish a linear isomorphism between wpksqu(Sl pk,sa/qk) and

C{¢,v}. In particular, we see from (1-3) that the image of 2Rk RIPD ig contained in

1/k
C{¢,v}.

The reader may note that with the previous definitions we recover the formal Borel transforms
in P and €? introduced in Section 1.2.4 as particular cases by letting s; = 1, s = 0 and
s1 = 0, so = 1. However we don’t treat that cases here because in the analytic setting the
domains of the functions involver change drastically from the product of a sector and a disc

to monomial sectors.

Remark 2.1.1. If fo € O(V), V = S(d, 7/k + 2¢, R%), is bounded then f(z,¢) = fo(zPe?)
defines a bounded analytic function on Sy, 4(d, 7/k + 2¢p, Ry) and in this case

Bg@i@) (f)(&v) = Bi(fo)(Pv7),

for all s1,s9 > 0 such that s; + so = 1. In other words, the k—Borel transform associated
to the monomial xPe? with weight (s1,s2) reduces to a k—Borel transform for functions
depending only on zPe%. We point out that the same considerations and the previous formula
remain valid for the formal counterpart.

Remark 2.1.2. In relation with the process of weighting the variables introduced in the
previous chapter, we can relate the forgoing Borel transform with the classical one as follows:
consider a bounded function f € O(S, ), Spq = Spq(d, w/k+2€0, Ro), a point (xg,c0) € Spq
and s1, s9 > 0 with s1+s9 = 1. If we set f(z) = f(zsl/pxg, 232/‘160) then fdeﬁnes a bounded
function on S(d — arg(28el), 7 /k + 2e0, Ro), Ro = min{(Ro/|z0[?)!/*1, (Ro/|e0]?)"/*2} and in
this case

(ahed) B o) ()¢ P, ¢/1e0) = Bi(F)(C). (2-2)

Note that here B¥:? )(f) is only calculated on points (£,v) where £P/51 /y9/2 is constant

k,(s1,52

(the constant given by xg/a/&jg/sz).
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As in the case of one variable, the formal as well as the analytic Borel transforms satisfy
an interesting property sending a certain vector field into multiplying by a power of the
monomial. Indeed, the vector field rises naturally if we take the derivative of the integrand
w.r.t. the variable v in the above definition. This statement we state it as a proposition that
will be very useful in the applications to differential equations in the following chapter. The
proof is straightforward.

Proposition 2.1.3. Consider a bounded function f € O(Spq4(d, 7/k + 2¢e0, Ry)). Then

0 0
81(5(2,52) ((ngq)k (2 37]( 8(12 af)> (&) = k(gﬁvq)klg(p(zl ) ()& 0);

for any s1,s9 > 0 such that s; + so = 1.

Proposition 2.1.4. Consider a bounded function f € O(Sy4(d, m/k + 2¢9, Ry)) and t € C.
Then

(p.a) z € (ePv9)* 1a(pyg
Bk]?(zl,sﬂ <f ((1 _ t(xpgq)k)a/pk’ (1 _ t(xpgq)k)sz/qk>> (5, ) 6 ) Bk ,(s1,52) (f)(f, >’

for any s1,s9 > 0 such that s; + so = 1.

The formulas in the previous propositions are naturally related: the flow of the vector field
k
X = @ (81 m(% + %25%) is precisely given by

T €
) = (i (i)
Then we can deduce Proposition 2.1.3 from Proposition 2.1.4 by differentiating w.r.t. ¢t and
evaluating at ¢ = 0. These calculations can be justified using the linearity of the Borel
transform, the boundedness of the function f and the Dominated Convergence Theorem.
Besides in the variable t = 2P¢? the vector field X reduces to & k at, a fact that relates the
previous propositions with items (2) and (3) of Proposition 1.1.9.

In regard to the behavior of the Borel transform w.r.t the map an, we formulate the next
remark that will be useful in the forthcoming sections.

Remark 2.1.5. Let f € S be a formal power series and @, ¢, = B](cpgi 52)((xp5q)kf). Let us

write f = 3" anmae™, Tpq(f) = Ym0 fnt" and Tpa(Psy.00) = > ns0Pn". Then f, and
n are related by

on(&0) = () TBED (et )

q—1 p—1 oo

oo
Z Anp+m,ng+j gmvj + Z Z Anp+m,ng+j émvj'
j= m:OF(1+ +slm+22k]) m=0 j=q (1+ +slm+82j>
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Since f € § we know that all the f,, are analytic in a common disc Dg. Then we can conclude
that the ¢, are all entire functions. We can go further and check from the last expression
that there are constants L, M’ > 0 independent of n, but depending on p such that

LanHp M’ pk/s1 |y|ak/s2
[ion (€, 0)| < o=l gM max{[EPEEL 2 (2-3)
I(1+%)

for all (¢,v) € C? and all n € N. Here ||f,]|, = SUP (¢ 1)e D2 | fn(&,0)].

We collect in the following proposition the main properties of this Borel transform, such
as the exponential growth and its behavior w.r.t. monomial asymptotic expansions. We
remark that the first two parts of the following proposition are properties similar to the
classical Borel transform. However statement (3) below provides asymptotic bounds plus an
exponential term that will help us understand how to use the forthcoming Laplace transform.
The proof of (3) is based in a proof of the behavior of a generalization of the Borel transform
for many variables taken from [S].

Proposition 2.1.6. Let xPc? be a monomial and I > 0 be a positive real number. Consider
f€0(Spq), Spg=Spq(d, m/k+ 2€0, Ro) as before. Then the following statements hold:

1. If f is bounded in each monomial subsector of Sp,, then g = B](Cpéz 52)((acp5q)kf) is

analytic on Sy 4(d, 2€p, +00), and for every subsector 11, 4 € Sy, 4(d, 2€0, +00) of infinite
radius there are constants C, M > 0 such that

!g(f,v)\ < CeMmaX{Iﬂpk/SI’|U|qk/52},
for all (§,v) €11, ,.

2. If f Ngz;}q) f on Spq and § Bg(gi’s?)((xpaq)kf) = ano gn(&,0)(EPVT)™ then

(P9)
g ~1/k 9,

on Spq(d,2e, +00), where 1/k =1/l —1/k if | <k and 1/k = 0 otherwise.

3. Furthermore, if the hypotheses of (2) hold, then for every monomial subsector 11, , €
Sp.q(d, 2e0,+00) of infinite radius there are constants B, D, M > 0 such that

N-1
g(ﬁ,v) o Z gn(é-’v)(gpvq)n < DBNP(]_ + N/K})‘é-p’l)q|N€MmaX{‘§|pk/51’|U|Qk/32},
n=0

for all (§,v) €11, 4.
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Proof. First note that it is enough to establish the bounds for sector of the form S, 4(d,2¢,r),
with 0 < € < €y and 0 < r < 4o00. Also it is enough to prove statements (2) and (3) because
statement (1) can be seen as a particular case of (3) by setting N = 0. The key point of the
proof relies on choose adequately the radius of the arc of the path ~ in the definition. Let

Y =7+ 72 — 73 given by:
i. 41 parameterized by 71 (p) = pel(™/2th(e=<)/2) > R
ii. o parameterized by v2(8) = Re¥, |0] < 7/2 + k(e — €')/2,
iii. 3 parameterized by v3(p) = pe {/2Hh(e=€)/2) " > R

where 0 < ¢ < € < ¢y and R will be chosen appropriately so that if (§,v) € Sy 4(d,2€¢,r)
then (Eu=*1/Pk vu=2/9%) € S, (d,m/k + 2¢, Ry/2) for all u on 7.

Note that if T}, ,(f) = > >0 fn(x,€)t" then

gn(&,v) = (V) TBIY | (aP)EE ).

Also without loss of generality we can assume that the f,, are analytic on Dg,(0)%.

We know that, by hypothesis (2) there are constants C, A > 0 such that
=3 fal@.e)(@Pet)"| < CANT(L + N/D)[ameY, (2-4)

for all (x,¢) € Spq(d, 7/k + 2¢, Ry/2) and all N € N.

If we set a = sin(k(e — €’)/2)/2 and with R to be chosen and using inequality (2-4), a direct
estimate shows that for all (§,v) € Sy 4(d,2¢,r) and all N € N we have

Z gn(&, ) (EPv)"

N-1
1 o
il —s1/pk —s2/qky _ —s1/pk —s2/qk\ (¢, g\, —n/k | €
s / (f(fu U 3 (e o () ) o

n=0

C D,,q| N —2aR
< —AND(L+ N/1) 'i;v/k (6 = +eR). (2-5)

For N = 0 we are denoting C' = Cc = sup{|f(z,¢)| | (z,€) € Spq(d,7/k + 2¢,Ry/2)} < +00.

To prove statement (2) (i.e. for r < 400) it is enough to take any fixed ro > 0 and choose
R > max{(2ro/Ro)"/*1, (2ro/Ro)*/*2}. Since it is enough to establish the corresponding
bounds for large N we can suppose N is large enough and take R = N/k. Then it follows
from Stirling’s formula that there are constants C, A > 0 such that
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ISR

N-1 - ~~nT(1+ NJI)
ol60) = X an(e. o))" < O

for all (§,v) € Spq(d,2¢, 7). One last application of Stirling’s formula leads us to the result.
To prove statement (3) we just need to bound (2-5) for (§,v) € Sy, 4(d, 2€/, +00)\Sp 4(d, 2€', 7).

Take R; and Ry with Ry, Ry < Ro/2 and let R(&,v) = max{(|¢[P/R1)¥/*, (|u|9/Ro)¥/*2}.
The following inequalities are clear ((2-6) follows from (1-4)):

£pyalk
e < RlEw) (2:)
@ k/s1 M k/s2 ]
R(&,v) < 7 + Ry < 2R(&,v). (2-7)

If we use R = R(§,v), inequality (2-5) is valid for those (§,v). Using (2-6) and (2-7) it is
straightforward to check that (2-5) is bounded by

—a(|€P/Ry)F/ 51 —allole /R YR/52
gANF(l + N/D)RY Ry ey + llelP/R)M et/ 4 ol Ry o2 |
' (el/R)" (ol Ro)"

(2-8)

Then it is enough to prove that for k, a, s > 0 and p > rg > 0 there exist constants L, K, M’ >
0 such that for 7 > ryg and N € N we have

—a(r /)" : LKN .
— N|[€ (r/k/s ) ~ N M'Tk/s )
h(N,7):= inf ¢ ( 0k +e > _F(l—i—Ns/k)T e . (2-9)
k

Indeed, if t =71 (m)s/k < p we can use this ¢ to bound

N k sN/k e—asN/k N/k
h(N,T) < — —— 4’
W= (o) (G o)
and an application of Stirling’s formula lead to the result in this case. On the other hand, if

T (SLN)S/]C < p, that is, if rév < pN <N (L)SN/k

N , we can use t = rg to get

)

sN/k
h(N,T) S 270(])\]6(7/T0)k/s S 27_N (I;V> eM/Tk/S
S

where M’ =1/ rg/ ®. Again, an application of Stirling’s formula let us conclude (2-9).
Finally, returning to inequality (2-8), since Ry and Ry can be arbitrarily small, inequality

(2-9) can be applied to 7 = [P, s = s1 and to 7 = |v|%, s = s2 to conclude that there are
large enough constants D, B > 0 such that
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N-1
_ Py | < DBN D, | N oM (|E[PF/ 21 +|v]a%/52)
for all (§,v) € Spq(d,2¢,400) \ Spq(d,2€,70) and M = max{l/rg/sl, l/rlg/sz}. Since s1 +
sg = 1 we can use Stirling’s formula to finally conclude the result.
O]

Remark 2.1.7. In this section we have considered the k—Borel transform associated to a
monomial zPe? with weight (s1,s2) of functions defined on monomial sectors in the same
monomial, with adequate opening. We can also analyze the case when the domain of the
functions is a monomial sector, for another monomial. More specifically, let f € S, ,(d, o, Rp)
) to f, where [ > 0 and

75,2)

be a bounded analytic function and let us try to apply Bl(zz’s,,q
81
sh+s5=1,s],s5>0.

Following the definition of the Borel transform, we see that if
Li,p, .4 Liop .4
Oé:l<81p/+52q/ —}—2607 0<€0<7 51?‘}‘82? y

j€P'/o1 J]t"t/%

and if we take a Hankel path with a radius |u| > max{ } and arguments

/ R) / 7
p'l/psy q'l/qsy
Ry Ry

-1 ’oot
satisfying |arg(u)| < § + eol (5’15 + ség) , then Bl(,zZs”f,zg)(f) is defined and analytic on
Sp,q(d, 2¢€p, +00).

We can adapt Proposition 2.1.6 to this case. If f is taken as before then we can calculate g =
(pqu/) Mnlax{lf‘p/l/sll7|U‘q/l/s’2}‘

(s o, )((:Eplsql)lf) and it will have exponential growth of the form Ce
(51,82

/

If additionally f NE’;’,Z) f on Sp.q(d, o, Ry), a as before, and g = lg’l(’z;’fs)é)((mplsq/)lf) =

ano gn(&,0)(EPv)™ then

(P9)
g ~1/k 9,

on Sy 4(d, 2€g, +00), where 1/k = 1/k — 1/l (s\p/p’ + shq/q') if this quantity is positive or
1/k = 0 otherwise (in the last case, ¢ is convergent). Furthermore, for every monomial
subsector II, , € S 4(d,2¢p, +00) of infinite radius there are constants B, D, M > 0 such
that

N-1 1y 1y
g(§7U) . Z gn(g’ U)(épvq)n < DBNF(l + N//i)|§pvq|NeMmax{‘g|P l/517|v|q t/ 2}7
n=0
for all (§,v) € 11, 4.

The proof of the above statements is, up to minor modifications, the same as the proof of
Proposition 2.1.6 and it will not be included here.
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2.1.2 Laplace transform

Definition 2.1.2. Let s1, s2 > 0 such that s; + so = 1 and « € R such that |a| < 7/2. The
k— Laplace transform associated to the monomial xPe? with weight (s1,s2) in direction « of
a function f is defined by the formula

k.o, (s1,52

£ )(f)(m,e) = (xpeq)k/o f(xusl/pk,eu”/qk)e*"du.

We are going to restrict our attention to analytic functions f defined in monomial sectors
of the form II, 4(a,b,+00). One may be tempted to impose an exponential growth on f
of order k in the monomial zPe?, i.e., to suppose that |f(&,v)| < CeBl="<l* on the sector
I, 4(a, b, +00). But since the sector has infinite radius we would conclude from Proposition
1.2.19 that f is a function depending on zP¢? and this will restrict our scope significantly.
Instead and as it is suggested by the corresponding Borel transform, a natural condition to
impose on f is having an exponential growth of the form

|f(.§,v)| < CeBmaX{‘apk/sl7‘11‘(116/82}’ (2_10)

valid for all (§,v) € 11, 4(a, b, +00) and some constants B, C' > 0. In particular f is bounded

at the origin. In such case, El(gp’;)(ﬁ 52)(f) is defined and analytic on the domain Dy, o(a, b, B)

defined by the conditions

a—afk < arg(2Pe?) < b— a/k, Bmax{|z[PF/* |e|?*/*2} < cosa.

Note that by changing the constant B in (2-10) we can replace the term max{|[PF/s1 |v|9*/52}

by |€|PF/51 + |v|9%/52 and vice versa. We also note that by changing the direction a by £ we
(p,9)

k,a,(s1 )52)
i.e. when | —a| < k(b—a), a fact that follows directly from Cauchy’s theorem. This process

obtain an analytic continuation of £ (f) when the corresponding domains intersects,

leads to an analytic function Eip (z)l 32)( f) defined in the region

U Drala,b,B).

la|<m/2

As an example we can consider f(z,¢) = 2", A\, u € C, Re(\), Re(u) > 0. Then using the
integral formula for the Gamma function we obtain the expression

, As1/p + ps2/q
L e e R (2-11)
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As before we define the formal k— Laplace transform associated to the monomial xPe? with
weight (s1,2), as

£ ) CllE V)] — aP*et*Cllz, ]

7(51782
Z o Z anml (1 + W) Pk meak

n,m>0 n,m>0

We see that £P9 s nothing but the inverse of BP9 We will prove later the analytic
k,(s1,52) k,(s1,52)

counterpart, i.e., El(cp (Z)l 5) and B,ip (gz 5p) ATC inverse one of another. Before we do that we
need some information about series such that the formal and analytic Laplace transforms

coincide an establish the analogous remarks to Remark 2.1.1 and Remark 2.1.2.

Remark 2.1.8. If fy € O(V), V = V(a,b, +o0), has exponential growth of order at most
k on V, say |fo(Q)] < CeBII" then f(&v) = fo(EPv9) defines an analytic function on
11, 4(a, b, +00), due to inequality (1-4) it has exponential growth as in (2-10) for all 1,59 > 0
such that s1 + s9 = 1 and in this case

£l (F)(w,e) = Lilfo) (a7e).

Expressly, the k—Laplace transform associated to the monomial xPe? with weight (s1, s2)
reduces to a k—Laplace transform for functions depending only on xPc?. We mention that
the same considerations and formula remain valid for the formal counterpart.

Remark 2.1.9. Consider a function f € O(Il,,), II, ; = II,, 4(a, b, +00), with exponential
growth as in (2-10). Fix a point (§p,vo) € II, , and weights sq1,s2 > 0 with sq + s9 = 1. If
we set f(¢) = f(C5/P&, ¢5/90) for ¢ € V = V(a—arg(ahel), b— arg(ahel), +00) then f has
exponential growth of order at most £ on V' and in this case

(€)LD (N Pg, 22/ 10g) = Li()(2). (2-12)

As usual the expression on the left is only calculated on points (z,e) where 2P/ /£9/52 ig
constant.

Remark 2.1.10. Let f = Y nm>0 Anm&MV™ = 37 50 fu(§v)(EPv?)" be a formal power

(p,q)

F(s) 52)(f) is a convergent power

series. A necessary and sufficient condition on f so that £
series, is that there are constants C, A > 0 such that

CAn+m
r (1 + nsl/p‘;m52/Q> ’

‘an,m‘ <
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for all n,m > 0. This is equivalent to say that f defines an entire function f with an
1,9

(zPe2)k ~k,(s1,52)

(f) as Taylor’s series at the origin.

exponential growth of the form (2-10). Then (f) exists, it is analytic in a

1 ﬁ(p,q)

(zPed)k ~k,(s1,52)

polydisc at the origin, and it has

Now assume that there are constants [, B, D, M > 0 such that the family of maps f, are
entire and satisfy the bounds

|fa(§,0)| < DB'T (1 + %) M max{lelP /o fulet/ 22}, (2-13)
for all (¢,v) € C2. This is equivalent to require that the coefficient of f satisfy bounds of
type
r(1+7%)

r(1+ 242

. np+ng+m-+j
|@np+mng+j| < KL I

for all n,m,j € N with m < p or j < ¢ (recall formula (1-6)) and some constants K, L >0 .

Thus we can conclude that f € (C[[f,vml;’lq), Wﬁg(gisﬂ(f) € C[[ﬂs,e]]gz;ﬂl/k, all the

(p.a) (fn) are analytic in a common polydisc centered at the origin and

maps Ek’(shsg)

ﬁl(ﬂz?g)l,sz)<f) - Zﬁgg)l,w)((gpvq)nfn)'

n>0

We focus now in the behavior of the Laplace transform w.r.t. monomial asymptotic expan-
sions. The reader may note that the hypotheses required may seem restrictive, but in fact
those appear naturally when we compare with maps coming from the Borel transform.

Proposition 2.1.11. Let f € O(II, 4(a,b,+00)) be an analytic function. Suppose that the

following statements hold:
1. f Ngl;’f) f on I, , =11, 4(a, b,4+00), for some 0 < 1 < 4o0.

2. If Tpg(f) = D >0 [nt", then every f, is an entire function and there are constants
B,D,K > 0 such that
Jnl€0) < DBT (14 ) e mastier™ o et
9 — l 9
for allm € N and for all (¢,v) € C2.

3. For every monomial subsector ﬁp,q € II, ; there are constants C, A, M > 0 such that
for all N € N

< CANT(1 + Nj1) gtV M max{lel/m ulo4/2),

N—-1
F(&v) =Y ful&0) (0"
n=0
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for all (&§,v) € ﬁnq-

(p.a) (p:a) ¢
Then ({l‘pi‘q)kﬁkpj(ZhSQ)(f) Nl?lg—i-l/l (mpiq) k(51 s2) (f) on U|a\<7r/2 Dy o(a, b, M).

Proof. To simplify notation we are going to write R(£,v) = M max{|£[PF/s1, |v|9*/52}, We
note that hypothesis (3) for N = 0 is interpreted as f having exponential growth as in (2-10).

Let h(z,e) = 1 _ppa) (f)(z,e) and write T}, (%ﬁ(p’q) )(f)> = D >0 hnT

(zPed)k ~k,(s1,82) (zPe)k ~k,(s1,52
Then, as a consequence of statement (2), we can use the last part of remark 2.1.10 to

conclude that

n 1 ) n
in{, €)(7e)" = (xpsq)kﬁg(zi,sz)((fpvq) Fn),

and additionally that 31 52) (f) is (1/k + 1/1)—Gevrey in the monomial zPe9.

1
e -

Now fix « such that |a| < m/2. It is enough to prove the result for subsectors contained in
Dy, o(a,b, M). If we take one of those proper subsectors II, 4, we can find § > 0 small enough
such that

R(z,e) < cosa — 4,

for all (z,e) € M,,. Now let II,, € II,, such that (zus/Pk eus2/®) € 10, , if (x,¢) € T,

)

and u is on the semi-line [0, e’*c0). Using statement (3) for ﬁp,q we see that

N-1

h(z,e) — Z hp(x,€)(xPed)™

n=0

%0 N-1
/ <f(xusl/pk,5us2/qk) - Z fn(xusl/pk75u32/qk)(xp5q)"u”/k> e “du
0

n=0

+oo

< CAND(1 4 N/ aPet|N pN ke d)
0

C AN

== 5N/kr(1 + N/DT(1 4 N/k)|zPe?|N,

E(P q)

k,(s1,52)

(f) (P 1 E(p Q) (f) on

for all (z,¢) € I, ,. We can conclude that W k1)1 Garen)F

U|a|<7r/2 Dy, o(a,b, M) as we wanted to show.

Remark 2.1.12. As in the previous section, we can also consider the Laplace transform for
a monomial and some weights but applied to functions whose domain is another monomial.
More specifically, let f € 1I,,(a,b,+00) be an analytic function and let us try to apply

[’l(( ))tof,wherel>()and81+82—1 sh, 85 > 0.
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If we require that f has exponential growth |f(£,v)| < CeBmax{lel Yool 1/52}, then for each
a with |a| < 7/2, L’l(pa ’?82 o )( f) will be defined and analytic in the region given by
,0, (87,89

Bmax{|z|[P'/*1 | |e|752} < cos(a),
P <s’1p/ + 5’2q/> a < arg(aPe?) < b— ! (s’lpl + sé%) a,
AN q L\ "p q

and varying « we obtain an analytic function defined in the union of those regions.
If additionally f N%) f on I, , =11, 4(a, b, +00), and f satisfy the requirements:

1. If Tp’q( f) = D u>0 [nt", then every f, is an entire function and there are constants
B, D, K > 0 such that

|fn(§ﬂ))| < DB"T (1 + %) eKmax{\ﬂpll/si7|U|q’l/s’2},
for all n € N and for all (§,v) € C2.

2. For every monomial subsector ﬁp,q € 11, , there are constants C, A, M > 0 such that
forall N € N

N-1 1y 1y,
f(g,U) . Z fn(é,U)(é-pUq)n < CANF(l + N/k)|§pvq’N€MmaX{|£|P l/Sl,\U\q v 2}’
n=0

for all (&,v) € ﬁp,q.

1 (r'.q") (P9 1 p0d) (f
then we can conclude that (mp,sq,)lﬁh(sllysé)(f) 1/k+1/1(s,p/p' +54a/q) (mplsq/)lﬁlv(siﬁséﬂf) on
the corresponding monomial sector in 2Pe?. The proof of the above statements is, up to

minor modifications, the same as the proof of Proposition 2.1.11 and it will not be included.

We finish this section proving that the Borel and Laplace transforms, introduced above,
are inverse one to the other. To do so, we need the following lemma corresponding to the
injectivity of the Laplace transform.

Lemma 2.1.13. Let f € O(Il, 4(a,b,4+00)) be an analytic function satisfying the bounds
lf(&v)| < CleBmax{g[P/ 1 ojt/s2} Gy domain, for some positive constants C,B. If

El(czfig)l,@)(f) =0 then f =0.
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(p,9)
k707(
= 17", 0 <7 < 1. Then from hypothesis we obtain the equality

Proof. Take any n € N*. In the integral expression defining £ 51,52) (f) perform the change

of variable e™%

/01 7 (2 n(1/77) /7% 2 (1 /7)) 7~ Lar = o,

valid for all (z,¢) satisfying a < arg(zPe?) < b and B*/*|z|P < 1, B%2/F|g|? < 1. Fix one
point (zg,ep) satisfying those conditions. To show that f(xg,£9) = 0 note that the points
(z0/(2n)51/PF 0/ (2n)%2/9%) also satisfy the previous requirements and as a consequence we
obtain that

1
/ g(1)T™" 2dr = 0, for all n € N*,
0

where g(7) = 7f (:1:0 (In(1/7)/2)% /7% & (ln(l/T)/Q)SQ/qk>, for 0 < 7 < 1. From the growth

conditions on f we see that |g(7)| < C7'/2. Then taking g(0) = 0, g defines a complex-
valued continuous function on the interval [0,1]. By Weierstral approximation theorem
we can find a sequence of polynomials (P, (7))men that converges uniformly to g on [0, 1].
Since we have shown that fol g(T)P(1)dr = 0 for any polynomial P, we conclude that
fol Re(g)(7)%dr = fol Im(g)(7)%2dr = 0. It follows by continuity that g(7) = 0. Finally
evaluating g at 7 = e~2 we see that f(xg,c0) = 0 as we wanted to show.

[

Proposition 2.1.14. Let kK > 0 be a positive real number and d be a direction. Let f €
O(Spq(d, m/k + 2€0, Ro)) be a bounded analytic function, where 0 < ¢y < w/k and Ry > 0.
Then

o BED (aPe)E f)(x,e) = (a7l f(w,e),

k,(s1,82) "k, (51,82

for all (x,€) in the intersection of the domains.

Conversely, if g € O(Il, 4(a, b, +00)) in an analytic function with exponential growth of the
form |g(£7 'U)| é CeBmaX{lﬂpk/sl7|U|qk/52} then

BED LD (9)(E ) = g(&,v),

for all (§,v) in the intersection of the domains.

Proof. Set g = B,(gp(’zz 82)((xpeq)kf) and take 0 < € < ¢y. By Proposition 2.1.6 we can ensure

the existence of a constant C' > 0 such that |g(§,v)| < CER(QU)’ where
R(¢,v) = max{(2[¢[P/Ro)*"*", (2|v|?/ Ro)*/*},

for all (&,v) € Sp4(d,2€',+00). For a fixed a with |a| < /2, we see that £ (g) is

k’a7(51732)
well-defined and analytic for (z,¢) satisfying
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larg(zPe?) — d + a/k| < €, R(z,€¢) < cosa. (2-14)

Following the definitions we see that for those (x,¢)

xpgq 6 OO
£ e = | L

where for each u on [0,e"c0), v can be taken as v = —qy3 + 72 + 71 with: ¥ (p) =
pei(”/2+k(€0'*f/)/2), v3(p) = pefi(ﬂ'/2+k(60—6/)/2)7 o> R(xusl/p?gusz/q) = R(z,¢)|ul and 72(#) =
R(z,e)lule®, |6] < 7/2 + k(eo — ) /2.

For a fixed u, we can perform the change of variables w = wv™! in the inner integral.

Then ~ is transformed into 7 = 3 + 72 — 71 where 7, (r) = retla—m/2=k(co—€")/2) Y3(r) =
retlo+m eo—¢’ 0<r<1 x.¢e) and ~ = etla— x. e <m/24 k(eg—€)/2.
i(atm/2+k( )/2) < 1/R(z,¢) and 35(0) ( ‘9)/R( ,€), 0] <7/ k(eo—€)/

We remark the following properties of 7:

i. 7 is independent of wu.

ii.. If w is on 7 then Re(e®/w) < cosa . Indeed, if w is on J then Re(e!®/w) =
R(z,e)cos0 < R(x,e) < cosa due to restrictions (2-14). If w is on 77 or 43 then
Re(e'®/w) = —sin(k(eg — €)/2)/r < 0 < cos a.

iii. The point 1 is inside the interior of the region bounded by 7.

With the change of variables we obtain that

: GO K K —
E’(flj(zi,w)(g)(w’g) T 2m 0 —if(xwﬁ/p ’EwSQ/q )eww ugdu.
Since 7 is independent of u, we can apply Fubini’s theorem to interchange the order of the
integrals, then use (ii) to calculate the inner integral and use (iii) and the Residue theorem

(and a limiting process) to conclude that

21 w

D q eiaoo d
Lo @) = O / CTRl ( / e“/w“du>“’

dw

wpgq / f( $w81/pk EwSz/qk)

(:Up€q) flz,e),

as we wanted to prove.

The last part of the proposition follows immediately from the previous lemma. O
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2.1.3 The convolution product

In our context there is also a convolution between functions, that shares similar properties
with the classical one, and that we develop in the following lines.

Definition 2.1.3. Let k, s1, so be positive real numbers such that s;1 +so =1 and let f,g €
O(II,4) be analytic functions on a monomial sector in zPe?. The k — (s1, s2)—convolution
product of between f and g in the monomial xPe? is defined through the formula

(f # (s 52 9)(z,e) = (aPe?)* /1 Flar VPR ers2 /i) (1 — )" /PF (1 — 1)/ )dr.
0

It is clear from the above formula that f *(p 9

52)9 is also an analytic function defined on II,, 4.
Also it follows from the above definition and some calculations that this binary operation is

linear in each variable, commutative and associative.

As an example, we can calculate with the aid of the Beta function the convolution between
two monomials plus an exponential term in (zPe?)*: if ¢ € C and A1, Ag, 1, po € C have
positive real part then

x>‘1 eh 6c(:s”z—:q)k'

( At S u1+1)

k k
(70) A2 k2 ec(zPe?) g2 +pk o +h2+qk c(zPel)

k,(81782)

D(Sh+ G +1) T (500 + %)+ 500 +p2) +2)

We highlight in the next proposition the main property of the convolution: the k—Laplace
transform associated to the monomial xPe? with weight (s;, s2) transform this convolution
into the usual product.

Proposition 2.1.15. Let f,g € O(Il, ) be analytic functions on a monomial sector in xPed
of infinite radius. Suppose that f,g have exponential growth as in (2-10), say

|[f(@,e)] < CreP ) g(a,e)| < Coe 09 Rz, e) = max{|a[P*/*1, [e] /52 },

for all (z,¢) € 11,4 and some positive constants Cy1,Ca, By, Ba. Then [ % pq 52) 9 has also
exponential growth as in (2-10), its k— Laplace transform associated to the monomzal xPed
with weight (s1, $2) is well-defined and satisfies

cl? (D o) we) = L0 (N,e) - £ED | (9)(w,e).
Analogously, if F,G € O( p,q(d, w/k + 2¢, Ry)) are analytic functions then

(p.9) ( ! (
BED (F-G)(Ev) =B (F)(€w)+F0  BID (G (€ w).
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Proof. Since B,(Cp (Zi 52) and El(vp (Z)l 5p) ATC inverses of each other, it suffices to prove the first

part of the proposition. Set h = f *,(f &Z)s2) g. Using the exponential growth of f and g it
follows immediately that

h(2,€)| < C1Cs|aPelFePR@E) < C1CyR(a, £)ePRe),

where B = max{Bj, B2}. This proves the first statement. To verify the second one, note
that

e*“oco

E](.;;Zj;z)(sl,sﬂ(h)(ﬂ?,e) = (mpetJ)k/O h(mu81/pk,€u82/qk)€_udu

e'%co  pl

=t [T [ ety I, ) g (= ) 1 = 7)) e
0 0

:(xpgq)Zk/e 00/6 OOf(xvsl/pk,gvSQ/qk)g(stl/pk,aw”/qk)ef(w“w)dvdw
0 0

=70 (Nwe) £ (9)(w,e),

where we just performed the change of variables v = ur, w = u(l — 7), or equivalently
u=1v+w, 7 =v/(v+w) that establishes a diffeomorphism between (0,e**cc) x (0, 1)
and (0,e*c0) x (0,e"o0) and used that udrdu = dvdw. This concludes the proof of the
result. O

2.2 Monomial Borel-Laplace summation methods

The goal behind the study of the Borel and Laplace transforms of the previous section is
to give another characterization of monomial summability. As in the classical case we can
define a summation method based in the above Borel and Laplace transforms and we will
see that it turns out to be equivalent to monomial summability.

Definition 2.2.1. Let £ > 0 be a positive number, s1, s3 > 0 such that s; +s3 = 1 and zPe?

a monomial. Let f be a 1/k—GCevrey series in 2Pe? and set (g, 5, = Bz(figi 82)((x7’5‘1)kf). We

will say that f is k — (s1, s2)—Borel summable in the monomial xPe? in direction d if P, ,
can be analytically continued, say as ¢, s,, to a monomial sector of the form S, 4(d, 2¢, +00)
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having an exponential growth of the form |ps, s, (&, v)| < DeM max{[§[PE/ 1 [0]T/52} fo1 some
constants D, M > 0. In this case the k — (s1, 5o)—Borel sum of f in direction d is defined as

1
2:6) = e i (Pon) )

Let us compare this notion with a k—summability in a monomial xP<? in a direction d.
Indeed, fix any s1,s2 > 0 such that s; +so =1 and let f € R(ll;’lg)d be a formal power series,
k—summable in the direction d, in the monomial 2Pe?. Let f € O(S, 4(d, 7/k+2€, Ry)) be an

analytic function such that f Ngzj’;j) fon Sp.q(d, m/k+2€, Ry). Set g, s, = B](Cp(’gz 52)((a:p£q)kf)

and @5, s, = 315:17633782)((1.]?8(])]6]6)

Since f is 1/k—Gevrey in 2Pe?, we see that by the contention (1-3), Dsy.s, 18 a convergent
power series, say on D2. We can apply statement (2) of Proposition 2.1.6 to conclude
that g, s N(()p’q) Dsy,s ON Sy 4(d, 2¢,+00). This two properties imply that ¢, 4, coincides
with the sum of @, s, in the intersection S, 4(d,2¢,+00) N D2. Since s, s, is defined on
Sp.q(d, 2¢, +00) and has exponential growth as in (2-10), we can express those facts by saying
that the sum of ¢, s, can be analytically continued with exponential growth as in (2-10)
to Spq(d,2€,4+00). Therefore fis k — (s1, s2)—Borel summable in the monomial zP¢? in
direction d and thanks to Proposition 2.1.14 both sums coincide.

Conversely, let f be k — (s1,s2)—Borel summable in the monomial xzP¢? in direction d and
let ¢g, 5, be the analytic continuation of ¢y, s, to Sp4(d, 2e, +00), with exponential growth
sy.50(€,0)] < D'eMBEEY) a5 in the previous definition. Here as usual we write R(€,v) =
max{|€|PF/51 [u]78/52} . Also write Ty g(Ps1.00) = DopsoPnT"- Since we are taking f to be
1/k—Gevrey in a2Pe?, we can conclude from Remark 2.1.5 that all the n are entire functions
and there are constants D, B, M > 0 such that

lon(€,v)| < DB"eMEE),

for all (¢,v) € C? and all n € N. By enlarging the constants we may assume that D = D’
and M = M.

To be able to use the Laplace transform and in particular to apply Proposition 2.1.11, it is
enough to prove that there are constants C, A, M > 0 such that for all N € N we have

N-1
Pors2(6,0) = D on(&,0) (€09 < CAN|gPut| VMR, (2-15)
n=0
for all (&,v) € Sp.4(d, 2¢, +00).

Indeed, since @, s, is the convergent Taylor’s series of ¢s, s, at (0,0) then (2-15) is satisfied
for all |£], |v| < R for some R > 0. Additionally, due to the growth of the functions ¢, the
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series >, ~q ¢n(§,v)(§Pv9)" converges in every compact set where B|{Pv?)| < 1. Then @y, 5,
can be analytically continued there through this series. It follows that if B|{Pv?| < 1/2 then
inequality (2-15) is also satisfied.

Now, if (§,v) € Sp.q(d, 2€,4+00) the previous inequalities show that

N-1 N-1
Pa1,(60) = > (&, 0)(EPv9)"| < DeMEED) 1N DBTeryt|reMFEY),
n=0 n=0

If 1/2 < B|¢JP|v|? < 2 the last expression is bounded by

DeMEEY) 4 DN — 1)MBEY) = DaNMR(EY) < D(4B)N PN MRED),

On the other hand, if B|{[P|v|? > 2, we can bound by

BNEPuI N — 1 ype,

DeMREY) | p
€ + B|¢pui| — 1

’U) < DBN‘gpvq|NeMR(f,’U),
as we wanted to show.

Therefore we are in conditions to apply Proposition 2.1.11 to ¢y, 5., Ps;,s, and 1/1 = 0 to
obtain that

A~

L o O N (X
1(5:€) = ey Cninsn) Po152) Ui paayi Csnsan) (Porse) = 1

on U|a|<ﬂ/2 Dy o(d—€,d+¢€,M). In conclusion, f is k—summable in zP<? in direction d and
the k—sum can be found through the k—Laplace transform in zPe? with weight (s1,s2) of
the analytic continuation of ¢y, s, to a sector in 2Pe? bisected by d of infinite radius.

These considerations, joint to Proposition 2.1.14, prove the following theorem.

Theorem 2.2.1. Let f € R%g) be a 1/k— Gevrey series in the monomial xPe4. Then it is

equivalent:

1. fe Rg’;’,f,)d,

2. There are s1,S9 > 0 with s1+ s3 = 1 such that f is k — (s1, s2)— Borel summable in the
monomial xPe? in direction d.

N

3. For all s1,s9 > 0 such that s1 + s2 = 1, f is k — (s1,s2)—Borel summable in the
monomial xPe? in direction d.

In all cases the corresponding sums coincide.
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To finish this section we can provide a new proofs of formula (1-25) at the end of Section
1.2.4, of Proposition 1.3.1 and Proposition 1.3.3 using the monomial Borel-Laplace methods.

Recall that formula (1-25) provides a way to calculate the k—sum in xPe? in direction d of
a series f € Rgl;}g,)d
in say Spq = Spq(d,€,r) , take (z9,€0) € Spq and sq,s2 > 0 with s1 + so = 1. Consider the
variable z varying on S(d — arg(z5e?), €,7), 7 = min{(r/|zo[P)}/*1, (/|e0]7)/*2}. We know

by Theorem 2.2.1 that f can be calculated as

by weighting the variables. Let f be the sum of f in direction d defined

1
flae) = (:L‘Peq)kE’gj&g)lasz)(%l’”)’

where ¢, s, is the analytic continuation of Blgp {2752) ((2P£9)% f) to a monomial sector bisected
by d of infinite radius the required exponential growth. Then using formula (2-2) in Remark
2.1.2 we can conclude that By (2" f(251/Pxq, 2°2/94))(¢) can be analytically continued with
exponential at most k to a sector bisected by d—arg(zhed) of infinite radius by the expression
oo (€) = Psy.65(C°/P2g, (%2/9¢0). Then using formula (2-12) in Remark 2.1.9 we conclude
that

s s 1 , s s
f(Z 1/pw072 2/q€) = Zk(xlgeg)k£§€I,)(Z)1,sz)(§081,82)(z 1/px0,z 2/q€>

1
= ?Ek(‘;@m,éo)(z)a

as we wanted to show. This reasoning prove that the method of finding the sum by weighting
the variables as explained in the end of Section 1.2.4 is generalized and strengthen by the
monomial Borel-Laplace methods, since the first one only calculate the sum when z?/51 / g1/52
is constant.

The following reasoning is adapted from [M1]. Recall that Proposition 1.3.1 stated that if

f € jo;’]g) has no singular directions then f € R. Indeed, if f = apmz™e™ has no singular

directions for k-summability in 2P¢?, then by the previous theorem BP9 )((551”5‘1)’C f) defines

k,(s1,52
M(|g[PR/ 514 |v|k/52)

is an entire function with exponential growth Ce , for some constants C, M >

0. Then using Cauchy estimates, we see that for all Ry, Ro > 0 and all n,m € N we have

pk/s1 ak/so
nm e oMRY*Y MR}

nsi | msa\| R? RT

r (1 + ok + ok ) 1 2

Since the map = — eMxl/x”, | > 0, attains a minimum at z = (n/MI)Y!, if we choose
R = (nsl/Mpk:)Sl/pk and Ry = ('msQ/qu)SQ/qk, we see that

ns1/pk msa/qk
2Mepk 1+ nsy 2Meqk r(1+ msy '
nsy pk msa gk

|an,m‘ < C
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Then an application of Stirling’s formula in each term in brackets leads us to the conclusion.
Note we have used the inequality T'(1 + a + b) < 297°T(1 + a)T'(1 + b), valid for all a,b > 0.

Finally, Proposition 1.3.3 established that R§};£)d = R%Z’%? for all p,q, M € N* and all
directions d. The assertions also follows from the previous theorem by noting that for any

s1, 82 > 0 such that s; + so = 1 we have

(p,9) _ (Mp,Mq) (»,9) _ p(Mp,Mq)
k,(s1,52) Bk/M7(51:52)7 Ek,(shsz) - Ek/M,(sl,SQ)’ (2'16)

as well as for the corresponding formal transformations.

2.3 Monomial summability and blow-ups

In this section we shall explore the behavior of monomial asymptotic expansions under
point blow-ups. We only analyze what happens when we compose a given series of some
Gevrey type in a monomial or summable in a monomial with the usual charts of the blow-
up of the origin in C?. As expected the value of the Gevrey type and the parameter of
summability is conserved but the monomial change depending on the chart. This result will
be a fundamental tool that provides examples of non-summable series for any parameter and
any monomial, see Chapter 4.

As in Section 1.2.2, we consider the charts of the classical blow-up at the origin of C2:
w1, me : C2 — C2, given by 71 (z,¢) = (2¢,¢) and ma(w, ) = (z, x€).

Lemma 2.3.1. Let f € Rbea formal power series. Then the following assertions are true:
1. fER if and only z'ffom € R if and only iffom € R.

2. f € Rgp’q) if and only iff oT € Agp’“‘” and f oy € f?ngrq’Q).

Proof. We only prove the nontrivial implication in the second statement. Let f = apmre”
and write f(ze,e) = > Gy €™ where aj, ,, = 0 if m < n and aj, ,, = apm—n if m > n.
Assuming there are constants C, A > 0 such that |a,,| < CA™T™ min{n!*/?, m!¥/4}, for all
n,m € N, then by inequality (1-4)

|| < CA™ min{nl*/?, (m — n)1*/1} < CA™nI/P(m — n)I*=0/1,

for m <mn and for all ¢ such that 0 <t < 1. If we take t = p/(p + ¢) then

|ay, | < C A1 PFD) (y, — )19/ 4D < C AT 18/ (4 0)
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Rgp,erq)

This inequality let us conclude that f om € , as we wanted to show. The proof for

9 is analogous. O

Proposition 2.3.2. Let f € Rl/k)d be a k—summable series in xPe? in direction d with sum

f. Then f om € Rg/fji_q , f oy € Rgﬁ_‘fiq) and have sums f oy, fomy, respectively.

Proof. Despite the fact that using the characterization of having asymptotic expansion in
aPe? given by Proposition 1.2.21 the proof follows immediately (if (fn) is the family of
analytic bounded functions that provide the asymptotic expansion to f then (fy o ;) will
provide the asymptotic expansion to f o, j = 1,2), we want to give a proof based on the
monomial Borel-Laplace methods.

We only write the proof for 71, the proof for mo can be done in the same way. Consider s1, so
real numbers such that 0 < s1,s2 < 1 and s+ s2 = 1. If we also request that s1 > p/(p+q),
or equivalently s2 < q/(p + q), then

D+ qs p p+q

1— —, SS9 =
q g ° q

s = 52, (2-17)
will satisfy 0 < s}, s, < 1 and s} + s = 1. With these numbers it is straightforward to check
that

BEZH) (1)t faz. )€ 0) = BED | (a929)* (. 2)) (v, v).

7(81 »S2

If f is k—summable in 2P¢? in direction d, then by Theorem 2.2.1, it is k — (s, s2)—Borel
summable in the monomial zP¢? in direction d, for all s1, s9 > 0 with s34+ s2 = 1. Fix (s1, s2)
satisfying the conditions of the previous paragraph. If ¢ s, = BY; (Zi 52)((xpsq)k f(z,¢)),
then it can be analytically continued, say as s, s,, to a monomlal sector of the form

Sp.q(d, 2€, +00) having an exponential growth |¢s, s, (&, v)| < DeM max{|gPE/=1 v|a/52}

Set '&5’1,3’2 = B,g (’5,4'32)((33P5p+q)kf(335 g)), where s} and s), are given by equation (2-17). We

remark that (§,v) € Spp1q(d,2€,400) if and only if (€v,v) € Sy 4(d,2€,400) (there are no
restriction on the norm of the points). Since wsD% (&,v) = s, 55 (§v, V), it follows that 1/33'1,5’2
can be analytically continued to Sp,p14(d, 2€, +00), by the formula 1y o (§,v) = @5, s, (€0, V).

To determine the exponential growth of 1/18/1 s,» We may use inequality (1-4) to see that

€0l < max{gpH/ e, o/ 0,

for all 0 < t < 1. If we take tp = 1 — psa/qs1, the condition impose on s; implies that
0 < tg < 1, and with this value we see from (2-17) that

J€0lP/*t < max{ IR/, o %,
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Thus ¢y o satisfies

[y o1 (€, 0)] <DEMUEUI/t4uI/2)

J6IPR/ | (k52 )

Y

< D62M<

for all (§,v) € Spptq(d, 2¢,+00). The previous reasoning joint with Lemma 2.3.1 prove that
f(ze,e) is k— (s}, sh)—summable in the monomial 2PeP*? in direction d and therefore f(xze,¢)
is k—summable in the monomial 2”4 in direction d.

Since the corresponding sum f of f can be calculated as f(x, ) = (l'plq)k El(f&g)l 52) (Ps1,50) (T, €)

then the k — (s}, s5)—Borel sum in the monomial 274 of f o 7 and therefore its k—sum
in the monomial xPeP*? is given by

1 ) + eieo ! —
ngé,lgi)(qz,s,lﬁsé)(x,g) :/0 g o (USSP, o2 POy

= /8 o] Ds1 .59 (xgul/k(sa/p+8/2/(p+q)),EUSQ/(p+q)k)e_udu
0

e'“oco
g / (7081752 ($Eusl/pk’ €u82/(p+q)k)€_udu
0

= f($€,6) - f Oﬂl(xag)a

as we wanted to show.

We want to finish this section giving a quick applications of blow-ups by proving again one
of the cases of tauberian Theorem 1.3.5. The idea used here will be applied later again in
Theorem 4.3.1 to generalize tauberian Theorem 1.3.5 and will provide examples of series not
k—summable in a monomial for any monomial and any k& > 0.

Let k,I > 0 be positive real numbers and let 2Pe? and z'¢? two monomials. As in case

(3) of the theorem, suppose that p/p’ # q/q'. We want to prove that if f € Rﬁ%ﬁ N R%’q/)

then f is convergent. If max{p/p’,q/q¢'} < I/k or I/k < min{p/p’,q/q'} the theorem was
proved using the maps T p,q OF T »,¢ and classical tauberian Theorem 1.1.13. The remaining
case min{p/p’,q/q'} < 1/k < max{p/p’,q/q'} can be reduced using blow-ups to one of the
previous cases. Indeed, to fix ideas suppose that p/p’ < 1/k < q/q'. Then take N € N* such
that e

ql;q <N,

p'l—pk

(p,Np+q)
1/k N

. But the new monomials satisfy max{p/p’, Np + q/Np' + ¢’} < l/k and by the

and consider the series f o ﬂ'év . By Proposition 2.3.2 we conclude that f o wév €ER

(0" .Np'+q')
Ry,
previous case we conclude that f o 72 is convergent. Then by Lemma 2.3.1 f is convergent
as we wanted to prove.






3 Singularly perturbed analytic linear
differential equations

In the present chapter we propose some applications of monomial summability and the
tauberian theorems obtained in the previous chapters. As has been mentioned along the text,
summability in a monomial is useful in the study of formal solutions of certain singularly
perturbed problems. We remark that we will only treat problems related with differential
equations.

The content of the first section and an essential application is the study of summability
properties of formal solutions of a class of singularly perturbed systems of linear ordinary
differential equations with holomorphic coefficients. It is mandatory in the sense that it was
the initial motivation of the authors of [CDMS] to introduce the concept of summability in a
monomial. We will not follow here the lines of that paper but instead we approach the pro-
blem by following [BM], restricting our attention to linear systems. The goal is to prove that
the solutions of those systems are 1—summable in the corresponding monomial, under the
crucial hypothesis of having invertible constant linear part. Ultimately the proof we provide
is based in the Banach’s fixed point theorem and the Ramis-Sibuya theorem for monomial
summability and has no new ideas in it. Withal it is a self-contained exposition with a well
detailed proof. We have however strengthened Theorem 3 in [BM] on (s1, s2) —summability
of the solutions explained there by using the characterization of summability in a monomial
in terms of the Borel-Laplace method detailed in the last chapter.

As an application of the formula described in Proposition 2.1.3 we pass in the second section
to study the partial differential equation with holomorphic coefficients naturally associated
with a monomial and a weight of the variables and depending linearly of the unknown.
Once again if the constant linear part is invertible the equation will have a unique solution,
1—summable in the given monomial. Since the mentioned formula transforms the associated
vector field into multiplication by the monomial, the scheme of proof used before can be used
once more to provide a correct proof: convert the differential equation into a convolution
equation and study its solutions.

The last application we include in the text is the study of formal solutions of pfaffian systems
in two independent variables, in such a way that every equation separately corresponds to
a singularly perturbed ordinary differential equations with holomorphic coefficients, as the
ones studied in the first section but not necessarily linear. A usual condition on those systems
is the well-known integrability condition that relates the single equations. We start cente-
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ring our attention in the consequences of such a system to be completely integrable, more
particularly in the behavior of their linear parts. In order to obtain results of convergence
of solutions we have concluded that generically we cannot assume the completely integrable
condition. Indeed, if we want that two different monomial intervene in the equations then
the corresponding linear parts will be generically highly degenerated, making impossible the
application of the tauberian theorems and the monomial summability results of the first
section. We conclude the section with the case of linear pfaffian systems with the same
monomial intervening in both equations obtaining monomial summability properties and
convergence in a determinate case when the integrability condition is not assumed.

3.1 Monomial summability of solutions of some doubly singular
differential equations

The aim of this section is to study the summability properties of formal solutions of a
certain class of systems of linear ordinary differential equations with an irregular singularity
in the independent variable and additionally a singularity coming from a parameter. More
specifically, we are going to consider systems of the form

1 Y = Aa, eyl e) + bl ), (3-1)

where p,q € N*, y € C!, A € Mat(Ix1,C{z,e}), b € C{x,e}\. Such systems are denominated
doubly singular systems of ordinary linear differential equations. We are going to show that
under generic conditions, viz. A(0,0) being invertible, there is a unique formal solution of the
above system and it is 1—summable in the monomial xPe?. This result is know, even for the
nonlinear case, and a proof can be found in [CDMS]. Nonetheless, we provide an elementary
proof in the linear case based in the ideas contained in [BM]. Additionally we recover and
strengthen some results exposed there, for instance, the 1 — (s1, s9)—Borel summability in
the monomial xP&? of the solutions, for any s1, s > 0 with s; + so = 1.

Consider the system (3-1). Under the above hypotheses, we can choose r > 0 such that

A € Mat(l x 1,05(D?)) and b € Oy(D?)! and expand those maps into power series in two,
resp. one variables, say

Am,e) = Y Apma™e™ =) Anu(e)a" =) Aun(a)e™,

n,m=>0 n>0 m>0
b(z,e) = > bumz™e" = buu(€)2" =D bum(z)e™,
n,m>0 n>0 m>0

where all of them are convergent for |z|, |e] < r and Ay, A € Mat(Ix1, Op(Dy)), bus, bsm, €
Op(D,)! for all n,m € N.
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The proof of existence and uniqueness of formal solutions § € R! of equation (3-1) is classical
and it can be done directly inserting the unknown ¢ in the equation and finding recursively
its coefficients. For the study of its Gevrey order we will require the use of a family of norms
and some inequalities that are included for references in the next remark.

Remark 3.1.1. We recall that for any f € O(D,) and n € N, the Nagumo norm of order n
of f is defined as

[f1ln = sup [f(2)[(r —[2])".

|z|<r
Of course, the norm depends also of r» but the dependence will be avoided if the context is
clear. Also the value can be +o00. This family of norms satisfies the following properties

1+ glln < 1fln + Mgllns [1fglntm < 1Flnllglm: (£ 1 < e(n+ Dliflln,— (3-2)

that make it useful for applications in differential equations. For a proof of these properties,
the reader may consult [CDRSS].

We will also use the following inequality satisfied by the Gamma function:
Fl+a)l(1+8) <T'(1+a+p), (3-3)
and valid for all o, 8 > 0, and the limit

oy (Vs b)’T(1 + Ns)
N—too I'(14+ Ns+b)

=1, (3-4)

that is obtained by Stirling’s formula, where b > 0 is a real number.

Proposition 3.1.2. Consider the differential equation (3-1). If A(0,0) is invertible then
(3-1) has a unique formal solution §j € R'. Moreover § € (R&p”))l.

Proof. Let us write the unknown formal solution g as

§(2,6) = D Ynma™e™ =D Unu(E)2" =D Yum(w)e™. (3-5)

n,m>0 n>0 m>0

The existence and uniqueness of g follows directly from replacing the expressions in (3-5) into
equation (3-1). Indeed, if we expand respect to x and ¢, we obtain the recurrence equations

n m
(1 = P)Yn—pm—q = Z Z An—im—j¥i,j + bnm, (3-6)
i=0 j=0
for all n,m € N. Here and below we set all coefficients with negative indexes as 0. Since
App = A(0,0) is invertible, the coefficients y,, ,,, are uniquely determined by these equations.
Analogously, if we expand in x, we have
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n

(TL - p)eqyn,p* (5) = Z Ap—ix (5):’!2* (5) + b (5), (3—7)
=0

for all n € N. In this case we see that Ag.(¢) is also invertible for |¢| < r' < r. By reducing
r if necessary we may suppose that ' = r. Again, we obtain that the coefficients v, are
uniquely determined by these equations and are analytic on D,. Finally, if we expand in ¢
we obtain the family of differential equations

m

DY g (@) = Y Avnj (2)yj () + bun (2), (3-8)
j=0

for all m € N. As before we may suppose that A,o(z) is invertible for |z| < r. We see that
the coefficients y.,, are uniquely determined by the previous recurrence and are analytic on
D,.

In order to determine the Gevrey order of the entries of § in  we use the Nagumo’s norm of
order 0, and we just write [|g|| = |lgllo = sup|.j<g |9(2)] if g € Op(DR). Take any 0 < R <r
and write ¢ = |AgM |, 20 = [[Ynsll, an = |Ani|| and fn, = [|bns]|. If follows from equation
(3-7) that these numbers satisfy the inequalities

n—1
< e ((n —p)R%p—p + Z An—j2j + fn> . (3-9)

=0

If we define recursively w,, by wy = zg and
n—1
wy, = ¢ ((n — p)Rwp,_p + Z i W; + fn> , (3-10)
i=0

for all n > 1, then from (3-9) and induction we see that 0 < z,, < w, for all n € N. If we
define the auxiliary series w(7) = > sqwnT", a(7) = >, 51 a,7" and f(7) = 3 5o faT",
then a, f € C{7} and equation (3-10) shows that w satisfies the differential equation

chTp"'lel—w = (1 —ca(r))w(r) —cf(7). (3-11)

T

Since a(0) = 0, by classical results, this equation has a unique formal solution and it is
1/p—Gevrey in 7. In conclusion, there are positive constants K, M such that

zn < wp < KM"n!l/p,
for all n € N. From Cauchy’s formula we obtain the bounds
M'I’L
[Yn.m| < Kﬁnll/p’

for all n,m € N. This shows that g € (R(l/pyo))l.
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To conclude the proof it remains to estimate the Gevrey order of § in €. As before, take any
0 < R < r and write ¢ = [|A lo, zn = [|Ysnllns @n = [[Asnlln and fo, = [|bsn|ln, where || - ||,
stands for the Nagumo norm of order n. If follows from equation (3-8) and the properties
(3-2) that these numbers satisfy the inequalities

m—1
Zm < c | eRPTI(m — q+ )zm_g + Z Am—i2j + fm | - (3-12)
j=0

Dividing by I'(1 + m/q) = m/ql'(m/q), using the inequality (3-3) and m — ¢+ 1 < 2m, we
can conclude that

_ Am < c | 2eqRrrta “m—q + Am—j : i — + Jm (3-13)
r(1+m) - =

—
/N
=3
N—
<
g
—
/~
—_
_|._
NE
<
SN——
=
/N
—_
+
Q[
N—
—
/N
—_
+
=3
N—

(3-14)

It follows from (3-13) and by induction that z,,/T (1 + %) < wy, for all m € N. Using

the series W(7) = >_,, 50 wmT™, a(T) = X5 am/T(1+ 2)7™ and f(7) =3, 50 fm/T'(1 +
m/q)T™, we see that a, f € O(C), and from equation (3-14) it follows that  satisfies the
functional equation

w(T) = c(2eqRPTIr%(7) 4+ a(T)w(r) + f(7)). (3-15)
Since a(0) = 0, this equation has a unique analytic solution at 0 and it must be @w. Then
there are positive constants C, D such that
Wy, < CD™,

for all m € N. Using Cauchy’s formula for p < R we obtain the bounds

D™ m
Ynm| < Crp—— 0T (1 + > ;
Wl < Oyt g
valid for all n,m € N. Therefore § € (]%(071 /q))l. It follows from Proposition 1.2.3 that

RS (Rgpﬂ))l, as we wanted to prove.
O
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As in [BM], we start the analysis of the summability of § by studding the behavior and
properties of its p—Borel transform in the variable x. The use of this variable is justified re-
calling formulas (1) and (2) in Proposition 1.1.9, since they allow us to pass from a differential
equation involving zP*19/0x to a convolution equation.

From now on we assume that A(0,0) is invertible. We know from Proposition 3.1.2 that g
is a 1/p—Gevrey series in z with coefficients in Oy(Dg)!, for 0 < R < r. Then the series

5 yn*
Brla” Z I(1+ n/p

defines an analytic function for || < p, |¢| < R, for some p > 0.

Since § satisfies equation (3-1), then w(x,e) = 2Py(x,¢) satisfies the equation

d
aqxpﬂﬁ = (pel2PI + A(z,e))w(x,e) + 2Pb(x, €), (3-16)

where I = I; denotes the identity matrix of size [. If we apply the p—Borel transform to this
equation, we see that F' = Bp(w) is a solution of the corresponding convolution equation

(pcpng - AO*(E))F(C7 E) = Bp(‘;{) *p F(C? E) + g(C? 6)7 (3_17>

where A(z,e) = pe9aPl + A(z,e) — Aoy (c) and g = By (zPb). Furthermore we can write

B bui(2) ., - e An(E) oy
9(¢,¢) _nzzolmn/p)c . Bp(A)(¢,e) —gr(n/p)C ) (3-18)

where Ay (g) = Api(e) for n # p and Api(e) = Api(e) + petl.

We wish to restrict our attention to a domain where we can invert the matrix p(Pe9l — Ao« (¢).
Let A1, ..., \; be the eigenvalues of A, (0) repeated according to their multiplicity and recall
that they are all non-zero by assumption. Also let A\;(e),j = 1,...,1, stand for the eigenvalues
of Ag«(e). Those are algebraic functions of € and \;(0) = A;. Using these notations, the
matrix p(Pe?l — Ag.(e) is singular for the points ((,¢) satisfying p(Pe? = Aj(e) for some
i=1,..,n

We can choose 6 > 0 small enough such that § < |\;|, j = 1,...,1 and such that the open
sets [pCPe? — \j| < 6 do not intersect if A;; # Xj,. We will refer to such 0 as admissible. It
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is also possible to choose a positive number R(d) < R such that |\;(e) — Aj] < §/2 for all
j=1,..,0l and |e| < R(J). Consider the closed set defined by

Qs = {(¢,e) € C* | |e| < R(5), |pCPe? —Aj| > 6 for all j = 1,...,1}.

It satisfies the following properties:

1. It contains the polydisc at the origin D,, x D,, for p1, po > 0 satisfying p» < R(J) and
P q :
< min |[Aj]| = 0.
bp1Py 15}21‘ il

2. We have [p(Pe? — \;(e)| > 6/2 for all (¢, e) € Q5. Therefore the matrix p(Pe9l — Ao, ()
is invertible on 5.

3. We can find a number M = M (4) > 0 such that

H(p{paql — Ao*(a))*lu <M, forall ((,e) € Qs.

Working on €5, we see that finding solutions of certain type of the convolution equation
(3-17) is equivalent to find a fixed point of the operator H given by

H(F)(G,2) = (6T = Aow(€) ™ (Bo(A) 5 F(C) +9(¢.6)) (3-19)

and defined in an adequate Banach space E of functions.

We are going to prove that Bp(w) admits analytic continuation to €25. To do so we consider
a bounded open set U C 5 and an arbitrary N € N. Then to prove that Bp(w) admits

N U 5¢" admits

analytic continuation to U it is sufficient to prove that B, (i) — Y o )

analytic continuation to U.

If we perform the change of variable wy (x,¢) = w(z, €) —ZTJLO Yn«(€)2™ P in equation (3-16),
then using the recurrences (3-7) we see that wy satisfies the same differential equation (3-16)
but with by (z,€) = > )% iy (bn* (e) + Zz’]\io Ap—ix(€)yi(e) — (n — p)yn_p*(a)) x™ instead of
b. Therefore By (wy) satisfies the same convolution equation (3-17) but with g replaced by
gn = Bp(2Pby). The main point here is that ord,gny > N.

Let Ey n denote the subspace of functions of C(U) N O(U) such that

1Fly = sup EGIN
coer [l
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is finite. Epy n is a Banach space with the norm || - ||y and gy € Eyn. We shall prove
that Hy : Eyy — Ey,N, defined as ‘H but with gn instead of g, is well-defined and it is a
contraction if IV is large enough. Indeed, if F' € Ey y then

1 ~
[HN(F)(Ce)| < M‘/ By(A) (P, e) F(C(L = t)/P,e)¢Pdt| + M| gn | w ¢V

<t [ [, ) IFicl (1 - 0 Pat-+ arlax i<l

A way to estimate adequately the previous expression it is to bound the following integral:

1 () (i)
/ /p=1(1 — ) Nipgy = AP bl
0 r (1 - ﬂ)
p
for n > 1. Note that here we are using the Beta function. The easiest case is when n > p,
because we can use inequality (3-3) to bound it by

rE)r+3)
P r) - p < p

n+NF(n+N> “n+ N 1+N°
P P

The case 1 < n < p can be treated using the limit (3-4) as follows: using that limit with
s =1/p and b = n/p, we can find for every n a large enough constant D,, ;, such that

PE)r0d) o,
F<1+#) ~ (N A/

If Dy, = max{p, D1y, ..., Dpp} then the integral is easily bounded in all cases by (H_DW.
Back to the operator Hy(F'), we now can ensure that

DyKy |[An(e)]
HN(F)(Ce)| < M | —2—=— + ) N where Ky = su "
(PG < M (G2 I+ Tl ) ¢ o= s Sl

We remark that K is finite since U is bounded and A s analytic on D%. The previous
bound is sufficient to ensure that Hy(F) € Eyn. To show that Hy is a contraction, we
estimate as before to see that if F,G € Ey n then

MD,Ky

[Hn(F) = Hn(G)|In < N+

I1F =GN

MD, Ky

Then it is enough to take N with (N7

< 1 to conclude the result.
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Applying Banach’s fixed point theorem, we can conclude that Hy has a unique fixed point
Fyn € Ey,n, that is, equation (3-17) has a unique analytic solution defined on U of the form
Fy(¢,e) = Fun(Ce)+ 2N 0 Fyf;ns/)p ¢" . Now, if we take a polydisc at the origin contained
in 25 with sufficiently small poly-radius, the solution provided by the fixed point is precisely

B, (), because this is the unique formal solution at (0,0) of equation (3-17). Then if U
intersects this polydisc, Fyy and Bp(ﬁ)) coincide in the intersection, being both solutions of

the convolution equation. This let us conclude that I"S’p(zi)) admits analytic continuation to
Qs.

We focus now in the exponential growth of the solutions we have obtained. Let C' > 0 an
arbitrary positive constant. Taking § > 0 as before and S an unbounded open set of (s, we
will denote by Eg ¢ the subspace of functions F' in O(S) such that

|Fllc = sup |F(¢e)le 1,
(Ce)es
is finite, i.e., the space of analytic functions on S with exponential growth in ¢ of order p
and type C. Then Eg ¢ is a Banach space with the norm || ||c. Furthermore, it follows from
(3-18) that we can find a large enough constant C’ > 0 such that g € Eq, ¢.

Following the same ideas as before we shall prove that H : Esc — Eg ¢, is well-defined and
a contraction if C' > C’ is large enough. For the first assertion, if F' € Eg ¢, then

H(F)(C ) <M A) (P ) F(C(1 = )P, e)cPdt| + M||g||creC 1V

<M/ BUACH, )| IFloe”PI0dt + M gcre”V.

To estimate adequately the previous expression, we can use the Gamma function to see that

1 C|¢|P CI¢|P
/ plp1eClep-ngy - < / ¥ r1emugy < O/ cigp,
0 (I Jy = il

for all n > 1 and ¢ € C. Applying these bounds we see that

H(F)(Ce)| < Cl/pHFHceC'C'p + M||g||creC 1
=M <Cl/p!FHc + HQHC’> ecler,

where L > 0 is a constant such that

> [An()l2" T < L

n>1
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for all |z|, |¢| < R and we take C' with 1/C'/? < R.

Therefore we have proved that H(F) € Es . In the same way, if F,G € Eg ¢ then

ML

IH(E) = H(G)lie < &7, 1F = Glle-

ML
C1/p
then it has a unique fixed point. We formulate these results in the next lemma.

If we take C' large enough such that < 1 we can conclude that H is a contraction, and

Lemma 3.1.3. Using the previous notation, for every admissible § > 0 and every open set
S C Qs there exist a unique solution Fs of (3-17) defined on S and there are constants
K = K(S),C =C(S) > 0 such that |Fs(¢,e)| < KeCI<I” for all (¢,e) € S.

The previous lemma joint with Ramis-Sibuya Theorem 1.2.27 are the keys to tackle the
main problem of this section: to prove that ¢ is in fact 1—summable in xPec?. For this, let
di,...,d; € [0,27) be the different arguments of Ay, ..., \;, arg(\;) = d;, numbered so that
di < dy < --- < d;. They are well-defined since the \; are different from zero. These are
going to be the singular directions. Then for every d € [0,27) \ {d1, ...,d;} we are going to
construct a bounded solution wy of equation (3-16) defined in a monomial sector in xPe?
bisected by d with opening greater than 7.

Indeed, consider any such d and set

5 = 8(d) min {|Aj|, I\ — A, dist(Am, eidRzo)} .

1
4 1<m<
X #Am

Then § is admissible and 6(d) — 0 as d — d; for any j =1,...,1. Also let

Sa={(¢,e) € C*| 0 < [¢| < R(8), |arg(¢Pe?) — d| < 6a/2},
be the intersection of C x Dpg4)(0) with the monomial sector in (Pe? bisected by d with
maximal opening 6; contained in Q5. Again, 03 — 0 as d — d; for any j = 1,...,1.

From here, by abuse of notation, we are denoting the distance between two directions as the
minimal one, modulo 27w. With this convention we see that,

0
0<5d< \d — dj, (3-20)

forall j=1,...,n.

As expected, the required solution wy of equation (3-16) is defined by

wq(x,e) = / Fg, (zul/?, e)e " du, (3-21)
0
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where o ranks from —m/2 to /2. This is just the Laplace transform of Iy w.r.t. the
variable x. For fixed «, the previous formula defines an analytic function in the domain
given by

—% —a < arg(zPe?) —d < %d —a, |zl < COZ(;)
where Cy = C(S,). Moving « from —7/2 +6,/4 to /2 — 6;/4 and choosing a small enough
constant such that 0 < o4 < sin(6g/4)/Cq4, we can conclude that wy is in fact well-defined and
bounded in the sector S 4(d, 7™+ 04/2, pg), where pg = min{sin(64/4)/Cq — 04, R(5)?} > 0.

» lel < R(9),

The next step to be able to apply Theorem 1.2.27 is to consider an adequate finite covering
of Di, \ {ze = 0}, for some p’ > 0, by sets S}, 4(d, 7™+ 04/2, pq), and estimate the difference
wy — wg, when the corresponding domains intersect.

First we remark that if d,d’ € [0,27) \ {d1, ..., d;}, and there is no d; between d and d’ then
wy — wg = 0 in the intersection of its domains. Indeed, we can suppose d < d’ and that d
and d' are close enough. Then set S =TI, 4(d — 04/4,d" + 0g /4, +00) N C x D5 (0). S is
contained in g, for § = min{d(d),d(d’)} and contain both Sy and Sy. Using Lemma 3.1.3
we can replace Fg and ng/ in formula (3-21) by Fg and the result follows.

Now suppose we are given d,d’ with dj_1 < d < dj < d’ < dj;1 for some j. If they are
close to d; we can suppose that d; —d,d —d; <7 and d+ 04/2 < d' — 64 /2. In particular
d—d>104—04|/4. Now take any (z,e) € Spq(d,7+604/2, pa) N Spq(d',m+04/2, pgr). Then
the point satisfies

d —7/2—0y/4 <arg(zPe?) < d+7/2+ 04/4.

Let o/ =dj —d +7/2+ 0y /4 and o = dj —d — /2 — 64/4. The above condition is then
equivalent to say that the point satisfies

a < dj —arg(zPe?) < . (3-22)

Besides the hypotheses and inequality (3-20) imply that |a| < 7/2 — 63/4 and also |o/] <
7T/2 - Gd/ /4

With these considerations we can estimate wg — wg as follows: Let 6 = min{d(d),d(d')}
and let S be the preimage in the complex ({,e)—plane under the map ((,¢) — (n,¢),n =
pCPel, of the largest star-shaped domain w.r.t. the origin, containing the sector defined by
V(d—6q/2,d +04/2,+00) and not the circle | — A;| < 0/2, (without loss of generality we
are assuming that \; is the \p, such that arg(\,,) = d; and has smallest norm) (see Figure
3-1). Then S is contained in {25/, and contains both S4 and Sg. Using Lemma 3.1.3 and
the previous «, o’ we see that

wa(z, ) — war(x,€)| =

Fs(zu'/? e)e "du) .
eia’RZO,EiaRZO
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Figura 3-1: S for the case d < d; < d'.

By Cauchy’s theorem we can change the above path of integration in the u—plane as long
as (zu'/?,¢) € S. In particular we most have |prPelu — );| > §/2. Using condition (3-22)
we may integrate over a path contained in V(a, o/, +00) from oo down to the vicinity of the
point \;/pxPe?, Ds /pippea)(Aj/prPe?), then around this vicinity and back to oo. Then

—+00

|wg(z,e) —wg (x,e)| < 2 s K (S)elC(S)lalP—cos(min{lal,la/[}D)ul g1y, |
J

plzPed]
and reducing min{py, pa} if necessary we may conclude that

Mg ar
) v 5, = K

for all (x,¢) in the intersection of the previous sectors, for certain positive constants K, ,,
Mg q .

In conclusion, we have shown that for close non-singular directions d, d’, the difference of its
corresponding solutions wq —wy is zero or have exponential decay of order 1 in the monomial
2Pe? at the origin. As we can cover D/QJ, \ {ze = 0}, with p’ > 0 small enough, by a finite
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number of sectors Sy 4(d, ™ + 04/2, pq), where the chosen finite non-singular directions are
close enough, we can apply Ramis-Sibuya Theorem 1.2.27 to conclude that the corresponding
solutions wg have a common asymptotic expansion w in zPe? of 1—Gevrey type on the sector
Sp.q(d, ™+ 64/2,pg). But necessarily w = w because both are formal solutions of equation
(3-16). Then we have proved the main result of this section.

Theorem 3.1.4. The unique formal solution § of equation (3-1) is 1—summable in xPe9.

As immediate consequences of this theorem, using Proposition 1.2.31 we see that for every
fixed €9 with small enough norm the series y(z,c0) € C[[z]] is p—summable. Analogously
9(xo,€) € C[[¢]] is g—summable for every fixed z¢ with small enough norm.

We note that to prove the theorem we also could have attempted to analyze directly the

3(p,q)

properties of analytic continuation and exponential growth of B (8 s )(:L‘pqu)), for some

s1,82 > 0 with s1 + s = 1. Since ¢ satisfies (3-1) then W = xPedy satisfies the differential
equation.

dw
quzﬂrl% = (pelaPI + A(x,e))W (z,e) + 2Pelb(x, €), (3-23)

Then £ = BP9 )(W) is analytic in a neighborhood of the origin and satisfies the equation

]' ~
g;; (5 / F(étsl/p,vt”/q)dt> A0, 0F(&,v) +BRY | (A)+70) (&) + g(6,v),
(3-24)

where A(z,¢) = A(z, ) — A(0,0)+paPeil and g = B%’(’zz&)(xl’eqb). Actually, F is the unique
formal solution of this equation. From here the scheme of proof used before does not work
anymore, due to the derivative in the previous expression. However since we already have
the characterization of monomial summability in terms of monomial Borel-Laplace methods
(Theorem 2.2.1) we can formulate the following corollary, strengthen Theorem 3 in [BM].

Corollary 3.1.5. Using the previous notation, for every direction d # d;, j = 1,...,1,

5(P>q)
17(51752

and there are constants Cq, Bg > 0 such that |¢qs, s,(&,v)] < CqePa max{|¢[P/°1,|v]1/°2} for all
(&,v) € Spq(d, Ba,+00). In particular,

)(W) admits analytic continuation pqs, s, to some Sy 4(d, Bq, +00), for some Bg > 0,

7£gpsz),sg (‘Pd 51,52 )(z,€),

wd(xa 6) = 1P

in the intersections of its domains.
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To finish this section we enunciate without proof the generalization of Theorem 3.1.4 to the
non-linear case. We refer the reader to [CDMS] for a complete proof.

Theorem 3.1.6. Consider the singularly perturbed differential equation

d
a2 = f(ae.y),
where y € C', p,q € N* f analytic in a neighborhood of (0,0,0) and f(0,0,0) = 0. If
0f/0y(0,0,0) is invertible then the previous equation has a unique formal solution §. Fur-
thermore it is 1—summable in xPel.

3.2 Monomial summability of solutions of a linear partial
differential equation

In order to apply directly the Borel-Laplace methods introduced in the previous chapter and
in view of Proposition 2.1.3 we can study the partial differential equation

51 q p+1@ 52 p qH@ - -9
ps e + . et o C(z,e)y(z,e) + vy(z,¢), (3-25)

where p, ¢ € N*, 51,59 > 0 satisfy s1 +s2 = 1 and C € Mat(l x I,C{x,e}), v € C{z,e}!. We
remark that in the boundary cases s; = 1,50 = 0 and s; = 0,52 = 1 the equation reduces to
equation (3-1), that has been already studied in the previous section.

As usual we choose 7 > 0 such that C' € Mat(l x I,0y(D?)) and v € Oy(D?)!. On the
existence, uniqueness and Gevrey character of the formal solutions ¢ of (3-25) we have as a
first result the following proposition.

Proposition 3.2.1. Consider the partial differential equation (3-25). If C(0,0) is invertible
then (3-25) has a unique solution § € R'. Moreover §j € (Rgp’q))l.

Proof. We write § as in equation (3-5) and also C(z,e) = >, Cypma™e™, v(z,e) =
me Yn,mx"e™ and analogously when expanding them in powers of x, resp. . The exis-
tence and uniqueness of g follows from replacing the expressions in (3-5) into equation (3-25).
Indeed, if we expand respect to x and €, we obtain the recurrence equations

S s n m
(p%n -p)+ §<m - q>) Yn—pm-q =D D Cneiym—i¥ij + Ynms (3-26)

i=0 j=0
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for all n,m € N. Here and below we set all coefficients with negative indexes as 0. Since
C(0,0) is invertible, the coeflicients y,, ,,, are uniquely determined by these equations. Due
to the role of x and ¢ in symmetric in equation (3-25), we only write the calculations for the
variable x. Thus if we expand respect to x, we obtain the family of differential equations

S1
;(n - p)gqyn—p*(g) +

n
q €q+1yn —px ) = Z Cr—ix (E)yi* (5) + 7n*(5)> (3'27)
for all n € N. In this case Cys(e) is also invertible for |¢| < r (reducing r if necessary).
Again, we obtain that the coefficients y,. are uniquely determined by these equations and
are analytic on D,.

In order to determine the Gevrey order of the entries of § in  we use the Nagumo norms.
Take any 0 < R < r and working on Dg, write ¢ = ||Cy. 0, 20 = |Ynsllns cn = ||Cnslln and
frn = || nxlln. It follows from equation (3-27) that this numbers satisfy the inequalities

n—1
< c <(1 +e)(n—p+ 1)Rp+qzn,p + Z Cn—iZi + fn> . (3-28)
i=0

Dividing by I'(1 +n/p) = n/pI'(n/p), using the inequality (3-3) and n —p+ 1 < 2n, we can
conclude that

n 1 ) )
< 2p(1+e) RIHITE Tooi o I )
n n n—1 1 n
r(1+2) r(z) z0r(1+7)r<1+5) r(i+2)
(3-29)
If we define recursively w,, by wg = 2o and
n—1 e f
wy, = c | 2p(1 + ) RP w,,_p, + Z T —w; + “ (3-30)

i T (1 + %)
it follows that z,/I'(1 + n/p) < wy, for all n € N. If we set w(7) = >, sqwat", 0o(7) =

D ons1 /T4 2)7" and f(7) = 3,50 fa/T(1 +n/p)7", we see that o, f € O(C) and that
w satisfies the functional equation

w(r) = c(2p(L + )R I7Pw(r) + o(T)w(r) + f(7)).

Since o(0) = 0, this equation has a unique analytic solution at 0 and it must be w. Then
there are positive constants C, D such that

w, < CD",

for all n € N. Using Cauchy’s formula for p < R we obtain the bounds
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D" n
Ynm| < Cop——T (1 + > ;
[ (R —p)mp™

valid for all n,m € N. Therefore § € (R(l/p,o))l.

Using a similar reasoning we can conclude also that ¢ € (R(0,1 /q))l. It follows from Proposi-
tion 1.2.3 that ¢ € (Rgp’q))l, as was to be proved. O

We can adapt the model of proof used in Theorem 3.1.4 to this situation, replacing naturally
the Borel and Laplace transforms by their monomial counterparts, with weights s, s2. In
this context the proof goes easily because none of the variables act as a parameter.

Theorem 3.2.2. Consider equation (3-25). If C(0,0) is invertible then the unique formal
solution 3 given by the previous proposition is 1—summable in xPel. Its possible singular
directions are the directions passing through the eigenvalues of C(0,0).

Proof. In order to prove monomial summability we are going to use the characterization given

by Theorem 2.2.1. To simplify the notations we are going to write B = BP? B = B9

1,(s1,82) 1,(s1,82)
and * = *gp (2 52) for the corresponding Borel transforms and for the 1— (s1, s2) —convolution,
respectively.

The change of variables w = zPe?y in equation (3-25) leads us to the new equation

0 0
%5%7’“8—2} + Sfxpsﬁla—z = (2Pl + C(x,¢e))w(x, ) + axPelv(x, ), (3-31)

which is solved formally by w = xPe?y. As before I = I; denotes the identity matrix of size
[. If we apply the 1—Borel transform associated to the monomial zPc? with weight (s1, s2)

to this equation, using Propositions 2.1.3 and 2.1.15, we see that F' = [;’(zfj) is a solution of
the corresponding convolution equation

(€70 — C(0,0))F(&,v) = B(C) * F(&,v) + g(&,v), (3-32)

where C(z,¢) = 2Pl + C(z,e) — C(0,0) and g = B(aPe%v). Furthermore we can write

~ C
g(ﬁ,U) = Z Bisic gnvm7 B(C)(E,v) = Z #gn—pvm—qv
o T (L 250+ 22 i, T (5 +25)
(n,m)7#(0,0)
(3-33)

where C = Cp o for (n,m) # (p,q) and Cp g = Cpq + I.
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Let Ap,..., \; the eigenvalues of C(0,0) repeated according to their multiplicity and recall
that they are all non-zero by assumption. The open set where we can invert the matrix
&Pvil — C(0,0) is given by

Q={(&v) €C? | Pul #£ )\ for all j =1,...,1}.

Working on 2, we see that finding solutions of certain type of the convolution equation (3-32)
is equivalent to find a fixed point of the operator H given by

HF)(€v) = (07T = C(0,0)) ™ (B(C) % (& v) +g(6.v)) (3-34)

and defined in an adequate Banach space E of functions.

We are going to prove that B(w) admits analytic continuation to €. To do so we consider an
arbitrary bounded open set U such that U C Q and an arbitrary N € N. Then it is sufficient

to prove that B(w) — Zg:o >0 T (1+ns?1J7/L})TJnr 27D "™ admits analytic continuation to U.

If we perform the change of variable wy(z,¢) = w(z, &) — ZZXZO 99« (€)™ TP in equation (3-
31), then using the recurrences (3-27) we see that wy satisfies the same differential equation
(3-31) but with ~ replaced by a vy with ord,yny > N. Therefore B(wy) satisfies the same
convolution equation (3-32) but with g replaced by gy = B(2Pelyy) and ord,gy > N.

Let Ey n denote the subspace of functions of C(U) N O(U) such that

1Flly = sup EE]
(E,U)EU |£|

is finite. Ey n is a Banach space with the norm || - ||y and gy € Eyn. We shall prove
that Hy : Eyny — Ey,n, defined as ‘H but with gy instead of g, is well-defined and it is a
contraction if N is large enough. Indeed, if F' € Fy n then

[Hn(F) (€ v)

|
1 ~
=My / B(C)(&t/P, vt/ ) F(E(1 — 1)/, v(1 — 1)*2/9)Pvdt| + Myl|gn || v €Y
0

1 ~
<My [ [B@) et ot )| |y P ol — ¥t + My g gl
0

where My > 0 is a constant such that

H(ﬁpvqf - C(O,O))_1H < My, forall (¢,v) €.
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A way to estimate adequately the previous expression it is to bound the following integral:

1 r(erm)p(lJr&)
/ tnsl/p+m32/q71(1 - t)Nsl/pdt _ p q D
0

r (1 ey ez )

If ns1/p+ mse/ > 1, inequality (3-3) shows that

ns ms Ns
O () (1 ) p

< .
(n+N)s1 msa (n+N)s1 ms2\ ~ Ns
[ o) (e 5] o

For the case ns1/p+ msa/ < 1 we use the limit (3-4) with s = s;/p and b = ns;1/p +msa/q.
It implies that there is a constant Dy, 1, p.q,s1,s, Such that

ns ms Ns
r(—1+—2)r(1+71)

p q Dn,m,P,q,SLSQ
r <1+ (n+N)s1 + m) o ((N+n)51 i m)nsl/zﬂ-msyq'

It D = Dpgurss = max{Dyppgensns b1, (p/51)" /752 0|y Jp + msa/ < 1} (it is a
finite constant because the maximum is taken over a finite number of values) the integral is
bounded in any case by

D
Nmin{s1/p,s2/q}"

Back to the operator Hy, we now can ensure that

DKy
v (P60 < M ( Sz VP + ol ) 1%,
where _
|Cml
K — 3y n m‘
(nym)#(0,0) p 4

We remark that Kj; is finite since U is bounded and C is analytic at (0,0). The previous
bound is sufficient to ensure that Hy(F) € Eyn. To show that Hy is a contraction, we
estimate as before to see that if F,G € Ey n then

DMy K
[N (F) = HN(G)IN < Srmiagos marar IF — Gllv-

min{s1/p,s2/q}

Then it is enough to take N with % < 1 to conclude the result.

Applying Banach’s fixed point theorem, we can conclude that Hy has a unique fixed point
Fyn € Eyn, that is, equation (3-32) has a unique analytic solution defined on U of the
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form Fi7(¢,e) = Fun(¢,e) + Zfl\;o Y oo F(1+nsi/%1m32/q) "™ . Now, if we take a polydisc
at the origin contained in 2 with sufficiently small poly-radius, the solution provided by the
fixed point is precisely B(z@), because this is the unique formal solution at (0,0) of equation
(3-32). Then if U intersects this polydisc, Fiy and B(w) coincide in the intersection, being
both solutions of the convolution equation. This let us conclude that B(u?) admits analytic

continuation to €.

It remains to prove that the above solutions have the adequate exponential growth. Let
C > 0 an arbitrary positive constant. Let S an unbounded open set such that S C Q. We
will denote by Eg ¢ the subspace of functions F' in O(S) such that

|Fllc = sup |F(& v)|e”CRE),
(§v)es

is finite, where R(&,v) = max{|£[P/*1,|v|9/52}. Then Eg¢ is a Banach space with the norm
| - [|c. Furthermore, it follows from (3-33) that we can find a large enough constant C’ > 0
such that g € Eq cr.

Following the same ideas as before we shall prove that H : Egc — Eg ¢, is well-defined and
a contraction if C' > C” is large enough. For the first assertion, if F' € Eg ¢, then
[H(F)(&v

)|
1 =~ /
= Ms / B(C) (657, vt/ ) F(E(1 — 1)1/7, 0(1 — #)**/1)ePvidt | + Ms]|g||cre HE)
0

1 O !
< MS/ ‘ﬁpqu(C)(gtsl/p,Uﬁ?/‘l)’ |F||ceCREDAD gt 4 M| g||cre BED),
0

where Mg > 0 is a constant such that
H(gpv(q —C(0,0)) " H < Mg, forall (¢,v)€S.

To estimate adequately the previous expression, we can use the Gamma function to see that

eCR(f,’U)
(CR(E, v))nsr/ptmsz/q

L(ns1/p+ms2/q)  creew)
" (CREumfremslat

1 CR(&,v)
/ tns1/p+m82/q—leCR(§,U)(l—t) dt — / unsl/p—i-msz/q—le—udu
0 0

for all n,m € N, (n,m) # (0,0) and &, v € C*. Applying these bounds we see that

1 1
Cs1/p * C's2/a

1 1 CR(£w)
< 815 (2 ( Gy + o ) IFle + lllr ) €660,

H(F)(C e)| < MsL ( ) [F PR 4 Mgl ere® RED



124 Singularly perturbed analytic linear differential equations

where L > 0 is a constant such that

> (Coml[o™ 1> [Comllel™ o™ < L,

m>1 n>1
- m>0

for all |£],|v| < R and 1/C%2/9,1/C*/P < R.

Therefore we have proved that H(F) € Egc. In the same way, if F,G € Eg ¢ then

1 1
HH(F) - H(G)HC < MgsL <C’81/17 + 052/‘1) HF — GHC-

If we take C large enough such that MgL (ﬁ + ﬁ) < 1 we can conclude that H is
a contraction, and then it has a unique fixed point. This means that (3-32) has a unique

solution in S with the exponential growth above.

If we choose any direction d # arg();), 7 = 1,...,l and 63 > 0 small enough such that
S =8, 4(d,264,+00) C Q, then we have proved in particular that B(i) can be analytically
continued to S with exponential growth as required in Definition 2.2.1 for £ = 1. Then by
Theorem 2.2.1, ¢ es 1—summable in zPe? in direction d as we wanted to prove. O

3.3 Monomial summability of solutions of a class of Pfaffian
systems

The last application we will give in this text is the study of the convergence and the monomial
summability properties of formal solutions of a class of Pfaffian systems in two independent
variables. In the first place we explore the consequences of such a system to be completely
integrable focusing in the behavior of their linear parts. Then we pass to the study of the
mentioned formal solutions and prove their convergence in generic cases in the situation of
non-integrability.

The more general situation we are going to analyze here is the study of formal solutions of
the systems of singular partial differential equations or Pfaffian system with normal crossings
of the form

ela?tt 28 = fi(.e,y), (3-350)
;a0
27 = fo(w,e,y), (3-35D)
Oe
where p,q,p',q¢ € N*, y € C!, and fi, f» are analytic functions defined on a neighborhood of

the origin in C x C x CL. If fi(z,¢,0) = fa(x,£,0) = 0 and the functions fi, fo satisfy the
following integrability condition on its domains of definition:
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/ ! / ! a a
~a@”e faz )+ N )+ D) e = (330)
0 0
P ol y) + 2T 0 e y) é{;%:, e il e y),

then the system will be referred as completely integrable Pfaffian system with normal cro-
ssings. The normal crossing refers to the singular locus xe = 0 where the differential equation
changes to an implicit one. This is a plausible condition to impose since it helps to relate
the solutions of both equations (note that the condition can be obtained from the equality
of mixed derivatives). We shall see that the condition of complete integrability imposes se-
rious restrictions on fi and fo and the results we present require hypotheses that completely
integrable systems may not satisfy. Fortunately the complete integrability condition is not
always necessary for the existence of solutions as we will see through examples.

Let us write fi(z,e,y) = A(z,€)y + 3| j1>2 frsy? and fo(x,e,y) = B(z,e)y+>_j>2 f2.0y7,
as a Taylor’s series in 3 around 0 € C!. We may suppose that A and B have entries in O(D?)
for some r > 0. Then replacing these expressions into equation (3-36) and equaling to zero
the common terms in each y”/ , we see in particular that A and B satisfy

[ 0A 0B
P -q _ _ P _ — .
P e <5 5 qA> xPe (:1: D pB) +[A, B] =0, (3-37)

where [,] is the usual Lie bracket of matrices. In particular, by taking = 0 and € = 0 we
conclude that [A(0,0), B(0,0)] = 0, [A(x,0), B(x,0)] = 0 and [A(0,¢), B(0,¢)] = 0 for all
||, e| < 7.

We can extract more information about A(0,0) = A, and B(0,0) = By and their spectra
from equation (3-37), depending on p,q,p’ and ¢’. We are going to consider only some
possible cases. For this let us put

Alm,e) = D Apma™e™ =) Anu(e)a™ =) Aun(x)e™,

n,m=>0 n>0 m>0
B(z,e) = > Buma™e™ =Y Bn.(e)z" =Y Bun(x)e™
n,m>0 n>0 m>0

Then replacing the previous expressions in equation (3-37) and grouping by common powers
we see that
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0 :(m —q— q/)An—p’,m—q’ - (n —DP— p/)Bn—p,m—q + [Ai,ja Bn—i,m—j]y (3'38)
i=0 j=0
0 =27 (2!, _ya(2) — G pa(0)) = (1= D~ D)E"Bopa(2) + D [Ain(e). Buoin(e)]. (3-39)
1=0
0 :(m —q- q’)ﬂfp/A*m—q’ (a:) — P (J;B;m,q(x) _ p/B*m—q(x)) + Z[A*j (.’E), B*m_j (x)],
§=0

(3-40)
for all n,m € N and |z|, |e| < 7.
We consider an arbitrary eigenvalue pg of Bgo. If this is the only eigenvalue of By we

proceed to the cases described below. If it is not unique then we can always find an adequate
constant invertible matrix Py such that

—11
_ By (0 0
POBO,0P01_< o (0) >

0 B(0)

in such a way that the only eigenvalue of E(l]l(O) is po and Eél(O) and Eﬁz(o) have no
common eigenvalues. We can even find p > 0 small enough and P € GL(l, O(D,)) such that
P(0) = Py and

—11
Bo.(e) = P(e)Bou(e) P(e) ' = ( Boo(g) ng(e) ) ,

so that for every |¢| < p, the matrices E(l)l (e) and E(z)z (e) have no common eigenvalues (see
Theorem 25.1, [W1]). This last property joint with the fact that By, and Ag. commute let
us conclude that

—11
A0.(&) = P()Ans(£)P(e) ™ = ( A 2 ) |

where [Zg‘j(a),ﬁé‘j(a)] =0, j =1,2. Let us also write
_ _ le(a

AL(e) = P(e)An(e)P(e) ' = ( —51(

11
Bi.(e) = P(e)Bi(e)P(e) ™" = ( B%IEE

in the same block-decomposition as Ag.(g) and Bo«(¢). We consider the following cases
regarding p,p’, q and ¢':



3.3 Monomial summability of solutions of a class of Pfaffian systems 127

Case I. Suppose p =1 and 1 < p’. Then the equation (3-39) for n = 1 reduces to

p/€qBo*(€) + [Ap« (), B1x(€)] 4 [A14(g), Bo«(g)] = 0. (3-38)

If necessary, after multiplying equation (3-38) by P(e) to the left and by P(¢)~! to the right,
the equation obtained in the position (1, 1) according to the previous block-decomposition is

P'e"By (e) + [4y (), By (e)] + [4}' (), By ()] = 0. (3-39)

Applying the trace in the previous equation we see that tr(p’aqﬁél(a)) = 0 and thus
tr(Eél(O)) = 0. Since po is the only eigenvalue of Eél(O) we conclude that pg = 0. Since pg
was arbitrary then B g is nilpotent.

Case II. Suppose that p = p’ = 1. Here equation (3-39) for n = 1 is given by

¥ (e A}, (2) — qAox(€)) + €9Bow(€) + [Aox(2), Bix(e)] + [A14(€), Box(e)] = 0. (3-40)

If necessary, multiplying equation (3-40) by P(e) to the left and by P(¢)~! to the right, the
equation obtained in the position (1,1) according to the previous block decomposition is

eI T (PAY, PO (o) — ge Ay (o) + 9By (2) + [Ag (£), By (e)] + [A7 (), By ()] = 0,

where (PA), P~ indicates the matrix in position (1,1) of PA}, P~'. Taking the trace
in this equation we see that

e +lgy ((PAg*P—l)M(E)) e (Z})l(e)) + ety (Eél(s)) —0. (3-42)

If ¢ < ¢ we conclude that o = 0 and since this eigenvalue was arbitrary then By is
nilpotent. If instead ¢ = ¢’ we conclude that

g tr (23’1(0)) = tr (E};l(m) = Lo,

where [ is the size of E(l)’l. We have two cases here:
1. Z(l)’l(()) has only one eigenvalue A\g. In this case we can conclude that g\g = pp.

2. Z(l)’l(O) has at least two different eigenvalues. Let Ay be one of them. We apply again
the previous process. Take an adequate constant invertible matrix Ty such that

—11 _ Cio 0
TOAO (O)TO ! - ( 00( ) 032<0) ) )
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in such a way that the only eigenvalue of C$1(0) is A\g and C}1(0) and CZ%(0) have no
common eigenvalues. Find 0 < p' < p small enough and T € GL(l1, O(D,/)) such that
T(0) =Ty and

Co(e) = T() Ay (©)T(e) ™ = ( e ) 7

so that for every |e| < p/, the matrices Ci!(g) and C3%(e) have no common eigenvalues.
Then

Do(e) = T() By (T(e) " = ( R ) -

As before, considering the equation obtained from the position (1, 1) in equation (3-41),
taking the trace and evaluating at € = 0 we conclude that

q tr Cy'(0) = tr Dy (0),

but the only eigenvalue of Cé’l(()) is A\p and the only one of Dé’l(O) is po, and in this
case we can also conclude that g\g = uo.

Case III. Suppose p > 1 and p’ = Np for some N € N*. The idea is to apply rank reduction
to be able to use the previous cases. Indeed, consider the ramification ¢t = 2P and let us write

A(z,e) = Ap(aP,e) + 2 Ay (2P e) + - + :L‘p_lApfl(xp,s),
B(x,¢) = Bo(aP,¢) + xBy(aP,€) + --- + 2P "1 B,_1 (2, ¢).

Then replacing these expressions in equation (3-37) and equaling to zero the terms containing
each power 2, i = 0,1,...,p — 1 we see that

. i —1
Vet (240 ) Cprea (1280 (v - 1) B, +) 4, B; sz t[A;, Bp_j1i] = 0
e qAa; p ot i js Di—j jy Dp—j+i] = U.

=0 j=i+1
(3-43)

Define the following matrices

Ay tA, - tA,
Al A(] —ted] - tAQ
A(ta 5) = . . . )
Ap,1 Ap,Q ce Ao - (p — 1)t6qI
By tB,1 --- tB
~ By By - tB
B(ta 8) - . . .
Bp—l Bp—2 . BO
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The matrices A, B € Mat(pl x pl,C{t,e}) are obtained from the system (3-35a), (3-35b)
as follows: if we write y(z,¢) = yo(2P,e) + xy1 (2P, ) + -+ - + 2P Ly,_1 (2P, ) and put ¥ =
(Y0, -, Yp—1)" then A and B correspond to the linear parts of the Pfaffian system satisfied
by Y.

Using equations (3-43) it is possible to check that ;1, B satisfy the differential equation

tNed (5%: - qﬁ> — pted (t%f - NE) +[A,B] =0. (3-44)

So we are in a similar situation as the initial equation (3-37) and we can apply Case (I) and
Case (II) in this case. If N > 1 then by Case (I) we conclude that By is nilpotent. If N =1,
that is, if p = p’ and ¢ < ¢’ then By is nilpotent. Finally, if p =p’ and ¢ = ¢’ then for each
eigenvalue p of By there is an eigenvalue A of Ag such that g\ = ppu.

We can repeat the same considerations if we start from an arbitrary eigenvalue Ao of Ag .
By abuse of notation we suppose in this case that the only eigenvalue of Z(l)l(O) is Ag, that
Z[l)l (0) and Z(Z)Q(O) have no common eigenvalues and that P(e) block-diagonalize Ap.(g) and
By« (g) as above, with Z[l)l (e) and 232(5) with no common eigenvalues, for |e| < p. Then the
corresponding cases read as follows:

Case I'. Suppose p’ =1 and 1 < p. . Then the equation (3-39) for n = 1 reduces to

e? (eApu(e) — g A0c()) + [Aox(e), Bra(e)] + [A1x(e), Bos(e)] = 0. (3-45)

If necessary, after multiplying equation (3-45) by P(e) to the left and by P(g)~! to the right,
the equation obtained in the position (1, 1) according to the given block-decomposition is

/Y PAY P (e) — g= ANV () + [Ay (), By ()] + [A} (), By ()] = 0. (3-46)

Applying the trace in the previous equation, evaluating at ¢ = 0 and recalling that Ag is
the only eigenvalue of Z(l)l (0) we conclude that A\g = 0. Since Ag was arbitrary then Ag is
nilpotent.

Case IT'. Suppose that p = p’ = 1. Proceeding as in Case (II), if ¢ < ¢ we can conclude
from equation (3-42) that Ao = 0 and since it was an arbitrary eigenvalue of Ag o then Ag
is nilpotent.
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Case IIT'. Suppose p’ > 1 and p = N'p’ for some N’ € N*. Here we apply rank reduction
as in Case (III) but with the ramification t = 2”'. In this case the corresponding matrices A
and B satisfy the differential equation

[ 04~ o [.0B = ~ =
te? e=— —qA | —p'tV el [t— - B A, B] = 0. -4
5(585 q)p E(&t )—l—[,] 0 (3-47)
If N’ > 1 then by Case (I') we conclude that 1/p’Ap o and thus Ag o are nilpotent. If N =1
and ¢’ < ¢ then by Case (II') we also conclude that Ag is nilpotent.

Finally if we rewrite equation (3-37) as
B / / A
glxP xa— —p'B) —¢e%aP Ea— —qA | +[B,A] =0,
ox Oe

we can then change the roles of z and € and deduce similar conclusions from the previous
cases. Gathering all these results we can establish the following proposition. The cases left
out require a more careful analysis than the one done here.

Proposition 3.3.1. Consider the Pfaffian system (3-35a), (3-35b). If it is completely inte-
grable then the following assertions hold:

1. The matriz %—;(0,0,0) is milpotent if p = p' and q < ¢, or p = Np with N > 1, or
¢ =qandp<p orq = Mq with M > 1.

2. The matriz %—J;(O,O,O) is nilpotent if p = p' and ¢ < q, or p = N'p’ with N' > 1, or
qd=qandp <porq=Mq with M > 1.

3. If p =19 and q = ¢, for every eigenvalue u of %—]3(0,0,0) there is an eigenvalue A
of %—];1(0, 0,0) such that g\ = pu. The number X is an eigenvalue of %—J;(O,O,O), when
restricted to its invariant subspace E,, = {v € C”|(%—J;2(O, 0,0)—pul)*v = 0 for some k €
N}.

Finally we turn to the study of formal solutions of the Pfaffian system (3-35a), (3-35b). To
motivate the results we are going to present we start by commenting the better known case
g = 0 and p’ = 0 that we do not treat here (each equation took separately is not singularly
perturbed). As mentioned by H. Majima in [Mj2], the study of those systems in the com-
pletely integrable case, i.e. of completely integrable Pfaffian systems with irregular singular
points was opened by R. Gérard and Y. Sibuya in [GS] and by K. Takano in [T]. Among the
study of existence and uniqueness of formal solutions, of their asymptotical behavior (with
different notions of asymptotic introduced in [GS]) and of the analytic reduction of those
systems perhaps one of the most remarkable results is the following:



3.3 Monomial summability of solutions of a class of Pfaffian systems 131

Theorem 3.3.2 (Gérard-Sibuya). Consider the completely integrable Pffafian system (3-
35a), (3-35b), with ¢ =p' = 0. If %—JZ(O,O,O) and %—J;Z(O, 0,0) are invertible then the Pfaffian
system admits a unique analytic solution y at the origin such that y(0,0) = 0.

At first glance the result is in conflict comparing it with the usual results in one variable,
but one may think that these completely integrable systems are quite rigid and impose many
conditions reducing the complexity of their solutions. The first proof of Theorem 3.3.2 can be
found in [GS]. Due to the nature of the result Y. Sibuya reproved it with different methods,
see [S2] for a proof using summability theory and see [S1], [S3] for a proof in the linear case
using algebraic tools. For a more recent proof the reader may also consult [S].

Returning to the general case, we mention that H. Majima in [Mj2] using his theory of
strongly asymptotic expansions of functions of several variables has studied the systems
(3-35a), (3-35b) and its generalization to more independent variables in the completely inte-
grable case. Unfortunately the lack of examples in his exposition make it more complicated
to assimilate. Using the tools we have developed here we can provide information on the
solutions of those systems. Indeed, we can apply Theorem 3.1.6 and tauberian Theorem
1.3.5 to prove easily the convergence of solutions under generic conditions, when they exist.
More specifically we have the following theorem.

Theorem 3.3.3. Consider the system (3-35a), (3-35b). The following assertions hold:

1. Suppose the system has a formal solution 7. If%—];l((), 0,0) and %—J;Q(O, 0,0) are invertible

/ ! A .
and zPed # xP €% then ¢ is convergent.

2. If the system is completely integrable and %—J;(O, 0,0) is invertible then the system has
a unique formal solution §. Moreover 4 is 1-summable in xPeq.

3. If the system is completely integrable and %—];2(0, 0,0) is invertible then the system has

- . ~ A . / /
a unique formal solution §y. Moreover 4 is 1-summable in zP 7 .

Proof. To prove (1) note that if we consider equation (3-35a) as a singularly perturbed
ordinary differential equation and %—JS(O,O,O) is invertible then by Theorem 3.1.6 it has a
unique formal solution ¢j;, 1—summable in zPe?. In the same way if %—?(O, 0,0) is invertible
then (3-35b) has a unique formal solution fj, 1—summable in 27’9, If we assume that the
system has a formal solution § we are assuming that § = §; = §o. If 2Pe? % 2’ it follows
from the tauberian Theorem 1.3.5 that ¢ converges.

The proofs of (2) and (3) are analogous so we only prove (2). If we suppose that %—];(O, 0,0)
is invertible we already know that by Theorem 3.1.6 the equation (3-35a) has a unique
formal solution ¢ € (Rgp ’q))l. It only remains to see that ¢ is also a solution of (3-35b).
We consider w = acplgq/“% — fa(x,e,9). Then using the integrability condition (3-36) it is
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straightforward to check that w is a solution of the linear differential equation with formal

coefficients:
ow df1
ePTled—— = (p/aPell; + == (x,e,9) | w
O b l ay ( ; y) )
Since %—J;(O, 0,0) is invertible, the above equation has a unique formal solution, and since 0
is a solution then w = 0 as we wanted to show. ]

The reader may note that the reason why we do not assume in the first statement of the
previous theorem that the system is completely integrable is because Proposition 3.3.1 indi-
cates that the conditions imposed could never be satisfied. In particular we can not take for
granted that Theorem 3.3.3 is a generalization of the Gérard-Sibuya Theorem 3.3.2. On the
other side the following example exhibits a simple situation of a non-completely integrable
system where the hypotheses of the previous theorem hold, showing in particular its not

vacuity.

Example 3.3.1. Consider a constant vector ¢ € C!, arbitrary p, q,p’, ¢ € N* and the Pfaffian
system

1.q 9y _
{a:p+ el 3 =y—c,

q+1,.p' 0y _ .
el g =y —c.

It has a unique formal solution given by § = ¢ and it is convergent. Also the system is not
completely integrable except by the case p =p' = ¢ =¢.

Example 3.3.2. This trivial example describes the Pfaffian systems coming from differential
equations in one independent variable. Consider the differential equation ZTH% = f(z,w),
where r € N*, w € C! and f is an analytic function defined in a neighborhood of the origin
in C x C! such that f(0,w) = 0. If we set y(z,e) = w(azPe?), where p, ¢ € N* then it induces
the completely integrable system

0

ETqup+1 87:;/ = pf($p€q7 y)7
le]

aPer It = g f(aPed, y).

It has the same monomial in the singular part and illustrates the situation of statement (3) of
Proposition 3.3.1. It follows from Theorem 3.3.3 or directly from the classical theory in one
variable that if %(O, 0) is invertible then the system has a unique solution ¢, 1—summable
in 2P"¢?". Furthermore §(x, ) = w(aPe?), where w is r—summable and it is the only solution
of the initial differential equation.



3.3 Monomial summability of solutions of a class of Pfaffian systems 133

The statement (1) of Theorem 3.3.3 give us positive information on the convergence of formal
solutions of the system (3-35a), (3-35b) only when the monomials involved are different.
However, thanks to Theorem 3.2.2 we still can obtain a convergence result for the case of
systems (3-35a), (3-35b) when the functions f1, f2 are affine in y and the monomial in both
equation is equal. So we now focus in Pfaffian systems of the form

5‘1:6”“2‘7; = A(z,e)y(x,e) + a(z,e), (3-48a)
xpaq“g'z = B(z,e)y(z,e) + b(z,e), (3-48Db)

where p,q¢ € N* and A, B € Mat(l x [,C{z,¢}), a,b € C{x,e}!. Note we can pass from
system (3-48a), (3-48b) to an equation of the form (3-25) by multiplying (3-48a) by si/p,
(3-48b) by s2/p and adding them. In that case C(z,¢) = *} A(x,€) + *2B(,£) and y(z,¢) =
*La(w,e) + *2b(x,€). As an immediate consequence of Theorem 3.3.3 and Theorem 3.2.2 we

P
have the following proposition.

Proposition 3.3.4. The following assertions hold:

1. If the system (3-48a), (3-48b) is completely integrable and A(0,0) or B(0,0) is inverti-
ble then the system (3-48a), (3-48b) has a unique formal solution that is 1—summable
in xPed,

2. If the system has a formal solution § and there are s1,s2 > 0 such that s; + s2 = 1
and s1/pA(0,0) + s2/qB(0,0) is invertible, then y is 1—summable in xPed. Its possible
singular directions are the directions passing through the eigenvalues of s1/pA(0,0) +
s2/qB(0,0).

The reader should note again that in the second statement we do not assume that the
system is completely integrable because from Proposition 3.3.1 we can show that the process
explained above is useless in that case. Indeed, if the system is completely integrable then
A(0,0) and B(0,0) commute. Let 1, ..., iy, be the different eigenvalues of B with algebraic
multiplicities [y, ..., I, respectively. To unify notation set Iy = 0. After a linear change of
coordinates we can assume that A(0,0) and B(0,0) are in block-diagonal

A, 0 - 0 B, 0 --- 0
0 Ay - 0 0 By - 0
0 0 ... A, 0 0 - Bn

where the matrices A;, Bj have size [;, all are upper-triangular and the only eigenvalue of
Bj is pj, for all j = 1,...,m. Let A1, ..., \; be the eigenvalues of A(0,0), counting repetitions.
If we number them in such a way that A; has eigenvalues Ay, ..., \;;, A2 has eigenvalues
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Alj 415 --s Al +1, and so on then from the form of the matrices we conclude that %A(O, 0) +
S?23(0,0) has eigenvalues % + %, where j = 1,..,om and [;_1 +1 < k < [;_1 + ;.
But statement (3) of Proposition 3.3.1 tell us that g\ = pu; for all j = 1,...,m and
lj-1+1 <k <lj—1+1;. In particular the spectrum of the matrix 2-A(0,0) + *2B(0,0) is
independent of s1,s9 > 0 such that s; + so = 1.

In the non-integrable case there are not imposed relations between A(0,0) and B(0,0) and
then there are more possible situations for the spectrum of 21 A(0,0)+ 2 B(0,0). In particular
there is a case when we can conclude convergence due to the absence of singular directions
and it is explained in the next theorem.

Theorem 3.3.5. Consider the system (3-48a), (3-48b) and suppose it has a formal solution
g. Denote by Ai(s), ..., \i(s) the eigenvalues of $A(0,0) + %B(0,0), where 0 < s < 1, and
assume that they are never zero. Then if for every direction d there is s € [0,1] such that
arg(Aj(s)) # d for all j =1,...,1 then g is convergent.

Proof. Let d be a direction. If we take s € [0, 1] such that arg(\;(s)) # d for all j =1,...,1
we know by Proposition 3.3.4 that d is not a singular direction for 1—summability in xPe?
of §. Then ¢ has no singular directions and by tauberian Proposition 1.3.1 ¢ is convergent.

O
We finish this section with a simple example where the hypotheses of the theorem hold.
Example 3.3.3. Consider the Pfaffian system given by
oy P +e4+1 —al—zx Pe—e—1
q.p+1Y%9 _ 3-49
T B ( 1 1l—x >y+<x5—5—2>’ ( 2)

Oe —3—e? {4+ xel + iz — ie

xpgqﬂay:(z rT+e —x E>y+<(2 r+ax”+e¢ z)7 (3-49D)

where p,q € N*. It is not completely integrable but nonetheless it admits a unique formal
solution
§=(x+1,e+1),

and it is convergent. This can be seen an a consequence of the previous theorem: the only
eigenvalue of 2A(0,0) + %B(0,0) is given by A(s) = s/p+i(l —s)/q, 0 < s < 1. Ifd
is a direction and d ¢ [0,7/2] then it is non-singular because d(s) = arg(A(s)) € [0,7/2].
If instead d € [0,7/2] there is only one s with d = d(s) so taking any s’ # s we see that

d # d(s') and d is also non-singular.



4 Toward monomial multisummability

The aim of this chapter is to propose a definition of monomial multisumability for two levels,
i.e. a method of summability that mixes two monomial summability methods. In order to do
this we have developed acceleration operators associated to two monomials, two parameters
of summability and two weights, when restricted to adequate cases when the calculations are
possible.

The chapter is divided into three sections. In the first one we have recalled the classical
acceleration operators and the notion of multisummability for two levels, in one variable. In
the second one we have formally calculated the composition of a Borel transform associated
to a monomial, a parameter of summability and a weight of the variables and a Laplace
transform associated to another monomial, a parameter of summability and a weight of the
variables. The resulting operator is an acceleration operator for monomial summability. In
this section we have developed all the properties of such operator as their behavior w.r.t.

monomial asymptotic expansions and convolutions.

In the last section we prove that the sum of divergent monomial summable series cannot be
monomial summable at least that they all belong to the same space of monomial summable
series. In order to sum series obtained in that way we propose a definition of monomial
multisummability for two levels using the monomial acceleration operators. Finally we show
that this notion is stable by sums and products.

4.1 Classical acceleration operators and multisummability

The goal of this section is to quickly recall the notion of multisummability (for two levels)
of formal power series. There are many equivalent ways to introduce the concept of multi-
summability, for instance using cohomological methods as in [MR], through iterated Laplace
transforms as in [B1] or using acceleration operators as was originally done by J. Ecalle in
[Ec]. Here we only explain the point of view of the acceleration operators following mainly
the exposition in [B1]. Many of the formulas used here as well as relevant results in the
theory are contained in the paper [MrR].

Nowadays it is well known that k—summability is not a strong enough method to sum all
the formal power series solutions of systems of linear or nonlinear meromorphic ordinary
differential equations. A more sophisticated summation process called multisummability had
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become necessary. The first example of this situation was provided by J.P. Ramis and Y.
Sibuya in 1984 and it consists in the sum of two divergent power series of different levels of
summability. This is the kind of series that multisummability for two levels will sum. We
reproduce the example here because we will use the same idea for the case of two monomials.

Consider the series E(z) := 3.° (=1)"nlz"t!, called the Euler series. It is 1—summable
and satisfies the differential equation D1 (E(z)) = x, where D; = 2%d/dx + 1. Then E(z?)
is 2—summable and satisfies Dy(E(22)) = 222, where Dy = x?’% + 2. If we calculate
the left least common multiple of Dy and Dy (in the non-commutative ring C(z)[d/dx]),
i.e. the monic differential operator D of minimal degree in d/dx that can be factored as
D = LDy = LyDs, for some Ly, Ly € C(x)[d/dx] we find that

2 d
e 2?(22% — 5x? — 4)% +2(z% — x + 2),
L, = x3(2—m)%+2x2—23}+4 and Lo = m2(2—x)%+x2—x+2. Then f(z) = E(z)+ E(2?)
satisfies the differential equation

D =2°(2—x)

D(f) = D(E(z)) + D(E(2?)) = Ly () + Lo(22%) = —=32* +102° + 22% + 4z,
and also naturally satisfies d°/dzD( f ) = 0. However f is not k—summable for any value of

k, as the following proposition shows.

Proposition 4.1.1. Let 0 < k;, < --- < kg < k1 be positive numbers, m > 2, and fz €
C{z}1/k, for every i = 1,...,m. If the f; are not convergent then f = fi + fa+ -+ fm
cannot be k—summable for any k > 0.

The reader may note that the previous proposition is indeed equivalent to the part of Theo-
rem 1.1.13 that establishes that C{z}, /iy N C{x}1/, = C{x} for all 0 < k < k'

To be able to define multisummability we need to recall the following family of special
functions. For a real number o« > 1 and z € C the acceleration function corresponding to «
is defined by the integral formula

Cua(z) = ,/e”_zvl/adv,
ol

where the integral is taken over a Hankel path ~. It is well known that C, is an entire
function and that for every 0 < 6 < 7/f there are constants ¢; = c¢1(«, 8),c2 = ca(,0) >0
with

Ca(2)] < e~

for all z € C with |arg(z)| < 0/2, where é—l—% = 1. By calculating the power series expansion
of C\ it follows that
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[e.e]

Co(l/z) =)

n=0

(_1)nz—n

) e

for all z € C*. Using the Laplace transform £, we can express this equality as

co(Bea (D))=

or after a change of variables,

id

/06 h Co <wu_1/a> %du =e v, (4-1)

an equality valid for |d| < 7/2 and w € C satisfying ‘arg(w) — g‘ < %

Finally an application of property (1) of Proposition 1.1.9 leads us to the following formula:

1 z w
/O Ca <W) Ca <W> t(ldft) = O (2 +w), (4-2)

valid for all z, w € C, very useful in the study of convolutions.

The acceleration functions allow us to introduce the acceleration operators in the same way as
the exponential function lead us to the Laplace transform. In this case the exponential kernel
in the Laplace transform is replaced by a function C,, for some o > 1. More specifically,
let 0 < ko < ki be positive numbers, let £ be determined by % = é — k% and let d be
a direction. The acceleration operator of index (k1,ke) in the direction d is defined by the

integral formula

1 id

Apy fpa()(2) = /0 T ()Ch (1] 2)) i, (4-3)

2k

for functions f : [0, e®c0) — C, with exponential growth at infinity at most x. The resulting
function is defined in a sectorial region of opening 7/x bisected by d and z¥1 %29, . 4(f)(2)
is analytic there. If the domain of f contains a sector, d,d’ are directions in that sector and
|d—d'| < m/k then Up, ky.a(f)(2) = Wk, k.0 (f)(2) on the intersection of their corresponding
domains.

For A\ € C with Re(\) > 0 it can be proved that:

T Atko
k2 ) Atko—k
z 2 1

Atk
()

what lead us to define the formal acceleration operator of index (k1,ke):

)

Wpy o, (27)(2) =
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00 co T (”;CHQ)

2 —
Z a2 —s Z ; anzn-l—kz k1
n=0 n=0 F (nzl 2)

Note that Ly, o g, sy © Br,(2%2f) = 2% f for any f € C[[2]]. In the analytic context, we
can assure that if f has exponential growth at most kg on V' then 2y, ,(f) is analytic and
of exponential growth at most ki on the corresponding sectorial region and the following
formula holds:

£k1 (mkhkz (f))(z) - £k2 (f)(z),

where both expressions are defined.

The behavior of acceleration operators w.r.t. asymptotic expansions can be described as
follows: Suppose f € O(V), where V is a sector of infinite radius and opening ¥, and that
f has exponential growth at most x on V. If f ~g f on V, then zkl_k@[khk%d(f) ~sy
zkl_kQQAlkth (f) on the corresponding sectorial region of opening ¢ + 7 /k, where sy = s1 + %
and d is a direction in V.

Finally, we recall that acceleration operators behave well under convolution: if f,g have
exponential growth at infinity at most «, then so does f %, g and

gy oo (f ko 9) = Wby oo () *1ey Wiy 1, (9)- (4-4)

At this point we are ready to introduce the notion of multisummability using the acceleration
operators. The definition just asks for natural conditions to be able to use the acceleration
operators. We are going to do it only in the case of two levels of multissumability because
that is the case we are going to treat in the attempt of a generalization using monomials in
the next sections.

Definition 4.1.1. Let 0 < ky < ki positive real numbers and let k& = (k1,k2). A pair of
directions d = (d, dz) is said to be k—admissible if it satisfies

T 1 1 1
di — do| < — here — = — — —.
|dq 2|_2/—€’ where Pl el

If k£ and d satisfy these conditions then we say they are admissible.

Given k = (k1,ke) and d = (di,d2) it follows that d is k—admissible if and only if the
intervals I; = [dj — %j’dj + ﬁ ,J=1,2, satisfy I1 C Is.
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Definition 4.1.2. Let 0 < ko < k; be positive real numbers, let k = (k1, k2) and d = (d1, d2)
admissible. Suppose a formal power series f € C[[z]]; /k, satisfies the following conditions:

1. Bk2 ( f ) can be analytically continued analytically, say as ¢, into a small sector of infinite
radius bisected by ds with exponential growth at most x. Then we can calculate

ks ko ()

2. Ay, ko (@) extends analytically, say as 1), into a small sector of infinite radius bisected
by d; with exponential growth at most k.

Then f(x) = L, 4, (¢)(x) is well-defined in a sector bisected by d; with opening greater than
7 /k1. In that case we say that f is k—multisummable in the multidirection d. The function
f is called the k—multisum of f in the multidirection d.

The set of k—multisummable power series in the multidirection d will be denoted by C{x} 4.

The reader may note that we have suppressed the additional factor z*2 in the previous
definition as compared with the definition of summability. This is because in this case even
if we included such factor, we need then to apply the acceleration operator that also modifies
the exponents but in this case we cannot add another such factor to compensate the change,
at least not maintaining the relation Ly, o ﬁlkl’k? o By, (2*2 f) = 2" f. One advantage of not
adding this factors is that using convolutions it can be proved directly from the definition
that C{z}q is closed by the usual product.

Given k = (k1,k2) and d = (dy,ds) admissible and f € C[[z]]; ks We may wonder when
[ € C{z}pq. If this happens we say that d is a non-singular multidirection of f for
k—summability. If instead d is singular it can be for several reasons: first if Bk2 ( f) can-
not be analytically continued to a small sector of infinite radius bisected by ds or it can but
with exponential growth greater than . In that case any k—admissible d with ds as second
component is a singular multidirection. Then we say that d is singular at level 2. Second, if
Z’S’kQ ( f ) can be analytically continued, say as ¢, into a small sector of infinite radius bisected
by do with exponential growth at most x but A, 1, () cannot be extended analytically into
a small sector of infinite radius bisected by d; or it can but with exponential growth greater
than k1. Then we say that d is singular at level 1.

Once we have identified all singular multidirections at level 2 with common second component
and also identifying admissible multidirections modulo 27 we say that f is k—multisummable
if only remain a finite number of singular multidirections. The set of k—multisummable
formal power series will be denoted by C{z}j.

If £ and d are admissible then C{z}; 4 and C{x}, are differential algebras and the map
that assigns to each element of C{z}} 4 its sum, is a homomorphism of differential algebras.
Using the properties of the acceleration operators it follows that C{z}z; 4, C C{z}ka for
j = 1,2, and the sum operator coincide in both spaces. In particular if fj € (C{ac}l/kydj,
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j=1,2, then fi + fo € C{z}k,q. Conversely we have the following decomposition theorem
due to W. Balser.

Theorem 4.1.2 (Balser). Given k = (k1,k2) and d = (di1,d2) admissible, assume that
1/ko —1/k; < 2. Then for f € C{z}k,q there are fj € C{z}1/x;,a; such that f=fi+fo and
the k—sum off is given by the sum of the ki—sum of fl and the ko—sum of fg.

The definitions of multisummability in a multidirection and multisummability can be gene-
ralized to any number of levels and all the previous properties hold. The most remarkable
result in this theory is the fact that all the formal power series solutions of systems of non-
linear meromorphic ordinary differential equations are multisummable. The first complete
proof of this fact was given by Braaksma [Br|. Another complete proof using similar reaso-
nings can be found in chapter 8 of [B1]. A different proof based on cohomological arguments
is due to Ramis and Sibuya [RS1].

4.2 Monomial acceleration operators

In this section we define an analogue to the acceleration operators adapted to monomials
using the Borel and Laplace transformations defined in Chapter 2. The aim of these operators
is to lead us to a definition of monomial multisummability. Along the section we develop
all its properties, similar to the ones of the classical acceleration operators such as its action
on formal power series, its compatibility with the corresponding Laplace transforms, their
behavior w.r.t monomial asymptotic expansions and with convolutions.

As in the classical case, we want to obtain an analogue to the acceleration operators for
monomials. Following the same lines as in the one variable case we formally calculate the
composition between a Borel and Laplace transforms of different indexes. More specifically,
let p,q,p’,q" € N* be positive natural numbers and let si,s2,5],s5 > 0 be positive real
numbers such that s; + s2 = 1 and s} + s, = 1. Then a simple calculation shows that for a
function f we have

( /! /) ( 7 ) B
Blis’f,sg) (‘Ckpdq(sl s2) (f)) (éa U) =

_ (ot // u k(s 1p/81+5/2f1/32)f(fu_sll/p,lvsl/pk vu 2y 9K e oy
27i(EP'v9") 7 |

where d is a direction such that |d| < 7/2 and  is a Hankel path.

\m

A possible way to proceed is to request that A := £ This equation can always be

P
D s
the fi

4
a’
st case the solution is given by

=k

/
1
solved for fixed s1, s or fixed s}, s5. For instance, in
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/ /
s1pq S52Pq
S|= o Sy= . (4-5)
S2pq° + s1p'q S2pq° + s1p'q

Then, for each u, we can consider the change of variables w = u~ LyAl/k Some calculations,
including the formal interchange in the order the integrals, lead us to the following formula

5%(1) etdoo o .
v?) / FEw P ow YOy (M d (M)

id

_ (&))"
NG
((§ ° )) / Flers/Ph prs2/aRYOy i (7)dr,

provided that Al/k > 1. Using equations (4-5), this inequality is equivalent to have

p
s1(p'q —pq') > 7(ak - q'l). (4-6)

In order to be able to choose 0 < s1 < 1 satisfying the above inequality we compare p/p’, q/q
and [/k and check all the possible cases:

1. Suppose max {1%’ %} < % Then any 0 < s; < 1 satisfies (4-6).

2. Suppose min{ﬁ,,q}< <max{;J i} Then if p/p’ < 1/k < q/q', we can take any

s1 satisfying 0 < % <s1<1.Ifq/qd <l/k <p/p', we can take any s satisfying
p(gk—q'l)
O < S1 < W S 1

3. Suppose < min {z%’ %}. Then there is no 0 < s; < 1 satisfying (4-6).

We remark that in the case of the same monomial, i.e., p = p/, ¢ = ¢/, we have s} = sy,
sh = s9 and A = 1. Then inequality (4-6) is just | > k.

The previous considerations justify the following definition of an acceleration operator.

Definition 4.2.1. Let p,q,p’, ¢ € N* be positive natural numbers and k,l > 0 be positive

real numbers such that min zf’ ? < k Let s1,s2 > 0 be positive real numbers satisfying
51+ s2 = 1 and such that s1(p'q — pq¢’) > L(gk — ¢'l). Let s}, s, be given by (4-5) and

set I = (p,q¢,p,q,1l,k, s}, s, s1, 32). The acceleration operator in direction 0, associated to
the monomials xPe?, o' c? | with index (I,k) and weights (s1,52), (s, 55), or simply the
acceleration operator associated to I in direction 6, of a function f is defined through the
formula

p,a\k petfoo /
(7 )) / f(fTSl/pk,UTSQ/qk)CAZ/k(T)dT, where A = ?2 _ 29
0

™Aro(f)(&v) = (@)
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To determine the type of functions such that the above integral is meaningful we take into
account the exponential behavior of Cy; /3. If we assume that f has an exponential growth of
the form |f(&,v)| < CeMmax{lE™[v["2} " for some C, M > 0, then the norm of the integrand
can be bounded by

K K1S k K K9S k 1/(1—-k/Al
| F(ETs1/PR ors2/ TR Oy (7)) < Ol maxtlElm I/ Jufafrirasalsth—epfr /OZE0.

as long as |d| < % (1 - %) and (£7°1/Pk y752/9%) belongs to the domain of f. Then it is
natural to request that

pk qk k

K181 K289 Al

In conclusion, we may work with functions f having exponential growth as

K K 1 S1 S/ 1 52 S,
< CeMmax{l¢[*tJo~2} = .21 =1 - ._ "2 %2 4-7
’f(§7v)| < C(Ce ' el k p/l7 Ko qk q/lv ( )

for some constants C, M > 0 and all (¢,v) in the domain of f. On the domain of f we can
assert the following statements:

1. If f € O(I,4(a,b,+00)), and has exponential growth as in (4-7), then for each 6
satisfying 0] < § (1 — Aﬁl), s is defined on the region D’w(a, b, M) given by

a—0/k <arg((Pv?) <b—0/k, Mmax{|{|",|v|"?} < ca(Al/k,0).

Note that changing the direction 6 we obtain an analytic continuation of 27 g. This
process leads to an analytic function 2;(f) defined in the region

U  Digla,b, M),
ol<3 (1-27)

which is a sectorial region in the monomial £Pv? of opening b —a + 7 (% — ﬁ)

2. If f € O(1ly ¢(a,b,+00)), and has exponential growth as in (4-7), then for each ¢
satisfying 0| < § (1 — %), 2; is defined on the region D7 ,(a,b, M) given by

a—A/k < arg(&Pv?) < b—Af/k, Mmax{|¢[", |v]*2} < ca(Al/k, ).

As before, changing the direction 6 we obtain an analytic continuation of 2;g. This
process leads to an analytic function 20;(f) defined in the region

J  Digla,b,M),
lo1<3 (1-27)

which is a sectorial region in the monomial &7 v7 of opening b — a + (% — %)
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The first natural property of the monomial acceleration operators is that they coincide with
the composition of the corresponding monomial Borel and Laplace transforms, for functions
having the adequate exponential growth.

Proposition 4.2.1. Let f € O(II) be an analytic function, where 11 is a monomial sector on
infinite radius in EPv9 or & ve and let I be as in Definition 4.2.1. Suppose f has ezponential
growth | f(&,v)| < CeBmax{g[Pt/o1,|v]i+/>2} for some C; B > 0 and all (¢,v) € II. Then A;(f)
s analytic in a corresponding monomial sector of infinite radius, has exponential growth of
the form |47 (f)(&v)] < DeM mas{[el"" /7L o]/ 72 for some D, M > 0 and satisfies

LYty QD) = L1785

Proof. Set @« = Al/k and 8 such that 1/a + 1/8 = 1. Also to simplify notation write
R(€,v) = max{|£[PF/51 |v|?*/52}. To check that ;(f) has the mentioned exponential growth
we bound it directly, as

ygpvq‘k +00 s
k +00
= ’é.]:’l]q,‘ C eBu_c2UB/R(§’U)ﬁdt'
‘é‘p v ‘l| R(E:'U) 0

1/8-1
Take any positive number § and set ug = (BC—JQF‘S) R(&,v)8/8=1, Note that if ug < u then

B — couP~1/R(¢,v)? < —4. By bounding the integral from 0 to uo and then from wug to 400
we see that

PG S e (<o [ )
0 U

707 R(E,v) :
vt € (1 g, L
=@ T RE D \BC " 5)

Since R(&,v)P/F~1 = max{|¢[P'//51 | |v|7V/%2}, the result follows.
The proof of the last part of the statement follows by calculating the left side of the equality,

interchanging the order of integrals and using formula (4-1). O

Using the previous proposition and formulas (2-1) and (2-11) it can be seen that for A\, u € C
such that Re(\), Re(p) > 0 we have
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pk

e

(1 3+ 52 b
g €>\+pk—p Lyyptak—q'l
)

+

_ Pk A+pk—p'l, ptak—q'l

The previous formula suggests the definition of the formal acceleration operator associated
with I as:

N PRk
A C[lg, v]] — WQ[&“H
D (143 4 i)
Z Uy & 0™ — Z a pk q €n+pk*p’lvm+qk*q’l‘
o MU (o )
n,m>0 n,m>0 i 1% 71
It is a liner isomorphism and satisfy A = Bl(jzls’,qlz, )oﬁgf (Z)l 52)? giving us the formal counterpart
s\51,59 ) ;

of the previous proposition.

Remark 4.2.2. Let f = > nm>0 Anm& V™ =37 o fa(§,v)(§P)" be a formal power series
and I as in Definition 4.2.1. A necessary and sufficient condition on f so that 2;(f) is a
convergent power series, is that there are constants K, A > 0 such that

KAn+m
P(1+Hﬂ1+;ﬂ2)

‘an,m’ <

)

for all n,m > 0, where k1, ko are given by (4-7). This is equivalent to say that f defines an

entire function f with an exponential growth of the form (4-7). Then (éi;’:),): Ar(f) exists,

I aINL A .
it is analytic in a polydisc at the origin, and it has %Q{I( f) as Taylor’s series at the

origin.

Now assume that there are constants s, B, D, M > 0 such that the family of maps f, are
entire and satisfy the bounds

|[fa(&,0)| < DB'T (1 4 sn) M max{iel o, (4-8)
for all (¢,v) € C2. This is equivalent to require that the coefficient of f satisfy bounds of
type
I'(1+ sn)

‘ < K [ptngtmt)
r (1 + o+ %2)

|anp+m,nq+j 5

for all n,m,j € N with m < p or j < ¢ (recall formula (1-6)) and some constants K, L >0 .
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~ A~

Thus we can conclude that f e C[[¢, U]]gp’q), (éppgs),ll Ar(f) € C[[¢, U]]Si?/k_l/[\l,

A7 ((€Pv9)" f,,) are analytic in a common polydisc centered at the origin and

all the maps

Ar(f) =D Ar(€P09)" f)-

n>0
In the same way, if f = > >0 f1(€,0)(€Pv?)" and assuming that there are constants
s, B, D, M > 0 such that the family of maps f], are entire and satisfy the bounds
|le1(£’ ’U)| < DB"T (1 + sn) eMmax{|§\N17\u‘~2}’ (4_9)
for all (¢,v) € C2, or equivalently, to require that the coefficient of f satisfy bounds of type

I'(1+ sn)

P +nd +mtj
ri+2+4)

|anp’+m,nq’+j‘ < K

)

for all n,m,j € N with m < p’ or j < ¢’ and some constants K, L > 0, we can conclude

~ ;o /’U INE A~ ;o ;.
that f € Cll&, o))", CLULA(f) € Cllg, w18 ), 10 all the maps (€707 f}) are

analytic in a common polydisc centered at the origin and

Ar(f) =D Ar((€v")" 7).

n>0

As in the study of the Laplace transform we center our attention to the behavior of the
acceleration operators w.r.t. monomial asymptotic expansions. Since these operators relate
two monomials, it is natural to obtain results of asymptotic expansions for each monomial.
The following two propositions are the analogue to Proposition 2.1.11 in this context and
the proofs follow the same lines. Thus we only write the proof of the first one.

Proposition 4.2.3. Let f € O(Il, 4(a, b, +00)) be an analytic function. Suppose that the
following statements hold:

1. f ~P) f on 1, , =11, 4(a,b,+00), for some s > 0.
2. If TAp,q(f) = > .50 fut", then every f, is an entire function and there are constants

B,D,K > 0 such that

|fu(&,0)| < DB™T (1 + sn) X maxtiel v}

for allm € N and for all (¢£,v) € C2.

3. For every monomial subsector ﬁp,q € I, ;, there are constants C, A, M > 0 such that
for all N e N
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Z fn &" gpvq < CANF(l + SN)‘é-pvq|NeMInax{|§"i17‘1;‘&2}’

for all (§,v) €11, 4.

p'vq' l , P Uq l A o
Then SR (f) ~00, ) <(’€£pvq 1(f) on Upgjez (1-1) Diglasb, M).

Proof. To simplify notation we are going to write R(£,v) = M max{|{|"!, |v|*?}. We note
that hypothesis 3. for N = 0 is interpreted as f having exponential growth as in (4-7).

Let h(€,v) = 20090 ()(& v) and write T, (((; v f)) — 5o b, Then, as a

consequence of statement (2), we can use Remark 4.2.2 to conclude that

e oy = 0 Lo ()
n\S» - (é-p’l]q)k 1 n/)s
and additionally that (&) L Ar(f) is (s 4+ 1/k — 1/Al)—Gevrey in the monomial £Pv9.

(gPva)*

Now fix 6 such that || < Z (1 — £). It is enough to prove the result for subsectors contained
in D} 4(a,b, M). If we take one of those proper subsectors I, ,, we can find § > 0 small
enough such that

R(&,v) < ca(Al/E,6) — 6,

for all (¢,v) € T, . Now let Hpq € T, 4 such that (§751/PF urs2/oh) € 0, if (¢,v) € TT,
and 7 is on the semi-line [0, e?c0). Using statement 3. for Hp,q we see that

N-1
(e, v) = 3 hal€,0)(EPV)"| =
n=0
0050 N1
/0 (f (er1/Pk prsa/aky - 5 fn<5781/p'f,msz/q’ﬂ(spvq)w/’“) Couyp(r)dr
n=0
+o00
< C'ANF(l + N/l)|§pUq’NpN/ke*‘spl/(l_k/M)dp

0

k C AN 1 1 k
=(1--= I'(14+sN)'(1+ N 1— -2 ) [Pl Y
( Al) SR gy ) ( " (kz Al)+ Al) €1

for all (¢,v) € II,,. We can conclude that (épvz))lﬂ[(f) gi?)/k 1AL (f;% 7(f) on on

U|9|< T(1-4) Di g(a,b, M), as we wanted to show. 0

Proposition 4.2.4. Let f € O(Ily y(a,b,4+00)) be an analytic function. Suppose that the
following statements hold:
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1. f ng/’q/) fon I,y o =11y o(a,b,+00), for some s > 0.

2. If Tpl7ql(f) = >0 [nt", then every f) is an entire function and there are constants
B,D,K > 0 such that

I£1(€,0)| < DBT (1 + sn) K maxdief s jol=2}
for all n € N and for all (§,v) € 2.

3. For every monomial subsector ﬁp/,q/ € ILy o there are constants C, A, M > 0 such that

for all N € N
N-1 N
FEv) = D7 Fal€ o) 07)"| < CANT(L+ sN) | o | Mmasdleinfora),
n=0

for all (§,v) € ﬁp/,q/.

plvql l pyd) 1 A N
Then SZ0 20, (f) ~20) 1) (épvq)k 1) o Upjez (1) D ola,b, M),

To conclude this section we prove the relation between the convolution product and monomial
acceleration operators, i.e., the analogue to formula (4-4) in this context.

Proposition 4.2.5. Let f,g € O(Il, ;) be analytic functions on a monomial sector z'n Pyl
of mﬁmte radius. Suppose f, g have exponentml growth as in (4-7). Then so does f* g,

(f 51 s ) 1s well defined and we have

51 82)

Ar(f) ot by Arlg) = Ar(f +E0 ) 9):

Proof. The fact that f *k (S s2) 9 has exponential growth as in (4-7) follows by a direct
estimate. To verify the equahty note that by definition we have for some adequate 6 that:

' gpvq 2k e¥oo
(1) iy Bra)(E0) = (S / / / ) o

et /P by P [yl @y 2/ Ak ) g (& (1) 1Pyt PR gy (1) 52/ T2 98) O (1) Cpg i (v) dudvdt.

By performing the change of variables w = utf/M, 2 = v(l — t)k/ Al interchanging the order

of integrals and applying formula (4-2) we get

(gpvq 2k

(grv®)* efoo  prefoo s1/pk s2/qk s1/pk s2/qk
(er'v?) / / FEw™ /PP vw 1) g(£2°1 PR 02% ) Oy (w + 2)dwdz.
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Then fixing z, making the change ( = w+ z and after interchanging the order of the integrals

we obtain the expression:

2k e?oo
ey / FIEC = 278, 0(C — 2™/ )g €254/ 052/8) Oy () dzdC =

Pqya efo
(,ggp?ﬂ))l/o (f */E;pﬁz)l,@)Q(C))CAZ/k(C)CK

= (f 7D 9)(E ),

as we wanted to show.

4.3 A definition of monomial multisummability

To motivate the definition of monomial multisummability we will propose here, we can prove
an analogous result to Proposition 4.1.1 in the context of monomial summability. It is
proved applying point blow-ups and it provides examples of power series in S that are not
k—summable for any monomial and for any k£ > 0. The reader may note that the following
result is a generalization of tauberian Theorem 1.3.5.

Theorem 4.3.1. Let pg,...,pr, qo,-...,q be positive natural numbers and let ko, ..., k, be

positive real numbers. Let fj € Rg%’?j) \ R be kj—summable power series in the monomial
J

aPicdi| for j =1,...,r, respectively. Then fo = fl 4+ 4 fr s ko—summable in 2P if and
only if kopo = k;p; and kogo = kjq; for all j =1,...,r

Proof. We prove the theorem by induction on r. If » = 1 the statement is just the tauberian
Theorem 1.3.5. Suppose the theorem is true for » — 1 and let us prove it for r. If the
conditions kopo = k;p; and kogo = k;q; hold for all j = 1,...,r then by Proposition 1.3.3 we

see that Rg%fo) = Rg%jj ) for all j=1,...,r and the statement is clear.

Conversely, suppose that fo € R§%’§O). We may assume (reindexing the power series if

necessary) that kopg < ... < k,p,. The following situations cover all the possible cases:

I. We have the strict inequalities kopg < ... < kypr and kogo < ... < krq.. If we
apply Tpo,qo to fo we see from Proposition 1.2.20 and Corollary 1.2.5 that Tpo,qo( fg)
is kop—summable and a sum of max{po/p;,qo/q;}/k;—Gevrey series, j = 1,...,r. Since
max{po/pj,q0/q;}/kj < 1/ko for all j =1,...,r then by Theorem 1.1.13, Tpo,q()(fO) and
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II.

I11.

SO fo are convergent. Using the induction hypothesis on the series gg = fo — f1 and
9; = fj+1,J =1,...,7r — 1, we obtain a contradiction.

We have the equalities kopg = --- = k,p,. Then we compare the numbers k;q; for
J =0,1,...,7. Suppose there are 7 # j such that k;q; = k;q; then by Proposition 1.3.3

Rg%,qi) = Rg’}jk"_]j ), Reindexing the series we may suppose ¢ = 0,7 = 1. Then using the
i J

induction hypothesis on the series gg = fo - fl and g; = fjH, j=1..,r—1 we see
that kopo = kjp; and koqo = k;g; for all j =1,...,r, as we wanted to show.

Otherwise k;q; # kjq; for all ¢,5. Reindexing the series we can assume we have the

strict inequalities koqog < ... < k.q-. Composing with my we obtain series fj o Ty
(Pj+4;,45)
1/k;

ko(po + qo) < ... < kr(pr + qr) and koqo < ... < kyq, (strict inequalities). Arguing

as in case (I) we can conclude that fo o my is convergent and using Proposition 2.3.1

satisfying fj omy € R for all 5 = 0,1,...,7. But now the new numbers satisfy

we see that fg is also convergent. Finally using the induction hypothesis on the series
go = fo— f1and g; = fj41, = 1,...,r — 1, we obtain a contradiction.

We have kopg < k.p, but some of the numbers in between are equal. We can write

kopo = - -+ = kiyDiy < Kig+1Pio+1 = -+ = kiypiy < kiy41Pii41 = -+~
< kim-‘rlpim-i-l == krpra

where the indexes ig, i1, ..., 7, indicate when we have a strict inequality. More precisely,
ifgqg+1<j5< 1141 then kjpj = kil+1pil+1 and if j = 4; then kizp’iz < kil+1pil+1- Now
consider N € N* satisfying

kiGi — ki1 11
N > max —adu a1+l
0<i<m ki 11pi+1 — ki i,

(p5,a;)
1/k; >
7 =0,1,...,7, where q; = Npj+q;. By the election of N we have the strict inequalities

Composing N times the given series with 7 we obtain series fj o € R

k‘ilqll-l < k‘ilﬂqglﬂ, foralll =0,...,m.

Furthermore the order relations between kil+1qgl 1k are the same as the

. /
+1 q’il+1
ones between k;; +1Gi, 11, ---, ki, ¢, , - 1f for some [ a pair of numbers among k‘il+1q£l+1,...,
/
kil«kl qil+1
pothesis to get a contradiction. If not, all the numbers kil_i_lq?/:l y1 ek

are equal the corresponding spaces coincide and we can use the induction hy-
il+1q’/il+1 are
different, for all I = 0,1,...,m. We can even assume, by reindexing the series with
index in the set {i; + 1,...,7;41}, for every possible [, that these numbers are ordered

by the index, as

/ /
kil-‘rlqz'H»l <0 < kil+1Qil+17

where all the inequalities are strict. In other words, we have achieve to the situation
kogy < -+ < krq.., where all the inequalities are strict. Finally composing with 7y we
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. . A i+45,45) . .
obtain series f; o W{V oMy € Riz;]k_qj q]), 7 =0,1,....r, and the correspondlng numbers
satisfy the strict inequalities ko(po + q) < -+ < k (pr +¢;.) and kog) < - -+ < kyql.. As

in case (I) we conclude that fo oV omy is convergent and then fo is convergent. Using

the induction hypothesis on the series gy = fo — f1 and g; = f]H, j=1,...,7r—1, we
obtain a contradiction.

Since the only non-contradictory case is when kopg = k;jp; and kogo = kjq; forall j = 1,...,r,
this is the only possible order relation among those numbers and the statement of the theorem

is true for r. The result follows by the principle of induction.
O

Example 4.3.1. Consider two different monomials 2Pe? and 2'¢? and a,b € C* and define

the series
o0
; (=" gnr1) pnry _ L a1
flz,e) = E g\t H Pt = — B | —aPe? |,
( ) ~ panJrl P a
g(z,e) = OOE CV e g/ 1) lE Loy oo
7 n=0 P v b ’

where E denotes the Euler series. The series f is 1—summable in xPe? and satisfies the
differential equation Dl(f) = 2Pe9, where Dy = €%2Pt19/0, + ap. In the same way, the
series § is 1—summable in 2”'€? and satisfies the differential equation Dy(§) = ¥’ e, where
Dy = 9 zP +18/67 + bp’. By Theorem 4.3.1 the series h= f + ¢ is not k—summable in any
monomial, for any k£ > 0. We want to explore what kind of differential equation it satisfies.
As in the example of J.P. Ramis and Y. Sibuya mentioned in the first section we calculate
a differential operator D of degree 2 that can be factored as D = LD = LoD, for some
Ly, Ly € C(x,¢)[0/0:]. If we call P = max{p,p’'} and Q = max{q,q’'} then a possible such
operator is given by D = A(9/0,)? + BJ/d, + C where

A= p/b.'ESP_p/+2€3Q_q/ _ CLpIE3P_p+2€3Q_q,
B— p'(p’ + 1)bx3pr'+1€3qu’ + (bp/)2$3P72p'+1€3Q72q’ _ p(p + 1)am3pr+1€3qu

— (ap)2a3P 213020

C = pp/ab(p/ . p)xi}prfp’ESqufq’ +p(p/)2ab2x3P72p’7p€3Q72q’7q 2bp2 /. 3P—2p—p’ 3Q 2q—q’ )

The operators L; and Lo are given by

L :(p/b$3P_p_p/+l€3Q_q_ql _ ap$3P—2p+1€3Q—2q)ax + bp/(p/ . p)m3P—p—p'€3Q—q—q’
+ (bp/)2x3P72p’fp€3Qf2q’fq _ abpp1x3P72p7p’€3Qf2q7q’,
:(p’bx3p—2p’+163Q—2q’ _ ap$3P—p—p’+1€3Q—q—q’)ax + ap(p' _ p)x3P—p—p’53Q—q—q’

_ ' _ v IS, YoV o4
—((Ip)2$3p 2p p€3Q 2q9—q —i—abpp/x?’P p—2p €3Q q 2q‘
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Then it follows that h satisfies the differential equation of second order

D(y) _ 2b(p/)2IL‘3P_p/€3Q_q/ _ 2ap21,3P—p€3Q—q + (bpl)2$3P—2p’€2q’ o ((Lp)21?3P_2p83Q_2q.

We can differentiate 3P — min{p,p’} + 1 times w.r.t. x to obtain a homogenous differential
equation satisfied by h. We note that the term multiplying the highest derivative of y in this
new equation is still A. In order to factor a common monomial in A and that the resulting
factor is invertible in (0,0) it is necessary and sufficient that 3P —p' +2 < 3P — p + 2 and
3Q—¢ <3Q—qor 3P —p'+2>3P —p+2and 3Q — ¢ > 3Q — q. These inequalities are
equivalent to require that

/ /
max{p/,q/}gl or max{p,q}gl.
P q P q

Since the monomials are different, we will see that we are in adequate conditions to apply
monomial multisummability to the series h.

As in the classical theory of multisummability, we want to define a summability method for
series in S capable to sum the series described in Theorem 4.3.1, at least for two summands
and that combines the monomial summability of the monomials involved. Indeed, if we take
f € Ry;’g) and g € R%’q/) and set h = f + ¢ we distinguish between the following cases:

1. If p/q = p'/q’ then we can suppose that we are working with the same monomial, so
suppose that zPe? = 2'e? and k < I. In particular, the domains of the sum will be a
monomial sectors in that monomial. Then we can use the operator an to study the
classical multisummability of the series T}, 4(h).

2. If p/q # p'/q’ the monomials are essentially different. Then the monomial multisum of
h would be defined in the intersection of the domains of the sum of f and the sum of
g, i.e. in sets of the form II, , N 1L, ,, for some monomial sectors. At this point the
path changes drastically in view of the nature of this sets.

When restricting our attention to directions d; and ds of monomial summability of g and f ,
respectively, the condition of (d1,ds) being (I, k)—admissible in the sense of Definition 4.1.1
is only meaningful in case (1). Then we need to adapt this condition for the general case
to a condition where the domains of the different sums intersect. Taking into account this
remark, a straight generalization of classical multisummability is available with the aid of
the monomial acceleration operators presented in the previous section.

Definition 4.3.1. Let I = (p/, ¢/, p,q,1, k, s}, s, s1, s2) be as in Definition 4.2.1. We will say
that f € S is I-multisummable in the multidirection (dy,ds) if the following conditions are
satisfied
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1. fis 1/k—Gevrey in the monomial zPe?,

5(p,q)
2. B, o (51,52)

continued, say as ¢s, s,, to a monomial sector of the form S ,(d1,0:,+00), for some
M max{|¢|

( f), being convergent in a neighborhood of the origin, can be analytically
01 > 0, with exponential growth of the form Ce “LIv*2} for some constants
C,M > 0.

3. Ar(ps,,s0), being defined in a sectorial region in the monomial {Pv? bisected by dy,
can be analytically continued, say as ¢y o, to the intersection of monomial sectors of
the form S, 4(d1, 0], +00) and Sy (da, 05, +00), for some 6/, 65 > 0, with exponential

growth of the form C'eM’ max{[¢® L ol 1/52}, for some constants C’, M’ > 0.

Then the I—multisum of f in the multidirection (dyi,ds) is defined as

Flw,e) = L) (g ) (@, 9),

and it is an analytic function in a set of the form Sy 4(dy, 07 +7/IA, )N Sy o (d2, 05 +7/1,7),
where 6] < 6, 65 < 0 and r is small enough.

The set of I—multisummable power series in the multidirection (dy,ds) will be denoted by
Ry (ar.dy) = C{: €31 (d1.d)-

From this definition we can deduce the following two properties guaranteeing the stabﬂity of
the set Ry (4, 4,) by sums and products and that series of the form f + g, where f € Rll;lg) d

and g € Rg I d) belong to Ry (4, ,4,) under the assumption that the domains of their sums
intersects. The first property follows from the linearity of the operators involved for the

addition and from Proposition 4.2.5 for the product.

Proposition 4.3.2. Let I be as in Definition 4.2.1. If f,§ € Ry (4, 4y then f+3 € Ry (4, )
and fg c R[7(d17d2).

Proposition 4.3.3. Let I be as in Definition 4.2.1. If fe Rf;]g)d and g € Rgz;ll’d;) and the

domains of their sums intersect then f +9 € Ry (dy do)-

The proof of the last proposition reduces to prove that f and g belong to Ry (4, 4,). For f
the proof follows using Proposition 4.2.1. For g and its Gevrey order we can use Remark
4.2.2 to conclude that QLI(B(p 9 )(g)) = B(IZ " ),)(A) is analytic at the origin and use the

k,(s1,s2
I—sumability of § in 2'¢? in direction dy to conclude that § € Rj (4,,d,)- The hypothesis of
the intersection of the domains is used to ensure the third condition of the definition.

We remark that in the proofs of the above propositions we also have seen that the monomial
multisum of the series involved is obtained from the monomial sum, accordingly to each case.



Conclusions and future work

We want to briefly summarize in this last part the main conclusions of this thesis and to
indicate some possible lines of work.

We have recalled and developed in detail the notion of monomial asymptotic expansions and
we have focused in the special case of expansions of Gevrey type and monomial summability,
as in the article [CDMS] on which is based our work. Many simple properties have been
written to support the stronger results, including formulas to calculate the monomial sum.
The first remarkable result is the tauberian property that establishes the incompatibility of
non-equivalent monomial summation methods, described in the Theorem 1.3.5.

In the absence of a systematic approach to monomial summability using integral transfor-
mations we have developed Borel and Laplace operators adapted to a monomial but using
weights in the variables, to be able to use the monomial sectors as natural domains of the
functions on which the operators act. Based in the classical theory we have defined a su-
mmability method using these operators (adequate Gevrey type plus analytic continuation
of the Borel transform with good exponential growth) and proved in the Theorem 2.2.1 that
it is equivalent to monomial summability.

The natural scenario to apply monomial summability is the field of singularly perturbed
analytic differential equations and so we did. The applications we have included treat three
types of equations: doubly singular analytic linear differential equations, a partial differential
equations induced naturally by a property of the monomial Borel transform and pfaffian
systems in which every single equation is doubly singular. In all of them we have obtained
properties of existence and uniqueness of formal solutions joint with monomial summability
properties under the key hypothesis of the invertibility of the linear part at the origin of the
analytic function involved: Proposition 3.1.2, Theorem 3.1.4, Proposition 3.3.4, Theorem
3.2.2. In the case of the pfaffian systems also properties of the spectra of the linear parts
at the origin of those functions have been deduced from the classical integrability condition,
Proposition 3.3.1. In the non integrable case, we have deduced from the tauberian theorems
the convergence of formal solutions under mild conditions, Theorem 3.3.3 and Theorem 3.3.5.

Finally, after building examples of non-monomial summable series, Theorem 4.3.1, we have
proposed a notion of monomial multisummability for two levels, by using acceleration ope-
rators adapted to monomials. We have defined and developed such operators in the same
way we did it for the Borel and Laplace transformations in the second chapter. This is just
a first step into a vast, technical and intricate theory far from being understood. By the
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key application of point blow-ups to prove Theorem 4.3.1 we can inquire that a more careful
study of this geometric tool will be necessary to understand monomial multisummability.

Many open questions still remain unanswered and some tools have to be improved. We have
already mentioned the necessity of extend the concept of monomial multisummability to an
arbitrary number of levels. Of course a natural thought is to be able to handle these concepts
also in many complex variables. We have the certainty that the results will extend with no
difficulty, up to increasing technicality. The real problems underlay in the nature of the
domains of the multisum: intersection of many monomial sectors. We hope this summation
method will be as useful for doubly singular equations as the usual multisummability is
to analytic differential equations at singular points, dropping the invertibility hypothesis.
Besides we also can explore in more detail the pfaffian systems we have treated here. Of
course another path to unravel is the sheaf theoretical approach to this theory.
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