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Resonances and oscillatory behavior near multi-species plasma equilibria
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We consider dynamic multi-species plasma equilibria whose variables depend on a single spatial
coordinate and linear perturbations of these. The linearized system may be reduced to a second-order
one satisfied by the respective fluid streamfunctions. For the two-species case, the electron mass is a
parameter small enough for a WKB asymptotic analysis to be justified. It turns out that the points
where either the ion or electron equilibrium velocity equals the ratio between the temporal
and transversal frequencies of the perturbation are turning or singular points of the system,
connecting exponentially increasing or decreasing solutions to oscillatory ones. The crucial role of
singular points in the balance between the different contributions to the electron kinetic energy is
explored. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4867179]

. INTRODUCTION

Plasmas are often described as single fluids whose
motion satisfies the Navier-Stokes equations and are gov-
erned by the Lorentz force. The electric and magnetic fields
satisfy the Maxwell equations with a current density given
by the flow of free charges. This is the simplest and probably
the most useful model, in particular when one assumes a sin-
gle neutral fluid and the natural plasma frequencies are low
enough to ignore the displacement current; this assumption
yields the magnetohydrodynamic approximation. However,
several important phenomena such as fast magnetic
reconnection' ™ cannot be adequately explained except by
separation of ions and electrons. The equations governing
the motion of all species of particles are conceptually simple:
each of them is considered as a different fluid, satisfying the
Navier-Stokes (or for inviscid fluids, the Euler) equation. All
species are linked by a common electromagnetic forcing,
while the electromagnetic field is generated by the flow of
charged particles. Additionally, a collisional damping is
present,” although many astrophysical plasmas are so rarified
that can be considered effectively collisionless as well as
inviscid.® The fluid equations may be obtained by taking
averages of the kinetic Vlasov equations.”® The full equa-
tions may be found in Ref. 9, and in a slightly simplified
form in Ref. 10. Other approaches include the interpretation
of plasmas as dielectric media.'""'* We will first consider the
existence of dynamic equilibria of a certain kind for a plasma
with any number of species, but for the study of linear per-
turbations of those equilibria, it is convenient to take the of-
ten used model of plasmas formed by three species: ions
(taken as protons), electrons, and neutral particles. In the ab-
sence of collisions, the last ones will decouple from the rest
to satisfy their own unforced Euler equation, so they can be
ignored. For the general collisionless system, let us denote
by my,, g4, ny, and p,, respectively, the mass, electric charge,
number density, and material density (p, = m,n,) of the -
species, v, will be its velocity, and E and B will denote,
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respectively, the electric and magnetic fields; finally let P,
be the kinetic pressure. Then the following equations hold:
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A number of additional equations must be added: a state
equation relating pressure and density, and Ohm’s law defin-
ing the current density J. To simplify the analysis, we will
take the fluid as incompressible, m,, q,, n,, and p, as con-
stants. Thus, we must add

Vv, =0, “4)

J= an%Vw (5)

Although to find equilibria the following hypothesis is
unnecessary, later we will admit one of the MHD assump-
tions: that due to the low frequencies present, the displace-
ment current is vanishingly small, which mathematically is
equivalent to take ¢y = 0 in (3)

LRV ©)
Ho

The role of the pressure is different in compressible fluids,
where it is linked to the remaining thermodynamic variables
by a state equation, than in incompressible ones. In the last
case, it plays an analogous role to a Lagrange multiplier, its
purpose being to ensure that the remaining terms in (1) form
an irrotational field (see, e.g., Ref. 13). In the compressible
case, the continuity equation for each number density n,
must be added, as well as the state equation relating P, to n,
and the temperature T,. T, satisfies another evolution equa-
tion governed by the heat flux (see Ref. 9). In order to omit
the pressure, it is convenient to take the curl of (1). Denote

© 2014 AIP Publishing LLC
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by w, =V x v, the vorticity of the «-fluid. Then it is shown
in Ref. 14 that (1) may be changed to

é(w“—i-ﬂB) =V x |:V1 X <wx+ﬂB)], N
ot Ny My

(7) follows from (1)—~(3) by a straightforward calculation. The
converse goes as follows: provided the domain where all the spa-
tial variables lie is simply connected, (7) may be uncurled to
yield

6avta+vm.VVa::1_a;(E+VaXB)_VF“’ ®

for some potential F,. If we define now the pressure P, as

1
Py = piFy =5 pa0s; ©)

we recover (1).

Il. ONE-DIMENSIONAL EQUILIBRIA AND LINEARIZED
EQUATIONS

Solutions of (2), (4)—(7) not depending on time must
satisfy

V x [va x (wﬁﬂ}s)] -0, (10)
VxE=0, (11)
V X B =1yY  qunyV. (12)

We will make the following assumptions: all the magnitudes
will depend only on the variable x € [0, c0), the velocity and
the electric field will have the direction of y, the magnetic field
the direction of Z. This is the cartesian version of the geometry
where the particles describe circles around the Z axis, and the
magnetic field is vertical. Although the equilibrium could eas-
ily be found in this axisymmetric case, the linearized equations
become more complex because of the presence of the radius in
the derivatives. Hence, we stick to our cartesian geometry.
Since (4) holds, there exists a streamfunction ¢,,(x) such that

Va =V, x 7= (0,—¢,,0). (13)

In what follows the prime will denote derivative with respect
to x. E plays no role in the equilibrium equations, except to
note that the electric field must be irrotational. Let
B = (0,0,B). Then

V xB=(0,-B,0)=—tp»_quns(0,¢',0).  (14)
Thus

B= (qu Gatp, + c)f. (15)

We will take the logical assumption that velocities and fields
vanish as x — oo. If they do so fast enough for them to be
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integrable in [0, 00), we may take the streamfunctions ¢, sat-
isfying also ¢,(o0c) = 0. With this condition, the constant C
equals zero. Thus

Wy = (ana _¢;l)7 (16)

Vix (0, + 2B =~ [~ + 12> npasdy, 0,0 ).
o o m, o o Om“ 5 BApPps Y5

(17)

This is a function of the form (f(x), 0,0), whose curl is zero.
Hence, (10)—(12) holds and all those configurations corre-
spond to (non-static) equilibria.

Let us consider now small perturbations of this equilib-
rium, v, +u,, E + e, B+ b, P, + p,. The density is assumed
invariant, and the perturbations take the following form: all of
them depend only on (7,x,y), u, lies in the xy plane, e = ey,
b = bz. Let

w, =V X u,. (13)

Taking (7) instead of (1) as momentum equation, the linear-
ized equations are

8<W“+qab) =V x |:Vx X (Wa+%b):|
ot my, my,

1V x [ux x <w“+an)}, (19)
m

% = -V Xxe, (20)
1
—V xb= b7 | 21
Ho Xa: 1
V-u, =0. (22)

Since (22) holds, we may take a streamfunction for u,,

_ (%, _ 0¥,
ua—(8y7 ax,()), (23)
so that
w, = —(AY,)Z, (24)

where A = V? is the Laplacian operator. (21) may be written as
\Y (b — > n“qm) —0. (25)
o

Choosing as before 1, such that ,(x = co) = 0 and assum-
ing b(x = 0o0) = 0, we obtain

b=1oY  Nuall. (26)
o
After some calculation, one finds

Vv, X (wa +ﬂb> = (A% - ﬂb) Vo, 27
my ny
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qx 7 0 qx
VX |V X |[W,+—b)|=——(A¥y,——Db
my Jy my
(28)
as well as
u, <wa+ﬂ3> - (¢;’—ﬂB>Ww (29)

V x {ua X <cox —|—ﬂB)}
my

Hence, (19) may be written as

0 p
o (Al//a( - Ho;—“zﬂ:”ﬁqmﬁﬁ>
— 2 (a0, = 05 mpapg | |
= la—y< llom—“ - npqp ﬁ)] o
9 [ 4 N,
_ la <¢a — MonTa%:n/g(]ﬁ(bﬁ)] a—y (€2))

We will take now a Fourier transform in the variables
(t,y) — (w,m). Since we will later assume that any solution
evolving as exp(iwr) is the limit of damped solutions
exp(—et +iwt) as € — 0, we need for the functions
exp(—et)y, (1), exp(—et)y/ s (1), exp(—et)y/(t) to be integra-
ble in time at least for 0 < ¢ < ¢ for some ¢ > 0. This occurs,
for example, if ¥, has parabolic support, i.e., if i, vanishes
outside an interval (—R, cc) for some finite R. Alternatively,
we could take the Laplace transform in time, but this needs
that i, as well as /', and ¥/ vanish at r=0 if we want the
final equation to be homogeneous. Since ,, is a perturbation,
this hypothesis is justified by arguing that we wish to study
the evolution of this perturbation as determined by the equilib-
rium quantities, not by any arbitrary initial values of it.

We will denote the Fourier transform of i, by ‘V,.
Since ¥, is a real function, ¥, satisfies

( ¢,,__B) Wi, 0,

\Px(_wrxa _m) = \P%(waxv m) (32)

We must recall that ¥/, may be singular at some point even
if the original function u, remains small; the singularities of
the Fourier transform depend on the decreasing rate of i,
and may well occur even if i, is smooth. Assuming the rea-

sonable hypothesis that ¥, as well as ¥/, and /) are tem-
pered distributions, (31) transforms into

w(ﬂﬁww%zymﬂﬁ

my, B

— im\I’a( ”/ — Znﬁqﬁd) ﬁ)
. q
+1m¢%<q@thauomiz;nqu%>- (33)

Let
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F,=¢) - Z npapd’s, (34)

Gy =¢'s. (35)

Then (33) may be written as a second-order differential sys-
tem on the variables ¥,

Y — W, — 1 j{:nﬁqpyﬁ__———————qy. (36)

O( /f

lll. ASYMPTOTIC ANALYSIS IN THE TWO-FLUID CASE

In order to make some progress with (36), we consider a
plasma formed by monoatomic ions, electrons, and neutral
particles and denote their respective streamfunctions vanish-
ing at infinity by ¥, ¥., and ¥,,. Since g, = 0, the equation
for W, decouples from the rest

mF,

—Y¥,=0 37
mG"_w n ) ( )

¥ — Y, —
and will be omitted. To avoid dragging constants, we take
units so that ¢, =1, g. = =1, m, = 1, n, = n, = N. These
are simplifying hypotheses and the analysis could be done
with more complex parameters; the condition that the num-
ber densities coincide models a globally neutral plasma. As
for m,, we denote it by €2; for the case electron/proton,
€ ~5.5-107%, which is small enough to justify a WKB
approximation for the system (37). This now takes the form

1" 2 MFP _
‘I"p—m \Pp_Nle+NlIJ€_(U——n1(;I)\PI)_O7 (38)
N N mkF,
VY, — =¥, + =¥, - ——¥,=0. (39
e M €2 +62 P w—mG, (39)

We could obtain ¥, in terms of ¥, from (38) and plug it
into (39), obtaining a fourth-order equation in ‘¥',. This equa-
tion, however, is far less transparent than the original system.
Writing down the expressions of F,, G,, F,, and G,, (38)
and (39) may be set for m £ 0 as

qg-( +N$%+W¢(>T+NT_O (40)

¢/ _ ¢///
v —(m +—¢ _w+¢ _w‘PJr lI’,,fo (41)

We will look for solutions of rapid variation due to the pres-
ence of the large parameter . = v/N /e by the WKB method.
This scheme, named after Wentzel, Kramers, and Brillouin,
goes in fact much further back in time (see, e.g., Ref. 15).
We will extract the results relevant to our study from three
texts: the simplest but full of interesting examples is Ref. 16.
A more complete treatment including singular points and
first-order systems may be seen in Ref. 17, and the classical
reference'® devotes some chapters to the WKB method. We
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have found no reference where the connection formulas
through singular points are clearly written down, so we will
have to reconstruct them. As asserted, there exists a standard
WKB treatment for first order systems,17 but it runs into dif-
ficulties when the eigenvalues of the matrix which multiplies
the large parameter /A are not all different, as well as in the
turning and singular points. Since these are the most interest-
ing aspects of the analysis, we simply pose a WKB form of
solution for (40) and (41), which we will abbreviate to

¥ =f¥, - NY,, (42)
¥ = 2HVY, + g¥, — 1°¥
"= HY,+g¥. - (43)

f, g, and H do not depend on /. They are smooth except at the
points where ¢/, — »/m or ¢, — »»/m equal zero. The asymp-
totic expansion of these solutions is assumed to have the form

Ai(x)  Ax(x)

72

(1) = 5 (Ao(x) LA Al ) (44)

P, (x) = W (Bo(x) + Blix) + Bi(zx) + > (45)

Taking (44) and (45) into (42) and (43), and equating the
terms in A2, we obtain the eikonal system

(S — H)Ao = B, (46)
S”By = 0, 47)

which yields By = 0, S’ = =+/H. Taking now the terms of
order A

S"Ag + S?A; 4 25'A} = By, (48)
S”B; +2§'B) =0, (49)

so that By = 0 and the first two terms of V), vanish; thus ‘¥,
has order 172 as compared with ¥,, although the rate of vari-
ation given by S is the same. Hence, for the physical optics
approximation we may ignore ¥, and consider only

W = J’HY, + g'¥P.. (50)

Notice that even the possible singularities of fin (42) do not
challenge this relative order provided they are at most of
order two, since these are regular singularities and the solu-
tion there remains bounded. In fact, we will consider only
singularities of order one, which are the only stable ones; a
small perturbation of a higher order one will turn it into a
number of simple ones or will make it disappear. This rela-
tive order translates into the derivatives ‘I’I', and ‘I”’e and
therefore into the ion and electron velocities. The larger elec-
tron velocity is a logical consequence of its smaller mass as
compared with the ions.

Equation (50) may be studied by the classical scalar
WKB method. The zeroes x,, of H represent turning points,
whose behavior is well known, in particular when they are of
order one, as we assume.'® The poles x, of H represent sin-
gularities, studied, e.g., in Refs. 17 and 18, and as we will
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see they have particular properties highly relevant to our
case. The key point is the distribution of zeroes of ¢, —w/m
and ¢, — w/m in the interval x € [0, o0). Obviously, the pos-
sibilities are endless, but the essential point of the behavior
of the WKB approximation in each interval bounded by two
of these zeroes plus the connection formulas across them,
will be captured by a representative example. We choose the
following configuration: a single simple zero x, of ¢,
—w/m followed by a single simple zero x, of ¢, — w/m, in
the form 0 < x, < x, < oo. This is appropriate for the rea-
sonable assumption that the equilibrium velocity ¢’, of the
ions is less than the one (,bi, of the electrons, and both
decrease with x as x grows. The case where both equilibrium
velocities are identical is completely different; there H =1
and only the singularity of g may exist. We will consider this
case at the end. In our case, H is positive in (0,x,) and
(xe, 00), and negative in (x,, Xc).

A. Exponential solutions and connections through the

turning point

The first point is that since ¥,(c0) = 0 and the coeffi-
cients of (50) are real, this will determine the ¥, up to a mul-
tiplicative constant. In order to write down the WKB
solutions in each interval, let us define

S, (x) = J VH(s), ds. (51)
S (x) = J VIH()], ds. (52)

Notice that /|H| is always integrable, even in a neighbor-
hood of x,, and

S,(x) = Se(x) + J VIHG) ds = Se(x) + k. (53)

Also S,(x) <0 for x < x,, Se(x) <0 for x <x.. A funda-
mental system of WKB solutions is for any small 6 > 0

(1) In (0,x, — &) U (x. + 9, 00)

|H(x)|71/4e_;~‘sr/(x)" |H(x)|71/4e’1‘s”<x)|, (54)
(2) In (x, + 0,x, — 9)
‘H(X) |71/4e—i2\Sp(x)\’ |H(x)|7l/4ei2\S,,(X)\’ (55)

or
[H ()] eos(AS,(0))) IH)[sin(A1S,(01). (56)

We could take as well the same functions changing S, by S,
since

ISy] = [Se| =k for x < xj, (57)
[Sp] = —|Se| + &k for x, <x<x, (58)
ISy| = [Se| + & for x> x,, (59)
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so that the functions with the exponent |S,| differ from the
ones in (55) by multiplicative constants. Connections
through the turning point x,, are well known. The trick is to
identify equation (50) near x,, with an Airy equation and
use these (or equivalently, the Bessel functions of order
1/3) to see how the WKB solutions are continuously con-
nected. Often,16 the connection proceeds from the exponen-
tial solutions to the right to the trigonometric ones to the
left, as the realistic solution is the exponentially decreasing
one as x — oo. In our case, however, we must proceed
from x < x, to x > x,. Since these results are abundantly
explained in the literature (see, e.g., Ref. 17), we merely
state them. We have

|H| V4251 2V1|1“sh1<ibbl+-z>

- 2H|1/4sin<—/l|Se| +ik+§>; (60)

H|7VAAS  |H | 4GS /) || VA i (S et/ 4),

(61)

As expected, the solutions are exponentially increasing
or decreasing in (0,x,) and oscillatory in (x,,x.). Still
the only boundary condition we have, W¥,(c0) =0, has
not appeared and leaves open the one-dimensional space of
solutions. To determine it we must turn to the singular
point at x,.

B. Connections through the singular point

As stated, even in the texts studying the singular case,'”'®

explicit connection formulas through x, are lacking. To
obtain them, we must reconstruct the approximation proce-
dure. Assume that the functions ¢, and ¢, are analytic. One
first takes the Liouville transform

X

2
{=sgn(x —x,) (J VIH($)] ds) , (62)

where sgn denotes the sign. Let

(o 1/2

d, = (5> Y., (63)
a0\*

Gx) = (5] =4HW), (64)

LG )

GO=GE a

(65)

Then @, as a function of { satisfies an equation of the form

d*®, ﬁ
di> \4&

+ Gl(C))‘E, (66)

and G, is analytic near { =0, so that the term 1*/(4() is
dominant for two reasons near { = 0: |{| < 1 and 4* > 1.

Phys. Plasmas 21, 032117 (2014)

Hence, we may omit G; from (66). The remaining equation
is well known. Its solutions are for { > 0

(= VL0V, = VKOV, (67)

where I; and K; are Bessel functions of first order. To see
how the solution behaves for { < 0, recall that the Bessel
functions /, and J; are odd entire functions, satisfying

11(3i0) = il (0). (68)

On the other hand, K; and Y; are multiform functions due to
the presence of a logarithm in their power expansion.
Usually, the ray (—o0,0] is excluded from the plane in their
definition (i.e., we take the principal branch of the loga-
rithm). In these conditions, for { > 0

&UO:—gL@%Hgn@y (69)

Thus, if we take /—{ = i4/|(|, the solutions in (67) evolve
in the following way when going from { > 0to { <0

V0N — i1 2A/1L) = =12 (A/1); - (70)

VIV = i/ ILK (/1)
T .
=i VII(HEVID + (V) (71)
T . ,
= —5\/@1’1(1\/@) - 15\/@1@\/@-
If instead we take /—( = —i \/m , since all the Bessel func-
tions are real for real argument, their value at the conjugate

of z is the conjugate of their value at the point z. Thus, with-
out further calculation

VL0 — =IRG8 (72)
VI (/D) = =S VI I + i3 VT (/1D

(73)

We must now decide which sign is the appropriate one. First,
for x near x,, x > x,

ho

X—x,

H(x) ~ (74)

where the value A is positive, since H is positive. Thus, fol-
lowing (62), { ~ 4ho(x — x,), so that { > 0 means x > x,.
The point x, is the root of ¢/ (x) — w/m = 0 for fixed w, but
now we allow it to vary for times frequencies near w, and
denote it by x.(w). Now, we use the previous assumption
that the solution for « must be the limit of the solutions for
the same Eq. (50) with w + ie, € > 0, ¢ — 0. If the zeroes
X.(w + ie) lie in the upper half plane for small positive e,
then x — x,(w + ie) and therefore { changes from { > 0 to
{ < 0 through the lower half plane, which means that \/C
changes to —i+/|{|. The opposite happens if x,(w + i€) lies
in the lower half plane. Since
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xe(@) = (¢,)”" (—) (75)

(¢))™" (9> - 0, (76)

m)  §i(xe(w))
Imx,(0) <0 if ($)”" (Z) = m <0, (77

whereas the opposite happens for m < 0. Thus, for m > 0,
the solutions connect as follows: if ¢, is convex at
Xe, @ (x,) > 0, the second solution (71) and (73) goes as

VK (/D) = = VI GV + 5 VI (VD).
(78)

If ¢, is concave at x,, ¢"(x,) < 0, this solution changes as

VIK (/D) = =S VI GV = 5 VI VD).
(719)

The first solutions (70) and (72) do not depend on the sign of

Im w. The roles are changed for m < 0. Always an imaginary

part appears for { < 0 even if the solution is real for { > 0.
To recover V¥, we recall that

Vi = | VEGTas =50, 6o

so that {(x) = S, (x)*, and

—~1/2
¥, (x) = (;%) LD (x) = (25.(0)Se(x)) @, (x)

_ 1 A4S (012 (x
—\/2|H( S (x) D (). (81)

For each of the Bessel functions of order one F, we will
denote by @, the corresponding solution of (66), i.e.,

o = VIOF(GAVIR) = S(OF (S (), (82)

and W, the associated solution of (50) given by (81)

Wor(x) = — |H@)|48.(0) PF(S.(x).  (83)

Nis

It is known (see, e.g., Ref. 19) that as x — oo

o e(ioo()),

Ki(x) N\/Lz_xex(l +OG>>, (85)

Ji(x) ~ %(—sin(x—g)—l-O(%)), (86)
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Yy (x) ~ % (cos (x - %) 10 G)) . @®7)

so that the first order terms of the functions W, are

1
W ~ 5= IH] VA, (88)
1 —1/4 )8,
P~ NG H| e 75 (89)
1 4. i
Y, ~ - \H|~*sin (me - 4), (90)
1
Wor ~ H|*cos (xse - g) . 1)

We are now able to see how solutions of (50) evolve from
X > X, to x < x,. Given the connection rules of (78) and
(79), we find first

\H|~*eSe — 2|H|V4sin (;L|S€| + g) (92)

This is an analogous rule to the one of the turning points, but
with the crucial difference that it is now the exponentially
increasing solution the one connected to the sinus. This solu-
tion has no physical relevance, so we must choose the expo-
nentially decreasing one to the right of x,. This crosses to the
left as

|H|_1/4e_as( . _g (cos (A|Se| +g) — isin </1|Se| + %))

it mg!(x,) <O, 93)
and
—1/4 _J8, T T . n
[H|" /e — 3 <cos <A|Se| +4> + isin </1|Se| +4>>
it me)(x,) > 0. 94)

As stated, in contrast to the turning point x,, an imaginary
part always occurs to the left of x, if the solution is decreas-
ing as x — oo. In the alternative case 0 < x, < x, < oo, the
solution is oscillatory but real between x, and x,, and an
imaginary part develops to the left of x,. For a more complex
distribution of zeroes of ¢, — w/m and ¢, — w/m, further
connections are possible; always the solution is oscillatory
whenever the two functions have different signs, nonoscilla-
tory otherwise. The condition W,(c0) =0 yields a one-
dimensional space of solutions. Thus, we may impose ¥, (0)
or ¥/,(0), but not both.

The case where the equilibrium velocities are the same
is best considered independently. In this instance, Eq. (50)
simplifies to

Y = (22 +g)V., (95)

where
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ql)l//

T (96)

g—m +

For H # 1, the singular point of g could be ignored because
it coincides with the one of H, which is multiplied by the
large constant 2. Since now the constant 2% has no relation
to the singular point, there is no reason to expect rapid varia-
tion of the solutions and (97) may be treated by the
Frobenius method. The indicial equation is r(r — 1) =0, so
one of the solutions has the form

Y(x) = Z cr(x— xe)k7 97)
k=1

and the other one

Yoo (x) = f(x) + Par(Dlog(x —xo),  flxe) #0. (98)

Outside a neighborhood of x, whose radius has order 1/4,
the solutions are to the first order a linear combination of
exp(4x) and exp(—Ax). The solution decreasing as x — oo
behaves like exp(—Ax) for Ax large, becomes a linear combi-
nation of ¥, and ¥, at A|x —x,| < e, and extends to the
left of x, as a linear combination of exp(Ax) and exp(—/x).
The important part is that the logarithmic term in (98) will
again yield an imaginary part for x < x,: its sign depends as
before on ¢ (x,). The relevance of this component of the so-
lution concerning the absorption of energy at differentes
parts of the plasma sheet will become evident in Sec. I'V.

IV. BALANCE OF ENERGY

We will show that a study of the mean absorption of
electron kinetic energy will yield an invariant quantity which
combines transfers from kinetic to magnetic energy and vice-
versa. This invariant is trivially equal to zero in the case
where the solutions of (50) are real, i.e., when there is no
zero of ¢, — w/m in the interval [0, 00). We start from the
momentum equation (1) for the electrons, and in view of the
results of Sec. III we feel justified in eliminating the ion ve-
locity from the definition of the magnetic field in (5). The
linearized equation takes the form

Ju,
v. - Vu, Ue - VV,
Pe 8[ + Pe + p (99)
=—-N(e+v.xb+u, xB)—Vp,.
Multiplying it by u,, we obtain
1 Ou? 1 ’
2pe ot U, - VVE u, + Epeve ! Vue (100)
= —Ne-u, —N(v, xb) -u, — Vp, - u,.

Since we have worked with the Fourier transforms in y and ¢
of the original quantities, we should write down (100) for the
Fourier transforms of u,, e, b and p,. An alternative easier
method is to consider Fourier modes separately, i.e., to take
functions of the form a(x)exp(i(wt + my)). Since for f real
one has

Phys. Plasmas 21, 032117 (2014)

flo,x,m) = f(—w,x,—m), (101)
we will take variables of the form
h(x) ei((ut+n1y) + me—i(n)ﬁmy)7 (102)

for @ # 0. We choose them because for both terms of the
expression in (102) the ratio w/m is the same, so when sub-
stituting in Eq. (50) they will have the same turning points
and singularities. We will integrate (100) in slabs ¢ < x < d,
with y € (—o0,00) fixed. Apparently, there is a problem
with this integration, since functions of the form (102) are
not integrable in the variable y. However, note that in (100)
there are always products of two functions in y; the remain-
ing one, where it appears, depends only on x as it corre-
sponds to an equilibrium quantity. The Parseval theorem
guarantees that, provided f(y) is square integrable when
y € (—00,00), s0 is f (m) when m € (—00, 00). Moreover

d

['as]” et =

c —00 c

dxro f(x,m)g (x,m) dxdm.
(103)

What we are really considering is each of the integrands

d
J fe,m)g(x,m) dx, (104)

c

adding only the one for m with the one for —m. The real
dynamic variables are assumed to decrease fast enough in y
for the integral in (103) to be finite. For functions of the type
(102), we have

(105)

so if g is also of the type (102), with c(x) instead of A(x),

fe,m)g (x,

m) + f (x, =m)g (x, =m) = h(x)c(x) +hx)e(x)

= 2Re (h(x)c(x)).
(106)

Even without taking Fourier transforms, we may cancel the
integral of the third term

d (oo d (oo
1 1
J J AR Vuf, dxdy = J J V. <—peugve) dxdy =0,
c —00 2 c —00 2

(107)

by applying Gauss’ theorem, since v, has the direction of y
and therefore it is orthogonal to the vector normal to the
slabs, *x.

All the functions in (100) will be written in terms of the
expressions for the streamfunction /, and the pressure p,.
Let us denote

l//() _ a(x)ei(wﬂrmy) + a(x)efi(wﬂrmy)’ (108)

Pe = p(x)e@m) 4 p(x)eilertm), (109)
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b = bz may be found through (26), which in our case
reduces to

b = —Ny,z = —N(a(x)e ™) 4 a(x)e ™))z (110)

Hence
ob . , - .
i —N(iwa(x)e' ™) — jwa(x)e @™z (111)
As for e = ey, (20) yields
Ob Oe
—_—=——. 112
ot Ox (112)

Since we always assume that all the variables vanish at infin-
ity, e(x = 0o) = 0, we obtain from (111)

e = N(ioA(x)e' ™) — A (x) e @rm)y, (113)
where A'(x) = a(x), A(c0) =0, i.e.,
Alx) = —J a(s)ds (114)

The integral in (114) will converge because a decreases
exponentially for large x. Finally, from (23)

i(wt4-my) —i(wt+my)

u, = (ima(x)e — ima(x)e ,

—d (x)ei(a)t+n1y) _ me—i(o)t-!—my)’ 0) ) a 15)

We may now integrate each term of (100) in the slab. First
we notice

i, (m) = (ima,d,0)e'™, (116)
6ﬁ€’ s iot
5 (m) = (—owma,ind ,0)e"™. (117)
Therefore
- o, - 2 12 "2
poie(m) - () = ip, (rPola’ — wla?),  (18)

whose real part is zero. According to (106), the integral is zero.
Let us consider now N (v, X b) - u,. Since

ve x b =N(¢.,,0,0), (119)
B ;o O,
(Ve xb)-u, = =Ny, Dy (120)
Now
Nqs;(peawf = —im¢|al*, (121)
dy

whose real part is again zero. Hence we are left with

d
J P Vv, u,+Ne-u, + V- (pu,)dx=0. (122)

&

Let us consider each of these terms. Since v, = (0, —¢., 0)
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Petle - VVe = (0, p gl (imac’ ™) — imae~ ™)) ),
(123)
so that
(pelie - VV,)(m) = —(0, p ¢/l imae™,0), (124)
and
(pelie - VVe)(m) - 0, (m) = p,@limad’,  (125)
so that when adding the term in — m we are left with
2p,¢Re (imad') = 2p,P"mIm (aa'). (126)

Let us denote by U and V the real and imaginary parts of
a,a=U+1V.Then

2p,¢mlIm (ad') =2p,d)m (UV' —U'V)

=2p,p;mW(U,V), (127)
where W(U, V) denotes the wronskian determinant. Since U
and V are solutions of (50), which is a linear second-order
equation without term in W’,, the wronskian is constant at
each side of the singularity x,. For x > x,, it is zero because
there is not imaginary part there: V= 0. For x < x,, however,
its value Wy is not zero because of the generation of an imag-
inary part to the left of x,. Thus, the integral

d
I(c,d) = j pU, - Vv, - u,dx,

&

(128)

equals
I(c,d) =2p,mWy(¢.(d) — ¢l.(c)) ford < x,
¢be(c))

= 2p,mWo (% - q’)'e(c)) forc <x, <d, (130)

(129)

I(c,d) =2p,mWo(¢b, (xe) —

I(c,d) =0 forc > x,. (131)

Let us turn now to the integral of Ne - u, in 122. Using 113
and (116), we find

Né(m) - u,(m) = N*(0,icw» Ae™",0) - e ' (—ima, d’,0)

= N?iwAd. (132)
Adding the term —m, the integrand becomes
2Re (imAd') = 2wIm (Ad'). (133)

Taking as before a=U+iV, let R'  =U, S =V, with
R(o0) = S(o0) = 0. Then the integrand may be written as

20wN*(RV' — SU') = 2wN*(RS” — SR"')
d
= 20N? e (RS' — SR"). (134)

Hence
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JdNe cu,dx = 20[W(R,S)(d) — W(R,S)(c)],  (135)

C

where W(R, S) denotes the wronskian of R, §

o.¢] o0

W(R,S)(x) = U(x)J U(s)ds. (136)

X

V(s)ds — V(x)J

X

In contrast with W(U, V), W(R,S) is continuous in the whole
interval [0, 00), and there is no need to make different cases
as in (129)—(131). It is also zero for x > x,. A first order
approximation for W(R, S) could be found by integration by
parts of the WKB expression of U and V, but only in the
intervals where |H| > r > 0, so it useless near the turning
point and singularity.
Finally, by (109) and (116)

(137)
i, (m) -n = *imae™", (138)

where the *=sign is positive in x=d and negative in x=c.
Thus the integral of the last term in (122) is

2Re (—impa)|* = 2mIm (pa)|’,

p (139)
which again vanishes for x > x,, since there both p and a are
real. If we write p = P + iQ, this term equals
2m(QU — PV)(d) —2m(QU — PV)(c). (140)
Since (122) holds for any ¢ and d, and we have set this inte-
gral as a difference of terms in d and ¢, we must conclude
that the values of this term
mp,W(U, V)¢, + oN*W(R,S) +m(QU — PV),  (141)
are the same for all points; thus it is constant for x € [0, c0).
Since the first term of (141) is discontinuous at x, because
W(U,V) goes from Wy, to zero, and the second one is contin-
uous, the third one must be discontinuous at the singularity.
Since V is zero there, it must be Q, i.e., the imaginary part of
the Fourier transform of the pressure which is discontinuous.
Since all the terms in (141) are known except for the pres-
sure, this identity may be viewed as defining it, or rather its
phase, since we have the two components P and Q and a sin-
gle equation. For x > x,, (141) does not provide any infor-

mation as all the terms are zero. The meaningful part
of (141) is

P Wo + %NZW(R, S)+ QU — PV =const,  (142)
which implies
%NZW(R, S) + QU — PV = const, (143)

for x < x,.
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V. CONCLUSIONS

To obtain dynamic equilibria in a multi-species colli-
sionless plasma is an easy task when the quantities depend
on a single spatial variable x to which velocity and magnetic
field are transversal, as well as among themselves. This cor-
responds to the cartesian equivalent of the geometry where
the particles describe plane circles under a vertical magnetic
field and a collinear electric one. Linear perturbations of
these equilibria have a rich and intrincate structure where
resonances with the equilibrium motion of the different spe-
cies provide a plethora of different flow possibilities. We
study the case where the plasma is formed by monoatomic
ions, electrons, and neutral particles (which decouple from
the rest and play no role in the analysis). Once a temporal
frequency @ and a spatial one m in the transversal variable
are fixed, the Fourier transforms of the ion and electron
streamfunctions satisfy a linear system with singularities
whenever one of the equilibrium velocities equals w/m. By
taking the inverse of the electron mass as a large parameter,
one is able to use a WKB asymptotic method to show that
the electron streamfunction dominates the ion one that the
zeroes of the ion equilibrium velocity are turning points and
those of the electron equilibrium velocity are singularities of
the equation. The first order approximation to the solution
possesses an exponential character at the intervals where the
wave velocity w/m is either larger or smaller than both equi-
librium velocities, whereas it is oscillatory when it is larger
than one and smaller than the other. Even if the solution is
always real and exponentially decreasing for large values of
x (provided one assumes, plausibly enough, that the variables
vanish at infinity), the solution always develops an imaginary
part to the left of the singularities, which is essential for the
balance of the different contributions to the electron kinetic
energy. This balance yields an invariant of the system which
provides information on the otherwise unknown electron
pressure.
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