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Abstract—In this paper, the problem of H, Static
Output Feedback (SOF) Controller Design with fi-
nite frequency (FF) specification for Two-Dimensional
(2D) Discrete Systems in Fornasini-Marchesini (FM)
second model is investigated with the use of the Gen-
eralized Kalman Yakobovich Popov (GKYP) lemma.
New condition guaranteeing the finite frequency SOF
Hs controller design for 2D discrete systems is de-
rived, in terms of Linear Matrix Inequalities (LMIs).
This study reduces the conservatism of the existing
entire-frequency (EF) design. In the end, same ex-
amples are provided to show the effectiveness of the
derived results.

Keywords: Finite Frequency (FF) domain, static out-
put feedback (SOF) controller design, linear matriz in-
equality (LMI), 2-D discrete systems, Hoo performance,
Fornasini-Marchesini (FM) second model.

I. INTRODUCTION

Two-dimensional (2-D) systems have attracted much
attention during the past decades [26], [1], [27]. However,
due to the structural and analytical complexity, many 2-
D control problems lack analytical solutions. Owing to
the LMI approach emerged in the 1990s, the LMI-based
design provides a valuable alternative to solve the 2-D
control problems. In recent years, increasing LMI-based
results on 2-D systems have been reported in the liter-
ature, including stability analysis [22], stabilization [27],
filtering [1], control design [20], etc. On the other hand,
the static-output-feedback (SOF) control problem is one
of the most important open problems in control theory
even for 1-D systems, and simpler to implement than
dynamic output feedback ones. The design of an SOF
controller with a desired H,, performance has received
considerable attention from the control community over
the past several decades [2], and it has not been fully
investigated. The 2-D H,, SOF control problem can be
represented as a BMI problem. Note that all the existing
SOF control design problems for 2D FM second model
are considered in the entire frequency range. However, in
practical situations and design specifications are usually
given in a certain frequency domains of relevance, where
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it is required that SOF control design problems should
be designed in finite frequency field [8]. Authors of [§]
considered the H., design properties in finite frequency
fields, and provided exact LMIs techniques with the aid
of the generalized Kalman-Yakubovich-Popov (GKYP)
lemma. On the basis of [8], analysis and design of
finite frequency have attracted wide attention. To list
same literature papers, The finite frequency H,, control
for 2-D discrete systems, in Fornasini-Marchesini in[5].
The GKYP combined with the frequency-partitioning
approach to stability analysis, were obtained in [22] for 2-
D discrete system, and in [11] for 2-D continuous system.
However, no result address the issue of SOF Hy, control
of 2D discrete systems in finite frequency domain.
Motivated by the previous discussions, a new approach
is studied. Then, an equivalent strict LMI condition
is given to guarantee the existence of controllers. The
main feature of the proposed technique is the single-
step design procedure for SOF H,, controller design
problem, which reduces the drawback induced by using
iterative algorithm. By virtue of the GKYP lemma,
we propose a design to SOF H,, control problem of
2D discrete systems in FM second model, with finite
frequency specifications, by solving a set of strict LMIs,
whose purpose is to overcome the conservativeness of
the entire-frequency results. In the end, many illustrative
examples are included in order to show the advantages
of the proposed approach.

Notation: Throughout this note, we use the following no-
tations: R™ denotes the n—dimentional Euclidean space.
x is used for the blocks induced by symmetry. I is
the identity matrix with appropriate dimensions. AT
represents the transpose matrix of A. P>0 means that
P is real symmetric and positive definite, and sym (M)
is defined as sym(M)=M+M7T.

II. H,, SOF CONTROL OF 2-D FM SECOND MODEL
A. problem formulation and basic Results
Consider the following 2-D discrete system described
by the FM second model
x(i+1,j+1)=A12(i,j+ 1)+ Asz(i+1,5)
+ Briw(i,j+1) + Braw(i+1,5)
+ Boju(i,j+1) 4+ Baau(i+1,5) (1)
z(i,7) = C12(1,4) + D11w(i,§) + D12u(i, )
y(i,j) = C2x(i,j) + Da1w(i, j) + Dagu(i, j)

where z(i,7) € R™ is the system state; w(i,j) € R? is the
exogenous disturbance input with bounded energy, i.e.,



w(i,7) belongs to L2; u(i,j) € R" is the control input;
2(i,j) € RP is the controlled output and y(i,j) € R is
the measured output. Ay, Bik,Baok,Cr, D1k, and Doy,
where k = 1,2, are constant matrices with appropriate
dimensions. Without loss of generality, we assume D22 =
0. The SOF control law is defined as:

u(i,j) = Ky(i,J) (2)

where F € R™*! is a gain matrix to be determined.
Applying the SOF controller (2) to System (1) yields the
following closed-loop system

x(i+1,j+1)=Ac12(i,j+ 1)+ Aoz (i +1,5)
+ Baw(i,j+1)+ Beow(i+1,5)  (3)
2(i,5) =Cex(i,7) + Dew(i, j)

where

Aol = A1+ Bo1 KCa, Bei = B11+ B2K Doy,

Acp = As+ Bos KCa, Beg = B1o+ B2 K Doy,
Ce=C1+D12KCo, D, = D11+ D12K Do;y.

The transfer function is given by

H(z1,29) = Ce(2129] — 22Ac1 — 21Ac2) ™ (22Be1 + 21 Bea)

+D.
(4)

with z; = e/%1, 25 = €792 and (61,02) € Q where =
[Om1,001] % [Om2,0012]

Lemma 1 [7] Given a symmetric matriz ¥ € RP*P and
two matrices X, Z of column dimension p, there exists a

matriz Y such that the LMI
S+symXTYZ <0 (5)

holds if and only if the following two projection inequali-
ties with respect to 'Y are satisfied:

xtTsxt <o, zt'szt <o (6)

where X+ and Z+ are arbitrary matrices whose columns
form a basis of the null spaces of X and Z, respectively.

Lemma 2 [10] For matrices T, Q, U, and W with
appropriate dimensions and scalar . Inequality

T+QW+wTQT <0 (7)
is fulfilled if the following condition holds:

T

*
—pU —pUT

Lemma 3 [5] Consider the FM model in (3) and sup-
pose that det(z129] — z0Ac1 — 214c2) # 0 for all |z1] >
1, |z2| > 1 with 21,22 € C. Given scalars v > 0, and
OrikesOmpi € [—m, 7], k = 1,2, satisfying Opp < Omi
if there exist symmetric matrices Qp > 0, P, > 0,

Py, k=12

A B,
I 0
eTe, ¢ D+ Ny
0 (9
+[©cT€c+NdT My—r21+070, | <0 O

DI
I 0 —-P I

hold, where P =P, + Py, P=P,+ P, P = diag{P;, Py}
Q=[Q1 Qa], A=diag{e’1],e’%1I},

W= dzag{—Pl - 2008(9%)Q17 _P2 - 2608(03)622}:

A = diag{—Py —2cos(01)Q1,—P2 — 2cos(02)Q2},

9}2 = (eMk +9mk)/2; 0 = (eMk _Hmk)/Q: k= 1,2,
Q[c:[Acl Ac2 }7%c:[3c1 BCQ]

¢ =diag{C.,C.}, ®. = diag{D.,D.},

Ny =diag{N,—N}, My =diag{M,—M}

then

M, and a general matrix N such that

wllT v

T P
A*QT W I 0

(10)

||H||&: Uma:c[H(ejelvejOQ)] <7

(11)

sup
(01,02)€Q

is satisfied, with ) is defined in (4).

B. finite frequency SOF H., controller analysis for 2-D
FM second model

we are now in a position to present a new approach
of the finite frequency Hoo SOF controller design for 2D
discrete systems in FM model.

Theorem 1 The  closed-loop  system  (3) is
asymptotically stable with an Hoo performance v > 0 if
there exist general matrices F, G and Ng, symmetric
matrices Qi >0, P, >0, Py, k=1,2, and My, such that
the following conditions are satisfied:

P +P,—F—FT AQ+F, FB. 0
% 144 Ny ayes)
* * My;—~21  .1GT
* * * I-G-GT
<0
(12)
Pi+P,—F—FT FA,
[ * —diag{Pl,Pg} <0 (13)

Proof 1 We can verify that (13) is equivalent to,
P
*

By Lemma 1 with

_OP]Jrsym([lgM—I A ) <0 (14)

z{f 0},XI,Y{F},Z[—I A |

the inequality (14) can guarantee

ERIAIEE



this implies that (10) holds.

Let
P AQ 0

Y = | QA —wQ-P+e e, e D, ,
0 QCTQ:C *'YZIJF@cT@c

X=1, Y=[FT 0 0]", z=[-I 2% %B]
By the Schur complement, (12) is equivalent to

Y+sym(XTYZ) <0 (16)
Qlc %c

Choosing Z+=| I 0 and applying Lemma 1, we
0 I

obtain from (16) that (9) holds. The proof is completed.

C. finite frequency SOF Hy, controller design for 2-D
FM second model

Theorem 2 The  closed-loop  system  (3) is
asymptotically stable with an Ho performance ~ > 0
if there exist general matrices F, G, U, V and N,
symmetric matrices Qp >0, P, >0, Py, k=1,2, and
M, such that the following conditions are satisfied

Uy P Wi3 Wiy Y5 0 0 Wis Yyg
* \:[122 0 N 0 \:[126 0 \:[128 0
* * \1133 0 -N 0 \1137 0 \I/39
* * * Wyy 0 Wye 0 Wyg 0
* * * * Uss 0 Wy 0 Wsg
* * * * x*  Wgg 0 Wgg 0
* * * * * Uy WUrg 0
* * * * * * x*  Wgg 0
* * * * * * * Wgg
<0
(17)
Uy Wi Vg3 Wiy V15
x —P 0 crvrt 0
* * —Py 0 CQTVT <0
* * x  —pU+UT) 0
* * * —BU4+UT)
(18)

\1111 :Pl“rPQ—F—FT
\iflg =FA1+ Ba1VCo
\?13 =FAs+ B2V s
W14 = B(FB21 — B21U)
W15 = B(F B2 — Ba2U)

Uy =P +P—-F-FT,

V12 =Q1e?% + FA; + By VCy,
W13 = Qael% + F Ay + BaaV o,
V14 = FB11+ B21V Doy,

W15 = F'B1o+ B2V Doy,

Vg = B(F B2 — B21U),

V19 = B(F B2z — B22U),

Voo = —2¢05(0,)Q1 — P,

Yo = W37y = C,erT —‘ngVTD?Q,
Wog = W39 =CIVT

W33 = —2c05(04)Q2 — P2,

\1144 =M —’721

Uy = V57 = DL,GT + DL VT DL,

Wyg = V59 = DL VT

\1155 = 7M7’Y2I

Ve =Vr7r=1-G-G7,

Ve = Wrg = B(GD12 — D12U),

Wgg = Vg9 =—BU+UT),

Moreover, the gain of the Hoo SOF controller is given
by K=U"1V.

Proof 2 Suppose that inequality (17) holds, it guarantees
—BU = BUT <0, which implies U is nonsingular.

we can verify that (18) is  equivalent to,
]51 +]527F7FT FA{+ By VCy FAs+ BysVCo
* —Pl 0
* * —]52

FByy — Bo1U  FBas— BaoU

+sym 0 0
0 0 (19)
vt o 0 VCy 0
{ 0o Ut ] [ 0 0 V(o ] }
By Lemma 2 with
W u-t o0 0 VCy 0 }
|l o Ut 0 0 VG |
FBoi — By1U FBoy— BasU
Q = 0 0 ,and T =
0 c
[ Pi+P,—F—FT FA{+ByVCy FAy+ BV
* —Pl 0
* * 7]52

and defining K = U~V | we can guarantee that (19) is
equivalent to
P +P—F—F" FA +FByKCy FAy+FBypKC)

* —P1 0
I % * —P
<0
this replies that (18) is equivalent to (13).
Let W =
vt o0 0 VO 0 VDy 0 00
0 U! 0 0 VCy 0 VDy 0 0
[ FBoy — Bo1U  FBags— BaU |
0 0
0 0
Q= 0 0 ,and
0 0
GD1s — D12U 0
I 0 GD1g— D1oU |
U W2 Wiz Uy W¥y5 0 0
* \1122 0 N 0 \1126 0
* * \1133 0 -N 0 \1137
T = * * * Wy 0 Uy 0 |,
* * * * YUss 0 Wy
* * * * * U 0
* * * * * * W

applying Lemma 2 the inequality in (17) leads to”



U Wi Uiz Uy W35 0 0
x  Woy 0 N 0 W O
* * \1133 0 —-N 0 \1137
* * * \1144 0 \1146 0
* * * Wee 0 Uy
* * * * * g6 0
* * * * * * e
[ FBy1 — Bo1U  FBas— BaoU |
0 0
0 0 (20)
+sym 0 0
0 0
GD1s— DU 0
i 0 GD12—D12U |
" [ U=t o0 }
0 Ut
0 V(Cy 0 V Doy 0 0 0
{ 0 0 V(s 0 VDyy 0 O ] }

By defining K = U~V | we can verify that (20) is
equivalent to

Uy W ¥y3 ¥y ¥y 0 0
* \1122 0 N 0 \1’26 0
* * \1133 0 -N 0 \1/37
* * * WUy 0 Wy 0 |+
* * * * \1155 0 \1157
* * * * Wee 0
* * * * * Uor
0 t12 Y13 Y1a Y5 0 0
x 0 0 0 0 26 O
x 0 x 0 0 0 0 37
* * * 0 0 Y46 0 <0 (21)
* * * * 0 0 P57
* * * * * 0 0
* * * * * * 0

Y12 = FB21 KCy — Ba1 NCo

113 = F'Bao KCy — Bao NCo

P14 = FBo1 K Doy — Ba1V Doy

Y15 = FBag K Doy — BaaV Doy

Vog = 37 = CY KT DL,GT —cTVvT DT,

Wae = sy = DI, KTDL,GT — DLVT DT,

From (21), the condition (12) is obtained. The proof is
completed.

III. ILLUSTRATIVE EXAMPLES

In this section, we provide some examples to illustrate
the application of the proposed method in this paper.

Example 1 [3] Consider the Hyx, SOF control problem
of the FM second model (1) with

02 0 0 0 05 0
Ai=l 0 0 1|, 4= 0 o0 1],
0 04 0 05 0 0

0.5

AN

lIG(e",e%)]|

2,2 % (5, 2]

Fig. 1. Frequency response of transfer function in | T 53

TABLE 1
Ymin'S VALUES AND CONTROLLER GAINS. EXAMPLE 1.

methods Ymin K
[3] 1.9975 1.0332  1.0232
Theorem 2 | 0.5010 0.8121 0.5415
[ —0.1 0.1 0.1
Bi1 = 0.1 ,Bio=| 01 |,Bay=1| 0.1 |,
i 0.1 0.1 0.5
Byy=|0|,Ci=[-03 04 —01 ],
0
—-05 -1 1
Cy = -I: 06 01 -1 ], D11 = 0.5, Dijs = 0,
[ 0.1
D21 - 02 |’

Choosing 8 = 5.5, we obtain the results in Table I,
which shows the wvalues of ~Vmin and the controller
gain  matrices obtained with the full frequency
approach existing in [3], and the finite frequency
approach designed by Theorem 2 in this paper, with
[Om1,0011] X [Om2,00r2] = [Z,2F] x [5, 2] . We can see
that the proposed method provides the best results for
this example. Figure 1 shows the frequency response of
transfer function. It’s obvious that this amplitude is less
than the prescribed values of Ymin. The effectiveness of
the designed approach is demonstrated.

Example 2 [2] Consider the Hs, SOF control problem

of the FM second model (1) with
0 ¢ 0 0 1
Al_[o o427 |06 0.1}’ Bu = 0.06]’
0.02 0
BlQ - 004 ) BQl - O ) BQQ - 03 ) Cl -

[005 01], Co=[1 10], D1 =03, D12 =0.1,
Doy =0.
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Fig. 2. Frequency response of transfer function in |

TABLE II
Ymin S VALUES AND CONTROLLER GAINS. EXAMPLE 2.

[2] Theorem 2
€ Ymin K Ymin K
€=0.6 0.3536 —0.1238 0.3004 —0.0142
€=0.8 0.3606 —0.1222 0.3006 —0.0129
e=1 0.3883 —0.1098 0.3006 —0.0109
e=12 0.56356 —0.0859 0.3007 —0.0094
e=14 10.9041 —0.0353 0.3007 —0.0097

For different values of e, choosing B =1, we obtain
the results in Table 2, which shows the values of Vmin
and the controller gain matrices obtained with the full
frequency approach existing in [2], and the finite frequency
approach designed by Theorem 2 in this paper, with
[Om1,0011] X [Om2,002] = [%,%’T] X [%,%’T] . We can see
that the proposed method provides the best results for
this example. Figure 2 shows the frequency response of
transfer function. It’s obvious that this amplitude is less

than the prescribed values of Ymin -

Example 3 [4] Consider the Hoo SOF control problem
of the FM second model (1) with

[ —0.2 01 -01 0.1
4| —02 01 02 06
=1 02 -04 01 01 |’
02 02 01 -04
[ —0.1 06 -02 02
A 01 02 05 0
271 —05 01 —-02 01 |’
05 04 02 05
23 16 08 08
B | 04 -L7 03 -09
H=1 -14 01 -12 -06 |’
02 —-0.8 06 14
[ 03 14 12 02
B | 09 —04 18 02
2=1 15 09 -17 12 |’
09 15 08 0

X: 0.5164
25 W Y:-0.5236

Z:22.26

Fig. 3. Frequency response of transfer function in [&~, ] X [5*, §

TABLE III
Ymin'S VALUES AND CONTROLLER GAINS. EXAMPLE 3.

methods Ymin K
[4] 34.6658 not given
—0.1505  0.1264
0.0282  —0.0234
Theorem 2 | 22.3265 02203 0.0918
—0.1268 0.0159

0.6 0 05 —2.5
B — | —09 —05 -12 -03
2171 0.2 1.0 0 06 |’
06 16 -01 0.7
T 20 07 08 —04]
By | —03 —L0 —02 06
22 0.8 0.9 0 01 |’
—-06 14 —0.6 0.2
09 1.0 -01 -1217 °
ci=|06 01 19 02 |,
02 -13 —-02 -—04
o 0.8 —-0.1 —-03 -14
27112 1.0 =05 -05 |’
14 —-06 0 —0.1
Dii=| 03 —05 02 -16 |,
—-0.7 09 0.2 14
-16 07 -0.2 0.8
Dig=| —26 0 04 —-08 |,
—-04 -03 04 —09

Choosing 8 = 3.3, we obtain the results in Table III,
which shows the values of Vmin obtained with the full
frequency approach existing in [4], and ~Ymin and the
controller gain matrices obtained with the finite frequency
approach, designed by Theorem 2 in this paper, with
[0m1,0nr1] X [Om2,00r2) = [F5, 5] ¥ [F- §] - We can see
that the proposed method provides the best results for this
example.

Figure 8 shows the frequency response of transfer
function. It’s obvious that this amplitude is less than
the prescribed value of Ymin. The effectiveness of the
designed approach is demonstrated.



IV. CONCLUSIONS

This paper has investigated the problem of finite
frequency Ho, static output feedback controller desing
for 2-D discrete systems in Fornasini-Marchesini FM
second model. Using the GKYP lemma, new condition
for the existence of SOF control is proposed in order to
overcome the drawback induced by the previous studies.
Controller gains can be obtained by solving a set of
strict LMIs. Finally, numerical examples are proposed
to illustrate the effectiveness of the results.
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