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Abstract

The correspondence between Poisson homogeneous spaces over a Poisson-Lie group G and
Lagrangian Lie subalgebras of the classical double D(g) is revisited and explored in detail for the
case in which g = D(a) is a classical double itself. We apply these results to give an explicit de-
scription of some coisotropic 2d Poisson homogeneous spaces over the group SL(2,R) = SO(2, 1),
namely 2d anti de Sitter space, 2d hyperbolic space and the lightcone in 3d Minkowski space.
We show how each of these spaces is obtained as a quotient with respect to a Poisson-subgroup
for one of the three inequivalent Lie bialgebra structures on s[(2,R) and as a coisotropic one for
the others.

We then construct families of coisotropic Poisson homogeneous structures for 3d anti de Sitter
space AdS3 and show that the ones that are quotients by a Poisson subgroup are determined by a
three-parameter family of classical r-matrices for s0(2, 2), while the non Poisson-subgroup cases
are much more numerous. In particular, we present the two Poisson homogeneous structures
on AdSs that arise from two Drinfel’d double structures on SO(2,2). The first one realises
AdSs as a quotient of SO(2,2) by the Poisson-subgroup SL(2,R), while the second one, the
non-commutative spacetime of the twisted x-AdS deformation, realises AdSs as a coisotropic
Poisson homogeneous space.

KEYWORDS: Homogeneous spaces, Poisson—Lie groups, anti-de Sitter, cosmological constant,
quantum groups, non-commutative spacetimes.

1 Introduction

Non-commutative spacetimes are widely believed to provide a suitable framework for the descrip-
tion of fundamental properties of spacetime when quantum gravity effects are taken into consider-
ation, see for instance [1-5] and references therein. Mathematically, they are given as (co)module
(co)algebras over quantum groups and the associated sub-(co)algebras of (co)invariants. A promi-
nent example are the ¢g-Minkowski spacetimes arising from quantum Poincaré symmetries whose
properties have been thoroughly studied in [6—10]. However, much less is known about their counter-
parts for non-vanishing cosmological constant, quantum de Sitter and anti de Sitter space (see [11]
and references therein). This is regrettable since they could serve as mathematical models of
quantum spacetimes with non-vanishing curvature and with possible cosmological implications,
see [12-15].
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From a classical perspective, it is well known that n-dimensional Minkowski, de Sitter and anti
de Sitter spacetimes are all homogeneous spaces: they are given as quotients G/H of their their
isometry group G with respect to their isotropy subgroup H = SO(n—1, 1). It is therefore natural to
investigate the associated quantum homogeneous spacetimes, which should arise from the associated
quantum groups G, together with a quantum analogue H, of their isotropy subgroup. We recall
that in the quantum group setting the relevant notion is the Hopf algebra of (non-commutative)
functions on the quantum homogeneous space, and all its defining classical properties (transitivity
of the action, invariance of a point with respect to a subgroup) have generalisations in the quantum
group framework. A detailed presentation on quantum homogeneous spaces can be found, for
instance, in [16], where it is stressed that imposing H, to be a quantum subgroup, i. e. a Hopf
subalgebra H, C G, turns out to be too restrictive. In order to obtain a quantum algebra that can
be viewed as the quantum counterpart of the algebra of functions on G/H one needs to consider
also the so-called coisotropic subgroups since in many relevant quantum groups G, the quantisation
of the subgroup H C G is not a quantum subgroup. This foundational issue has been treated in a
number of works such as [17-23], and several examples of quantum homogeneous spaces have been
explicitly constructed, see [24-35] and references therein.

However, Lorentzian quantum homogeneous spacetimes in (2+1) and (3+1) dimensions have not
been constructed yet -probably due to their non-compact nature and mathematical complexity-
although this would be highly relevant for applications in quantum gravity. At this point, it is worth
recalling that in the same manner as quantum groups can be thought of as Hopf algebra counterparts
of Poisson-Lie groups, quantum homogeneous spaces can be understood as quantisations of Poisson
homogeneous spaces, for an overview see [29, 36-45] and references therein. While much simpler
on a computational level, these Poisson homogeneous spaces still carry relevant information about
the associated quantum homogeneous spaces and can be viewed as their semiclassical limits. In
this correspondence, coisotropic quantum homogeneous spaces correspond to coisotropic Poisson
homogeneous spaces.

The corresponding structures on the Lie bialgebra level have been identified in [46] as Lagrangian
Lie subalgebras of the classical double D(g). More precisely, it was shown in [46] that the Poisson
homogeneous structures on a quotient G/H of a Poisson-Lie group G by a Lie subalgebra H C G
correspond to orbits of a natural G-action on the algebraic variety of Lagrangian subalgebras of
the classical double D(g). They can be viewed as the linear or lowest order approximation of a
quantum homogeneous space at a fixed point and contain all essential algebraic information for the
construction of the quantum homogeneous space. Hence, they provide a framework in which essen-
tial properties of Lorentzian quantum homogeneous spacetimes can be investigated, thus opening
the path for their explicit computations in physically meaningful cases. In this correspondence,
coisotropic Lagrangian subalgebras describe coisotropic Poisson homogeneous spaces

In addition to their physics applications in four dimensions, quantum homogeneous spaces and
their semiclassical counterparts are also relevant in the context of 3d gravity. On one hand, 3d
gravity is widely used as a toy model for the higher-dimensional case and as a testing ground for
quantisation approaches. On the other hand, the role of quantum group symmetries is much more
transparent in this setting since they arise as the quantum counterparts of Poisson-Lie symmetries
in the classical theory. In particular, it was shown in [47-49] that gauge fixing procedures and the
introduction of an observer into the theory lead to the appearance of dynamical classical r-matrices
and hence to Poisson homogeneous spaces.

In this paper we pursue this “first order approach” to low dimensional coisotropic quantum homo-
geneous spacetimes, starting with the Lie bialgebra (g, d) and the Poisson-Lie group G for quantum
group of symmetries Gy. This infinitesimal approach turns out to be the simplest framework in or-
der to understand the plurality of coisotropic Poisson homogeneous spaces and hence of coisotropic
quantum homogeneous spaces that correspond to a given homogeneous space G/H. We examine
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under this perspective the construction of coisotropic 2d Poisson homogeneous spaces associated
with the Lorentz group SO(2,1) = SL(2,R) in three dimensions as well as the construction of
three-dimensional anti de Sitter space AdSs as a coisotropic Poisson homogeneous space over its
isometry group SO(2,2).

We show that the three inequivalent 2d homogeneous spaces over SO(2,1) = SL(2,R), 2d hyperbolic
space, anti de Sitter space and the lightcone in 3d Minkowski space, naturally correspond to the
three inequivalent bialgebra structures on sl(2,R). The associated Poisson-Lie structures allow
one to realise one of them as a Poisson homogeneous space SL(2,R)/H with respect to a Poisson-
subgroup H C SL(2,R), while the other two are coisotropic. In all cases, we give an explicit
parametrisation of the Poisson homogeneous spaces in coordinates adapted to their geometry.

In the case of 3d anti de Sitter space AdS3 = SO(2,2)/SO(2,1) = SL(2,R) x SL(2,R)/SL(2,R), the
relevant isotropy subgroup is the group SL(2,R), and there are numerous Poisson-Lie structures on
the group SO(2,2) that give AdSs the structure of a coisotropic Poisson homogeneous space over
SO(2,2). We consider two representative Lie bialgebra structures on s0(2,2) that are canonical
in the sense that they are the two possible realisations of s0(2,2) as a classical double s0(2,2) =
D(a) [50-53]. This choice is motivated by their applications in 3d gravity, where Poisson-Lie
structures arise naturally from the description of 3d gravity as a Chern-Simons gauge theory [54, 55]
whose symplectic structure can be described in terms of Poisson-Lie structures [56, 57]. It is argued
in [58, 59] that the natural Poisson-Lie structures for 3d gravity are classical doubles. For both of
these Lie bialgebra structures, we construct the associated Poisson homogeneous space and give an
explicit description in coordinates. In the first case, we obtain one of very few descriptions of anti
de Sitter space as a Poisson homogeneous space of the Poisson subgroup type, while the second,
that corresponds to the twisted k-deformation, is a coisotropic Poisson homogeneous space.

The structure of the paper is the following. In Section 2 we review the construction of Poisson
homogeneous spaces over a Poisson-Lie group G and Drinfel’d’s description of Poisson homogeneous
spaces [46] in terms of Lagrangian Lie subalgebras of the classical D(g). We give an explicit
description in terms of a basis, comment on the special cases of coisotropic and Poisson-subgroup
homogeneous spaces and explore in detail the case where g is itself a classical double g = D(a) and
the homogeneous space is G/A. In Section 3 we construct coisotropic Poisson homogeneous spaces
over the group SL(2,R) with respect to the three inequivalent Poisson-Lie structures on SL(2,R).
We derive an explicit description of the Poisson structure in terms of coordinates, analyse the
structure of the Poisson brackets and their first order approximation. In Section 4 we construct
three-dimensional anti de Sitter space as a coisotropic Poisson homogeneous space over its isometry
group SO(2,2) with respect to the isotropy subgroup SO(2,1) C SO(2,2). We start by analysing
the quasitriangular Lie bialgebra structure on s0(2,2). We show that there are many Poisson-
Lie structures on s0(2,2) for which so(2,1) defines a coisotropic Lagrangian Lie subalgebra of the
double D(s0(2,2)) but only a three-parameter family of classical r-matrices that gives SO(2,1) the
structure of a Poisson subgroup of SO(2,2). In Sections 4.2 and 4.3 we then construct the coisotropic
Poisson homogeneous structures on AdS3 that are associated with the two classical double structures
$0(2,2) = D(a). In both cases, we give an explicit parametrisation of these Poisson structures in
terms of coordinates and analyse their limit of vanishing cosmological constant as well as their
linearisation. Section 5 contains concluding remarks and closes the paper.

2 Poisson homogeneous spaces

In this section we summarise the basics on Poisson-Lie groups and Poisson homogeneous spaces
and recall the result by Drinfel’d [46], which states that Poisson homogeneous structures on the
quotient G/H of a Poisson-Lie group G with respect to a Lie subgroup H C G correspond to the
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orbits of a natural G-action on the variety of Lagrangian subalgebras of the classical double D(g).
Basic references on Poisson homogeneous spaces are [36, 38, 39, 41, 45, 46].

2.1 Poisson homogeneous spaces over (G and Lagrangian Lie subalgebras of D(g)

Recall that a homogeneous space over a Lie group G is a smooth manifold M together with a
transitive smooth group action > : G x M — M. A homomorphism of homogeneous spaces
is a smooth map ¢ : M — N that intertwines the G-actions on M and N, i. e. that satisfies
g>o(m) = p(g>m) for g € G, m € M. If ¢ is a diffeomorphism, then it is called an isomorphism
of homogeneous spaces.

Every Lie subgroup H C G gives rise to a homogeneous space G/H with the group action > :
GxG/H - G/H,g> (uH) = (gu)H. If H' = gHg™! |, then ¢y : G/H — G/H', uH + (ug~')H’

is an isomorphism of homogeneous spaces.

Conversely, if M is a homogeneous space over G, then the stabiliser H,, = {g € G : gi>m = m} of
each point m € M is a Lie subgroup of G. As the G-action on M is transitive, the map >, : G — M,
g — g > m induces an isomorphism of homogeneous spaces ¢, : G/H,, = M, uH,, — u>m. For
any m’ € M, there is a ¢ € G with m/ = g > m. This implies H,,y = gH,,g”" and that the map
¢g: M — M, m — g>m is an isomorphism of homogeneous spaces.

The concept of a Poisson homogeneous space over a Poisson-Lie group G is obtained by requiring
that all manifolds in the definition of a homogeneous space are Poisson manifolds and all smooth
maps Poisson maps.

Definition 2.1. Let G be a Poisson-Lie group.

1. A Poisson homogeneous space over G is a Poisson manifold M with a transitive group
action > : G x M — M, (g,m) — g > m that is a Poisson map with respect to the Poisson
structure on M and the product of the Poisson structures on G and M.

2. A homomorphism of Poisson homogeneous spaces over G is a Poisson map ¢ : M — N
that intertwines the G-actions on M and N: g> ¢p(m) = ¢(g>m) for all g € G and m € M.

3. An isomorphism of Poisson homogeneous spaces is a homomorphism of Poisson homo-
geneous spaces that is a diffeomorphism.

Note that by definition every Poisson-Lie group G is a Poisson homogeneous space over itself
with respect to its action on itself by left multiplication. Explicitly, the condition that the action
>:G x M — M is a Poisson map reads

{fih}(g>m) = {fo>g horgi(m) +{foBm ho>nial9), (1)
where {, } denotes the Poisson bracket on M, {, }a the Poisson bracket on G and
DG —> M, g—g>m Dg:M =M, m—g>m. (2)

Poisson homogeneous spaces were classified in [46] via the associated infinitesimal structures, namely
Lagrangian Lie subalgebras of the Drinfeld double D(g). The notion of a Lagrangian Lie subalgebra
is obtained from the fact that D(g) = g ® g* as a vector space and the pairing between g and g*.

Definition 2.2. A Lagrangian Lie subalgebra of the Drinfeld double D(g) is a Lie subalgebra
[ C D(g) that satisfies I- = | with respect to the pairing

(X,0),(V,0)) = a(Y) + (X)) VX,V egafeg
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on D(g). A Lagrangian Lie subalgebra | C D(g) is called coisotropic if
(INg)t :={acg:a(X)=0YX eg}=INg"

Theorem 2.3. [/6] Let G be a Poisson-Lie group.

1. Every pair (M, m) of a Poisson homogeneous space M over G and a point m € M defines
a Lagrangian Lie subalgebra | C D(G) with LNg = b,,, where b, is the Lie algebra of the
stabiliser of m.

2. Isomorphism classes of Poisson homogeneous spaces over G correspond bijectively to G-orbits
of pairs (I, H), where | C D(g) is a Lagrangian Lie subalgebra and H C G a Lie subgroup with
LieH=0h=INg.

The proof that every Lagrangian Lie subalgebra [ C D(g) with [N g = b gives rise to a Poisson
homogeneous structure on G/H is essentially obtained by exponentiation, from uniqueness results
on Poisson-Lie groups and the condition (1), that relates the Poisson brackets at different points
in G/H to each other and the Poisson bracket on G.

That every pair (M, m) of a Poisson homogeneous space M over G and a point m € M determines
a Lagrangian Lie subalgebra [ C D(g) with [N g = b, where b is the stabiliser of m can be seen
as follows. Denoting by H the stabiliser of m € M, one obtains a diffeomorphism ¢ : G/H — M,
gH ~ g >m. This identifies T, M = T,yG/H = g/ and T;,M = T'y,G/H = h+ = {a € g* :
a(X) =0VX € bh}. One then considers the linear map 7/,;G/H = b+ — g/b = T.yG/H induced
by the Poisson bivector on M = G/H. As the proof from [46], see also [38] for a pedagogical
summary, works with canonical structures, while we require a choice of basis, we summarise this
implication in a more explicit way.

For every Poisson homogeneous space M over G and m € M the infinitesimal action ¢, : g — TM,
X — XP(m) that assigns to X € g the vector X*(m) € T,, M generated by the G-action

d

= —lizof(eF =m) VX €gmeM,fe (M), (3)

(XZ.f)(m)

is a Lie algebra homomorphism with kernel ker(¢,,) = b,, = Lie H,,. The vector fields X> are
related to the right invariant vector fields X on G by

XE(fomm)(e) = (X.f)(m) VX €g,me M, feC®M), (4)

and form a Lie subalgebra Vec” (M) C Vec(M). As the action of G on M is transitive, one has
T,nM = Spang{X"™(m)| X € g} = g/by, and T5M = (g/by)* = b;h for all m € M. The Poisson
bivector m € TM ATM defines for every point m € M a linear map

I, : T),M - T,,M, oa— (a®id)(m(m)). (5)

Identifying T,,M = g/b,, and T} M = f)#I and denoting by p,, : ¢ — g/by, the canonical surjection,
one can identify the graph of this map with the linear subspace

b = {(X,0) € g @ by, : (@) = p(X)} C g & g* = D(g)- (6)

The proof that every Poisson homogeneous structure on M = G/H defines a Lagrangian Lie
subalgebra of D(g) is then obtained by proving the following two statements:

1. The antisymmetry of the Poisson bivector 7 guarantees that [ := [,z C D(g) is a Lagrangian
subspace with respect to the pairing in Definition 2.2.
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2. The Jacobi identity of the Poisson bracket on M guarantees that [ := [,z C D(g) is a Lie
subalgebra.

Although these statements can be proven in a more elegant way, it is also possible to verify them by
direct computations in terms of a basis. If M = G/H for a Lie subgroup H C G and m = eH, one
has b, = b, T;, M = g/b and T, M = h*. We choose a basis {Hj, ..., H,} of h and complete it to a
basis {H1, ..., Hy, Tpi1, .., T } of g. The dual basis of g* then takes the form {h!, ..., A7, "1 N}
with the pairing given by

(Hi, W) = (W, H;) = 6! (To,t%) = (17, T,) = 6] (7)
(Hi, t%) = (%, H;) = 0 (To, hY) = (K, T,) = 0,

for all i,5 € {1,..,n} and o, 8 € {n + 1,..., N}. For any basis {XZ} of g, in which the Lie bracket
and cocommutator of g are given by structure constants ij and f/ k

X0 Xj] = CEXe,  6(X0) = "X, @ X, (8)
the Lie algebra structure of D(g) is given by
[Xi, X;] = CEX,, [z, 29] = flak, [, X;] = Cipa® — fikE X, (9)

where {z'} is the dual basis of g*. For the basis {Hq, ..., H,, Tpt1, ..., Ty} this takes the form

[H;, H;] = C} Hy, + C{iTa (W, 1) = f7Rk 4 fiage

[H;, a]:cﬂ Hj+CP Ty [, = fiond + fit?

[T, T5] = CJ4Ty + ChgH; [t*,1%] = 2P + f0h (10)
waﬂ:kﬁ+wﬂ—ﬁm—ﬁ% [0, To] = Cigh? + Cot” — [ Hy — [T}
[t H] = O3k + Cft’ — FOH; — £y [t%, Tp) = Cgih' + Cg,t" — f§°H; — 57T,

where Latin indices run over {1,...,n} and Greek indices over {n + 1,..., N}. The condition that
H C G is a Lie subgroup implies Cff = 0 for all i,j € {1,..,n} and « € {n +1,..., N}.

By definition of the basis, there is a neighbourhood U C G/H of eH € G/H, where the vectors
T (u) for « € {n +1,..., N} form a basis of T,U for all u € U. Hence, the Poisson bivector on U
can be expressed as 7 = 7*3T> @ T% | with coefficient functions 7*# € C°°(U). The linear subspace
[ = leg from (6) is then given by

[ = [eH:hEBspanR{to‘—{—ﬂ'aﬁTB cae{n+1,...,N}}, (11)

where we abbreviate 7% := 16 (eH). A short computation using the pairing in (23) then shows
that l.y is a Lagrangian subspace if and only if 7% = —78®. Conversely, any Lagrangian subspace
[ ¢ D(g) with [Ng = b can be brought into the form (11) with 7*# = —xf® by applying an
invertible linear transformation to the subspace t = spang{T,} C g and b+ = spang {t*}.

To show that [,y C D(g) is a Lie subalgebra, one computes the Jacobi identity for the Poisson
bracket on U C M and obtains for fi, fa, f3 € C>°(U)

0= {{fl’f2},f3} + {{f3’f1}af2} + {{fQ’f?)}afl} (12)
= (T3 - f)(T5 - f)(T5 . f3) (7T57M§‘5 + w0 MPT 4 TP MY 4 7w P CE + B C) + 77“/7760‘056)

where 78 := 78 (eH) are the coefficient functions of the Poisson bivector, C?9 ap the structure
constants of g and M3 af . =(Ty.m *B)(eH). By differentiating condition (1) for the Poisson bracket
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on G/H in m = eH, using the relation between the vector fields T and the associated right
invariant vector fields on GG one obtains an expression for these constants in terms of the coefficients
of the Poisson bivector and the structure constants of g and g*. The corresponding expressions for
the vector fields H vanish, since H C G is the stabiliser of eH € G/H

M2P = (T 7P (eH) = 3P + 7P OS5 + mCly (13)
M = (HP 7o) (eH) = 7 + 7P C% + m%Cf = 0.

(2 (1
Using the expressions for the Lie bracket in (10) one finds that the Lie brackets of the basis elements
of leg in (11) are given by [H;, H;| = CZH;C and

[t* + 7T, t? + 7TB6T5] = (fgﬁ + Wﬁ‘ng‘e — 71'0“5C'§E)25e + (ﬂ'o“/ﬂﬁéCfﬂ; + ﬂ'meE — 71'6“/!)"36)T6
+ (P + P05 — mC) R+ (r 7P Ol s+ 10 f— 7% f20) H,
[t + 71Ty, Hy) = Cigt? — (£ — 7V CL )T — (£77 — n*1C2,) H;. (14)

Inserting the condition on the coefficients arising from the Jacobi identity in (12) and the two
conditions in (13) in the last two equations, one obtains

[t* + 7T, 8+ WﬁéTg] = (fgﬁ + wﬁ‘ng‘E - wa‘SC’i)(f + 7T55T5) + (W“VWB‘SC% + ﬂ'o“sf?i - Wﬁéf(go‘i)Hi
(9 + 7T, Hi = O35 + 79T, — (£ — a G, (15)

and hence [,z is a Lie subalgebra of D(g). Conversely, if the brackets (14) define a Lie algebra
structure on l.f7, one finds that the conditions (12) and the two conditions in (13) hold. Thus, finds
that the Jacobi identity on G/H is equivalent to the condition that the linear subspace legr C D(g)
is a Lie subalgebra.

A change of the chosen point m € M leads to a conjugate Lie subgroup H C G. If m' = g>m
with ¢ € G, then the stabiliser of m’ is related to the stabiliser of m by H,, = gH,,g~'. The
transformation of the associated Lagrangian subalgebra [, is given by [,y = g >p(g) lm, where
>p(g) : G x D(g) — D(g) is the action of G on D(g) given by

9> p(g) (X; @) = Ady(X) + Ady() + (Adg(a) ® id) ma(g) (16)

for X € g, a € g%, where Ad, : g — g denotes the adjoint action of G on g, Ady = (Ad;l)* gt — gt
the coadjoint action of G on g* and ng : G — g ® g the Poisson bivector of G. As this action
preserves the pairing, it sends Lagrangian Lie subalgebras of D(g) to Lagrangian Lie subalgebras
and hence induces an action of G on the algebraic variety of Lagrangian Lie subalgebras of D(g).
Hence, isomorphism classes of Poisson homogeneous structures on G/H correspond to orbits of the
G-action (16) on the algebraic variety of Lagrangian subalgebras D(g).

While Drinfeld’s description [46] of Poisson homogeneous spaces over a Poisson-Lie group G in
terms of Lagrangian Lie subalgebras of the classical double D(g) relates the two structures, it does
not directly lead to a classification. Deriving an explicit classification result is rather difficult, since
it amounts to a classification of the orbits of the G-action (16) that correspond to Lagrangian
subalgebras. For the case of complex reductive connected algebraic Poisson-Lie groups G and
connected isotropy subgroups this was achieved in [60].

In the following, we focus on the coisotropic Lagrangian Lie subalgebras [ C D(g), for which
[Ng* = h. By comparing this condition with the expression (11) for the Lagrangian subalgebra in
terms of the basis {Hy, ..., Hn,T,,11,...Tn} of g and its dual, one obtains the following description.



September 13, 2018 8

Lemma 2.4. Let h C g a Lie subalgebra and | C D(g) a Lagrangian Lie subalgebra with [Ng = h
given as in (11). Then | is coisotropic if and only if % =0 for all o, B € {n+1,...,N}. In this
case, one has [=h @ ht+ = spang{H;,t*} and the Lie bracket on [ is given by

[t*,t°] = [Py [t*, H,] = C%t7 + f1°H; [H;, Hj] = CXH, (17)

and the structure constants of g and g* satisfy C7; = 0, fzaﬁ =0 for all i,j € {1,...,n} and
a,fe{n+1,. N}

Proof. That [ is coisotropic, i. e. satisfies ([N g)- = [N g* if and only if 7% = 0 for all a, 8 €
{n+1, ..., N} folllows directly from expression (11) for the Lagrangian subalgebra [ and the identities
[Ng="h, b+ = spang{t®}. The second condition in (13) then implies fiaﬁ =0forie{l,..,n} and
a,f €{n+1,..,N}. Setting fiaﬁ = 0 and 77 = 0 in the expressions (15) for the Lie bracket on [,
then yields the expressions in (17). O

Note that the bracket (17) implies that in the coisotropic case not only b C g but also h* C g* is
a Lie subalgebra. Coisotropic Lagrangian Lie subalgebras of D(g) can be distinguished further by
considering the cocommutator of h = [N g. In terms of a basis {H1,..., Hy, Tyt1,....,In} of g as
above the cocommutator of g is given by the Lie bracket of g* in the right column of (10):

S(Hy) = f"H; N Hy + fIP Hy ATy + Ty AT, (18)
8(To) = fIF Hy N Hy + fIP H; AT+ f2 Tp AT,

If [ is coisotropic, then by Lemma 2.4 the cocommutator on h = [N g takes the form
§(H;) = f* Hy A Hy + f/° Hj AT, (19)

and hence h C g is a sub-Lie bialgebra and H C G a Poisson-Lie subgroup if and only if fzj F =0 for
all 7,7 € {1,...,n} and g € {n +1,..., N} or, equivalently, 6(h) C h A h. This condition is stronger
than the coisotropy condition (19). If it holds, then the Lie bracket (17) takes the form

[H;, Hj] = C};Hy, [t,¢°] = foPeY, [t H;) = C4t°, (20)

and hence the Lagrangian subalgebra [ is semidirect product [ = h x b, where the action of h on h*
is given by the structure constants of g. Hence, among the coisotropic Lagrangian Lie subalgebras,
the ones for which b C g is a sub-Lie bialgebra have a particularly simple form.

2.2 Coisotropic Lagrangian subalgebras of the double of a double

A special situation that is relevant in the application to 3d gravity in Section 4.2 is the case
where the Poisson-Lie group G itself is the double of another Poisson-Lie group A and the Poisson
homogeneous space is a quotient of the form M = D(A)/A. It follows from the classification of 3d
Lie bialgebras and 6d classical doubles in [61, 62] that the isometry groups G of constant curvature
spacetimes in 3d gravity, which are the groups PSL(2,C), SO(2,2) and ISO(2,1) for, respectively,
A >0, A <0and A =0 can all be realised as doubles of certain Poisson-Lie structures on SL(2,R).
It was shown in [51] that this can be described in a unified framework that involves the cosmological
constant A as a deformation parameter and that the homogeneous constant curvature spacetimes
are given as quotients of the doubles by the group SL(2,R). This provides a strong motivation to
investigate Poisson homogeneous spaces of the type M = D(A)/A and the associated Lie bialgebra
structures.
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For this, consider a Lie bialgebra (a,d) with a basis {X;} and denote by z* the dual basis of a*.
Then the Lie brackets of the classical double D(a) are given by

[Xi, X;] = D} X, [z, 27] = gl ak [, X;] = Diga® — " X}, , (21)
and the cocommutator of D(a) from the canonical r-matrix r = 3, 2! ® X; takes the form
Sp(Xi) = —g*X; ® Xy, Op(z') = Dipa? @ «F. (22)
Consider g* = D(a)* with the basis {¢*,Y;} dual to {X;, x;}, i. e. given by the pairing
(Yi,ad) = (v, Xi) = 6], (Vi X;) = (' ,) =0. (23)
Then the Lie bracket of g* = D(a)* is given by
Vi, Yj] = DEYs, [yl = —g'v*, I\ Y5] =0, (24)
and the Lie bracket of the double D(g) = D(D(a)) is given by (21), (24) and the crossed brackets
[v', X;] =Djy* + g (X — Ya) ly',2’] =gy (25)
Vi, Xj] =DfY; [Yi, 27] =g]* Yy = D} (a* + y").

Expressions (21) and (22) show that h = a = Spang{X;} C D(a) is a sub-Lie bialgebra of g = D(a).
The expressions (23) for the pairing between D(a) and D(a)* and the Lie brackets (24) show that

L = Spang{Y;} is a Lie subalgebra of D(a)*. This shows that [ = a®a™ is a coisotropic Lagrangian
Lie subalgebra of D(D(a)) such that a = [N D(a) is a sub-Lie bialgebra of D(a). Note also that in
this case the Lie bracket of [ is given entirely by the structure constants of a

[Xi, X;] = D5 Xe,  [Vi,Y;]=DLYy,  [Vi,X;]=DEY:. (26)

More precisely, the Lie algebra [ is a semidirect product [ = a X4 a, where a acts on itself via the
adjoint action. Hence, for any Poisson-Lie group G = D(A) that is a double of another Poisson-Lie
group A, the Poisson-Lie group A C G is a Poisson-Lie subgroup of G and gives rise to a Poisson
homogeneous space M = D(A)/A.

3 Coisotropic Poisson homogeneous spaces for SL(2,R) ~ SO(2,1)

In this section, we determine some coisotropic Poisson homogeneous structures on homogeneous
spaces M = SL(2,R)/H associated with Poisson-Lie structures on SL(2,R) and one-parameter
subgroups H C SL(2,R).

This is motivated on one hand by their geometrical relevance. The group SL(2,R) and its subgroups
play an essential role in the description of hyperbolic structures on surfaces and in Teichmiiller the-
ory. Its homogeneous spaces include two-dimensional hyperbolic space H2. On the other hand, the
constant curvature spacetimes of 3d gravity, their isometry groups and many associated structures
can be obtained from associated structures for SL(2,R) and two-dimensional hyperbolic space by
analytic continuation techniques, see for instance [63, 64]. Although there may be many more non-
coisotropic Poisson homogeneous structures on SL(2,R)/H, it can be expected that the coisotropic
ones are the simplest to quantise, see [65] and also [24-35], and most natural for applications in
3d quantum gravity and noncommutative geometry. It is therefore sensible to focus first on the
coisotropic case.

For this, note first that all abelian Lie subalgebras of s[(2,R) are one-dimensional and there are
exactly three non-conjugate one-dimensional Lie subalgebras of sl(2,R). Hence, up to coverings
and isomorphisms, there are exactly three non-trivial two-dimensional homogeneous spaces over
SL(2,R). All of these can be realised as submanifolds of three-dimensional Minkowski space via
the identification SL(2,R) = SO(2,1):
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e 2d anti de Sitter space as the one-sheeted hyperboloid:
AdSy = {z e R®: 23 — 2% — 23 = —1},
e two copies of 2d hyperbolic space as the two-sheeted hyperboloid:
H2 x Zy = {x € R® : 22 — 2% — 22 =1},
e the light cone in 3d Minkowski space:
L={zecR3:22—a2?—23=0x+#0}

We will show that that these three homogeneous spaces correspond one-to-one to the three families
of Poisson-Lie structures on SL(2,R) in the following sense: each of the three families of Poisson-Lie
structures allows one to realise exactly one of these homogeneous spaces as a coisotropic Poisson
homogeneous space over a Poisson subgroup of SL(2,R), while the other two are realised only as
coisotropic Poisson homogeneous spaces.

To construct these Poisson homogeneous spaces over SL(2,R), we start by considering the Lie
algebra g = sl(2,R) = s0(2,1). In the standard basis {J4, J3} its Lie bracket takes the form

[Js, Jy] = £2Jy, [J4,J-] = Js, (27)
and we denote by {ay, x} the dual basis of g* with the pairing
(J3,x) = (Jyax) =1, (J5,a4) = (Ja, X) = (Jx,a5) = 0. (28)

In the sequel we will also use another basis { Py, P», J12} of s[(2,R), which is adapted to the (1+1)-
dimensional Cayley-Klein geometries. The isometry groups of the (141)-dimensional Cayley-Klein
geometries are given as a two-parameter family of Lie groups G whose Lie algebras g
are spanned by {P;, P2, Ji2} with the Lie brackets

[J12, P1] = Px. [J12, Po] = —kao Py, [P1, P5] = k1J12. (29)

K1,K2) K1,K2)

The parameters x; and ks are the constant Gaussian curvatures of, respectively, the symmet-
ric homogeneous space of points G, «,) /(J12) and the symmetric homogeneous space of lines
G (x1,r0)/(P1), Which carry a transitive G/, ,,) action by left multiplication. The properties of the
nine (1+1)-dimensional geometries corresponding to different signs of k1 and k2 were investigated
in detail in [66] and their (241)-dimensional counterparts in [67]. The Lie algebra sl(2,R) is the
Cayley-Klein algebra (29) for k1 = 1 and k9 = —1 with the relation between the bases { Py, P», J12}
and {Jy, J3} given by

P=5(J—J), Ji2 = 33, Py=5(Jy +J). (30)
We denote by {a1,as,8} the associated dual basis of s[(2,R)* with the pairing
(Pr,a1) = (P, a2) = (J12,0) = 1, (Pr,a2) = (P, a1) = (J12,0;) = (F;,0) = 0. (31)

The Lie algebra s[(2,R) has three non-conjugate one-dimensional Lie subalgebras b, that expo-
nentiate to hyperbolic, elliptic and parabolic subgroups H C PSL(2,R). In terms of the basis
{J12, P1, P,} they are generated, respectively, by Ji2, by P; and by P; + P». The associated ho-
mogeneous spaces SL(2,R)/H are the one-sheeted hyperboloid AdS,, the two-sheeted hyperboloid
Hy x Zs and the lightcone L in Minkowski space.

On the other hand, there are exactly three inequivalent families of Lie bialgebra structures on
sl(2,R) ~ s0(2,1), that yield three distinct families of Poisson-Lie structures on SL(2,R), see
for instance [38]. All three of them are quasitriangular and given by the following families of
antisymmetric r-matrices:
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e The standard Drinfel’d-Jimbo Lie bialgebra structure, called hyperbolic in [38],

r=nJiANJ_=2nP AP, forn e R, (32)

e The other standard family of Lie bialgebra structures, called elliptic in [38],

r=z (3N +J2))=22J12 AP for z € R, (33)

e The non-standard or triangular Lie bialgebra structure, called parabolic in [38],

r= %Jg/\J+=J12/\(P1+P2). (34)

The names hyperbolic, elliptic and parabolic are motivated by the fact that the one-dimensional Lie
subalgebras generated by primitive elements of the associated cocommutators are hyperbolic, ellip-
tic and parabolic. We will now determine for each of these Lie bialgebra structures on s[(2,R) the
Lagrangian Lie subalgebras of the classical double D(sl(2,R)) and the associated two-dimensional
Poisson homogeneous spaces M, with an explicit description of the Sklyanin bracket and the in-
duced Poisson bracket on M.

3.1 The Poisson homogeneous space AdS; (hyperbolic, h = Spang{.Ji2})

The cocommutator of on sl(2,R) for the standard hyperbolic r-matrix (32) is given by
5(J12) =0, (5(P1) =210 P N Jyo, (5(P2) =20 Py A Jyo. (35)

The classical double D(sl(2,R)) for this Lie bialgebra structure is isomorphic to s0(2,2) as a Lie
algebra [51]. It follows directly from the expressions for the cocommutator in (35) that a one-
dimensional Lie subalgebra h C s[(2,R) is a sub-Lie bialgebra if and only if it is spanned by the
generator Jia. In this case, the associated coisotropic Lagrangian subalgebra [ C D(sl(2,R)) is
[ = Spang{Ji2,a1, a2}, with the following Lie bracket obtained from (9):

[J12,a1] = —aq, [J12,a2] = —aq, [a1,a2] = 0. (36)

The Poisson-Lie structure on SL(2,R) associated with the Lie bialgebra structure (35) is given by
the Sklyanin bracket -
{9} =r (X[ f Xjg = X['.] X].g), (37)

where r = r¥X; ® X; is the r-matrix (32) with respect to a basis {X;} of sl(2,R) and XF, X[
denote the right and left invariant vector fields on G. A convenient set of coordinates in which
this bracket takes a particularly simple form are the coordinates (6, a1, a2) adapted to the Cayley-
Klein geometries defined in (86) in Appendix A. This action of the right and left invariant vector
fields on SL(2,R) on these coordinates is given by (87) and (88) in Appendix A. A straightforward
computation [68] shows that in terms of these coordinates the Sklyanin bracket (37) takes the form

sin ap

0 = _9 38
(0,01} = —2 201 (39
{6,a2} = —2n tanh ay, (39)

1
g 2 _ S . 4
{a1,a2} n (COSh ™ cos a1> (40)

The Poisson homogeneous space associated with the Poisson-Lie subgroup H = (J12) C SL(2,R) is
the one-sheeted hyperboloid AdS; = SL(2,R)/(Ji2). It is parametrised by the coordinates a1, ag,
which generate a Poisson subalgebra of C*°(SL(2,R)) with the Poisson bracket given by (40).



September 13, 2018 12

An alternative set of coordinate functions on SL(2,R) that is adapted to the basis {Jy, J3} is given
by the coordinate functions (a4,a—,x) defined in (90) in Appendix A. The expressions for the
left and right invariant vector fields for the basis {Js, J+} of sl(2,R) are given in (91) and (92).
Again, a straightforward computation shows that the Sklyanin bracket (37) for the SL(2,R) with
the r-matrix (32) takes the form

{ay,a_} = —2naya_, (41)
{x.a+} = -nas, (42)
{x.a-} =-na_. (43)

In these coordinates, the Poisson homogeneous space AdSy; = SL(2,R)/(J12) = SL(2,R)/(J3)
is parametrised by the coordinate functions a, and a_ which generate a Poisson subalgebra of
C*°(SL(2,R)) with the Poisson bracket (41).

3.2 The Poisson homogeneous space Hy x Z, (elliptic, h = Spang{P;})

We can analyse in the same manner the coisotropic Poisson homogeneous spaces for the Poisson-Lie
structure on SL(2,R) given by the elliptic r-matrix (33). In this case the cocommutator of sl(2, R)
reads

5(J12) =2zJis N\ Py, (5(P1) =0, 5(P2) =2zP, A\ Py. (44)

In this case, a one-dimensional Lie subalgebra h C s[(2,R) is a sub-Lie bialgebra if and only if
it is of the form h = Spang{P;}. The associated Lagrangian subalgebra of D(sl(2,R)) is [ =
Spang{ P, 0, as} with the Lie bracket

[Pl,(g] = —ay, [Pl,az] = (9, [0, ag] = 0. (45)

In terms of the coordinates (0, a1, as) from (86) the Sklyanin bracket on SL(2,R) for (33) reads

sinh 6
0 =2 46
{6, a1} “ coshay’ (46)
0 = -2 — cosh @ 4
{ ’a2} z <COSh as Cos > ) ( 7)
{a1,a2} = —2z tanh as. (48)
The associated Poisson homogeneous space with respect to the Poisson subgroup H = (P;) C

SL(2,R) is the two-sheeted hyperboloid H? x Zy = SL(2,R)/{P;). It is parametrised by the coor-
dinates ag, §, which generate a Poisson subalgebra of C°°(SL(2,R)) with the Poisson bracket (47).
In terms of the coordinates (ay,a—_,x) from (90) the Sklyanin bracket on SL(2,R) takes the form

{ay,a_}=—-2za_(1+ara_)—2zay, (49)
a1} =—2(1— ™)+ za3 e X, (50)
{x,a_} = —2(1 — e 2X) — za?, (51)

but there is no simple parametrisation of the homogeneous space H? x Zs = SL(2,R)/(J; — J_) in
terms of the coordinates (a4, a—_, x). Nevertheless, as we will see in the next subsection, this bracket
gives a simple description of the coisotropic Poisson homogeneous structures on the lightcone L.
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3.3 The Poisson homogeneous space L (parabolic, h = Spang{.J})

Finally, we analyse the coisotropic Poisson homogeneous spaces for the Poisson-Lie structure on
SL(2,R) given by the nonstandard or parabolic r-matrix (34). In this case the cocommutator of
s[(2,R) reads

5(J12):ZJ12/\(P1—|—P2), 5(P1):ZP1/\P2, 5(P2):ZP2/\P1, (52)

and a one-dimensional Lie subalgebra b C sl(2,R) is a sub-Lie bialgebra of s[(2,R) if and only if it
is generated by the primitive element P; + P, = Jy. In terms of the basis {J1,J3} and its dual
basis {a4, x}, the associated Lagrangian subalgebra is [ = Spang{.Jy, x, a—} with the Lie bracket

[J-i-aX] = —a-, [J-f-va—] =0, [Xaa—] =0. (53)

In terms of the coordinates (ay,a—,x) from (90) the Sklyanin bracket on SL(2,R) for (34) reads

{ay,a-} =—a_(1+aya-), (54)
{x,a1} = —3 (1 —€¥), (55)
{x,a_} = —%aQ_. (56)

The Poisson homogeneous space with respect to the Lie subgroup H = (J;) C SL(2,R) is the
lightcone in 3d Minkowski space L = SL(2,R)/(J;). It is parametrised by the coordinates a_, ¥,
which generate a Poisson subalgebra of C*°(SL(2,R)) with the Poisson bracket (56). In terms of
the coordinates (6, a1, as) from (86) the Sklyanin bracket for (34) is given by

1

— 0 _
{0,a1} = cosh ag (¢” — cosay), (57)
1
0 = — 58
{6,a2} = e cosh ay’ (58)
{a1,a2} = sina; — tanh as. (59)

Again, there is no simple way to parametrise the Poisson homogeneous space L = SL(2,R) /(P +P,)
in terms of the coordinates (0, a1, as). Nevertheless, these brackets yield a simple description of the
coisotropic Poisson homogeneous structures on the two-sheeted hyperboloid.

3.4 The full list of coisotropic Poisson homogeneous spaces

The discussion in the preceding sections shows that for each of the three inequivalent 2d homoge-
neous spaces M = SL(2,R)/H, there is exactly one Poisson-Lie structure on SL(2,R) for which
the subgroup H C SL(2,R) is a Poisson-Lie subgroup. For the one-sheeted hyperboloid M = AdS,
with H = (Jy2) = (J3) it is given by the hyperbolic m-matrix (32), for the two-sheeted hyperboloid
Hy x Zy with H = (P;) by the elliptic r-matrix (33) and for the lightcone L with H = (.J;) by the
parabolic r-matrix (34). However, each of these homogeneous spaces can be realised as a coisotropic
Poisson homogeneous space over SL(2,R) for any of these three Poisson-Lie structures.

The Poisson homogeneous space M = AdSy with H = (J12) = (J3) has a simple parametrisation
in both, the coordinates (0, a,as) from (86) and (ay,a—,x) from (90). In terms of the former,
it is parametrised by the coordinates ai,as and in terms of the latter by the coordinates ay,a_.
Expressions (40), (41), (48), (49), (54) and (59) show that for all three r-matrices, these coordinate
functions generate a Poisson subalgebra of C°°(SL(2,R)), but the concrete form of the Poisson
brackets depends on the choice of the classical r-matrix.

The Poisson homogeneous space M = H? x Zs with H = (P;) has a simple parametrisation only
in terms of the coordinates (6, a1, as) from (86), where it is parametrised by the coordinates as, 6.
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T‘=217P1/\P2

r=2zJia N\ P>

r=JiaA(PL+ P)=3J3AJy

M = S50(2,1)/{J12)
(one-sheeted hyperboloid AdS2)

{a1,a2} =27 (@ 7cosa1)

{a1,a2} = —2z tanhas

{a1,a2} = sina; — tanh as

M = S0(2,1)/(Py)
(two-sheeted hyperboloid H? x Zs3)

{0,a2} = —2n tanhag {0,a2} = -2z ( L {6,a2} =€ —

cosh ag

— cosh 9)

N
cosh ag

1

M = S0(2,1)/{J+) {xa-}=—-3d%

(light cone L)

{x.a-} = -na_ {x.a-} = —2(1—e"2x) — za?

Table 1: 2d Poisson homogeneous spaces for the three families of Poisson-Lie structures on SL(2, R).

Again, it is apparent in expressions (39), (47) and (58) that for all choices of the r-matrix, these
coordinates generate a Poisson subalgebra of C*°(SL(2,R)).

In contrast, the Poisson homogeneous space M = L with H = (J;) has a simple parametrisation
only in the coordinates (ay,a—,x) from (90), where it is parametrised by a_, x. The expressions
for their Poisson brackets in (43), (51) and (56) for the three different r-matrices again show that
in all three cases, these coordinate functions generate a Poisson subalgebra of C*°(SL(2,R)).

These results are summarised in Table 1. The coisotropic Poisson homogeneous structures of the
Poisson subgroup type appear in the diagonal, while all off-diagonal PHS are coisotropic, but
not Poisson subgroup ones. The first row contains the three coisotropic Poisson homogeneous
structures for the homogeneous space AdSs, the first of them being the Poisson subgroup one.
Note that this is the only Poisson bracket whose linearisation vanishes. The second and third rows
contain the coisotropic Poisson homogeneous structures for the homogeneous spaces H? x Zo and
for the lightcone L, respectively. Again, the only coisotropic Poisson homogeneous structures whose
linearisation vanishes are the Poisson subgroup ones. This fact already indicates that the Poisson
subgroup structures are algebraically simpler, since the first order quantisation of the Poisson
homogeneous structures leads to an abelian quantum spacetime.

It should be noted that the results in this section do not classify all coisotropic Poisson homogeneous
structures on AdS,, H? x Z? and L, since we consider only those Poisson homogeneous structures
on PSL(2,R)/H for which the Lagrangian Lie subalgebra [ C D(sl(2,R)) associated with the point
eH € SL(2,R) is coisotropic. A full classification of all Poisson homogeneous structures on H? with
respect to all Poisson-Lie group structures on PSL(2,R) is given in [30]. It is shown there that
there is a one-parameter family of Poisson homogeneous structures on H?, partly of coisotropic
type. This shows that on a single homogeneous space G/H there may be a continuum of Poisson
homogeneous structures with respect to a fixed Poisson-Lie structure on G.

The PSL(2,R)-orbits in the variety of Lagrangian Lie-subalgebras of D(s[(2,R)) for the different
Lie bialgebra structures on s[(2,R) are classified in [40]. Although it is difficult to transform the
results in [40] into an explicit description in terms of coordinates on AdSy, H? x Z? and L, this
amounts to a complete classification of all Poisson-homogeneous structures on the homogeneous
spaces PSL(2,R)/H for all Poisson-Lie structures on PSL(2,R) and Lie subgroups H C PSL(2,R).

4 AdS; as a coisotropic Poisson homogeneous space over a double

In this section, we consider the Lorentzian 3d constant curvature spacetimes X, as homogeneous
spaces over their isometry groups. These are 3d anti de Sitter space AdSs3, de Sitter space dSs
and Minkowski space M3 for, respectively, negative, positive and vanishing cosmological constant
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A. Their isometry groups G are the groups SO(2,2) = SL(2,R) x SL(2,R), SL(2,C) and ISO(2,1).
All of these groups contain the 3d Lorentz group SL(2,R) = SO(2,1) as a subgroup, with the
diagonal embedding in the first case and the canonical inclusions in the last two cases, and the
spacetimes are given as homogeneous spaces Xy = G /SL(2,R).

These spacetimes play a distinguished role in 3d gravity since they capture all local information
about 3d spacetimes. Any Lorentzian vacuum spacetime or spacetime with point particles is locally
isometric to one of these spacetimes and maximally globally hyperbolic spacetimes are obtained
as quotients of certain regions in these spacetimes by discrete subgroups of their isometry groups
[63, 69]. Moreover, the quantum group symmetries in quantum gravity arise naturally from Poisson-
Lie symmetries on their isometry groups [56, 57], which act on the classical phase space of 3d gravity.

Hence it is natural to ask if it is possible to realise the Lorentzian constant curvature spacetimes in
3d gravity as Poisson homogeneous spaces with respect to a suitable Poisson-Lie structure on their
isometry groups Gp. As shown in [58, 70] the relevant Poisson-Lie structures for 3d gravity are
classical doubles. Hence, we will restrict attention to quasitriangular and, in particular, classical
double Poisson-Lie structures in the following. As in the previous section, we will focus on the Pois-
son homogeneous spaces that are coisotropic and, in particular, the coisotropic Poisson-subgroup
ones. Although there may be many more Poisson homogeneous structures on these constant curva-
ture spacetimes, it can be expected that the coisotropic ones are the simplest to quantise. Also, it
turns out that the coisotropic cases are quite numerous. We will also focus on the case of negative
cosmological constant, i. e. 3d anti de Sitter space. This is motivated on one hand by its particular
geometrical relevance - 3d anti de Sitter spacetimes exhibit interesting physical properties such as
black hole solutions and conformal structures at their boundaries [71]. On the other hand, there
are very few examples of quantum homogeneous anti de Sitter spaces. We expect that the results
of this section generalise to 3d de Sitter and Minkowski space, although the concrete description of
the coisotropic Poisson homogeneous structures will have to rely on a different set of coordinates.

4.1 Lorentzian 3d constant curvature spacetimes as Poisson homogeneous spaces

The Lie algebras gy = LieG, associated with the isometry groups of 3d gravity can again be
described in a unified way, in terms of a a basis that is adapted to the 3d Cayley-Klein geometries.
It consists of generators {J, Py, P1, P2, K1, Ko} with the Lie bracket

[J, Pi] = € P;, [/, Ki] = €; K [J, Py] =0,
[P, K] = =6 P, [Po, Ki] = =P, (K1, Ka] = —J, (60)
[Py, P] = wKi, [P1, Po] = —wl,

where 7,57 = 1,2 and €120 = —es; = 1. Depending on the cosmological constant A = —w, this

yields the Lie algebras s0(2,2) = sl(2,R) @ sl(2,R) for A < 0, the Lie algebra so(3,1) = sl((2,C)
for A > 0 and the Lie algebra iso(2,1) for A = 0. In all cases, J generates a spatial rotation, Py a
time translation, the elements K; Lorentz boosts and the elements P; spatial translations. The Lie
algebra gy has two quadratic Casimir elements

C=P; —P*+w(J*-K?*, W=-JP+KDP—-KP. (61)

The Casimir C corresponds to the Killing—Cartan form and it is related to the energy of the particle,
while W is related to the Pauli-Lubanski vector. Note that the basis {J, K1, Ko, Py, P, P»} is related
to the basis {Jy, J1, J2, Py, P1, P»} considered in [50-53] via a very simple change of basis [53]

J=Jy Ky =J Ky=—J P,=P,  fori=012 (62

Our first aim is to determine all families of quasitriangular Poisson-Lie structures on G that
are defined for all values of A and for which the 3d Lorentz group SL(2,R) C G, is a Poisson
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subgroup. This issue can be addressed in full generality since any such family of classical r-matrices
for r € gA ®ga must in particular determine a classical r-matrix with this property for so(2,2). The
classical r-matrices for Lie algebra so(2,2) were classified in [72]. As any antisymmetric element of
r € 50(2,2) ® 50(2,2) can be parametrised as

r = a1iJAPL+asJ ANKi+a3Py NP+ asPy AN K+ as Py AN K71 + agP1 A\ Ko
+ b1 J APy +boJ ANKog+b3PyNPy+byPy N\ Ko+ bsPy N\ Ko+ bgPy N Ky (63)
+ i JANPy+ oK1 NKo+ e3Py NPy,
with 15 real parameters aq, ..., ag, b1, ..., bg, 1, ..., C3, it is possible to explicitly derive the constraints
on these parameters that arise from the condition that r is a solution of the modified classical
Yang-Baxter equation (mCYBE). This was achieved in [72]. The conditions on these parameters
that guarantee that the Lie algebra sl(2,R) = Spang{.J, K1, K2} is a sub-Lie bialgebra of s0(2,2)

can be derived by a straightforward computation from the cocommutator defined by (63). On the
Lie subalgebra s[(2,R), this cocommutator reads

5(J) =aJNANPo+asJ NKo+asPy N Po+ ayPy N Ko + (b5 —a5)(K1 NPy, — P /\KQ)
+(a6 —|—b6)(K1 NP+ P /\KQ) +b01PAANT +bo K1 ANJ+b3Pp A\ Py+ by N Py,

(5([(1) =coJ N K7 + (a1 + b4)(J ANPy+ P A KQ) + (a6 + 01)(J NP+ Py A KQ) +bsJ A Py
+asK1 N Ko+ asPy NKy + e3Py NPy +aysPy ANKy+b3P1 APy + b1 Py A\ Ko,

(5([(2) =coJ NKg+by K1 NKog+a1 K1 NP+ (a4 — bl)(PO ANJT+ Py A Kl) + b5 Py AN Ko
+(b6 — Cl)(PO ANKi+ Py A J) +asPi ANJ 4+ c3Pi APy +bsPo NKs+a3Ps A Py, (64)

and the condition §(sl(2,R)) C sl(2,R) A sl(2,R) is satisfied if and only if
a1 =a3=a4=a5 =b; =bg=byg =b; =c3 =0, bg = c1 = —ag. (65)
If these equations hold, the mCYBE reduces to a single additional condition, namely
a3+ b3 —ci+4Aa =0. (66)

Therefore, the most general quasitriangular Poisson-Lie structure on SO(2,2) for which the 3d
Lorentz group SL(2,R) = SO(2,1) is a Poisson-Lie subgroup is given by the r-matrix

r=a9J N Ky +byJ N Ky + caK; AK2+a6(—J/\P0+P1 NKy+ Ky /\PQ), (67)
together with the condition (66). Note that for ag = 0 we obtain the r-matrix
r=asJ NKi+byJNKs+ oKy NKs with a§+b§ :C%, (68)

which is a solution of the classical Yang-Baxter equation. We thus obtain a triangular Poisson-Lie
structure which is just the extension of the non-standard structure for s[(2,R) defined by (34).
Therefore, the only standard solutions of the mCYBE have ag # 0. In particular, the family of
r-matrices studied in [51, 52| that describes the Lie algebras gj as classical doubles of the Lie
bialgebra sl(2,R) for all values of A and is relevant for 3d gravity satisfies these conditions. They
are obtained by taking by = c3 = 0, a3 = 7> = —A and ag = —1/2 in (68), which yields

7“:77J/\K1—%(—J/\Po—Kz/\Pl—i-Kl/\PQ) (69)

and coincides with the family of r-matrices in [51, 52] up to the change of basis in (62). Note also
that the parameter by can be taken to vanish without loss of generality due to the classification
of r-matrices for s[(2,R) discussed in the previous section. The coisotropic Poisson homogeneous
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spaces for this r-matrix will be discussed for the anti de Sitter case in the next subsection, where
we show that they are an example of the double coisotropic Poisson homogeneous spaces described
in Section 2.2.

The general expression (63) for a classical r-matrix also shows that the coisotropic subgroup con-
dition is much weaker than the Poisson subgroup condition and that there are many ways of
realising AdSs as a coisotropic Poisson homogeneous space over SO(2,2) with a quasitriangu-
lar Poisson-Lie structure. In fact, by a direct inspection of (64) one finds that the condition
d(sl(2,R)) C sl(2,R) Aso(2,2) leads to the conditions

az = b3 = C3 = 0, (70)

together with the 18 quadratic constraints equations arising from the mCYBE [72]. The set of
quasitriangular Poisson-Lie structures for which the group SL(2, R) is only required to be coisotropic
therefore depends on 12 parameters, subject to 18 quadratic constraint equations, and some of the
solutions of these equations will lead to equivalent Poisson-Lie structures via automorphisms.

An important example that arises from a classical r-matrix that gives the Lie algebra ga the
structure of a classical double is the twisted (‘space-like’) k-AdS Poisson Lie group from [53] given
by

r=1-KsAPy—JAP)+3(K AP (71)

It is related to the family of r-matrices from [53] by the change of basis (62) and corresponds to
the case where the only non-vanishing parameters in (63) are given by
1 £
= by = —= bg = —=. 72

al 1 =3 6= "3 (72)
Note that the associated Lie bialgebra structure coincides with the one of the usual k-AdS Poisson-
Lie group from [13, 67] for £ = 0. As this is also a classical double r-matrix for the isometry
group SO(2,2) [51] and due to the relevance of the k-deformation, we will also construct the
corresponding coisotropic Poisson homogeneous spaces and compare them to the one for the first
family of r-matrices.

4.2 AdS; as a Poisson subgroup Poisson homogeneous space over a double

In this and the following subsection we realise 3d anti de Sitter space and via a limiting procedure
also 3d Minkowski space as a Poisson homogeneous space over a double of a classical double. It can
be expected that this will generalise straightforwardly also to 3d de Sitter space, but the concrete
parametrisation of the Poisson structure in terms of coordinates will take a different form.

We start by considering the associated Lie bialgebra structures on s0(2,2). As shown in [51], there
are two inequivalent families of classical r-matrices for s0(2,2) that give s0(2,2) the structure of
a classical double s0(2,2) = D(a) for a 3d Lie bialgebra a. The first family is associated with
the standard quantum deformation of a = sl(2,R) from (32). In terms of the standard basis
{Xo, X1, X2} of sl(2,R) and the associated dual basis {z°, 2!, 2%} of 5[(2,R)*, the Lie brackets of
the classical double read [51]

[Xo, X1] =2 X7, [Xo, X2] = =2 Xq, [X1, Xo] = X,

= —dnal, [a0.0%) = —dna? 2!, 2% = 0,

[+, Xo] = 0, [2%, X1] = &® + 3 X1, (2%, Xo] = —a' + 31 Xo, (73)
[}, Xo] = 22", [2h, X1] = —22° — 31 Xo, [#!, X2] =0,

[mQ,XO] = —222, [mQ,Xl] =0, [:U2,X2] =220 — %UXO,
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were A = —n? < 0. The basis {X? z;} is related to the basis {J, Py, P, P», K1, K2} introduced
before (60) by the basis transformation

J=—1(X) - X), Ki=3(X1+X2), Kz=-3X, (74)
Py=—3n(X1 + Xo) + (z' —2%), P =22, Py = gn(X1 — Xa) + (! + 7).

A direct computation shows that inserting these expressions into the Lie brackets above yields
indeed the Lie bracket (60) for the Lie algebra s0(2,2) with w = n? and transforms the canonical
skew-symmetric r-matrix r = Y, 2' A X; for D(sl(2,R)) into the r-matrix (69). The associated
cocommutator reads

5(J) = —nKaNJ,  6(K2)=0, (K1) =-nKzAKi,
5(P0):(Pl/\P2+77P1/\J—772K1/\K2), (75)
3(Pr) = (PyAPy+nPy AT =Py ANKr + 7K1 AT

5(Py) = (P1 APy + 1P A Ky —1n2J A KQ) ,

and this shows that the Lie algebra sl(2,R) = Span{J, K1, K3} defines a coisotropic Lagrangian
Lie subalgebra [ C D(s0(2,2)) = D(D(sl(2,R))) of Poisson subgroup type. This is consistent with
the fact that the classical r-matrix (69) is a special case of the more general family of r-matrices
in (68) that satisfy this condition. The Lagrangian Lie subalgebra | C D(s0(2,2)) is given as
[ = Spang{J, K1, Ko,p°, p', p?} with the Lie bracket

[, Ko] = — K1, [, K1] = Ko, (K1, K] = —J,

P’ p'l = —p°, P’ p* = p' ' p? = 1°, (76)
[’ J) =0, p°, Ks] = p?, [P’ K1) =p',

', J] = —p°, [p', Ky =0, ' K] =",

>, J]=p', P>, K] =p°, [p*, Ki] =0

The Poisson structure on the homogeneous space AdS; = SO(2,2)/SL(2,R) is obtained from the
Sklyanin bracket on SO(2,2) for the classical r-matrix (69). This Sklyanin bracket was computed
n [52]. In terms of the AdSs group coordinates x, = p® the associated Poisson structure on AdSs
takes the form [52]

{zg,21} = _ tanhnz, Y (zo,21) = —x2 + 0[],
{22k = Y (1) = 21+ ol (77)
{z1,22} = tan 1o Y (zg,x1) = xo + 0[n],
where the cosmological constant is given by A = —n? and the function Y reads
Y (zg, z1) = cos nzg(cos nxg cosh nry + sinhnxy) . (78)

Note that the linearisation of this Poisson bracket is just the Lie bracket (76) and does not vanish,
in contrast to the corresponding bracket AdSs from Table 1. In fact, it generates a Poisson algebra
whose quantisation is by no means trivial, as discussed in [52]. Note that this Poisson structure is
well-defined also in the flat limit n — 0, i. e. the case of vanishing cosmological constant, and this
describes the associated coisotropic Poisson homogeneous structure on 3d Minkowski space.
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4.3 AdS; as a coisotropic Poisson homogeneous space over a double

In this subsection we investigate the second family of classical r-matrices which give the Lie algebra
$0(2,2) the structure of a classical double g = D(a), where a = iso(1,1) is the Poincaré algebra
in two dimensions with a bialgebra structure that depends on an essential deformation parameter
n # 0. In terms of a basis {Xo, X1, X2} of is0(1,1) and the associated dual basis {z°, 2!, 22} of
iso(1,1)* the Lie bracket of gy = D(iso(1,1)) is given by [51]

[Xo, X1] = —X27 [Xo, Xo] = =X, (X1, Xo] =0,
[2°, 1] = nat, [2%, 2% = na?, !, 2% =0,
(2%, Xo] = (2, X1] = —n X1, (2%, Xo] = —n X, (79)
[z}, Xo) = x2, (2!, X1] = n Xo, [z}, X5] = aY,
(22, Xo] = —z?, (2%, X1] = 2°, (2%, X3] = n Xo,
where A = —n? < 0 and 1 > 0. If we perform the change of basis
J:%(Xg—xl), K, :—%xo, Kzz—%(XQ—i-xl),
Py = \/g(Xl —a?), P = \/g(Xl +17), Py = —nXo, (80)

we obtain the Lie algebra so(2,2) with the bracket (60). A similar change can be employed in
the case where n < 0. In terms of the basis {J, K1, K, Py, P1, P>} the antisymmetric canonical
r-matrix of D(iso(1,1)) then takes the form (71) with & = 1. The associated quantum group
is a superposition of the (space-like) x-deformation of s0(2,2) from [67] that is generated by the
term (—Ko A Py — J A Pp) and a Reshetikhin twist generated by K; A P». Anti de Sitter space
AdS;3 is again given as a coisotropic Poisson homogeneous space AdS; = SO(2,2)/SL(2,R) and
the subgroup SL(2,R) C SO(2,2) is again generated by J, K1, Ko. However, for this Lie bialgebra
structure the cocommutator is given by

8(J) = $(PoANJ = Py AKy+ K1 A Po+ PLAKY),

§(Ko)=4(PoANJ—PoANKy— Ki APy— PLAKy),

6(K1) =0,

S(Py) =4 (nQ(Kl/\J—KQ/\Kl)—i—PQ/\(PO—i—Pl)) , (81)
s(P) =1 (772(—17(1 ANKy+JNKL) + Py A (Py+ Pl)) ,

5(Py) =0

This shows that sl(2,R) C s0(2,2) is a coisotropic Lagrangian Lie subalgebra, but not a sub-Lie
bialgebra, as discussed in Section 4.1. The associated Lagrangian subalgebra of D(s0(2,2)) =
D(D(iso(1,1))) is again of the form [ = Spang{J, K1, Ko,p°, p!,p?} with Lie bracket

[J, K| = — K1, [J,K1] = K3, (K1, K| = —J,

p°,p'] =0, P°,p% = —1(" +p") ', = -3 +pY), (82
p°,J] = $K1, [p°, Ko = p* + 3 K1, P’ K1) =p',

[pt,J] :—(p2+%K1) , ' Ko = —1K, [p*, K1) =p°,

[p?, J] = 3(J — K») p?, Ka] = p° + 3(J — K»), [p*, K1]=0.

Hence, we obtain a coisotropic Lagrangian subalgebra [ of the general form (17), but in contrast to
the sub-Lie bialgebra case, it is not a semidirect product of the Lie algebras [N s0(2,2) = sl(2,R)
and the Lie algebra [N so(2,2)*.
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The Poisson bracket on the homogeneous space AdS3 = SO(2,2)/SL(2,R) is again obtained from
the Sklyanin bracket on SO(2,2), in this case for the classical r-matrix (71) for £ = 1. However,
to identify the contributions of each part of the r-matrix, it is convenient to consider the r-matrix
(71) for general values of the parameter &, which controls the contribution of the twist Ky A Ps.
A convenient parametrisation of this Sklyanin bracket in suitable coordinates on SO(2,2) was
computed in [52]. The projection of this bracket to the group coordinates z, = p® that parametrise
AdSs3 then gives the following bracket on AdSs

tanh
{zg, 21} = g PAIRNE2 sech nry (C082 nao sinh? nz; — sin® 77:60) = o[,
n
sinnx sinh nx .
{zo, 22} = -1 70 cosh nry + 2:77 ! (sm nxo tanh nz; —¢€ cos? 17::30) = —3(z0 + & m1) + o[n?],
sinh nz sin nx
{z1,22} = —% % cos nmo—g %o cos nxg coshnry = —%(5 xo+x1) + 0[772], (83)
where again A = —n?. The linearisation of this Poisson bracket reads
{zo,21} =0, {0, 22} = —3(x0 + £ 1), {z1,20} = —5(Ewo +a1),  (84)

and coincides with the Lie bracket (82) for £ = 1. This is the flat limit » — 0 of the bracket
(83), which describes the case of vanishing cosmological constant and hence the coisotropic Poisson
homogeneous space Ms. In the untwisted case, i. e. for £ = 0, the flat limit  — 0 of the bracket (83)
yields precisely the well-known (2+41) x-Minkowski spacetime [6—8], which is indeed a coisotropic
Poisson homogeneous space.

5 Concluding remarks

This article presents the first steps towards the construction of the coisotropic quantum homo-
geneous spaces associated with the three two-dimensional homogeneous spaces over the group
SL(2,R), including in particular 2d hyperbolic space H? and anti de Sitter space AdSs, as well
as three-dimensional anti de Sitter space AdSs and its flat limit. The explicit construction of the
full quantum homogeneous spaces is challenging, since it requires an explicit description of the Hopf
algebra duality between the quantum algebra and the quantum group. A precise understanding
of the corresponding coisotropic Poisson homogeneous spaces and the associated coisotropic La-
grangian subalgebras of the classical doubles is required and can provide helpful guidance in this
task. The former can be viewed as the semiclassical limit of the associated quantum homogeneous
space, the latter as its infinitesimal version or first order approximation in h. It contains all es-
sential information on the associated quantum homogeneous space and in principle allows one to
construct it via an iterative procedure, order for order in h.

The two-dimensional examples studied in this article are important ones in their own right due to the
rich geometry of these classical homogeneous spaces and as toy models for the higher dimensional
case. On the other hand, the 3d examples here presented are motivated by their role in 3d gravity.
In this setting, the quantum group symmetries of quantum homogeneous spaces arise from Poisson-
Lie symmetries in the classical theory and the relevant Poisson-Lie symmetries have been identified
in [58, 70] as classical doubles. While the case of vanishing cosmological constant is structurally
simpler and well understood, 3d anti de Sitter and de Sitter space are of special interest, since
they allow one to investigate both, the cosmological constant and Planck’s constant as deformation
parameters and allow one to understand the role of curvature.

It would also be interesting to explore in more detail the Minkowski and de Sitter counterparts of
the results in this article, both from the point of view of Poisson-Lie group contractions [68, 73, 74]
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and via the classification of the quasitriangular Poisson-Lie structures on the groups ISO(2, 1) and
SL(2,C). In particular, this raises the question if the unified description of the isometry groups in
3d gravity in terms of (pseudo) quaternions from [75] can be used to give unified coordinates for
the associated homogeneous spaces in which the cosmological constant appears as a deformation
parameter. In this context, it would also be worthwhile to explore the connections between Poisson
homogeneous spaces and the dynamical Yang-Baxter equation [41, 42]. It was shown in [47—49]
that gauge fixing in the context of 3d gravity is related to the introduction of an observer in the
theory and leads to the appearance of dynamical r-matrices.

Finally, the analysis in this article can be viewed as a first step towards an analogous description of
4d constant curvature spacetimes. Like their three-dimensional counterparts, four dimensional de
Sitter, anti de Sitter and Minkowski space are obtained as homogeneous spaces of their isometry
groups with the Lorentz group SO(3, 1) as the stabiliser subgroup. Hence, a similar analysis could be
performed to determine the coisotropic Poisson homogeneous structures on these four-dimensional
spacetimes. In particular, the classical r-matrices for so0(3, 1) were classified in [76, 77], see also [78§],
and it would be interesting to determine which of them generates Poisson subgroup homogeneous
spaces on four dimensional de Sitter space AdS4. On the other hand, it was recently shown in [79]
that the Lie algebra of the isometry group of AdS; can be realised as a classical double and
that the associated canonical r-matrix is a four-dimensional generalisation of the twisted kappa
deformation (71). This yields a coisotropic Poisson homogeneous structure on AdS, that is a direct
generalisation of the coisotropic Poisson homogeneous structure on AdSg studied in this article. It
would be interesting to analyse the four-dimensional situation in more depth and to obtain more
relevant examples of coisotropic Poisson homogeneous structures.

A Coordinate functions and vector fields for the 2d Cayley-Klein
geometries

The fundamental representation D of the Cayley-Klein Lie algebra g(,, ,,) With k1 = 1 and k2 = —1
is given by (see [68] for details)

0 -1 0 0 0 1 0 0 0
DP)=|(1 0 0|,DP)=[0 0 0],D(J2)=1]0 0 1 (85)
0 0 O 1 00 010
A real representation D of the group element g = e®F1e2P2¢0712 ¢ G (r1,x) 18 thus given by
D(g) = (86)
C(al) C(az) —K1 S(al) C(@) — K1Kk2 C(al) S(ag) S(@) KR1K2 S(al) S(@) — K1Kk2 C(al) S(ag) C(@)
S(al)C(ag) C(al)C(H) — K1R2 S(al)S(ag) 8(9) A %) C(al)S(H) — K1R2 S(al)S(ag) C(G) s

S(az) C(az)S(0) C(az) C(0)

where we use the abbreviations C(a;) = cos(ay), C(az) = cosh(az), C() = cosh(d), S(a1) =
sin(ay), S(az) = sinh(ay) and S(#) = sinh(f). In terms of these coordinates 6, a1, ag, the left and
right invariant vector fields for SL(2,R) associated with the basis { P}, Py, Ji2} of s[(2,R) are given
by

J12L = 0y, (87)
1 . .

Pl = o) {—sinh(ay) cosh(0)dy + cosh(6)d,, + cosh(az)sinh(0)0,, } ,
1

Pl = {—sinh(ay) sinh(#)9dy + sinh(#)0,, + cosh(asz) cosh(0)0,,},

cosh(ag)
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1
R _ - . .
Jio't = cosh(az) {sinh(az) cos(a1)0,, + cos(a1)dp +cosh(asz)sin(ai)ds,}, (88)
PR =0,
1 . . .
P, — cosh(ay) {—sinh(az) sin(a1)0,, — sin(a;)dg +cosh(az) cos(ai)0y, } -

On the other hand, the two-dimensional representation of sl(2,R) ~ so(2,1)

(30 ee(82) ()

allows one to parametrise elements of the group SL(2,R) near the unit element as

— po—J-arJy xJs _ eX ay e X — a b B _
T=¢ e e <a & (taa)ex |=\edl ad — bc = 1. (90)

In terms of the local coordinates a,, a_, x, the left and right invariant vector fields of SL(2,R)
associated with the basis {J3, J1+} of sl(2,R) are given by [53]

YJL+ = XX Oay s (91)
Vi =a} e X0, +e X0y +aypc X0,

Y =0y,

Yﬁ = (1+2a_a;) 0, —a® 0y +a_ 0y, (92)
YR =9,_,

YJI;? = —2a_0q_ + 2a4 Oy, + Oy.
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