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1. Introduction

Polycyclic codes over a finite local ring R were introduced in [20] and they are described as ideals on the quotient
ring R[x]/(f(x)) with f(x) € R[x]. These codes generalize the well-known classes of cyclic and constacyclic codes. Polycyclic
codes over finite fields have been studied from several points of view, we will be especially interested in the so called Lg-
duality (see [1,28] and the references therein). Polycyclic codes over chain rings have been studied in different directions,
see for example [9,19,30,29]. In [2], the authors made a generalization where the ring is a finite commutative local ring and
the polynomial defining the ambient space has simple roots. That paper proposed a transform approach that generalizes the
classical Mattson-Solomon (Fourier) transform in finite fields.
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On the other side, several papers have been devoted to explain the matrix product code structure of repeated-root cyclic
and constacyclic codes over finite fields, see for example [31,4], and over some finite chain rings [5].

In this paper, we complete the study on the Mattson-Solomon transform approach in [2] for polycyclic codes over finite
local rings in the case that the defining polynomial has repeated-roots. Some special cases for the cyclic case have been
previously studied in [24], the so-called monomial like codes. We also give a matrix product code structure that describes
repeated-root polycyclic codes over finite fields. In both cases, we provide expressions for the lg-dual code of a given
polycyclic code.

The structure of the paper is as follows. In Section 2, some preliminaries are given on finite commutative local rings, on
the Hasse derivative of a polynomial over a finite local ring and on the Generalized Discrete Fourier Transform. Section 3
provides the Generalized Mattson Solomon polynomial (GMS) for polycyclic codes over local rings that gives an explicit
decomposition of them in terms of idempotents. In Section 5, we state some structural properties of repeated-root polycyclic
codes over finite fields in terms of matrix product codes. In both Section 3 and Section 5, we give a description of the -
dual code of a given polycyclic code.

2. Preliminaries

Throughout the paper, R will denote a finite local ring of characteristic ¢ = p” for a prime p and a positive integer
r, m will denote the maximal ideal of R and F; = R/m the finite residue field of R. It is well-known that R is trivially
complete and thus Hensel, i.e., every element of R is nilpotent or a unit and m is a nilpotent ideal. We denote by ~ the
natural polynomial ring morphism ~: R — (R/m) and, abusing notation, we will use it also for polynomial rings acting on
the coefficients -~ : R[x] — (R/m)[x] = F4[x]. Let J denote the set of all polynomials f in R[x] such that f has distinct
zeros in the algebraic closure of Iy, a polynomial in [ has distinct zeros in local extensions of R, Ry = R[x]/(f) (where
f is monic) is a separable local extension ring if and only if f is an irreducible polynomial in 7, and the polynomials
in J admit a unique factorization into irreducible polynomials and a polynomial in J has no multiple roots in any local
extension of R. In the rest of the paper, unless other thing is stated, f will denote a polynomial in 7 and F = f™ for a
non-negative integer m (in some sections m = p¥ where p is the characteristic of R).

2.1. Hasse derivative and generalized discrete Fourier transform

The Generalized Discrete Fourier Transform (GDFT) for repeated-root cyclic codes over a finite field IF; of characteristic p
(p a prime) of length N = np*, where (n, p) = 1, was defined by Massey in [25]. After that, the definition is generalized for
quasi-cyclic and quasi-twisted codes over finite fields in [15] and [13], respectively. In those references, the Hasse derivative
of polynomials over finite fields plays an important role. For more information about the Hasse derivative of polynomials
over fields we refer the reader to [25,12].

In this section, let R denote a commutative finite unitary ring and p(x) = > 1, pix' € R[x] be a polynomial. For k €
{0,1,...,n}, the k' formal derivative of p(x) is defined as p® (x) =k! 31, (,i)p,'x"*", and the k" Hasse derivative of p(x)
is defined as pM(x) = L p® (x) [18, page 363], i.e.,

D\ i itk :
M =>" <k>pi><“" =y ( i )pi+k><’-

i=0 i=0

The following result holds directly from the definition and straightforward computations.

Lemma 2.1. Let p(x) and q(x) be two polynomials in R[x].

L (p+ M0 =pM )+ x).
2. (Taylor expansion) If p(x) is of degree n and A is an arbitrary element in R, then p(x + 1) = ZZZO pKIG0)xk.

3. (Product rule) (pq)® (x) = YK, pt!l (x)qt* 11 (x).

From now on, let f(x) be a simple-root polynomial f(x) = (x —og)(x — 1) ... (X — az—1) € J which has n distinct roots
in a fixed ordering g, @1,...,0y—1 in an extension ring R’ of R. Recall that the Discrete Fourier Transform (DFT) of an
n-tuple (o, g1. ..., 8n—1) is ((0), &(@t1), ..., &(@n—1)), where g(x) = go + g1X + ... + ga—1x"" € R[x]/(f(x)), see [2] for
further details.

Definition 2.1. Let F(x) = (X —ag)(x— 1) ... X —ay_1))™ = (f(x))™ be a repeated-root monic polynomial in R[x] of degree
N=nm and g(x) = ZlN;o] gix' € R[x]/(F(x)). We define the Generalized Discrete Fourier Transform (GDFT) of g(x) as
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g(ao) gla) - g(an—1)
gMao)  gMen) ... gMlan-1)
g g g Var) .. g™ Uen_1)

where glil is the i"-Hasse derivative for all 1 <i<m—1.

Example 2.2. Suppose that F(x) = x% — 3x° + 3x* — x3 € Z4[x], which is decomposed over Z1g as F(x) = (x — 1)3(x — 12)3.
If g(x) =14 2x3 +x* + 3x° € Z4[x]/(F(x)), then gl!1 =2x% + 3x* and gl?l = 2x + 2x? + 2x3. Therefore, the GDFT of n-tuples
related to g(x) is

g)  g(12) 7 1
GDFT(g) = | gll(1) gMa2)|=|5 0
g1 g2 6 8

2.2. Generalized Vandermonde matrices

Let g, @1,...,0p—1 be a fixed ordering of the roots of polynomial f(x) = (x — ap)(X — ®1)...(X — ®p—1) € R[X] in the
extension ring R’ of R.

For 0<i< N —1, take p;(x) =x' and construct the N x m matrix

Po(x) p%”(X) .o pm )

pi  pleo o pimH
R(x) = . .

pno1 pN o L pi Y

In fact, ij-entry of R(x) is (i.:}.)x"*j for i > j and zero otherwise. The generalized Vandermonde matrix related to the roots
o, 1, ..., ay of the repeated-root polynomial F(x) = (f(x))™ of degree N =nm over a local ring R is defined by

V=V(xo,a1,...,00-1) =[R(ap) R(¥1) ... R(an-1)]

Example 2.3. If F(x) = (x — ag)3(x — «1)> then

1 0 0 1 0 0
ap 1 0 o1 1 0
2 200 1 o 204 1

5 30f 3a0 o] 30 3oy
ag 4a8 6a§ of 4do;  6a?
5 5a5 100 o S5af 1003

V =[R(ao) R(a1)] =

Note that if m =1, the generalized Vandermonde matrix is compatible with the usual Vandermonde matrix related to
F(x). The determinant of V is ]_[ngjgn_] (o — o)™, see [14] for a proof. Thus V is an invertible matrix in the local ring
R if and only if o; — ¢ is a unit in R for each pair of indexes i # j, if and only if @; # ¢j; see Lemma 2.5 in [26]. Therefore
V is an invertible matrix if and only if &; # & for all i # j. Note that throughout the paper, it is assumed that f € 7, then
j_‘ has distinct roots &; for 0 <i <n — 1. Thus V will always be an invertible matrix.

Let F(x) =xN — Zf’:_ol Fix' and Cr be the companion matrix related to F(x), i.e.,

0O 1 0 ... 0
0o 0 1 ... 0
CP=1| : oL :
o 0 o0 ... 1
Fo F] Fz FN,1

It is a well-known fact that F(x) is the characteristic polynomial of Cr. Let us denote the Jordan form of the companion
matrix Cr by JF, i.e., a diagonal block matrix with n x n blocks so that each block has roots on the diagonal, 1 on the
superdiagonal and other entries are zero. If V is invertible, then the companion matrix is reduced to CF =V JpV 1.
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3. Generalized Mattson Solomon polynomial

Let V be the usual Vandermonde matrix related to the distinct elements oy, ...,ap—1 and f(x) = ]_[?:_01 (x — «j). For a
n—1

given g(x) =3 1 gix' in R[x]/(f (%)), the Mattson Solomon polynomial of g(x) is

n—1
MS(g) =) g@)x =[gog1 ... gnalV[1x...x" ", (1)
i=0
where tr denotes the transpose matrix. Note that the map MS is well defined in the quotient space R[x]/(f (X)), see [2] for
a complete account on it. Now, let F(x) = f(x)™ be a repeated-root polynomial of degree N = mn over the local ring R and
fix an ordering on distinct roots oy, ..., oy—1. Let us consider the quotient polynomial ring R = (%, ) where - is the
ordinary polynomial multiplication modulo y™.

Theorem 3.1. The map

. RIx] RIx]
MS.( o)—) ((f(x))’*)

g0 Y (X0 eM@y) o

is a ring injective homomorphism, where e denotes ordinary polynomial multiplication modulo F (x) and % denotes the component-
wise multiplication modulo f (x).

R[x]

Proof. First, we will show that the mapping is well-defined. Given two representatives h(x), g(x) of an element in Fo0)

that is g(x) — h(x) = k(x) f(x)™, for 0 <i <m — 1. We have by applying the product rule that

g =) =3 ke (feomi-I.

j=0

But (f ()™=l = (i — j)I(f(x)™)~D (the usual derivative of f(x)™) which is indeed 0 mod f for 0 <i <m — 1. Therefore

for 0 <i <m —1 one has that glil(x), hlil(x) provide the same values when evaluated at cj, j=0,...,n— 1.
Let g(x) = Z,N:Bl gixi e H;Eg) and V be the generalized Vandermonde matrix related to roots oy, ..., a;—1. Consider the
column vector
_ _ _ _ ~1.m—11t
u=[1y...y" " x xy.oxym x0T Ty Ty

where tr denotes the transpose of the vector. Then we have that MS(g) is given by

[g%) gMao) ... gM (o) ... glan-1) gMNan-1) .. .g[m”](aM)] u
=[gog1...8n-1]Vu.

Since the matrix V is invertible, then MS is injective. Now it is enough to show that MS(g e h) = MS(g) « MS(h) that follows
applying the product rule of the Hasse derivative, we can easily check that MS(g) « MS(h) can be computed as

n—1 m-1 ) m-1 ) o n=1 fm-1 ) ) )
Yol oV @ny’ | [ YonTany’ | ¥ =3 | Yoy’ | . o
i=0 j=0 j=0 i=0 \ j=0

Note that the mapping in the above theorem gives the ordinary Mattson-Solomon transform when applied to a simple-
root polynomial. Thus, by abusing the notation, we will denote both the same. We will call the map MS in the above
theorem the Generalized Mattson Solomon map associated to F.

Example 3.2. (Example 2.2 Cont.) Let m=3, n=2, f(x) =x% — x € Z4[x] and R = Z1s[y]/(y>). Then
MS(g(x)) = (7 4 5y + 6y%) + (1 +8y*)x € RIx]/(f (x)).

Remark 3.3. Theorem 3.1 states that every repeated-root polycyclic code is isomorphic to an ideal in a bivariable polynomial

. . RIx] ~ R'[xyl
Tng, SINCE 750y = e,y -
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Lemma 3.4. The map MS in Theorem 3.1 is equivalent to each of the following mappings.

MS : (R[X]> o) — (R[X] *)

F() )
* ! " 2)
g > Y g+ X
and
RIx] iy
ms: (o) — | e+ 3)

g0 Y g(uapxl.

Proof. Since y™ =0, by the Taylor expansion for the Hasse derivative, we get g(o; + y) = ZT:_(} glil(aj)yd. Thus MS(g) =

Z?:_Ol g(otj + y)xt, which gives the mapping (2). The set {ag(y+1) —y, ..., an—1(y +1) — y} are roots of F(x), since y™ =
Put u =y + 1 and use the mapping (2) to find MS(g(x)). Now, R’[u — 1] = R’[u] provides the mapping (3). O

Remark 3.5. Note that in the case F(x) is a simple-root polynomial (i.e., m=1), we get y =0 and u = 1. Hence, the two
mappings presented in the previous lemma are compatible with the Mattson Solomon mapping given in [2].

Remark 3.6. In Definition 2.1, we define the GDFT for polycyclic codes of length N = mn over rings as a generalization of the
GDFT for repeated-root cyclic codes of length N = np¥ over fields presented by Massey in [25]. Now we are able to present
other definitions of the GDFT associated with the mappings in Lemma 3.4:

GDFT : RN — Rr"

4
(80.81.-.88) > (8@0+Y). 81 +Y). ... 81+ ) )
and
GDFT: RN — A" 5)
(80, 81,---,8N) > (g(uao), gluory), ..., guan-1)),
where A = % Note that (4) is compatible with the definition of the DFT given in [2], and Equation (5) is also

compatible with the DFT in [16] in the quasi-cyclic case.

4. The decomposition of the ambient space

We will start by studying the ring R defined in the previous section.

Lemma 4.1 (Corollary 3.8 in [10]). Let R be a local ring and g € R[x] be a monic irreducible polynomial. Then R[x]/(g(x)") is a local
ring for any positive integer n.

Lemma 4.2. Let S be a Galois extension of the local ring R. Then

1. S is the unramified local ring, i.e., R and S has the same maximal ideal.
2. If f € R[x] is square-free, then f has distinct zeros in the local extension S.
3. S is an R-free module generated by roots of f.

Proof. See Theorems 3.15, 3.18, 511 in [10] O

Corollary 4.3. Let R’ be the Galois extension of the local ring R containing n distinct roots of the polynomial f(x) = 1_[, 0 Tx —
Then R = R'[y]/(y™) is a local ring.

The proof of the corollary follows from the fact that R is local, R” is a Galois extension and applying Lemmas 4.1 and 4.2.
Then, from the counting argument in [11], if we count the elements in R that are p™, and the number of zero divisors in
R is given by pt¢=Dm where p€ is the number of zero divisors of R, therefore from [11, Theorem 1], R is a local ring.
Furthermore, note that R is also a chain ring if and only if R is a finite field. This follows from the fact that the maximal
ideal of R is (m, y), where m is the generator of the maximal ideal of R and it is principal if p is the characteristic of R.

5
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4.1. Decomposition of the codes

In this section, we are going to find a decomposition of the ambient space (ﬁ{i})' Recall that the ring (7;([;)1 ) is

o) is equipped with the ordinary polynomial product. Let

[x]
(F(x))’
us denote §(§)> by Rr. Let f = f1f2... fr, where f1, f>... fr are distinct monic irreducible polynomials. We will define a
relation on the set of indices I ={0,1,...,n — 1} as follows: i ~ j if and only if a;, j are roots of the same polynomial fy,

ie, fi(a;j) = fi(aj) =0. Therefore I will be partitioned into the disjoint classes Ij related to f.
From now on in Subsection 4.1, we will consider the MS map in Theorem 3.1 extended to R’

MS : (R; = m,o) — ( RIX] ,*)
(F(x)) (fx)

or, what is the same, consider a polynomial f(x) which completely splits in linear factors in the ring we are working on.
It is easy to see that, again for cardinality reasons, it is now an isomorphism and we can define E; = MS™! (Zjeli xf).
The pre-images {E1, ..., E;} will provide us the primitive idempotents, more precisely:

equipped with the component-wise product and the ring (

Proposition 4.4.

1. Each E; is a primitive idempotent.
2. E{Ej=0fori#jand Y [_  Ei=1.
3. The only idempotents in R are in the form Zjes EjforsomeS c({1,2,...,1}.

4. Ry =@l_(E) =@ (1’?&).

Proof. 1. Note that x/ »x/ =x/ for all 0 < j <n—1. Thus E? =MS™! (Zje, xf) = E;. To check that E; is primitive let

E; = A(X)+ B(x), where A(x) and B(x) are orthogonal idempotents in R.. Let MS(A(x)) be denoted by Z akx = a(x)
and similarly let MS(B(x)) be denoted by Zzzé bexk = b(x). We want to prove that A(x) =0 or B(x) = O, i.e. a(x) =
or b(x) = 0. By Contradiction, let a(x) £ 0 and b(x) # 0. We know

n—1
D ¥ = MS(E) = MS(A() + MS(B(X)) = a(x) +b(x) = Y (@i + bp)x',
jel; i=0

and hence a; + b, =1 for k € I;. Since A(x) and B(x) are idempotent, a(x), b(x) are also idempotent elements in R[x].
According to component-wise multiplication in R[x], we conclude that al.2 =a; and bi2 =b; for all i. Now since R is
local, a;, b; € {0, 1} for all i. Moreover, the orthogonality of A(x) and B(x) implies that 0 = a(x)b(x) = ?;(} aibix', and
hence a;b; = 0 for all i. Now, considering that a; + by =1 and ay, by € {0, 1} for k € I;, we must have b, =0 for that
k e I; with a, # 0 and a, =0 for that k € I; with by # 0. Define M ={j e l;:a; #0} and N = {j € I; : bj # 0}. Since
a(x) # 0 and b(x) # 0, we have M # ¢ and N s (). Therefore, there are two non-empty subsets M C I; and N C [; such
that MNN =@, MUN =1[; and a(x) = ZEM xJ and b(x) = Z]-E,\, xJ. According to the definition I;, there is a polynomial
fi such that all roots of f; are in I;. Partitioning the set I; into two disjoint subsets M and N separates the roots of fj
into two groups. Let’s denote by fy(x) and fy(x) the polynomials whose roots are those corresponding to indices in M
and N, respectively. Then fi(x) = fu(X) fn (%), which contradicts our initial assumption that fi(x) is irreducible.

2. For i # j, I; and I; are disjoint and hence E;E; = 0. Moreover, since Z?:_(} xt is the unit element of R[x] we get

n—1
1=Ms"'(Q_x).
i=0

3. Clearly, to obtain the 1dempotents in R, it is necessary to study idempotents in MS(R}) = 7}3([)(")]). Let a(x) = Zk agxk
n—1_2_k

be an idempotent element in W' We get Zk:o axk =ax) = ax)? = k=0 9xX"- Thus @i = a,% forall 0<k<n—-1
and since R is local, we have a; € {0,1} for all 0 <k <n — 1. If we let S ={i|a; # 0}, then a(x) = Ziesxi and
AX) =MST'(ax) =Y ;s Ei.

4. The first isomorphism follows from the fact that {Eq, ..., E;} is the set of pairwise primitive orthogonal idempotents. To
prove the second isomorphism we define 6 : RF — (E;) via g+ gE;. Let gE; =0. Then g=g(1 — E;) + gEi=g(1 — E)),
and hence ker = (1 — E;), which gives the result. O

This provides the following description of the codes in terms of the idempotents in the case of a ring of prime charac-
teristic.
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Proposition 4.5. Let R’ be a local ring with prime characteristic p and N = np¥. Then

1 If fi0) = [j;, (x — @j) then (f;(x)”" =1~ E;.
2. Ifthe ideal C of R, has an idempotent generator, then C is generated by [ ;. (fi ()" forsome S C {1,2,...,r}.

Proof. 1. 1—E=MS""(X1 ) %) - MS™1 (X1, dix) = MS™ O 1 eixi) such that e; ¢ I;. On the other hand, recall that
aj —aj is a unit in R if and only if &; # . Smce fed, f has dlstinct roots o; for 0 <i<n—1, and we get
k k k
(filaj+ )P = (@j+y—oi)? ... (aj+y —ai)P
k k k k
=((oj—ai)? +yP) .. (aj—ai)? +yP)

k k
= ((Xj —ail)p ...((Xj —ait)p
_ 0 j€ Ii,
" unit jer;.
Thus MS((f,-(x))pk) = ;;8(fi(ozo + y))pkxj € (Zj$é1i xJ) = MS(1 — E;). Now since MS is injective, the result holds.

2. The only idempotent elements in R} are in the form ) ; . E; for some subset K of {1,2,...,r}. By the fact that E;’s
are orthogonal we have

Y E=1-) E=[]a-E)= ]_[(ff(X))"k-

ieK i¢K i¢K i¢K

Now it is enough to take S =K¢. O

Corollary 4.6. Let R’ be a local ring with prime characteristic p and N = np*, where f completely splits. Then

Rlxl _ RN ”é R'[x]
(FX)  ((fx)P") ((fixnP)

Proof. Part (4) of Proposition 4.4, Part (1) of Proposition 4.5 and the Third Isomorphism Theorem give the proof. O

Remark 4.7. Note that in this section (Subsection 4.1) we have considered codes over the ring R’;, if we want to restrict
ourselves to Rr we must consider subring subcodes that behave as subfield subcodes in the field case, for a reference on
them, their Galois closure and a Delsarte’s like theorem in the chain ring case see [21].

4.2. 1 duality

R[x]
(F()

Consider the following inner product over the ring Rr =

(81(%), 822(0))(0) = £182(0), g1(%), g2(x) € Rf. (6)

We will denote the dual of the polycyclic code C C Rf associated with this inner product by C10 given by

clo= {g(x) € RF | (g(x), h(X))) =0, for all h(x) € C}.

Theorem 4.8. Let C be a polycyclic code of length N =np* in R. If Fg is an invertible element in R, then

1. The inner product (, ) (o) is non-degenerate.
2. C1o = Ann(C), where Ann stands for the annihilator ideal.
3. C1o is a polycyclic code.

Proof. 1. We must show that the orthogonal of R is zero. Let g =go+g1X+...+ &N 1x 1 eRF and (g, x )(0) =0 for all
0<i<N-—1. From (g, 1)) =0 we conclude gg = 0. Also, by considering 0= (g, x'}) = gn—iFo for all 1<i< N —1
and invertibility Fo, we obtain gy_; =0, i.e,, g=0.

2. Let h(x) € Ann(C), therefore h(x)g(x) = 0 for all g(x) € C and hence hg(0) = 0, i.e., h(x) € C10. Thus Ann(C) C C-Lo.
Conversely, let h € C10 and g € C be an arbitrary element. Hypothesis 0 = (g, h) () = hg(0) implies that xthg(0) =0 for
all 0 <i< N—1. Now by part (1) we have hg =0, which gives the result.

3. It is obvious by Part (2). O
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Remark 4.9. In the literature of simple-root polycyclic codes over R[x]/(f(x)), it is always assumed that fp is a unit in the
ring R, see [20,9]. Because this assumption is guaranteed that every left polycyclic code is right polycyclic and as a result
we get ride of studying left and right at the same time. In this paper, we always assume that F(0) = Fg, the constant term
of the polynomial F, is a unit in R. Because this assumption is guaranteed that the dual of every polycyclic code (C10) is
again polycyclic (also in our previous paper in the simple-root case [2] we have assumed that fy is a unit in order to have
a polycyclic dual code).

We now define another inner product over Rp:

(81(%), 22(x))ms = MS(g1) » MS(g2), 21(%), g82(x) € Rf. (7)

As usual, we will denote the dual of the polycyclic code C € Rf associated with this inner product by C1s which is
naturally defined as

C™s = {g € Rr | MS(g) * MS(c) =0 for allc € C}. (8)

The following result shows how one can check the annihilator duality in terms of the Mattson Solomon transform.
Theorem 4.10. For the polycyclic code C over R, we have Ann(C) = C-vs,

Proof. Since the Mattson-Solomon mapping is an injective morphism we have

gc=0 <= MS(gc) =0 <= MS(g) xMS(c) =0,
which implies Ann(C) =C+™s. O

Remark 4.11. Note that all the results in Subsection 4.2 are given in the ring Rfr since only injectivity of the MS map is
needed, so we do not need to consider the ring R%.

4.3. A note on multivariable codes

In [2], the Mattson Solomon map for several variable serial codes over chain rings is presented. That construction was
based on the decomposition of the tensor product of the R-modules R[x1]/(f1(x1)) and R[x2]/(f2(x2)) in terms of the
tensor product of powers of their related companion matrices Ef and Eg and their simultaneous diagonalization by the
matrix Vg ® Vg, where Vy, is Vandermonde matrix corresponding to f; for i =1, 2. In the case where we have a principal
ring, at most one of the defining polynomials is a repeated-root one, say f1(x) = f(x1)™, and the remaining ones should be
non-repeated-root polynomials and R is a Galois ring, see [22]. In that later is the case, we can provide a Mattson Solomon
transform in terms of the Generalized Vandermonde matrices in the same fashion as in [2].

Multivariable codes over the ring R are ideals of the quotient ring % = R[x1,...Xw]l/{t1(X1), ..., tw(xw)). If all polyno-
mials t1(x1), ...ty (xy) are simple-roots, then these codes are called serial multivariate codes, and otherwise they are called
modular multivariate codes. The transform approach to the serial case over local rings was studied in [2]. Note that serial
multivariate codes are well-behaved because they can be regarded as principal ideals in Z%. This property is not generally
true in the modular case. In the case r > 2, &% is principal ideal ring if and only if R is a Galois ring and the number of
polynomials for which £;(x;) are not square-free is at most one, see [22, Theorem 1].

For the sake of simplicity, all results in this section will be proved for w =2 and can be straightforward worked out for
w > 2. Let R be a Galois ring, f(x1) a polynomial of degree n over R with distinct simple-roots «pg, ..., &p—1 in an extension
ring R}, and F(x1) = (f(x1))™ a polynomial of degree N = nm. Moreover, let g(x;) be a polynomial of degree M over R
with distinct simple-roots By, ..., SmM—1 in an extension ring R),. Let V be the generalized Vandermonde matrix related to
oo, ...,n—1 and v be the usual Vandermonde matrix related to fo, ..., Bm—1. Consider the tensor product

174 74
BV ... Bu-1V

vV =
Bt L BuTV
Since det(v®@V) =det(v)Mdet(V)N and v, V are invertible, then v®V is invertible. A polynomial p(x1,x2) € R[x1, x2]/(F (x1), g(x2))
can de written as p(x1,x2) = Z;V’:_Ol pj(xl)xé, where p;j(x1) = ZlN;o] pi,jX;- Relate the vector

p = (po,0» P1,0> ---» PN-1,0, P0,1> P1,1, --+» PN=1,1> --+» PO,M—15 P1,M~1, ---» PN—1,M—1)

to the polynomial p(xq, x3). It can be easily seen that the product of the vector p and matrix v ® V is as follows:

8
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p(V®V)= (p(a0+yn30), LA p(aﬂ—l +.y’.30)1 p(a0+y’,3])v AR p(an—l +y7ﬁ])’
s Do+ Y, BM-1), -, @1+ Y, BM-1)).

Take R” = R} + RY,. Clearly, p(aj +y,B8j) e R” forall 0 <i<n—1 and 0< j <M — 1. Define the multivariable Mattson-
Solomon transform for modular multivariable codes as

. R[x1.X2] R”[x1.x2]
MS: ((F(xn.g(xz» ”) - (<f(x1),g(xz>> ’*)

n—-1M-1

p(x1,x2) Y Y plei+y, BN,
i=0 j=0

where e denotes ordinary polynomial multiplication modulo F(x1), g(x2) and x denotes the component-wise multiplication
modulo f(x1), g(x2). Obviously, the mapping MS is a ring homomorphism and since v ® V is invertible, MS is also injective.

5. Matrix-product structure of certain polycyclic codes
We prove the structure of some repeated-root polycyclic codes with the help of matrix-product codes in the paper [31].
From now on, we will consider repeated-root polynomials just over the finite field IF;, where q = p” where p is a prime

number. Let f(x) € Fpr[x] be a simple-root polynomial of degree n and of order e, i.e., e is the smallest integer for which
fx)|x¢ —1 and gcd(p,e) =1. Let f(x) = ]_[f:1 fi(x) be the unique factorization of f(x) into distinct irreducible polynomials

over [Fpr[x]. Then, we have f(xpk) = ]_[f:l f,-(xpk) and for each 1 <i <s, there exists an irreducible polynomial g;(x) in
IF,r[x] such that f; (ka) =g (x)pk. From now on, we will assume that R is the ring

s r
R =Fpr[x]/(f (")) = Fyr[x]/ < (]‘[ g (x)) > ®)
i=1

and we will have that N = npX. One can write any element a(x) € R as do(X) + a; (x)xpk + ...+ an_l(x)x(”‘”pk, where
ai(x) € Fyr[x]. Let S be the ring IFpr[x, y]/(xpk — ¥, f(¥)). We have the following straightforward results.

Lemma 5.1. Any ideal of the ring R is principally generated by a divisor of f(xpk). In fact, it is of the form (G(x)), where G(x) =
[Tj=; & and 0 <ij < pk.

Lemma 5.2. The map ¢ : R — S given by ¢ <Z?:_01 ai(x)xipk) =alx,y) = Z?;(} a;(x)y' is a ring isomorphism.
Now we will consider the ring
T =Fprlx, y)/ 00" =1, F ) = (Fyr /67 = 1)) 1/ (F ), (10)
and denote as W the ring W =TFr [x]/(x”k — 1). Note that W is a finite chain ring whose maximal ideal is {((x — 1)).
Lemma 5.3. The map  : S — T defined by ¥ (a(x, y)) = a(ye/x, y) is a ring isomorphism, where e’ is the inverse of pX in Z..
As an easy corollary, we have the following.
Corollary 5.4. The code C is a polycyclic code in IFpr [x]/(f(x”k)) ifand only if (C) = ¥ (¢(C)) is a polycyclic code in W[y1/({f (¥)).

Therefore, since W is a chain ring we can apply [6, Theorem 3.5] and we get the following unique (x — 1)-adic expansion
of the code C (note that we have also a description of a system of generators of a polycyclic code over a chain ring in [27,
Theorem 4.4] and its generalization in [23, Theorem 3.13]).

Proposition 5.5. Any polycyclic code C in W[yl/{f(y)) is of the form

k
C=(ho(y), x = Dh1(y), ..., x = DP hy (),
where hpi_1 () [ hpe_o(¥) |-+ [ ho(¥) | f(y) over Fpr. Moreover, we have

p“—1
C=Pu-1c,
i=0
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where for 0 <i < pX — 1, C; = (h;(y)) is a polycyclic code in Fyrlyl/(f(y)yand Co S C1 S --- S Cpy-

Note that the ideal defining C over the ring W is a single generated and the generator can be derived from the polyno-
mials hj(x) in the above expression (see the proof of [23, Theorem 3.13]). The following theorem follows directly.

Theorem 5.6. Let C = (g (x)!1 g2(x)™2 - - - g,(x)'r). Then we have

pk—1

@) =P x-1'c,
i=0

where C; is a simple-root polycyclic code with respect to f(y) over IF,r. In fact we have C; = (kj(y)), where k;i(y) =
[Tjes, &) and Aj={1<j<r|ij>i}.

The following definition introduces matrix product codes in this work. Matrix-product codes over some classes of rings
have been studied in several works, see for example [8,7,5,17], but they did not consider the L -orthogonality.

Definition 5.1. Let A = [q;;] be an o x 8 matrix with entries in F,r and let Cy,...Cy be codes of length n over Fpr. The

matrix-product code [Cq,...,Cq]- A is the set of all matrix products [cq, ..., cy]A, where c¢; € C;, defined by
a a2 ... a1
a1 a2 ... a8
[c1,....cal-A=lcr, ... Cal | . : : (11)
g1 Qg2 ... Qup

=[aj1c1 + a2+ ... +aq1Cq, 12€1 +A22C2 + ... + g2Cq,
..., a18C1 +a2pC2 + ... +aa5ca].

Lemma 5.7 (Proposition 2.9 [3]). If a matrix consisting of some o columns of A is non-singular and C =[C1,...,Cq] - A, then | C |=|
Ci]...|Cql.

Definition 5.2 (Definitions 1 and 2 in [31]).

e Let J be the p* x p matrix whose (i, p¥ — i+ 1)-th entry (1 <i < p¥) is equal to 1 and other entries are equal to zero,

let P be the p* x p¥ matrix whose (i, j)-th entry (1 <1, j < p¥) is equal to (;j) mod p, and let Q be the pk x pk
matrix whose (i, j)-th entry is equal to (—1)0+D (;:11) mod p and CYC(p, k) to be JQ J.

e For 0 <i <N —1 we will write i:ap"—f—j where 0 <a<n-—1, 0§j§pk—1. We define the permutation o on
{0,1,...,N—1}as o (i) = jn+a.

Lemma 5.8. A = CYC(p, k) is a non-singular matrix.

Proof. The matrix CYC(p, 1) is upper triangular with exactly p —i zeros in the column i and ones in the diagonal, and
A=CYC(p,k) = ®f-‘=1 CYC(p, 1) by [31]. Since the tensor product of two upper triangular matrices is again upper triangular
the result follows. O

Theorem 5.9. Let C be a polycyclic code in IF,r [x]/((f(x))”k) and u(C) = @ia] (x — 1)C;, then we have that

0(C) =[Cpi_y1.Cpk_3. ... Col - CYC(p, k).

Proof. Assume a(x) = Z?:_Ol a;(x)xP" € C, then pakx) = Z?:_(} ai(x)y' and hence v (gp(a(x))) = Z?:_Ol ai(y¢x)y'. If

k_ . k k_ ;s
o @) =bx) =P xib;(xP") then we have v (@(@®))) = P (v 0)ibi(y).
On the other hand, we can write

’ k__ / k_
bo(y) + (Y b1 (y) + -+ yP VP Db (y) =
, k_1\o! k_
boy) + () x =1+ Db1(y) + - +yP D x—1+1DP Vb 1 (y) =

Ll L2 AR
> Z()(x—l)f Vebiy) =
ico \j—o M

10
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pk,] g pk71 l A
Yoy (.)bi(y) x—1).
j=o iz M

- k_1 : k_1 : k_1 .
For 0 < j < p¥ — 1, let us denote bi, i) =y le-] (7)bi(y), and cj(y) := ,P:j] ()bi(y). Hence Z?:(,] -1l e
¥ (@(C)) and since ¥ (¢(C)) = lP:O_l(x — 1ic;, we have c;.(y) € Cj. But Cj is a polycyclic code and y is a unit element
because we assume that fq is a unit (see Remark 4.9). Hence c;(y) € C; as well. Now we have

[co(¥).c1(¥), ... o1 (M =1Ibo(¥),b1(¥),....bpx_1 (V)] P,

where P is an invertible matrix whose inverse is the matrix Q. Therefore we have

[CO(y)acl(.V), "'7Cpk_](y)] : Q = [bO(y)abl(}’), "'9bpk_](y)]7

and it follows o (C) C [Co,Cl,.,.,CPk,l] - Q and since both of the sets have the same size, we have o(C) =
[C(],C],...,Cpk_1] - Q. Using similar arguments as those used in [31], we get o (C) = [Cpk_1,Cpk_2,...,Co] - CYC(p, k),
and the proof is now completed. O

Remark 5.10. Note that if we consider C as a cyclic code of length np* over the field Fpm in [31], a permutation 7 is
provided such that

7(C) =[Cpe_y. Cpr_3. ..., Col - CYC(p, k).

It can be easily checked that, in general, w # o, where o is the permutation defined above, while the codes C;, 0 <i <
pk — 1, are the same. Therefore we have two permutations for which 7 (C) = o (C) or equivalently 7! o o € Aut(C), the
group of automorphism of the code C. The reason for getting different permutation in this case is related to the different
kinds of isomorphisms we have considered. In fact, in [31] the mapping considered was
IFpm [X] ;) Fpm [X, y]
(P 1) —y, P 1)

while in this paper we have considered the isomorphism

Fpm[x] ~ Fpm[x, y]
npk - pk n :
(x"" —1) (xP" —y,y"—1)

Since the matrix CYC(p, 1) is a Non-Singular by Columns matrix (NSC matrix) (see [31] for a definition), Proposition 2 in
[32] implies the following corollary involving the minimum Hamming distance d; of each of the component codes C; and
the distance of the code d(C).

Corollary 5.11. Let C be a polycyclic code in IF r [x]/((f(x))pk) such that u(C) = fial (x — 1)IC;, then we have
d(C) = min{p*d _;. (p" — Dd 5. ....do}.

whered; =d(Cy) andt =0, 1, ..., p¥ — 1.

5.1. Lo duality of codes in IFr [x]/(f(x”k))

The annihilator dual of a matrix-product code can be also explicitly described in terms of matrix-product codes. First we
will introduce the following auxiliary result.

Lemma 5.12. The isomorphism . introduced in Corollary 5.4 is a Lo-duality preserving map, i.e., ;1(C10) = (u(C))Lo.

Proof. For all p(x) and q(x) in Fpr[x]/<f(xpk)>, it is easy to see that

(P(®),q())o =0 < (L(pX)), 1(qx)))) =0. (12)

Let p(x) € CLto. By Equation (12), we have (i(p(x)), i(q(x)))o =0 for all q(x) € C, i.e., u(p(x)) € (1 (C))*0, which gives
W(CH0) C (u(C))*o. Conversely, let z € (u(C))Le. Then (z, u(p(x)))o = 0 for all p(x) € C. Using Equation (12), we get
(w=1(2), p(x))o =0 for all p(x) € C, which implies u=1(z) e C10, ie., ze u(CLo). O

11
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We will need the following Theorem to prove some results relating the 1o-dual of the matrix product code in terms of
the Lg-duals of their constituent codes. For a matrix A we will denote its transpose as A".

Theorem 5.13. Let Do, ... 1 be polycyclic codes over Fpr [x]/( f (xpk)). Then

pk

(IDpe_1.--.. D1, Dol - CYC(p, b)) ® = [D%? D1°,Dy°1- (CYC(p, k)~ H.

rARTRRRS
Proof. We claim that
[Ann(D k_4), ..., Ann(Do)] - (CYC(p, K Hr c Ann([D y_y, ..., Dol - CYC(p, k). (13)

Indeed, let z=[zy_4,...,20] - (CYC(p, ky~hHr ¢ [Ann(D y_4), ..., Ann(Do)] - (CYC(p, k)~1)T. Note that z is a row vector. If
we consider the product of two row vector v, w as v.w = vw", then for an arbitrary element x = [ka_l, ..., X0]-CYC(p, k) €

[Dpk71, ..., Dg]-CYC(p, k) we have

zx=([Zpk_1---, 201 - (CYC(p, k)~ 1)) - (CYC(p, )" - [Xpi 1. - .., X0]")
=[Zpk_1. .-, 20] - [Xpe_1, ..., %0]" =0

Using the above claim, we get
(DY, (Do) 0] (CYC(p. k) ™) € (IDpe_y. ... Dol - CYC(p, k) ™°
By Lemmas 5.7, 5.8 it follows

[I(Dpe_ )™, ..., (Do) 01+ (CYC(p, k) ™)™ | = (D)0 |... | (Do)™ |

_ |Fpr |n |Fpr |n
Dy | Dol
k
_ P
|Dpe_q|-..1Do |
k
|Fp’ |pn

" Dy --- Dol -CYC(p. k)|

= (IDpe_1. .. Dol - CYC(p, k) " |,

which gives the proof. O

Corollary 5.14.

(IDpe_1.--.. D1, Dol - CYC(p, b)) ° = [D°. ..., DY ]- CYC(p, k).

DU pkl
Proof.

([Dpk,l,...,Dl,Do]‘CYC(p,k)) =[DY? D1°, D5°]- ((CYC(p, k)~ H)

k PERERE

=[D30 ... D" D’1- Q

pk IERERE:

L
=[Dg"..... D, ,. Dy 1-JQ

1 1
=[DOO,...,Dpkoiz,Dpkil]-CYC(p,k). 0

Now, combining Theorem 5.13 and Corollary 5.14 we get the following result.

Corollary 5.15. Let C be a polycyclic code in IF ,r [x]/(f(xpk)) of such that o (C) = [Cpr_1, Cpr_z, -, Col-CYC(p, k) as in Theorem 5.6.
Then

Lo

L
G(CLU)z[COO,...,CPLZ, i

1-CYC(p, k).

12
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