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Abstract

Adapting the Newton—Puiseux Polygon process to nonlinear g-difference equations
of any order and degree, we compute their power series solutions, study the properties
of the set of exponents of the solutions and give a bound for their g-Gevrey order in
terms of the order of the original equation.

Mathematics Subject Classification 39A13

1 Introduction

The Newton Polygon construction for solving equations in terms of power series and
its generalization by Puiseux has been successfully used countless times both in the
algebraic [18, 24, 25] and in the differential contexts [13], [14, Ch. V], [7, 9, 11, 16,
19, 31] (this is just a biased and brief sample, see also [10] and [12, Sec. 29] for an
interesting detailed historical narrative). We extend its use to g-difference equations.

Although this construction is primarily intended to give a method for computing
formal power series solutions, we will use it for proving the g-analog of some results
concerning the nature of power series solutions of non linear differential equations.
Namely, we show properties about the growth of the coefficients of a power series
solution (Maillet’s theorem) and about the set of exponents of a generalized power
series solution.
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The method allows us, first of all, to show that the set of exponents of power
series solutions with well-ordered exponents in R of a formal g-difference equation
is included in the translation by a constant of a finitely generated semigroup over
Z>o (in particular, it has finite rational rank and if the exponents are all rational, then
their denominators are bounded). This mirrors the results of Grigoriev and Singer
[16] for differential equations. When the g-difference equation is of first order and
first degree, we give a bound for this rational rank (see Theorem 3 for a precise
statement). We also study properties related to what we call “finite determination”
(Definition 4) of the coefficients of the solutions. This is one of the places in which
the case |¢| = 1 is essentially different from the general case. For |¢| # 1, we prove
the finite determination of the coefficients.

Maillet’s theorem [22] is a classical results about the growth of the coefficients g;
of a formal power series solution of a (non-linear) differential equation: it states that
la;| < i!* R, for some constants R and s. Among the different proofs (for instance
[15, 21, 22]), Malgrange’s [23] includes a precise bound for s. This bound is optimal
except for one case: when the linearized operator along the solution has a regular
singularity and the solution is a “non-regular solution”, for which any s > 0 works
(see the last remark in Malgrange’s paper); we shall refer to it as the (RS-N) case.
In [7], the Newton Polygon method allows the author to prove Maillet’s result and to
show convergence (i.e. s = 0) in the (RS-N) case.

The first studies on convergence of solutions of non-linear g-difference equations
are due to Bézivin [4-6]. The g-analog of Maillet’s theorem states that when |g| > 1,
a formal power series solution of a g-difference equation with analytic coefficients is
q-Gevrey of some order s (see Definition 5). Zhang [32] proves this adapting Mal-
grange’s proof to the case of g-difference—differential convergent equations. In this
paper, the adaptation of the Newton Polygon to g-difference equations allow us to
give a new proof of the g-analogue of Maillet’s theorem and to extend it to the g-
Gevrey non-convergent case. The bounds obtained for convergent equations match
Zhang’s in general and are more accurate in the (RS-N) case. However, we cannot
prove convergence in this case unlike for differential equations.

The first version of this paper was uploaded to the arXiv as [8] in 2012. Parts
of the second section became a chapter of [3], a joint work with Ph. Barbe and W.
McCormick dealing with solutions of algebraic g-difference equations. In that joint
book, some results concerning the asymptotic behavior of solutions are provided, but
the ones here are previous, more general (power series) and stronger (due to the specific
technique). However, we remark that in [3] the topics are broader: analytic, entire and
formal solutions, the radius of convergence, conditions describing the possible poles
of analytic solutions, associated objects which provide information on the solution
(Borel-type transforms), and many exhaustive examples, among which: the colored
Jones equation for the figure 8 knot, the g-Painlevé I equation, and other combinatorial
equations. Thus, the present paper is transverse to the book, and the Newton Polygon
method applied to g-difference equations (which appears in both) was first used in
this work.

We note, also, that the “Newton Polygon” construction used in the case of linear
operators by Adams [1], Ramis [26], Sauloy [28] and others is different from the one
presented here. In the linear case, the Newton Polygon is used to find local invariants
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of the operator while our Newton Polygon is constructed with the aim of looking
for formal power series solutions. In Sect. 4 we describe the relation between Adams’
Newton Polygon and Zhang’s bounds. Adams’ construction is also used in [20] to give
conditions for the convergence of the solution(s) of analytic nonlinear g-difference
equations.

For the reader’s convenience, we include a final section with a detailed working
example describing most of the constructions and the evolution of the Newton Polygon
as one computes the successive terms of a solution.

2 The Newton-Puiseux Polygon Process for g-Difference Equations

Let g be a nonzero complex number. For j € Z, let us denote by o/ the automorphism
of the ring C[[x]] of formal power series in one variable given by o/ (y)(x) = y(g’ x),
that is,

o0 o
o (Zo) =B
i=0 i=0

Let P(x, Yo, Y1,....Y,) € C[[x,Yo,...,Y,]] be a formal power series. For
y € C[[x]], with ordy(y) > O, the expression P(x,y,0'(y),...,0"(y)) is a
well-defined element of C[[x]] that we will be denoted by P[y]. We associate to
P(x, Yo, Yy1,...,Y,) the g-difference equation

P(x,y,0'(),....,0"(y) = 0. (1)

We will look for solutions of Eq. (1) as formal power series with real exponents.
We restrict ourselves to the Hahn field C((x®)) of generalized power series, that is,
formal power series of the form g ¢, x” whose support {y | ¢, # 0} is a well-
ordered subset of R and ¢, € C. Hahn fields were essentially introduced in [17];
see [27] for a detailed proof of the ring structure and [30] for a modern study in the
context of functional equations. We fix a determination of the logarithm and extend
the automorphism o to C((xR®y) by setting

v | = Y Y
o chx _Zq cy x”.

yeR yeR

For y € C((x®)), its order ord(y) is the minimum of its support if y % 0 and
ord(0) = oo. In Sect. 2.3, we shall see that if ord(y) > 0 then the expression
P(x,y,ol(y),...,o"(y))isawell-defined elementof@((xR)),henceEqs. (1) makes
sense in our setting.

Although we look for solutions in the Hahn field, their support has some finiteness
properties, as in the case for differential equations. We say that y € C((x®)) is a
grid-based series if there exists yp € R and a finitely generated semigroup I' € Rx¢
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such that the support of y is contained in yp 4 I'. Puiseux series are the particular case
of grid-based series in which yp € Q and I' C Q. Puiseux series and grid-based series
form subfieds of the Hahn field denoted respectively by C( (x2))8 and C((x®))%. We
have

Clx]l € C((xY)¢ < C(xF®))® < C((x®)).

If Eq. (1) is algebraic, i.e. of the form P (x, y) = 0, then by Puiseux’s Theorem all
its formal power series solutions are of Puiseux type. This is no longer true if instead of
C, the base field is of positive characteristic, as the following example (due essentially
to Ostrowski) shows: the equation —y” + x y + x = 0 over the field Z/pZ has as
solution the generalized powerseries y = Y oo, x withp; = (p' — 1)/(p+! — p').
Notice that the exponents are rational but they do not have a common denominator
and moreover | < 2 < --- < 1/(p — 1) so that they do not even go to infinity.
Hence y is neither a Puiseux series nor a grid-based series.

As in the case of differential equations, the number of generalized power series
solutions of a given Eq. (1) is not necessary finite, neither all of its solutios are of
Puiseux type. For instance, the g-difference equation Yy Y> — Y]2 = 0 has cx* as
solutions for any ¢ € C and © € R.

2.1 The Newton Polygon

Let R = (C[[x]RZo]] be the ring of generalized power series with non-negative order.
For a finitely generated semigroup of I' C Rx, the ring C[[x!]] formed by those
generalized power series with support contained in I' is denoted by Rr. Let P €
RI[Yo, Y1, ..., Y,]] be a nonzero formal power series in n + 1 variables over K.
For p = (00, p1, - - -, pn) € N1, we shall write Y = Y - ¥/' .- ¥,"; we shall
also write R[[Y]] instead of R[[Yy, Y1, ..., Y,]1]. The coefficient of Y” in P will be
denoted P,(x) € R and, for & € R, the coefficient of x* in P,(x) will be denoted
Py, € C. Notice that, as P € R[[Yo, Y1, ..., ¥,]], each coefficient P,(x) belongs
to R, which means that P,(x) is a power series with well-ordered support contained
in R>p. Thus, we can write:

P= )" Py(x)Y’, and P,(x)= ) Py,x®

peN+l a€l,

where for each p, I',, is a well-ordered subset of R~ (in general, the I', will all be
different). We associate to P its cloud of points C(P): the set of points (¢, |p|) € R?
with |p| = po + p1 + - - - + px, for all («, p) such that P, , # 0.

The Newton Polygon N (P) of P is the convex hull of

C(P) ={(@+r,|pD | (a,]p]) € C(P), r € Rz}
A supporting line L of N'(P) is a line such that N'(P) is contained in the closed right

half-plane defined by L, and L N N (P) is not empty, that is a line meeting N'(P) on
its border.
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Fig.1 Cloud, Newton polygon and some supporting lines of P in (2)

Figure 1 shows the points in the cloud and the Newton polygon (bold lines) of the
following polynomial (which will be extensively studied in Sect. 5):

P=-xXY Ys>+4Y* -9V’ VL +2Y)° Vs
+q Yo Vs — g3 Y — XY + 5. )
Notice that the ordinate axis corresponds to |p|.

It will be convenient to speak about the co-slope of a line as the opposite of the
inverse of its slope, the co-slope of a vertical line being 0. In order to deal with the

particular case in which P is a polynomial in the variables Yy, Y7, ..., Y, we define:
| —oo if Pisapolynomialin Yy, ..., Y,
poi(P) = {O otherwise

Finally, from now on we assume P # 0 everywhere.

Lemma 1 Let P € R[[Y]]. Forany u > u—1(P) there exists a unique supporting line
of C(P) with co-slope ju and the Newton polygon N (P) has a finite number of sides
with co-slope greater or equal than w. If P is a polynomial then N'(P) has a finite
number of sides and vertices. If P € Rr[[Y]] for some finitely generated semigroup
[ C Rxq, then the Newton Polygon N'(P) has a finite number of sides with positive
co-slope.

The unique supporting line with co-slope p will be denoted henceforward L (P; ).

Proof If P is a polynomial, let / be its total degree in the variables Yy, ..., Y;,. Oth-
erwise we define £ as follows: since P # 0 the set C(P) is nonempty; take a point
q € C(P) and let L be the line passing through g with co-slope u. Let (0, k) be
the intersection of L with the OY-axis. For each p € N+ write ap, = ord P,(x).
Only the finite number of points (a,, |p]) with [p| < h and P,(x) # O are relevant
for the definition of the line L(P; ) and for the construction of sides with co-slope
greater or equal than 1 of N'(P). This proves the two first statements, the last one is
a consequence of the fact that for a given o > 0, the set I' N {r < «} is finite. O
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For i > p_1(P), define the following polynomial in the variable C:

®(p.)(C) = Z Py, q* w(p) Clﬂl’
(o, |p)EL(P; 1)

where w(p) = p; +2p02 + - - - +np,. For a vertex v of N'(P), the indicial polinomial
is

\II(P,U)(T) — Z Pa,p Tw(ﬁ).
(a,|ph)=v

For P given in Eq. (2), some examples of initial and indicial polynomials are:
for vg = (4,6), W(p.yy)(T) = —3T'0, and for v; = (0,4), Y(p.p)(T) = T*(T —
2)(AT — 1). As regards the sides, the one joining (3, 6) with (0, 4), has co-slope
y1 = —3/2 and we have ®p.,,)(C) = 2¢73C* —9¢72C* + 497C* — g~ 15CS,
whereas the one joining (0, 4) and (1, 2) has co-slope y>» = 1/2 and ®(p.,)(C) =
C4(4q2 _ 9q3/2 +2g) + q73c2.

2.2 A Rough Idea of the Method

Newton’s algorithm is recursive in the following sense : assume s(x) = cx” + 5(x)
is a solution of P = Py with ord, s(x) > w. Then, on one side (see Lemma 2):

Q(p;py(c) =0, (3)

and on the other, 5(x) is a solution of a new equation P; derived from Py and cx*
(see Corollary 1). The Newton Polygon is a graphical tool to describe the necessary
condition (3) on ¢ and u: if 11 is the co-slope of a side of N'(P), then (3) is a polynomial
inc;if u is a co-slope of a supporting line meeting A/ ( P) at a vertex v, then (3) becomes
W(p.yy(g") = 0 (in this special cases, any coefficient is valid because ®(P; ) = 0).

Iterating the above procedure, will allow us (see Proposition 1) to prove that S(x) €
R is a solution of P if and only if its support is countable (so that we can write
Sx) = Z?io a;x"") and these conditions hold: u; — 00, and if we denote S;(x) =
ij aix*, P; = P(S;(x) +Yp,...,0"(Sj(x)) + ¥,), then for all j € Zx:

dD(p/;#j)(aj) =0. (4)

The geometric meaning of (4) is precisely (see Fig. 2), that the point L(P;; ;)N {|p| =
0} is to the left of ./\/(Pj+1) N {|p| = 0}, whereas u; — oo implies that these points
go to infinity. Newton’s idea consists of: instead of trying to compute a complete
solution straightaway, reduce the problem to computing each 1}, a; iteratively, using
the structure of N/ (Pj) and Eq. (4) each time (which is Procedure 1). The fact that all
solutions of P can be found with this method is essentially Proposition 1.
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2.3 Composition

For sg,...,s, € R, the expression P(sp,...,S,) can be given a precise meaning
under certain conditions. We consider on R the topology induced by the distance
d(f,g) = exp(—ord(f — g)) which is a complete topology: if (f;) is a Cauchy
sequence, this means that given M > 0, there is Ny, with ord(f, — f,) > M for
any n,m > Nyy; hence, for any M > 0, the truncations of f,, and f, up to order
M coincide, for n, m > Ny;. Thus, there exists a single f € R (defined inductively)
such that ord(f,, — f) > M forn > Nj;. This f is the (unique limit) of the Cauchy

sequence.

If P is a polynomial, P(sp,...,s,) is well-defined because (C((xR)) is a ring.
Otherwise, we impose ord(s;) > 0, for all i. Let © = minp<;<,{ord(s;)}. For M € N,
consider the polynomial P<j = ZI ol<m Po(X)Y . The sequence P<pr(50, - - -, Sn),

M € N, is a Cauchy sequence because the order of P, (x)sgo - sp" is greater than or
equal to p | p|. Its limit is precisely P(so, ..., s,). Notice thatif P € Rr[[Y]] and all
s;i € Rr, then P(sg,...,s,) € Rr.

Given sg, ..., S, as above, we define the series
1 glelp
— — p
P(so+ Yo ..o+ Y= Y Ty o) ¥ )
pGN”+]
| Vo alelp glel p . .
where p! = po!---p,! and Gy = P For generalized power series
50, - - - , §, With positive order it is straightforward to prove that the evaluation of the

right hand side of (5) at s, ..., s, is P(So 4+ 50, - - -, Sn + Sn)-

Ify e C((x®)) has ord(y) > pu—1(P),then P(y,o(y),...,o"(y))is well defined
because ord(o¥ (y)) = ord(y). We also remark that if y € Rr, then ¥ (y) € Rr. The
following notations will be used in the rest of the paper:

Plyl=P(y,0(y),...,0" (),
Ply+Y]=P(y+Yo,c(y) +711.,....,0"(y) + Yy). (6)

We are also going to make use of the little-o notation: o(x*) will mean a generalized

formal power series with order greater than p or the zero series if © = oo. The
following is essentially what motivates the Newton polygon construction:

Lemma2 Let y = cx* + o(x") € C((x®)), and © > u_i(P). Let (v,0) be the
intersection point of L(P; ) with the O X-axis. Then

Plyl = @(p.p)(c) x¥ + o(x"),
In particular, if 'y is a solution of the q-difference Eq. (1) then

@ (p; () =0.
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Proof If P is a polynomial, let M be its total degree; otherwise, u > p_1(P) = 0 and
we set M as any integer M such that Mu > v,say M = v/ + 1, where | .| denotes
the integral part. The truncation of P[y] up to order v is equal to that of P<p[y] and
also (p; 1) (C) = P(p_yy; ) (C).

Write o, = ord P, for any multiindex p. Recall that L(P; u) = {(a, b) | @ +
wb = v} is a supporting line of C(P): this implies that for any P, # 0, the point
(ap, |p|) belongs to the closed right half-plane defined by L (P; 1), from which follows
that v is the minimum of o, + 1 |p|, for p € N"**1_ The following chain of equalities
proves the result

P<pylcx™ 4+ o(x™)]

= Y7 Po@) (ext + o) (ghext + ot - (g e xt + o))
lpl=M

— Z [Pu, p x% + 0(x%)) ’c\ﬂ\ ghwe) ol +0(xu|p|)}
lpl=M

> [P%’p clel grwe) yaptulpl +0(xap+mp\)}
lpl=M

— Z P(Jtp,p C‘pl qﬂlu(p) xU +0(xV) — q>(P;u)(c) +0(x\)).
ap+ulpl=v
where the last equality holds because, again L(P; u) = {a + ub = v}. O

Let y € C((x®)) be a generalized power series and S be its support. If S is finite,
denote by w (y) the cardinal of S, otherwise @ (y) = co. Consider the sequence p; € S
defined inductively as follows: ¢ is the minimum of S and for 0 <i < w(y), Ki+1
is the minimum of S \ {io, 1, ..., 1i}. Let ¢; € C be the coefficient of x* in y.

Definition 1 We shall call the first w terms of y to the generalized power series
20§i<w(y) ci xHi.

Notice that if the support of y is finite or has no accumulation points then y coincides
with its first w terms.

Corollary 1 Let y be a solution of the q-difference Eq. (1) and let ) _; c; x"i be the first
w terms of y. Let P; be the series defined as:

PO = P, and Pi+l = Pi[ci xﬂi + Y], 0 < i < Cl)(y)
Then, for all 0 <i < w(y), one has
q)(PHI»Li)(Ci) = Oa and Mi—1 < Wi,

where we denote t—1 = u—_1(P).

Proof Lety;, =y — Zf-:(} ci x™i, then Py[yx] = 0 and the first term of yy is cx x*¢. O
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L(P;2) -
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1 2 3 4 56 7 8 9 1011 12 13 14 15

Fig.2 Cloud and Newton polygon N'(P;) of P| = P[x2 + Y] where P is defined in (2). In dashed lines,
N (P). Observe how both polygons coincide at and above (1, 2), the topmost vertex of L(P; 2) N N (P)

By way of example, consider, for P given by (2), the transformation with 4 = 2 and
¢ = 1, which gives P; = P[x?+ Y] having 33 terms. The Newton polygon of P (and
its comparison to that of P) is given in Fig. 2. Observe how (this will be proved later
as Lemma 3) the Newton Polygons A/ (P) and A/ ( P;) coincide at and above the vertex
v = (1, 2), which is the topmost vertex of L(P;2) N N (P). Underneath that vertex
v, the point L(P; 2) N {|p| = 0} = (5, 0) is to the left of A'(Py) N {|p| = 0} = (8, 0).

At the same time, under v, the polygon N (P;) has only sides with co-slope greater
than or equal to 2 (in the example, just one with co-slope 7/2). As ;1 = 2, only
co-slopes ;j > 2 are chosen afterwards (see Sect. 5 and Fig. 3 for the complete
example).

Let P € Rr[[Y]] and let Z?io cj x" be a series with u_1(P) < pu; < pi+1, for
all 0 < i < oo (We do not impose that ¢; # 0, but the sequence (i;);en is strictly
increasing). Consider the series Py := P and P;y| := Pi[c;x" 4+ Y].

Definition 2 We say that ) .~ ¢; x/i satisfies the necessary initial conditions for P,
in short NIC(P), if ®p,,,;)(¢;) =0, forall i > 0.

The above Corollary states that the first @ terms of a solution of P[y] = 0 satisfy
NIC(P). In this section and the next one we shall prove in Proposition 3 the reciprocal
statement for P € Rr[[Y]]: if Z?io cixti satisfies NIC(P), then lim; oo t; = 00
and Z?io cix" is an actual solution of the g-difference equation P[y] = 0. This
implies in particular that solutions of P[y] = 0 coincide with their first @ terms.

A method for computing all the series satisfying NIC(P) with ¢; # 0, for all 7, is
the following one:

Procedure 1 (Computation of a power series satisfying NIC(P)) Set Py := P and
m—1 = pn—1(P).
Fori =0,1,2,...doecither (a.1) or (a.2) and (b), where:
(a.1) If y = 0is a solution of P;[y] = 0, then return Z;;}) cpxMk,
(a.2) Choose w; > pi—1, and 0 # c¢; € C satisfying ®p, ,;)(ci) = 0.
If neither (a.1) nor (a.2) can be performed then return fail.
(b) Set P;i11(Y) := Pi[cix" +Y].

If fail is returned at step k of the above Procedure, this means that there are no

a solutions of P[y] = 0 having Zf-:(; cix™i as its first k terms. To prove this, assume

that z is a solution having Y"*_1 ¢;x/i as its first k terms. Either z = Y*_ ¢;x/,
in which case y = 0 would be a solution of Pi[y] = 0 and (a.1) would have been
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performed, or z — Zf:_ol c;x*i would have a first term of the form cix** so that (a.2)

could have been performed.
In order to carry out (a.2) in the above Procedure, one has to deal with the following
formula with quantifiers

Iu>p,3ceCc#0, Pp.y(c)=0. (7

The Newton Polygon provides a way to eliminate the quantifiers. Fix ' > u—_;(P);
by Lemma 1, A/(P) has only a finite number of sides L1, Lo, ..., L, with co-slopes
greater than /. Let y; < y» < --- < y; be their respective co-slopes and denote by
v;—1 and v; the endpoints of L;. Take > . Either u = y; forsome 1 < j <1, or
Yj < i < yj41 forsome 0 < j <t (writing yo = p/ and y,41 = 00). If u = y;,
then L(P; n) NN (P) = L; and ®p;;,)(C) depends only on the coefficients Py , of
P with (e, |p]) € Lj. Otherwise, y; < u < y;+1 for some j and L(P; ) N N(P)
is just the vertex v; = (a, b), which implies that

O(py(C) =C”- Yipw)(@h).

From this equality follows that in order for ®(p.,)(c) to be 0 for some ¢ # 0, the
co-slope u must satisfy Wp.,; (¢*) = 0. In other words: there exists ¢ # 0 and p with
Yj < It < ¥j+1 such that ®(p.,y(c) = 01if and only if there exists u, satisfying both
Yji < i < yj+1 and W(py;)(g") = 0. This proves that Eq. (7) is equivalent to the
quantifier-free formula obtained by the disjunction of the following formulz:

D (p;y;)(c) =0, I<j=<t,
Vipw)(T) =0, p=1logT/logq, vj < i <¥j+1, 0<j

2.4 The Pivot Point

We prove in this subsection that if Qg is the topmost vertex of L(P; o) NN (P) and
Py = P1[y] is the first substitution, then Qg is also the topmost vertex of L(Py; o) N
N (Py), as exemplified in Fig. 2. This allows one to give a descent argument which
guarantees that, from some index jo on, the point Q; (the topmost in L(P;; ;) N
./\/(Pj)) is equal to Q j, for j > jo (i.e. Q; remains the same for j > jo). This fixed
vertex will be called the pivot point, as for j > jo on, each supporting line L(P;; ;)
“hinges” around it when the substitution P; — Py is carried out. The existence
of this pivot point (and what we call relative pivot points in Sect. 2.5) guarantees the
finiteness properties of Theorems 1 and 2.

In fact, we prove later that if s(x) is a solution of P, then either the pivot point
has ordinate equal to 1 or we can derive a new equation from P which also has s(x)
as a solution and whose pivot point with respect to s(x) has ordinate equal to 1. This
simplifies our arguments considerably because when this happens, (4) is linear in a;.

For P € Rr[[Y]] and & > u—_1(P), we shall denote by Q(P; n) the point with
highest ordinate in L(P; u) N N'(P). For P = Plcx* + Y] [as in Eq. (6)], the
following Lemma describes the Newton Polygon of P:
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Lemma3 Let h be the ordinate of Q(P; i) and consider the half-planes h™ =
{(a,b) e R* | b > h}, h~ = {(a,b) € R* | b < h). If L(P; u)* is the closed
right half plane defined by L(P; i) and (v, 0) is the intersection of L(P; jv) with the
O X -axis, then

() N(P)Nht = N(P)Nh, in particular Q(P; i) € N'(P). Moreover, for any o
and p with (a, |p]) = Q(P; ), the coefficients Py, , and Pa,p are equal.

@) N(PYNh™ S L(P; )t Nh™,

(3) The point (v,0) € N(P) if and only if ®p.;)(c) # 0.

Proof Write M,(Y) = P,(x)Y” and o), = ord P,(x). It is straightforward to show
that My[cx#+Y] = M,(Y)+V (Y) forsome V (¥), whose cloud of points is contained
intheset Ay = {(a,b) | b < |p|}NL(M ; w)*. This proves part (2). If Q = («, p)
belongs to A/(P) N h™, then there are no points Q' = (a’, p’) € N'(P), except Q
itself, such that Q € A,/. This proves part (1). Part (3) is a consequence of Lemma 2.

O

Corollary 2 Let ji > ju. Then either Q(P; w) = Q(P, i) or the ordinate of Q(P, )
is less than the ordinate of Q(P; w). If ®(p,,)(c) # 0, then the ordinate of Q(P; 1)
is zero.

Proof The previous Lemma implies that Q(P; 1) is a vertex of N'(P) and L(P; u) =
L(P; ). Hence Q(P; ) = Q(P; ). Since i > u, Q(P; 1) is a vertex with
ordinate less than or equal to the ordinate of Q(P; ) = Q(P; u). For the second
part, assume that ®(p.,)(c) # 0. By the same Lemma, the point (v, 0) € N (P), so
that the segment whose endpoints are (v, 0) and Q(P: p) is the only side of V' (P)
with co-slope greater than or equal to u, from which follows that Q(P: 1) = (v,0).

O

Let P € Rr[[Y]]and take aseries iy (x) = Z?io cixMwithpu_1(P) < i < Wiyl
for all 0 < i < oco. (Notice that we do not impose that ¢; 7# 0, but the sequence
(mi)ieN must be strictly increasing). Writing Py := P and P;41 := Pi[c;x" 4+ Y], let
Qi = Q(P;; u;). By the previous Corollary, the ordinate of Q;1 is less than or equal
to the ordinate of Q;. Since these are natural numbers, there exists N such that for
i > N, the ordinate of Q; is equal to the ordinate of Q (it stabilizes). By the same
Corollary, we know that actually Qn = Q;, for alli > N. This leads to the following

Definition 3 The pivot point of P with respect to ¥ (x) is the point Q at which the
sequence Q; stabilizes and is denoted by Q (P; ¥ (x)). We say that it is reached at step
Nif Qn = Q(P; ¥ (x)).

Let Qn = («, h) be the pivot point just defined. From part (1) of Lemma 3 follows
that (Py)a,p = (Pj)q,p forall i > N, and for all p with [p| = h. In particular,
the indicial polynomials W(p,.,)(T) are the same for all i > N. We shall say that
the monomial Y* (resp. the variable Y;) appears effectively in the pivot point if
(PN)a,p # 0 (resp. for some p with p; > 0).

Proposition 1 Ler P and (x) = Y ;2 ¢; x"i be as above. The following statements
are equivalent:
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(1) The ordinate of the pivot point of P with respectto y ;o ¢; x"i is greater than or
equal to 1.
(2) The series Z?io ci xMi satisfies NIC(P).

In case lim u; = oo, these statements are equivalent to
(3) The series ¥ (x) is a solution of P[y] = 0.

Proof Assume statement (1). The ordinate of Q;1] is non-zero and by the above
Corollary, ®(p, ;) (c;) = 0, which proves (2). Assume now that statement (1) is false,
so that the ordinate of the pivot point is zero. This means that there exists some N
such that Qn has ordinate zero. By definition of Qy we have that L(Py; puy) N
N(Py) is just the point Oy = (a, 0). Then D (py;uy)(C) is a non-zero constant
(namely the coefficient of x* in Py), therefore it has no roots, in contradiction with
®(py.uy)(cn) = 0. This proves the equivalence between (1) and (2). By Corollary 1,
(3) implies (2).

Assume (1) holds and that lim u; = oco. Write ¥ (x) = Zf:é ¢;x* and notice
that P, = P[y;(x) + Y], in particular, P[v; (x)] = P;[0] = (P;)o. Let QO = (a, h)
be the pivot point of P with respect to 1 (x). Since L(P;; u;) contains the point Q,
ord(P;)o > a + hp; and since h > 1, the sequence ord P[v; (x)] tends to infinity and
we are done. O

Corollary 3 Let ) 72 c; x™i be the first w-terms of a solution of P[y] = 0. Then the
pivot point of P with respect 1oy :°, ¢; x*i_has ordinate greater than or equal to 1.

2.5 Relative Pivot Points

The above construction of the pivot point can be made relative to any of the vari-
ables Y;, 0 < j < n, and more generally, relative to any monomial Y”, with
r=(ro,r1, -+ ,ry) € N"T1 as follows:

Fix r € N**!1 The cloud of points of P relative to Y” is defined as the set C,(P) =
{(a, |p]) | o, with P, , # 0, and r < p}, where r < p means that r; < p;, for all
0 <i < n. Itis obvious that C,(P) C C(P).

Assume that C, (P) is not the empty set, then we may define the line L, (P; ) as
the leftmost line with co-slope © having nonempty intersection with C, (P). The point
O, (P; n) will be the one with greatest ordinate in L,(P; u) NCr(P).

If H denotes H = aa"%’ the cloud C,(P) is not the empty set if and only if H
is not the zero series. In this case, consider the translation map t(a,b) = (a,b —
|7]). It is straightforward to prove that C,(P) = t~!(C(H)). Hence, L,(P; ) =
t N(L(H; p)), and Q. (P: ) = 17 (Q(H: ).

Let ¥ (x) = Y :2ycix*, with o > wu—1(P). Denote Hy = H and H;y =
H;i[c;x" + Y]. By the chain rule,

alrl p,
Syr = Hio =0 (10)

The sequence of points Q,(P;; ui) = 77! (Q(H;; ui)) for i > 0 stabilizes at some
point denoted Q,(P; ¥ (x)) and which we call the pivot point of P with respect to
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Y (x) relative to Y". Therefore

Q(H; Y (x)) = t(Qr(P; ¥ (x))) (11)

Remark 1 Since H # 0, then H; # 0, for i > 0 so that C,(P;) is not empty, for
i > 0. This proves that Q,(P; u;) and Q,(P; ¥ (x)) are well-defined provided the
monomial Y appears effectively in P.

From now on, we shall denote ¢; the vector (0,...,0,1,0,...,0) where the 1
appears at position j + 1, for j =0, ..., n. Thus, e; = (;j)o<i<n € N"*+1 where dij
is the Kronecker symbol.

Proposition2 Ler Q = (a, h) be the pivot point of P with respect to yr (x). Assume that
the monomial Y"' appears effectively in Q. Letr € N"*\ withr < r', and H = aa‘;‘,f).
Then the pivot point of H with respect to ¥ (x) is (a, h—|r|). In particular, if r = r'—e;,
for some i such that rl./ > 1, then the ordinate of the pivot point Q(H; Y (x)) is 1.
However, for r = r/, one has Q(H; ¥ (x)) = (a,0) and therefore v (x) is not a

solution of H[y] = 0.

Proof Assume the pivot point Q is reached at step N, thus Q € C,/(P;) € C,(P;) for
alli > N.From C,(P;) C C(P;) and the fact that Q = Q(P;; u;) foralli > N, one
infers Q = Q,(P;; ni) = Q,(P;; ui) for alli > N. This means that Q is the pivot
point of P with respect to ¥ (x) relative to Y and also relative to ¥ ". As we have
seen before, 7,(Q) = (a, h — |r|) is the pivot point of H with respect to ¥ (x). The
third statement is a consequence of Proposition 1. O

Corollary 4 Let y(x) = > 2 ¢i xMi be a solution of P[y] = 0 with lim u; = co. If
the pivot point (P; Y (x)) has ordinate greater than 1, then there exists a non trivial

derivative H = % of P, such that ¥ (x) is a solution of H[y] = 0.

Proof Let Y be a monomial that appears effectively in the pivot point Q =
Q(P; ¥(x)). Since Q has ordinate greater that 1, r’ can be chosen with |r'| > 2.
Let r be such that » < r" and 1 < |r| < |r/|. By the Proposition, the pivot point of H
with respect to ¥ (x) has ordinate greater than or equal to 1. By Proposition 1, r(x)
is a solution of H[y] = 0. O

Lemma4d Let Q(P; vy (x)) = (a, b) and Q,(P; ¥ (x)) = (a’, b') be respectively the
general pivot point of ¥ (x) and the pivot point of V¥ (x) relative to Y". If the sequence
Wi of exponents of ¥ (x) tends to infinity, then the following two statements hold:

o The ordinate of Q,(P; ¥ (x)) is at least b: b’ > b, and
o Ifb' = b (both points are at the same height), then a’ > a.

Proof Assume that both pivot points have been reached at step N. For any i > N,
the point (a’, b") belongs to the closed right half plane L(P;; ;)" because C,(P;) C
C(P;). Since (a,b) € L(P;; ;) foralli > N, and lim u; = oo, the intersection of
all the half planes L(P;; ;)™ fori > N, is the region R formed by the points in
L(Py; uy)™ with ordinate greater than or equal to b. The result follows because
(a’,b") € R, and (a, b) is the most left point of R with ordinate equal to b. O
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3 Finiteness Properties

Throughout this section, we assume that I' is a finitely generated semigroup of Rx
and that P is a nonzero element of Rr[[Y]]. We also assume that g # 1: the case
q = 1 is reduced to the case n = 0 considering P (Y, Yo, ..., Yo). This section is
devoted to proving the following results:

Theorem 1 If y € C((x®)) is a solution of Eq. (1), then it is a grid-based formal
power series.

Proposition 3 If ¥ (x) = Y 0o cix"i satisfies NIC(P), then ¥ (x) is a solution of
Ply]=0.

Definition4 Let y € (C((xR)) and P € Rr[[Y]]. We say that y is finitely determined
by P if there exist positive integers k and £, such that if y; denotes the first k terms of
y then y is the only element z € C((x®)) satisfying the following property: “zx = yx
and Q[y] = 0 if and only if: for any Q = 432, with |r| < h, one has Q[z] = 0.”
Theorem 2 If |q| # 1, then any solution y of Eq. (1) is finitely determined by P.

The hypothesis |g| # 1 is necessary: let P = Yy — Y; and ¢ = +/—1. Any
series Z?io C4i x4 (for arbitrary constants c4;) is a solution of P[y] = 0. Since
aP/0Yy[y] = 0and 0P /3Y[y] = 0 have no solutions, and higher order derivatives
of P are zero, none of these solutions is finitely determined by P. If |¢| = 1,¢% =1
for @ > 0O irrational, and ¢ # 1, then Z?io a;x'® is a also a solution of Ply] = 0 for
any sequence a;, and it is not finitely determined either.

Remark 2 Let I be a finitely generated semigroup of Rx. For any real number k, the
set 'N{r | r < k}1is finite. Hence I" is a well-ordered set with no accumulation points
and its elements can be enumerated in increasing order: I' = {y;};>0, with y; < yi41
and lim y; = oo. Let ¥ (x) = Z?io cjx*i be the first o terms of an element y € R.
If supp ¥ (x) is contained in I" then either it is finite or lim u; = oo. In both cases,
y = ¥ (x). In particular, any element of R whose support is contained in I" coincides
with its first w terms.

3.1 Quasi Solved Form

Once we know that the pivot point Q corresponding to the solution s(x) can be
assumed to have ordinate 1, we perform a transformation on P sending Q to (0, 1).
Any equation whose pivot point with respect to a solution is at (0, 1) is very easy to
study, as the successive Newton polygons only change below that point. This, together
with the ease of computing their solutions is what makes this property relevant and
deserving its own name, quasi-solved form.

A special case of quasi-solved form, called solved form, guarantees also that P has
aunique solution s(x) with s (0) = 0. If P has integer exponents and is in solved form,
then it has a single solution s(x) with s(0) = 0 and its exponents are integer (i.e. s(x)
is a formal power series). As a side note, solutions to equations in solved form are
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studied in depth in our book [3] (their asymptotic properties, radius of convergence,
etc.). In fact, many power series arising from combinatorial problems are in (or are
easily turned into) solved form. We refer to [3] for the details.

We say that the equation

Ply] =0, ord(y) >0, (12)

isin quasi-solved formifthe point (0, 1) isa vertex of N'(P) and (0, 0) ¢ C(P).Ifthisis
the case, let W (7T') be the indicial polynomial of P at (0, 1), X = {ux € R | W (¢*) = 0}
and ¥ = ¥ N R.o. We say that Eq. (12) is in solved form if £ is the empty set.
One can verify (but it is irrelevant to our purposes) that an equation in solved form
has a unique grid-based power series solution.

For the sake of comparison, a linear equation Q = 3 a;(x)o/ is in quasi-solved
form if a;(0) # O for some j > 1.

The proof of Theorems 1 and 2 is structured as follows. A technical lemma on
finitely generated semigroups allows us to introduce a change of variable z = x? y
which will allow us to reduce the problem to quasi-solved form. Then we show (Lemma
7) that the solution is grid-based in this case. We also obtain in this case (Corollary 5)
arecursive formula for the coefficients of the solution. Finally, the proofs of Theorems
1 and 2 follow.

Remark 3 The polynomial W(7) can be written W(T') = Py, + Poe, T +--- +
Py, T" € C[T]. Its degree m is the largest index such that the variable Y,,, appears
effectively in the point (0, 1). If the equation is in quasi-solved form, W (7') is a nonzero
polynomial because (0, 1) € C(P). If |¢| # 1, then X is finite. If case |¢| = 1 (and
q # 1), then X is the finite union of the sets X, = % + aré’(’q)Z, for those complex
roots r of ¥ (T) with modulus 1. Recall that we have fixed a determination of the
logarithm to compute ¢g*, hence arg(q) is also fixed. The following Lemma implies
that 3, NR>( is contained in a finitely generated semigroup. Therefore = generates
a finitely generated semigroup of R>.

Lemma5 Lety € Rand yy, ya, ..., ys positive real numbers. Then the semigroup T’
of R>q generated by the set A = (y + yiN+--- + ysN) N R is finitely generated.

Proof Let A be the setof (ny, ..., ns) € N* such thaty + > n;¥; > 0. By Dickson’s
lemma, the number of minimal elements in A with respect the product order are finite.
Hence I is generated by y1, ..., ys and the family y + > n;y; > 0 for all minimal
element (ny, ..., ny) of A. O

We now introduce a change of variables which will allow us to simplify the expo-
nents of the x variable in an equation. Let P € Rr[[Y]] and y > u_1(P). Define
P[x”Y] as the series

Do q P P Py YOV v e TS (YT, (13)
P

If (v, 0) is the intersection point of L(P; y) with the O X-axis, then all the coefficients
of the series P[x" Y] have order greater than or equal to v. Define VP = x™V P[xV Y].



123 Page 16 of 31 J. Cano, P. Fortuny Ayuso

The coefficients of P are in Rr+, where I'* is the semigroup of R generated by
(=v+ T 4+ yN) NRxo. By Lemma 5, I'* is a finitely generated semigroup of Rxo.

The transformation P + VP corresponds to the change of variable z = xVy in
the following sense: for a series y, withordy > y 4+ u_1(P), one has YP[xVy] =
x~VP[y], in particular, P[y] = 0 if and only if YP[xVy] = 0.

Let 7(a, b) be the plane affine map 7(a,b) = (a — v + yb, b), which satisfies
7(Cj(P)) = Cj(*P) for 0 < j < n.In particular, T(N(P)) = N(YP), and T maps
vertices to vertices and sides of co-slope n > y to sides of co-slope u — y. Moreover,
T(L(P; n)) = L(YP; u — y), in particular T(L(P; y)) = L(YP;0) is the vertical
axis. Therefore, Q(P; i) and Q(YP; it — ) have the same ordinate. Let Z?io cixti
and P; be as in the definition of pivot point (Definition 3). Assume y < o and set
H =7P, Hy = H and H;y| = Hi[c;x* 7V 4 Y]. It is straightforward to prove that
YP; = Hj, so that T(Q(P;; ;) = Q(H;; u; — y) and, in particular, they have the
same ordinate. Then the image by 7 of the pivot point of P with respect to Z?io cixi
is the pivot point of ¥ P with respect to Y o c;x*i~" and the same holds for relative
pivot points. By Proposition 1, this implies that Y ;o ¢;x* satisfies NIC(P) if and
only if Y 72, cix"i~V satisfies NIC(YP).

Finally, if v € C(P) then T(v) € C(YP) and Wrp.z(v))(T) = W(p.1)(g¥ T).

Lemma 6 Assume that Y (x) = Y o c; x"i satisfies NIC(P). Then there exist a
finitely generated semigroup T'*, a series P* € Rr«[[Yo, Y1, ..., Y,]l, an index N
and a rational number y with uy—_1 <y < un, such that the equation

P*[z]1=0, ordz >0 (14)

is in quasi solved form and ¥*(x) = Y 22y ¢; x*i~7 satisfies NIC(P*).

Proof We may assume that the ordinate of the pivot point of ¥ (x) with respect to P
is 1. Otherwise, by Proposition 2, we may replace P by any of its derivatives %,
where the monomial Y; ¥ appears effectively in the pivot point, for some j. We
remark that the coefficients of any derivative of P also belong to Rr. Let Q = («, 1)
be the pivot point of P with respect to ¥ (x) and use the notation of Definition 3:
Pyo = P, Pi11 = P;[cix"i 4+ Y] and so on. In particular, let the pivot point be reached
at step N’ — 1 for some N’. Consider any integer N > N’. Denote 'y = T" and
I'i+1 = I'i + i N. Notice that the coefficients of P; belong to Rr;.

Let ¥ be a rational number such that uy_; < ¥y < uy and set P* =
YPy € RFX/ [[Y]]. Since the pivot point Q has been reached at step N — 1,
Q € L(Pn-1;un-1) N L(Py; puy). By Lemma 3, O € L(Py;pun-—1). Hence
Q € L(Pn;un—1) N L(PN; un); since uy—1 < y < un, we conclude that
O(Pn;y) = Q = (o, 1). So, as the change of variables (13) sends a point (a, b) to
t(a,b) = (a — v + yb, b) for the corresponding v, we get 7 (¢, 1) = (0, 1) and the
point (0, 1), so that is in C(P*), the equation P*[y] = 0 is in quasi solved form and
the pivot point of P* with respect ¥ *(x) is (0, 1). By Proposition 1, ¥*(x) satisfies
NIC(P¥). O

Lemma 7 Assume Eq. (14) is in quasi-solved form and let £ (x) = Z?io c;ixti, with
no > 0, be a series satisfying NIC(P*). Then the support of €(x) is contained in the
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finitely generated semigroup T' = T'* + LT N. In particular, either the support of
&(x) is finite or lim u; = oo and in both cases & (x) is a solution of Eq. (14).

Proof Let Py = P* and P;y; = P;[c;x* + Y] for i > 0. We first prove that
O(P;; i) = (0, 1) for all i > 0. We do this showing, by induction on i, that A(P;)
is contained into the first quadrant of the plane and that the point (0, 1) € C(P;).
This holds for Py because of the hypotheses on P*. Assume that the statement holds
for P;. Since u; > 0, the line L(P;; u;) either contains the point (0, 1), and then
O(P;; i) = (0,1), or L(P;; ;) meets N'(P;) at a single point with zero ordinate
which is Q(P;; ;). If the latter happens, from Corollary 2, we infer that the pivot
point of P* with respect to &£(x) has zero ordinate, in contradiction with the fact that
&(x) satisfies NIC(P*). Hence Q(P;; i) = (0, 1). By Lemma 3, (0, 1) is a vertex
of N(P;11) and since Piy; € R[[Y]], its Newton polygon is contained in the first
quadrant. This proves the induction step and that Q(P;; u;) = (0, 1),i > 0.

The fact that Q(F;; ;) = (0, 1) implies that the polynomial ®p,,,,;)(C) is equal
to W(g")C + Coeff (P;; xi YQ), where W (T) is the indicial polynomial of P at (0, 1)
and Coeff (P;; x* YY) is the coefficient of x*i YgYP e Y,? in P;.

Since @ (p;. ;) (ci) = 0 because £(x) satisfies NIC(P*), the following equations
hold:

W(g") ¢; + Coeff(Pi; x* Y% =0, i>0. 15)

Let us prove, by induction, that P; € Rp/[[Y]], for all i > 0, and that the support of
&(x) is contained in I'’. By hypothesis, Py € Rp/[[Y]]. Assume that P; € Rr/[[Y]].
If ¢, =0, then Piy1 = P, € Rp[[Y]] and p; ¢ supp(é(x)). If, on the contrary,
¢; # 0, we can prove by contradiction that u; € I'’: assume that y; ¢ I'/, in particular
wi ¢ =T, hence W(g") # 0. From Eq. (15), Coeff(P;; x*i Y2) £ 0, and therefore
wi € supp((P;)o) S I'". So Piy1 = Pi[cix" + Y] belongs to R [[Y]] which proves
the induction step.

The set supp & (x) has no accumulation points in R because I'’ is a finitely generated
semigroup of R and supp &(x) € I'" and we are done. O

Corollary 5 Let y be a solution of Eq. (14) which is in quasi solved form. Let T' =
(Vi withy; < yiy1 foralli.Theny = 322, di xVi with d; satisfying the following
recurrent formula:

W(g")d; = — Coeff (P*[dix"" + -+ 4+ di—1x"']; x7), i>1. (16)

If =T is finite and z is another solution of Eq. (14) with ord(y — z) greater than any
element of £, then y = z.

Proof Let £(x) be the first @ terms of y. Then supp&(x) € T, and by Remark 2,
y = &(x) € Rpv. Hence we may write y = Y oo, d;x" because yp = Oandord y > 0.
Since & (x) satisfies NIC(P*), the same reasoning as in Lemma 7 up to Eq. (15) holds.
The coefficient Coeff (P;; x¥ Y9) is equal to the coefficient of x¥i in P*[djx"" +-- -+
d;_1x7i-1], which gives Eq. (16). To prove the last statement, write 7 = Zfil dix"i.
If y; is greater than any element of ¥, then W(g") # 0, and d; is completely
determined by dy, ..., d;_1,sothat y = z. O
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Proof of Proposition 3 Applying Lemma 6 to ¥ (x) we obtain Eq. (14), and applying
Lemma 7 to §(x) = ) ;2\ cix"i™" we conclude that 4; — y € I, fori > N. Since
y > 1o, theset (y — o)+ I isincluded in R>¢. Let I'” be the semigroup generated by
(y — o) +I7. By Lemma 5, ' is finitely generated. Let I'”” be the finitely generated
semigroup I'” + ZZNZBI(M[ — o) N. The set supp v (x) is contained in po + I'””, so

that lim u; = oo. By Proposition 1, ¥ (x) is a solution of P[y] = 0. O

Proofof Theorem 1 Let ¥ (x) = Y 2 cix"i be the first  terms of y. By Corollary 1,
¥ (x) satisfies NIC(P). As in the proof of Proposition 3, there exists a finitely generated
semigroup I" such that supp ¥ (x) is contained in po + I'. By Remark 2, y = v (x),
so that y is grid-based. O

Proof of Theorem 2 Let y be a solution of Eq. (1). By Theorem 1, y coincides with its
first w terms. Write y = Z?io cix* and let Q = (¢, h) be the pivot point of P with
respect to y. Apply Lemmas 6 and 7 to y: let N and y be as in Lemma 6; we may
assume that the pivot point Q is reached at step N — 1. Since |g| # 1, X7 is finite by
Remark 3. Since lim p; = oo, there is k > N such that puy — y is greater than any
element of ©F.

Consider z € C((x®)) with the same first k terms as y and satisfying that for any

H = 33‘;%), with |r| < h, H[y] = 0 if and only if H[z] = 0. We have to show that
y=2z.

Since P[y] = 0, then P[z] = 0, and z coincides with its first @ terms. Write
=32 d;x% . By hypothesis, ¢; = d; and u; = 8; for 0 < i < k. Denote Py =P,
Pi/+1 = P;[d;x% + Y] and Py = P and Py = Pi[cix™ 4+ Y], fori > 0. Obviously,
P; = P/, for 0 <i < k. In particular Q = Q(Py; un) = Q(Py; 8n).

If the pivot point of P with respect to z is also Q, then apply Lemmas 6 and 7 to z

in the same way as to y: choose the same derivative %, the same N and the same
y to obtain the same P*. This can be done because P; = Pl.’ ,for 0 < i < k. This
implies that & (x) = "5\ ¢;x% 77 and & (x) = Y 72\ d;x% =7 both satisfy NIC(P*).
By Corollary 5, £(x) = £(x), which implies y = z.

Let us show by contradiction that the pivot point Q’ of P with respect to z mustbe Q.
Assume Q' # Q. The point Q' is the stabilization point of the sequence Q (P/; §;). On
the other hand, Q belongs to this sequence because Q = Q(Py; un) = Q(P,/\,; SN).
Corollary 2 implies that either Q = Q’ or otherwise their ordinates satisfies & > h'.
Hence h > 1.

Let Y" be a monomial that appears effectively in the pivot point of P with respect

toz,sothat|r| =h'.Let H = az;lyf . By Proposition 2, H[z] # 0; in particular H # 0.
We claim that H[y] = 0. By Remark 1, the pivot point Q, of P with respect to y
relative to Y is well-defined. Since lim p; = oo, by Lemma 4, the ordinate of Q, is
h" > h. The pivot point of H with respect to y has ordinate h” —h' > h —h’ > 1.
By Proposition 1, y satisfies NIC(P) and so H[y] = 0, which proves our claim and

finishes the proof the the Theorem. O
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3.2 Bounding the Rational Rank in Order and Degree 1

In general, it is nice to know a priori how complex a solution of an equation can be.
Following Seidenberg [29], one can deduce that if s(x) is a solution of a differential
equation P = A(x, y) + B(x, y)y of order and degree 1 with A(x, y), B(x, y) €
Cl[x, y1], then its support is included in the Q-vector space Q + ¢ @Q, for some @ € R.
Morally speaking, one can only have a single irrational exponent (and its Q-span)
in s(x). We pose here the same question (in all its generality, allowing P to have
exponents in a finitely generated semigroup) and reach the equivalent conclusion: the
dimension of the vector space generated by the support of a solution s(x) is at most 1
plus the dimension of the vector space generated by the support of P.

Recall that the rational rank of a semigroup S € R is the dimension of (S), the
Q-vectorial subspace of R generated by S. It is denoted rat. rk(S).

In what follows I" denotes a finitely generated semigroup of R>¢, as above.

Theorem 3 Assume |q| # 1. Let P = A(Yy) + B(Yo)Y| be a nonzero series, where
A, B € Rrl[[Yoll. Let y be a solution of P[y] = 0, with ordy > u_1(P). Then
rat. rk(supp y) <rat.rk(I") + 1.

The inequality can be strict, as witness the equation P = Y| — g™ Yy, which has as
solution y(x) = x”.

Proof By the previous results, y coincides with its first w terms ¥ (x) = Z?io ci xHi,
Taking arational y < po and replacing P by VP we may assume that ;1o > 0 and that
YP € Rr+ and rat. rk(I'*) = rat. rk(I"), for another finitely generated semigroup I'*.

Define Py = P, Piy1 = Pi[cix" + Y], Ty = I'* and Iiy1 =T + wiN. The
coefficients of P; belong to Rr;. Notice that one has dim (I'; 1) < dim (I';) + 1 and
the inequality holds only if u; ¢ (I';).

For each index i, the line L(P;; jt;) corresponds either to a vertex or to a side
of N(P;). If it corresponds to a side, then there are two different points («, @) and
(B, b) in C(P;) lying on L(P;; ;). This implies that «, 8 € T, therefore u; =
(B—a)/(a—D) € (I';), and (I';) = (I';+1). Hence it is enough to prove that if for an
index i, j1; corresponds to a vertex of N'(P;), then forall j > i, u j corresponds to a
side of A/(P;). this holds, iterating the above argument, we get dim (I'g) = dim (T';)
and dim (I';11) = dim (I';), for j > i, which completes the proof because we have:

dim (U2 T;) = dim ([j11) < 1+ dim (T';) = 1 + dim ().

We now prove the statement above. Assume that for the index i, u; corresponds
to a vertex v = (a, h) of N'(P;). By Corollary 1, we have that ®(p,.,,(c;) = 0.
Applying next Lemma 8 to P; we obtain that v/ = (v — h, 1) is a vertex of N'(P;;1)
and that W(p,_ .0 (g") # 0, for u > p;. By Lemma 3, N(P;y1) is contained in
the closed right half-plane defined by L(P;; u;). Since v’ € L(P;; ;) and i1 >
Wi, then the point Q(Piy1; ii+1) is either v’ or a point with zero ordinate. The last
possibility would be in contradiction with the fact that v (x) is a solution of P = 0
and Proposition 1, hence Q(P;11; ui+1) = v’ and is ordinate is 1. But this implies
that Q(P;+1; ni+1) is the pivot point of P with respect to ¥ (x), from which follows
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that for j > i, Q(Pj; u;) = v and Yipjwy = Vi) (see Definition 3 and the
subsequent paragraph).

Let us prove, finally, that for any j > i, t; corresponds to a side of N (Pj). Were
this not the case, for some j > i, u; would correspond either to a vertex v’ or to a
different vertex with zero ordinate, and both possibilities are absurd:

e If 11 ; corresponds to the vertex v’ then
Qpiipj(cj) = Vip(q") cj = Vip, (@) e; #0

which contradicts Proposition 1.
o If u; corresponds to a vertex with zero ordinate, then CD(pj; 1) iS a non-zero
constant polynomial and has no roots, but by hypothesis a; is indeed a root.

Hence u; corresponds to a side of N (Pj), and we are done. O

Lemma8 Let P = A(Yy) + B(Yy) Y1 where A(Yy), B(Yo) € Rrl[Yoll. Let n >
w—1(P) such that L(P; w) NN (P) is a vertex v = (a, h) of N (P) and let ¢ be a
nonzero constant such that ®p.;y(c) = 0. Let P = Plcx" + Y. Then the point
v = (v —h, 1), where v = a + ph, is a vertex of N'(P). Moreover, for i’ > [ we

have that \Il(p’v/)(q“/) # 0.

Proof Since L(P; 1) N N'(P) = {v}, we have that ®(p.,,)(C) = ¥(p.,(q*) C". By
hypothesis, ®p.,)(c) = 0 and ¢ # 0, hence W(p.,y(¢g") = 0. Let us denote M =
A x4 Yél + B x4 Yél_l Y1, A, B € C, to be the sum of the terms of P corresponding
to the vertex v; in particular, either A or B is different from zero. Then W (p.,)(T) =
A+ BT and g* is the unique root of W(p.,y(T).

Lemma 3 describes A/(P): The point (v, 0) ¢ C(P) because ®p (c) =0 and
N (P) is contained in the closed right-half plane defined by L(P; 11). Let us prove that
the pointv’ = (v—h, 1) € C(P) which would prove that v’ is a vertex of N'(P) because
it belongs to L(P; w). For that, we compute the monomials of P corresponding to
the point v’. Again by Lemma 3, these are the monomials of M = M[cx* + Y]
corresponding to v’. By direct computation these monomials are ¢~ x"~" (A Yo +
B Y)).Sincec # Oandeither A # Oor B # Othenv’ € C(P).Moreover CD(,s)v/)(T) =
"~!(A 4+ B T) and then g* is the only root of ® 5 ,(T). Since || # 1,if &’ > p,
then g* # q" and then ® 5, (g") # 0. o

4 g-Gevrey Order

Throughout this section we assume that |¢| > 1 In this case, we prove some properties
about the growth of the coefficients of a formal power series solution of a g-difference
equation. Note that the case |¢| < 1 follows from this one by considering the equation
P(@""x,07"(y),...,y) = 0 which is equivalent to Eq. (1) because the operator

o y(x) =y " x).
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Definition 5 A formal power series Y 1o c; x' is said to be of g-Gevrey order s > 0

. . Lei2 . .
if the series ) ;o ¢i |¢|~2*" x has a positive radius of convergence.

We will say that a series P = Za’p Popx*Y?P e C[[x, Yo, Y1,...,Y,]] is of
q-Gevrey order s > 0 if the series

_1g 2
Z Py, lq| 28(atlph)” o yo
(o, p)eNxNrtl

has a positive radius of convergence at the origin of C"*2.

We remark that g-Gervey of order 0 means convergence. This section is devoted to
proving the following result (the number s(P; y(x)) in the statement is introduced in
Definition 6 and can be computed from the relative pivot points of P with respect to

y(x)).

Theorem4 Let P € C[[x, Yo, Y1, ..., Y,1] be a non-zero formal power series of q-
Gevrey order t > 0 and y(x) € C[[x]] a solution of P[y] = 0. Then y(x) is of
q-Gevrey order t + s(P; y) (see the following definition).

Definition 6 Let O = (a, h) be the pivot point of P with respect to y(x). The number
s(P; y) is defined as follows:

Caseh = 1.Let Q; = (a;, h;) be the pivot point of P with respect to y(x) relative
to the variable Y; (for 0 < j < n). Since Q has ordinate 1, Q = Q; for some j. Let
r =max{j | Q; = Q}. There are three cases:

(RS-R) If r = n, then s(P; y(x)) = 0.

(RS-N) If r <nmand h; > 1forallr < j < n, then s(P; y(x)) can be taken as any
positive number. In this case, Theorem 4 says that y(x) is of g-Gevrey order
t + ¢ forany ¢ > 0.

(IS) If r < mand h; = 1 for some r < j < n, then s(P; y(x)) = max{ I=

r
aj—ay

r<j=<mn, hj=1}

Case 1 > 1. By Proposition 2 there exist derivatives H = aa‘ﬁ,lf ,with |p| =h —1,

such that the pivot point of H with respect to y(x) is equal to 1. Define s(P; y(x)) as
the minimum of all those s(H; y(x))). If for some derivative H, the equation H = 0
and its solution y(x) fall in the (RS-N) case, then s(P; y(x)) can be taken as any
positive number.

Remark4 When Q has ordinate 4 > 1, the number s(P; y(x)) can be described
directly in terms of the relative pivot points: let Q@ = (a, h) be the (general) pivot
point of P with respect to y(x), and Q,(P; y(x)) = (ap, hy). Let A be the set formed
by those 3-tuples (p, i, j) satisfying the following properties: [p| = h, Q, = O,
0<i<j<n,and h, = h, where p=p—e + ej, using the previous notation
ej =1(0,...,0,1,0,...,0) where the 1 is at position j + 1 (as we need to account
for the case j = 0). If the set A is empty, we define s(P; y(x)) as any positive real

number. Otherwise, s(P; y(x)) is the minimum of aj:a, for those (p, i, j) € A.
3
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Remark 5 Zhang’s paper [32] deals with the case in which P is a convergent series.
The bound given there for the g-Gevrey order of the solution coincides with the one
described here in cases (RS-R) and (IS), provided %, = 1. In the other cases, Zhang
proves that some bound exits but without a detailed control. In particular, our bound
in case (RS-N) is more accurate because we prove that the solution is of g-Gevrey
order s, for any s > 0. If &, = 1, the bound found in [32] is described with the aid of
the Newton-Adams Polygon (see [1, 2]) of the linearized operator along y(x):

n

P ,
= il J
Ly= E 3, [y(x)]o’ € Cllx]llo].

J=0

By Proposition 2, we know that L is not identically zero if and only if the pivot point
of P with respect to y(x) has ordinate 1. The Newton-Adams Polygon N, (L,) of L,
is defined as follows: for each 0 < j < n, let/; = ord %[y(x)] € N U {o0}. Notice
that [; = a; if hj = 1. Then N, (L,) is the convex hull of the set {(j,l; +r) | [; #
oo, r > 0}. Itis easy to check that s(P; y(x)) is the reciprocal of the minimum of the
positives slopes of NV (Ly).

Remark 6 The labels (RS-*) and (IS-*) in Definition 6 correspond to the singularity
type of the linearized operator L, (regular or irregular). The labels (*-R) or (*-N)
denote whether the solution y(x) is a regular solution of P (i.e. h,, = 1) or not.

4.1 Reduction to Solved Form

In order to prove Theorem 4, we first show (in the paragraphs below) that we may
assume that the equation P[y] = 0 is in solved form and that the general and all the
relative pivot points with respect to the variables Y; are reached at step 0.

Let y(x) = Z?io ¢i x' € C[[x]] be a solution of P[y] = 0. We apply the process
described in the proof of Lemma 6 to P and y(x) in three steps:

(a) Replace P by some of its derivatives H such that the ordinate of the pivot point
of H with respect to y(x) is equal to 1 and s(P; y(x)) = s(H; y(x)).

(b) Let N be large enough so that all the relative points Q ;(H; y(x)), for0 < j < n,
have been reached at step N — 1.

(c) Let y = N — 1 and consider P* = 7Hy and y*(x) = Yy ¢; x'“N*1. Then,
P*[y] = 0 is in quasi-solved form and P*[y*(x)] = 0.

If y(x) = Zfi N Ci x!, then the relative pivot points of y(x) with respect to
H are the same as the relative pivot points of y(x) with respect to Hy. Hence,
s(H; y(x)) = s(Hy; y(x)). Finally, the change of variables (13) produces the
affine transformation t on the (i, j) plane on which the Newton polygon is defined;
recall that this transformation satisfies 7(Q;(Hy; y(x))) = Q;(P*; y*(x)), and
moreover, T restricted to the line of points with ordinate 1 is a translation, so that
s(Hy; y(x)) = s(P*; y*(x)). This proves that s(P; y(x)) = s(P*; y*(x)). More-
over, the general and relative pivot points Q ;(P*; y*(x)) are reached at step 0. It is
straightforward to prove that if P is of g-Gevrey order ¢, then H, Hy and P* are all
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of ¢g-Gevrey order 7. Also y*(x) and y(x) have the same ¢-Gevrey order. This shows
that it is enough to prove Theorem 4 when the g-difference equation P[y] = 0 is in
quasi-solved form and the relative pivot points Q ;(P; y(x)) are reached at step 0.

Finally, assuming that P[y] = 0 is in quasi-solved form, since |¢| > 1, the set ¥
is finite. Let N be an integer greater than the maximum of ¥, P* = N(Py ) and
y*(x) = X,y ¢i X'V It s clear that s(P; y(x)) = s(P*; y*(x)), and also that
P* and y*(x) are of the same ¢-Gevrey order as P and y(x) respectively. From this
we conclude that we may assume the g-difference equation P[y] = 0 is in solved
form.

4.2 Recursive Formula for the Coefficients

Lety(x) =Y ;2 ¢ x! be a power series solution of the g-difference equation P[y] =
0, where

P= Y Pupx®YPeCllx Yo Y1..... Y]l
(o, p)eNxNn+1

Assume that it is in solved form and that the general pivot point Q with respect to
y(x) and the relative ones Q; = (a;, h;) are all reached at step 0. Since the equation
is in solved form, Q = (0, 1). Let r be the maximum index j, 0 < j < n, such that
Q; = Q and let W(T') be the indicial polynomial of P at point Q. From Eq. (15) one
has

W(g")c; = —Coeff(P;; x' Y%, i>1. (17)
As usual Pi. = Pleix + -+ 4+ ¢i_1x'~1 4+ Y]. We are interested in computing
Coeff(P;; x* )_’Q) in terms of ¢y, ¢, ..., ci—1. To this end, we shall consider for-
mal series H' in the variables 7 ,, C;;, x and Yo, Yy,...,Y,, where a € N,

,o:(,oo,...,,o,,)EN"'H,Ogjfnandl§l§i—1,deﬁnedasfollows

i—1 Pj
H= Y T,,x* [] (ZC,-,,x’JrYj) .

(a, p)eNH2 O0<j=n \I=1

For (8, y) € N x N+ et Hé’y be the coefficient of x#Y? in H'. It is a polynomial
with coefficients in N and in the variables Ty , and C; ;. Denote L; = Hiiyo, i.e. the
coefficient of x' Y2 in H'. A simple computation shows that

Li= Z Bét,p»dT"‘*P l—[ l_[ C;'l,j/’

(a,p,d)eF; 0<j<nl=i<i-1

o

(e, p,d), such that o € N, p € N"*1 d = (d;;) € N*+*DE=D for 0 < j < n,

where B! L non-negative integers and the summantion set F; comprises those
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1 <1 <i — 1, for which the following formulea hold:

a+ Y Idj =i, (18)
jl
> dji=pj. andso, Y dji=pl. (19)
I Jil

Remark 7 Notice that, substituting in H' the variables Ty,p for Py, and C;; for
cj1=q’ L'¢;, one obtains P;. Hence,

Coeff(P;; x' YY) = Li(Py.p, cj1).

However, in order to have an optimal control on the g-Gevrey growth, we need to be
more precise and use the position of the relative pivot points of P with respect to y(x),
and refine the summation set: let 7/ be the subset of ; composed by those (@, p, d)
satisfying the following properties:

If j>r, hj>2, and/ > i/2 thend;; =0. (20)
If j>r,hj=1, and! >i —a; thend;; = 0. 21

Let 7’ be the complement of F/ in ; and let L; (resp. L!) be the sum of those terms
in L; corresponding to those (a, p, d) in F; (resp. in F;"); obviously L; = L} + L.

Lemma 9 The following equality holds: Coeff(P;; x' YY) = Li(Pyp.cji)

Proof Take [y with 1 <lp <i — 1, and consider P;, = P [Zf";ll axt+7Y] (see (6)).
Let f_’lo be the series obtained substituting in Py, the expression Z;;llo Cji x4y ; for
the variable Y;, 0 < j < n. By construction,

P = Pyleg x + -+ x' Y],
Li(Tap = Pyp, Cji=cji;1 <1 <ly) = Coeff (P; x' Y2).

Write Py = 3, pyensnertt (Pl)a,p x* Y7, Expanding Py, as a series in the variables
Cinlp<l<i-1,xandY;,0 < j <n,letusdenote, forr < jo <n,by Aj , the
sum of terms of F_’lo in which the variable C, ;, appears effectively. In order to compute
A j, 1y»itis only necessary to take into account the terms of P, in which the variable Y,
appears effectively, that is, only consider the sum over the indices («, p) € Cj,(P).
Since we are assuming that the pivot point Q ;; = (ajy, h j,) of P with respect to y(x)
relative to the variable Y, is reached at step 0, we may assume that the order in x of
A j, 1o 1s greater than or equal to aj, + h j, lo. If jo, [o satisfy the premise of either (20)
or (21), then aj, + hj, lp > i and the variable C}, ;, does not appear effectively in the
coefficient of x’ Y2 in ]_)10. From this one infers that L;/(Pa,p, cji) =0. O

From the definition of 7, one has W(T) = Py ¢y + Poe; T + -+ Py, T", with
Po.e, # 0. In particular, ¥(7') has degree r. Moreover, since the equation P[y] = 0
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is in solved form, \Il(qi) # 0, fori > 1. From Eq. (17) and Lemma 9, the following
recursive formula holds for all i > 1:

-1,
¢ = Wq")Li(P%p?Cj,l), (22)

Wherecjyzzq”cl,l§l§i—1and0§j§n.

4.3 A Majorant Series

Assume the hypotheses and notations of the previous sub-section and that P has g-
Gevrey ordert > 0. Let s = s(P; y(x)). Consider the equation in two variables x and
w:

w=lgl" T letlx+ Y. Gapr®uwl, (23)
(a,p)eC’

where G, p = | Py, p| |q|_%(“+‘p‘)2+k1(“+‘p‘)+k2, ky and k; are positive constants to be
specified later, and C’ is the set N x N+ without the points (0, 0), (1, 0) and (0, ¢;) for
0 < j < n.lItis straightforward to prove that the right hand side of (23) is a convergent
series and that the equation has a unique power series solution w(x) = Y o, c; xl,

whose coefficients ¢; satisfy the recursive formulae:
st / / ;
=lq|” 2 |c1l, C; =Li(Ga,p;{Cj,[})a i>2,

where ¢/, = =c¢,forl <1 <i—1and0 < j < n. In particular, ¢; > 0, for all
i>1, smce the coefficients of L; are non-negative. By Puiseux’s theorem the series
w(x) is convergent. The following lemma finishes the proof of Theorem 4, because
by using the majorant criterion the series solution y(x) = > /2| ¢; x' is of g-Gevrey
order s 4 ¢.

Lemma 10 With the above notations, there exist positive constants k1 and ky such that
the coefficients c; of the solution of Eq. (23) satisfy

el < 1) TP el 1> 1. (24)

Proof The above inequality holds trivially for / = 1. Assume that it holds for [ =
1,2,...,i—1.Using Eq. (22) and the fact that the coefficients of L; are non-negative,
one gets

1
|Ci|§W Z BadePapll_[(qu”Iczl)df’
q p.d)eF]

lq12 L+ p))?

1 s 2 dji

< Jjl =y 7 )

- |\I,l(ql)| Z BaﬂdGaP| |k1(0t+|/)|)+k2 | | <|Q| |fI| |C[|
(a,p.d)eF] Jl
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= Y Ri@.p.d)Bl, Ga, [l (25)
(a.p.d)eF] ol

where the indices j and/are 0 < j <mand 1 <[ <i — 1, and

Ri(, p,d) = 1qi gD,
rife, p.d) = ; (jz+ %12) dja+ %(a +1p)? = ki(ar + [p]) — k.
Claim (proved below): there exist positive constants k; and k7, such that
Ri(,p.d) < 1g| 7", (2. p,d) € F. (26)

Assuming the claim and using Eqs. (25) and (26), one gets

st 2 ; )ids s, )
leil <1127 Y Bl 4 Gap [ [161 =117 T Li(Gaps )1
(a.p.d)eF] il

Since the coefficients of L;, the elements G, , and cl’ are all non-negative real numbers,
then L} (Gq,p: {c;}) = 0. Hence,

L;(Ga,;ﬁ {|C;|}) =< L; (Ga,p; {CE}) + L;/(Go{,p; {C;}) = Li(Gq,p; {C;}) = |Cl/'|’
which proves the Lemma. O

Proof of Claim Since the degree of W(T) is r, |g| > 1 and W(g') # O fori > 1, there
exists a constant K» > 1, such that |¢|'" < K, |W(g")|, for all i > 1. Thus, it is
enough to prove that there exist k; > O and k> > In K>/ In |g| such that r; (¢, p, d) <
%iz + ri, for all i > 1 and all («, p,d) € .7-'1.’. Grouping the terms of r; and
rearranging, we divide the inequality above into two parts so that it is enough to prove
the existence of positive constants k1 and k>, such that for all (¢, p, d) € fl./ andi > 1,
the following inequalities hold:

N N
32 Pdii+ ) jldin =St 4rith, (27)
il il
32 Pdis+ S+ 1ph? < Si% + ke + o). (28)
Jil

We first prove the existence of kp such that inequality (27) holds and then we do the
same for k1 and Eq. (28).

Proof of inequality (27) Call r/(«, p, d) the left hand side of (27). Let 7] = F| U F,
where Fj is the subset formed by those («, o, &) such that/ > i/2 implies d; ; = 0,



Power Series Solutions of Non-linear g-Difference Equations. .. Page 27 of31 123

and F; is its complement in ;. We shall bound r/ in each of Fi, F> by a polynomial
i) = fﬁiz + r{i + 7, such that, either 7, < 5 or 7, = 5 and 7| < r. Adjusting k»
conveniently, one gets (27).

Let (a, p,d) € Fy. This implies that if d;; # 0, then/ < i/2. As j < n, and
> il ldj,; < i (which follows form (18)), we conclude that

/_s 2. . X 2 . .
! _E,Z,:l d],l+;11dj,l <3 ]Z[:ldj,lJrn]z;ld,,,

IA

f—f fni=7G).

If s # 0, then 7, < s/2. Otherwise, s = 0, and by Definition 6, r = n, hence 7{’ <r.
This proves that the polynomial 7 (i) satisfies our requirements.

Let (o, p,d) € F>. There exists a pair (jo, lo) such that [y > i/2 and d}, ;, # 1.
By inequality (18), this pair is unique and d, ;, = 1. In this case, Eq. (18) reads as

o+ Z ldj;+1lp=i, andin particular Z ldj; <a, (29)
Jul#ly Jul#lo

where a =i — Iy < i/2. This implies also that for / # [y and dj; # O one has [ < a.
Therefore,

N . .
=2 Y. P+ |+ Y Jldia+jolo
J.l#lo J.l#l

IA

|«

a Y ldj+G—a|+n Y ldj+ joli —a)
j.l#ly Jl#l

< %(2a2—2ai+i2)+na+jo(i—a)

= (s/2)i* + (jo — s@)i + (sa* +na —a jo) := fi(a).

For a fixed i, the graph of f;(a) is either an upwards parabola (case s > 0) or an
straight line (case s = 0), so its maximum in an interval is reached at its endpoints. The
available range for a depends on jy. If jo < r, then there are no additional constrains
on lg, so a € [1,i/2[, and we take 7'(i) = s/2i> +ri + ro- We can chose 7, in
such a way that max{ f; (1), f;(i/2)} < F’(i),foralli > 1 and 0 < jy < r, because
fi(i/2) < (s/4)i’+niand f;(1) < (s/2) i’>+r i+s+n. If, on the other hand, jo > r,
since Iy > i/2, case (20) does not hold, hence case (21) holds; so that 4, = 1 and
lp <i—aj,, and the range for a is [a},, i /2[. By definition of s, one has jo—saj, <r
and s > 0. Consider 7'(i) = s/2i%> +ri + 7> Where 7 is chosen in such a way that
max{f;(i/2), fi(aj); j > r,hj =1} <¥'(i),foralli > 1. Such an , exists because
as above f;(i/2) < (s/4)i* +ni and fi(aj) < (s/2)i* + (j — s a;)i +saj + na,
and j — sa; < r forthose j suchthat j > rand h; = 1.

Proof of inequality (28) For t = 0, the inequality holds trivially, so we may assume
that7 > 0. Let («, p, d) € F;. Denote d; = Z?:o dj;,forl <1 <i—1andletlbe
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the maximum of the indices / such that d; # 0. From Egs. (18) and (19), the fact that
lp > 1 and dj, > 1, one gets:

i—lpl=a+) ld—Y d=a+)y (—Ddi+o—1dy>a+l—1.
! l 1#ly

From whichi — [y > o + |p| — 1. Taking into account that « > 0, Eq. (18), and the
fact that [p > [ for any [ with d; # 0, we conclude that

2= (i —lo+10)2 = (i — o) +12+210 (i — o)
> (a+lpl = D+ 15 +200 | D ld +lo(dy — 1)

151y

> (a+1pl = D>+ 13+ Pdy+ B, — 1)
11y

> (@ +1o)> =20 + o) + > I%d.
!

This gives inequality (28) for k; > ¢ and finishes the proof of Theorem 4. O

5 Working Example
Let us consider the g-difference equation P[y] = 0 of order 5 and degree 6, where

YoV, X3,
q* q*

P=4Y"—9Y* V1 o+ 270> Yo — 3 Yo' V52 + —x3 Yo+ %%,
and g = 4.Its Newton Polygonis NV (P) in Fig. 3. It has four vertices vy = (3, 6), v| =
(0,4), v2 = (1,2),v3 = (5, 0) and three sides L1, L, and L3 with respective co-slopes
y1 = —3/2,y» = 1/2 and y3 = 2. We apply some steps of Procedure 1 to P. As P is
a polynomial, ;1 (P) = —oo0.

In order to find all the possible starting terms co x*° of a solution, we need to
consider all the vertices and sides of N'(P) according as formule (8) and (9). For
the vertices, we get: W(p.y)(T) = —3T'0, Wip.,\(T) = THT — 2)4T — 1),
Uip.p)(T) = T?/q* W(p.py(T) = 1. Hence, for j = 0, 1,2,3 the only satisfi-
able formula in (9) is the one corresponding to vertex vy, that is W(p.,,)(g*) = 0
and —3/2 < pu < 1/2. This gives ¢ = —1 for any nonzero c. For the sides, we
get: ®piy(c) = ¢ Pc* (22 =962 +44¢° — ), @(piyy)(c) = ?/64, and
Dpiyp(c) = (c — 1)2. According as (8), the only possible starting terms related to
the sides are £1024+/15 x~3/2 and x2. Notice that L, gives rise to no starting term.

Following Procedure 1 we choose x2, that is co = 1 and o = 2. The polynomial
P; = P[x2 + Y] has 33 terms that we do not exhibit; its Newton Polygon is N'(Py)
in Fig. 3. Since y = 0 is not a solution of P;[y] = 0 because C(P;) has points on the
O X-axis, we need to perform step (a.2) of Procedure 1, that is finding u > ug = 2
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N (P2)

13 5 7 9 11 13 15 17 19 21 23

Fig.3 Newton polygons N'(P), N'(Py) and N (Py)

and ¢ # 0 so that W(p,.,)(c) = 0. Thus, we can only use the vertices v, and vg and
side LY.

For formula (9) we get W(p;;v,)(T) = W(p:v,) and that Wp,.,)(T') is a constant,
hence those vertices do not give rise to subsequent terms. For side L}, we get 11 = 7/2
and W(p,. ;) (c) = 64 ¢? 4225792, so that there are two possibilities for ¢;. We choose
c1 = 214/84/=1 and go on with Procedure 1.

Let us consider P, = Pj[cix*! + Y] whose Newton Polygon is N'(P,) having
a side L} of the same co-slope as L’ and another L) of co-slope 5. As vertex v5
gives W Py:vl) (") = g** + 16384 which has no real solutions, it is useless to find
w2. Hence we must use L) which gives uo = 5 and (after a trivial computation)
¢y = —88984/65.

Notice that, after performing the first two steps detailed above and getting x2 +
21/8y/—1x7/2, the fact that vy gives rise to a formula which no u > 7/2 can satisfy
and that it has ordinate 1 implies that, taking P* = #1P,, the equation P*[y] = 0 is
solved form. Therefore, by Lemma 7 there exists a unique solution of P[y] = 0 of
the form:

y(x) = x2 + 21V8V=1x"% 4+ o(x"?).

Notice also that as P* € C[[x/?]][Y], Lemma 7 guarantees as well that y(x) €
CIix"/11.

The pivot point of P with respect to y(x) is Q(y(x); P) = vé/ = (4.5, 1). This
means that, from now on, for each transformation P;[c;x*’ + Y], the supporting line
L(p,: ;) will intersect N'(P;) on its lowest side, and the topmost vertex of this side will
always be that point (4.5, 1). Moreover, Y> is the highest order appearing effectively in
it, hence r = 2 in Definition 5. There being no monomials with Y3 or Y4 in P we only
need consider the pivot point relative to Y5 which is the point Q.. (y(x); P) = (13, 1)
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(notice that C, (P,) is in the region above and to the right of the dashed line). Applying
Definition 5 formally we would get s(y(x); P) = 13 4 s =6/17.

As regards the growth of the coefficients of y(x), we transform it into a formal
power series in order to apply Theorem 4. We do this by means of the ramification
x = 1. The series y(t) is a solution of a g-difference equation P[y] = 0 derived from
P with § = ¢'/2. The ramification induces a horizontal homothecy of ratio 2 on the
cloud of points of P, P and P,. Hence s(y(?); P) = 2(13 45) = 3/17 is a bound for
the g-Gevrey order of y(¢).
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