
Small sodium clusters that melt gradually: Melting mechanisms in Na30

Andrés Aguado* and José M. López
Departamento de Física Teórica, Universidad de Valladolid, Valladolid 47011, Spain

�Received 5 June 2006; published 5 September 2006�

The meltinglike transition of Na30 is studied by orbital-free density-functional molecular dynamics simula-
tions. The potential energy surface of Na30 is sampled by simulated annealing and regular quenchings per-
formed along the dynamical trajectories. Both the ground-state structure and low-energy structural excitations
are found to exhibit substantial polyicosahedral ordering. The most relevant feature of the potential energy
landscape for the melting problem is the existence of many different structural isomers within an energy range
of 1 meV/atom, resembling that of a glassy system �yet the structures have a high symmetry�. The liquid phase
is accessed gradually, with some isomerizations observed at a temperature as low as 30 K, while melting can
be considered complete above approximately 200 K. The different dynamical mechanisms that allow the
smooth opening of phase space available to the system as a function of temperature are identified and dis-
cussed. They can be classified in two different categories: �a� those that allow the exploration of isomers
similar to the ground state, involving mainly surface isomerizations and surface melting, and leaving the
structure of the cluster core unchanged; and �b� those associated with a more substantial structural change,
more similar to the usual solid-solid phase transition in bulk phases; the structure of the cluster core changes
only in this second type of transition. Mechanism �a� results in surface melting of the corresponding isomer
upon heating; at that stage, mechanism �b� acts to transfer some excess energy from the surface to the core
region, so that the surface melting is transiently avoided. Even in the fully developed liquid state, there are
important differences from the bulk liquid due to the presence of the surface.
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I. INTRODUCTION

Melting is a ubiquitous phenomenon in condensed matter
which, due to its cooperative nature, has no analog in micro-
scopic systems such as diatomic molecules. It is therefore
very interesting to notice that small unsupported atomic clus-
ters, formed by only a few tens of atoms, can already show a
well-defined melting transition upon heating. Understanding
how cluster melting proceeds and how it is related to bulk
melting is an active field of research presently. Several in-
vestigations have identified unexpected features in cluster
melting. For example, Jarrold and co-workers1 have demon-
strated that small gallium and tin clusters melt at tempera-
tures Tm higher than Tm

bulk, the bulk melting point. The most
extensive calorimetric experiments have been performed by
Haberland and co-workers, who have focused on an analysis
of sodium clusters.2–8 The most interesting observation in
these studies is that the size dependence of Tm is not mono-
tonic for NaN clusters in the size range3,4,6 N�50–350 �this
is not a peculiarity of sodium clusters, as it has also been
observed by Breaux et al.9 to happen in aluminum clusters�.
Combining the calorimetric determinations with a measure-
ment of the photoelectron spectra, Haberland et al.8 con-
cluded that maxima in the latent heat q and entropy of melt-
ing �s are correlated with geometrical shell closings. For
smaller clusters like Na41

+,7 the experimental caloric curves
do not show a well-defined melting transition but rather sug-
gest a gradual evolution of the solid clusters toward the liq-
uid state, spread over a very wide temperature interval. The
heat capacities, determined in terms of the slope of the ca-
loric curves, evolve continuously as a function of tempera-
ture between values typical of the solid and liquid phases,
and in both low-T and high-T limits compare well with those

of larger clusters showing a more abrupt melting transition.
A similar conclusion has been obtained for even smaller
clusters through an analysis of the temperature dependence
of photoelectron spectra.5

Despite a number of theoretical efforts,10–26 the intriguing
melting point oscillations have not been properly interpreted
by computer simulations until very recently.27–30 By means
of orbital-free molecular dynamics �OFMD� simulations,
Aguado and López27 provided a tentative explanation for the
local maxima in the Tm�N� curve in terms of purely geomet-
ric arguments �for some specific sizes, more compact clusters
can be built, which also show an enhanced surface stability�.
In a separate work,28 Aguado studied the meltinglike transi-
tion in NaN �N=135–147� clusters with the OFMD method.
The latent heat and entropy of melting attained a maximum
at N=147, while Tm has a local maximum at N=141, both
observations being in very good agreement with experiment.
Noya et al.29 have very recently performed a global optimi-
zation of Na clusters modeled by a parametrized potential,
and found enhanced energetic stabilities for sizes which
closely match the experimental latent heat maxima. The OF
optimal structures27,28 are the same as those located by Noya
et al. for the corresponding sizes except for minor details.
Finally, Chacko et al.30 have simulated the melting of NaN
�N=55,92,142� with Kohn-Sham �KS� MD simulations and
reproduced the experimental Tm values with high accuracy,
although these authors ascribe more importance to electronic
effects. It can therefore be concluded that most of the calo-
rimetric results on clusters which show a well-defined melt-
ing transition are reasonably well understood now at a theo-
retical level. Some challenges still remain, however, such as
the ground-state �GS� structure of Na298 which, according to
the experimental photoelectron spectra,8 is not icosahedral,
or the premelting effects observed for Na309.
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The clusters that do not show a well-defined melting tran-
sition can be expected to fall into two different categories, on
the basis of computer simulations and experimental observa-
tions. On one hand, we have so-called amorphous
clusters.19,23,25,31 As the “amorphous” attribute is presently
employed in rathers loose sense when referring to clusters, it
must be said that several groups consider clusters as amor-
phous when they show little or no discernible structural or-
der. Aguado et al.19 first proposed that a fully amorphous
cluster should possess neither angular nor radial order �this
last requisite being frequently overlooked as angular disorder
is more easily identified by visual inspection�, but obviously
shows some short-range order, mostly restricted to the first
coordination shell about each atom. A medium-size sodium
isomer with these properties was then shown to melt gradu-
ally over a very wide temperature interval.19 The nature of
melting was seen to be essentially the analog of melting in a
bulk glass. The low-temperature cluster structure is already
one of the typical atomic configurations sampled in the liquid
state �it can be called a “frozen liquid”�. Atomic diffusion is
kinetically impeded at low temperatures, and the huge num-
ber of local minima with similar amorphous features are ac-
cessed in an approximately continuous manner as the tem-
perature is increased, because there is a correspondingly
continuous distribution of free-energy barriers against diffu-
sion. The net result is that there is not a well-defined tem-
perature at which diffusion starts suddenly, so there is no
well-defined melting point and a negligible latent heat. The
nature of melting in these clusters is thus easily related to the
properties of the potential energy landscape in the vicinity of
the starting atomic configuration in the heating runs. Several
other authors23,25,31 have found a reduction in the latent heat
as the solid and liquid structures become more similar.

Calorimetric7 and photoelectron5 experiments reveal that
a smooth �as oppossed to abrupt� melting transition should
also be expected for clusters below a small critical size,
which for sodium clusters seems to be around 50 atoms �with
few exceptions�. It does not make much sense to define a
very small cluster such as Na30 as amorphous, and we will
see in this paper that low-energy isomers of Na30 have in-
deed a pronounced structural order. Yet the features of its
potential energy landscape should be similar to those of an
amorphous cluster so that the melting transition is approxi-
mately continuous. Although several computer simulations
on the thermal behavior of small sodium clusters have been
reported,10–12,14,15,17,24 we believe that the dynamical mecha-
nisms for the gradual opening of the phase space available to
the cluster as a function of temperature have not been ana-
lyzed in detail yet. Some previous calculations by our own
group15 on Na8 and Na20 failed to predict the correct width of
the transition, as later pointed out by Vichare et al.17 The
main reasons for that failure are �1� the employment of a
pseudopotential that did not transfer properly to cluster en-
vironments and �2� lack of ergodicity, due to computational
limitations at that time. With the much more accurate energy
model we have recently developed using the force-matching
method27,28 and a computationally much more efficient code,
we are now in a position to simulate the melting of small
clusters in a more realistic way. It is the goal of this paper to
analyze in detail the melting transition in Na30, providing

thus not only a reproduction of the experimental trends, but
also a sound explanation for them. Specifically, we will iden-
tify and classify the different dynamical mechanisms that
result in the approximately continuous increase of available
phase space volume with temperature. In the next section we
briefly present some technical details of the method. The
results are presented and discussed in Sec. III and, finally,
Sec. IV summarizes our main conclusions.

II. THEORY

For a given spatial configuration of atoms, we evaluate
the energy of the cluster and the force acting on each atom
by employing density-functional theory �DFT� in its
Hohenberg-Kohn32 representation, where the valence elec-
tron density stands as the basic variable, thus avoiding em-
ployment of auxiliary one-particle orbitals as in its
Kohn-Sham33 representation. The details of our implementa-
tion of this so-called orbital-free DFT scheme have been de-
scribed in previous work,15,34–37 so we just present briefly the
main technical issues. The electronic kinetic energy func-
tional of the electron density is the same as in our most
recent work:27,28

Ts��� = TvW��� + T���� , �1�

T� =
3

10
� dr� ��r��5/3−2�k̃�r��2, �2�

k̃�r�� = �2kf
0�3� ds� k�s��w��2kF

0 �r� − s��� , �3�

where TvW= 1
8 �dr�����2 /n is the von Weizsäcker functional,

k�r��= �3�2�1/3��r���, kf
0 is the Fermi wave vector correspond-

ing to a mean electron density �0, �=0.51, and w��x� is a
weight function, determined by requiring Ts��� to recover the
correct expression for both the uniform density and linear-
response-theory limits. The mean electron density is defined
as �0=V /N, where V is the volume of a sphere of radius
equal to the mean gyration radius of the cluster. The local
density approximation �LDA� is used for exchange and
correlation.38,39 The ionic field acting on the electrons is rep-
resented by the local pseudopotentials of Fiolhais et al.40 The
parameters defining these pseudopotentials are obtained from
a force-matching procedure, as explained in our recent work
on Na clusters.36 The obtained pseudopotentials are much
more accurate for clusters than those originally reported by
Fiolhais et al.,40 which were intended to reproduce a few
bulk properties under linear response theory calculations.
This, together with the higher accuracy of the nonlocal ki-
netic energy functional as compared to semilocal approxima-
tions, has been shown to produce very accurate interatomic
forces for large Na clusters.27,28 The accuracy of our model is
expected to decrease in the small size limit, however, as it
can not fully reproduce electronic shell closing effects. We
have checked explicitly the accuracy of our forces in simu-
lations of Na30 by performing some KS calculations �see
below� for configurations sampled along the MD runs. As
expected, the average error increases as compared to the
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large size limit, but errors in the forces remain below 10%,
which is quite acceptable. While an error of this magnitude
can certainly modify the predicted ground-state isomer, we
will argue in the next section that this is not very relevant for
the present melting study.

The cluster is placed in a unit cell of a cubic superlattice
with edge 23 Å. The set of plane waves periodic in the su-
perlattice, up to an energy cutoff of 20 Ry, is used as a basis
set to expand the valence electron density. Following Car and
Parrinello,41 the coefficients of that expansion are regarded
as generalized coordinates of a set of fictitious classical par-
ticles, and the corresponding Lagrange equations of motion
for the electron density distribution are solved in order to
determine the optimal electron density for each atomic con-
figuration, as described in Ref. 35. Forces on atoms are then
evaluated by using Hellmann-Feynman’s theorem. Thus the
dynamics of ions is not Car-Parrinello, but Born-
Oppenheimer. The equations of motion are integrated using
the Verlet algorithm,42 with a time step of 3.5 fs. Several
isokinetic MD runs were performed in order to obtain the
caloric curve for each cluster. The simulated time is between
1 and 2 ns for each isokinetic run, which adds up to a total
simulation time of about 45 ns, much longer than presently
affordable by any other first-principles technique.

We also performed some ab initio KS calculations in or-
der to check for the accuracy of the OF forces and to com-
pare the potential energy surfaces �PESs� generated by KS
and OF techniques. For these calculations, we employ the
SIESTA code,43 which is a self-consistent KS DFT method
employing standard norm-conserving pseudopotentials44 in
their fully nonlocal form45 and a flexible linear combination
of atomic orbitals basis set.46 Exchange and correlation �XC�
effects are treated within the LDA, as the reference OF cal-
culations. The basis set includes two basis functions per an-
gular momentum channel plus one polarization orbital �DZP
in the notation of Ref. 43�, and the energy shift parameter43

was kept to a value of 20 meV. The fineness of the real space
grid employed to calculate Hartree and XC terms is mea-
sured by the maximum kinetic energy of the plane waves that
can be represented in the grid without aliasing: a value of
40 Ry is found to give converged results. A smearing of the
electron energy levels corresponding to a temperature of
100 K was applied to help convergence. All necessary con-
vergence tests were performed.

In order to characterize the thermal properties and melting
transition in Na30, we have evaluated a number of different
indicators, such as the caloric curve, specific heat, root-
mean-square bond length fluctuation, and mean-square dis-
placements, and studied their dependence on the kinetic clus-
ter temperature controlled in the isokinetic ensemble. All
these indicators are well known by now and have been fully
described in many of our previous works.15,34–37 To un-
equivocally identify the relevant dynamical processes lead-
ing to melting we have visually inspected the atom trajecto-
ries and analyzed a very powerful indicator of structural
change, namely, the atomic equivalence indices47

�i�t� = 	
j

�R� i�t� − R� j�t�� , �4�

where R� i�t� is the position vector of atom i at time t. In
practice, we plot short-time averages of these quantities to

average out the vibrational noise. These averages are taken
typically over 2000 steps �that is, 7 ps�. The �i indexes con-
tain very detailed structural information, and are very sensi-
tive to slight atomic rearrangements which might be over-
looked in the visual inspection of MD movies and/or which
do not manifest in the more global indicators mentioned
above. Finally, to analyze the temperature evolution of the
cluster shape, we employ the Hill-Wheeler parameters:11 the
root-mean-square radius of the cluster r, a shape deformation
parameter � measuring the degree of asphericity, and another
parameter � quantifying its triaxiality. These parameters may
be obtained from the three principal moments of inertia I1
� I2� I3, as follows:

Ik =
2

3
r2
1 + � sin�� +

�4k − 3��
6

� , �5�

I1 + I2 + I3 = 2r2. �6�

�=0 corresponds to an axially symmetric prolate aggregate
�cigarlike�, while for �=� /3 we have an oblate axially sym-
metric shape �pancake�. For intermediate � values, cluster
deformation is triaxial. If �=0, the shape is spherical and the
� parameter is meaningless. If �=� /3, the maximum value
of � is 0.5, corresponding to a disk of zero thickness. If �
=0, the maximum value of � is 1, corresponding to a linear
chain.

III. RESULTS

A. Structure

In order to locate the GS isomer of Na30, we have per-
formed two independent simulated annealing dynamical
runs, equilibrating the cluster at a temperature of 200 K and
cooling it down at a rate of 0.05 K per picosecond. In order
to have a sample of relevant local minima on the PES we
have additionally performed regular quenchings starting
from atomic configurations sampled during the high tem-
perature part of the simulated annealing runs. Both runs led
to the same GS isomer shown in Fig. 1, and none of the
quenchings was able to locate a lower-energy isomer. The

90

FIG. 1. �Color online� Orbital-free GS isomer of Na30. Golden
�light� and blue �dark� spheres differentiate atoms in core and sur-
face regions, respectively. The four core atoms form a tetrahedron
at the cluster center. Two different views, obtained by rotation of
90°, are shown to better appreciate the distorted double-icosahedron
Na19 building blocks.
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GS isomer shows a polyicosahedral packing to be energeti-
cally favored for this size. It contains four interior atoms
with a slightly distorted tetrahedral structure. The rest of at-
oms are at the cluster surface, and are positioned in such a
way that the first coordination shell of each interior atom is a
slightly distorted icosahedron. Figure 1 shows that the iso-
mer results from the combination of two 19-atom double
icosahedra, rotated by approximately 90° with respect to
each other.

Our finding of preferential polyicosahedral packing is in
qualitative agreement with a basin hopping global optimiza-
tion performed by Calvo et al.48 who found evidence for this
particular atomic packing employing three different energy
models for Na clusters. Preference for a polyicosahedral
packing has also been observed in Lennard-Jones clusters in
a similar size range.49 Nevertheless, our GS structure does
not fully coincide with any of those found by Calvo et al.
Although a direct comparison with experiment is not pos-
sible for a neutral cluster, photoabsorption experiments per-
formed by Schmidt and Haberland50 show that Na30

+ is tri-
axially deformed at a temperature of 105 K. Our GS isomer
has a � value very slightly larger than � /6 �see next section
on melting�, which indicates a triaxial shape with a negligi-
bly small oblate character. Also, the photoelectron spectra of
NaN

− cluster anions measured by Kostko et al.51 show the
emergence of a new low-energy peak for Na30

−, indicating an
electronic shell closure for a cluster with Ne=30 electrons,
and therefore demonstrating the breaking down of typical
jellium approximations and the importance of the ionic struc-
ture at low temperatures. Although the GS structures of the
neutral and cluster anion are not expected to be the same, we
notice that a SIESTA local relaxation of the Na30 OF GS ge-
ometry shows a large gap between the highest occupied and
lowest unoccupied molecular orbitals of 0.34 eV, to be com-
pared, for example, with a gap of 0.46 eV between Ne=8 and
9. Our results are thus in reasonable agreement with the ex-
perimental observations around this size, and do not support
the alternative structures found by Kümmel et al.52 using the
CAPS �cylindrically averaged pseudopotential� model,
which in this size range are based on a triple icosahedron,
and thus are significantly prolate deformed. At higher tem-
peratures, where the validity of the jellium approximation is
less questionable, our MD simulations �see next section� pre-
dict an increasing prolate deformation as a function of tem-
perature. This agrees with the predictions of the jellium
model for a cluster with 30 electrons.

Our melting results in the next section warn, however,
against a direct comparison between the properties of the GS
isomer and the results of photoabsorption or photoelectron
experiments which are performed at approximately 105 K.
At that temperature, we predict that several isomers and
structural rearrangements will contribute to the spectra, that
is, the cluster is not completely solid anymore. Moreover,
our sampling of the PES reveals the existence of many struc-
tural isomers within a tiny energy range of 2 meV/atom, in
line with the results found by other authors53,54 employing
more sophisticated energy models �the potential energy land-
scape for a Lennard-Jones cluster of this size shows also the
same qualitative features49�. We have locally optimized a
group of these isomers with the SIESTA code and observed

�not surprisingly� that the relative energy ordering is modi-
fied with respect to the OF calculations, but the important
feature that a large number of isomers have very similar
energies is maintained. The potential energy landscape is
therefore found to be similar to that typical of a glassy sys-
tem, a desirable property if we want to reproduce a feature-
less caloric curve. But the isomers found have a substantial
structural order and can not be classified as amorphous.
Therefore, the dynamical mechanisms leading to the gradual
exploration of the PES must be different to those acting in an
amorphous cluster. We will analyze those mechanisms in the
next section.

An important working hypothesis in this study is that the
thermal and melting properties will be most sensitive to the
global feature of the potential energy landscape, namely, a
large number of isomers with similar energies, rather than to
the specific structure of the GS isomer. With such small en-
ergy differences, the GS structure will be nevertheless highly
dependent on the energy model and/or the experimental con-
ditions. For example, we have performed SIESTA calculations
for Na30

+ and Na30
− clusters for the same set of isomers

mentioned above, and found that the energetic ordering
changes as compared to the neutral clusters. Similarly, cal-
culations performed with pseudopotentials including and ne-
glecting nonlinear core corrections lead to different predic-
tions. Even if the true GS isomer is ever located, it may be
difficult to realize under typical experimental conditions. In
summary, to fully characterize the GS structure of Na30 is
very difficult due to the properties of its energy landscape.
We can just be confident that the cluster adopts one of many
polyicosahedral packings which lie very close in energy. Yet
the main conclusions of this work regarding the melting tran-
sition may remain realistic because they depend on the glo-
bal properties of that potential energy landscape.

B. Melting

Figure 2�a� shows the caloric curve, specific heat, rms
bond length fluctuation parameter �, and the mean-square
displacements �r2�t�� of Na30 as a function of increasing tem-
perature. All indicators are suggestive of a rather gradual
melting transition, although none of them provide much de-
tailed information about the melting process. In particular,
the caloric curve only shows an approximately continuous
change of slope connecting the low-T and high-T heat capac-
ity limits, in qualitative agreement with the calorimetric de-
terminations for small sodium clusters.7 The same is true of
the fluctuations in the bond length �the small noise appreci-
ated in the ��T� curve gives an indication of the convergence
level achieved in our MD runs�. The specific heat does show
a better-defined maximum at an approximate temperature of
180 K, which correlates with a somewhat more abrupt in-
crease in the average diffusion coefficient as obtained from
the long-time slopes of the mean-square displacements. The
shape of the heat capacity curve is also in agreement with
those found by Lee et al.24 in a similar size range, and the
heat capacities in the solid and liquid regions are in quanti-
tative agreement with experiment.7 This supports the general
validity of our OF approach, and demonstrates that the
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failure of our initial set of simulations15 was mostly due to
the employment of a less accurate energy model �less trans-
ferable pseudopotentials and a semilocal kinetic energy func-
tional� and to lack of ergodicity in the substantially shorter
MD runs17 performed at that time. In order to better show the
improved statistical convergence, we plot in Fig. 2�b� the
average values of � parameter for several temperatures, with
the averages taken over trajectory segments of increasing
length. We choose � because it is the melting indicator which

converges most slowly with simulation time. It is clear from
this figure that the short lengths of our previous MD runs15

might lead to a substantial oscillatory trend in the low-
temperature region of the ��T� curve, whereas the present
trajectories lead to very reasonable convergence for this
melting indicator. Coupled with the much more accurate OF
methodology employed here, the quality of the present re-
sults is similar to that recently found in the larger
clusters.27,28
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FIG. 2. �Color online� �a� Caloric curve �upper left�, specific heat �lower left�, rms bond-length-fluctuation parameter � �upper right�, and
mean-square displacements �lower right� of Na30 as a function of increasing temperature. The main specific heat peak correlates with the
small gap in the mean-square displacements at approximately 180 K, indicating the higher frequency of core-surface atomic rearrangements
at that temperature. �b� Time evolution of the average � parameter, with the average taken over trajectories of increasing length, for specific
runs at different temperatures. This figure reveals that substantially long runs are needed to obtain reasonably converged values for �.
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Thus, even if Fig. 1 shows a well-defined structural order
for Na30 at low temperature, the potential energy landscape
shares many similarities with that of an amorphous cluster, in
the sense that it can be gradually explored by the cluster as a
function of increasing temperature. The rest of this section is
devoted to a detailed analysis of the dynamical mechanisms
by which Na30 explores its PES. We expect the main identi-
fied mechanisms will be qualitatively similar in most other
small Na clusters.

Figure 3 shows the atomic equivalence indices of Na30 for
three representative runs in the low-temperature limit below
100 K. At 30 K, Fig. 3�a� shows four smaller � values rep-
resenting the tetrahedral Na4 core identified in Fig. 1, but
also shows that the surface shell can be further partiotioned
into two different subshells, as characterized by the grouping
of � values. The two different surface subshells are shown in
Fig. 4. The inner subshell is formed by the 11 atoms sitting
on top of faces and edges of the Na4 tetrahedron. The outer
surface subshell contains 15 atoms each of them coordinated
to only one atom of the Na4 core. Thus Fig. 3�a� allows a
better structural description to be performed than simple vi-
sual inspection of Fig. 1.

Figure 3�a� shows another surprising feature. At a tem-
perature as low as 30 K, the cluster has enough energy for
permutational isomerizations. By permutational we mean
that the new isomer visited is topologically identical to the
GS isomer, but with the identity of the atoms interchanged.
The core atoms do not participate in these structural rear-
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FIG. 3. �Color online� Short-time averaged atomic equivalence
indices of Na30 in the low-temperature region: �a� 30, �b� 40, and �c�
90 K. Note that the surface shell of the GS isomer can be consid-
ered to be melted at 90 K.

FIG. 4. �Color online� Pictorial view of the two surface atomic
subshells visible in Fig. 3�a�. Gold �light� spheres represent the four
interior atoms adopting a tetrahedral structure. Left: atoms in the
inner surface subshell are represented with green �dark� spheres. All
these atoms lie on either faces or edges of the Na4 core. Right:
atoms in the outer surface subshell are represented with blue �dark�
spheres. These atoms are coordinated to only one core atom each.

FIG. 5. �Color online� Pictorial representation of the isomeriza-
tion process identified at a temperature of 30 K �see Fig. 3�a��.
Golden �light� atoms represent the inner Na4 core. White and blue
�dark� spheres represent atoms in the first and second surface sub-
shells before the transition �left� or in the second and first surface
subshells after the transition �right�. Only a reduced number of at-
oms is shown to better visualize the nature of this transition.
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rangements, which are further analyzed in Fig. 5. As ex-
pected, there is not enough energy available for a direct
swapping of atomic positions. The mechanism for permuta-
tional isomerization is instead the concerted movement of a
subset of surface atoms, which is best described as a combi-
nation of small rotation and swing movements. Through this
concerted movement, surface atoms can switch between in-
ner and outer surface subshells as a function of time, with no
appreciable diffusion. These structural rearrangements have a
very small associated activation barrier. Figure 5 shows only
a simplified view of this process. The rest of the surface
atoms also undergo small displacements that certainly con-
tribute to the dynamical transition path. Also, we notice that
we have chosen to describe this process as permutational
isomerization in an operational way, although we have ob-
served that some of these isomers are not fully equivalent to
the GS. The differences are so small that even the set of �
lines is not sufficiently sensitive to them, and the energy
differences obtained after local optimization are of the order
of 0.03 meV/atom, so we consider all those isomers to be the
same on a pragmatical basis.

At 40 K, Fig. 3�b� suggests more dramatic isomerizations
are taking place. It is the first time we observe a set of ap-
parently noisy � lines at such a low temperature, and it took
some effort for us to explain their origin. A visual represen-
tation of what is happening is offered in Fig. 6. The cage
provided by the surface atoms allows for some rotational
freedom of the otherwise quite rigid inner tetrahedron. This
rotation is mostly performed about one of the edges of the
tetrahedron, which has been chosen as perpendicular to this
page in Fig. 6 to help visualization. Starting from the GS
isomer �left plot�, the tetrahedron rotates and adopts a new
position inside the cage, with some small modifications in
the surface structure �middle plot�. After that, surface atoms
rearrange themselves to lead again to a permutational version
of the GS isomer �right plot�. The new isomer shown in the
middle of Fig. 6 has the strange set of � lines shown in the
middle part of Fig. 3�b�. Figure 6 represents just a thermal
average of the atomic positions during that part of the MD
run. After analyzing more carefully the MD movies, we re-
alized that the cluster is continuously changing between two
equivalent structures where the inner tetrahedron is slightly
tilted with respect to the figure shown in Fig. 6, which rep-
resents indeed a saddle point. The tilting angle can be
slightly positive or negative and the middle part of Fig. 6 is

the average of both structures. The new isomer is thus better
described to be in a fluctuating state, similar to those ob-
served in bulk crystalline systems such as �-quartz55 or in
high-pressure phases of BaO.56 The two equivalent isomers
can be differenciated by the identity of the � lines, which
explains the noisy pattern of Fig. 3�b�. To the best of our
knowledge, this is the first time a fluctuating dynamical state
of this kind has been fully characterized in a small cluster.

We understand now how the floppy character of Na30 al-
lows for substantial isomerization processes even at low T.

FIG. 6. �Color online� Pictorial representation of the isomeriza-
tion process identified in the run at 40 K. Golden �light� and blue
�dark� spheres represent core and surface atoms, respectively. The
inner Na4 tetrahedron first rotates about one edge with respect to the
surface shell, which leads to a new fluctuating isomer �see text�
shown in the middle part, and later on the surface rearranges �right
part� to lead to an isomer equivalent to the initial one �left side�.
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FIG. 7. �Color online� Short-time averaged atomic equivalence
indices of Na30 in the intermediate- and high-temperature regions:
�a� 105, �b� 140, and �c� 170 K. For even higher temperature, the
rate of core-surface atomic rearrangements increases, but apart from
that the situation is similar to that at 170 K.
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Upon increasing further the temperature up to 90 K, some
new isomerization mechanisms emerge that we do not de-
scribe in detail here. The most important feature is that none
of those mechanisms involve either exchange between core
and surface atoms or a change of structure of the cluster core.
As the isomerization rate increases with T, it finally leads to
a surface-melted stage at 90 K, as shown in Fig. 3�c�.
Quenching runs performed at this temperature identify many
different isomers, all of them based on a preferential polyi-
cosahedral packing on top of a tetrahedral core, with energies
less than 1 meV/atom above the GS. It is interesting that
surface melting of this isomer at 90 K does not involve the
generation of floater atoms and corresponding vacant sites at
the surface, but simply proceeds from the superposition of
concerted atomic rearrangements such as those discussed
above.

Figure 7 shows the atomic equivalence indexes of Na30 in
the temperature range above 100 K, for three representative
runs. Just when the 90 K simulation suggested that the clus-
ter was about to melt, a solid-solid transition is found to
occur around 100 K �Fig. 7�a��. We distinguish this transition
from those observed below 100 K on the basis of the � lines,
which show that the structure of the cluster core also
changes, and therefore is more similar to the solid-solid
phase transformations observed in bulk phases. No core-
surface atomic interchanges are nevertheless involved in this
transition. The new structures stabilized at this temperature
are found by quenching and shown in Figs. 8 and 9. The four
inner atoms adopt now the shape of a planar rhombus �Fig.
8� or a closely related open planar structure �Fig. 9�, and the
surface atoms provide local icosahedral environments for
those core atoms. The structure in Fig. 8 can also be visual-
ized as a lateral coalescence of two 19-atom double icosahe-
dra. The isomer shown in Fig. 9 can be similarly interpreted
but now the main axes of the two double icosahedra are not
parallel. The two structures have a sufficiently similar set of
� lines so they cannot be properly distinguished at this high
temperature. An interesting feature of this transition is that it
serves to transfer some energy from the surface to the core
shell so that surface melting is not well developed for the
new solid phase at 100 K. Surface melting is thus transiently
avoided, and the new structure will have a higher thermal
stability and melting point, as expected from a solid-solid
transition.

In the temperature interval 100–130 K, we observe dy-
namical coexistence between the new isomers with the pla-
nar core and the surface-melted isomer with the tetrahedral
core. The cluster fluctuates in time between these two possi-
bilities, and spends enough time in each of them so that we
could assign well-defined properties to each isomer sepa-
rately. Although in a microcanonical simulation this might
lead in principle to a bimodal distribution of kinetic energies
and a corresponding S-shaped loop in the caloric curve, the
energy difference between both isomers is so tiny �less than
1 meV/atom, and of the same order of magnitude as the en-
ergy difference between the surface melted and fully solid
versions of the tetrahedral core isomer� and the melting pro-
cess so gradual that the effect does not deserve further dis-
cussion in practical terms.

Starting at approximately 130 K, a new isomer with five
interior atoms is accessed, as shown in Fig. 7�b�. As before,

the new structure was identified by means of quenching, and
is shown in Fig. 10 from several perspectives. The five core
atoms adopt the structure of a trigonal bipyramid, and the
local coordination shell about these five atoms continues to
be a distorted icosahedron. There appears again a dynamic
coexistence regime between isomers with five and four inte-
rior atoms, through which interchange of atoms between core
and surface shells can occur for the first time in the heating
process. The new isomer is also seen to have a thermally
more stable surface shell, and during the time intervals spent
in its catchment basin, surface melting is not so clearly es-
tablished as for the isomers with a four-atom core. In this
range of temperatures, generation of floater atoms is also
possible, although they exist just for a very short time and
cannot diffuse very far from the place where they were cre-
ated. This can be seen in the � lines which temporarily adopt
abnormally high values in Fig. 7�b�.

FIG. 8. �Color online� Excited-state isomer of Na30 visited in the
temperature region about 100 K �see Fig. 7�a��. Golden �light� and
blue �dark� spheres differentiate atoms in core and surface regions,
respectively. The four core atoms form a planar rhombus at the
cluster center. Both front and side views are offered. The structure
is again based on double-icosahedron Na19 building blocks, which
are now “glued” laterally.

FIG. 9. �Color online� Excited-state isomer of Na30 visited in the
temperature region about 120 K �it has a similar set of � lines as
that shown in the previous figure�. Golden �light� and blue �dark�
spheres differentiate atoms in core and surface regions, respectively.
The four core atoms adopt an open planar structure at the cluster
center. The structure can also be seen as a decorated pentagonal
bipyramid Na7 �right part�. The local environment of each inner
atom is again icosahedral.
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Upon further temperature increase, nothing really new
happens, but the rate at which the several rearrangement pro-
cesses discussed so far occur steadily increases �Fig. 7�c��.
At approximately 180 K, the rate of core-surface intershell
diffusion increases in a more marked way �Fig. 2� and the
surface melting is complete irrespective of the number of
core atoms, which explains the main peak in the heat capac-
ity. But even at a temperature of 250 K �not explicitly
shown�, the usual picture of a bulk liquid can not be fully
recovered, simply because a bulk liquid is a homogeneous
system and a cluster is not. The rate of core-surface diffusion
remains substantially lower than that of surface diffusion.

Finally, we show in Fig. 11 the temperature evolution of
the Hill-Wheeler shape parameters. The cluster radius r is
seen to increase substantially at the first solid-solid transfor-
mation, as well as the asphericity parameter �, but the triaxi-
ality of the cluster is maintained. The isomers shown in Figs.
8 and 9 are therefore significantly less compact and less
spherical than the GS isomer. The isomer shown in Fig. 10
is, however, relatively more compact and shows a prolate
deformation, which explains the abrupt decrease in � at
about 130 K. Our high-T OF results are thus in agreement
with the jellium model which predicts a prolate deformation
for a cluster with 30 electrons. The cluster shape remains
nevertheless substantially triaxial in character, as � values
are always close to � /6.

IV. CONCLUSIONS

In this work, we have reported first-principles MD simu-
lations of the melting process in a small Na30 cluster. A pre-
liminary exploration of the potential energy surface shows
the presence of many structural isomers within an energy
range of the order of 1 meV/atom, all of them based on
preferential polyicosahedral packing, thus resembling a po-
tential energy landscape typical of glassy systems. Neverthe-
less, these structures cannot be classified as amorphous, as
we have shown them to possess both a high symmetry and
radial order. Our simulations reproduce the experimental
observation7 that small sodium clusters melt gradually over a
very wide temperature interval, with no abrupt features ap-
preciable in the caloric curve and thus with a negligibly

small latent heat. The main goal of this study has been to
identify and classify the dynamical mechanisms which allow
the smooth opening of phase space available to the system as
its temperature is increased. After analyzing all those mecha-
nisms, we have essentially classified them in two different
categories. �a� On one hand are all those that allow the ex-
ploration of isomers similar to the ground state. These
mechanisms operate at low temperatures, and are already
active at 30 K. They mainly involve concerted surface rear-
rangements, changes in the relative orientation of core and
surface shells, and also surface melting, when they happen at
a sufficiently high rate. �b� On the other hand, those mecha-
nisms associated with a more substantial structural change
begin to be important at approximately 100 K. They are the
analog of the solid-solid phase transformations found in
many bulk crystals, and involve the concerted rearrangement
of all atoms, including those forming the inner core shell.
Mechanism �a� can only lead to surface melting of the cor-
responding isomer. We have made the interesting observation
that mechanism �b� is more likely to act once the cluster has
attained a surface melting stage. At that point, a solid-solid

FIG. 10. �Color online� Three different views of the excited-state isomer of Na30 visited in the temperature region starting at about 130 K.
Golden �light� and blue �dark� spheres differentiate atoms in core and surface regions, respectively. There are five core atoms which adopt
a trigonal bipyramidal structure. The local environment of each inner atom is again icosahedral.

0 50 100 150 200
T (K)

8.75

8.8

8.85

8.9

R
 (

a.
 u

.)

0 50 100 150 200
T (K)

0.06

0.08

0.1

0.12

0.14

β

0 50 100 150 200
T (K)

0.3

0.4

0.5

0.6

0.7

0.8

γ
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transition is able to efficiently transfer energy from the sur-
face to the core region so that the surface melting stage is
transiently avoided. Some of these solid-solid transforma-
tions can also induce the exchange of atoms between surface
and core radial shells. The rate of core-surface atom ex-
change steadily increases with temperature leading to com-
plete melting, but it always remains lower than the surface
diffusion rate. This is in contrast with a homogeneous bulk

liquid but in line with the behavior observed in heteroge-
neous liquid-vapor bulk interfaces.57
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