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The specific heat of Na25, as obtained by first-principles molecular dynamics simulations, shows interesting
anomalies above the melting phase-change region: �a� It steadily decreases with increasing temperature, an
effect observed also in bulk liquid metals. This trend is explained in terms of the gradual conversion of
vibrational modes into diffusion modes; �b� on top of this decreasing trend, the specific heat shows broad
undulations, induced by the temperature-dependent atomic layering in the liquid cluster. Extended liquid metal
surfaces also show atomic layering, but it does not affect the bulk heat capacity. This effect is therefore genuine
of finite atomic systems and should be expected to be quite general in metal clusters.
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Melting of a macroscopic sodium sample is a first-order
phase transition, which occurs at a well defined temperature
for a given pressure. The corresponding meltinglike transi-
tion in sodium clusters is spread over a finite temperature
interval and strongly depends on cluster size. Much effort
has been invested in the past, both experimentally1–3 and
theoretically,2–10 to understand the nature and size depen-
dence of the solid-to-liquid transition and related premelting
effects in sodium clusters. Much less attention has been paid,
however, to the thermal properties of a cluster above its melt-
ing phase change region, where the liquidlike phase is fully
developed. In this paper, we demonstrate that the heat capac-
ity can show postmelting anomalies which reflect the under-
lying structural and dynamical properties of the liquidlike
cluster. Some of them parallel the known bulk behavior,
while some others are cluster specific.

The constant-volume heat capacity, Cv, of many bulk liq-
uid metals decreases significantly with temperature: it has a
value close to 3NkB at the melting point and steadily ap-
proaches 2NkB at higher temperature.11,12 The constant-
pressure heat capacity, Cp, shows a similar but smaller de-
crease upon heating. On the other hand, the liquid phase of
metals is known to sustain high-frequency propagating col-
lective modes �both longitudinal and transverse� down to
wavelengths on the atomic scale, with solidlike dispersion
relations.12 Computer simulations13–15 reveal substantial dif-
ferences in the temperature evolution of longitudinal and
transverse modes. The longitudinal modes are responsible for
a high-frequency peak in the infrared vibrational spectrum.
The transverse �shear� modes contribute to a low frequency
peak which is continuously shifted toward zero frequency as
temperature increases. This demonstrates that it is the
gradual loss of shear resistance which induces the decrease
in the liquid heat capacities. When the two transverse modes
per atom are completely lost and only one longitudinal mode
remains, we expect Cv to be roughly equal to 2NkB, if we
exclude anharmonic corrections. The decrease in Cp is less
marked because the thermal expansion contribution com-
petes with the loss of shear resistance.14,15 The gradual con-
version of vibrational modes into diffusion modes upon heat-
ing has been captured in a phenomenological viscoelastic
model by Trachenko.16 Specifically, those transverse modes
with frequency ��1 /�, where � is a liquid relaxation time,
are converted into diffusion modes and therefore do not af-

fect significantly the potential energy contribution to the heat
capacity. As � decreases with temperature, a larger propor-
tion of transverse modes are lost. An alternative but physi-
cally equivalent interpretation has been given by Wallace,17

in terms of intervalley motions on the liquid potential energy
surface �PES�. When two anharmonic valleys intersect, there
is a negative contribution to the heat capacity �called the
boundary contribution by Wallace17� because moving along
that direction does not increase anymore the potential energy.
Due to the generality of this argument, the heat capacity
decrease should be obeyed also by small liquid metal clus-
ters.

There are also experimental18 and theoretical19–21 evi-
dences for the existence of atomic layering at the surface of
liquid metals. Chacón et al.19 have shown that the atomic
layering is a general property of all materials with a low ratio
between melting and critical temperatures. Alkali metals
such as sodium satisfy this requirement. The low melting
temperature provides stability for the cold liquid phases, with
very stiff surfaces and small capillary wave �CW� ampli-
tudes. For other �nonmetallic� liquids, the surface layering
stage is usually not realized upon cooling because it is pre-
empted by crystallization, although there can be
exceptions.22 Metal clusters should be ideal systems to ob-
serve and study liquid surface layering for two reasons: �a�
their melting points are usually depressed, so clusters offer
access to colder liquid phases than bulk metals; �2� the CW
thermal fluctuations produce a damping of the surface atomic
structure, so that the mean density profile, sampled over a
transverse area A, becomes more blurred for increasing A.23

The very small size of a metal cluster removes most of the
CW blurring effect24 and the layering can be more easily
observed. The radial atomic density profiles of liquidlike
Na139 and Na147 show indeed substantial layering.3 Here we
show the same to be true even for very small clusters and
analyze the possible impact of the atomic layering on ther-
mal properties.

The simulations have been performed using orbital-free
microcanonical molecular dynamics �OFMD�,25 where
density-functional theory is used to calculate the forces act-
ing on the nuclei, whose motion is treated classically. An
approximate density functional for the electron kinetic en-
ergy leads to a substantial simplification over the Kohn-
Sham �KS� method, enabling long simulations �up to 2–3 ns
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for each energy� to be performed. Such simulation lengths
led to well converged potential energy distributions in the
postmelting region which is of central interest to our work.
All the computational details are the same as in our most
recent works,9,10 where we also provide accuracy checks.
The specific heat is obtained by the multiple histogram
technique.26

The putative global minimum structure of Na25, shown in
Fig. 1, has been obtained by simulated annealing,27 employ-
ing a cooling rate of 0.05 K per picosecond. The structure
shows a polyicosahedral packing, with three interior atoms in
a distorted icosahedral local environment, and the rest of
atoms at the cluster surface. Our putative global minimum is
not exactly the same but is very similar to the one obtained
by Lee et al.7 in KS calculations. We have additionally per-
formed regular quenches �of the order of 200� starting from
high-temperature OFMD trajectories, in order to have a
sample of relevant local minima on the PES, and found that
many structural isomers �including the global minimum of
Lee et al.� exist within a narrow energy range of 2 meV/
atom. As we recently showed for Na30,

10 it is this global
characterization of the PES which determines the gradual
nature of melting in small sodium clusters, rather than the
specific global minimum. The small differences between the
OF and the KS structures is within the expected limits.

Microcanonical and canonical heat capacities are shown
in Fig. 2. Both curves show a broad melting peak centered at
about Tm=150–160 K, together with some premelting �T
�Tm� and postmelting �T�Tm� features. The microcanonical
curve is more structured than the canonical one,28 a behavior
explained by Doye29 in terms of the different functional de-
pendences of microcanonical and canonical partition func-
tions on their independent variables �energy and temperature,
respectively�. The canonical heat capacity can be compared
with the KS results by Lee et al.7 The OF and KS heat
capacities qualitatively agree in their shape, both showing a
smooth and broad meltinglike transition, but the KS melting
temperature is roughly 50 K above the OFMD result. The
dynamical mechanisms leading to a gradual melting in small
clusters have been analyzed in our previous work on Na30,

10

in terms of a continuous sequence of isomerizations involv-
ing the concerted motion of almost all atoms in the cluster.
All those premelting details are very similar in Na25 and
Na30, so they are not further discussed in this paper. Regard-
ing the quantitative discrepancy, Calvo and co-workers30

have analyzed the dependence of the heat capacity curves on
the number and length of the MD runs, providing explicit
formulae which allow estimating the errors arising from in-
complete sampling. Each OFMD simulation is more than 1
order of magnitude longer than the KS runs of Lee et al., and
we have performed roughly three times more MD runs. In-
serting this information into the expressions derived by
Calvo,30 we estimate the statistical error of the KS simula-
tions to be about 35 K, which would explain most of the
discrepancy. The remaining �small� difference is expected for
different energy models.

We consider that the cluster is fully liquid when all atoms
are able to diffuse and the cluster jumps between different
local minima on the PES at a high rate. Structural indicators
like the short-time-averages of the “atomic equivalence in-
dexes,” employed in our previous works,3 allow to visually
identify how long the cluster remains on a given structural
isomer. With the help of these indicators, we can safely state
that the cluster is completely liquid at 20–30 K above Tm,
that is, it is outside the melting phase change region. In this
postmelting region, the heat capacity of the liquid cluster
decreases on average, which is in good correspondence with
the bulk trend and suggests that the explanation may be simi-
lar in both limits. However, different propagation directions
are equivalent only in the bulk liquid metal due to its isot-
ropy. For a cluster, it is not practical or even desirable to
resolve the atomic velocities into components which are par-
allel and orthogonal to each possible propagation direction.
But a natural and meaningful way of decomposing the
atomic velocities in a cluster is into radial and tangential
components. The radial component is defined for each atom
as the projection of its velocity onto the direction which joins
the atom position to the center of mass of the cluster; the
tangential component is orthogonal to the same direction.
Figure 3 shows the velocity autocorrelation functions
�VACF� for the total, radial, and tangential velocities �aver-
aged over all atoms in the cluster and normalized to their
respective initial values� at two representative temperatures
of the liquidlike cluster. At T=180 K, slightly above Tm,
both radial and tangential VACFs show a damped oscillatory
behavior, but the oscillations persist for much longer times in

FIG. 1. �Color online� Left: putative global minimum structure
of Na25; the two other plots show typical structures obtained by
systematic quenching from the liquid phase, before �middle� and
after �right� the postmelting anomaly is reached. The core atoms are
shown in yellow �light gray� and the surface atoms are shown in
blue �dark gray�. Notice the change in the number of core atoms
after the postmelting anomaly.
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FIG. 2. �Color online� Canonical �black curve� and microca-
nonical �green or light gray curve� heat capacities per atom, shown
in units of the Boltzmann constant. Notice the higher sensitivity of
the microcanonical curve to structural changes.
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the radial component. The radial velocity is therefore respon-
sible for the long-time oscillatory tail of the total VACF. The
first minimum, reflecting backscattering in atomic collisions,
is deepest for the radial component, suggesting that radial
diffusion is more impeded than tangential diffusion. The next
maximum occurs at clearly different times in the radial and
tangential components, contributing to two separate maxima
in the total VACF and reflecting different dynamical behav-
iors along the radial and tangential directions. At T=370 K,
the velocities lose memory of their initial values much faster,
as expected. While the radial component continues to show
backscattering, the tangential component never gets negative
values, and approaches the simple exponential decay typical
of weak confinement environments. The corresponding
power spectra P���, obtained by Fourier transforming the
VACFs, are shown on the right side of Fig. 3. P��� reflects
the vibrational density of states of the liquid cluster, and its
finite value at zero frequency reveals the existence of diffu-
sion modes. As expected, the total spectral weight is shifted
to lower frequencies with increasing temperature, but Fig. 3
shows that it is the tangential component which is mostly
responsible for diffusion: upon heating, the radial power
spectrum retains a very low value at zero frequency. There-
fore, tangential modes are progressively lost upon heating,
and this is reflected in the gradual decrease in the liquid heat
capacity with temperature.

The liquid heat capacity shows anomalous undulations on
top of the average decreasing trend, with a first broad post-
melting peak centered at 210–220 K and a second one which
is not fully developed because evaporation events31 set in at
temperatures close to 380 K. In order to understand the
physical origin of these anomalies, we show in Fig. 4 the
temperature evolution of the radial atomic distribution func-
tion g�r�, where g�r�dr gives the average number of atoms at
distances between r and r+dr from the center of mass of the

cluster. Close to the melting point, the atomic structure of the
cold liquid shows surface layering, showing that the radial
atomic packing is still far from random. Layering has also
been recently observed in Na139 and Na147.

3 It is remarkable
that extended surface properties persist in such small atomic
systems. In the case of Na25, there are two radial atomic
shells, which will be termed core and surface shells in the
following. As seen in Fig. 4, the atomic layering gradually
disappears upon heating, and at T=370 K g�r� is almost a
perfect parabolic function typical of random packing. We
argue that it is the temperature evolution of the atomic lay-
ering profile which induces the postmelting anomalies in the
liquid heat capacities. To check this idea, we have performed
extensive and systematic quenching from runs performed be-
low and above 220 K, the temperature of the first postmelt-
ing peak. Below 220 K, nearly all quenches result in isomers
with three interior, corelike atoms; while above 220 K, we
mostly find isomers with only two corelike atoms �see Fig. 1
for typical examples�. Each of these structural families of
course consists of several isomers, spanning a finite energy
interval, but the average energy of the less compact isomers
is clearly higher, by approximately 10 meV/atom. The bulk
liquid heat capacity cannot depend on the atomic layering at
the surface because the ratio of surface to bulk atoms is
negligibly small; in a metal cluster, however, the promotion
of one interior atom to the surface layer costs an amount of
energy which is not negligible compared to the total binding
energy and is therefore reflected as a broad peak in the clus-
ter heat capacity. At higher temperatures, close to 370 K, a
similar analysis reveals that isomers with only one core atom
are frequently visited, which is the reason for the emergence
of the second undulation seen in Fig. 2.

In summary, we have shown that the average behavior of
the liquid heat capacity, namely, a gradual decrease upon
heating the liquid, is the same in a small metal cluster and in
the bulk limit. A resolution of the liquid vibrational modes
into radial and tangential components shows that it is the
progressive conversion of tangential modes into diffusion
modes which causes the heat capacity decrease. The liquid
heat capacity of Na25 has a fine structure, with undulations
on top of the average decreasing trend. These undulations are
induced by the temperature dependence of the radial atomic
layering, so they are cluster specific. The surface layering
endows the cluster with a well-defined average radial struc-
ture, which in turn is characterized by a certain average en-
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FIG. 3. �Color online� Velocity autocorrelation functions �left�
and corresponding power spectra �right� for liquid Na25 at two rep-
resentative temperatures, together with their partition into radial and
tangential contributions. All VACFs are normalized to their respec-
tive initial values. The power spectra are not normalized, so the
total spectrum is directly the sum of radial and tangential contribu-
tions. Note that there are two tangential and one radial mode per
atom, hence the relative magnitudes of the corresponding power
spectra.
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FIG. 4. �Color online� Radial atomic distribution function, g�r�,
of liquid Na25 at four representative temperatures.
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ergy; so changes in that average radial structure are reflected
in the heat capacity. Our calculations also reveal an interest-
ing correlation between the temperature at which atomic lay-
ering disappears, the loss of long-time oscillations in the ra-
dial VACF, and a substantial increase in the evaporation rate.
The presence of atomic layering is equivalent to an effective
potential energy barrier acting against radial diffusion, which
is naturally reflected in the backscattering oscillations of the
radial VACF. For nonrotating clusters such as the one studied
here, it is natural that evaporation becomes more prominent
when radial diffusion is less impeded. It will be an interest-

ing challenge for the experimentalists trying to resolve the
fine structure in the liquid cluster heat capacities. The phe-
nomena discussed in this paper should be quite general for
any liquid cluster which shows atomic layering, as no so-
dium specific arguments have been employed, and empha-
size the fundamental importance of atomic layering not only
in extended liquids, but also in finite atomic clusters.
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