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Abstract

Optimal transportation is a resource allocation problem present in fields such as economics,
finance, physics or artificial intelligence. From a probabilistic point of view, the optimal
transport cost endows the space of probability measures with a metric topology. In particular,
this topology is equivalent to the weak topology of probability measures together with the
convergence of moments. This makes the transport cost an appropriate tool for measuring
discrepancies between distributions. On the other hand, the solution of the transport problem
is known as optimal plan. That is, an unambiguous way to relate two distributions following
an optimality criterion. This optimal plan, when deterministic, is called a transport map.

However, in many cases the probability distribution is a theoretical, unattainable entity.
It is only visible to the practitioner through its empirical version, i.e. a finite data set of size
n. This work examines the asymptotic behaviour of the transport cost in its empirical version.
In other words, we study the limits of the empirical cost and plans when the data grows to
infinity. It is well-known that the empirical transport cost converges to the population one.
Moreover, for continuous measures it does so at a rate that decreases with dimension. In
this thesis we prove the consistency of the transport map using topology of set-valued maps.
This leads, indirectly, to being able to state that the rate at which the fluctuations—difference
between the expected empirical cost and the empirical cost itself—approximate zero is the
parametric n~ %, irrespective of the dimension. Moreover, these fluctuations multiplied by n?
tend toward a Gaussian random variable. In economics the transportation problem appears
in numerous occasions in its semi-discrete version, i.e. one of the probability distributions is
discrete. In this case, we show that the rate at which the empirical transport cost converges
to the population one does not depend on the dimension.

We also show that the well-known entropy regularization (or Sinkhorn regularization),
apart from simplifying the computation of the transport problem by giving it a differen-
tiable structure, has highly satisfactory statistical properties. In particular, its bias and the
divergence—that the regularization defines—converge with speed greater than the parametric
one; the empirical regularized plans converge to the population ones with rate n"2 and,
moreover, tending to a Gaussian process.

The transport map endows a probability measure P with an order with respect to a
given reference. This property leads to the successful definition of M.Hallin’s multivariate
distribution function by choosing as a reference measure the spherical uniform. This thesis
provides sufficient conditions under which this function defines a homeomorphism between
the support of the probability measure P and the unitary ball—i.e. to support of the spherical
uniform. Finally, we provide a conditional version of the multivariate distribution function,
with applications to quantile regression.



Résumé

Le transport optimal est un probleme d’allocation de ressources que 1’on retrouve dans des
domaines tels que 1I’économie, la finance, la physique et I’intelligence artificielle. D un point
de vue probabiliste, le cofit de transport optimal dote I’espace des mesures de probabilité
d’une topologie métrique. Cela fait du colit de transport un outil approprié pour mesurer les
écarts entre les distributions. D’autre part, la solution du probleme de transport est connue
comme le plan optimal. C’est-a-dire une mani¢re non ambigué de mettre en relation deux
distributions suivant un critere d’optimalité. Ce plan optimal, lorsqu’il est déterministe,
s’appelle une application de transport.

Cependant, la distribution de probabilité est souvent une entité théorique, irréalisable.
Elle n’est visible pour le praticien qu’a travers sa version empirique, c’est-a-dire un ensemble
de données fini de taille n. Ce document examine le comportement asymptotique du colit
de transport dans sa version empirique. En d’autres termes, nous étudions les limites du
colit empirique et de le plan lorsque les données croissent a I’infini. Les travaux précédents
ont montré que le cofit de transport empirique converge vers le cofit théorique. De plus,
pour les mesures continues, elle le fait a un taux qui diminue avec la dimension. Dans
cette theése, nous démontrons la cohérence de I’application de transport en utilisant la
topologie des applications qui prennent des valeurs dans un espace d’ensembles. Cela
conduit, indirectement, a pouvoir affirmer que le taux auquel les fluctuations—différence
entre I’espérance du colit empirique et le colit empirique lui-méme-—se rapprochent de zéro
est le parametre n~2. De plus, ces fluctuations multipliées par n? tendent vers une variable
gaussienne. Dans les applications économiques, le probléme du transport apparait a de
nombreuses reprises dans sa version semi-discrete, ¢’est-a-dire qu’ une des distributions est
discrete. Dans ce cas, nous montrons que la vitesse a laquelle le colit de transport empirique
converge vers le colit de population ne dépend pas de la dimension.

Nous montrons également que la régularisation entropique (ou régularisation de Sinkhorn),
outre qu’elle simplifie le calcul du probléme de transport en lui donnant une structure dif-
férentiable, possede des propriétés statistiques tres satisfaisantes. En particulier, leur biais et
la divergence que la régularisation définit convergent avec une vitesse supérieure a celle du
paramétrique ; les plans régularisés empiriques convergent vers ceux de la population, avec
une erreur gaussienne et décroissante a la vitesse nz.

L’ application du transport confére a une mesure de probabilité P un ordre par rapport
a une référence donnée. Cette propriété permet de définir avec succes la fonction de
répartition multivariée de M.Hallin en choisissant comme mesure de référence I’uniforme
sphérique. Cette these fournit des conditions suffisantes pour lesquelles cette fonction définit
un homéomorphisme entre le support de la mesure de probabilité P et la balle unitaire, c’est-
a-dire le support de I'uniforme sphérique. Enfin, nous fournissons une version conditionnelle
de la fonction de répartition multivariée, avec des applications a la régression quantile.



Resumen

El transporte 6ptimo es un problema de asignacién de recursos presente en dmbitos como
economia, finanzas, fisica o inteligencia artificial. Desde un punto de vista probabilistico,
el coste de transporte 6ptimo dota al espacio de medidas de probabilidad de una topologia
métrica. En particular, esta topologia es equivalente a la topologia débil de medidas junto
con la convergencia de los momentos. Esto hace el coste del transporte una herramienta
apropiada para la medicion de discrepancias entre distribuciones. Por otro lado, la solucién
del problema de transporte es conocido como plan 6ptimo. Es decir, una manera inequivoca
de relacionar dos distribuciones siguiendo un criterio de optimalidad. Este plan 6ptimo,
cuando es determinista, es llamado aplicacién de transporte.

Sin embargo, en muchas ocasiones la distribution de probabilidad es un ente tedrico,
inalcanzable. Solo es visible para el practicante a través de su version empirica, es decir, de
un conjunto de datos de tamafio finito n. Este trabajo examina el comportamiento asintdtico
del coste de transporte en su version empirica. En otras palabras, se estudian los limites del
coste y planes de transporte empiricos cuando los datos tienden a infinito. Es conocido, en
varios trabajos precedentes, que el coste de transporte empirico converge hacia el poblacional.
Es mds, para medidas continuas lo hace a una velocidad que decrece con la dimensién. En
esta tesis se demuestra la consistencia de la aplicacion de transporte utilizando topologia
de aplicaciones que toman valores en un espacio de conjuntos. Esto lleva, de manera
indirecta, a poder afirmar que la velocidad a las fluctuaciones —diferencia entre esperanza
empirica del coste y el propio coste empirico— se aproxima a cero es la paramétrica n-z.
Ademads, estas fluctuaciones multiplicadas por n? tienden hacia una variable gausiana. En
aplicaciones econémicas el problema de transporte aparece en numerosas ocasiones en su
version semidiscreta, i.e. una de las distribuciones de probabilidad es discreta. En este
caso, mostramos que la velocidad a la que el coste de transporte empirico converge hacia el
poblacional no depende de la dimension.

Demostramos también que la conocida regularizacion por la entropia (o regularizacién de
Sinkhorn), aparte de simplificar la computacién del problema de transporte dotdndole de una
estructura diferenciable, tiene propiedades estadisticas altamente satisfactorias. En particular,
su sesgo y la divergencia que la regularizacién define convergen con velocidad mayor a la
paramétrica; los planes regularizados empiricos convergen hacia los poblacionales, con un
error gausiano y decreciente a velocidad n"z.

La transformacién de transporte otorga a una medida de probabilidad P un orden con
respecto a una referencia dada. Esta propiedad permite la exitosa definicion de la funcién
de distribucién multivariada de M.Hallin eligiendo como medida de referencia la uniforme
esférica. Esta tesis proporciona condiciones suficientes bajo las cuales esta funcién define un
homeomorfismo entre el soporte de la medida de probabilidad P y la bola unitaria, es decir,
el soporte de la uniforme esférica. Finalmente, proporcionamos una versién condicional de
la funcién de distribucién multivariada, con aplicaciones a la regresion cuantilica.
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CHAPTER 1

Introduction (English version)

Optimal transport is a resource allocation problem present in multiple areas of mathemat-
ics, and thus in its applications. This versatility is also manifested in its own theoretical
framework: the study of its regularity relies on advanced techniques of differential equations
(Caftarellil 1990, 1991}, [1992)); the development of efficient computational methods, numeri-
cal analysis and combinatorics (Peyré and Cuturi, 2019, Chapter 3); its asymptotic behavior,
convex analysis (del Barrio and Loubes| [2019), and empirical processes (del Barrio et al.,
2003).

Optimal transportation consists of finding, among all probability measures with the same
fixed marginals, the one that minimizes the average transportation cost. This minimum
average value is known as the optimal transportation cost. In cases where one of the
probabilities has density, the solution is deterministic and is given by a map (Gangbo and
McCann, [1996), usually known as the transport map. The optimal transportation cost
provides a metric structure, by means of the so-called Wasserstein distance, to the space of
probability measures. Therefore, from a statistical point of view, optimal transportation offers
a tool for data comparison that takes into account the geometry of the latent space, which
has proven to be effective in solving problems such as bias correction in machine learning
(Risser et al., [2021}; |Gordaliza et al., 2019a; [Black et al., [2020), in modeling contrafactual
reasoning (de Lara et al., 2021} |[Black et al.l 2020) or in diffeomorphic registration (Feydy
et al., 2017;(De Lara et al., [2022+]).

A natural application of any significant distance between distributions is the goodness-
of-fit problem, that is, the problem of testing the null hypothesis that a sample X, ..., X,
comes from a population with a completely specified distribution P (Hallin et al., [2021b).
Effectively, in moderate dimensions, the Wasserstein distance can provide a consistent
statistical test against any fixed alternative, eg. |Gonzalez-Delgado et al.| (2021) proposes
a consistent test based on the Wasserstein distance in the 2-dimensional torus. These ap-
plications, where the Wasserstein distance quantifies the similarity between different data
samples, require a rigorous mathematical justification.

The first part of this thesis focuses on the asymptotic-statistical study of the transportation
problem. We will see that the dimension of the latent space affects the error of the empirical
approximation of the optimal transportation cost but not its variance, in fact, the weak limit
of the fluctuations (difference between the empirical optimal transport cost distance and
its mean) multiplied by n? follows a Gaussian distribution. The influence of dimension
on the convergence rate of the empirical to population version is known as the "curse of



10

dimensionality". The first rigorous proof of this fact date back to 1969 with the seminal
paper of Dudley| (1969). Recently, the works of |[Fournier and Guillin| (2013)) and [Weed and
Bach| (2019) confirm the fact that the empirical Wasserstein distance between two continuous
distributions converges to the population with rate n™ 4, except for possibly logarithmic
factors. Despite the fact that this bound can be improved for sufficiently separated probability
distributions (see Manole and Niles-Weed| (2021)), the convergence rate continues to depend
exponentially on the dimension. Therefore, the bounds of the p-values of any statistical
test based on the Wasserstein distance depend exponentially on the dimension, requiring a
massive amount of data to obtain significant results.

The fluctuations have a different asymptotic behavior. Furthermore, they can be bounded
with rate nfé, irrespective of the dimension (Weed and Bach, [2019, proposition 20). The
arguments presented in{Weed and Bach!(2019)), which are based on the McDiarmid inequality,
are not applicable to probability measures with unbounded supports. A more precise study
of the fluctuations is the one performed by |del Barrio and Loubes| (2019) through the Efron-
Stein inequality. However, most of the arguments are specific to the quadratic cost —in which
the transport maps are gradients of convex functions— making their generalization to other
costs not trivial.

The aforementioned curse of dimensionality appears for probabilities with density. When
the two probabilities are discrete, the optimization problem becomes parametric and satisfies
a central limit theorem with a rate n_%, see [Sommerfeld and Munk| (2018). If one of
the probabilities is discrete —the so-called semi-discrete problem—, |del Barrio and Loubes
(2019) proved the central limit theorem centered on the population value as an application
of the result obtained for the fluctuations. This strategy, as we will see in this work, is not
the most appropriate. The functional version of the delta-method provides a methodology
that requires fewer hypotheses. This has been observed in parallel by Hundrieser et al.|(2022).

The control of fluctuations is more useful for analyzing the entropy-regularized transport
problem. Proposed by [Cuturi (2013)), it is undoubtedly the most widely used method for
regularizing the transport problem. Mena and Niles-Weed| (2019) proved, using the argu-
ments of del Barrio and Loubes| (2019), that the fluctuations of the regularized problem are
asymptotically Gaussian. In this work we will see that in addition the bias converges faster
than the variance, resulting in the central limit theorem for the entropy-regularized transport
cost. The regularized transport cost cannot be used to perform a goodness-of-fit test. The
added term as a penalty causes a phenomenon known as entropic bias, which substantially
reduces the usefulness of the regularized transport cost for statistical inference. |[Feydy et al.
(2019) proposes a modification of the regularized transport cost —the Sinkhorn divergence—
that repairs this problem. This thesis provides a second-order development of the Sinkhorn
divergence with respect to the empirical process. As a result, a precise characterization of its
asymptotic behavior is obtained. This can be potentially used to derive a goodness-of fit-test
statistic based on the Sinkhorn divergence.

It is known that ranks, based on the univariate order notion, provide a general method-
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ology for addressing the goodness-of-fit testing problem. However, the multivariate gen-
eralization of the concept of ranks has not been possible due to the absence of a notion of
multivariate distribution function. Recently, the works of Marc Hallin and co-authors (eg.
Hallin et al.|(2021a)) propose the application of transport between the sample of data and
the spherical uniform distribution as a candidate for a multivariate distribution function. It
turns out that —always according to [Hallin et al.| (202 1al)— this proposal satisfies the main
properties that make the univariate distribution function a useful tool for statistical inference.
This has provided, as mentioned for the univariate case, a general methodology for creating
goodness-of-fit tests (Deb and Sen, 2019; Deb et al., 2021) or independence tests (Shi et al.,
2022; Hallin and Mordant, [2021). The second part of this thesis proves the continuity of the
multivariate distribution function for probabilities supported on a convex set, thus extending
the result of [Figalli| (2018)). The singularity at the origin of coordinates of the uniform
spherical probability distribution means that the results of Caffarelli (see eg. |Caffarelli (1990,
1991} |1992)) do not apply in this case. To conclude, we will provide, using the new concept
of multivariate distribution function, an innovative methodology to solve the multivariate
output non-parametric regression problem. We will see that this proposal is, to date, the only
one that maintains the fundamental property of quantile regression, the probabilistic control
of quantile regions. This property, in the univariate case, dictates that the quantile region of
order 0 < r < 1 contains a proportion of r points of the sample.

The two parts that compose this work are clearly delimited. In my opinion, the link is to
be found in the mathematical aspect, in the reasoning and the tools used and not in the object
of study itself. Before presenting in detail the results obtained, with the technical definitions
and the tools used, it is worth underlining the fact that each chapter is sefl-contained and
adapted from its on-line (or published) version. In other words, each of them can be read and
analyzed separately. Those who are not interested in the links between the different chapters
can skip the rest of the introduction.

1.0.1 Optimal transport in a nutshell

Since the end of the last century, the Monge assignment problem has become an important
research topic in statistics and probability, with applications to machine learning, economics,
physics and astronomy, to name only a few. Let ¢ : R? x RY — [0, +00) be a continuous
function, the optimal transport cost between two probability measures P, Q € P(R?) for
the cost c is defined as the solution of the Monge’s problem

. TI;IIE:Q /Rd c(x, T(x))dP(x), (1.1)
where the notation T’y P represents the push-forward measure, i.e., the measure such that
TyP(A) := P(T71(A)), for each measurable set A. It took until the 1990s, with the
parallel work of |Brenier (1991)) and |Cuesta and Matran| (1989), to prove the existence of the
solution for the quadratic cost ((¢(x,y) = ||x — y||?), see also/Gangbo and McCann| (1996)
for more general costs or|Villani| (2003) as a general resource for further understanding of
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the optimal transport theory.

Meanwhile, Kantorovich in 1942 (see |[Kantorovich! (2006)) for an English translation of
the original article) formulated the famous relaxation of Monge’s problem;

To(P,Q) = ﬂeﬁ?]f__)’Q) /Rded c(x,y)dn(x,y), (1.2)
where II(P, Q) is the set of probability measures 7 € P(R? x R?) such that (A x RY) =
P(A) and 7(R? x B) = Q(B), for all measurable sets A, B. A probability measure
7 € P(R? x R?) is said to be a optimal transportation plan for cost c between P and Q if it
is a minimizer in (I.2).

The main advantage of the Kantorovich relaxation is the existence of optimal solutions:
for (I.2) it only requires integrability of the cost (Theorem 4.1 in[Villani| (2008))) while the
Monge problem needs some hypotheses on one of both probabilities—absolutely continuity
with respect to the Lebesgue measure—and on the cost—the well-known |Gangbo and McCann
(1996)’s conditions for the existence of optimal transport maps, i.e. ¢(x,y) = h(x —y),
where h : RY — [0, 00) is a non negative function satisfying

(A1) h is strictly convex on R,

(A2) given a height r € R™ and an angle 6 € (0, ), there exists some M := M(r,6) >0
such that for all |p| > M, one can find a cone

K(r,0,z,p) := {x e R?: |x — p||z|cos(h/2) < (z,x — p) < r]z\},

with vertex at p (and z € R? \ {0}) on which £ attains its maximum at p,
. h(x
(A3) limjy e % = 00.

The transportation problem admits a dual formulation:

TP.Q) = s / F(x)AP(x) + / 9()dQ(y), (1.3)
(f.9)€®:(P,Q)

where ®.(P,Q) = {(f,9) € L1(P) x L1(Q) : f(x)+ g(y) < c¢(x,y)}, see Theorem
5.10 inVillani| (2008). Call ¥ € L1(P) an optimal transport potential from P to Q for
cost ¢ if there exists ¢ € L1(Q) such that the couple (¢, ) solves (I.3). Surprisingly, the
equivalence between (L.1) and passes through the regularity of the potentials, which
in turn follows from that of the cost (cf. [Gangbo and McCann| (1996) eg.). As far as the
content treated in this thesis is concerned, optimal transport potentials will describe: in
Chapters [2]and 3] the variance of the bounds of the fluctuations; and in Chapter [3|the prices
given by a company to certain product for the “Hotelling’s location model” (Galichon, [2016),
Chapter 5.1).
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Each formulation has a different interest, and its use depends on the application. On the
one hand, when it exists, the solution of (I.1)) defines a transport map between probability
measures. This allows to infer the properties of one probability measure through another
already known (or some reference measure). This is the idea behind the successful M.
Hallin’s multivariate quantile function (Hallin et al. (2021a)); of multivariate quantile
regression (Chapter [7); of mass-transportation based counterfactual explanations (de Lara
et al., [2021)) or of bias repair (Gordaliza et al.|(2019b); Black et al.| (2020)).

Let P,(R?) be the space of probabilities in R? with finite moments of order p > 1. On
the other hand, when a potential cost (c,(x,y) = ||x — y||P, for p > 1) is considered, the
Kantorovich formulation between probabilities with finite moments of order p > 1 admits
always a solution and the function

3=
3=

Pp(RY) x Pp(RY) 3 (P,Q) = Wo(P,Q) = (T,(P,Q))» = (T.,(P,Q))

defines a distance P, (R?) characterized by:

Wolhos) 40 <= B and [ [xlPdia0) [ IxlPdn(x),

see (Villani, [2003, Chapter 7). This is the so-called “Wasserstein distance”. It is used —to
name only a few—, as a discriminator in Generatives adversarial networks |Arjovsky et al.
(2017), in dipheomorphic registration or as a penalty term in algorithmic bias reparation
(Risser et al., [2021)).

1.1 Asymptotic behavior

The population probability P is not usually available to practitioners; what they observe is an
ii.d. sample Xy, ..., X,, of size n of P, defining the empirical measure P,. Let us suppose
for this introduction that ) is known. However, the results here exposed still hold in the
two-sample case. The value 7.(P,, Q) is thus the empirical counterpart of the population
Te(P, Q). Of course, 7.(P,, @) tends to T.(P, ()), but, at what rate? That is, if the number
of data we have, n, tends towards infinity, how does the difference 7.(P,, Q) — T.(P, Q)
vary? To give a quick answer we can make a bias-variance division of the error:

Te(Pn, Q) = Te(P, Q) = (E(Te(Pr, Q) — Te(P, Q) + (Te(Pr, Q) — E(Te(Pr, Q))) -

1.4)
Before formally analyzing the asymptotic behaviour of bias (E(7:(P,, Qr)) — Tc(P,Q))
and variance (7.(P,, Q) — E(7.(P,,Q))), a simulation may be useful. To do this we set
a dimension “relatively high” (as is d = 10) and simulate \/n(72(P,, Q.)), for P,Q ~
Upp,1pr0. Figure [1;1" shows, with different colors and repeating 10 independent times the
procedure, the different values of \/n(72(P,, Q,)) on the ordinate axis and the sample size
n on the abscissa axis.
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Figure 1.1: x’s-axis, sample size n; y’s-axis, difference /n(72(P,,@y)), for P,Q ~
Ujp,1j10. The experiment is repeated 10 independent times and the interpolated results plotted
in different colours.

The heuristic observation turns out to be quite enlightening: the convergence rate of the
bias cannot be the parametric rate v/n, but \/n(72( Py, Qn) — ET2(P,, @r)) seems bounded.
That is, apparently the fluctuations are not influenced by the fact of having considerably
high dimension (d = 10). Indeed, for absolutely continuous measures with respect to the
d-dimensional Lebesgue measure ¢, the correct convergence rate of the bias depends on the
dimension of the space (Weed and Bachl 2019).

1.1.1 Fluctuation analysis

For the fluctuation analysis (variance) we assume that ¢(x —y) = h(x — y) satisfies|Gangbo
and McCann| (1996))’s conditions, P and () are absolutely continuous wit respect to the
Lebesgue measure and

/ h(2x)2dP(x) < 0o and / h(—2y)2dQ(y) < oo.
Chapter 2] shows

Vi (Te(Pa, Q) = ETe(Pa, Q) = N(0,02(P,Q)), (1.5)
where

2

o2(P,Q) = /¢(x)2dp(x) — </ go(x)dP(x)) , (1.6)
being ¢ an optimal transport potential from P to ) for the cost c. In the case P = @
the optimal transport potential is constant, so that its variance is null and the limit (T.3)

is degenerate. Returning to the simulated example above (Figure [L.I)), this implies that
the fluctuations are not only controlled, but tend in probability to 0. The correct rate-of
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convergence —the one giving non-degenerated limits— of the fluctuations under P = Q) is
still an open problem.

The proof is mainly based on Efron-Stein inequality (Boucheron et al.,[2013|, Chapter
3.1),1e. if (X],...,X])and (X4,...,X,)areiid, set Z := f(Xy,...,X,) and for each
ie{l,...,n}denote Z, := f(Xy,...,X;_1,X]},Xit1,...,X,), then

Var(Z) < =E(Z — Z!)* = nE(Z — Z})%.

|3

where (-)+ denotes the positive part. Efron-Stein inequality gives thus

Var(T(Pa Q) — / ()P, (x)) < E(on(X1) — 0(X1) — ou(X)) + 0(X1))>.
(1.7)

which will mean the tightness of \/n (Tc(Py, Q) — ET.(P,, Q)). The central limit theorem
will follow from the stability of the potentials —Corollary 2.2.7] gives the uniqueness (up to
additive constant) of the potentials for probabilities with connected support and Theorem
[2.3.4) the stability of the transport map. We extract here the content of Theorem 2.3.4]due to
its importance—it is the first result showing the stability of the optimal transport map and
potential in unbounded domains and for general costs.

Theorem 1.1.1. Let Q € P(R?) be such that Q < {4 and has a connected support with
negligible boundary. Assume Q.,, Py, P € P(R%) are such that P, AP Q,S Qand

Te(Pp, Qn) < 00 and T.(P,Q) < oo

foracost c(x,y) = h(x —y), with h differentiable and satisfying (A1)-(A3). If 1y, (resp.
1) are optimal transport potentials from Q,, to P,, (resp. from Q) to P) for the cost c. Then:

(i) There exist constants a,, € R such that 1/;n = ¥, — an — Y in the sense of uniform
convergence on the compacts sets of Supp(Q).

(ii) For each compact K C Supp(Q) N dom(V1))

sup  sup  |yn — VY(x)| — 0.
x€K yn€0°n(x)

However, this result only yields the a.s. convergence of the empirical potentials towards
their population counterpart, but one cannot conclude from this that (I.7) tends to 0. To
avoid further assumptions (as in del Barrio and Loubes| (2019)), one can show that the
sequence E ¢, (X1) — ¢(X1) — on(X)) +¢(X])| is bounded and then the Banach-Alaoglu
theorem yields weak convergence in L?(IP) of ’cpn(Xl) —p(X1) —en(X)) + cp(X’l)‘ along
sub-sequences. By taking Cesaro means we can go from weak to strong convergence.
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1.2 Semi-discrete case

The behavior of the bias is very different in the the semi-discrete case—when one of the two
probabilities is supported on a finite set of points X = {x,...,xx}. Here, in Chapterwe
obtain

Vi (Te(Po, Q) = T(P.Q)) = sup  G(a),

z€0pt.(P,Q)

where Opt,. (P, @) is the set of optimal transport potentials and G a Gaussian process acting
on them. It is then evident that the uniqueness of the potentials (except for additive constants)
implies Gaussian weak limits. Moreover, under this hypothesis and thanks to the work of
Carcamo et al.|(2020), we know that the bootstrap is consistent as an approximation of the
limit process. The fact that the curse of dimensionality seems to not affect the semi discrete
case for both probabilities is quite astonishing. But it is partially hidden in the assumption
that the support has a fixed finite size. For a better understanding we provide the upper bound

8V2N

EWi(P, Q) —Wi(P,Q)| < N

K (diam(X), Q),
where
K (diam(X), Q)
— (4diam(X) + 2 / [¥AQ(y) +2diam(X)) (log(2) + v/2dim(X) + 1)

and W is the 1-Wasserstein distance for the Euclidean distance.

The proofs of Chapters[2]and [3|are based on completely different arguments; the limit
of fluctuations uses the procedure introduced by |del Barrio and Loubes| (2019) based on
Efron-Stein inequality, while the semi-discrete problem requires the functional derivation in
the Hadamard sense of the transport cost. Lemma shows that 7.(P, @) is equivalent to
the maximization (over a parametric class) of

(P,Q,z) Z:Z,pZ / mf {c (x3,¥) — 2 }dQ(y)- (1.8)

This justifies the fact that the convergence rate is just the parametric one. The solution z*
(unique up to additive constant under some assumptions) of (I.8) defines the Laguerre cells

Lag,(z*) .= {y e RY: c(xp,y) — 2 < c(xi,y) — 2F foralli #k}, k=1,...,N,

which are generalizations of the Voronoi cells—equivalent to Lag,,(0) for the quadratic cost.
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The semi-discrete optimal transport has applications to the “Hotelling’s location model”
(eg. (Galichon, 2016, Chapter 5.1)). This application is a typical example of socio-economic
problem where the location of certain population is represented by a continuous proba-
bility @ and the fountains —businesses trying to sell a product— as a discrete probability
P. Here the location of the fountain ¢ is x; and the capacity is p;. Each inhabitant would
choose the fountain at the same time closer and offering a better price, i.e. the strategy
arginf;—  n{c(x;,y) — 2}, where z; represents the price of the fountain i. The set of
population that prefers to consume from the fountain i is actually Lagy,(z). Under market
clearing—supply equals to demand—each fountain is used to its full capacity and the problem
of determining the prices reduces to a solution of a semi-discrete optimal transport cost.

Chapter [3] also gives, up to our knowledge, the first Central Limit Theorem for the
solutions of the dual problem (1.8). We underline this result can not be generalized for
continuous distributions. Indeed, if both probabilities are continuous and the space is not
one dimensional, we cannot expect such type of central limit for the potentials, since, the
expected value of the estimation of the transport cost converges with rate O(n‘é) and no
longer O(n_%). When the two samples are discrete, even if such a rate is O(n_%), the
lack of uniqueness of the dual problem does not allow to prove such type of problems. In
consequence, the semi-discrete is one of the few cases where such results, for the optimal
transport potentials in general dimension, can be expected. Chapter [3|provides weak limits for
the Laguerre cells in terms of the LP metric (cf. Vitale (1985) eg.) of between the empirical
and population cells. Moreover, we give also asymptotic confidence neighbourhoods in
terms of the Hausdorff distance ( L*° metric). In all cases, the parametric rate is achieved.

1.3 Entropy Regularized Optimal Transport

Therefore, the problem of finding the weak limits of the transport cost is complicated even
in moderate dimension, and, even if they were found, the rate would be slow. That is, too
much data would be needed to approximate the limiting distribution. One needs, therefore,
another notion of discrepancy between distributions that, while capturing the geometry of
the space, has an empirical approximation that converges to its population counterpart with
the parametric rate \/n.

With a computational motivation, the influential article Cuturi| (2013) proposes a regular-
ization of (1.2 by an entropy penalty:

(P,Q)= mi Lx — y||*d H(r|P 1.9
5(PQ=_min | dlx—ylPaxy) + P Q. (19

where H denotes the relative entropy, defined, for two probability measures « and (3, as
oH(a|f) = [ 10g(%(m))da(w) if « is absolutely continuous with respect to 5 and +oo
otherwise. Let 7, be the solution of (T:9), which is absolutely continuous with respect
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to P x () with density {p - This problem, as well as its unregularized counterpart (T2),
admits a dual formulation.

s(PQ= o ] fxdreo+ [ avdQe)

feL1(P),geL1(Q)

Fx)+g(y)— L lz—y)?
- e/ e e dP(x)dQ(y) + e} (1.10)
R4 xR4

The pair of solutions of (L.I0), call it (f ., g% ). satisfies the following optimality condi-
tions:

£p,0@)+9p.0 )~ % lIx—yl|l?
/e B — dQ(y) =1, forallx € R?,

fP,0¥)+9p.0 () - 5lIx—y?
/e PAEREE T 1p(x) = 1, forall y € R (1.11)

This makes it possible to find solutions for (I.I0) on the class C*, reduce the complexity of
the optimization (cf. Genevay et al.[{(2019)) and a fortiori \/nE|S¢(P,, Q) —S(P, Q)| < C,
valid for sub-Gaussian probabilities Mena and Niles-Weed (2019).

Moreover, |del Barrio and Loubes (2019)’s concentration-argument holds also in this
case (see Mena and Niles-Weed| (2019))), giving rise to

V(Se(Pp, Q) = ES(Py, Q) = N(0, Varxp(fpo(X)))- (1.12)

Both (I.12) and the previously mentioned bound did not provide asymptotically valid
confidence intervals one the population value S (P, Q))). For this purpose, it is necessary to
know the exact limit of

\/E(ESE(PnaQ) _Ss(PaQ))' (1-13)

In Chapter []it is proved that (I.T3)) tends to 0, so the expected value can be exchanged for
the population value in (T.12)), resulting in

Vn(Se(P,,Q) — S(P,Q)) % N(0, Varx~p(fpo(X)))- (1.14)
Let z,, be the a-quantile for the standard normal distribution and
~2 € 1 - € 2 1 S € 2
G, = Varp, (fp, o) = o Zl(an,Q(Xi)) - (ﬁ 21 an,Q(Xi)> (1.15)
1= 1=
be a consistent approximation of the limit variance Varx.p(fp (X)), the set
On
|:SE(P7L7 Q) =+ \/ﬁzl—a/2:| ) (116)

is thus an asymptotic confidence intervals of level alpha for the value S.(P,, Q).
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Nevertheless, (T.16) does not provide any statistically significant consequences due
to the entropic bias, the fact that S.(P, )) = 0 does not mean that both probabilities are
equal! The hypothesis Hy : P = @ cannot be accepted or rejected via the value of S¢(P, Q).

The most successful solution to curtail the influence of the entropy regularization is
Sinkhorn’s divergence, proposed by [Feydy et al.|(2019) and stated as

Clearly D.(P, Q) is symmetric in P, Q and SD.(P, P) = 0. Moreover, (Feydy et al., 2019,
Theorem 1) proves D(P, Q) > 0, with D.(P, Q) = 0 if and only if P = Q.

Asymptotic confidence intervals for SD.(P, Q) can be inferred from their empirical
counterpoint by knowing the non-trivial limits of

an(De(Pna Q) - DE(P7 Q)),

for certain sequence {ay }nen C R. Chapter proves that the sequence in question depends
on the hypothesis. In particular, we obtain the following limits:

e Under Hy: P=Q:

1 o o0 2
n D.(P,, P) Z; (Zx]N> :

where { N, };cn is a sequence of mutually independent random variables with N; ~
N(0,1) and {z;}i jen C R, {\j}jen C [0, 00) real (and deterministic) sequences
depending on P and e.

e Under Hy : P # Q:
V(De(Py, Q) — De(P,Q)) = N(0, Varp(¢5q)),

where V% 5 = fp o — %(f}ea,p + 9p.p)-

The technique is different for each hypothesis. Under H; the Efron-Stein inequality provides
the first-order development. However, since 9% Q is zero when P = (@, this is not sufficient
to obtain nontrivial limits under Hy. So a second-order development is necessary, which
is a consequence of the first-order development of the potentials. The proof is long and
tedious; divided in two different works. On the one hand, Chapter [f] shows the tightness of
the potentials and the divergence. Meaning that there exists a constant cg4, depending only on
d, such that

< ¢ pPld+l) 15D
> Vo >

Ellgr..@ — 9pollZ: ()
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and a 39
(&% =41 19 p2
EDy(P, P) < —DZ2 —— Q,
1( n, )_n Q (d—|—1)2€2

On the other hand, Chapter |5|shows the first-order development of \/n < ff wQ fP’Q ) )

9Ir..Q ~ 9IPQ
in C*(Q2) x C*(Q2), with respect to the empirical process v/n (P, — P), which follows

( fona—foa > _ < (1 A Ap) Ao, ) ‘o <1> |
95,0~ 9p0 —(1 - ApAL) " Gh, vn
Here G , denotes % > 1 $po(Xks ) —E (5}7Q(X, )) , and

A LX(P) 3 f / £5,0(%, ) f(x)dP(x) € C*(€),
(1.17)
A L3(Q) 5 g / €60 V)9(¥)IQ(y) € C*(%).

This first-order development of the potentials allows, through the formula

fpotapq-5ll-—I?

g = e : dPdQ,

to obtain the weak limits of the solutions of the primal problem, i.e.

\/ﬁ/n (drp, o —dmpg), withn € L*(P x Q).

In particular, we obtain

Vit [win,q - [nirsg) 5 N0 ). neBPx@. a9

€

where 0% (n) = Varx.p ((1 — AHAS) T (ns — Ej)ﬁ,)(X)) , thus proving a conjecture
of [Harchaouz et al.| (2020). @[} provides consistent confidence intervals for wfng, which
allows, among other things, the possibility to perform inference on the Sinkhorn distance
(apply (T-I8) to the function (x,y) — 3|x —y/||?) defined in|Cuturi (2013) o the regularized
colocalization measure RCol (apply (I.T18) to the function (x,y) — 1jjx—y|2<¢) defined in
Klatt et al.| (2020).

1.4 Multivariate center-outward distribution function; regular-

ity and quantile regression.

The lack of canonical order of R?, for d > 2, prevents the generalization of statistical tools
based on the univariate order relation. One of the most important is the distribution function
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of a univariate random variable X ~ P, defined as F': z — P(X < x).

Many attempts have been made to define a multivariate distribution function. These
include those based on depths, on copulas, on component-wise ranks, on spatial ranks or on
Mahalanobis ranks; we refer to Hallin et al.[|(2021a)) and references therein. All of them have
to deal with the mentioned absence of canonical order, but none of them is able to mimic the
properties that make the univariate distribution function useful for statistical inference. That
is; distribution freeness (the distribution of F'(X) is uniform on [0, 1] while its empirical
counterpart { F™(X;)}; is uniform on the set {£}?_,, irrespective of the distribution of
the X;’s); satisfies the Glivenko-Cantelli property (the empirical approximation converges
a.s. uniformly in R) and maintains order, i.e. it is monotone.

Monotonicity and the fact that F'(X) is uniform on [0, 1] uniquely define F', for any
continuous random variable X ~ P. Monotonicity is equivalent to being the gradient of a
convex function, distribution freeness to £ pushing forward P towards U q 1) (the uniform
distribution in (0, 1)). Of course, the quantile function @ is the gradient of a convex function
pushing forward U g 1) toward P. These properties led Chernozhukov et al.| (2017) to define
a candidate multivariate quantile function, the so-called quantile distribution function with
respect to a reference measure U, defined, for a random variable X ~ P € P(]Rd), as the
unique gradient of a convex function (defined at almost every point) that pushes forward i/
toward P. Its existence holds via the celebrated McCann’s theorem McCann| (1995)).

The current debate is about the choice of an idoneus reference measure /. |Deb and
Sen| (2019) advocates for a uniform measure on the hypercube (successful for testing
independence), [Hallin et al.| (2021a) for a spherical uniform (successful for giving a notion
of center-outward ordering) and |Deb et al.| (2021)) for a standard Gaussian (successful for
Hotelling’s 7" test). The most correct answer is that it depends on the purpose (Hallin and
Mordant, [2021)). Here we will deal with the case of the spherical distribution on the unit
ball Uy, i.e. the one obtained by independently taking a radius r ~ U(q 1) and a direction ¢
uniform on the sphere S¢~!. The advantage of using the spherical uniform as a reference
measure lies in its invariance to rotations (changes of basis) and its uniform control of the
balls centered at the origin and of radius 7 € (0, 1), i.e.

Uy(rSY) =7, forr e (0,1). (1.19)

No other probability measure in R¢ satisfies these properties. (T:I9) provides a natural radial
ordering and a clear notion of center —thus a center-outward ordering. The quantile function
Q. is defined in this case as the unique gradient of a convex function 1/ (defined at almost
every point) that pushes forward U, toward P. The distribution function is defined as

Fi(x) :=arg ||SI|TI<)1{<X’ w) —¢(u)},

which coincides with the inverse of Q. in the support of P. The importance given by Uy to
the origin and that notion of center-outward ordering are inherited by P via Q. This gives
rise to the name center-outward distribution and quantile map coined in|Hallin et al.| (2021a))
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for F1 and Q.. This terminology will be used from now on.

Assume the observation of just an i.i.d. sample X = (X4,...,Xy,) of P, its empirical
center-outward distribution F’} is defined, for each X as F’} (X;) = 05((72)(1,). Here o, is the
one-to-one correspondence in {1, ...,n} where
n
NI — el |2 (1.20)
i=1

achieves its minimum, and ngn), ey es%") is a regular grid of the uniform spherical of U,.

It consists of factoring n = ngng + ng,with n < min(ng, ng) and computing n points

ngn) ngln) created by the intersection between

— the rays generated by an ng-tuple ui,...,u,, € Sgz—1 of unit vectors such
that ng—! Z?ﬁ 1 5u]— converges weakly to the uniform over S;_; as ng — oo, and

— the np hyperspheres with center 0 and radii j/(ng +1),j =1,...,ng,

the points corresponding to ng are identified with 0. The Glivenko-Cantelli property

g e ey

jmax [[FL(X) - Fa(Xp)[| == 0 (1.21)
is valid if F4 is well defined on the whole space (recall that McCann’s theorem yields a
Lebesgue a.s. definition). This is quite common when it comes to proving the convergence
of gradients of convex functions. In particular, three steps are usually followed; prove the
weak convergence of the transport plans; prove the convergence of the sub-differentials in
the sense of sets; and finally, prove the convergence of the potentials. On the compact sets
where the sub-differential is single-valued (i.e. where the function is smooth) the limit is
uniform, the particular (strongly convex) form of the support of Uy, allows us to pass from
uniform convergence in the compact sets to (global) uniform convergence.

If F. is well-defined over the entire space, as a consequence of (I.19), the center-
outward quantile map defines nested regions Cp(7) = Q. (r S?) and continuous contours
Cp(1) = Q+(rS%1) indexed by 7 € ([0, 1), such that, for all P absolutely continuous
with respect to the Lebesgue measure, P [(C p(T)} = 7, irrespective of P. No other choice of
reference measure defines a transport-based multivariate distribution function sharing the
last property for all dimension, which is the key of the multivariate quantile regression (see
Chapter 7).

1.4.1 Regularity of the the center-outward distribution

The center-outward distribution function F1 is well defined if and only if it is continuous
(cf. [Rockafellar] (1970)). Therefore, the study of its regularity is important. It is known
that in one dimension the distribution function is continuous for all absolutely continuous
(with respect to the Lebesgue measure) probabilities. Similar results for its multivariate
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counterpart should be desirable. The regularity of convex functions satisfying a transport
condition is usually dealt by means of the Monge-Ampere equation (see [Figalli| (2017)). We
will see that in this case the continuity of F4 is attained by assuming that P has density p
satisfying:

Assumption A. For any R > 0, there exists 0 < Ar < Ap such that

Ar < p(x) <Ap forallx € X N RS (1.22)

In particular, F satisfies the condition of pushing forward P to Q) and it is the gradient of a
convex function ¢, so that its sub-differential satisfies

| watvrdy = [ pxjax (1.23)
Op(A) A

The main result of the Chapter[f]is as follows.

Theorem 1.4.1. Let P be a probability measure with density p supported on the open convex

set X C R%,
(i) If p satisfies (6.11), then K := 9v¢(0) is a compact, convex set with Lebesgue
measure O such that the center-outward quantile function Q1 := V1 and the center-

outward distribution function Fy := V1* are homeomorphisms between S \ {0} and
X\ K, inverses of each other.

(ii) If, moreover, p € Cllf)’ca(/l’)for some k € Nand a € (0,1), then Q+ and F 1 are
diffeomorphisms of class CE75* between S¢\ {0} and X \ K.

loc

The proof is based on Caffarelli’s theory (see eg. [Cattfarelli (1990, 1991}, 1992)), which
has been extensively studied by Figalli in [Figalli and Kim| (2010); [Philippis and Figalli
(2012); (Cordero-Erausquin and Figalli (2019). I recommend the book [Figalli| (2017)) as
an introductory guide to this topic and its implications for the regularity of the transport
map. Up to|Figallil (2018)), the regularity of F was not covered by any of these works, see
Cordero-Erausquin and Figalli| (2019) for a study of the most general case. However the
assumptions of [Figalli (2018]) (it is assumed A. and that P is supported in the whole space)
are too strong, as we will see in Chapter|[6] they can be be relaxed .

As a consequence, if P is a probability with density p supported on the convex set X C R¢
such that p satisfies (1.22)), the following properties are satisfied.

* The Glivenko-Cantelli property (I.2T)) (Hallin et al., 20214, Proposition 2.4) holds.
Which implies that the population center-outward distribution function can be uni-
formly estimated from the sample.

* For all u on the unit sphere Sa-1 all sequence (t,)nen of real numbers such that
t, — 00, the limit
lim Fy(tp,u) =u (1.24)

n—o0
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holds. This property is the analogous to lim,,_, F'(t,) = 1 and lim,, o F'(—t,) =
0 in the univariate case, that is, from the center-outward perspective.

s For all » € (0,1) and all y belonging to the boundary of Q4 (rS%), there exists a
ray T emanating from y for which Q4 (rS%) NT = {y}. In colloquial words, for
every point of a quantile contour there exists a ray that does not touch the set again.
Moreover Cp (1) are nested and connected regions.

* If, in addition, X is compact, for all » — 1, Q4 (r Sd) tends to X in Hausdoff distance.
lim dyy (Qu(rS%), X) = 0. (1.25)
r—1

The support of P can be approximated by the limits of the quantile regions.

1.4.2 Nonparametric quantile regression with multivariate output

Chapter [7] proposes a novel and significant nonparametric and multivariate extension, based
on the previously introduced multivariate quantiles, of Koenker and Bassett’s famous concept
of quantile regression |[Koenker and Bassett| (1978)), a powerful tool in the statistical study of
the dependence of a variable of interest Y with respect to the covariates X = (X1, ..., X;,).
Unlike classical regression, which, in a sense, focuses on the conditional means E[Y"|X],
quantile regression requires full knowledge of the conditional distributions Py x_y of ¥’
given X = x. Its non-parametric formulation, whose study begins with the pioneering work
of Stone| (1977), has become part of everyday statistical practice, with countless applications
in all areas of scientific research in which a finite number of parameters provide a model too
rigid to explain certain observed behavior.

The primary motivation for the use of quantile regression is the observation that Py x
is much more informative than simple knowledge of a parameter of interest, such as condi-
tional mean or median. Figure[I.2] shows an example of univariate quantile regression, with
X =age and Y =triceps skinfold. Looking only at the median (red line) we would only
be able to obtain a description of the trend of the model, however, taking into account the
information given by the quantile tubes, we can observe the heteroscedasticity of the model.
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Triceps Skinfold
Triceps Skinfold
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Figure 1.2: Example of univariate quantile regression X =age and Y =triceps skinfold.
Figure extracted from|[Yu and Jones| (1998). Red line represents the median and the blue
region the center-outward quantile region of order 0.5.

The trend function in the quantile regression is the conditional median, which cor-
responds to Q(%| x). However, the fundamental property of quantile regression, which
differentiates it from all other regression models, “probabilistic control” of the tubes and
quantile regions, i.e.

1.7

P|v e oGz - 510G+ 5] |X =x| =~

irrespective of P. Thanks to this property we know, for example, that the blue region the
figure [[.2] has a probability of 0.5. This is the basic principle of quantile regression. Any
regression model that does not satisfy it cannot be considered as quantile regression, and if it
was intended to be quantile regression, it has certainly missed its target.

Of course, we cannot be satisfied with a definition of quantile regression that is valid
only for univariate outputs; consider for example the following model:

1%
Y = (;) = | UYIx—shva-yIX=3) | X ~ Uy, U,V ~N(0,1), (1.26)
NEETEN e

being X, U and V mutually independent. The uinivariate regression on the marginals does
not give us any useful information, both are independent of X. All the information is in
the joint distribution. The reader may wonder if projecting across all directions would
give us more information. Indeed more projections will give more information, since these
characterize the probability of the vector Y. This is along the lines of integrated depths (see
Cuevas and Fraiman| (2009)), which, like all depth-based regression (for a fuller thorough
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treatment, see (Serfling and Zuol, 2000) or (Serfling, [2002, |2019) and the references given
there), loses probabilistic control of the regions.

xégg—xs -2 2 4 ’

Figure 1.3: Example of univariate quantile regression; with X and Y = (Y, Z) as in (I.26).
The number of observed points is n = 7,000. The quantile contours for 7 = 0.2,0.4,0.8
are represented in black (7 = 0.2), green (7 = 0.4) and yellow (7 = 0.8). The center is
represented in red.

The methodology proposed in Chapter [7] defines regions and quantile tubes, capable of
analyzing nonparametric models while maintaining a probabilistically asymptotic control
of the regions—the empirical probability control converges to the population one, which is
known. Figure[I.3]analyzes the model (I.26), giving at the same time a very visual solution,
the trend of the model is —as expected— constant however the covariate X reaches its peak of
influence on the vector of interest in the direction (1, 1).

The center-outward quantile function QL of Y given X = x is defined as
u € Sy — Q(u|x) € R
It naturally defines the conditional quantile regions as
Ci(T]x)=Q+(7Sy4lx) 7€(0,1), x €R™,
which satisfy the fundamental property
P[Y € Ci(r|x)|X =x] =7 forallx € R™, 7€ (0,1), and P.
For 7 = 0, the conditional median is

C+(0]x):= () Cx(r]x)
7€(0,1)
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It also characterizes the nested (non “quantile-crossing” phenomenon) “regression quantile
tubes of order T € (0,1)” (in R™*9)

Ti(7) = {(x, Q+(7Sq¢|x)) [x e R™}, 7€ (0,1)
which satisfy the fundamental property
P[(X,Y) € TL(7)] =71 irrespective of P, 7 € (0,1).
For 7 = 0, we define

T+(0) = {(x,y)) [x R, y € C+(0]|x)} = ] Tx(7)
7€(0,1)

(as the graph of x — CL (7| x)); with a slight abuse of language, we also call it regression
median of Y with respect to X.

When what is observed is a sample (X, Y)™ := ((X1,Y1),..., (X, Y,)) of niid.
copies of (X,Y) ~ Pxy, Chapter[7|proposes an estimator of u — Q4 (u|X = x),x € R™.
Our estimator is obtained in two steps: in step 1, we construct an empirical distribution of Y
conditional to X = x and, in step 2, we compute the corresponding center-outward quantile.

The empirical distribution of Y conditional to X = x is approximated by a weight
function, so (if we do not want to restrict ourselves to piecewise constant weight functions)
this will be an atomic probability non-equal weights. The solution we obtain requires the
solution of the following optimal transport problem:

N n 1
min ZZ§ 1Y —Q‘5i|277i,j7

mi={m; ;} =1 =1

n
1
S.t. Zﬂ-i’jzﬁ’ ’L'€{1,2,...,N},
j=1

(1.27)
N
Zﬂi:j :w]('n)(X;X(n))v J€ {1727"'an}7
i=1
mi; >0, ie{l,2,...,N}, je{1,2,...,n},
where ngn), ceey 65\?) is a regular grid of Uy. In this case NN is arbitrary, we will only ask it to

tend to infinity. The problem is that the solution of (I.27) is a transport plan and not a map
as such. To create a map we apply the criterion

T*(&;| x) :== arg inf {||y | - y € conv <{YJ :J € arg maxw%(x)}) } ,  (1.28)
J

where conv(A) denotes the convex envelope of A.We proceed as in/Hallin et al. (2021a) by
choosing the cyclically monotonic smooth interpolation with the largest Lipschitz constant.
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Let us denote it as u +— ng )i(u‘x) and call it the empirical center-outward conditional
quantile map.

We will show that if the weight function is consistent (in the sense of |Stone| (1977))), for
allu e Sgand e > 0,

P<Q$i(u’X)§ZQi(u\X)+eSd)—>0 asnand N — oo,
and for all 7 € (0,1),
P(@")(T}X)gzc (|X) + S ) (n) (n)
+ +(7]X) +€eSg ) = 0and P ( 17 (7|X) ¢ CL(7|X) +€Sq ) = 0

asnand N — oo.

Remark 1.4.2. The proof of this result follows the line of convergence of empirical multi-
valued mappings, initiated by |del Barrio and Loubes| (2019) for proving convergence of
optimal transport potentials in the quadratic case, continued by|Hallin et al.|(2021a)) for the
proof of the multivariate Glivenko-Cantelli theorem and finally formalized in|Segers|(2022).
See also|del Barrio et al.|(2021) for the general cost case. In this case we have an added
difficulty; the convergence is in probability, and, therefore, we need to pass numerous times
through sub-sequences. It is a tedious procedure.

Chapter |§| has its application in the th; it is able to give the conditions that (X,Y)
must satisfy in order to obtain stronger notions of convergence. In this case, assuming that A
holds a.s. for the conditional probability, then, for all compact K C Sy \ {0}, when n and
N — oo,

n P
sup [QUY (u[X) - Qe(u|X)| — 0
ucK

and, for all 7 € (0,1) and € > 0,
P (dH (c;”)(f X), (7 ]X)) > e) )
Moreover, under these conditions, we obtain the asymptotic probability control
P <Y ec(r yX)\X) 7 forall T € (0,1),
that justifies the proposed methodology.
Chapter[7]ends with a series of experiments where good behaviour in models including

heteroscedasticity and nonlinear trends is shown; its power as a data analysis tool is also
illustrated on some real data sets.
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CHAPTER 1

Introduction (version francaise)

Le transport optimal est un probléeme d’allocation de ressources présent dans de nombreux
domaines mathématiques; et donc dans leurs applications. Cette polyvalence se manifeste
également dans son propre cadre théorique : 1’étude de sa régularité repose sur des techniques
avancées d’équations différentielles (Caffarelli, (1990, 1991} [1992); le développement de
méthodes de calcul efficaces sur 1’analyse numérique et de combinatoire (Peyré and Cuturi,
2019, Chapitre 3); son comportement asymptotique sur 1’analyse convexe (del Barrio and
Loubes|, [2019) et les processus empiriques (del Barrio et al., 2005).

Le transport optimal consiste a trouver, parmi toutes les lois de probabilité jointes ayant
des marginales fixes, celle qui minimise le cofit de transport moyen. Cette valeur minimale
moyenne est connue sous le nom de cofit de transport optimal. Dans les cas ol I’'une des
probabilités a une densité, la solution est déterministe et est donnée par 1’application du
transport (Gangbo and McCannl [1996). Le cofit de transport optimal fournit une structure
métrique, par la distance de Wasserstein, a I’espace des mesures de probabilité. Par con-
séquent, du point de vue statistique, le transport optimal offre un outil pour la comparaison
de données qui tient compte de la géométrie de I’espace latent. Ce qui s’est avéré efficace
pour résoudre des probleémes tels que la correction de biais en apprentissage automatique
(Risser et al., [2021};|Gordaliza et al., 2019a; |Black et al., [2020), dans la modélisation de la
raisonnement contrefactuels (de Lara et al.|, |2021; Black et al., 2020) ou dans I’appariement
difféomorphique (Feydy et al., 2017;|De Lara et al., [2022+).

Une application naturelle de toute distance entre distributions de probabilités est le
probleme de I’ajustement, c’est-a-dire le probleme de tester I’hypothese nulle selon laquelle
un échantillon Xy, ..., X,, provient d’une population avec une distribution complétement
spécifiée P (Hallin et al., 2021b)). En effet, dans des dimensions modérées, la distance
de Wasserstein peut fournir un test statistique convergent contre toute alternative fixe, par
exemple |Gonzalez-Delgado et al.[(2021) propose un test convergent basé sur la distance
de Wasserstein sur le tore 2-dimensionnel. Ces applications, ou la distance de Wasserstein
quantifie la similarité entre différents échantillons de données, nécessitent une justification
mathématique rigoureuse.

La premiere partie de cette these se concentre sur 1’étude statistique asymptotique du
probléme de transport. Nous verrons que la dimension de 1’espace latent affecte I’erreur de
I’approximation empirique du cofit de transport optimal, mais pas sa variance. En fait, la
limite des fluctuations (différence entre la distance de cofit de transport optimal empirique
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et sa moyenne) est gaussienne. L’influence de la dimension sur le taux de convergence de
la version empirique a la version de la population est connue sous le nom de malédiction
de la dimension. Les premieres démonstrations rigoureuses de ce fait remontent a 1969
avec le travail de Dudley| (1969). Récemment, le travail de Fournier and Guillin| (2013)) et
Weed and Bach| (2019) confirme le fait que la distance de Wasserstein empirique entre deux
distributions continues converge vers la population avec un taux n‘é, modulo d’éventuels
facteurs logarithmiques. Cela prouve que la distance de Wasserstein ne peut pas €tre utilisée
pour fournir un test de conformité consistant en dimension générale. Les fluctuations ont un
comportement asymptotique différent. De plus, elles peuvent étre bornées avec un taux nfé,
indépendamment de la dimension (Weed and Bach, 2019, proposition 20). Les arguments
de Weed and Bach|(2019)), basés sur I’'inégalité de McDiarmid, n’ont pas de sens pour les
mesures de probabilité avec des supports non bornés. Une étude plus précise des fluctua-
tions est celle effectuée par|del Barrio and Loubes|(2019) a travers I’'inégalité Efron-Stein.
Cependant, la plupart des arguments sont spécifiques au cofit quadratique —dans lequel
les applications de transport sont des gradients de fonctions convexes— ce qui rend leur
généralisation a d’autres cofits non triviale.

Le fléau de la dimension mentionné précédemment apparait pour les probabilités avec
densité. Lorsque les deux probabilités sont discretes, le probleme d’optimisation devient
paramétrique et satisfait un théoreme limite central (TLC) avec un taux n‘é, comme dé-
montré par Sommerfeld and Munk| (2018). Dans le cas ot I’'une des probabilités est discrete
(c’est-a-dire le cas dit semi-discret), |del Barrio and Loubes| (2019) a prouvé que le TLC
est centré sur la valeur de la population en utilisant les résultats obtenus pour les fluctua-
tions. Cependant, cette stratégie peut ne pas étre la plus appropriée, comme nous le verrons
dans cette étude. La version fonctionnelle de la méthode delta fournit une méthodologie
qui nécessite moins d’hypotheses, comme observé parallelement par[Hundrieser et al.| (2022).

La maitrise des fluctuations est plus utile pour analyser le probleme de transport régu-
larisé par I’entropie, proposé par |Cuturi| (2013)). II s’agit indéniablement de la méthode la
plus utilisée pour régulariser le probleme de transport. Mena and Niles-Weed| (2019) ont
prouvé, en utilisant les arguments de |del Barrio and Loubes| (2019), que les fluctuations du
probleme régularisé sont asymptotiquement gaussiennes. Dans cette étude, nous verrons
également que le biais converge plus rapidement que la variance, ce qui aboutit au TLC
pour le colit de transport régularisé par 1’entropie. Cependant, cela n’est pas suffisant pour
donner une réponse positive au probléme de I’ ajustement basé sur les notions de transport.
Le terme supplémentaire comme pénalité provoque un phénomene connu sous le nom de
biais entropique, qui réduit significativement I’intérét du cott de transport régularisé pour
I’inférence statistique. [Feydy et al.|(2019) propose une modification du cofit de transport
régularisé, appelé divergence de Sinkhorn, qui répare ce probleme. Cette thése fournit
un développement de second ordre de la divergence Sinkhorn par rapport au processus
empirique, ce qui permet une caractérisation précise de son comportement asymptotique.
Cela peut potentiellement étre utilisé pour dériver une statistique d’ajustement basée sur la
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divergence de Sinkhorn.

Il est connu que les rangs, basés sur la notion d’ordre univarié, fournissent une méthodolo-
gie générale pour résoudre le probleme de 1’ajustement. La généralisation multivariée du
concept de rang n’a pas été possible en raison de I’absence d’une notion de fonction de
distribution multivariée. Récemment, les travaux de Marc Hallin et ses co-auteurs (par
exemple [Hallin et al.|(2021a)) proposent 1’application du transport entre I’échantillon de
données et la distribution sphérique uniforme comme candidat pour une fonction de dis-
tribution multivariée. Il s’avere que, toujours selon |Hallin et al.| (2021a)), cette proposition
satisfait les propriétés principales qui font de la fonction de distribution univariée un outil
utile pour I’inférence statistique. Cela a fourni, comme mentionné pour le cas univarié, une
méthodologie générale pour créer des tests d’ajustement (Deb and Sen| (2019); Deb et al.
(2021)) ou des tests d’indépendance (Shi et al.| (2022); [Hallin and Mordant| (2021)). La
deuxieme partie de cette these prouve la continuité de la fonction de distribution multivariée
pour les probabilités supportées sur un ensemble convexe, étendant ainsi le résultat de [Figalli
(2018). La singularité a I’origine des coordonnées de la probabilité uniforme sphérique
signifie que les résultats de Caffarelli (voir par exemple |Catfarelli (1990, 1991}, [1992))
ne s’appliquent pas dans ce cas. Pour conclure, nous fournirons, en utilisant le nouveau
concept de fonction de distribution multivariée, une méthodologie innovante pour 1’étude
du probléme de régression non paramétrique a sortie multivariée. Nous verrons que cette
proposition est, a ce jour, la seule qui maintient la propriété fondamentale de la régression
des quantiles, le contrdle probabiliste des régions des quantiles. Cette propriété, dans le cas
univarié, stipule que la région de quantile d’ordre 0 < r < 1 contient une proportion de r
points de I’échantillon.

Les deux parties qui composent ce travail sont clairement délimitées. Selon moi, le lien
se trouve dans 1’aspect mathématique, dans le raisonnement et les outils utilisés, et non
dans I’objet d’étude lui-méme. Avant de présenter en détail les résultats obtenus, avec les
définitions techniques et les outils utilisés, il convient de souligner le fait que chaque chapitre
est autosuffisant et adapté de sa version en ligne (ou publiée). En d’autres termes, chacun
d’entre eux peut étre lu et analysé séparément. Ceux qui ne sont pas intéressés par les liens
entre les différents chapitres peuvent sauter le reste de I’introduction.

1.0.1 Le transport optimal en quelques mots

Depuis la fin du siécle dernier, le probleme de 1’affectation de Monge est devenu un sujet de
recherche important en statistique et en probabilité, avec des applications a 1’apprentissage
automatique, a I’économie, a la physique et a I’astronomie, pour n’en citer que quelques-unes.
Soit ¢ : R? x R? — [0, +00) une fonction continue, le coiit de transport optimal entre
deux mesures de probabilité P, Q € P(R?), pour le coit c, est défini comme la solution du
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probleme de Monge

Tle;}f;:Q /Rd c(x, T(x))dP(x), (1.1)
ou la notation Tl P représente la mesure push-forward, c’est-a-dire la mesure telle que
Ty P(A) := P(T~'(A)), pour chaque ensemble mesurable A. I a fallu attendre les années
1990, avec les travaux paralleles de [Brenier] (1991) et |(Cuesta and Matran| (1989)), pour
prouver I’existence de la solution du cofit quadratique ((c(x,y) = ||x — y||?), voir aussi
Gangbo and McCann|(1996) pour des cofts plus généraux et|Villani| (2003 pour une étude
complete.

Entre-temps, Kantorovich a formulé en 1942 (voir |Kantorovich! (2006)) pour une traduc-
tion anglaise de I’article original) la célebre relaxation du probleme de Monge;

72(Pa Q) - 71'61}[1(11@,@) /Rdx]Rd C(X> Y)dﬂ-(xv Y)7 (12)
ot TI( P, Q) est I’ensemble des mesures de probabilité 7 € P(R? x R?) telles que 7(A x
RY) = P(A) y 7(R% x B) = Q(B), pour tout ensemble mesurable A, B. Une mesure de
probabilité m € P(R? x R?) est dite étre un plan de transport optimal pour un coiit c entre
P et @ si elle est un minimiseur dans (T.2)).

Le principal avantage de la relaxation de Kantorovich est 1’existence de solutions opti-
males : pour (T.2), elle ne requiert que I’intégrabilité du cofit (Théoreme 4.1 dans [Villani
(2008))) tandis que le probleme de Monge nécessite certaines hypotheses sur I’'une des deux
probabilités—absolument la continuité par rapport a la mesure de Lebesgue—et sur le coflit—
les conditions bien connues de |(Gangbo and McCann|(1996) pour I’existence de applications
de transport optimales, a savoir ¢(x,y) = h(x —y), ot h : R? — [0, 00) est une fonction
non négative satisfaisant

(A1) h est strictement convexe sur R,

(A2) étant donné une hauteur r € R™ et un angle § € (0, 7), il existe un certain M :=
M (r,0) > 0 tel que pour tous les |p| > M, on puisse trouver un cdne

K(r,0,2,p) = {x e R%: [x — pl|z| cos(6/2) < (z,x — p) < ryz\} ,
dont le sommet est en p (et z dansR? \ {0}) sur laquelle / atteint son maximum en
p,
(A3) Timjy_yo0 o = o0,
Le probleme du transport admet une formulation duale :

T(P.Q) = s / F(x)AP(x) + / 9()dQ(y), (1.3)
(f.9)€®:(P,Q)
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ou ®.(P,Q) ={(f,9) € L1(P) x L1(Q) : f(x)+g(y) < c(x,y)}, voir le théoréme 5.10
inVillani (2008). On appelle ¢ dansL1(P) un potentiel de transport optimal de P a Q
pour un coilt ¢ s’il existe ¢ dansLi(Q) tel que le couple (1, ¢) résout (I.3). De maniere
surprenante, 1’équivalence entre (T.1)) et (T.2)) passe par la régularité des potentiels, qui elle-
méme découle de celle du cofit (cf. |Gangbo and McCann|(1996)) eg.). En ce qui concerne le
contenu traité dans cette these, la formulation duale sera utilisée : dans les chapitres[2]et[3] 1a
variance des bornes des fluctuations; et dans le Chapitre[3|les prix donnés par une entreprise
a certains produits.

Chaque formulation a un intérét différent, et son utilisation dépend de chaque application.
D’une part, lorsqu’elle existe, la solution de (T.T]) définit une application de transport entre
mesures de probabilité. Cela permet d’inférer les propriétés d’une mesure de probabilité a
travers une autre déja connue (ou une mesure de référence). C’est I’idée derriere le succes
de la fonction quantile multivariée de M. Hallin (Hallin et al.[(2021a))); de la régression
quantile multivariée (Chapitre[7); des explications contrefactuelles basées sur le transport
de masse (de Lara et al., [2021) ou de la réparation des biais (Gordaliza et al., 2019b; |Black
et al., [2020).

Soit Pp(Rd) I’espace des probabilités dans R¢ avec des moments finis d’ordre p > 1.
D’autre part, lorsqu’on considere un coft potentiel (¢,(x,y) = ||x — y||”, pour p > 1), la
formulation de Kantorovich entre probabilités & moments finis d’ordre p > 1 admet toujours
une solution et la fonction

=
3=

Pp(RY) x Po(RY) 3 (P,Q) = Wp(P,Q) = (To(P,Q))» = (Te,(P,Q))

définit une distance P,(R?) caractérisée par :

Wltmop) =0 <= 1y / x[Pdpn (x) — / Ix|Pdpx),

voir (Villani, 2003, Chapitre 7). 11 s’agit de la distance dite “Wasserstein” ou de “Monge-
Kantorovich”. Elle est largement utilisée comme discriminateur dans les réseaux adversaires
génératifs |Arjovsky et al.[(2017), dans le recalage diphéomorphique ou comme terme de
pénalité dans la réparation algorithmique des biais (Risser et al., [2021]).

1.1 Comportement asymptotique

La probabilité de vraie population P n’est généralement pas connue pour les chercheurs; ce
qu’ils observent est un échantillon i.i.d. Xy, ..., X, de taille n de P, définissant la mesure
empirique P,. Supposons pour cette introduction que () soit connu. Cependant, les résultats
exposés ici restent valables dans le cas a deux échantillons. La valeur 7.(P,,, Q) est donc
la contrepartie empirique du vraie valeur 7.(P, Q). Bien siir, 7.(P,,, Q) tend vers T.(P, Q),
mais a quel rythme ? Autrement dit, si le nombre de données dont nous disposons n tend
vers 'infini, comment varie la différence 7.(P,, Q) — T.(P, @) ? Pour donner une réponse
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rapide, nous pouvons faire une décomposition biais-variance de I’erreur :

Te(Pn, Q) = Te(P, Q) = (E(Te(Pr, Q) — Te(P, Q) + (Te(Pr, Q) — E(Te(Pn, Q))) -
1.4)

Avant d’analyser formellement le comportement asymptotique du biais (E(7:(P,, @r)) — Te(P, Q))

et de la variance (7.(P,, Q) — E(7:(P,,Q))), une simulation peut &tre utile. Pour ce
faire, nous fixons une dimension ‘relativement élevée” (par exemple d = 10) et simulons
V(T2 (Pn, Qn)), pour P, Q ~ Ujg 1y10. La ﬁguremontre, avec différentes couleurs et en
répétant 10 fois indépendamment la procédure, les différentes valeurs de /n(72(Pp, Qn))
sur I’axe des ordonnées et la taille de 1’échantillon n sur 1’axe des abscisses.

14

13

12

11

10

200 400 600 800 1000

Figure 1.1: Axe des Y, taille de I’échantillon n ; axe des y, différence \/n(72(P,, Qx)), pour
P, Q ~ Ujp 110 Lexpérience est répétée 10 fois de maniere indépendante et les résultats
interpolés sont représentés par des couleurs différentes.

L’observation heuristique permet d’éclairer ce phénomene : le taux de convergence
du biais ne peut pas étre le taux paramétrique /n, mais \/n(72(Py, Qn) — ET2(Pp, Qr))
semble borné. Il semble donc que les fluctuations ne sont pas influencées par le fait d’avoir
une dimension considérablement élevée (d = 10). En effet, pour des mesures absolument
continues par rapport a la mesure de Lebesgue a d dimensions /4, le taux de convergence
correct du biais dépend de la dimension de I’espace Weed and Bach| (2019).

1.1.1 L’analyse des fluctuation

Pour I’analyse des fluctuations (variance), nous supposons que le colit ¢(x —y) = h(x —y)
satisfait aux conditions de|Gangbo and McCannl| (1996), que P et () sont absolument continus
par rapport a la mesure de Lebesgue et que

/h(2x)2dP(x) < oo and /h(—2y)2dQ(y) < 00.
Le chapitre 2] montre que

Vi (Te(Pa, Q) — ETo(Po, Q) % N(0,02%(P,Q)), (1.5)
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7H(P.Q) = [ ¢ldPlx) - ( / go<x>dP<x>)2, (1.6)

 étant un potentiel de transport optimal de P a @) pour le coit ¢. Dans le cas ou P = @,
le potentiel de transport optimal est constant, de sorte que sa variance est nulle et que la
limite (T.3) est dégénérée. Pour en revenir a I’exemple simulé ci-dessus (Figure[I.T)), cela
implique que les fluctuations sont non seulement bornées, mais tendent en probabilité vers 0.
Le taux de convergence de la fluctuation sous I’hypotheése P = (Q est encore un probléme
ouvert. [Gonzalez-Delgado et al.| (2021)) prouve que la limite (T.3)) reste valide sur le tore plat
de dimension d, T<.

La preuve est principalement basée sur 1’inégalité d’Efron-Stein (Boucheron et al.,
2013, Chapitre 3.1), c’est-a-dire que si (X, ..., X)) et (X1,...,X,,) sont i.i.d, on définit
Z = f(Xy,...,X,,) et pour chaque i € {1,...,n} on désigne

Zz/ = f(Xla . '7X7§717X;7Xz‘+17 s 7X7L)7

alors

Var(Z) < —E(Z — Z})> = nE(Z — Z))3.

5ol 3

ou ()4 désigne la partie positive. L’inégalité d’Efron-Stein donne donc

nVar(Te(Pn, Q) — /@(X)dpn(x)) < E(pn(X1) — o(X1) — on(X]) + @(X])* (17)

ce qui signifie que /n (Te(Py, Q) — ET.(P,, Q)) est une suite tendue. Le théoréme central
limite découlera de la stabilité des potentiels—Corollaire donne I'unicité (jusqu’a la
constante additive) des potentiels pour les probabilités a support connecté et le Théoréeme
[2.3.4]1a stabilité de la application de transport. Nous extrayons ici le contenu du Théoréme
[2.3:4 en raison de son importance— c’est le premier résultat montrant la stabilité de la
application de transport et du potentiel optimal dans des domaines non bornés et pour des
colits généraux.

Theorem 1.1.1. Soit Q € P(R?) tel que Q < {4 a un support connecté avec une frontiére
négligeable. Supposons que Q,,, Py, P € P(RY) sont tels que P, BPQ,3Qet

%(anQn) < oo and %(PaQ) <00

pour un coiit ¢(x,y) = h(x —y), avec h différentiable et satisfaisant (A1)-(A3). Si 1y,
(resp. 1) sont des potentiels de transport optimaux de Q,, a P, (resp. de QQ a P) pour le
coiit c. Alors :

(i) Il existe des constantes a,, € R telles que ¢~n ‘= Y — ap — Y au sens de la
convergence uniforme sur les ensembles compacts de Supp(Q).
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(ii) Pour chaque K sous-ensemble compact Supp(Q) N dom(V1))

sup  sup |y, — VU)| — 0.
xeK Y'rbeac¢7L (X)

Cependant, ce résultat ne donne que la convergence p.s. des potentiels empiriques (1.7))
vers leur contrepartie théorique, mais on ne peut pas en conclure que (I.7) tend vers 0. Pour
éviter d’autres hypotheses (comme dans |del Barrio and Loubes| (2019)), on peut montrer que
la séquence E |, (X1) — p(X1) — @n(X]) 4+ (X])| est bornée, puis le théoréme de Banach-
Alaoglu donne une convergence faible dans L?(IP) de {gpn (X1)—o(X1) —pn(X]) +o(X1) }
le long des sous-séquences. En prenant la moyenne de Cesaro signifie que nous pouvons
passer d’une convergence faible & une convergence forte.

1.2 Cas semi-discret

Le comportement du biais est tres différent dans le cas semi-discret — lorsque 1’une des
deux probabilités est supportée pour un ensemble fini de points X = {x1,...,xx}. Ici,
dans le chapitre [3|nous obtenons

Vi (Te(Po, Q) = T(P,Q)) = sup  G(a),

z€0pt, (P,Q)

ou Opt,(P, Q) est I’ensemble des potentiels de transport optimaux et G un processus
gaussien agissant sur eux. Il est alors évident que 1'unicité 4 des constantes additives
pres de ceux-ci implique que la limite est gaussienne. De plus, sous cette hypothese et
grace aux travaux de |Carcamo et al. (2020), nous savons que le bootstrap est cohérent
comme approximation du processus limite. Le fait que la fléau de la dimension ne semble
pas affecter le cas semi-discret pour les deux probabilités est assez étonnant. Mais il est
partiellement caché dans I’hypothese que le support a une taille finie fixe. Pour une meilleure
compréhension, nous fournissons la limite supérieure

EWiL(P,Qm) —Wi(P,Q)| <

N

ou

K(diam(X), Q) = (4 diam(X)+2 / ly[2dQ(y)+2 diam(X)) <log(2) + /2 diam(X) + 1)
et W est la distance de 1-Wasserstein pour la distance euclidienne.
Les preuves des chapitres2]et [3|sont basées sur des arguments complétement différents;

la limite des fluctuations utilise la procédure introduite par |del Barrio and Loubes| (2019)
basée sur I’inégalité d’Efron-Stein, tandis que le probléme semi-discret requiert la dérivation
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fonctionnelle au sens de Hadamard du coft de transport. Le lemme [3.1.1] montre que
To(P, Q) est équivalent a la maximisation (sur une classe paramétrique) de

N
0lP.QD) =Y st [ inf {e(xiy) - }dQ). (18
i=1 e

C’est donc la raison pour laquelle le taux de convergence devient paramétrique. La solution
z* (unique jusqu’a la constante additive sous certaines hypotheses) de (I.8) définit un
ensemble de cellules de Laguerre

Lagy(z*) == {y e RY: c(xp,y) — 2 < c(xi,y) — 2F foralli #k}, k=1,...,N,

qui sont des généralisations des cellules de Voronoi— équivalentes a Lag, (0) pour le coit
quadratique.

Le transport optimal semi-discret a des applications au “modeéle de localisation de
Hotelling” (Galichonl 2016, Chapitre 5.1). Cette application est un exemple typique de
probléeme socio-économique ol la localisation d’une certaine population est représentée par
une probabilité continue () et les fontaines—des entreprises essayant de vendre un produit—
par une probabilité discrete P. Ici, I’emplacement de la fontaine ¢ est x; et sa capacité est
pi. Chaque habitant choisirait la fontaine a la fois plus proche et offrant un meilleur prix,
c’est-a-dire la stratégie arginf,—;  n{c(xi,¥) — 2}, ol z; représente le prix de la fontaine
i. L’ensemble de la population qui préfere consommer a la fontaine ¢ est en fait Lagy,(z). En
cas de compensation du marché - I’offre est égale a la demande - chaque fontaine est utilisée
a sa pleine capacité et le probléme de la détermination des prix se réduit a la solution d’un
cof(it de transport optimal semi-discret..

Le chapitre 3] donne également, a notre connaissance, le premier théoréme de limite
centrale pour les solutions du probleme dual (I.8). Nous soulignons que ce résultat ne peut
pas étre généralisé pour des distributions continues. En effet, si les deux probabilités sont
continues et que I’espace n’est pas unidimensionnel, on ne peut s’attendre a un tel type de
limite centrale pour les potentiels, puisque la valeur attendue de I’estimation du cofit de
transport converge avec un taux O(n_é) et non plus O(n_%). Lorsque les deux échantillons

sont discrets, méme si un tel taux est de O(nfé), le manque d’unicité du probleme dual ne
permet pas de prouver ce type de problemes. En conséquence, le semi-discret est le seul cas
ou de tels résultats, pour les potentiels du probleme O.T. en dimension générale, peuvent étre
attendus. Le chapitre 3] fournit des limites faibles pour les cellules de Laguerre en termes
de métrique LP (cf. |Vitale|(1985) eg.) entre les cellules empiriques et de vraie population.
De plus, nous donnons également des voisinages de confiance asymptotiques en termes de
distance de Hausdorff (métrique L°°). Dans tous les cas, la vitesse paramétrique est atteint.
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1.3 Transport optimal régularisé par I’entropie

Le probléeme de la recherche des limites faibles du cofit de transport est compliqué, méme en
dimension modérée, et, méme si elles étaient trouvées, le rythme serait lent. C’est-a-dire
qu’il faudrait trop de données pour approcher la distribution limite. On a donc besoin d’une
autre notion d’écart entre les distributions qui, tout en capturant la géométrie de I’espace, a
une approximation empirique qui converge vers sa contrepartie de vraie population avec la
vitesse paramétrique /n.

Avec une motivation computationnelle, 1’article influent (Cuturi (2013) propose une
régularisation de (T.2)) avec une pénalité entropique :

: 1 2
Se(P,Q) = werlzll(l,g,Q) /Rded 5% —yl|“dr(x,y) + eH(n|P x Q), (1.9
ou H désigne I’entropie relative, définie, pour deux mesures de probabilité « et 3, comme
suit : H(a|B) = [ log(g—%‘(m))da(:p) si « est absolument continue par rapport a 3 et +00
sinon. Soit 7} la solution de (T.9), qui est absolument continue par rapport a P x Q
avec la densité 51%@ Ce probleme, ainsi que son homologue non régularisé (I.2), admet une
formulation double.

5= sw [ P60+ [ avdQo)

feL1(P),geL1(Q)

F0)+9(y)— 4 Ix—y|?
- e/ e € dP(x)dQ(y) +e}(1.10)
R4 xRd

La paire de solutions de (I.10), appelée ( ff)Q, ngQ), satisfait les conditions d’optimalité
suivantes:

/efp,Q(X)Jrgp,Q(y)—% Ix—yIIQdQ(y) =1, forallz € RY,

/efp,Q(XHQP,Q(.Y)élIXYHQdP(x) =1, forally € RZ. (L.11)

Cela permet de trouver des solutions pour (I.10) sur la classe C*, de réduire la complexité de
I’optimisation (cf. Genevay et al.|(2019)) et a fortiori \/n E|Sc(P,, Q) — Se(P, Q)| < C,
valable pour des probabilités sub-gaussiennes Mena and Niles-Weed| (2019).

De plus, I’argument de concentration de del Barrio and Loubes| (2019) tient €également
dans ce cas (voir Mena and Niles-Weed| (2019))), donnant lieu a

V(Se(Pn, Q) = ESc(Pn, Q) = N(0, Varx~p(ffo(X)))- (1.12)

Ni (T.I2) ni la limite mentionnée précédemment ne fournissent d’intervalles de confiance
asymptotiquement valides pour la valeur de la vraie population S (P, Q)). Pour cela, il est
nécessaire de connaitre la limite exacte de

Vi (ESe(P,, Q) — Se(P,Q)). (1.13)
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Dans le chapitre [ il est prouvé que (T.13) tend vers 0 quand n — oo. Ainsi, la valeur
attendue peut étre remplacée par la valeur de la vraie population dans (1.12), résultant en

\/E(Se(Prw Q) - Se(P7 Q)) ﬂ> N(O> VarXNP(f]g,Q(X)))' (114)
Soit z, le quantile o de la distribution normale standard et
~2 € 1 - € 2 1 - € 2
0y = Varp, (fp, ) = > (fho(Xi)* - (ﬁ > fP",Q(Xi)> (1.15)
i=1 i=1

soit une approximation cohérente de la variance limite Varx.p(fp Q (X)), la limite

On
{SJPM Q)+ ﬁzl_a/z} , (1.16)
est valide.

Néanmoins, (1.16)) ne fournit aucune conséquence statistiquement significative en raison

du biais entropique. Le fait que S.(P, Q) = 0 ne signifie pas que les deux probabilités sont
égales | L’hypotheése P = () ne peut pas étre acceptée ou rejetée via la valeur de S (P, Q).

La solution la plus aboutie pour limiter I’'influence de la régularisation entropique est la
divergence de Sinkhorn, proposée par|Feydy et al.[(2019) et énoncée comme suit

De(P; Q) = Se(Pv Q) - % (SE(P7 P) + Se(QaQ)) .

Clairement, D (P, Q) est symétrique en P, Q et D.(P, P) = 0. De plus, (Feydy et al., 2019,
Théoreme 1) prouve que D(P, Q) > 0, avec D.(P, Q) = 0 si et seulement si P = Q.

Les intervalles de confiance asymptotiques pour D, (P, )) peuvent étre déduits de leur
contre-partie empirique en connaissant les limites non triviales de

an(De(Pna Q) - DG(P’ Q))?

pour une certaine suite {ay, }r, gansy C R. Le chapitreprouve que la séquence en question
dépend de I’hypothese. En particulier, on obtient les limites suivantes :

* Sous Hy: P=Q:

1 00 o] 2
TLDE(PTL,P) i) Z Z)\j (Z xi,sz) s
J=1 =1

ol {N,}ien est une séquence de variables aléatoires mutuellement indépendantes
avec N; ~ N(0,1) et {z;;}ijen C R, {Aj}jen C [0,00) séquences réelles (et
déterministes) dépendant de Py e.
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* Sous H; : P # Q:
\/E(De(Pna Q) - DE(P7 Q)) £> N(O,Varp(¢§37Q)),

oUYp o = fhg — 3(fhp+9pp).

La technique est différente pour chaque hypotheése. Sous H;, I'inégalité d’Efron-Stein
fournit le développement au premier ordre. Cependant, puisque w;}Q est nul lorsque P = Q,
cela n’est pas suffisant pour obtenir des limites non triviales sous Hy. Il faut donc un
développement du second ordre, qui est une conséquence du développement du premier
ordre des potentiels. La preuve est longue et fastidieuse; elle est divisée en deux ouvrages
différents. D’une part, le chapitre ] montre 1’étanchéité des potentiels et la divergence. Ce
qui signifie que il existe une constante ¢4, dépendant uniquement de d, telle que

5(d+1 2
EHngQ - gP7Q||%S(Q), E”fme — fP,Q ’%Q(Q) < %DQ( )615DQ,

et

€ _ fe
D’une part, le chapitre[5|montre le développement de premier ordre de v/n ( gf nQ gf Q@ > ,
P’ﬂ7Q o P?Q
in C*(Q2) x C*(R2), par rapport au processus empirique /n(P, — P), qui suit

( foa— foa > _ < (1— A ) A5G, ) o <1> |
99,0 — 9P0 —(1 - ApAG)Gh, vn
Ici G}, désignent LS £po(Xk, ) —E (SI%Q(X, )) , et

A LX(P) 3 f / £5,0(x, ) f(X)dP(x) € C*(€),
(1.17)

g 13(Q) 29 [ €ralsy)o¥)dQ(y) € C(@),

Ce développement au premier ordre des potentiels permet, par la formule

fro+opq-5ll-—I?
€

dﬂ’j%Q =e deQ7

pour obtenir les limites faibles du probléme primaire, ¢’est-a-dire

Vvn / n(drs, o — drhg), withn € L*(P x Q).

En particulier, nous obtenons

Vit [ wint, o~ [ninhq) 5 NOGR ). we P x@), (1)
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ou o3 (n) = Varx.p ((1 - ZQA})_I (ng — 2277;) (X)) , prouvant ainsi une conjecture
de[Harchaoui et al| (2020). (T.I8) fournit des intervalles de confiance consistants pour Th, O
ce qui permet, entre autres, d’effectuer une inférence sur la distance de Sinkhorn (appliquer
(TI8) a la fonction (x,y) — 3||x — y||?) définie dans Cuturi| (2013) o the regularized
colocalization measure RCol (appliquer (I.18) a la fonction (x,y) — 1jx—y|2<¢) définie
dans [Klatt et al.| (2020).

1.4 Fonction de distribution multivariée centre-extérieur; régu-
larité et régression quantile.

L’absence d’ordre canonique de R?, pour d > 2, empéche la généralisation d’outils statis-
tiques basés sur la relation d’ordre univarié. L’un des plus importants est la fonction de
distribution d’une variable aléatoire univariée X ~ P, définie comme F': z — P(X < x).

De nombreuses tentatives ont été faites pour définir une fonction de distribution multi-
variée. Parmi celles-ci, citons celles basées sur les profondeurs, les copules, les rangs par
composante, les rangs spatiaux ou les rangs de Mahalanobis; nous nous référons a Hallin
et al.[(2021a) et a ses références. Toutes ces méthodes doivent tenir compte de 1’absence
d’ordre canonique, mais aucune d’entre elles n’est capable d’imiter les propriétés qui rendent
la fonction de distribution univariée utile. Il s’agit de la liberté de distribution (la distribution
de F(X) est uniforme sur [0, 1], tandis que sa contrepartie empirique {F"™(X;)}" ; est
uniforme sur 1I’ensemble {%}?:1 quelle que soit la distribution des X;); de la propriété
de Glivenko-Cantelli (I’approximation empirique converge a. s. uniformément dans R) et
maintient I’ ordre, c’est-a-dire qu’elle est monotone.

La monotonicité et le fait que F'(X) est uniforme sur [0, 1] définissent de maniere
unique F', pour toute variable aléatoire continue X ~ P. La monotonicité équivaut a
étre le gradient d’une fonction convexe, la gratuité de la distribution a F' faisant avancer
P vers U g1y (la distribution uniforme sur (0, 1)). Bien siir, la fonction quantile @ est
le gradient d’une fonction convexe poussant en avant U 1) vers P. Ces propri€tés ont
conduit (Chernozhukov et al.|(2017) a définir une fonction quantile multivariée candidate,
dite fonction de distribution quantile par rapport a une mesure de référence U/, définie, pour
une variable aléatoire X ~ P € P(R?), comme I’unique gradient d’une fonction convexe
(définie en presque tout point) qui fait avancer U vers P. Son existence est donnée en vue du
célebre théoreme de McCann McCann| (1995).

Le débat actuel porte sur le choix d’une idoneus mesure de référence U{. |Deb and Sen
(2019) plaide pour une mesure uniforme sur I’hypercube (réussissant a tester I’indépendance),
Hallin et al.| (2021a)) pour une mesure uniforme sphérique (réussissant a donner une notion
d’ordre centre-extérieur) et Deb et al.|(2021) pour une gaussienne standard (réussissant le
test 72 de Hotelling). La réponse la plus correcte est que cela dépend du but recherché :
(Hallin and Mordant, 2021)). Nous traiterons ici le cas de la distribution sphérique sur la
boule unité Uy, c’est-a-dire celle obtenue en prenant indépendamment un rayon r ~ Uq 1)
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et une direction # uniforme sur la sphere S~!. L’avantage d’utiliser 1’uniforme sphérique
comme mesure de référence réside dans son invariance aux rotations (changements de base)
et son contrdle uniforme des boules centrées sur 1’origine et de rayon 7 € (0, 1), soit

Uy(rsY) =7 7€ (0,1). (1.19)

Aucune autre mesure de probabilité dans R? ne satisfait & ces propriétés. (T:19) fournit un
ordonnancement radial naturel et une notion claire de centre—donc un ordonnancement
centre-extérieur. La fonction quantile Q4 est définie dans ce cas comme I’unique gradient
d’une fonction convexe v (définie en presque chaque point) qui fait avancer U, vers P. La
fonction de distribution est définie comme

Fi(x):=arg ”81|Jll£>1{<xa u) —¢(u)},

qui coincide avec I’inverse de Q. dans le support de P. L’importance accordée par U, a
I’origine et cette notion d’ordre centre-extérieur sont héritées par P via Q4. Cela donne lieu
au nom de distribution centre-extérieur et mappings de quantiles inventé dans |[Hallin et al.
(2021a) pour F1 et Q. Cette terminologie sera utilisée a partir de maintenant.

Supposons I’observation d’un simple échantillon i.i.d. échantillon X[ = (Xq,...,Xp)
de P, on définit sa distribution empirique centre-extérieur F’l, pour chaque X; comme
F(X;) = QSE::L)(Z.). Ici, 0, est la correspondance biunivoque dans {1,...,n} ol

3 (n)
2
> I%i— el (1.20)
i=1
atteint son minimum, et e5§”), ey @gn) est une grille réguliere de la sphérique uniforme de

Uy. Elle consiste a factoriser n = ngng + ng, avec n < min(ns, ng) et a calculer n points

@&n), e 67({1) créés par I’intersection entre

— les rayons générés par un couple uy, ..., u,3 € Sg—1 de vecteurs unitaires tels que
ng ! Z?j 1 5uj converge faiblement vers 1’uniforme sur S;_; comme ng — oo, et

— les hyperspheres np de centre 0 et de rayon j/(ng+1),j =1,...,ng,

les points correspondant a ng sont identifiés a 0. La propriété de Glivenko-Cantelli

Jnax [FL(Xy) = Fae(Xe) | £ 0 (1.21)
est valide si F' est bien défini sur I’espace entier (rappelons que le théoréme de McCann
donne une définition de Lebesgue p.s.). Ceci est assez courant lorsqu’il s’agit de prouver la
convergence des gradients de fonctions convexes. En particulier, on suit généralement trois
étapes : prouver la convergence faible des plans de transport, prouver la convergence des
sous-différentielles au sens des ensembles, et enfin, prouver la convergence des potentiels.
Sur les ensembles compacts ol le sous-différentiel est monovalent (i.e. ou la fonction est
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lisse) la limite est uniforme, la forme particuliere (fortement convexe) du support de Uy, nous
permet de passer de la convergence uniforme dans les ensembles compacts a la convergence
uniforme (globale).

Si F4 est bien défini sur I’espace entier, en conséquence de (I.19), la application du
quantile centre-extérieur définit des régions imbriquées Cp(7) = Q.. (r S?) et des contours
continus Cp(7) = Q4 (r S 1) indexés par 7 € ([0, 1), tels que, pour tout P absolument
continu par rapport a la mesure de Lebesgue, P [(C P (T)] = 7, indépendamment de P. Aucun
autre choix de mesure de référence ne définit une fonction de distribution multivariée basée
sur le transport partageant la derniere propriété pour toute dimension, qui est la clé de la
régression quantile multivariée (voir le chapitre 7).

1.4.1 Régularité de la distribution centre-extérieur

La fonction de distribution centre-extérieur F 4 est bien définie si et seulement si elle est
continue (cf. Rockafellar (1970)). Par conséquent, I’étude de sa régularité est importante. On
sait qu’en une dimension la fonction de distribution est continue pour toutes les probabilités
absolument continues (par rapport a la mesure de Lebesgue). Des résultats similaires pour
sa contrepartie multivariée devraient &tre souhaitables. La régularité des fonctions convexes
satisfaisant une condition de transport est généralement traitée au moyen de 1’équation de
Monge-Ampere (cf. [Figalli| (2017) eg.). Nous verrons que dans ce cas la continuité de F 1
est atteinte en supposant que P a une densité p satisfaisant :

Hypothese A. Pour tout R > 0, il existe 0 < Ap < Apg tel que

Ar <p(x) < Ar pourtousx € XN RS (1.22)

En particulier, F' satisfait 1a condition d’avancement de P vers () et c’est le gradient d’une
fonction convexe ¢, de sorte que son sous-différentiel satisfait

| wavrdy = [ pxjax (1.23)
dp(A) A

Le résultat principal du chapitre[6|est le suivant.

Theorem 1.4.1. Soit P une mesure de probabilité avec une densité p supportée sur I’ensemble
convexe ouvert X C R4,

(i) Si p satisfait a (1.22), alors K := 0v(0) est un ensemble compact et convexe de
mesure de Lebesgue 0 tel que la fonction quantile centre-extérieur Q1 := V) et la fonction
de distribution centre-extérieur F 1 := V1* sont des homéomorphismes entre S* \ {0} et
X\ K, inverses l’un de ’autre.

(ii) Si, en outre, p € Cl’f)’ca(X) pour un certain k € N and o € (0,1), alors Q4 et F1.
sont difféomorphismes de classe CET5* entre ST\ {0} et X \ K.

loc
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La preuve repose sur la théorie de Caffarelli |Catfarelli (1990, 1991}, [1992), (Caftarelli
(1990) qui a été largement étudiée par Figalli dans [Figalli and Kim| (2010); |[Philippis and
Figalli| (2012); \(Cordero-Erausquin and Figalli|(2019). Nous recommandons le livre Figalli
(2017) comme guide d’introduction a ce sujet et ses implications pour la régularité de la
application de transport.Jusqu’a |[Figalli (2018)), 1a régularité de F n’était couverte par aucun
de ces travaux, voir |(Cordero-Erausquin and Figallil (2019) pour une étude du cas le plus
général. Cependant les hypotheses de |Figallil (2018)) (on suppose A et que P est supporté
dans tout I’espace) sont trop fortes, comme nous le verrons dans le chapitre[f] elles peuvent
étre €tre assouplies .

En conséquence, si P est une probabilité avec une densité p supportée sur I’ensemble
convexe X C R? tel que p satisfait a (T.22)),, les propriétés suivantes sont satisfaites.

* La propriété de Glivenko-Cantelli (I.21)) (Hallin et al., 2021al Proposition 2.4) est
vérifiée. Ce qui implique que la fonction de distribution du centre de la population
vers I’extérieur peut étre estimée uniformément a partir de I’échantillon.

» Pour toute u sur la sphére unité S9!, toute séquence (t, )ncn de nombres réels telle
que t, — o0, on a la limite
lim Fi(t,u) =u (1.24)

n—o0

Cette propriété est analogue a lim,,_,o F'(t,) = 1 and lim,,_,o, F'(—t,) = 0 dans le
cas univarié, c’est-a-dire du point de vue centre-extérieur.

« pour tout € (0, 1) et tout y appartenant 2 la frontiére de Q. (r S%), il existe un rayon
T émanant de y pour lequel Q4 (r S?) N'T = {y}. En termes familiers, pour chaque
point d’un contour quantile, il existe un rayon qui ne touche pas a nouveau I’ensemble.
De plus, Cp(7) sont des régions imbriquées et connectées.

* Si, en outre, X’ est compact, pour tout 7 — 1, Q4 (7 Sd) tend vers X en distance de
Hausdoff.
lim d (Q4(rS?%), X) = 0. (1.25)
r—1

Le support de P peut étre approximé par les limites des régions quantiles.

1.4.2 Régression quantile non paramétrique avec sortie multivariée

Le chapitre [7] propose une nouvelle et importante extension non paramétrique et multi-
variée, basée sur le concept de quantiles du centre vers 1’extérieur, du célebre concept de
régression quantile de Koenker et Bassett Koenker and Bassett| (1978)), un outil puissant
dans 1’étude statistique de la dépendance d’une variable d’intérét Y par rapport aux co-
variables X = (Xi,...,X,,). Contrairement a la régression classique qui, en quelque
sorte, se concentre sur les moyennes conditionnelles E[Y'|X], la régression quantile néces-
site la connaissance complete des distributions conditionnelles Py|x—, de Y étant donné
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X = x. Sa formulation non paramétrique, dont I’étude commence avec les travaux pio-
nniers de |Stone| (1977), est devenue partie intégrante de la pratique statistique quotidienne,
avec d’innombrables applications dans tous les domaines de la recherche scientifique dans
lesquels un nombre fini de parametres fournit un modele trop rigide pour expliquer certains
comportements observés.

La principale motivation pour I'utilisation de la régression quantile est I’observation que
Py|x=x est beaucoup plus informatif que la simple connaissance d’un parametre d’intérét,
comme la moyenne ou la médiane conditionnelle. La figure [I.2] montre un exemple de
régression quantile univariée, avec X =age et Y =pli cutané du triceps. En regardant
uniquement la médiane (ligne rouge), nous ne pourrons obtenir qu’une description de la
tendance du modele, cependant, en prenant en compte les informations données par les tubes
quantiles, nous obtenons 1’hétéroscédasticité du modele.

Triceps Skinfold
Triceps Skinfold

0 10 20 30 40 50
Age (yr)

Figure 1.2: Exemple de régression quantile univariée : X =Aage et Y =pli cutané du triceps.
Figure extraite de|Yu and Jones|(1998). La ligne rouge représente la médiane et la région
bleue la région du quantile centre-extérieur d’ordre 0, 5.

La fonction de tendance dans la régression quantile est la médiane conditionnelle, qui
correspond a Q(%\ x). Cependant, la propriété fondamentale de la régression quantile, qui la
différencie de tous les autres modeles de régression, “contréle probabiliste” des tubes et des
quantiles, c’est a dire

1.7

[y e oG - 300G+ 3i0]| X =x] = m

sans tenir compte IP. Grace a cette propriété, nous savons, par exemple, que la région bleue
de la figure[I.2]a une probabilité de 0, 5. C’est le principe de base de la régression quantile.
Tout modele de régression qui ne le satisfait pas ne peut pas €tre considéré comme une
régression quantile, et s’il était destiné a &tre une régression quantile, il a certainement
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manqué sa cible.

Bien sir, nous ne pouvons pas nous contenter d’une définition de la régression quantile
qui n’est valable que pour les sorties univariées; considérons par exemple le modele suivant:

v
Y = (12/) = | UVIX stV O-VIX 3D | X ~ Uy, UV~ N(0,1), (1.26)
NEETEN e

étant X, U et V mutuellement indépendants. La régression uinivariée sur les marginaux ne
nous donne aucune information utile, les deux sont indépendants de X. Toute 1’information
se trouve dans la distribution conjointe. Le lecteur peut se demander si une projection
dans toutes les directions nous donnerait plus d’informations. En effet, plus de projections
donneront plus d’informations, puisque celles-ci caractérisent la probabilité du vecteur Y.
Cela va dans le sens des profondeurs intégrées (voir|Cuevas and Fraiman|(2009)) qui, comme
toute régression basée sur la profondeur (pour un traitement plus approfondi, voir (Serfling
and Zuol 2000) ou (Serfling, 2002, [2019) et les références qui y sont données), perd le
contrdle probabiliste des régions.

Figure 1.3: Exemple de régression quantile univariée; avec X et Y = (Y, Z) comme
dans (T.26). Le nombre de points observés est n = 7000. Les contours du quantile pour
7=20,2,0,4,0,8 sont représentés en noir (7 = 0, 2), vert (7 = 0,4) et jaune (7 = 0, 8). Le
centre est représenté en rouge.

La méthodologie proposée dans le chapitre[7] définit des régions et des tubes quantiles,
capables d’analyser des modeles non paramétriques tout en maintenant un contrdle proba-
biliste asymptotique des régions—le contrdle probabiliste empirique converge vers celui de la
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population, qui est connu. La figure[I.3] analyse le modele (I.26), donnant du méme coup
une solution trés visuelle, la tendance du modele est -comme prévu- clairement constante;
cependant la covariable X atteint son pic d’influence sur le vecteur d’intérét dans la direction
(1,1). La fonction quantile centre-extérieur Q1 de Y étant donné X = x est définie comme
suit

uecS;— Qi(ulx) e RY

Il définit naturellement les régions conditionnelles quantiles comme étant
Ci(7]x):=Qx(7Sq/x) 7€(0,1), x € R™,
qui satisfont la propriété fondamentale
P[Y € Ci(r]x)|X =x] =7 pourtousx € R, 7 € (0,1), et P.

Pour 7 = 0, la médiane conditionnelle est

C4(0|x) = ﬂ Ci(1]x)
7€(0,1)

Il caractérise également le phénomene de nichage (non “quantile-crossing”) “tubes quantiles
de régression d’ordre T € (0,1)” (dans R™+9)

T+(7) = {(x, Q+(7Sq|x)) [x e R™}, 7€ (0,1)
qui satisfont la propriété fondamentale
P[(X,Y) € TL(7)] =7 irrespective of P, 7 € (0,1).
Pour 7 = 0, on définit

T+(0) = {(x,y)) [x R, y € C+(0|x)} = (] Tx(7)
7€(0,1)

(comme le graphe de x — C4 (7] x)); par un léger abus de langage, nous I’appelons égale-
ment médiane de régression de 'Y par rapport a X.

Lorsque ce qui est observé est un échantillon (X, Y)™ == (X1, Y1), ..., (X, Y5))
de n copies i.i.d. de (X,Y) ~= Pxv, le chapitre [7| propose un estimateur de u
Q.+ (u|X = x), x € R™. Notre estimateur est obtenu en deux étapes : a I’étape 1, nous
construisons une distribution empirique de Y conditionnelle 2 X = x et, a I’étape 2, nous
calculons le quantile centre-extérieur correspondant.

La distribution empirique de Y conditionnelle a X = x est approximée par une fonction
de poids, donc (si nous ne voulons pas nous restreindre aux fonctions de poids constantes
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par morceaux) ce sera une probabilité atomique de poids non égaux. La solution que nous
obtenons nécessite la résolution du probleme de transport optimal suivant:

N n 1
min }ZZ§ 1Y —@Z-|27Tm-,

mi={m; ; =1 =1

n
1
S.t. Zﬂ-i’jzﬁ’ i€{1,2,...,N},
J=1

1.27)
N
Zﬂ-@j :w]('n)(X;X(n))v J€ {1727"'vn}7
i=1
mi; >0, ie{l,2,...,N}, je{1,2,...,n},
ol ngn), .. ,@5\?) est une grille réguliere de U;. Dans ce cas, N est arbitraire, on lui

demandera seulement de tendre vers I’infini. Le probleme est que la solution de (T.27) est un
plan de transport et non une application en tant que telle. Pour créer une application, nous
appliquons le critere

T*(&;| x) :== arg inf {||y | : y € conv <{YJ :J € arg maxw%(x)}) } ,  (1.28)
J

ol conv(A) désigne I’enveloppe convexe de A. Nous procédons comme dans |Hallin et al.
(2021a)) en choisissant I’interpolation lisse cycliquement monotone avec la plus grande con-
stante de Lipschitz. Désignons-la par u — ng )i (u‘x) et appelons-la la fonction quantile
conditionnelle empirique centre-extérieur.

Nous montrerons que si la fonction de poids est cohérente (au sens de |[Stone| (1977)),
pour tout u € Sy et e > 0,

P<Q$Q(U|X)¢Qi(u|X)+eSd)—>O asny N — oo,
et, pour tous 7 € (0, 1),
P(Cl(r[X) ¢ Calr[X (m <
+ +(7]X)+€Sq ) = 0and P ( V(7 |X) ¢ CIV(7|X) +€Sq ) =0

en tant que n et N — oo.

Remark 1.4.2. La preuve de ce résultat suit la ligne de convergence des mappings em-
piriques multivalués, initiée par|del Barrio and Loubes| (2019) pour prouver la convergence
des potentiels de transport optimaux dans le cas quadratique, poursuivie par Hallin et al.
(20214d) pour la preuve du théoreme de Glivenko-Cantelli multivarié et finalement formalisée
dans|Segers|(12022). Voir également del Barrio et al.|(2021)) pour le cas général des coiits.
Dans ce cas, nous avons une difficulté supplémentaire; la convergence est en probabilité, et,
par conséquent, nous devons passer de nombreuses fois par des sous-séquences. C’est une
procédure fastidieuse.
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Le chapitre 6] trouve son application dans le[7} il permet de donner les conditions que
(X,7Y) doivent satisfaire afin d’obtenir des notions de convergence plus fortes. Dans ce
cas, si I’on suppose que A tient p.s. pour la probabilité conditionnelle, alors, pour tout
sous-ensemble compact K C Sy \ {0}, lorsque ny N — oo,

n P
sup QY. (u[X) -~ Qu(u|X)| — 0

uc
et, pout tous 7 € (0,1) y e > 0,
P (dH (ci”)(f X), (7 \X)) > e) 0.
De plus, sous ces conditions, nous obtenons le contrdle de probabilité asymptotique
P (Y € CEC)(T !X)‘X) Ly pour tous 7 € (0, 1),

qui justifie la méthodologie proposée.

Le chapitre[7]se termine par une série d’expériences qui montrent le bon comportement
des modeles incluant I’hétéroscédasticité et les tendances non linéaires; sa puissance en tant

qu’outil d’analyse de données est également illustrée sur quelques ensembles de données
réelles.
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CHAPTER 1

Introduccion (version espaiiola)

El transporte optimo es un problema de asignacion de recursos presente en miltiples dreas de
las matemadticas; y por ende en sus aplicaciones. Esta versatilidad también se manifiesta en su
propio marco tedrico: el estudio de su regularidad recurre a técnicas avanzadas de ecuaciones
diferenciales (Caftarelli, (1990, [1991] [1992); el desarrollo de métodos computacionales
eficientes, el andlisis numérico y la combinatoria (Peyré and Cuturi, 2019, capitulo 3); su
comportamiento asintético, el andlisis convexo (del Barrio and Loubes| [2019) y los procesos
empiricos (del Barrio et al., 2005).

El transporte 6ptimo consiste en hallar, entre todas las medidas de probabilidad con
las mismas marginales fijas, aquella que minimiza el coste medio de transporte. Este valor
minimo medio es conocido como el coste de transporte 6ptimo. En aquellos casos en los que
una de las probabilidades cuente con densidad, la solucién es determinista y se da mediante
la aplicacién de transporte (Gangbo and McCann, [1996). El coste de transporte 6ptimo
proporciona una estructura métrica —la cominmente conocida como distancia de Wasserstein—
al espacio de medidas de probabilidad. Por lo tanto, desde un punto de vista estadistico,
el transporte 6ptimo ofrece una herramienta para la comparaciéon de datos que tiene en
consideracién la geometria del espacio latente. La cual ha probado su eficacia en problemas
como reparacion de sesgos en aprendizaje automético (Risser et al., 2021; |Gordaliza et al.,
2019a; Black et al., 2020), en la modelizaciéon de razonamientos contrafactuales (de Lara
et al., 2021} Black et al.l 2020) o en registro difeomérfico (Feydy et al., [2017; |De Lara et al.,
2022+).

Una aplicacién natural de cualquier distancia significativa entre distribuciones es el
problema de bondad de ajuste, es decir, el problema de probar la hipétesis nula de que
una muestra Xy, ..., X,, proviene de una poblacién con una distribucién completamente
especificada P (Hallin et al., 2021b). Efectivamente, en dimensiones moderadas la distancia
de Wasserstein puede proporcionar un test estadistico consistente contra toda alternativa
fija, eg. |(Gonzalez-Delgado et al.|(2021) propone un test consistente basado en la distancia
de Wasserstein en el toro plano de dimensién 2. Estas aplicaciones, donde la distancia
de Wasserstein cuantifica la similitud entre diferentes muestras de datos, necesitan una
justificacién matematica rigurosa.

La primera parte de esta tesis se enfoca en el estudio asintético-estadistico del problema
de transporte. Veremos que la dimensién del espacio latente influye en el error de la
aproximacioén empirica del coste de transporte 6ptimo pero no en su varianza, de hecho,
los limites de las fluctuaciones (diferencia entre la distancia de Wasserstein empirica y su
media) son gaussianos. La influencia de la dimensién en el ratio de convergencia de la
version empirica a la poblacional es conocido como la maldicion de la dimension. Las
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primeras demostraciones rigurosas de este hecho se remontan a 1969 con el trabajo de
Dudley| (1969). Recientemente, los trabajos de [Fournier and Guillin| (2013) y Weed and
Bach| (2019) corroboran el hecho de que la distancia de Wasserstein empirica entre dos
distribuciones continuas converge a la poblacional con ratio de n=a , salvo quizas factores
logaritmicos. Esto demuestra que la distancia de Wasserstein no puede ser utilizada para
proporcionar un test de bondad de ajuste consistente en dimension general. Las fluctuaciones
tienen un comportamiento asintético diferente. Es mas, pueden ser acotadas con ratio rf%,
independiente de la dimension (Weed and Bach, 2019} proposicién 20). Los argumentos
de \Weed and Bach| (2019)), basados en la desigualdad de McDiarmid, carecen de sentido
para probabilidades no soportadas en un conjunto acotado. Un estudio mads preciso de las
fluctuaciones es el realizado por|del Barrio and Loubes| (2019) mediante la desigualdad de
Efron-Stein. Sin embargo, son especificos para el coste cuadratico —en el cual las aplicaciones
de transporte son gradientes de funciones convexas— haciendo no trivial su generalizacién a
otros costes.

La citada maldicion de la dimensién aparece para probabilidades con densidad. Cuando
las dos probabilidades son discretas el problema de optimizacidén es paramétrico y satis-
face un teorema central del limite con ratio nfé, véase [Sommerfeld and Munk! (2018)). Si
una de las probabilidades es discreta —el llamado problema semi-discreto—, del Barrio and
Loubes| (2019) probaron el teorema central del limite centrado en el valor poblacional como
aplicacién del resultado obtenido para las fluctuaciones. Esta estrategia, como veremos en
este trabajo, no es la més a adecuada. La version funcional del delta-método proporciona
una metodologia que requiere menos hipétesis. Esto ha sido observado paralelamente por
Hundrieser et al.| (2022).

El control de las fluctuaciones resulta més util para analizar el problema de transporte
regularizado por la entropia. Propuesto por [Cuturi| (2013)), es, sin lugar dudas, el método
mads ampliamente utilizado de regularizacién del problema de transporte. Mena and Niles{
Weed| (2019) demuestran, usando los argumentos de del Barrio and Loubes| (2019), que las
fluctuaciones del problema regularizado son asintéticamente gaussianas. En este trabajo
veremos que ademds el sesgo converge mds rdpido que la varianza, dando como resultado
el teorema central del limite para el coste de transporte regularizado por la entropia. Esto
no es suficiente para dar una respuesta positiva al problema de bondad de ajuste basado
en nociones de transporte. El término afiadido como penalti causa un fenémeno conocido
como sesgo entrépico, que reduce significativamente la utilidad del coste de transporte regu-
larizado para realizar inferencia estadistica. |Feydy et al.| (2019) propone una modificacién
del coste de transporte regularizado —la divergencia de Sinkhorn— que repara este problema.
Esta tesis proporciona un desarrollo de segundo orden de la divergencia de Sinkhorn con
respecto el proceso empirico. Como consecuencia, se obtiene una caracterizacién precisa del
comportamiento asint6tico de la misma. Esto puede ser usado para crear un test de bondad
de ajuste basado en la divergencia de Sinkhorn.

Es conocido que los rangos, basados en la nocidn de orden univariante, proporcionan
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una metodologia general para abordar el problema de bondad de ajuste. La generalizacion
multivariante del concepto de rango no ha sido posible debido a la ausencia de nocién de fun-
cién de distribucién multivariante. Recientemente, los trabajos de Marc Hallin y coautores
(eg. |[Hallin et al.| (2021a)) proponen la aplicacién de transporte entre la muestra de datos y
la distribucién esférica uniforme como candidata a funcién de distribucién multivariante.
Resulta que —siempre segtin Hallin et al.| (2021a))— esta propuesta satisface las principales
propiedades que hacen de la funcién de distribucién univariante una herramienta util para la
inferencia estadistica. Esto ha proporcionado, al igual que se ha mencionado para el caso
univariante, una metodologia general para la creacion de test de bondad de ajuste (Deb and
Senl 2019; Deb et al.,[2021)) o de independencia (Shi et al., 2022} [Hallin and Mordant, 2021}).
La segunda parte de este manuscrito demuestra la continuidad de la funcién de distribucion
multivariante para probabilidades soportadas en un conjunto convexo, extendiendo asi el
resultado de |Figalli| (2018)). La singularidad en el origen de coordenadas de la distribucion
de probabilidad esférica uniforme hace que los resultados de Caffarelli (see eg.Caffarelli
(1990, 1991}, 11992)) no cubran este caso. Para concluir, proporcionaremos, usando el nuevo
concepto de funcién de distribucién multivariante, una metodologia innovadora para el
estudio del problema de regresién no paramétrica con salida multivariante. Veremos que
esta propuesta es, hasta la fecha, la inica que mantiene la propiedad fundamental de la
regresion cuantilica, el control probabilistico de las regiones cuantil. Esta propiedad, en
el caso univariante, dictamina que la region cuantil de orden 0 < r < 1 contiene una
proporcién de r puntos de la muestra.

Las dos partes que componen este trabajo estdn claramente delimitadas. En mi opinion,
el nexo de unién se encuentra en el aspecto matematico, en los razonamientos y en las
herramientas utilizadas, y no en el objeto de estudio en si mismo. Antes de presentar en
detalle los resultados obtenidos, con las definiciones técnicas y las herramientas utilizadas,
conviene subrayar el hecho de que cada capitulo es auténomo y estd adaptado a partir de su
versién on-line (o publicada). En otras palabras, cada uno de ellos puede leerse y analizarse
por separado. Quienes no estén interesados en los vinculos entre los distintos capitulos
pueden saltarse el resto de la introduccién.

1.0.1 El transporte éptimo en pocas palabras

Desde finales del siglo pasado, el problema de asignacion de Monge se ha convertido
en un importante tema de investigacién en estadistica y probabilidad, con aplicaciones al
aprendizaje automadtico, la economia, la fisica y la astronomia, por nombrar s6lo algunas.
Sea c : R x R? — [0, 4+00) una funcién continua —conocida como funcién de coste— el
coste de transporte dptimo entre dos medidas de probabilidad P, Q € P(R?) para el coste ¢
se define como la solucién del problema de Monge

inf /Rd c(x, T(x))dP(x), (1.1)

T: T#P:Q
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donde la notacién T4 P representa la medida push—forwamﬂ, es decir, la medida tal que
Ty P(A) := P(T~'(A)), para cada conjunto medible A. Hubo que esperar hasta los afios
90, con los trabajos paralelos de [Brenier| (1991)) y |Cuesta and Matranl (1989), para demostrar
la existencia de la solucién para el coste cuadrético (¢(x,y) = ||x — y||?), véase también
Gangbo and McCann| (1996)) para costes mds generales y |Villani| (2003) para un estudio
completo.

Tiempo atrds, conretamente en 1942, Kantorovich (véase Kantorovich| (2006)) para una
traduccién al inglés del articulo original) formul6 la famosa relajacion del problema de
Monge;

TPQ = it | cxyarx). (12)

donde TI(P, Q) es el conjunto de medidas de probabilidad 7 € P(R? x R?) tales que
(A x R?) = P(A) y 7(R% x B) = Q(B), para todo conjunto medible A, B. Una medida
de probabilidad 7 € P(R? x R?) es un plan de transporte éptimo para el coste c entre P'y
@ si es una solucién de (T.2).

La principal ventaja de la relajacién de Kantorovich es la existencia de soluciones
Optimas: para solo requiere la integrabilidad del coste (teorema 4. 1 en |Villani
(2008)), mientras que el problema de Monge necesita algunas hip6tesis sobre una de las dos
probabilidades y sobre el coste. En particular, condiciones suficientes son la continuidad
absoluta de la probabilidad con respecto a la medida de Lebesgue, y las condiciones de
Gangbo and McCann (1996) sobre el coste; es decir c(x,y) = h(x —y), donde h : RY —
[0, 00) es una funcidn no negativa que satisface

(A1) convexidad estricta en R,

(A2) dado r € R y un dngulo 6 € (0, 7), existe M := M(r,0) > 0 tal que, para todo
|p| > M, se puede encontrar un cono

K(r,0,2,p) = {x e R?: |x — p|z|cos(6/2) < (z,x — p) < r|z\} :

con vértice p (y z € R?\ {0}) donde h alcanza su méximo en p,

h(x)

|x

El problema de transporte admite una formulacién dual

T(P.Q) = suw / F(x)dP(x) + / 9()dQ(y), (1.3)
(£.9)€®:(P,Q)

"Usamos directamente la terminologia anglosajona, se puede traducir como empujar hacia adelante, en
ocasiones diremos que 7" empuja P hacia @) para referirnos a Q = Tx P.
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dénde .(P,Q) = {(f,9) € L1(P) x L1(Q) : f(x) + g(y) < ¢(x,y)}, véase Teorema
5.10 en |Villani| (2008). Una funcién ¢ € L;(P) es llamada un potencial de transporte
dptimo de P a Q para el coste c si existe ¢ € L1(Q) tal que el par (1, ) es solucién
de (T.3). Sorprendentemente, la equivalencia de las formulaciones (I.1)) y (I.2) pasa por
la regularidad de los potenciales, que a su vez se deriva de la del coste (cf. |Gangbo and
McCann| (1996) por ejemplo). En cuanto al contenido tratado en esta tesis, la formulacion
dual describird: en los capitulos[2]y [3] la varianza de los limites de las fluctuaciones; y en el
capitulo [3los precios otorgados por una empresa a determinado producto.

Cada formulacién tiene un interés diferente, y su uso depende de la aplicacién. Por un
lado, cuando existe, la solucién de (T-1I)) define una aplicacién de transporte entre medidas de
probabilidad. Esto permite inferir las propiedades de una medida de probabilidad a través de
otra ya conocida (o alguna medida de referencia). Esta es la idea que estd detrds de la exitosa
funcién cuantil multivariante de M. Hallin (Hallin et al.| (2021a)); de la regresién cuantil
multivariante (capitulo[7); de las explicaciones contrafactuales basadas en el transporte de
masas (de Lara et al., [2021) o de la reparacién de sesgos (Gordaliza et al., [2019b}; Black
et al., 2020).

Sea P,(R?) el espacio de probabilidades sobre R? con momento de orden p > 1 finito.
Por otro lado, cuando se considera un coste de tipo potencial (¢,(x,y) = [|x — y||?, para
p > 1), la formulacién de Kantorovich entre probabilidades en P,(R?) admite siempre
soluciones, y la funcién

B =

Po(RY) x Pp(RY) 5 (P,Q) = Wy(P,Q) = (T,(P,Q))" = (T, (P,Q))

define una métrica en Pp(Rd). Esta esta caracterizada tanto por la convergencia débil de
probabilidades como por la convergencia de momentos:

Wyltn, 1) =0 <= pn =y /!X\Ipdun(X)—>/HXdeu(X)7

véase (Villani, [2003|, capitulo 7). Esta métrica es conocida como «distancia de Wasserstein».
Se utiliza ampliamente como discriminador en las redes adversariales Generativas |Arjovsky
et al.| (2017), en el registro difeomdrfico o como término de penalizacién en la reparacion
del sesgo (Risser et al., 2021)).

1.1 Comportamiento asintético

La probabilidad poblacional P no suele estar disponible para los investigadores; lo que
observan es una muestra i.i.d. X1, ..., X,, de tamafio n de P, que define la medida empirica
P,,. Supongamos para esta introduccién que () es conocido. Sin embargo, los resultados
aqui expuestos siguen siendo viélidos en el caso de dos muestras. El valor 7.(P,, Q) es
pues la contraparte empirica de la poblacional 7.(P, Q). Por supuesto, 7.(P,, @) tiende a
T:(P,Q), pero, ;a qué ritmo? Es decir, si el nimero de datos que tenemos n tiende a infinito,
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(c6mo varia la diferencia 7.(P,, Q) — T.(P, Q)? Para dar una respuesta rapida podemos
hacer una division sesgo-varianza del error:

Te(Pn, Q) = Te(P, Q) = (E(Te(Pr, Q) — Te(P, Q) + (Te(Pr, Q) — E(Te(Pr, Q))) -

(1.4)
Una simulacién puede ayudar a inferir, antes de realizar un andlisis formal, los comportamien-
tos asintéticos del sesgo (E(7.(Py, Qrn)) — To(P, Q)) ylavarianza (7.( Py, Q) — E(T.(Py, Q))).
Para ello, se fija una dimensién «relativamente alta» (por ejemplo d = 10) y se simula
V(Ta( P, Qn)), for P,Q ~ U ij0. La ﬁguramuestra, con diferentes colores, la
repeticién de 10 simulaciones independientes del mismo procedimiento, los diferentes val-
ores de /n(7T2(P,,Qy)) en el eje de ordenadas y el tamafio de la muestra n en el eje de
abscisas.

14

13

1z

11

10

200 400 500 800 1000

Figure 1.1: Eje de z, tamafo de la muestra n; eje de y, diferencia \/n(72(P,,Q,)), para
P, Q ~ Upp 1po. El experimento se repite 10 veces independientes y los resultados interpola-
dos se representan en diferentes colores.

La observacion heuristica resulta ser bastante esclarecedora: la tasa de convergencia del
sesgo no puede ser la tasa paramétrica /n, sin embargo las fluctuaciones v/n(72( Py, Qn) —
ET72(P,, Qy)) parecen acotadas. Es decir, aparentemente las fluctuaciones no se ven influidas
por el hecho de tener una dimensién considerablemente alta (d = 10). En efecto, para
medidas absolutamente continuas con respecto a la medida de Lebesgue d-dimensional
£4, 1a tasa de convergencia correcta del sesgo depende de la dimension del espacio (véase,
por ejemplo, Weed and Bach|(2019)). Veremos més adelante que es lo que ocurre con las
fluctuaciones.

1.1.1 Analisis de las fluctuaciones

Para el andlisis de las fluctuaciones (varianza) suponemos que c(x —y) = h(x —y) satisface
las condiciones de |Gangbo and McCann| (1996), P y () son absolutamente continuas con
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respecto a la medida de Lebesgue y

/ h(2x)2dP(x) < 0o and / h(—2y)2dQ(y) < oo.
El capitulo 2] muestra que

Vi (Te(Pa, Q) = ETe(Pa, Q) = N(0,02(P,Q)), (15)
donde

r.Q) = [ etxrare - ( | so(x)dP<x>)2, (16)

siendo ¢ un potencial de transporte 6ptimo de P a () para el coste c. En el caso P = Q) el
potencial de transporte 6ptimo es constante, por lo que su varianza es nula y el limite (I.5))
es degenerado. Volviendo al ejemplo simulado anteriormente (figura[I.T)), esto implica que
las fluctuaciones no sélo estan controladas, sino que tienden en probabilidad a 0. La tasa de
convergencia de la fluctuacion bajo P = () sigue siendo un problema abierto.

La demostracidn utiliza la desigualdad de Efron-Stein (Boucheron et al., 2013], capitulo
3.1),ie. si (X),..., X))y (X4,...,X,) son iid, fijemos Z := f(Xy,...,X,)y para
cadai € {1,...,n} denotemos Z; := f(Xy,...,X;_1,X}, X;41,...,X,), entonces

n
Var(Z) < 5E(Z —ZN? =nE(Z - Z})3.

donde (-)4 denota la parte postiva. En nuestro problema de transporte, la desigualdad de
Efron-Stein implica

nVar(To(P,, Q) — / P(x)dP,(x)) < E(on(X1) — (X1) — ¢n(X]) + 0(XD))?, (17)

ergo /n (Te(Pn, Q) — ET.(P,,Q)) es ajustado, i.e. admite limites débiles a través de
subsucesiones. Los limites se obtienen como consecuencia de la convergencia de los
potenciales empiricos hacia su homélogo poblacional, que debe ser tnico: El corolario [2.2.7]
da la unicidad (salvo constantes aditivas) de los potenciales para probabilidades con soporte
conectado y el teorema[2.3.4]1a estabilidad de la aplicacion de transporte. Extraemos aqui el
contenido del teorema [2.3.4]debido a su importancia—es el primer resultado que muestra la
estabilidad de la aplicacién de transporte éptimo y del potencial en dominios no limitados y
para costes generales.

Theorem 1.1.1. Sea Q € P(R?) tal que Q < Ly y con soporte conexo y frontera desprecia-
ble. Se asume que Q,,, P,,, P € P(R?) son tales que P, = P, Q, — Qy

%(anQn) < 0o and %(PaQ) <0

para el coste c(x,y) = h(x —y), con h diferenciable y satisfaciendo (A1)-(A3). Si ¢y,
(resp. ) es un plan de transporte dptimo de Q,, a P, (resp. de (Q a P) para el coste c.
Entonces:
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(i) Existen constantes a,, € R tales que Un = Yp — an — 1 en la topologia de
convergencia en los subconjuntos compactos de Supp(Q).

(ii) Para cada compacto K C Supp(Q) N dom(V1))

sup  sup |lyn — VU(x)|| — 0.
x€K y, €0%n(x)

Sin embargo, este resultado s6lo proporciona la convergencia casi seguro de los poten-
ciales empiricos hacia su contraparte poblacional, pero no se puede concluir de esto que
(T.7) tiende a 0. Para evitar mds suposiciones (como en |del Barrio and Loubes| (2019)), se
puede demostrar que la secuencia E}gpn(Xl) —o(X1) — en(X]) + cp(X{)‘ estd acotada
y entonces el teorema de Banach-Alaoglu produce una convergencia débil en L?(P) de
!cpn(Xl) —p(X1) — pn(X]) + cp(X{)‘ a 0 a través de subsucesiones. Tomando medias de
Cesaro podemos pasar de la convergencia débil a la fuerte.

1.2 Caso semidiscreto

El comportamiento del sesgo es muy diferente en el caso semidiscreto —cuando una de las
dos probabilidades estd soportada en un conjunto finito de puntos X = {x,...,xn}. Aqui,
en el capitulo 3] obtenemos

Vi (Te(Pa, Q) = Te(P.Q)) = sup  G(a),

z€Opt . (P,Q)

donde Opt, (P, Q) es el conjunto de potenciales de transporte 6ptimos y G un proceso gaus-
siano que actda sobre ellos. Resulta entonces evidente que la unicidad (excepto constantes
aditivas) de los mismos implica que el limite es gaussiano. Ademads, bajo esta hipotesis y
gracias al trabajo de|Carcamo et al. (2020E|, sabemos que el bootstrap es consistente como
aproximacion del proceso limite. El hecho de que la maldicién de la dimensionalidad parece
no afectar al caso semidiscreto para ambas probabilidades es bastante sorprendente. Pero
estd parcialmente oculto en la suposicidn de que el soporte tiene un tamaiio finito fijo. Para
una mejor comprensién, proporcionamos el limite superior

8V2N

E Wi (P, Qm) — Wi(P,Q)| < N

K (diam(X), Q)
donde

K (diam(X), Q) = (4 diam(X)+2 / ly[2dQ(y)+2 diam (X)) (1og(2)+ 2diam(X)+1)

2A titulo personal, agradezco a Luis Alberto Rodriguez, uno de los autores de (Carcamo et al|(2020), las
discusiones llevadas a cabo en su estancia en Toulouse.
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y W es la distancia 1-Wasserstein para el coste euclideo.

Las pruebas de los capitulos 2]y [3]se basan en argumentos completamente diferentes; el
limite de fluctuaciones utiliza el procedimiento introducido por |del Barrio and Loubes|(2019)
basado en la desigualdad de Efron-Stein, mientras que el problema semidiscreto requiere
la derivacion funcional en el sentido de Hadamard del coste de transporte. El lema [3.1.1]
muestra que 7.(P, Q) es equivalente a la maximizacion (sobre una clase paramétrica) de

N
w(P.Q.2) = Y i+ [ int fetxioy) - zaQly). (18)

Desde luego, de la optimizacién sobre una clase paramétrica se obtiene un ratio de conver-
gencia paramétrico. La solucidn z*, iinica salvo constantes aditivas en algunas situaciones,
de (L.8) define las celdas de Laguerre

Lagy(z*) == {y € RY: c(xp,y) — 2 < c(xi,y) — 2f foralli #k}, k=1,...,N,

que son generalizaciones de las celdas de Voronoi—equivalentes a Lag (0) para el coste
cuadrético.

El transporte 6ptimo semidiscreto tiene aplicaciones al «modelo de localizacion de
Hotelling». (p. ej., (Galichon, 2016, capitulo 5.1)). Esta aplicacién es un ejemplo tipico
de problema socioeconémico en el que la ubicacion de cierta poblacion esta representada
por una medida de probabilidad continua () y las fuentes —negocios que intentan vender un
producto— como una probabilidad discreta P. Aqui la ubicacién de la fuente ¢ es x; y la
capacidad es p;. Cada habitante elegiria la fuente a la vez mds cercana y que ofrezca un
mejor precio, es decir, la estrategia arginf;—; _n{c(x;,y) — 2}, donde z; representa el
precio de la fuente ¢. El conjunto de poblacién que prefiere consumir de la fuente 7 es en
realidad Lagy,(z). Cuando el mercado estd equilibrado —la oferta es igual a la demanda—,
cada fuente utiliza a su mixima capacidad y el problema de determinar los precios se reduce
a la solucion de un problema de transporte éptimo semidiscreto.

EL capitulo [3] proporciona, segin tenemos entendido, el primer teorema central del
limite para las soluciones del problema dual (I.8)) Subrayamos que este resultado no puede
generalizarse para distribuciones continuas. En efecto, si ambas probabilidades son continuas
y el espacio es de dimension d > 4, no podemos esperar resultados similares, ya que, el
valor esperado de la estimacion del coste de transporte converge con una tasa, a lo sumo de
O(n_%) y ya no O(n_%). Cuando las dos muestras son discretas, aunque dicha tasa sea
O(n~ > ), la falta de unicidad del problema dual no permite probar este tipo de resultados. En
consecuencia, el semidiscreto (o tal vez, otros casos en el que una de las distribuciones viva
en un espacio de dimensién suficientemente pequefia) es el inico caso en el que se pueden
esperar tales resultados para los potenciales de transporte en dimension general.
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Como consecuencia de los limites de los potenciales, en el capitulo[3] se proporcionan
los limites débiles para las celdas de Laguerre en términos de la métrica LP (cf. [Vitale (1985)
por ejemplo) entre las celdas empiricas y poblacionales. Ademads, en términos de la distancia
de Hausdorff (métrica L.°°), veremos como dar regiones de confianza asintética de las celdas.
En todos los casos, se alcanza la velocidad de convergencia paramétrica.

1.3 Transporte 6ptimo regularizado por la entropia

La influencia de la dimensidn es alta en la estimacion del coste del transporte a partir de
los datos. Encontrar los limites débiles del coste de transporte es un trabajo arduo y poco
fructifero incluso para dimensiones moderadas y, aunque se encontraran, el ratio seria lento.
Es decir, se necesitarian demasiados datos para aproximar la distribucién limite. Como con-
secuencia, pruebas de bondad de ajuste basada en distancia Wasserstein son practicamente
inabordables en dimension general. Se necesita, por tanto, otra nocion de discrepancia entre
distribuciones que, a la vez que capture la geometria del espacio, tenga una aproximacion
empirica que converja a su homélogo poblacional con la tasa paramétrica /n.

Con una motivacién computacional, el influyente articulo (Cuturi| (2013 propone una
regularizacion de (I.2)) afiadiendo un termino de penalizacion, la entropia relativa:

: 1 2
S(P,Q) = werl'rll(llg,Q) /Rdx]Rd slx —yll“dn(z,y) + eH (7| P x Q), (1.9)
donde H denota la entropia relativa, definida, para dos medidas de probabilidad « y 3, como
oH(alf) = [ log(g—%(x))da(x) si «v es absolutamente continua con respecto a 5y 400 en
caso contrario. Sea mp,  la solucion de (T.9), que es absolutamente continua con respecto
a P x @ con densidad 5}7@ Este problema, asi como su homélogo no regularizado (I.2),
admite una formulacién dual.

Se(Pa Q) = sup {
FEL1(P),9€L1(Q) R4

F)+a(y)— L llz—yll?
— (—:/ e ¢ dP(x)dQ(y) Jre}(l.IO)
R4 x R4

feaPe) + [

R

) 9(y)dQ(y)

La solucién de (L.I0) es un par formado por dos funciones, denotémoslo como (ff 5, 9% ¢)-
Sus componentes satisfacen las siguientes condiciones de optimalidad:

/ efP.@)tara) =312 g0 (y) = 1, forall x € R,
/ eIP@@+oroW)-3Ix—YI?4p(z) = 1, forally € R™ (L11)

Desde luego que podemos despejar fI%’Q en (I.TI)) y derivar bajo el signo integral. Por lo
tanto, cada elemento del par (I.10) tiene un representante en la clase C*. Esto reduce la
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complejidad de el problema de optimizacién (véase |Genevay et al. (2019)) y a fortiori se
obtiene la cota /n E|Sc(P,, Q) — Sc(P, Q)| < C, vélida para medidas subgaussianas|[Mena
and Niles-Weed (2019).

Ademds, el argumento de del Barrio and Loubes| (2019) proporciona también los limites
de las fluctuaciones (Mena and Niles-Weed| (2019)))

VI(Se(Pr, Q) = ES(Py, Q)) = N(0, Varxp(ffo(X))). (1.12)

Tanto (I.12)) como el limite anteriormente mencionado no proporcionan intervalos de con-
fianza asint6ticamente validos para el valor poblacional S¢(P, Q)). Para ello, es necesario
conocer el limite exacto de

ﬁ(ESC(PnaQ) _Se(PaQ)>- (1.13)

En el capitulo ] se demuestra que (I.T3) tiende a 0. De modo que el valor esperado puede
ser sustituido por el valor poblacional en (T.12)), dando como resultado

V(Se(Pr, Q) = 5(P,Q)) = N (0, Varx~p(fpo(X))). (1.14)

Sea z, el cuantil de « para la distribucién normal estdndar y

—Nare,(f,) =+ S (h, X0 - (& prn ) A

=1

una estimacién consistente de la varianza limite Varx..p(fp (X)), el conjunto
[ (P, Q) + le a/z}, (1.16)
es, por lo tanto, un intervalo de confianza asintético de nivel a.
Sin embargo, (I.T6) no proporciona ninguna consecuencia estadisticamente significativa
debido al sesgo entrdpico, jel hecho de que S.(P, Q) = 0 no significa que ambas probabili-

dades sean iguales! La hipétesis P = () no puede aceptarse ni rechazarse mediante el valor
de S¢(P, Q). La solucién, por lo tanto no es totalmente satisfactoria.

La solucién mads exitosa para cercenar la influencia de la regularizacién de la entropia es
la divergencia de Sinkhorn, propuesta por [Feydy et al.|(2019) y que se expresa como

De(P,Q) = S(P,Q) — 5 (Se(P, P) + 5:(Q,Q)) .

Claramente D (P, Q) es simétricaen P,Q y D.(P, P) = 0. Moreover, D.(P, Q) > 0, con
D.(P,Q) = 0siy solamente si P = @ (Feydy et al.,[2019, teorema 1).
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Los intervalos de confianza asintdticos para S D (P, ) pueden inferirse de su contra-
partida empirica conociendo los limites no triviales de

an(De(Pna Q) - DG(P’ Q))?

para una sucesion real {a, },en C R. El capl’tulo demuestra que la secuencia en cuestién
depende de la hipdtesis. En particular, obtenemos los siguientes limites:

* BajoHy: P=Q:

o 2
n De(Py, P) 2 1ZA (Zx]N> :
i=1

donde {N;};cn es una sucesion de variables aleatorias mutuamente independientes
siguiendo una ley normal estindar (i.e. N; ~ N(0,1)) y {zs;}ijen C R, {)\;}jen C
[0, 00) sucesiones reales (y deterministas) dependiendo de Py e.

* BajoH;: P#Q:
V(De(Pr, Q) — De(P,Q)) =+ N(0, Varp(¢h)),

donde U = frq — 5(fhp + 95,p)-

La demostracién no usa las mismas técnicas en cada hipétesis. Bajo H; la desigualdad
de Efron-Stein proporciona el desarrollo de primer orden. Sin embargo, dado que ¥}, ; es
cero cuando P = (), esto no es suficiente para obtener limites no triviales bajo Hy. Asi
que es necesario un desarrollo de segundo orden que, a su vez, es una consecuencia del
desarrollo de primer orden de los potenciales—soluciones del problema dual regularizado.
La demostracion es larga y tediosa; se divide en dos trabajos diferentes. Por un lado, el
capitulof| muestra la equicontinuidad de los potenciales y la divergencia. Es decir, que existe
una constante ¢4, que depende sélo de d, tal que

DQ(dH) 151:)2

Ellgp,.q — gPQHCS(Q)’ (Q n

cqg 311 32 19D2
ED{(P,,P)< —=D2 ——M—
1(Pn, P) < 27Dg A+

Por otro lado, el capitulo|S|muestra el desarrollo de primer orden de \/ﬁ ( §P n,Q gp Q >
P’ﬂ7Q PQ
in C*(Q2) x C*(R2), con respecto al proceso empirico \/n(P, — P):

(Jhatbo ) (0o A ASE Y, (1)
Trn ~ Ira ~( - Ay Ag) TG, Vi
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Aqui (G’]D’s denota % Py 5;7Q(Xk, )—E (5}7Q(X7 )) Y

A L2(P) 3 f s / €5, (%, ) F(x)dP(x) € C(€),
(1.17)
A L2(Q) 5 g / €500~ Y)9(y)dQ(y) € C*(9).

Este desarrollo de primer orden de los potenciales permite, mediante la férmula

fpotap.o—sl—12

drpg =€ c dPdQ,

obtener los limites débiles de las soluciones del problema primario, es decir

\/ﬁ/n (drp, o —dnpg), withne L*(P x Q).

En particular, obtenemos
NG (/ ndr, o — /ndw}@) 5 N(0,03 (), neL*(PxQ), (1.18)

donde 03(n) = Varx.p ((1 - EQ.A})_I (ng — 2377§/) (X)) . Esto confirma la veracidad
de la conjetura de [Harchaoui et al] (2020). (I.18) proporciona intervalos de confianza
consistentes para mp, 5, lo que permite, entre otras cosas, la posibilidad de realizar inferencia
sobre la distancia de Sinkhorn (aplicar (T.I8) a la funcién (x,y) — 3|x — y||?) definida en
Cuturi| (2013)0 la medida de colocalizacién regularizada RCol (aplicar (T.18) a la funcién
(%,¥) = Ljjx—y|2<¢) definida en Klatt et al. (2020).

1.4 Funcion de distribucion multivariante centro-exterior; regu-
laridad y regresion cuantilica.

La falta de orden canénico de R?, para d > 2, impide la generalizacién de herramientas
estadisticas basadas en la relacidén de orden univariante. Una de las mds importantes es
la funcién de distribucién de una variable aleatoria univariante X ~ P, definida como
F:z—-PX <ux).

Se han hecho muchos intentos de definir una funcién de distribucién multivariante. Entre
ellos se encuentran los basados en profundidades, en cépulas, en rangos de componentes,
en rangos espaciales o en rangos de Mahalanobis; nos remitimos a|Hallin et al.|(2021a) y a
las referencias que contiene. Todas ellas tienen que lidiar con la mencionada ausencia de
orden candnico, pero ninguna de ellas es capaz de imitar las propiedades que hacen ttil la
funcién de distribucion univariante. Es decir, la libertad de distribucién (la distribucién de
F(X) es uniforme en [0, 1] mientras que su contraparte empirica { F"*(X;)}?_; es uniforme
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en el conjunto {%}?:1, independientemente de la distribucién de X;; satisface la propiedad
Glivenko-Cantelli (la aproximacién empirica converge a. s. uniformemente en R) y mantiene
el orden, es decir, es mondtona.

La monotonicidad y el hecho de que F'(X') sea uniforme en [0, 1] definen de forma tnica
a I, para cualquier variable aleatoria continua X ~ P. La monotonicidad es equivalente
a ser el gradiente de una funcion convexa, la libertad de distribucion de F, a el hecho de
que Fu P = U ) (la distribucién uniforme en (0, 1)). Por supuesto, la funcién cuantil
@ es el gradiente de una funcion convexa que empuja U(q 1) hacia P. Estas propiedades
llevaron a|Chernozhukov et al.| (2017) a definir una funcién cuantil multivariante, la llamada
funcién de distribucion cuantil con respecto a una medida de referencia I/, definida, para
una variable aleatoria X ~ P € P(R?), como el tinico gradiente de una funcién convexa
(definida en casi todos los puntos) que empuja U hacia P. El célebre teorema de McCann
McCann| (1995) garantiza su existencia.

El debate actual es sobre la eleccion de una medida de referencia /. |Deb and Sen| (2019))
aboga por una medida uniforme en el hipercubo (con éxito para probar la independencia),
Hallin et al|(2021a) por una uniforme esférica (con éxito para dar una nocién de orden
centro-exterior) y Deb et al.[(2021) por una gaussiana estdndar (con éxito para la prueba 72
de Hotelling). La respuesta mds correcta es que depende del propésito (Hallin and Mordant,
2021). Aqui trataremos el caso de la distribucién esférica sobre la bola unitaria Uy, es
decir, la que se obtiene tomando independientemente un radio r ~ U(q 1) y una direccion ¢
uniforme sobre la esfera S%~!. La ventaja de utilizar la uniforme esférica como medida de
referencia radica en su invariancia a las rotaciones (cambios de base) y su control uniforme
de las bolas centradas en el origen y de radio 7 € (0, 1), es decir

Uy(rSH =7 7€(0,1). (1.19)

Ninguna otra medida de probabilidad en R satisface estas propiedades. (T.T9) proporciona
una relacién orden radial natural y una nocién clara de centro—por lo tanto un ordenamiento
del centro hacia afuera. La funcién cuantil Q. se define en este caso como el gradiente
tnico de una funcién convexa v (definida en casi todos los puntos) que empuja U, hacia P.
La funcién de distribucién se define como

Fi(x) :=arg ”81||11<>1{<X7 u) —¢(u)},

que coincide con la inversa de Q. en el soporte de P. La importancia dada por Uy al origen
y esa nocion de ordenacién centro-exterior son heredadas por P a través de Q.. Esto da
lugar al nombre distribucion centro-exterior y aplicacion cuantil acuiiado en |[Hallin et al.
(2021a) para F1 y Q.. Esta terminologia se utilizara a partir de ahora.

Supongamos la observacién de una muestra iid. X" = (Xy,...,X,) de P, su

distribucién empirica centro-exterior F’} es definida, para cada X;, como F’} (X;) = ™ .
on (i)
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Aqui 0y, es la permutacién de {1, ...,n} donde
n
S — el |2 (1.20)
i=1
alcanza su minimo, y @5"), ey 057(1") es una malla regular de la distribucion esférica uniforme

U,. Consiste en factorizar n = nsng + ng,with n < min(ng, ng) y computar n puntos
Qs(l"), ..., 6™ creados como la interseccién entre
— los rayos de la sg-tupla ug,...,unyy, € Sg—1 de vectores unidad tal que
Ng1 ZjV:sl du,; converge a la uniforme sobre Sg_1 cuando ng — oo,y
— las Ny, hiper-esferas con centro 0 y radios j/(Ng +1),j =1,..., Ng,
los puntos correspondientes a ng son identificados con 0. La propiedad de Glivenko-Cantelli
max |[FL(Xy) — FL(Xp)|| &30 (1.21)
1<k<n
es valida si F estd bien definida en todo el espacio (recordemos que por el momento solo
sabemos que lo estd excepto en un conjunto despreciable). Esto es algo bastante comtn
cuando se trata de probar la convergencia de gradientes de funciones convexas. En particular,
el caso del transporte 6ptimo requiere tres probar las siguientes afirmaciones; la convergencia
débil de los planes de transporte; la convergencia de los potenciales; finalmente, la conver-
gencia de los sub-diferenciales en el sentido de conjuntos. Cuando la funcién es regular el
limite es uniforme en los compactos, la forma particular del soporte de Uy, permite extender
la regularidad al supremo en R

Si F. estd bien definida en todo el espacio, como consecuencia de (T.19), las funciones
cuantil de centro-exterior definen regiones cerradas encajadas Cp(7) = Q(rS%) y con-
tornos continuos Cp(7) = Q. (r S~1) indexados por 7 € ([0, 1), tales que, para cualquier
P absolutamente continuo, P [C p(T)] = 7, independientemente de P. Ninguna otra elec-
cién de medida de referencia define una funcién de distribucién multivariante basada en
el transporte que comparta la dltima propiedad, que es la clave de la regresiéon cuantilica
multivariante (véase el capitulo [7)).

1.4.1 Regularidad de la funcion de distribucion centro-exterior

La funcién de distribucién centro-exterior F' 4 estd bien definida en todas partes si y s6lo
si es continua (cf. Rockafellar (1970)). Por lo tanto, el estudio de su regularidad es im-
portante. Se sabe que en una dimension la funcién de distribucién es continua para todas
las probabilidades absolutamente continuas (con respecto a la medida de Lebesgue). Seria
deseable obtener resultados similares para su homdloga multivariante. La regularidad de las
funciones convexas que satisfacen una condicién de transporte suele tratarse por medio de la
ecuacién de Monge-Amp ‘ere (cf. [Figalli (2017) por ejemplo). Veremos que en este caso la
continuidad de F' 1 se consigue suponiendo que P tiene una densidad p que se satisface
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Hipétesis A. Para cualquier R > 0, existe 0 < Az < Ap < oo tal que

Ar <p(x) < Ap paratodox € XN RSY. (1.22)

En particular, F satisface la condicion de empujar P hacia ) y es el gradiente de una
funcién convexa ¢, por lo que su subdiferenciaﬂ satisface

/ ug(y)dy = / p(x)dx. (1.23)
dp(A) A

Esta propiedad permite estudiar la continuidad de la funcién de distribucién centro-exterior
mediante la conocida ecuacién de Monge-Amp‘ere —una ecuacién diferencial no lineal
basada en el determinante de la derivada de segundo orden. El principal resultado del
capitulo[6es el siguiente.

Theorem 1.4.1. Sea P una probabilidad con densidad p soportada en el conjunto con-
vexo X C R,

(i) Si p satisface (I.23)), entonces K := 91(0) es un conjunto compacto y convexo
con medida de Lebesgue O tal que Q1 := Vip y F1 := V™ son homeomorfismos entre
S\ {0} y X \ K, inversos entre si .

(ii) Si, ademds, p € Cllf)’ca(é\?) para cierto k € Ny a € (0,1), entonces Q+ y Fy son

difeomorfismos de clase Ci-tH entre S\ {0} y X \ K.

loc

La demostracién se basa en la teoria de Caffarelli |Caffarelli (1990, (1991}, [1992) que
ha sido ampliamente estudiada por Figalli en Figalli and Kim|(2010); |Philippis and Figalli
(2012); |Cordero-Erausquin and Figalli| (2019). Se recomienda el libro [Figallil (2017) como
guia introductoria a este topico y sus implicaciones a la regularidad del transporte. Hasta
Figallil (2018]), la regularidad de F' 1 no estaba cubierta por ninguno de estos trabajos, véase
Cordero-Erausquin and Figalli/ (2019) para un estudio del caso més general. Sin embargo
las hipétesis de [Figalli| (2018)) (se asume A. y que P estd soportada en todo el espacio) son
demasiado fuertes, en vista del teorema[[.4.1] pueden ser relajadas .

Como consecuencia, si P es una probabilidad con densidad p soportada en el conjunto
convexo X C R tal que p satisface (T.23)), las siguientes propiedades se satisfacen.

¢ La propiedad de Glivenko-Cantelli (T.21) (cf. (Hallin et al] 2021al Proposicién 2.4))
es cierta. Lo cual implica que la funcién de distribucién del centro hacia fuera puede
ser uniformemente estimada.

e Para todo u en la esfera unidad S?~ 1, toda sucesién (tn)nen de nimeros reales tal
que t,, — 00, se verifica el limite

lim Fy(t,u) =u. (1.24)

n—oo

3Una generalizacién del concepto de derivada para funciones no regulares (véase [Rockafellar| (1970))
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Esta propiedad es la andloga a lim,, o F'(t,,) = 1y lim, o F'(—t,) = O en el caso
univariante, eso si, desde la perspectiva centro hacia fuera.

* Paratodo r € (0,1) y todo y € Cp(7), existe un rayo 7' que emana de y para el
cual Q4 (rS?) NT = {y}. En palabras coloquiales, para todo punto de un contorno
cuantil existe un rayo que no vuelve a tocar el conjunto. Ademés Cp(7) son regiones
encajadas y conexas.

* Si, ademds, X es compacto, para todo r — 1, Q4 (r Sd) tiende a X" en distancia de
Hausdoff.

lim dpg (Qx(r %), X) = 0. (1.25)

Por lo que el soporte de P puede ser aproximado por los limites de las regiones
cuantiles.

1.4.2 Regresion cuantilica no paramétrica de salida multivariante

El capitulo [7] propone una novedosa y significante extensién no paramética y multivariante,
basada en el concepto de cuantiles del centro hacia afuera, del célebre concepto de regresion
cuantilica de Koenker y Bassett|Koenker and Bassett| (1978)), herramienta poderosa en el
estudio estadistico de la dependencia de una variable de interés Y con respecto a las covari-
ables X = (X7,..., X,,) que, a diferencia de la regresion clasica que, en cierto modo, se
centra en las medias condicionales E[Y|X], 1a regresi6n cuantilica necesita el conocimiento
completo de la distribuciones condicionales Py x— de Y dado X = x. Su formulacion
no paramétrica, cuyo estudio comienza con el pionero trabajo de|Stone|(1977), se ha con-
vertido en parte de la préctica estadistica diaria, con innumerables aplicaciones en todos
los d&mbitos de la investigacidn cientifica en los cuales un nimero finito de pardmetros pro-
porcionan un modelo demasiado rigido como para explicar cierto comportamiento observado.

La motivacién principal del uso de la regresién cuantilica es la observacion de que el
conocimiento de Py|x— es mucho mds informativo que el simple cognicion de un parametro
de interés, tales como media o mediana condicional. La figura[[.2] muestra un ejemplo de
egresion cuantilica univariante, con X =edad e Y =pliegue cutdneo del triceps. Observando
solo la mediana (linea roja) solo seremos capaces de obtener una descripcion de la tendencia
del modelo, sin embargo, teniendo en cuenta la informacién dada por los tubos cuantilicos,
se obtiene la heterocedasticidad del mismo.
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Triceps Skinfold
Triceps Skinfold

0 10 20 30 40 50
Age (yr) Age (yn)

Figure 1.2: Example of univariate quantile regression X =age and Y =triceps skinfold.
Figure extracted from|[Yu and Jones| (1998). Red line represents the median and the blue
region the center-outward quantile region of order 0.5.

La funcién que marca la tendencia en la regresién cuantilica es la mediana condicional,
que corresponde con el valor Q(% | x). Sin embargo, la propiedad fundamental de la regresion
cuantilica, que la diferencia del resto de modelos de regresion, es el «control probabilistico»
de los tubos y de las regiones cuantile, i.e.

1.7

P|v e oGz - 510G+ 5] |X =x| =~

independiente de la probabilidad P. Gracias a esta propiedad sabemos, por ejemplo, que
la regi6n azul la figura[[.2]tiene una probabilidad de 0.5. Este es el principio basico de la
regresion cuantilica. Todo modelo de regresion que no lo satisfaga no puede considerarse
como cuantilico, y si su intencién fuera esta, desde luego que ha errado su objetivo.

Desde luego, no podemos conformarnos con una definicién de regresién cuantilica valida
unicamente para salidas univariantes; consideremos por ejemplo el siguiente modelo:

1%
Y = (;) = | UYIx—shva-yIX=3) | X ~ Uy, U,V ~N(0,1), (1.26)
NEETEN e

siendo X, U e V mutuamente independientes. La regresion uinivariante en las marginales
no nos da ninguna informacién ttil, ambas son independientes de X . Toda la informacion
estd en la distribucidn conjunta. El lector se preguntard si proyectando a través de todas
las direcciones podriamos sacar mds informacién. Efectivamente mas proyecciones dardn
mds informacidn, ya que estas caracterizan la probabilidad del vector Y. Esto va en la
linea de las profundidades integradas (véase |Cuevas and Fraiman| (2009)) que, como toda
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regresion basada en profundidades (véase (Serfling and Zuol, 2000) o (Serflingl 2002, [2019)
para exposiciones de cardcter general), pierde el control probabilistico de las regiones.

Figure 1.3: Ejemplo de egresion cuantilica univariante; con X e Y = (Y, Z) como en
(I:26). El nimero de puntos observados es n = 7,000. Los contornos cuantiles para
7 = 0.2,0.4,0.8 estdn representados en negro (7 = 0.2), verde (r = 0.4) y amarillo
(7 = 0.8). El centro viene representado en rojo.

La metodologia propuesta en el capitulo[7]define regiones y tubos cuantiles, es capaz
de analizar modelos no paramétricos mientras mantiene un control probabilistico asint6tico
de las regiones (el control de probabilidad empirico converge hacia el poblacional, que es
conocido). La figura[I.3analiza el modelo (T.26), dando al mismo tiempo una solucién
muy visual del mismo, la tendencia del modelo es claramente constante sin embargo la
covariable X alcanza su pico de influencia sobre el vector de interés en la direccién (1, 1).
La aplicacion cuantil centro a fuera Q+ de Y condicionada a X = x esta definida como

uecS;— Qi(ulx) e RY
Esta define, de manera natural las regiones condicionadas cuantililicas como
Ci(T]x)=Qx(7Sy4lx) 7€(0,1), x €R™,
que satisfacen la propiedad fundamental
P[Y € Ci(r|x)|X =x] =7 paratodox € R”, 7€ (0,1),y P.
Para 7 = 0, la mediana de la regresion es

C+(0]x):= () Cxlr]x).
7€(0,1)
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La misma aplicacién cuantil condicional caracteriza a los encajados (sin fenémeno de "cruce
de cuantiles") “tubos cuantilicos de regresion de orden 77 (en R™*%)

T+(7) = {(x,Q+(7S4|x)) [x e R™}, 7€ (0,1)
que satisfacen la propiedad fundamental
P[(X,Y) € T+(7)] =7 independientemente de P, 7 € (0,1).

Para 7 = 0, se define

T+(0) = {(x,y)) |x eR™, y € CL(0|x)} = (] T=(7)
7€(0,1)

(como el grafo de x — C (7| x)); con un ligero abuso del lenguaje, también la llamamos
mediana de la regresion de 'Y con respecto a X.

Cuando lo observado es una muestra (X, Y)™ = ((X1,Y1),...,(X,,Y,)) de niid.
copias de (X, Y) ~= Pxy, el capitulo [7|desarrolla un estimador de u — Q4 (u|X = x),
x € R™. Este estimador se obtiene en dos pasos: en el paso 1, construimos una distribucién
empirica de Y condicionada a X = x, en el paso 2, calculamos la correspondiente aplicacién
cuantil del centro hacia fuera.

La distribucion empirica de Y condicionada a X = x se aproxima mediante una funcién
de pesos, por lo tanto (si no queremos limitarnos a funciones de peso constantes a trozos)
esta serd una probabilidad atémica con diferentes pesos. La solucién que obtenemos requiere
de la solucién del problema de transporte éptimo siguiente

N n 1
min Zzi |Y] *®i|277i,j7

m={m; ;} =11

n
1
s.t. ZW:N’ ie{l1,2,...,N},
j=1

(1.27)
N
S omg =M X™), je{l,2,.. .}
i=1
7Tl'7j20, ’iG{l,Q,...,N},j€{1,2,...,n},
donde eﬁgn), ey 65\7) es una interpolacién regular de la uniforme esférica of Uy. En este

caso N es arbitrario, solo le pediremos que tienda a infinito. El problema es que la solucién
de (1.27) es un plan de transporte y no una aplicacién como tal. Para crear una aplicacién
aplicamos el criterio

T*(&;| x) :== arg inf {||y | - y € conv <{YJ o J € arg maxw%(x)}) } ,  (1.28)
J
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donde conv(A) denota la envolvente convexa de A. Procedemos como en Hallin et al.
(2021a)) eligiendo la interpolacidn suave ciclicamente mondtona con la mayor constante
de Lipschitz. Esta aplicacion continua u — Qq(ﬁ )i(u‘x) de Sy a R? se llamar4 la funcién
cuantitativa condicional empirica del centro hacia afuera.

Demostraremos que si w(™ es consistente (en el sentido de|Stone| (1977)) entonces, para
todou € Syye >0,

P(QUL(uIX) ¢ Qu(ufX) +eSa ) —0 cuandony N = oo,
y paratodo 7 € (0,1),
(n) (n) (n)
P(CY(T]|X)ZCa(m|X)+€Sq ) =0y P(CL(r|X) ¢ CIV(7|X) +€Sq ) =0

cuandony N — oo.

Remark 1.4.2. La demostracion de este resultado sigue la linea de convergencia de aplica-
ciones multi-valuadas empiricas, iniciada por|del Barrio and Loubes| (2019) para probar la
convergencia de los potenciales del transporte optimo en el caso cuadrdtico, continuada
por|Hallin et al.|((2021a) para la demostracion del teorema Glivenko-Cantelli y formalizada
finalmente en|Segers|(2022). Véase también!del Barrio et al.|(2021) para el caso de coste
general. En este caso tenemos una dificultad aiiadida; la convergencia es en probabilidad,
¥, por lo tanto, tenemos que pasar numerosas veces a través de sub-sucesiones. Es un
procedimiento tedioso.

El capl’tulo|§|tiene su aplicacién en elm; es capaz de dar las condiciones que (X,Y) han
de cumplir para poder obtener nociones mas fuertes de convergencia. En este caso si A vale
a.s. para la probabilidad condicionada, entonces, para todo compacto K C Sy \ {0}, cuando
ny N — oo,

n P
sup QU (u[X) — Qu(u[X)| — 0
ue

y, paratodo 7 € (0,1) y € > 0,
P (dH (c;”)(f 1X), Ca (7 \X)) > e) 0.
Es mis, bajo estas condiciones, obtenemos el control de probabilidad asintético
P (Y € CEC)(T !X)‘X) Ly para todo 7 € (0, 1),
que justifica la metodologia propuesta.

El capitulo 7] acaba con una serie de experimentos donde se muestra el comportamiento
del estimador en modelos que incluyen heteroscedasticidad y tendencias no lineales; su
poder como herramienta de andlisis de datos se ilustra también en algunos conjuntos de
datos reales.
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Weak limits of optimal transport
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CHAPTER 2
Central Limit theorem for general
transport costs

The content of this chapter has been officially accepted for publication in Annales de
I’Institut Henri Poincaré. It is fully available online indel Barrio et al.| (2021b).
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We consider the problem of optimal transportation with general cost between an empirical
measure and a general target probability on R?, with d > 1. We provide results on asymptotic
stability of optimal transport potentials under minimal regularity assumptions on the costs or
the underlying probability. This stability is combined with a refined linearization technique
based on the sequential compactness of the closed unit ball in L?(P) for the weak topology
and the strong convergence of Cesaro means along subsequences. As a result we obtain a
CLT for the transportation cost under sharp smoothness and moment assumptions, giving a
positive answer to a conjecture in|del Barrio and Loubes| (2017) for the quadratic costs.

2.1 Introduction

In the last few years new techniques based on the optimal transportation problem have
become popular to handle statistical and machine learning problems over the space of proba-
bility distributions. Dealing with distributions has shed light on the need for probabilistic
tools that are well adapted to the intrinsic geometry of the data, and the theory of optimal
transport provides a natural framework to tackle such issues. In particular the transportation
cost distance is a convenient metric in many problems encountered in data science and the
range of application fields is huge, including for instance computational statistics, biology,
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image analysis, economy, finance or fairness in machine learning. We refer for instance to
Bachoc et al.[(2018)); Black et al.| (2020); |Courty et al.|(2018)); Peyré and Cuturi| (2019); [Peyré
and Cuturi| (2019); \Gordaliza et al.| (2019); Risser et al.| (2021); |Schiebinger et al.| (2019) and
references therein. Understanding the approximations done when dealing with empirical
distributions and providing better controls on the asymptotic distribution of optimal transport
cost is of importance for further research on this subject.

In all this work, we will be concerned with probabilities on the measurable space R¢,
endowed with the Borel o-field, denoted as (R?). In this setting, the optimal transport
problem is formulated as follows. Let P,(Q be probability measures in P(R¢) and ¢ :
R? x R — R, be a function referred to as the costz. We say that a measurable map
T : R? — R% is an optimal transport map from P to @ if it is a minimizer in the problem

inf /Rd c(x, T(x))dP(x), (2.1)

CTiT.P=Q

T(P,Q)

where the notation T4 P represents the push-forward measure, that is, the measure such that
for each measurable set A we have Ty P(A) := P(T~1(A)).

This previous formulation of the problem is known as the Monge formulation and is closely
related to the following problem known as the Kantorovich optimal transportation problem.
A probability measure 7 € P(RY x R?) is said to be an optimal transport plan for the cost c
between P and () if it is a minimizer in the problem

TP Q)= it /]R 1y CBVIAT(Y), (2.2)
where II( P, ) is the set of probability measures 7 € P(R? x R?) such that 7(A x R?) =
P(A) and 7(R? x B) = Q(B) for all A, B measurable sets. We have used the same
notation for the minimum value in both (Z.1)) and (2.2), and this and the existence of optimal
transport maps indeed hold for rather general costs, as shown in |(Gangbo and McCann
(1996), including the potential costs c,(X,y) = |x — y|’, p > 1, where | - | denotes the
Euclidean distance in R%. We write in this case 7,(P, Q) for the minimal value in (2.I)) or
[2) and W, (P, Q) := (T,(P,Q))"/P. Note that W, (P, Q) is a distance on the subset in
P(R?) of distributions with finite moment of order p, denoted as PP(R%), referred to as
the p—Wasserstein or Monge-Kantorovich distance. This distance is closely related to the
weak topology of P(R?), in the sense that P, — P and [ |x|PdP,(x) — [ [x[PdP(x) is
equivalent to W, (P, P) — 0.

In this work we prove, under minimal assumptions, a Central Limit Theorem for the empirical
transport cost, in general dimension and for a large class of costs, including potential costs
cp withp > 1,

Vi (Te(Pa, Q) — ETe(Po, Q) 2 N(0,02(P,Q)),

with

02(P.Q) :Z/sO(X)QdP(X) - </90(X)dP(X)>2,
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where ¢ is an optimal transport potential for the cost ¢, from P to @ (see (2.3) below) and
P, denotes the empirical measure on a sample X7, ..., X,, of i.i.d. observations following
the distribution P. Note that this result also holds for 7.(P,, @), where @, is the corre-
sponding empirical measure of a sample with distribution Q).

A large number of papers tackle the problem of understanding the asymptotic behaviour
of the empirical transport cost. Early work on this topic, starting with |Ajtai et al.| (1984)) (see
also [Talagrand| (1992, |1994); Talagrand and Yukich| (1993) and the more recent Fournier
and Guillin| (2013))), focused on the case P = (). Here ’7;(Pn, P) converges to 0 a.s. if
P has a finite moment of order p, so authors focus on rates of decay of 7,(F,, P), which
depend on the dimension of the sample space. In the one dimensional case, expression of
the transport cost using quantiles function is exploited in|del Barrio et al.|(1999) and [Barrio
et al.| (2005) for proving distributional limit theorems for 7,(P,, P), p = 1,2. We refer
to|del Barrio and Loubes| (2017) and references therein for a more detailed history of the
problem. The problem has received a renewed interest in the last few years, both in the
setup P = @ (see|/Ambrosio et al.| (2019); Ledoux| (2019); [Talagrand| (2018))) or for general
P and Q (see [Sommerfeld and Munk! (2018) and [Tameling et al.| (2019)) for finitely and
countably supported probabilities, |[del Barrio and Loubes| (2017) for the case p = 2 and
general probabilities and dimension and |del Barrio et al.| (2019); Berthet et al.| (2020)) for
dimension d = 1 and general costs). Yet, for dimension greater than 1, the problem becomes
more difficult.

The central limit theorems for 7.(P,,, Q) or To(P,, Q) provided in this paper are valid
for general cost functions and general dimension, under minimal moment and regularity
assumptions on P and (). Our contribution covers the strictly convex costs in [Gangbo
and McCann| (1996) for which existence of the optimal transport is guaranteed since strict
convexity of the cost is a minimal requirement for a general central limit theorem with
a Gaussian limiting distribution. Actually for the non strictly convex cost p = 1 and in
a univariate setup, del Barrio et al.|(1999) shows that {\/n71 (P, P)}»en converges to a
non-Gaussian distribution under some regularity assumptions. Our moment assumptions
improve upon those in|del Barrio and Loubes| (2017). In that work, the central limit theorem
holds for a quadratic cost, mild regularity assumptions on P and () (these are assumed to be
absolutely continuous probabilities on R with convex supports) and finite moments of order
4 4 0 for some § > 0. If finite moment of order 4 is necessary (and sufficient in this case)
for a CLT, we prove in this paper that, as in the case of dimension 1 (see in |del Barrio et al.
(2019)), for the potential cost ¢, a necessary and sufficient condition is the existence of only
finite moments of order 2p.

The key to prove a CLT for the transportation cost in|del Barrio and Loubes| (2017) is
a linearization technique based on the Efron-Stein inequality for variances coupled with
stability results for optimal transportation potentials. Actually, for continuous costs the
Kantorovich problem (2.2)) admits an equivalent dual form, namely,

T(P.Q) = s / F(x)AP(x) + / 9()dQ(y), 2.3)
(f.9)€®:(P,Q)
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where ®.(P,Q) = {(f,g9) € L*(P) x LY(Q) : f(x) + g(x) < c(x,y)}. It is said that
Y € LY(P) is an optimal transport potential from P to @ for the cost c if there exists
¢ € L'(Q) such that the pair (1, ) solves (Z.3).

The present contribution provides a completely new tool to prove a central limit theorem
for transportation costs. This approach can be summarised as follows. As before, we
approximate the empirical transportation cost by a linear term. The linearization error R,
(see (2.21)) for details) has a variance that can be bounded using the Efron-Stein inequality.
The upper bound is the expected value of a random variable denoted by U,,, which converges
to 0 a.s. (using new stability results for optimal transport potentials), but one cannot conclude
from this that £(U,,) — 0 without further conditions (as in|del Barrio and Loubes (2017), for
instance). Yet, one can show that the sequence E'U,, is bounded and then the Banach-Alaoglu
theorem yields weak convergence in L2(P) of U,, along subsequences. By taking Cesaro
means we can go from weak to strong convergence. The major improvement we provide,
comes at this point, where a detailed analysis of the variances of the Cesaro means allows
to conclude that v/n(R,, — ER,,) — 0 in probability, which immediately yields a CLT. We
refer to Section[2.4] the proofs in the Appendix and Remark [2..2]for all the details. While
the linearization based directly on the Efron-Stein inequality requires technical assumptions,
the proof we provide here enables to obtain optimal sharp assumptions improving previous
results that will benefit to all works using such method such as Mena and Niles-Weed| (2019)
where the asymptotic behaviour of entropically regularized Wasserstein distances is proved
using such arguments.

A second relevant contribution in this paper are new results on the convergence and,
in some sense, the uniqueness of both optimal transport potentials and maps between P,
and @, when these sequences converge weakly to some probabilities PP and (). There is a
large amount of literature working on these topics. Convergence of optimal maps is a topic
of general interest, beyond our application to CLTs, and results on this issue have a long
history, tracing back at least to Cuesta-Albertos et al.| (1997). To our knowledge, interest on
the convergence of potentials is more recent and requires some additional guarantee on the
uniqueness of the potentials. Seminal results on it can be found in Theorem 2.8 in|del Barrio
and Loubes| (2017) for the quadratic cost. Corollary 5.23 in|Villani| (2008)) deals with this
problem for general costs but one of both probabilities is supposed to be fixed. Some results
are provided in Theorem 1.52. in |Santambrogio| (2015) when the involved probabilities are
compactly supported.

Then problem of uniqueness of optimal transport potentials is linked to the smoothness
of the probabilities and also to the topology of their supports. For a probability () is the
smallest closed set R¢g such Q(Rg) = 1. Yet, with a slight abuse of notation, we will write

Supp(Q) := int (Rq) (2.4)

for the interior of Rg. Moreover, we say that a probability () has negligible boundary if
La(Rg \ Supp(Q)) = 0, where £, denotes Lebesgue measure on R%. A probability with a
convex support has a negligible boundary, but the condition is far from necessary. When
the cost is of the form ¢(x,y) = h(x — y) with h satisfying some regularity assumptions
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(see (A1)-(A3) and the related discussion in Section 2) and () has a density with respect to
Lebesgue measure (in the sequel, when () < ¢;) and a connected support with negligible
boundary then we prove (Corollary [2.2.7) that optimal transport potentials are unique up to
an additive constant (during the time our work was under review, Staudt et al.[(2022)) extends
it unconnected domains, motivated, among other things, by results such as those presented
in this paper). From this uniqueness we move on to give general stability results for optimal
transport potentials under only the following assumption

Assumption 1. Q € P(RY) is such that Q < {4 and has connected support with negligible
boundary; Q,,, P,, P € P(R?) are such that P, 2P Q.30

Te(Pr, Qn) < 0o and T.(P,Q) < oo,
for a cost ¢(x,y) = h(x — y) with h differentiable and satisfying (Al)-(A3), defined below.

If 4, (resp. 1) are the c-optimal transport potentials from @), to P, (resp. from Q) to P),
then we prove in Theorem [2.3.4] that

(a) There exist constants a,, € R such that 1/;,1 = ¢, — a, — Y in the sense of uniform
convergence on the compacts sets.

(b) For each compact K C Supp(Q) N dom(V1))

sup sup lyn — V(x)] — 0,
x€K y,€0%n(x)

where dom(V)) denotes the set of points where v is differentiable, 9“1, and V1)(x) are
defined in section 2.2l

The paper falls into the following sections. Section 2.2] present the main results of
analysis that will be used in the paper. Stability results for the optimal transport potential
under Assumption [I] are given in Section Section 2.3] In Section [2.4] we consider the
asymptotic behaviour of {\/n(7.(Py, Q) — ET.(Py, Q))}nen and provide our main result
in the Central Limit Theorem [2.4.5] This CLT holds assuming only that ¢(x,y) = h(x —y)
with & differentiable and satisfying (A1)-(A3) and P, Q € P(RY) satisfying

Assumption 2. P < {; and Q) < {4 have connected supports with negligible boundary;
moreover

/ h(2x)2dP(x) < oo, / h(=2y)2dO(y) < oo,

and

inf E|X: — X||*"E (/ IVh(X; —y)]qudQ(y)> < o0,
R4

q1,92€[1,00]: iJré:l

where X1 and X are i.i.d. according to P.
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As noted above, the linearization technique that we use yields CLT's for the transportation
cost under minimal assumptions. We discuss this with detail in the case of potential costs
in Section 4. As a minor price to pay, the approach does not yield moment convergence.
We show in Theorem [2.4.6| that moment convergence holds under some additional moment
assumptions. Finally, we derive a CLT for the empirical transportation cost in a two-sample
setup and a further CLT for the empirical p-Wasserstein distance. Proofs are postponed to
the Appendix

We end this introduction with some details about our setup and notation. We assume all
the involved random variables (we use this term for both R and R%-valued random elements)
to be defined on a probability space (Q2, A, P). We write L?(PP) for the Hilbert space of
square integrable random variables on the former space. — denotes weak convergence

- . . L2 . .
of probability measures, while we write — for weak convergence (in the usual sense in
Functional Analysis) in the space L?(P). At some points we write A CC B to mean that
there is some compact set, K, such that A C K C B.

2.2 Preliminary results on optimal transport maps and potentials

This section presents some results related to optimal transport potentials and maps for general
costs. The main reference on the topic is|Gangbo and McCann| (1996)). We give two main
results, which are necessary tools for the study of stability in section 3: we prove uniqueness,
up to an additive constant, of the optimal transport potential (Corollary 2.2.7) and a weak
continuity result for a version of the optimal transport maps Lemma [2.2.10]

We consider the optimal transport problem formulated in its dual form 2.3]). Convexity
plays a key role in the optimal transportation problem with quadratic cost. This idea can be
adapted to general costs through the notion of c-concavity. Recall that f : R? — RU {—oc}
is said to be c-concave if there exist a set 7 C R? x R such that

fO) = it {e(x.y) ~ ). 2.5)

For a function f : RY — R U {—oc} the c-conjugate of f (see|Gangbo and McCann| (1996))
is defined as

fly) = inﬂ£ {e(x,y) — f(x)} forally € R (2.6)
x€R4

c-conjugation can be seen as a generalization of the Legendre’s transform in convex analysis,
see Rockafellar| (1970). Obviously, f¢ is c-concave and it is easy to check that its own
c-conjugate, f°, satisfies f°¢ > f, with equality if f is c-concave. This means that we
can restrict the collection of pairs (f, ¢) in (Z.3) to pairs (f, f¢), with f c-concave, without
changing the optimal value.

For a c—concave function f : R? — R U {—oo} the c-superdifferential of f, O°f, is the
set of pairs (x,y) € R? x R such that

f(z) < f(x) + [c(z,y) — c(x,y)] forall z € R?
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(see, e.g., Definition 1.1 in|Gangbo and McCann|(1996)). We write 9 f (x) for the set of y
such that (x,y) € 0°f and, more generally, 0°f(U) = Uyxecp0°f(x) for U C R? Under
mild assumptions (implied by (A1)-(A3) below; see Propositions C.3 and C.4 in|Gangbo and
McCann|(1996)) 0° f (x) is nonempty if f is finite in a neighborhood of x. When 0° f (x) is
a singleton we denote this point as V¢ f(x). It is easy to see, for a c-concave function f, that
F(x)+ f(y) < c(x,y), with equality if and only if y € 9°f(x). As a consequence of these
key observations, 7 € II(P, () is an optimal transport plan (a minimizer in (2.2))) and the
c-concave function f is an optimal transport potential ((f, f¢) is a maximizer in (2.3)) if and
only if 7 is concentrated on the set 0°f. This yields a characterization of optimal transport
plans, provided a maximizer in (2.3)) exists. In that case we can get an equivalent description
of optimal transport plans in terms of cyclical monotonocity (see Smith and Knott (1992);
Riischendorf (1995)). A set T' C R% x R? is said to be c-cyclically monotone if for all n € N

and {(xx,yx)}p_, CT

n

D elryk) <Y e(Xo(h) Vi), 2.7)
=1

k=1

for every permutation o in {1, ..., n}. Optimal transport plans are supported in c-cyclically
monotone sets (see Theorem@below). In the convex case (which corresponds to the
quadratic cost c2(X,y) = |x — y|?) cyclically monotone sets are those contained in the
subdifferential of a convex function and the subdifferential of a convex function is maximal
cyclically monotone (this is known as Rockafellar’s Theorem, see for instance, Rockatellar
(1966)). For general costs a similar result holds. We quote it for convenience in the next
Lemma. A proof can be found in [Riischendorf] (1996) (Lemma 2.1). Note that Lemma [2.2.1]
is weaker than Rockafellar’s Theorem for convex functions, since it does not claim that the
set 0°f is maximal.

Lemma 2.2.1. If ¢ > 0 is a continuous cost then a set ' C R?% x R? is c-cyclically monotone
if and only if there exists a c-concave function f such thatT" C 0°f.

Existence of maximizing pairs in (2.3]) (which, as noted above, would yield a characteri-
sation of optimal transport plans) is not guaranteed without some assumptions on the cost.
Hence, we restrict our study to regular costs in the sense of (Gangbo and McCannl (1996),
as follows: we will assume c(x,y) = h(x — y), where i : R — [0, 00) is a non negative
function satisfying

(A1) his strictly convex on R4,

(A2) given a height r € R™ and an angle 6 € (0, ), there exists some M := M(r,6) >0
such that for all |p| > M, one can find a cone

K(r,0,z,p) := {X e R?: |x — pl|z| cos(8/2) < (z,x — p) < 7“|z\},

with vertex at p (and z € R?\ {0}) on which £ attains its maximum at p,
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(A3) limy o0 ’L‘%) = .

Remark 2.2.2. The potential cost c,(x,y) := |x — y|P satisfies conditions (A1)-(A3) for
p > 1, see|Gangbo and McCann|(1996).

In the case of a quadratic cost the crucial step to turn the characterization of optimal
transport plans into a characterization of optimal transport maps relies on the fact that convex
functions are locally Lipschitz, hence, by Rademacher’s Theorem (see, e.g., Theorem 9.60 in
R. Tyrrell Rockafellar| (1998)), they are differentiable at almost every point in the interior of
their domain. For general costs convexity does not hold, but the Lipschitz property remains
with great generality. In fact, if ¢ is a c-concave function then for every (a, b), (x,y) € 9°g
we have

9(x) —g(a)] < le(x,y) = c(a,y)| + |e(x,b) = c(a, b)]. (2.8)
When ¢(x,y) = h(x —y) with h convex and differentiable, (2.8)) implies that
le(xy) —cla,y)] < [x—al([VA(x =y)[+[Vh(a -y)]).
As a consequence we obtain that
l9(x) —g(a)| < |x —al[¢(a,b,x,y)|, forall(a,b),(x,y) € d, (2.9)

where ((a, b, x,y) is a continuous function (we recall that a differentiable convex function is,
in fact, continuously differentiable, see Corollary 25.5.1 in Rockafellar (1970)). Elaborating
on these bounds it can be proved that under (A1)-(A3) c-concave functions are locally
Lipschitz, hence, differentiable at almost every point. For convenience we quote here a
precise result (see Theorem 3.3 in|Gangbo and McCann| (1996))).

Lemma 2.2.3. Let ¢c(x,y) = h(x —y) be a cost satisfying (A1)-(A3) and let f be a
c-concave function, then there exists a convex set K C R< with interior Q such that

(i) @ Cdom(f)={x: f(x) e R} C K,
(ii) f is locally Lipschitz in €.

Now we can relate the shape of the gradient of a c-concave function to the shape
of the c-superdifferential. We write h* for the convex conjugate of h, namely, h*(y) =
sup, ((x,y) — h(x)). Then, if f is c-concave (see Proposition 3.4 in|Gangbo and McCann
(1996)):

a) the relation s(x) = x — VA*(V f(x)) defines a Borel function in the set where f is
differentiable, dom(V f),

b) for all x € dom(V f) it holds that 0°f(x) = V°f(x) = {s(x)},

¢) the set dom(f) \ dom(V f) is of Lebesgue measure zero.
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Now, with all the ingredients above, a characterization of optimal transport plans and
maps is given the next result, which summarizes Theorems 1.2, 2.3 and 2.7 in|Gangbo and
McCann! (1996).

Theorem 2.2.4. For any cost c(x,y) = h(x —y), satisfying (A1)-(A3), and Borel probability
measures P, Q on R? such that T,(P, Q) < oo :

(i) There exists an optimal transport plan. vy € I1(P, Q) is an optimal transport plan if
and only if its support, Supp(7), is a c-cyclically monotone set, or, equivalently, if
there exists a c-concave function 1 such that Supp(y) C 0°). In this case ) is an
optimal transport potential.

(ii) If P < {4, then there exists a unique optimal transport plan v := (id x T')# P, where
T(x):=x— Vh*(Vip(x)) = VU(x) is P-a.s. unique and the c-concave function
is an optimal transport potential.

The approach in this work to CLT’s for the empirical transportation cost relies on the
stability results for optimal transport potentials that we prove in Section [2.3] There cannot
be any result in that sense without some kind of uniqueness of this potential. Of course,
a look at (2.3) shows that if ¢ is an optimal transport potential and C' € R then ¢ 4+ C'is
also an optimal transport potential. With the next results we show that, under some minimal
assumptions, the optimal transport potential is unique up to the addition of a constant.

Lemma 2.2.5. Let Q C R? be an open, bounded convex set, f : 8 — R be a Lipschitz

Sfunction such that V f = 0 almost everywhere in (), then there exists a constant C' € R such
that f = Cin L.

Proof. This is a straightforward consequence of Poincaré’s inequality in convex domains
(see, e.g., Theorem 3.2. in|Acosta and Duran| (2004)). ]

Theorem 2.2.6. Assume c(x,y) = h(x —y) satisfies (A1)-(A3) and fi, f2 are c-concave
functions such that V f1 = V fo almost everywhere in an open connected set ), then there
exists a constant C' € R such that fo = f1 + C in Q.

Proof. Assume p € 2 C dom(f;) Ndom(f>). By Lemma[2.2.3]¢, ¢ are locally Lipschitz,
hence, there exist e, > 0 such that fi, fo are Lipschitz in B(p, ep). Then the function
fo — f1 satisfies the assumptions of Lemma@ As a consequence, there exists Cp, € R
such that fo = fi + Cp in B(p, €p) for each p € L. The proof will be complete if we show
that the previous constant does not depend on p. But this follows from connectedness of the
), since if we set

I''={qe:Cq=0Cp}

then I" is obviously open and, by continuity, I" is also closed in the relative topology on §2.
Hence, being both open and closed implies 2 = I due to the assumption of connectedness.
O
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Let us assume now that P and () are probabilities on R? with P absolutely continuous
and 11, ¥ are optimal transport potentials. By Theorem [2.2.4 we have VA* (V1)1 (x)) =
Vh*(Via(x)) P-a.s. If h is differentiable then VA* (V)1 (x)) = VA* (Ve (x)) = y im-
plies Vi1 (x) = Vipa(x) = Vh(y) (cf. Corollary 23.5.3 and Theorem 25.1 inRockafellar,
(1970)). Hence, P-a.s., Vi)1(x) = Vo(x). If, additionally, P is supported in an open,
connected set we can apply Theorem [2.2.6]and conclude that 12 = ¢; + C' on the support
of P for some constant C' € R. This proves the following uniqueness result for optimal
transport potentials.

Corollary 2.2.7. If c(x,y) = h(x —y), where h is differentiable and satisfies (A1)-(A3),
P < {4 and is supported on an open, connected set, A, and 11, 1o are optimal transport
potentials from P to Q) for the cost c, then, there exists a constant, C € R, such that
Po(x) = 1(x) + C for everyx € A.

In the next section we will state and prove results related to the stability of optimal
transport maps and potentials, namely, we will prove convergence in different senses of
optimal transport potentials (¢,) or maps (V¢p,,) from P, to @, under the assumption
that (at least) P, — P and Qn 2 Q. Results of this kind have a long history, tracing
back at least to|Cuesta-Albertos et al.[(1997) for the case of optimal transport maps under
quadratic costs. Stability of the potentials is crucial for the Efron-Stein approach to CLTs
in|del Barrio and Loubes|(2017) or in section 4 in this paper, and has only been investigated
recently. For smooth probabilities, optimal transport potentials are a.s. differentiable,
and there is a simple relation between their gradients and the optimal transport maps, as
noted above. Hence, it is natural to try to go from stability results for optimal maps to
stability results for optimal potentials. We should note, additionally, that the points of
nondifferentiability of the potentials are those points in which the superdifferentials are
not singletons and that, for this reason, the better way to deal with stability of the optimal
plans is to think of them as multivalued maps (x — 9°p,(x) C RY) or, equivalently, as
subsets (0%, = {(x,y) € R x R? : y € 0%, (x)}, the graph of 9°p,,). The notion of
convergence that fits our goals is the commonly called Painlevé-Kuratowski convergence
(see|R. Tyrrell Rockafellar (1998), which is defined as follows: for a sequence {I';, },,cn of
subsets of R™

* the outer limit, lim sup,, I',,, is the set of x € R™ for which there exists a sequence
{xy} with x,, € T';, such that there exists a subsequence which converges to x,

* the inner limit, lim inf,, I';,, is the set of x € R"" for which there exists a sequence
{xn} with x,, € T, which converges to x.

When the outer and inner limit sets are equal the sequence is said to converge in the
Painlevé-Kuratowski sense and the common set is the limit. This notion of convergence
is automatically transferred easily to multivalued maps. In this case {7}, },en, Where
T, : R — 2R s said to converge graphically to another multivalued map 7T if

Gph(T}) :={(x,y) : y € Tn(x)} — Gph(T)
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in the Painlevé-Kuratowski sense. A very convenient feature of the Painlevé-Kuratowski
sense is that sequential compactness can be easily described in terms of a simple condition.
To be precise, it is said that a sequence of sets '), C R%, n > 1, does not escape to the
horizon if there exist € > 0 and some subsequence {n;} such that I";,, N B(0, €) # 0 for all
7 > 1. For convenience we quote next a version of Theorem 4.18 in R. Tyrrell Rockafellar
(1998)).

Theorem 2.2.8. Let {I',,},,>1 be a sequence of subsets of R that does not escape to horizon,
then there exists a subsequence {n;j, } and a nonempty subset I' C R™ such that

I, — T, in the sense of Painlevé-Kuratowski.

nj k
In the next theorem we show that when a sequence of c-cyclically monotone sets

converges in the sense of Painlevé-Kuratowski to a set, then it is also c-cyclically monotone,

generalizing the result for classical convexity in|R. Tyrrell Rockatellar| (1998).

Lemma 2.2.9. Assume c is a continuous cost function and {T', } nen C R? is a sequence of
c-cyclically monotone sets. If T';, — T in the sense of Painlevé-Kuratowski, then I is also
c-cyclically monotone.

Proof. We consider {(xy,yx)};; C I'. For each pair (x,y}) there exists a sequence
(x¢,y7) € 'y, such that (x7,y}) = (Xx,yx) as n — oo. Since I',, is c-cyclically mono-
tone,

NE
NE

(X, i) < ) (g, Vi),

k=1 k=1
for every permutation o of {1,...,m}. Continuity of ¢ guarantees that
m m
Z C(Xka Yk) < Z C(Xa(k)u Yk:)
k=1 k=1

O]

Combining the last two results we see that if a sequence of c-superdifferentials does not
escape to the horizon, then there exists a converging subsequence to a set and this set is also
c-cyclically monotone.

We finish the section with a weak continuity result for the multivalued map 91, which will
be very useful in the following section.

Lemma 2.2.10. Assume c(x,y) = h(x — y) with h satisfying (A1)-(A3). Let f be a
c—concave function and x € dom(V°f). Then for each sequence x,, — x and y, €
0°f(x,,) we have that y,, — V°f(x). As a consequence, for each ¢ > 0 there exists some

d > 0 such that 9°f (B(x,9)) C B(V°f(x),e).



104

Proof. Let (x,,yy) be as in the statement. Then for every z € R? we have

f(Z) < f(Xn) + [C(ZvYn) - C(Xnv}’n”' (2.10)

Since f is differentiable at x, it is bounded in a neighbourhood of x, say U, which can chosen
to be compact. By Proposition C.4 in Gangbo and McCann| (1996) 0°f(U) is bounded.
Hence, the sequence y,, must be bounded and, taking subsequences if necessary, we can
assume that it is convergent. Taking limits in (2Z.10) and noticing that f is continuous in its
domain we get the first conclusion. To check the second claim, assume it is false. Then
we can choose some € > 0 such that for each n € N there exists |x,, — x| < % and some
Yn € 0°f(xy) with |y, — V¢f(x)| > e. To conclude note that the sequences {x,, } e and
{¥n }nen lead to a contradiction with the first assertion. O

2.3 Stability of Optimal Transport Potential and Map Under
General Costs

The main goal of this section is to prove a general result (Theorem 2.34) on the stability
of optimal maps and potentials for a very large class of costs, using the tools presented in
section[2.2] The path to this main result starts by proving stability along subsequences of the
c-superdifferentials of optimal transport potentials (Lemma [2.3.1)), extending a similar result
in|del Barrio and Loubes| (2017) for the particular setup of classical convexity. We prove
then (Lemmas [2.3.2)and 2.3.3)) a uniform boundedness result which, once the potentials are
conveniently fixed at a convenient point (see (2.12)) below) allows to prove the anticipated
stability result. For the sake of readability we present here the results and defer most of the
proofs to the Appendix.
The first step in the plan above is this result on the stability of c-superdifferentials.

Lemma 2.3.1. Let Q € P(RY) be such that Q < {4 and has connected support and
negligible boundary. Let Q,,, P,,, P € P(R?) be such that P, = P, Q,, — Q and

Te(Pp, Qn) < o0 and T.(P,Q) < oo, foralln € N,

for a cost c¢(x,y) = h(x — y) with h differentiable and satisfying (A1)-(A3). If {y, (resp.
1) are optimal transport c-potentials from Q,, to P, (resp. from Q) to P), then there exists a
cyclically monotone set I" such that

Op — T C 0% @2.11)

in the sense of Painlevé-Kuratowski along subsequences. Moreover, if x € dom(NV°) N
Supp(Q), then (x, Vi (x)) € I.

In our next results we pay attention to the optimal transportation potentials, 1, which
are well-defined up to the addition of a constant. The possibility of arbitrarily choosing that
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Figure 2.1: Geometric interpretation of Lemma and Lemmam

constant could lead to some difficulties that we can avoid fixing it as follows. We choose
some pg € dom(V1) N Supp(Q) and assume

Y(po) =0 and ,(po) = O for large n. (2.12)

Of course, we can ensure that the potential 1) vanishes at any pg where it is finite by taking
¥(x) = ¥(x) — 1(pg). Under the assumptions of Lemma (see the proof for further
details) we must have py € dom(V1),,) for large enough n, hence, pg € dom(v,,) and we
can choose the potentials as in (Z.12).

Next, we present two technical lemmas in which the assumptions (A2) and (A3) play the
main roles. These results, crucial in the proof of Theorem[2.3.4] are proved elaborating on
the arguments in Gangbo and McCann|(1996)) to prove that a c-concave function is locally
Lipschitz. The geometric interpretation of these results is shown in Figure 2.1} Lemma[2.3.7]
shows that for any point p for which the boundedness condition fails, there is a hyperplane
H passing trough p and splitting the space into two parts such that in one of both, the grey
one in Figure[2.] this property holds for any other point.

Lemma 2.3.2. Under the same assumptions as in Lemma let p € RY be such that there
exists a sequence {py, }nen C RY such that p,, — p and 1, (py,) is not bounded. Then there
exists z € RY such that, for every bounded sequence {x, }neny CC {x: (z,x — p) > 0},
the sequence 1, (Xxy,) is not bounded.

Lemma[2.3.7]is the key to the next technical result, which proves boundedness of both
Uren ¥n,, (K) and ey 04n,, (K) for compact K C Supp(Q).

Lemma 2.3.3. Let P,Q, P, Q, be probability measures satisfying the assumptions of
Lemma Assume that pg € Supp(Q) and n(po) — 0. Then for each com-
pact K C Supp(Q) there exists a subsequence {1y, }ren such that | J;,cx ¥n, (K) and
Uren 9“Un, (K) are bounded sets.
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Now, as an application of the uniform boundedness results in Lemma[2.3.3] we are ready
to apply the classical Arzela-Ascoli theorem to prove the main theorem of the section.

Theorem 2.3.4. Let Q € P(R?) be such that Q < {4 and has a connected support with
negligible boundary. Assume Q,,, P,, P € P(RY) are such that P, = P, Q,, = Q and

%(anQn) < oo and %(PaQ) <00

fora cost c(x,y) = h(x —y), with h differentiable and satisfying (A1)-(A3). If 1y, (resp.
1) are optimal transport potentials from Q,, to P, (resp. from Q to P) for the cost c. Then:

(i) There exist constants a,, € R such that 7/;11 = Y, — an, — 1 in the sense of uniform
convergence on the compacts sets of Supp(Q).

(ii) For each compact K C Supp(Q) N dom(V1))

sup  sup |y, — VU)| — 0. (2.13)
x€K y,€0°n(x)

We note that Theoremlf_ﬂ:l generalizes Theorem 2.8 in|del Barrio and Loubes| (2017)) to
a more general class of costs. Moreover, it also generalizes the results of stability of optimal
transport maps, as Corollary 5.23 in|Villani| (2008)). An important improvement of Theorem
1.52. in|Santambrogio| (2015) is obtained since we do not require a compact assumption.
Finally we will see in the following sections that it is a useful tool to prove a Central Limit
Theorem for general Wasserstein distances.

Under stronger assumptions on the way that P,, approaches P and (),, approaches Q) it is
possible to prove L? convergence of the potentials. We show this next for potential costs. We
recall that the hypotheses of Corollary [2.3.5]are fulfilled when we have weak convergence
P, 5 P,Q,3Q plus convergence of moments of order 2p,

[xrarae) — [xfrape. [ Iyfriuy) — [ yaQo)

Corollary 2.3.5. Let Q € P2p(RY) be such that Q < g and has connected support with
negligible boundary. Assume P,,, P € P(R%) are such that

Tap(Pp, P) — 0.

If Wy, (resp. ) are optimal transport potentials from Q to P, (resp. from Q) to P) for
the cost c,(x,y) = |x —y|P and p > 1, then there exist constants a,, € R such that

U = U — an — 1 in the sense of L*(Q).

Proof. We can apply Theoremm to see that there exist constants a,, € R such that ¢, =
tp, — an — 9 and VY, — VY Q-a.s. We note also that the assumption 72,(P,, P) — 0
implies that

/\vcw (y)[?PdQ(y) /yx|2pdp —>/|x|2de
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and, therefore |V, |?” is Q-uniformly integrable. We relabel the potentials and write
1y, instead of v, and assume (with no loss of generality) that P(x0) = ¥n(x0) = 0 for
some Xq € Supp(Q) N dom(V1). To conclude, it suffices to show that )2 is Q-uniformly
integrable. To check this we set yo = Vi (xp), take y,, € 9°,(xo) and recall that, by

Theorem[2.3.4]y,, — yo. Now, we observe that
wn(x) < wn(XO) + |X - Yn|p - |XO - YTL|p < |X - Yn|p (2.14)

for every x. Similarly,

Yn(y) < Up(yn) + Iy — 0P = [yn — x0l? = |y — x0/”

for every y. Since Q-a.s. we have ¥, (x) + 95 (VY (x)) = [x — VY, (x)[P, we conclude
that

U (x) > |x = VU, (x)|P — |V (x) — %0|P, Q — a.s.

This last bound together with (2.14) shows that 12 is Q-uniformly integrable and completes
the proof. O

2.4 Central Limit Theorem and Variance Bounds

2.4.1 One-sample case

Let P € P(R?) and for eachn € Nlet X1, ..., X,, denote a a sample of independent ran-

dom variables with distribution P. Consider also the correspondent empirical measure P, :=

LS, 0x,. We are interested in the behavior of the sequence {y/7 (T,(Pn, Q) — ETp(Ps, Q)) }nen.
We will prove first tightness of this sequence from a suitable variance bound, following simi-

lar arguments as those in|del Barrio and Loubes| (2017). We recall the Efron-Stein inequality

and refer for further details to Chapter 3.1 in Boucheron et al{(2013). Let (X7, ..., X)) be

an independent copy of (X1,..., X,,),set Z := f(Xi,...,X,,) and foreachi € {1,...,n}

denote

Zz/ = f(Xl, NN ’X/ifl’X,L{7Xi+17 ceey Xn)

The Efron-Stein inequality states then that

n

1 . 1\2 1\2
Var(Z) < 2;]5(2— Z)? = z;E(Z— Z0)2%,

where (-)4 denotes the positive part. Note that when X1, ..., X, are i.i.d, the inequality can
be written as n
Var(Z) < S B(Z - Z)? =nE(Z - Z))3.

In this work we present a general bound for the variance of 7.(P,, @) assuming only that
one of both probabilities is absolutely continuous with respect to Lebesgue measure and
assuming also that the cost is convex. We note that for X with law P the set of points
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where h(X — -) is not differentiable is a set of Lebesgue measure 0, hence if ) < ¢, then
it is differentiable )-a.s. As a consequence VA(X —y) is well defined Q- a.s., and also
E|Vh(X — Y)|?% in the next statement.

Lemma 2.4.1. Assume c(x,y) = h(x —y), with h satisfying (Al)-(A3). Let P,Q € P(R?)
be such that Q < lyq. Assume X, X', Y are independent random variables with X ~ P,
X' ~PandY ~ Q. Then

1

aVar(To(Po, @) < inf [ (BIX = X' (B|VA(X —Y)|2‘D)é}, 2.15)

(q1,92)€a
where o = {(q1,q2) : ¢; € [1,00], qil + q% =1}

We remark that assumptions (A1)-(A3) are only used in Lemmam to ensure the
existence of an optimal transport map.

Remark 2.4.2. As a consequence of Lemma|2.4.1| under the same assumptions, if

inf [ (E|X — X’Pfh)ﬁ (E|Vh(X — Y)|2q2)i} < oo, (2.16)

(q1,92) €
then the sequence {\/n (To(Ppn, Q) — ETe(Py, Q)) }nen is tight.

We show next that we can replace assumption (2.16)) with a simpler version in the case
of potential costs. It should be noted that absolute continuity of @ is not needed for the
following result.

Corollary 2.4.3. If c(x,y) = |x —y|P and p > 1 then

nVar(Ty(Po, Q) < (E|X — X'|%)7 (pE|X — Y|%)71

Proof. We assume that the right hand side in the last bound is finite (there is nothing to
prove otherwise). Since [Vh(X1 —y)| = p| X1 — y|P~L, the result follows by taking ¢ = p,
G = }% in @.I3) if @ < ¢4. For general Q we can take random variables Y ~ @,
Yo ~ Qm, m € Nwith Q,, < {4 and E|Y,, — Y|2p — 0. Without loss of generality we
can assume that (X, X') is independent of (Y, {Y,, };n>1). For fixed n € N we have that
Tp(Pr, Qm) converges to 7p( Py, Q) a.s. as m — oo. Also, for each m € N, we have

nVar(To(Po, Qm)) < (E|X — X'[2)7 (pE|X — Y, |#) 7T =: Ap,.

1 p_
We observe that A,, — A := (E|X — X'|??)? (pE|X — Y|*P) =y Finally, Fatou’s
lemma enables us to conclude that

nVar(T,(Pp,Q)) < nliminf Var(7,(P,, Qm)) < liminf A, = A.
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Remark 2.4.4. As in Remark Corollaryyields the conclusion that {\/n (T,(Pp, Q) — ET,(Pp, Q)) tnen
is tight if P and Q) have finite moments of order 2p. This assumption is sharp in the sense

that if P is such that {\/n (T,(Pp, Q) — ET,(Pp,Q)) }nen for Q = oo then P must have
finite moment of order 2p. In fact, the optimal transport map from P, to Q is T(x) = 0,
hence, T,(Py, Q) = [ |x|PdP,(x) and

Vi (Tp(Po; Q) = ETy(Pn, Q) = 7= 251 (1X517 — EIXq P). 2.17)

It is well known (see, e.g., Chapter 10 in|Ledoux and Talagrand| (1991)) that the sequence of
[@.17) is tight if and only if E(|X1|*?) < oco. Hence, as claimed, a finite moment of order 2p
is a minimal requirement for P to guarantee that {\/n (Tp(Py, Q) — ETp(Pn, Q)) }nen is
tight for, say, every QQ with bounded support.

Condition [2.1I6) is enough to achieve tightness with a cost ¢ satisfying assumptions
(A1)-(A3). In the following theorem we show that, with this assumptions on the cost, there
exists a unique weak cluster point of the sequence {\/n (7.(P,, Q) — ET.(Ppn, Q)) }nens
which is Gaussian. Similar work, in the particular case of the cost | - |2, was done in |del
Barrio and Loubes|(2017)), where a version of Efron-Stein inequality is used to prove that
the empirical transport cost is approximately linear. This approach has also been used for
the entropic regularization of the empirical transport cost in|Mena and Niles-Weed| (2019).
This tool based on Efron-Stein inequality requires to have some sort of uniform integrability,
which can be guaranteed assuming finite moments of order 4 + §. Following arguments
developed in Remark [2.4.4] the following result proves that the moment assumption can be
relaxed.

Theorem 2.4.5. Assume c(x,y) = h(x —y) with h differentiable and satisfying (A1)-(A3).
Let P,Q € P(R?) be such that P < {4, Q < lg, and P has connected support and
negligible boundary. Assume further that

/h(2x)2dP(x) < oo and /h(—2y)2dQ(y) < 00, (2.18)
and (2.16)) holds. Then
Vi (Te(Pa, Q) = ETe(Pn, Q) = N(0,02(P.Q)), (2.19)

where

ﬁwaw:/aw%mw—</wwﬂvﬁi (2.20)

and @ is an optimal transport potential for the cost c from P to Q.

It should be noted at this point that the optimal transport potential in Theorem [2.4.5]is
unique, up to the addition of a constant, as a consequence of Corollary It follows
from the proof of Theoremmmat ¢ € L?(P). This implies that the limiting variance,
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02(P,(Q), is well-defined and finite. It is worth noting that the assumption (2.18) can be
relaxed to

A0 = V¥p(X1)) < h(; X1) + (1 - 8) A(— = Vip(X1)),

1
(1—1)
for any choice of 0 < ¢ < 1, see Remark [2..1]

The proof of Theorem [2.4.3]initially follows the path in|del Barrio and Loubes| (2017).
This means that we look at

Ry, :=T.(P,, Q) — /(p(X)dPn(X), (2.21)

where ¢ is an optimal transport potential from P to ) for the cost c. We write R}, for
the version of R,, computed from X|, X»,. .., X,,. Using the stability results for optimal
transport potentials one can prove that n(R,, — R.,) =% 0. If n2E(R,, — R!,)?> — 0 then the
conclusion in Theorem [2.4.3] follows inmediately. Variance bounds obtained from the Efron-
Stein inequality yield n? E(R,, — R!))> < M under mild moment assumptions. However,
the convergence n?E(R,, — R!))> — 0 may fail wihtout some stronger assumptions (such as
the 4 + § moment assumption in|del Barrio and Loubes| (2017)). Our proof of Theorem [2.4.5]
avoids these stronger assumptions by using the following workaround. First, the bound
n?E(R, — R.)? < M and the Banach-Alaoglu Theorem (see, e.g., Theorem 3.16 in Brezis
(2011)) show that, along subsequences, n(R,, — R],) converges weakly to 0 in the Hilbert
(hence reflexive) space L?(IP). Then, the Banach-Saks property of Hilbert spaces (see, e.g.,
Exercise 5.34 in|Brezis| (2011)) shows that (taking further subsequences if necessary) there
exists a Cesaro mean of {n|R,, — R/ |},en convergent to 0 in L?(P) in the strong sense.
We show then that the same holds with the Cesaro means of the sequence /n(R,, — ERy,)
and from this we conclude that \/n(R, — ER,,) — 0 in probability, which yields, as a
consequence, (2.19). All the details are given in the proof postponed to the Appendix.

In general it is not possible to guarantee moment convergence in (2.19) under the minimal
assumptions of Theorem 2.4.5] The following theorem guarantees convergence of variances
under slightly stronger assumptions.

Theorem 2.4.6. Assume c(x,y) = h(x —y) with h differentiable and satisfying (A1)-(A3).
Let P,Q € P(R?) be such that P < {gq, Q < g and P has connected support and
negligible boundary. Suppose that 218) holds and assume R, is as in @2.21). Assume
further that X, X' and Y are independent random variables with X ~ P, X' ~ P and
Y ~ Q. If there exists some 6 > 0 such that ,

inf {E!X — X!'|CH)a BIvp(X — Y),(2+5)q2] < 0, 222)
q1,92€[1,00]: i.g.é:l

then nVar(R,,) — 0. As a consequence,

nVar(Te(Pp, Q)) — 02(P, Q). (2.23)
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To get a more clear picture about the sharpness of the assumptions in Theorems [2.4.3]
and[2.4.6] we include the particular version for potential costs, ¢,(x,y) = [x —y|P forp > 1
(recall from Remark [2.2.2]that c,, satisfies (A1)-(A3) for p > 1).

Corollary 2.4.7. Assume p > 1. Let P,Q € P(R?) be such that P < {4 and has connected
support and negligible boundary. If P and Q) have finite moments of order 2p, then

Vi (Tp(Pa, Q) — ETy(Pa, Q) == N(0,02(P,Q)), (2.24)

where

(.Q) = [ etxrare) - ( | ¢<x>dP<x>)2, (2.25)

and  is an optimal transport potential from P to Q) for c,. Moreover if P has a finite
moment of order 2p + € for some € > 0, then

nVar(T,(Pn, Q) — 04(P, Q). (2.26)

Proof. A look at the proof of Corollary 2.4.3]shows that finite 2p moments guarantee that
(2.16) holds. Clearly, (Z.18) holds too, and we can apply Theorem [2.4.5]to conclude (2.24))
(the fact that absolute continuity of () is not necessary follows using the approximation
argument in the proof of Corollary 2.:4.3)). For (2.26) we take in (2.22) the conjugate pair

_ _ 2pte
41 = —5prags and

q1 2p+e 2p+ €

Ta-1 2p+op-2-6 (2+0)(p-1)

where 6 = %. With this choices we observe that
(Blx: - xj|2r0m) (E ( / X1 — y\@@”)(”—”dcz(y)))
]Rd

= (- xq @) (5 ( [ 136 - yrraam) ) < .
Rd

see that(2.22)) becomes
and we apply Theorem [2.4.6] The case of finite moment of order 2p + € for @ follows
similarly. O

q2

Remark 2.4.8. As noted in Remark[2.4.4) the assumption of finite moments of order 2p (ar
least for P) cannot be relaxed for tightness and, in that sense, the moment assumptions
in Theorem are sharp and cannot be improved. On the other hand, in the case
p = 2, Corollary[2.4.7|improves Theorem 4.1 in|del Barrio and Loubes| (2017), not only by
proving that finite fourth moments are enough (the original assumption was finite moments
of order 4 + € in|del Barrio and Loubes| (2017)), but also by assuming milder regularity
assumptions on P and Q. In this new setting, P must have a connected support with a
negligible boundary, relaxing the assumption of a convex support. The only price to pay is
that variance convergence may fail under this relaxed assumptions.
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So far we have considered CLTs for T, (P, Q). Its p—root W, (P, Q) := (T,(P,Q))"/?
defines a well-known metric in the space of probabilities with finite moments of order p,
the p-Wasserstein distance. Proving a CLT for the empirical Wasserstein distance is not a
straightforward application of a delta-method and Corollary [2.4.7] since we do not have a
fixed centering constant in Theorem [2.4.10] Yet, we can circumvent this issue and prove the
following result.

Theorem 2.4.9. Let P # Q € P(R?) be such that P < {4 and has connected support and
negligible boundary. Assume P and () have finite moments of order 2p and p > 1. Then, if

o2(P,Q) is defined as in Theorem

Vi (Wy(Pr, Q) (BWE(P, Q))7 ) 5 N(0, 2(P,Q)),

2
Where /BIQ)(P, Q) = <W) O'%(P, Q)

Proof. Setting

B =

Ap = Wy(Pn, Q) and By, := (E[WE(P,,Q)])? ,
we know from Corollary 2.4.7] that
v (A, = BY) = N(0,0,(P, Q). (2.27)

Moreover, the bound
-1 -1
WP <27 [ pap + 27! [ lyPaQu)

together with the assumption of finite moments of order 2p, imply that W} (P, Q) is
uniformly integrable. It follows that

A E5W,(P,Q), and B, — W,(P, Q). (2.28)

By the mean value theorem applied to the function ¢ +— ¢P, there exists &, € (0, 1) such that
AP — BP = (A, — Bp)p(Anen + Bn(1 —e,))P L (2.29)

The limits of (Z.28) imply that necessarily p(A,e,+ By (1—2,))P~ =25 pW, (P, Q)P >

0. This fact, together with the limit and Slutsky’s theorem applied in (2.29) conclude
the proof. O
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2.4.2 Two-sample case

Forn,m € Nlet X;,...,X,, and Y1, ...,Y,, be independent i.i.d. random samples with
distributions P and (). Consider the correspondent empirical measures P, := % Y1 0x,
and Q,, = % > pey dy,. At first sight one may conjecture that the approach leading to
Theorems [2.4.3] and [2:4.6| trivially extends to the two-sample setup, yielding a CLT for
Te(Pp, Q). However, a closer look at the proof shows that major issues appear when
extending Claim 3—the treatment of the two-sample counterpart of the inequalities of the
proof of Theorem [2.4.5| are quite difficult and we could not overcome this obstacle. For
this reason an adaptation of Theorem [2.4.3]to the two-sample setup is left for further work.
On the other hand, under stronger moment assumptions, such as @, the extension is
straightforward. We present the result avoiding additional details.

Theorem 2.4.10. Assume c(x,y) = h(x —y) with h differentiable and satisfying (Al)-(A3).
Let P,Q € P(R?) be such that P < g, Q < {4 and both have connected support and
negligible boundary. Assume that (2.18) holds and also that there exists some § > 0 such
that 2.22)) holds, as well as the corresponding conditions exchanging the roles of P and Q.
Then, if —— — X € (0,1) as n,m — oo,

n-+m

M (T (Pry @m) — ET (P, @m)) —= N (0,(1 = N)oZ(P,Q) + A\o2(Q, P)) ,

n-+m

with 02(Q, P) as in 2.20). Furthermore,

nVar(T (P, Qm)) = (1= X)aZ(P,Q) + Ao2(Q, P).

2.4.3 Variance estimation

Theorem provides the consistence of the variance in the terms of nVar(T (P,,Q)) —
o2(P, Q). This allows, for instance, to obtain an estimator by using Monte Carlo methods.
But we can also compute it by using the explicit formula

7 (PuQ) = [ ulxdPu0) - ( / son<x>dPn<x>)2,

2

o . . P
which is consistent in the sense that 02(P,, Q) — o>

enough to see that

(P, Q). To prove this last claim, it is

/ (on(X)? — @(x)2)dPa(x) -2+ 0,

which can be derived from

[ (a3 = 0P = Y (n(X0) — o) Lr0. @230)
=1
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The consistency of (2.30) is a direct consequence of the following equality

E (i > (enlX) = so(XmZ) = % > E (on(Xi) = 0(X0)* = E (on(X31) = 0(X1))?,
i=1

i=1

Hence, we can thus conclude as in the proof of Theorem [2.4.6|that (P, Q) £, a2(P,Q).
Similar augmentation proves the two sample case.

2.5 Considerations and further work

In the recent years, researchs on weak limits for the transport problem has become a very
hot topic in statistics and machine learning. Many of them focus on the analysis of the
centered fluctuations \/n (7c(Pp, Q) — ET.(Py, Q)). For instance, Gonzélez-Delgado et al.
(2021)) extends Theorem [2.4.3]to probabilities on the flat torus with applications in structural
biology.

Nevertheless, one of the main problem tackled in this recent literature is about find-
ing cases where such Central Limit Theorem also holds when the centering constant
ET.(P,,Q) can be replaced by the true transportation cost, enabling to obtain a CLT
for v/n (Te(Prn, Q) — To(P,Q)) as inManole and Niles-Weed|(2021) and references therein.
A first setting, developed in |del Barrio et al.| (2021a), deals with the semi-discrete case,
where one of the distribution is discrete. In this case, arguments from functional derivation
of the supremum, proves that CLT holds, which suggests that the complexity of the optimal
transport problem adapts to the one of the discrete probability. This adaptability of the
complexity is fulfilled in a much broader way, see [Hundrieser et al.| (2022b). This culminates
in the work of [Hundrieser et al.|(2022a), where, using the above observations, a complete
description of the possible bounds of the transport problem with convergence ratio /7 is
given.

For regularized transportation, [del Barrio et al.| (2022) uses the fluctuations result of
Mena and Niles-Weed| (2019) to derive the central limit theorem of the entropy regularized
optimal transport cost centered at the population cost and Manole et al.| (2021)) for the plugin
estimatior.

It is worth noting that both results for the one-sample and for the two-sample cases could
be generalized to probabilities, supported in more general spaces—not necessarily connected.
This property is necessary only to guarantee the uniqueness (up to additive constants) of
the potentials. During the review process of this paper, [Staudt et al.| (2022)) has proved a
generalization of Corollary with yet different conditions. Extending the results we
provide to this new case could be the topic of future research.
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Contents

2..1 Proofs of main results

PROOF OF THEOREM [2.3.4] We prove each claim separately. To prove (i) we take, without
loss of generality, pg € Supp(Q) N dom(V1)) as in 2.12)) (hence, ¢, (po) = 0). From (2.9)
and Lemma we see that for each compact K C Supp(Q) there exists a subsequence
t)n, and a constant R = R(K) > 0 such that for a,x € K

¥ (%) — ¢ (2)] < |x — alR.

Hence, the functions of the sequence {¢, } are R-Lipschitz on each compact set and
tn, (Po) = 0 and we can apply Arzela-Ascoli theorem in each compact set to conclude that
there exists a continuous function f such that ¢, ~— f uniformly on the compact sets of
Supp(Q) for some subsequence.

We claim that f = ¢ + C. To prove it we consider x € Supp(®) and any sequence
Yn € 0Py (x), by Lemma[2.3.3|we know that there exists a sub-sequence {yn, }xen which
is bounded. Hence, by Lemma@ there exists y € 0v(x) such thaty,, — y € 0°)(x)
along a subsequence. We keep the notation for this sub-sequence and note that it satisfies

UV, (2) <, (X) + [e(2, Yn,) — (X, yn,)] forall z € RY
and by taking limits,
f(z) < f(x)+ [c(z,y) — c(x,y)] forall z e dom(f).

Therefore, 0° f (x) is non-empty for every x € Supp(Q). This entails that f is c—concave
and, as a consequence, almost surely differentiable. Moreover, y € 0°f(x) N 9%)(x). We
conclude that V¢f = V) a.s. in Supp(Q) and (i) follows by Corollary

We turn now to (ii) and assume, on the contrary, that there exists a sequence {x,} C
K and y,, € 0%, (x,) such that

lyn — V9 (x,)| > € for some ¢ > 0 and all n. (2.31)

Compactness of K implies that there exists x € K such that x,, — x along a subsequence,
which, to ease notation, we denote also as x,,. Lemma[2.3.3|implies that y,, also converges
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to some y along a subsequence. But then Lemma shows that y = V) (x) which
contradicts (2.37)). [0 PROOF OF THEOREM [2.4.3] We write

(X1{,...,X]) for an independent copy of (X1,...,X,,) and denote by P the empirical
measure on (X1,..., X/, ..., X,). Asin @21),

Ry = Tu(Pa Q) — / ()P, (),

()
n
computed from P instead of P,,. To ease notation it will be convenient to write P, rather
that P,(Ll) and R/, instead of RS) at some points.

The guideline of the proof is to show that n(R,, — R!,) <% 0 and n?E(R, — R!,)?> < M.
From this we can obtain, using the Banach-Alaoglu theorem and the Banach-Saks property
(see details below), that there exists a Cesaro mean of {n|R,, — R} | }»en convergent to 0 in
L?(P). Finally the same holds with the Cesaro means of the sequence /n(R,, — ER,,). To
conclude we will prove that these three claims imply the central limit theorem. We follow
this path in the following complete proof, which we split into three main steps:

where ¢ is an optimal transport potential from P to (). We write R,,” for the version of R,,

Claim 1: n(R,, — R,) “% 0and n*E(R,, — R)* < M.
We write ¢,, for an optimal transport potential between P,, and (). Since

TPLQ) =  sw / F(x)dP.(x) + / J(y)dQ(y)
(f,9)€®:(P,Q)

> / on(X)dP.(x) + / 5 ()dQ(y),

then we have

on(XD)+ 53 en(Xe) = S p0) = o) + [ hvda)

(pn(X1) — 9(X1) — @n(X7) + @(X7)). (2.32)

By Theorem 2.3.4 we can assume, without loss of generality, that, almost surely, ¢, — ¢,
uniformly on compact subsets of Supp(P). This entails that n(R, — R,), “% 0. By
symmetry, n(R!, — R,)+ “3 0 and we conclude that n(R!, — R,,) “3 0.

For the second part of this claim we recall that

n(Ry — Ry,) = n(Te(Po, Q) — Te(Py, Q) — (0(X1) — ¢(X71)).
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It follows from (2.16) and the proof of Lemma that n2E(Te(Py, Q) — To(P!, Q))? is
a bounded sequence and, therefore, it suffices to show that Fo(X 1)2 < 00. To check this,
we fix xg € Supp(P) Ndom(Vy). From (2.8) we get that

lp(X1)] < lp(xo)| + [c(X1,y) — (%0, ¥)| + [e(X71, b) — (%0, b)],
< |p(x0)| + ¢(X1,¥) + c(x0,¥) + (X1, b) + c(x0, b),

for all (xq,b), (X1,y) € 0. Since ¢ is differentiable at x then if X; € dom(Vy) we
have

lp(XD)| < Je(x0)] + e(X1, VEp(X1)) + c(x0, Vi (X1))
+e(X1, Vip(x0)) + c(x0, Vi (x0))-

Recalling that ¢(x,y) = h(x — y) and that h is convex, we see that
c(X1, Vop(X1)) = (X1 — V(X)) < 5h(2X1) + 5h(-2V°p(X1)).

Remark 2..1. Note that, for any choice of 0 < t < 1, we have still the bound

A = V(X)) < Eh(; X) 4 (1= ) A= o Vp(X0))

1
(1—1)
and the proof continues in the same way

Hence, using the fact that Q = Vp#P and (2.18) we deduce that
B(e(X0, V(X)) < [ h2x?aP) + [ hi-2y)%dQly) < o

Similarly, we check that E(c(X1, V¢p(x¢))?) < oo and E(c(x0, Vép(X1))?) < oo. This
shows that ¢ (X) has a finite second moment, as claimed.

Claim 2: From every subsequence of {n|R,, — R},|}nen We can extract a subsequence
for which the Cesaro mean converges to 0 in L?(P).

From Claim 1 and the Banach-Alaoglu theorem (see Theorem 3.16 in Brezis| (2011)))

2
applied on the Hilbert space L?(IP), we see that, along subsequences, n|R,, — R/| Ko,

where R denotes the weak convergence in the space L?(IP). By a theorem of Banach and
Saks (see the Banach—Saks property, exercise 5.24 in Brezis| (2011)), we conclude that there
exists a sub-sequence, {ny| Ry, — R, |}ren, such that the Cesaro means converge strongly
to 0 in L2(PP), that is,

1 & 2
E(E ;nkﬂ%nk - R;Lk|) 0. (2.33)

Claim 3: From every subsequence of /n(R, — ER,,) we can extract a further subsequence
for which the Cesaro mean converges to 0 in L?(P).
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To check it we consider a subsequence {\/n;(Ry, — ERy, ) }ken. Taking subsequences
if necessary we can assume that (2.33)) holds.

We set G, = % > pey /Nk Ry, . By the Efron-Stein inequality
Var(G Z E(Gp — GW)? (2.34)

Next, we observe that

m

E(Gon— G = B(= 3 (e, — D)

k=1

= # ;nkE<Rnk ~RU >)

%i i IRTE (R — R)(Ro, — RY).

k=1 j=k+

Since for the terms with n;, < ¢ the difference is 0, we have

B(Gn ~ G = S ikt (R, - B’

ng >t

2 . - 7 %
5D D VBB — B (R, = R{Y)

np>i j=k+1

1 & 2

ng >t

2 & &
=33 S VBB — Ry ) (Ray — R).

np>i j=k+1

Here, the second equality comes from the fact that (Rnk — R;lk)2 has the same distribution
as (R, — Rff,z)z when ¢ < ny, and the same happens with (R, — R, )(R,; — R}, ) and
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(Ry, — Rgf,z)(an — Rﬁflz) Now turning back to (2.34) we have

Var(G,,) <

IN

Nm  Nm

QmQZanE )

=1 ng>i

Nm N

+W§ZZ Z Vi E(R
i=1 ni>i j=k+1

Nm  Nm

2 m2 Z nkE )

i=1 ng>1

Nm N

mZZ > VarymE(R

i=1 nip>1j=k+1
11 &
572”]#9 R,,)’

ZZ\ﬁrE!

=1 ngp>i j=k+1

+7

where the last equality comes from

Nm Nm

>3 mer(n

=1 nk>z

m Nk

ZanE

k=1 i=1

Compute the last term of (2.35)) to obtain

Nm  Nm

=90 S Vg El (Ruy — BB,

i=1 np > j=k+1

‘We conclude that

Var(G,,) <

= Z Z\ﬁfm( 0

7=1 k=
Jj—

= 3 ViV El(R,

< Z nknjE\(Rnk

N )(Rn]’ - R;ZJ)

= Ry IRy — Ry

e — B, )| |[(Rn,
= Z an (R
k=1

/
Ry,)l

e — B By — Ry

ngn; E|(Rn, — Ry, )| (Ra,

Ry, ), (2.35)

2
R, )"

/
Byl
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which, together with (2.33)), shows that
E Ly V(R ER ’ Var(G 0 2.36

Finally we have proven that for every subsequence of {G),}nen We can find a further
subsequence converging to 0 strongly in L?(P), and Claim 3 follows.

To conclude, we note that claim 1 yields
E(n(R, — ER,)?) < M, (2.37)

which implies that the sequence \/n(R, — ER,,) is contained in the centered ball of
radius v/M in L?(P), which is compact with respect to the weak topology in L(P). In
consequence let A € L?(P) be such that \/n(R,, — ER,,) converges, along a sub-sequence,
say /T (Rn, — ERy, ), weakly in L?(P) to A. Now it is true that any Cesaro average of
/i (Rn,, — ERy, ) converges weakly in L?(P) to A. Therefore Claim 3 forces A = 0.
Then /n(R,, — ER,) converges weakly in L?(P) to 0, which means that for all X € L?(P)
we have /nE((R, — ER,)X) — 0. With the notation B,, = /n(R,, — ER,), 237)
implies that such a sequence is tight, which implies that for each subsequence B,,, there
exists a further subsequence converging in distribution to some Y. For the sake of simplicity
we use the same notation 5,,, for the subsequence. Skorokhod’s representation theorem (cf.
Theorem 6.7 in Billingsley| (1999) eg.) yields that there exists random variables B,, X L3y,
where B,,, and Y follows the same law of B,,, and Y respectively. Since E|B,, |? < VM
and L2 (P) is continuously embedded in L?(P) (by Jensen’s inequality), we have strong
convergence of Bnk toYinL> (P), which implies the convergence of the norm

E|B,, |2 = E|B, |2 — E[Y|? = E|Y]2, (2.38)
and the weak convergence in L2 (P),
E(B,,Z) — E(YZ),forall Z € L*(P). (2.39)

Let 7 be the Law of the pair (B,,,Z) (resp. 7* = L(Y)) then the previous limit is
equivalent to the following;

/mzdm’;(x, z) = /:L‘Zdﬂ'*(l', z).
In consequence (2.39) becomes equivalent to the following condition
/mzdwk(x, z) — /l’zdﬂ'(l’, z),

for all 7, with marginals £(B,,) = £(B,,) and £L(Z), such that Z € L3(P), and 7 with
marginals £(Y) = £(Y') and £(Z). This implies in particular that

E(B, Z) — E(YZ),forall Z € L3(P). (2.40)
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But we know that B,,, converges weakly in L2(P) to 0, then EY Z = 0, for all Z € L3(P),
which implies Y = 0. Moreover (2.38) yields that E|B,,, |3 — 0, for every subsequence.

Then E|B, ]% — 0 which implies convergence of | B,,| in probability to 0. The Central Limit
Theorem yields the limit

Vit ([ eear - £ ( [ etire) ) 5 No.cAPQ),

which proves the theorem.
O

Remark 2..2. The key to claim 3 is the fact that for every sub-sequence there exists a
further subsequence convergent in Cesaro mean to the same limit. We remark that, while a.s.
convergence of a sequence of random variables entails a.s. convergence of its Cesaro means
to the same limit, this is no longer true with convergence in distribution, as the following
counterexample shows. Let { X,,} the sequence defined X2, = X and X241 = —X and
X ~ N(0,1). Every mean converges to 0, but the sequence X,, converges in distribution to
N(0,1). We thank an anonymous reviewer for pointing out this issue in an old version of the
work and provide this counterexample.

PROOF OF THEOREM [2.4.6] We keep the same notations as in the proof of Theo-
rem [2.4.5] noting that the new assumption (2:22)) has no influence on the proof of Claim
1. Hence, we only have to prove that n?(R,, — R;)i is uniformly integrable and, in fact,
recalling that

n(Rn — Ry) = n(Te(Pn, Q) = Te(Fy, Q) — (9(X1) — 9(X7))
and that ¢(X) has a finite second moment (as shown in the proof of Theorem [2.4.5), it
suffices to prove uniform integrability of n(7.(P,, Q) — T.(P), Q)).

To check this we denote Z := T.(P,,Q) and Z' := T.(P), Q). Arguing as in the proof
of Lemma[2.4.T] we see that

(22, <13 = X3 || IVH(X = 9)liQ(y),
1
Hence, by Holder’s inequality, for every pair (g1, g2) € « it holds that

B(n(Z - 207 < B{ 1%, - X1 ( [ nivhcx - ylaew) )

< <E\X1 _Xﬂ(2+6)q1)qll <E</C/ n|Vh(X —y)\dQ(y)>(2+§)q2>'112_
1
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A further use of Holder’s inequality yields that

Juy IVA(X1 — ¥)[dQ(y)

(2+6)ga—1 L

< (fci dQ(Y)) (2+3)as (IC{ ‘Vh(Xl — y)|(2+5)q2dQ(y)> (210)az
1
- W (fc/ |Vh y)|‘12(2+5)dQ(y)) (2+3) a2

n (2+d0)az

Note that (X7,...,X,) is independent of X, hence, the same holds for C}, for k =
1,...,n. By exchangeability, we have that [, [Vh(X; — y)|?t992dQ(y) is equally dis-
1

tributed as [, |Vh(X; —y)|+992dQ(y), k = 2,...,n. This implies
k

E {fcg IVh(X: — y),(2+6)qde(y)} 1p {Z?:l Jer IVR(X1 — y)|(2+5)Q2dQ(y)}

= LE{ [ou [VA(X1 — y)|3%2dQ(y)}
which, in turn, entails

(2+0)g2
K (fc; [Vh(Xy —Y)\dQ(Y)) O s E (Jpa [VR(X1 — y)|@Fe2dQ(y)) .

Combining the last estimates, we can see that

1

E(n(Z — 7)) < (B|X, — X{|C90)35 (B (fou [VA(X — y)| 2 2dQ(y))) %

and the proof follows.

PROOF OF THEOREM [2.4.10l We set

R = To(Pr. Q) — / (x)dPa(x) — / B(y)dQm(y)

with ¢ an optimal transport potential from P to () for the cost ¢ and ¢ = ° and observe
that it suffices to show that 7ﬁir—mmVar(Rn,m) — 0. Once again the key of the proof is Efron-
Stein’s inequality. Note that R,, ,, as a function of X1,..., X,,,Y1,...,Y,, is symmetric
in its n first variables as well as in the last m. Let X](resp. Y{) be a copy of X (resp.
Y1) both independent of X7, ..., X,,, Y1, ..., Yy, finally let P, (resp. Q/,) be the empirical
distribution of X1, Xs ..., X,, (resp. Y{,Y>...,Y,,). Hence, if we denote

R, = )= [P = [ 0)dQuly
- [0

R = TePus Qi) = [ 0GP0 — [ 03)d
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by the Efron-Stein inequality we have

nm n’m 9 nm? 9
L Nar(Run) < - BBy = By )2+~ B(Ru = Rl )3
Now, to conclude, it suffices to prove that
n*E((Rym — R, ,,)3) =0 and (2.41)
m2E((Rnm — R}, ,)3) — 0. (2.42)

We handle 2.41), which will follow if we prove that n(Ry, ;m — R;, ,,,)+ — 0 a.s. and also
that n*(Ry, — R}, ,,,)? is uniformly integrable. (2:42) follows by an analogous argument.
For the first claim note note that if ,, (resp. v,,) is an optimal transport potential from P, to
Qm (resp. from @, to P,) then

nm_fSOn dP/ +f¢m de f‘P dP/ f@b de )

As a consequence,

R = B < [ (al) = 0(x)) (4P (x) = AP (x)

= (en(X1) — 9(X1) — @u(X]) + p(X]))

and we see that
n (Rom = Rym) . < lon(X1) = 0(X1) — n(X7) + (X7)]. (2.43)

By Theorem[2.3.4] with a right choice of potentials we can guarantee that, P—a.s., ¢, — ¢
and conclude that n (Ry, ,, — R;L7m)+ — 0 P—a.s.

Finally, it only remains to prove that n>E (R R’ ) is uniformly bounded, which
follows arguing as in the proof of Theorem@
g

2..2 Proofs of Lemmas

PROOF OF LEMMA 2.3.1] Set xy € dom(V*)) N Supp(Q) and yo = Vh(xg). By
Lemma[2.2.10 we see that for each e > 0 there exists some § > 0 such that if |z — xo| < 0
then 0°¢(z) C B(yo,€). Let 7 be the unique optimal transport plan between ) and P. By
Theorem 2.2.4]Supp(m) C 9°4. This entails

7 (B(x0,0) % B(yo,€)) =7 (B(x0,6) x R) = Q(B(x0,5)) =7 >0,

where the strict inequality comes from fact xo € Supp(Q). Repeating the argument with a
decreasing sequence €;, — 0, we obtain a sequence §; < % such that

7 (B(x0,0) X B(yo,ex)) = = (B(xo,dk) x Rd>
= Q(B(x0,0x)) = nx > 0.

Let 7, be an optimal transport plan between P, and (J,,. We observe that
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(a) T, — 7 along subsequences by Theorem 5.20 in Villani (2008),

(b) Supp(my,) C Oy, by Theoremm

By (a) there exists Ny such that, for n > Ny, m,(B(X0, %) X B(yo,€k)) > nk/2.
Hence, by (b) we can choose a pair

(Xnky}’nk) S 50% N (B(X07 61@) X B(YO7 ek)) . (2-44)

As a consequence of ([2.44)), since e, 0 — 0, we can extract a sub-sequence of (X, yr,) €
0%y, converging to (Xg, yo). Define a,, := 1, (x,) — ¥ (xp) and U 1= 1, — ay, (which has
the same c-superdifferential as 1,,). Now, (2.44) implies that a%n are c-cyclically monotone
sets which do not escape to the horizon. By Theorem [2.2.8] and Lemma 2.2.9) we deduce
that 90, converges to a c-cyclically monotone set I" along a sub-sequence. Necessarily
I’ C 9¢f for some c-concave function f. We observe that (x,yo) € 0°f. If we take another
arbitrary point x € dom(V¢y) and 09 (x) = {y}, we can apply the same arguments to
check that (x,y) € 0°f. Hence, dom(V°y) C dom(f). Since, in view of Lemma [2.2.3]
f is differentiable a.s then 9¢f is a singleton a.s and, therefore, that V f = V1) a.s. in the
support of @, which is connected. Using Theorem [2.2.6] we conclude that there exists a
constant C' such that ¢ = f — C in 2. Hence 0 = 0°f and the result follows. g

PROOF OF LEMMA [2:3.2] We can assume, without loss of generality, that p is in the
interior of the domain of 1), since otherwise the result is trivial. With this assumption, we
check first that we cannot have v, (p,,) — oc. In fact, in that case, by c-concavity we would
have

wn(pn) < C(pna Y) - WL(Y)

for all y. Hence, we would have ¢¢(y,) — —oo for all y, — y. Now, take pg as in

(2.12). By Lemma we can choose (P, yn) With y,, € 9%, (DPn), Pn — Po and
yn — V(po) = yo. The same convergence in terms of Painlevé-Kuratowski would
state the existence of a subsequence, where we keep the same indexing, {y"},cn, with
y2 € 0%, (po), such that y — V¢)(pg) = yo. From the definition of c-sub-differential;

VYn(Pn) < ¥n(po) + [C(f)nvyg) - C(po,yg)} = [C(f)nayg) - C(I)ang)] — 0,

and the limit
Un(Pn) = c(Pn, Yn) — V5 (¥n) — 00,
we would obtain a contradiction.
Now, we can assume, taking subsequences if necessary, that ¢, (p,,) < —n foralln € N.

Now, taking y,, € 0°¢(p,,)—which is non-empty because p,, is in the interior of the domain
of 1, for n big enough— we have that

Yn(x) < (X, ¥n) + An, forallx € RY, (2.45)
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where \,, = ¥, (pn) — ¢(Pn, ¥n)- Hence, by assumption we have that ¢(py, yn) +An < —n
for all n € N. Now, let {x,,} be a bounded sequence such that ,,(x,,) is bounded. Then

w”(xn) < C(men) - c(DmYn) —n.

Since ¥y, (X ), Pn, Xy, are bounded, then |y,| — oo. For each n we choose the height
rn, € [0, 00] and the direction z,, of the largest cone with vertex p,, — y, such that

K(Tna ﬁazmpn - Yn) - {X : h(X) < h<pn - Yn)} .

Since z, € Sy_1, then up to a sub-sequence, we can assume that z,, — z € Sy_1. Also,
since |py, — ¥n| — 00, condition (A2) implies that -, — oo (note that otherwise if |r,| < R
then (A2) is no longer true forr = R+ 1 and § = 1;;1 .

Now let {x,, }neny CC {x: (z,x — p) > 0} be a bounded sequence. From the fact that

r, — 00 We see that

1 =«
cos (2 1+T;1> — 0.

Therefore, for big enough n

|Xp, — Pn|cos (%Hﬂﬁ) < (z,x — p) < Tp. (2.46)

As a consequence x,, € K(ry,, #, z, Pn), Which implies that

Xp = ¥n € K(rn, -7=1,2,Pn —¥n) C {x: h(x) < h(pn —yn)}.
From this we conclude that ¢(X,,,y») < ¢(Pn,¥n), and turning back to ([2.43)), that

¢n(xn) < C(Xn7Yn) + A, < C(I’ny}’n) + Ay < —n,

and the proof follows. U

PROOF OF LEMMA [2.3.3] We split the proof into the following steps:

Step 1 (Pointwise boundedness): Fix x € Supp(Q)Ndom(v). By Lemma there
exists a c-cyclically monotone set I" such that, up to taking sub-sequences, 0°,, — I in the
sense of Painlevé-Kuratowski. Hence, there exists a sequence (X, , ¥n, ) € 0“9y, satisfying

(%nys ¥ni) = (%) €T

Assume {1, (Xn,,) }xen is not bounded. Then there exist a sub-sequence ¥, (Xn,, ) —
—o0 (the case ¥y, (%n,, ) — 0o can be excluded arguing as at the beginning of the proof
of Lemma[2.3.2] Now, we take py as in (2.12)) and observe that,

0 S djnkm (Xnkm) + C(va YNkm ) - C(ka ’ Ynkm ) (247)

Taking limits as m — oo in leads to a contradiction. Hence, the sequence {1y, (Xn, ) }ken
must be bounded.
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For ease of reading we will use the same notation for the subsequence {¢,, }ren and
the main sequence {1, } ,cn in the subsequent steps 2 and 3.

Step 2 (For every compact K C Supp(Q) there exists M > 0 such that |, (K)| < M for
large enough n): Assume, on the contrary, that for every m € N there exists some n,, € N
such that k,,,, € K and |¢y,,, (ky,,)| > m. Then |¢,,, (ky,,,)| — oo as m — oo and, by
compactness, k,,, — k € K along a subsequence. By Lemma [2.3.2] we see that there
exists z € R? such that v,,(x,,) is not bounded, for every bounded sequence {x,} CC {x:
(z,x — k) > 0}. Now take xo € Supp(Q) N {x : (z,x — k) > 0}. Since this last set is
open, there exists ¢ > 0 such that B(xg, e¢) CC Supp(Q) N {x : (z,x — k) > 0}, and this
contradicts Step 1 applied to the point xg.

Step 3 (For every compact K C Supp(Q) there exists M > 0 such that 9, (K) C
B(0, M) for large enough n): Assume this fails for a compact K C Supp(Q). Since
Supp(Q) is open, there exists € > 0 such that

K¢ :={x:d(x,K) <€} CC Supp(Q).

By Step 2 there exists M > 0 and ny € N such that |¢, (k)| < M, for all k € K€ and
n > ng. Now we can take {k, } ey C K and y,, € 9y, (k,) such that |y, | — oo, define
v, := k,, — y, and observe that for n big enough |v,| > 1. Define &, := 1 — Eﬁ and
note that &, — 1. All k,, belong to the compact set K, hence define z,, := k,, + (&, —
v, =k, + ﬁvn € K¢, for which we can ensure ¢,,(z,) > —M. By definition of
superdifferentials we have

2M > pp(ky) — Yn(zn) > W(vy) — h(Envn)

and by convexity of h there exists s,, € Oh(&,v,), for which we have

OM > (1 — &)V, Sn) = e< Vo sn> . (2.48)

[val?
Observe that we also have
h(O) > h(fnvn) + <0 —&n Vi, Sn> .

Now, since &, > 1 — ¢ > 0 and |v,,| — oo we have |, v,,| — oo and, consequently,

lim inf <V—"‘, sn> > lim inf Menv) 0, (2.49)

n—00 [V n—oo |&nvnl
with the last limit following from the condition (A3). This contradicts (2.48).
U

PROOF OF LEMMA [2.4.1| We write X for a random variable with law P and indepen-
dent from (X1, ..., X,,). Denote by P, the empirical measure associated to (X1, Xo, ..., X,),
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Z :=T.P,,Q) and Z' := T.(P),, Q). Since Q) < {4, there exists an optimal transport map
from @ to P, which we denote by 7. We set

Cp={yeRY:T(y)=X;}, Cl:={yeR*:T(y)=X;},i>2,

and observe that Q(C}) = % and

n

7= [etxyirxy = | c(xiyaow+ Y [ oXiQw).

i—2 Y]

n

z< [ cximaew+ 3 [ Xuvaa)

1 =2 i

From this we see that (recall that A(X — ) is convex and @Q-a.s. differentiable)

Z -7 < / (e(X1,y) — ¢(X71,Y)) dQ(y)

< /. (Vh(X1 —y), X1 — X]) dQ(y)

Xu= X4 [ VA - y)dQ)

IN

Hence, by Holder’s inequality, for any pair (q1,¢2) € «
2
E(Z-27')} < E{\Xl - X{\Q(/ [VA(X1 — y)\dQ(Y)) }
o
E 202\ =
< (E|X; - X|*2)" (E / [Vh(X1 —y)|dQ(y) .
(- ) s )

Using again Holder’s inequality we get that

(2.50)

1

L, 9 =) < ( / ) ([, 9 —yPmaai) ™

/ V(X - y)PRaQ(y)) ™.

n 2‘12

Finally, by exchangeability,

Z/ [Vh(X1 —y)2dQ(y) }
B{ [ 19h(x1 - nPraow)},

E{ /C IVh(X1 — y)*2dQ(y)

3\>—* 3\'—‘
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which implies that

B( [, 19h05 - 91aQw) ™ < ([ 1980 - Peaar)

nZQQ

Combining the last estimates with (2.50) leads to

1
B(Z-27')? < %(E]Xl X’\Q‘h ql / IVh(X1 —y)*2dQ(y ))) .
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CHAPTER 3
Central Limit Theorems for
Semidiscrete Wasserstein Distances

The content of this chapter is fully available in|del Barrio et al.| (2022).
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We prove a Central Limit Theorem for the empirical optimal transport cost,

nm

{%(Pny Qm) - 7::(P7 Q)},

n-+m

in the semi discrete case, i.e when the distribution P is supported in N points, but without
assumptions on (). We show that the asymptotic distribution is the sup of a centered Gaussian
process, which is Gaussian under some additional conditions on the probability () and on the
cost. Such results imply the central limit theorem for the p-Wassertein distance, for p > 1.
This means that, for fixed N, the curse of dimensionality is avoided. To better understand
the influence of such N, we provide bounds of E|\W5 (P, Q.,) — W5 (P, Q)| depending on
m and N. Finally, the semi-discrete framework provides a control on the second derivative
of the dual formulation, which yields the first central limit theorem for the optimal transport
potentials and Laguerre cells. The results are supported by simulations that help to visualize
the given limits and bounds. We analyse also the cases where classical bootstrap works.
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3.1 Central Limit Theorems for semidiscrete distributions

3.1.1 Semidiscrete optimal transport reframed as optimization program

Consider general Polish spaces X', ) and let P()) be the set of distributions on ). Consider
also a generic finite set, X = {x1,...,xy} C X be such that x; # x;, fori # j. In all
this work, we consider P(X) the set of probabilities supported in this finite set. So any
P € P(X) can be written as

N N
P = Zpkaxk, where p; > 0, foralli = 1,..., N, and Zpk =1. (3.1)
k=1 k=1
In consequence P is characterized by the vector p = (p1,...,pN) € RN,

We focus on semi-discrete optimal transport cost which is defined as the optimal transport
between a finite probability P € P(X) and any probability @ € P()).

The following result shows that the optimal transport problem in the semi-discrete case
is equivalent to an optimization problem over a finite dimensional parameter space. Define
the following function g., which depends on P and () as

9c(P,Q,z) ZzzpZ / inf {cxl,) z}Q(y), zeRY (3.2)

77777

Lemma 3.1.1. Let P € P(X), Q € P(Y) and c be a non-negative cost, then the optimal
transport between P and Q) for the cost ¢, T.(P, Q), satisfies

Te(P,Q) = sup  g(P,Q,2). (3.3)

zeRN | |z|<K*

for K* = mf o (sup;=1,.n J c(y,%i)dQ(y)). Moreover we can assume that z = 0.

Remark 3.1.2. Consider the dual expression for T.(P, Q) and let ¢ denote an optimal
transport potential from P to Q) for the cost c, then

%(Pa Q) - gc(Pa Q, (‘P(Xl)a S W(XN)))'

Hence the optimal transport potentials and optimal values for (3.3)) are linked through the
expression z = (o(x1), ..., p(XN))-

Note that g.(P, @, -) is a continuous function, a fact that follows the next lemma. There-
fore, the sup in (3.3) is attained and the the class of optimal values

Opt.(P,Q) :={z e RN : T.(P,Q) = g.(P,Q,z)} (3.4)

and its restriction

Optd(P,Q) == {z e R : T(P,Q) = g.(P,Q,2z), z1 =0}. (3.5)

are both non-empty.
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Lemma 3.1.3. If f(y) = inf;—1  n{c(xi,y) — 2z} and g(y) = inf;—1 . n{c(xi,y) — s},
then

1f(y) =g < sup {lzi —sil} <[z —s|. (3.6)

i=1,...,

3.1.2 Main results : Central Limit Theorems for semi-discrete optimal trans-
port cost

Our aim is to study the empirical semi-discrete optimal transport cost. Let X,...,X,
and Yy,...,Y,, be two independent sequences of i.i.d. random variables with laws P
and () respectively, since X € X for all £ = 1,...,n, the empirical measure P,
LS~ dx, belongs also to P(X). In consequence it can be written as Py, := >, pdx,,
where pY, ..., pl are real random variables such that pi* > 0, forall i = 1,..., N, and
> p_q Py = 1. We want to study the weak limit of the following sequences corresponding to
all possible asymptotics

{f anQ) C(PaQ }nGN’ {\f PQm)_%(PaQ))}mGN,

and the two sample case

(o rnm - TeQ)}

— A€ (0,1).

under the assumption

n+m

To state the asymptotic behaviour we introduce first a centered Gaussian vector, (X1, ..., Xy)
with covariance matrix 3(p) with entries

X(p)ij = —pipj, t#j and X(p)ii = pi(1 —p;). (3.7)

We also define a centered Gaussian process (G}CQ in R™V with covariance function

Shlas) = [ inf {elxiy) — 5} _inf {e(x.y) - 5}dQ(y)

=1,..., (3.8)
— /i:inf N{C(XuY) — 2 }dQ(y) /i:}nf N{c(xi,y) — 5 }dQ(y).
We can now state our main theorem.
Theorem 3.1.4. Let P € P(X), Q € P(Y), ¢ be non-negative and
/c(xi,y)dQ(y) < oo, foralli=1,...,m, (3.9)

then the following limits hold.
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* (One sample case for empirical discrete distribution P,,)

N

Vi (Te(P, Q) = Te(P,Q)) = sup Y %l

z€OptL (PQ) j—1
Suppose that
/c(xi,y)de(y) < oo, foralli=1,...,N. (3.10)

* (One sample case for empirical distribution (),,)

VI (Te(P,Qm) — Te(P,Q)) —  sup  G§(z).
z€0pt (P,Q)

* (Two sample case ) if n,m — oo, with ' — X € (0, 1), then

nm

N
(TelPo Q) ~TU(P,Q) % s (VA slit(VI= NG5(2)).
n+m z€0ptd(P,Q) i=1
Here (Uy,...,Un) ~ N(0,%(p)), with £(p) as in 3.7), and G, is a centered Gaussian
process with covariance function =Z°(Q) defined in (3.8). Moreover G, and (U, ..., Uy)
are independent.

When X" and ) are contained in the same Polish space (Z,d), a particular cost that
satisfies the assumptions of Theorem [3.1.4]is the metric d” for all p > 1. Then applying
Theoremto the empirical estimations of 7g» (P, Q) and a delta-method, enable to prove
the asymptotic behaviour of the p-Wasserstein distance W5 (P, Q) = Ta» (P, Q) as given in
the following corollary. The case P = () is a discrete optimal transport, so that its asymptotic
behaviour has been previously studied in [Sommerfeld and Munk| (2018)). Therefore, the
following result assumes W, (P, Q) # 0.

Corollary 3.1.5. Let P € P(X) and Q € P(Z) be such that W,(P,Q) # 0 and
[ d(x0,y)PdQ(y) < oo, for some xo € X. Then, for any p > 1, we have

* (One sample case for P)
N

! sup Z zU;,

P Wp(P, Q)" zcoptu (PQ) <

\/E(Wp(PmQ) - WP(Pv Q)) l>

If we further assume that [ d(x¢,y)*?dQ(y) < oo, for some x¢ € X, then
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* (One sample case for ()

1
sup  G§(2),

Wi (P, Qm) — Wp(P, - a
vm OV (B Q) = WolP Q) = o o T o

(Two sample case) if n,m — oo with 22— — X\ € (0, 1), then

n+m

SUPzcOpt?(P,Q) <\F/\ i, U + (m)Gg (Z)>

S Wy(Pas Qo) = Wy (P @) -2 P OW(P. Q)P

where (U1, ..., Uy) follow a Gaussian distribution N'(0, ¥(p)), with ¥(p) defined in (3.7),
and Gde is a centered Gaussian process with covariance function 2% (Q), defined in (B-3).
Moreover, Gg and (U1, ...,Un) are independent.

We prove Theorem [3.1.4]in the two sample case. The same proof verbatim applies also
for the CLT for the one sample case for (). The one sample case for P can be proven under
weaker moment assumptions on () and will be commented separately.

3.1.3 An upper-bound on the expectation for the Wasserstein distance

Theorem [3.1.4]states the central limit theorem, when one of both probabilities is supported
on a finite set. Now, we investigate the influence of the number of points of the discrete
measure on the convergence bounds. In order to better understand the influence of the
number of points, we will restrict our analysis to the Euclidean cost.

Theorem 3.1.6. Let P be supported on N points in X, Q € P(Y) be a distribution with
finite second order moment and Q. its corresponding empirical version, then

E Wi(P, Q) = Wi(P,Q)| < 22V K (diam(X), Q)

where

K(diam(X), Q) = (4 diam(X)+24/ [ |y[2dQ(y)+2 diam(X)) <log(2) + /2 diam(X) + 1)

and W is the 1-Wasserstein distance for the Euclidean distance. Moreover, if diam(Y) < oo,
then
E|WE(P, Qm) — WE(P, Q)| < 2N K (4 diam(X) diam (V)" ", Q).

The theorem provides a control on the consistency of the empirical bias for the Wasser-
stein distance. The rate becomes slower when NV the number of points defining the support of
the discrete measures P increases. If P models an approximation of a continuous probability
on R%, hence the number N required to obtain a proper approximation grows exponentially

)
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larger when the dimension d increases. Hence the influence with respect to N stands for the
curse of dimension.

The previous bound has a practical consequence in the following approximation problem.
Assume that @ and P are probability distributions supported on a compact set  C R%.
Assume further that () is unknown but observed through the empirical distribution @,,,. We
approximate the (known) probability P by the N-points discretization PV . If we aim at
approximating the true 1-Wasserstein distance W (P, @) from the empirical semi-discrete
distance Wy (P", @Q,,) (which is what can be indeed computed), Theorem and the
triangle inequality give the following upper bound

EWi(PN,Qn) = Wi(P.Q)| < 22V K(2,Q) + [Wi(PV. Q) - (P, Q).

We can see that there is a trade-off between the size of the sample and the size of the
discretization: the first term requires N/m to be small while the second term is only driven
by N the discretization, being smaller when the number of points is larger.

3.2 Asymptotic Gaussian distribution optimal transport cost

Theoremis valid for generic Polish spaces. When X', ) are subsets of R%, the limit
distribution in the CLT can be specified. Under the following regularity assumptions, we
prove in this section that the limit distribution is Gaussian.

Let Q € P(RY) be a probability measure absolutely continuous with respect to the
Lebesgue measure in R?. Assume that ¢(x,y) = h(x — y) where h : R? — [0, 00) is a non
negative function satisfying:

(A1): his strictly convex on RA.

(A2): Given aradius 7 € RT and an angle 6 € (0, ), there exists some M := M (r,0) > 0
such that for all |p| > M, one can find a cone

K(r,0,2,p) := {x € R?: [x — pl[z|cos(0/2) < (z,x ~p) <7lzl}, (.11
with vertex at p on which h(x) attains its maximum at p.
(A3): Timyyyo T2 = o0.

Under such assumptions, (Gangbo and McCann| (1996) shows the existence of an optimal
transport map 7" solving

TP.Q) =iyt [ ey, T(3)dQAy). and TpQ = P (3.12)

where 7@ denotes the push-forward measure, defined for each measurable set A by
T4Q(A) :== Q(T~1(A)). The minimizer in (3:12) is an optimal transport map from P to
(. Moreover, it is defined as the unique Borel function satisfying

T(x) =x — Vh*(Vep(x)), where ¢ solves (3.3). (3.13)
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Here h* denotes the convex conjugate of h, see Rockafellar (1970). Such uniqueness
enabled del Barrio et al.[(2021)) to deduce the uniqueness, under additive constants, of the
solutions of (3.3) in ¢. They assumed (A1)-(A3) to show that if two solutions of (3.3)
have the same gradient almost everywhere for /4 in a connected open set, then both are
equal, up to an additive constant. In consequence, assuming that h is differentiable, the
interior of the support of () is connected and with Lebesgue negligible boundary, that is,
24 (0supp(Q)) = 0, the uniqueness, up to additive constants, of the solutions of (3.3) holds.
The proof of the main theorem in this section is a direct consequence of Lemma [3.2.1] which
proves that there exists a unique, up to an additive constant, z € Opt(P, Q)). We use within
this section the notation 1 := (1,...,1).

Lemma 3.2.1. Let P € P(X) and Q € P(R?) be such that Q < {4 and its support is con-
nected with Lebesgue negligible boundary. If the cost c satisfies (Al)-(A3), is differentiable
and

/C(xi,y)dQ(y) < oo, foralli=1,... N.

Then the set Opt2(P, Q) is a singleton.

The following theorem states, under the previous assumptions, that the limit distribution
described in Theorem|3.1.4|is the centered Gaussian variable (ﬁ sz\; 170+ (V1 — A)G‘é(z))

where {z} = Opt2(P, Q). Note that Ef\; 1 2iU; is Gaussian and centered, with variance

N
o?(P,z) = Var() _zU;) and (Uy,...,Ux) ~ N(0,%(p)), (3.14)
i=1
where X(p) is defined in (3.7). On the other side G)(z) follows the distribution (0, 02(Q,2)),
where
2
Q) = [ it febxiy) — aPaQ) - ([t (ety) - sda0())
(3.15)
Since, for every A € R, we have that 0%(P, z) = %(P, z+ A1), then the asymptotic variance
obtained in the following theorem is well defined.

Theorem 3.2.2. Let P € P(X) and Q € P(R?) be such that Q < {q and its support is con-
nected with Lebesgue negligible boundary. If the cost c satisfies (Al)-(A3), is differentiable
and [ c(x;,y)dQ(y) < oo, foralli =1,..., N, then

* (One sample case for P)

Vi (Te(Pa, Q) = To(P,Q)) = X ~ N(0,0%(P, 2)).

If, additionally, [ c(x;,y)*dQ(y) < oo, foralli=1,...,N, then
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* (One sample case for ()
Vi (Te(P,Qm) = Te(P,Q)) — Y ~ N(0,02(Q. 2)).

* (Two sample case ) if n,m — oo, with 7 — X € (0,1), then

(T (P, Qm) — Te(P,Q)) == VAX + (VI - \)Y.

n+m

Here, 0(P,z) and 02(Q, z) are defined in 314) and B-13) and, moreover, X and Y are
independent.

As in the previous section, we provide an application to the CLT for Wasserstein distances.
The potential costs ¢, = | - |P, for p > 0, satisfy (A1)-(A3), then the following result

follows immediately from Theoremm and the Delta-Method for the function ¢ +— |t %
Recall that, in the potential cost cases, 7,(P, )) denotes the optimal transport cost and

Wy(P,Q) = (T,(P, Q))% the p-Wasserstein distance.

Corollary 3.2.3. Let P € P(X) be as in (3.1) and Q € P(R?) be such that Q < {4, has
finite moments of order p and its support is connected with Lebesgue negligible boundary.
Then, for every p > 1, we have that

* (One sample case for P)

Vi (Tp(P, Q) — Tp(P,Q)) =5 N(0,0%(P,2)),

and

0'2 VA
\/ﬁ(Wp(Pn7 Q) - WP(P7 Q)) i> N(Oa pQWp(.(PI;)’C?))Qp_2>’

Suppose that Q) has finite moments of order 2p, then

* (One sample case for Q)
m(%(P7 Qm) - %(Pv Q)) = N(O7U§(Qaz))’

and

05(Q.2) )

\/ﬁ (Wp(P7 Qm) - WP(P’ Q)) i> N<O7 pQWp(Pa Q)2p72

* (Two sample case) if n,m — oo, with 7' — A € (0,1), then

e (To(Pay Qm) = Tp(P, Q) = N(0,A0%(P, 2) + (1 = \)o3(Q, ),

n+m

and

n+m

2 (W (Pry Q) — Wy(P,Q)) — /\/<07 Ao?(P,z) + (1 — )\)O’%(Q,Z)).

p2Wp(Pa Q)QP*Q
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Here, 0%(P,z) and J%(Q, z) are defined in (3.14) and (3.15) for z € Opt).;»(P, Q) and the
cost | - |P.

We observe that, since P is discrete and () is continuous, W, (P, @) > 0 and the limit
distribution of Corollary [3.2.3]is always well defined. We note also that Corollary [3.2.3]
is a particular case of Corollary [3.1.5]in the cases where the optimal transport potential is
unique—the hypotheses of Theorem [3.2.2] hold—which is the reason why the case p = 1
can not be considered. Concerning other potential costs, p > 1, it is straightforward to see
that the hypotheses (A1)-(A3) hold, see for instance del Barrio et al.| (2021)) or|Gangbo and
McCann (1996).

Remark 3.2.4. Note that in this Gaussian limit case the variance of the limit can be
consistently estimated. Let 2™ be a solution of Optg(Pn, Qnm), then del Barrio et al.
(2021)) proves that

72 n(PQ) = 2 ([P — ([ P+
[ int feloiny) = 2 DRQuty) — ([ _int | {exi,y) &7 1dQuly)) )

is a consistent estimator of Ao (P, z) + (1 — A)ag(Q, z), in the two sample case. The same
holds for the one sample cases. We underline that the value inf;— _n{c(x;,y) — 2™}
should not be computed in the two sample case—it is the solution of the (discrete-discrete)
empirical dual problem.

3.3 Central Limit theorems for the potentials and Laguerre cells

3.3.1 A central Limit theorem for the potentials

The aim of this section is to provide a CLT for the empirical potentials, defined as the
solutions to the empirical version of the dual formulation of the Monge-Kantorovich problem
(33). In the semidiscrete case the potentials are pairs formed by z = (z1,...,2n) €
Opt.(P, Q) and o(y) :=inf;—;  n{c(xi,¥) — zi}. Note that potentials are defined up to a
constant in the sense that if (¢, ¢) solves (3.3) then (¢ 4+ C, ¢ — C) also solves (3.3)), for any
constant C. Hence we will study the properties of the following functional, defined in (1)+
which denotes the orthogonal complement of the vector space generated by 1 = (1,...,1)

My : 1)+t —R
zZ — gC(PJQJZ))

where g.(P, @, z) is defined as in (3.2)). The first one holds by Theorem 3.4 in|del Barrio
et al.| (2021} while the second by Corollary 6 in Pollard (2006).

In this section we will use some framework developed in |[Kitagawa et al.[(2019). Hence,
we make some slight changes in the notation, yet maintaining as much coherence as possible
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with the previous one. First we will assume that ) is an open domain of a d-dimensional
Riemannian manifold R endowed with the volume measure Vg and metric g. We consider
C(Y), CH(Y) and CH1 () the spaces of real valued continuous functions, real valued con-
tinuously differentiable functions and the space of real valued continuously differentiable
functions with Lipschitz derivatives, respectively.

Following the approach in Kitagawa et al|(2019), we assume that the cost satisfies the
following assumptions

c(x;i,-) € CHY(Y), foralli =1,..., N, (Reg)

Dyc(x;,y) : Y — Ty (Q) is injective as a function of y, forall i = 1,..., N,  (Twist)

where Dyc denotes the partial derivative of ¢ w.r.t. the second variable and Ty () the
tangent space. For every i € {1,..., N} there exists ); C R? open and convex set, and a
chl diffeomorphism expj : V; — Y such that the functions

Yiop— fij(p) = c(xi,expf p) — c(x;, exp§ p) are quasi-convex forall j =1,..., N.
(QO)

Here quasi-convex, according to Kitagawa et al.|(2019), means that for every A € R the sets
fi’_jl ([~o0, A]) are convex.

Besides the assumptions on the cost, we assume that the probability is supported in a c-
convex set ), which means that (expf)_l(y) is convex, forevery i = 1,..., N. Formally,

let Y C R be a compact c-convex set, P € P(X) be as in (3.1)) and suppose that
Q € P(Y) satisfies Q < V;l with density ¢ € C()). (Cont)

The last required assumption in [Kitagawa et al.|(2019) is that () satisfies a Poincaré-Wirtinger
inequality with constant Cpyy: a probability measure () supported in a compact set ) C R
satisfies a Poincaré-Wirtinger inequality with constant C'pyy if for every f € C1()) we have
that for Y ~ @

E(f(Y) = E(f(Y))]) < CrwE(IVF(Y))). (PW)

In order to clarify the feasibility of such assumptions, we will provide some insights on them
at the end of the section. Kitagawa et al.|(2019) proved the following assertions.

1. Under assumptions (Reg)) and (Twisf) the function M, (z) is concave and differen-
tiable with derivative

V.Mp(z) = (—Q(Lag,(2)) + p1,..., —Q(Lagy(z)) + pn), (3.16)

where

Lag,(z) == {y € RY: ¢(xp,y) — 21 < c(x5,y) — 2, foralli #k}. (3.17)
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2. Under assumptions (Reg]), and (QC), the function My, is twice continuously
. . . . 9 _ (92M :
differentiable with Hessian matrix Dy M (z) = ( o7 az‘; (z))Z P and partial

derivatives
o2 a(y) d=1(0) i 4 i
2 M z:/ dVy—(y), ifi#j,
92192 p(2) Lagy, (z)NLag, (z) [Vyce(xi,y) — Vye(x;,y)| ! )
%Mp(z) == %Mp(z)'
J#
(3.18)

3. Under assumptions (Reg),(Twist) and (QC)), and if @ satisfies (PW]), then there exists

a positive constant C' such that
(DIMy(2z)v,v) < —Ce3|v]%, forallz € K¢ and v € (1), (3.19)

where
K¢:={zecR?: Q(Lag;(z)) >¢ foralli=1,...,N.}.

Under this assumptions we can state the main result of the section: a CLT for the O.T.
potentials.

Theorem 3.3.1. Let Y C R be a compact c-convex set, P € P(X) and Q € P()). Under

Assumptions (Reg), and (QC)) on the cost ¢, and (PW)) and on Q, then the
following limits hold.

* (One sample case for P)

\/ﬁ(in - Z*) = _(DQMP(Z*))_l((Ula s 7UN))7

* (One sample case for Q)
vm(z™ —z*) —(DQMp(z*))_l((IUl, ..., Un))

* (Two sample case ) if n,m — oo, with 7' — X € (0, 1), then

nm (grm _ g0y Yy (D2Mp(2*)) " H((Uy, ..., Ux)).

n+m

Here z* € (1) N Opt.(P,Q), 2" € (1) N Opt.(P,,Q), 2™ € (1) N Opt.(P,Qm)
2™ € (1)+ N Opt. (P, Qm) and (Uy, ..., Ux) ~ N(0,%(p)), for X(p) defined in (3.7).

For z* defined as in Theorem [3.3.1] set

p(y):= _inf {e(xi,y) -2} (3.20)

i=1,...,
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and note that it is an optimal transport map from @ to P, set also the value i(y) € {1,..., N}
where the infumum of (3.20) is attained. As before, we can define their empirical counterparts

pum(y) = _inf {e(xiy) = 2"} only) = _inf {e(xi,y) = 2

Z_]-v"w et MRS

and  om(y) = _inf {e(x,y) = 2"} G2D

=1,...,

which are an optimal transport map from @) to P,, and i, ,, (y) the index where the infimum
of (3.21) is attained for the two sample case. Then we have that

(S ) = ) S\ 2 P () — 9(9)) S (/R E — 2
(3.22)

We can take supremum over y in both sides of (3.22) and derive that

nn_:?;n ~sup (%n,m - Z;k) =/ nn+n;l Slég))(@n,m(Y) - 90(}’))'
Yy

i=1,...,N

By symmetry we have that

R = 2] =\ sup [nan(¥) — £V,

yc<

which implies the following corollary.

Corollary 3.3.2. Under the hypotheses and notation of Theorem[3.3.1] for ¢, ¢n, ©m and
©n,m defined in (3.20) and (3.21)), we have the following limits.

* (One sample case for P)

Vsup |on(y) — @(y)| = [(D*Mp(2*) 7 ((Uy, ..., Un))|

yeY o
* (One sample case for ()
Vmsup lom(y) = o(y)| = [(D*Mp(2) (U, .., Un))|

yey

* (Two sample case ) if n,m — oo, with 7' — X € (0, 1), then

\ nm sup [enam(y) = ()] = [(D*Mp(2")) 7 ((Us,..., UN))| .-

We will conclude by some comments on the assumptions made in this section.
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1. Under the hypotheses of Theorem [3.3.1] the optimal potential is unique once we fix
its value at a given point. Then Corollary [3.3.2] provides a uniform confidence band
for this optimal potential, namely,

Aq

[son(.V) + %}yey :

where A, is the 1 — « quantile of the limit distribution.

2. Note that if we consider R = R? and the quadratic cost, then (Reg), and
are obviously satisfied, by taking the function exp; as the identity. Actually the map
y = [x; — y[?is C*°(R?) and y — x; is its derivative w.r.t. y. Finally note that the
function

R? 3 p — |xi —p|* — xj — p|* = [xif* — |x;* + (x; — xi, p)
is linear in p and consequently quasi-convex.

3. Assumption (PW) on the probability () has been widely studied in the literature for its
implications in PDEs, see[Acosta and Duran|(2004). They proved that (PW]) holds for a
uniform distribution on a convex set ). In[Rathmair| (2019), Lemma 1 claims that (PW])
is equivalent to the bound of infycg E(|f(Y) — t|), forevery f € C1(Y). LetY ~ Q
be such that there exists a C'())) map T satisfying the relation T'(U) = Y, where U
follows a uniform distribution on a compact convex set A. Since f o T € C'(A), by
the powerful result of [Acosta and Duran| (2004)), there exists C'4 > 0 such that

inf B(£(¥) ~ 1)) = inf B(F(T(U) ) < CaB(V FT@))]- [T ()]2)
< Casup T (W)|LE(V AT @)D,
uc

where ||T"(U)||2 denotes the matrix operator norm. We conclude that, in such cases,
(PW) holds. Note that the existence of this map relies on the well known existence of
continuously differentiable optimal transport maps, which is treated by Caffarelli’s
theory. This is the case, for instance of log-concave probability measures (see|Caffarelli
(1996))). As pointed out by an anonymous reviewer, we can arrive directly to this
conclusion using Milmanl (2007)). We refer to the most recent work (Cordero-Erausquin
and Figalli (2019) and references therein. However, as pointed out in Kitagawa et al.
(2019), more general probabilities can satisfy that assumption such as radial functions
on R? with density

p(lx|)
|x[d=1"

for |x| < R, with p = 0 in [0, 7] and concave in [r, R].

Moreover the spherical uniform Uy, used in [Hallin et al.| (2021} to generalize the
distribution function to higher dimension, also satisfies (PW]). This can be proved by
using previous argument with the function 7'(x) = x|x|¢~!, which is continuously
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differentiable. But note that this probability measure does not satisfy (Conf). We
conjecture that Theorem [3.3.1] still holds in this case, but some additional, that we
leave for future work is needed. Similarly, the regularity of the transport can be
obtained in the continuous case by a careful treatment of the Monge-Ampére equation,
seel|del Barrio et al.| (2020).

4. The limit distribution described in[3.3.1]is not easy to derive, even knowing the exact
probabilities P and (). But note that the limits are consequence of its transformation as
a Z-estimation problem (eg. chapter 3.3 in|Vaart and Wellner| (1996)), as the limit is a
N-dimensional Gaussian, using example 3.9.35 in|Vaart and Wellner| (1996) we obtain
the consistency of the parametric bootstrap. Hence a bootstrap approximation can be
used to approximate the limit distribution. The approximation will be consistent as
in [Fang and Santos| (2018)). In Figure [3.3.1] we compute such an approximation by
using bootstrap where P is supported on three points in RS and @ is the uniform on
(0,1)8.

3.3.2 A central Limit theorem for the Laguerre cells and square-Euclidean
cost

A natural question for semi-discrete problems is the convergence of the Laguerre tessellations.
Actually, the semi-discrete framework is mainly applied to quantization, sampling or resource
allocation problems. The Laguerre cells represent the optimal cluster (quantization or
sampling) or the population choosing certain product in a resource allocation problems.
Therefore, our objective will be to infer the population Laguerre cell from the empirical one.
Note that, although we are working with probabilities supported on a compact set, the cells
may not be bounded. Hence for 0 < R < 400, define R B, the ball with radius 2. We will
consider in the following, the restricted version of Laguerre cell

Lagf(z) = Lag,;(z) N RBy,

which are compact, which implies that the distances between the empirical and the population
can be measured by means of the support functions. Recall (cf. p. 317 in Rockafellar and
Wets| (1998) eg.) that the support function of a set A C R¢ is defined as the functional in the
unit sphere
ST 5 v = ha(v) := sup (v, x).
yeEA

Due to purely geometrical reasons, we are forced to restrict ourselves to the Euclidean
case with quadratic cost—otherwise the following argument cannot be applied (see e.g.
Remark 5.1 in|Bansil and Kitagawal (2020)).

To give a characterization of the convergence of sets usually the L” metrics, with
p € [1,00], are used. Recall that, for p € [1, co) the LP metric is defined for two sets A, B as
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Figure 3.3.1: Bootstrap approximation of N (0, ¥(z*)) . Here P is supported in tree points
P = % (x1 + X2 + x3), and Q is uniform on (0, 1)%. We assume that P, is deterministic,
we compute the empirical potentials Z for a sample of 10,000 points and the Bootstrap
potentials z°, for s = 1, ..., 10, 000. Both—the empirical and the bootstrap—are projected
to the space (1)*. Since the space (1) is, in this case, 2—dimensional, we can plot the 2D
distribution of (z — 2°)+/10000 (left). The qq-plot of the projection to the second coordinate
is in the right hand side.

dp(A,B) := ([ |ha — hB\pd’Hd_l)%, where H9~! is the Hausdorff measure in S*~1. The
case p = 00 is do (A, B) = sup,cgi-1 |ha — hp|, which corresponds with the Hausdorff
distance, i.e.

infle>0: AC B+ eBand B C A+ €B}.
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Note that all these norms are equivalent for compact convex sets (see |Vitale| (1985)), which
1S our case.
For any interior point y° of LagkR(z*), we set the notation

Sol(z*,v,y") —argmln{Zt]w]—i-RW Zt (xp—x;)|—(v Zt (X —Xj), >},

J#k J#k

where ¥ (z*) = (|xg|2—|x;12 -2} +27) — (xk —x;, y®) and z* € (1)+ NOpt.12(P, Q), for
the quadratic cost | - |2. With this notation, the following result provides the weak limit, with
parametric rate, of the L distance, for p € [0, 00), between the empirical and population
Laguerre cells.

Theorem 3.3.3. Let ) C RY be a compact convex set such that)) C RB,, P € P(X) and
Q € P(Y). Under Assumptions (PW)) and on Q and considering the quadratic cost
| - |2, we have the following limits, for p € (1, 00).

* (One sample case for P)

\/ﬁdp(LagkR( )Lagk i> /‘ inf {th(Mk_Mj)deq_[d—1>’1’
i#k

teSol(z*,v,y?)

* (One sample case for Q)

\/Edp(LagkR( "), Lagk i> /‘ inf O){th(Mk—Mj)deHd_l);’
Jj#k

teSol(z*,v,y’

* (Two sample case ) if n,m — oo, with 7 — X € (0, 1), then

\/de (Lagi'(2™™), Lagy (2 i> /‘teSolmf {th M, —M H dH 1)

Here z* € (1>J- N Opt|,|2 (P, Q), for the quadratic cost | - |* and

(My,....My) = (D*Mp(2")) " ((Uy,..., Un)),
where (Uy,...,Un) ~ N(0,%X(p)), for 3(p), is defined in (3.7).

The proof is based on the following description of the support functions of Laguerre’s
cells

hLagkR(z)(v) mln{zt] |>(k?|2 ‘X]| _Zk+zj)+R|V_Zt] ])|}7 (323)
J#k

which allows to apply standard arguments to handle Hadamard derivative of the infimum.
However, the compactness of the solution-set of (3.23) is not guaranteed. Not that the same
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problem happens in |Bansil and Kitagawal (2020). Therefore we adopt the same reparation
strategy (cf. Remark 5.1 in|Bansil and Kitagawal (2020)). This consists in setting an interior
point y° and observing that Remark below implies that

hLagkR(i”sm)(v) - h’LagkR(z*)(v) = hLagkR(i”vm)-i-{—yO}(v) - hLagkR(z*)+{—y0}(v)'
In such a case

Lagfi(z*)+{-y0} (¥ ?;%{Zta% )+Rlv— Zt (xk—x;)|—(v Zt (xE—%;), >}7

J#k j#k

h

(3.24)
where, for all j # k, 1;(z*) = (|xx|> — |x;* — 2} + 27) — (xk — x,y%) > a > 0, for
some a > 0. This uniform bound implies the compactness of Sol(z*, v, y?) and gives, as an
intermediate step, the point-wise limit of the support functions.

Lemma 3.3.4. Let Y C R? be a compact convex set such that Y C RBy, P € P(X) and
Q € P(Y). Under Assumptions (PW)) and on Q, we have the following limits.

* (One sample case for P)

\/ﬁ(hLagfj(i”)(V) - hLagkR(z*)(V)) - 1nf { Z ti(My, — }

teSol(z*,v
J#k

* (One sample case for ()

V(B gt ) (V) = Bpagiiey (V) =5 inf {Zt (M — M) }.

teSol(z*,v
YO

* (Two sample case ) if n,m — oo, with 7 — X € (0, 1), then

n+m (hLagﬁ(i"’m)(v) - hLagkR(Z*)(V)) — tESOlgl*f,v,yO) { % tj (Mk - M])}

Here (M, ..., My) = (DQ./\/lp(z*))f1 (U1, ...,Up)), where (Uy,...,Uyn) ~ N(0,%(p)),
for X(p), is defined in (B.7), and

Remark 3.3.5. Let us recall some basic properties of the support function (cf. Corollary
11.24 in\Rockafellar and Wets (1998) eg.). Let A, B C R? be non empty sets and A > 0,
then:

* hya = Ahy,
* hayp=ha+hp,

* haup = max(ha, hp),
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e and, if A and B are convex ANB # (), then hanp(v) = infyiw=v(ha(u)+hp(w)).

Remark [3:3.3]is important for the proof of Theorem [3.33] It also has been extracted
here because of the interpretation it gives of the limits. Note that thanks to it we can obtain,
equivalently, the following limit:

dy (/2 Lagf (o), | /2 Lagfi(a") )

/’ inf {Zt (My, — M H dH 1) . (3.25)

teSol(z*,v,y?)

To go from point-wise convergence to LP convergence, the proof of Theorem 3.3.3|uses the
following result, which is direct consequence of Remark 5.1 in Bansil and Kitagawal (2020)
and Theorem 3.9 in |Segers| (2022) (see also Theorem 3.4 in|del Barrio et al.|(2021)).

Lemma 3.3.6. Under the hypotheses and notation of Theorem[3.3.3) we have
tndoo(Lagg (z° + tnhn), Lagy (2")) < 3 [hnloc,
forany t, \ 0and d,, — d, with

Op = sup min (doo({y}, 8LagkR(z*)), deo({y}, 8LagkR(z* + tnhn))) .
yELagk (z* +tnhn)ﬁLagk( )

Moreover, if u + 2aBy C LagkR(z*), then lim inf,, §,, > a.

Lemma (3.3.6) gives confidence intervals for the Hausdorff distance between the cells—
uncovered in Theorem[3.3.3] Note that Lemma (3.3.6) implies that

P (Lagf(z") C Lagfi(z™) + Y5 (B, ) > P (duo(Lagf (2°), Lagfi(2™)) < 25 -))

>p <4R|(M1,...,MN)|OO < 4R\If‘1(a)) _pP (a\/ﬁl(Mg;.,Mw)lw < \I/_l(a)>

)

(sm - a\/ﬁ
where, taking inferior limits, we obtain the following result.

Remark 3.3.7. Set (Mj,...,My) = (1)2/\/11[,(z>'<))‘1 ((Uy,...,Uy)), where (Uy, ..., Uy) ~

N(0,%(p)),for X(p), is defined in |mi Let U~ be the quantilefunction of | My, ..., Mn)|oo-
Under the assumptions of Theorem|3.3.3 if u + 2aBy C Lagl(z*), then

o R/ _x R 4R¥
hmlrr)leIP’ (Lagk (z") C Lagy'(2™) + a\ﬁ(a)IB% )

We notice that we need to approximate the distribution W. In the previous section
we justified the consistency of the parametric bootstrap to approximate the distribution of
(My,...,My) = (DQM (z ))_1 ((Uy,...,Uy)). More precisely, let YP ..., Y5 be a
bootstrap sample of i.i.d. (conditionally given Y1, ..., Y,,) with common law Q,,. We
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1.0

0.8

0.8 1.0

Figure 3.3.2: Estimated upper confidence intervals for the set Lagl(z*), where P =
i(fs(o,o) + 60,1y + 0(1,0) + d(1,1)) is deterministic and @, is the empirical measure of
Q ~ U(,1)2 for different values of m. Represented in yellow for m = 100; in orange for
m = 500; in green for m = 1000, in blue for m = 5000 and in red for m = 10000. The
black square is the border of the population cell Lagfz(z*).

assume that the empirical process /m(QZ — Q) of YP, ..., YB converges condition-
ally given Y1,...,Y,, in distribution to a tight random element G. Lemma 3.9.34 and
Theorem 3.9.11 in|Vaart and Wellner] (1996)) give

sup  [E(f(Vm((2™)F —2)[Y1,...,Y0m) — f(My,...,My))| -0,
fEBL(RN)

where the set BL(RY) is the set of Bounded Lipschitz functions (see eg. p.73 in
(1996)) and (2™)? is the solution of (3:3) for Q2 and P. Any function of the form

g0 | |oo, With g € BL(R), belongs to BL(RY), so that

sup  [E(f([Vm((@™)® — 2*|c)| Y1, Yin) — f(|(Mi,..., My]|oo)| -+ 0.
gEBL(R)

We can thus estimate the distribution of |(My, . .., M |oco by means of the bootstrap sample.

We consider now a synthetic example to illustrate the use of Remark [3.3.7] Let Q be the
uniform law on the unit square and P = %(6(0,0) +8(0,1) + 9(1,0) + (1,1))- We easily see
that population cells are

Lag, (z") = [0, 5], Lag,(2") = [3,1]x[0, 3], Lags(z*) = [3,1]%, Lag,(z") = [0, 3] x[5. 1].
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We analyze the behavior of the first cell. In figure 3.3.2) we plot, for sample sizes m =
—1\B

100,500, 1000, 5000, 10000, the values of Lagf'(2™) + 2 J-05)B,,. Here (0~1)"

denotes the quantile of the bootstrap approximation.

Remark 3.3.8. The same technique can be applied to the Voronoi cells, i.e.
Vorp(z) :={y €R?: |cp —y|? <|ci—y|? foralli#k}, k=1,...,N,

where {c;}Y | € arg ming, \v gy [ ming<i<n |a; — y|?dQ(y) is the solution of the
N-means clustering. Indeed, under certain uniqueness conditions of the minimum, the weak

limit of \/n(c? — c;) exists (see|Pollard (1982)) and the rewriting of the cells as in (3-23)

can be made, which yields the differentiability.

3.4 Applications to Hotelling’s location model

40.725 1 40.725 1
40.700 4 40.700 4
40.675 1 40.675 1
40.650 1 46501 .
40.625 1 40.625 1
40.600 1 40.600 1
40.575 40.575 1
40.550 1 40.550 1
-?-lI.US -?4|.00 -?3:.95 -?3I.90 -?3:.85 -?-{.05 -?4I.00 -?3:.95 -?3:.90 -?3:.85

Figure 3.4.1: In the left original data of the sample m = 3,129 of Brooklyn’s popula-
tion distribution. On the Right, the empirical Laguerre cells Lagf(z*) for the fountains
located at (—74.0,40.6) (blue), at (—73.85,40.6) (orange), at (—73.95,40.72) (green) and
at (—73.95,40.65) (red). Black points represent the fountains.

As mentioned in the introduction and driven by the application described in|Galichon|
(2016), the equilibrium of the Hotelling’s location model becomes

geon

N
s i vl s
sgp; 2ipD;i + /i_ﬁnnyﬂxz y|* — zi}dQ(y), (3.26)

where the distribution ) models the location of the population, the distribution P the
fountains and z; the prize of the fountain 7. Denote z* the solution of (3.26). The set of
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population that prefers to consume from the fountain i—called demand set—is Lag,(z).

In this section we apply the methodology developed in previous section to provide asymptotic
confidence intervals for prices and for the demand sets. That means that assuming the
observation of a sample (Y1, ...,Y,,) of the population (), and computing the discrete-
discrete optimal transport problem between the empirical measure (),,, and Py, we obtain
empirical prizes z™ and demand sets {Lag;(z™)}Y,. Note that we obtain also the empirical
solution of (3.26), which does not play an important in this problem. We assume that the

40,725 . un] N
40,700 4 40.70 4
40 675 40.68 1
40,650 4 40.86 1
*
40,64 1
40,625 4
2062
40,600 4 *
0601 *
40.575 4
4058 1
40550 | 4056 1 T T T T T T T T
7405 -7400 -7395 7390 7385 74,000 -73.975 -73.950 -73.925 - 73.900 -73.875 -T3.850 - T3.825
4074 0724 *
an o107
40,68 1
070
40,66 1
40,68 1
40,64 1
40,66 1
* 062
40,64 1
40,60 1 *
2062
40581
J * *
4060 05|

U U U U U U U U U U U U U U U U U
~74.050-74.025-74.000-73.975-73.956-13.925-73.906-73.875-73.850 -14.025-74.000-73.975-73.950-73.925-73.900-73.875-73.850

Figure 3.4.2: Estimated upper confidence intervals for the set LagZR(z*). For i = 1, (upper
left) the fountain is located at (—74.0,40.6); for i = 2, (upper right) at (—73.85, 40.6); for
i = 3, (lower left) at (—73.95,40.72) and, for i = 3, (lower left) at (—73.9540.65). The
empirical region (computed by solving the discrete-discrete optimal transport problem) is
represented by blue points whereas the asymptotic confidence intervals for the Hausdorff
distance are in yellow. Black points represent the fountains.
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population @ satisfies the assumptions of Theorem [3.3.3] which asserts that, denoting W1
the quantile function of |(Mjy, ..., Mxy)|oc, then

P(|z*—zm\oo > Ww%)) —s1l-a, ac(0,1) (3.27)

On the other hand, in view of Lemma[3.3.6] we have

lim inf P (Lag,ff(z*) C LagR(a™) + 4“;‘1”77%@]&1) >a, ac(0,1) (3.28)
with
b= s min (de({y} OLagl(s), du({y} O Lagh(z™))

yeLagkR(zm)ﬁLagkR(z*)

Let us apply it to an artificial example based on real data. The population () will be the demo-

graphic distribution of Brooklyn (NYC), which was 2,592, 149 at 2014|1_-| and can be modeled

as a continuous probability. However, the data-set with spatial data around Brooklyn we

found on internet is the “New York City Census Data”, which comes from the American Com-

munity Survey 2015 and fully available on-line in https://www.kaggle.com/datasets/muonneutrino/new-
york-city-census-data. Once cleaned, the data-set contains, a sample of size m = 3,129

of Brooklyn’s population distribution. We suppose the existence of four different foun-

tains, located at (—74.0,40.6), (—73.85,40.6), (—73.95,40.72) (—73.95,40.65]) with

same amount of stock. The data is displayed in Figure [3.4.1]

On the one hand, we compute the asymptotic confidence intervals for the norm infinity
of the differences |z* — 2| and for the individual variation of 2z — z!", i = 1,2, 3,4,
of the prices. We obtain the following results z* = z™ + [0,5.217 - 10724, 27 = 21" +
10794[—4.302,4.242], 25 = 25" +107%4[-5.260, 5.486], 235 = 25" +10~%4[—5.260, 5.486],
25 = 2" +107%4[~1.814, 1.416].

where 2 represents, for ¢ = 1 the prices of the fountain located at (—74.0, 40.6); for
i =2, at (—73.85,40.6); for i = 3, at (—73.95,40.72) and, for i = 3, at (—73.95,40.65).
The same notation is shared by z;".

Previous result enable to obtain, in Figure [3.4.2] the asymptotic confidence intervals for
the Hausdorff distance for each one of the demand sets by using the proposed approach.
The value R is assumed to be 0.19 and d,, is approximated by taking the maximum distance
between points in the empirical cell.

!According to the United States Census Bureau http://www.census.gov/quickfacts/
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3..1 Simulations

First, we illustrate the precision of the upper bound in Theorem [3.1.6| with the following
simulation. Consider the uniform measure on the unit interval U (0, 1) and draw a sample of
size m = 2000 to obtain the empirical U,,. Then from a uniform discretization of size N
of the unit interval, we obtain the discrete measure P". We compute, using Monte-Carlo
simulations, the empirical error E|W; (PN, U,,) — Wy (P, U)| for different choices for N.
The results are presented in Figure[3..3] We observe, in the left figure, that, for regular values
of N, the growth of E|\W; (PN, U,,) — Wy (PN, U)| is exactly of order v/ N, following the
bound. Yet for larger values of NV (right side) we observe that the order is no longer v/ N.
This is because v/ is only an upper bound for E|W;(PY,U,,) — Wi (PN, U)| and the
true rate becomes smaller.

-4.00 |
52
-4.25 {
-5.319 -4.50
5.4 -4.75 {
55 ~5.00 {
-5.25 {
561

-5.50 1
5.7

-5.75 1

38 40 42 44 46 40 45 50 55 60 65 7.0

Figure 3..3: Plot, in double logarithmic scale, of E|W; (PN, U,,) — Wi (PN, U)| (y axis)
with respect to NV (x axis).

The next part of section is devoted to illustrate empirically Theorems [3.1.4] and [3.2.2]
The limit distribution depends on the true optimal transport cost between the distributions.
Hence to simulate the central limit theorems, the difficulty lies in proving the consistency
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of its bootstrap approximation. Actually the non fully Hadamard differentiability of the
functional implies that the limit in Theorem [3.1.4]is the supremum of Gaussian processes. In
consequence, as pointed out in [Fang and Santos| (2018), the bootstrap will not be consistent.
However, in the framework of Theorem [3.2.2] the dual problem has a unique solution. In
consequence, the mapping is fully Hadamard differentiable (Corollary 2.4 in (Carcamo et al.
(2020)) which implies that the bootstrap procedure is consistent (Fang and Santos| (2018))).
This enables us to approximate the variance as shown in the following simulations.

Here we implement one favorable case for bootstrap approximation. In particular we
choose the quadratic cost | - |? and the discrete probability P = % Zi?:l Jx,, where

X = {x;}/_; = {(1,0,0),(0,1,0),(0,0,1),(—1,0,0), (0, —1,0), (0,0, -1), (0,0,0)}.

The continuous probability @ € P(R?) is the direct product U (—1,1) x A(0,1) x N(0,1).
Note that its support is connected with Lebesgue negligible boundary—we can visualize the
data in Figure [3..4}—and satisfies the assumptions of Theorem[3.2.2] As commented before,
we can use the bootstrap procedure. In this example, it is assumed that the discrete P is
known and the sample, of size m = 5000, comes from the continuous (). Figure[3..3] shows
the result of the bootstrap procedure for a re-sampling size of 10000. The simulations follow
the asymptotic theory we provide.

Now we illustrate a case where the assumptions of Theorem [3.2.2] are no longer fulfilled.
More precisely, we consider () as the continuous probability with density W Zzzl Ly 4+(=0.1,0.1)35
—this is a mixture model of uniform probabilities on small cubes centered in the points of
X—we can see a 3d plot in Figure To approximate the limit distribution we need
first to estimate the value W2(P, Q). We make it by an independent sample of size 10000
and computing the mean by Monte Carlo 100 times. Then we compute the histogram of

2 ERYY)
vm 0% (if(gzn Z,%)(P’Q)) with the original sample. The results are shown in Figure [3..6, we

can see, clearly, that the limit is not Gaussian. Similar examples with non-Gaussian limits
can be found in Figure 1 in[Sommerfeld and Munk| (2018). But Figure [3..6]is quite different
from their experimentation since one of the probabilities is continuous and [Sommerfeld and
Munk (2018])) studies only the optimal transport problem between discrete probabilities.

3..2 Proofs

Proof of Theorem[3.1.4} The strategy of the proof is the following, first we start by proving
the central limit theorem for bounded potentials. That means the study of the asymptotic
behaviour of the sequence

nm
sup gc(Pna Qm, Z) — Sup QC(P, Q, Z) .
nAm \ |g<K |z <K .

)
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Figure 3..4: 3D visualization of the data set. In blue the continuous distribution () and
in red the discrete one P. Left: () has a density with connected support and satisfies the
assumptions of Theorem@ Right: @ has a density but not a connected support.

The weak limit depends on the set of restricted optimal points.

OptX(P,Q)=<z: s 9¢(P,Q,s) = g.(P,Q,2), 21 =0
s|<K

Lemma 3..1. Set K > 0, under the assumptions of Theorem[3.1.4) we have the limit

N

nm
sup ge(Pp,Qm,z) — sup g.(P,Q,z) | — sup \/XZ z Ui + (V1 = N)Gp(2)
nA A\ Jal<K 2l <K 2€0ptf (P.Q) i=1
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Figure 3..5: Illustration of Theorem using bootstrap procedures. Histograms (left) and

2 A2
Q-Q plot (right) of the bootstrap estimation of y/m o3 (iig)m Zv,f)(P’Q)) )

Figure 3..6: Illustration of Theorem [3.1.4] by using Monte Carlo’s method, for Q with
disconnected support.

with (Uy, ..., Un) and Gg, as in Theorem
Proof of Lemma[3..1) For each K > 0 we define the restricted set

FE = {y — '_%nf N{c(xi,y) -z}, x,€X, and z; =0, |z]| < K},

i=1,...,

Lemma[3.77) proves that such a class is ()-Donsker, see Theorem 1.5.7 in|[Vaart and Wellner,
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(1996)), in the sense that

where G is the Brownian bridge in FX_ This is a centered Gaussian process with covariance
function

(fo) v [ f091aQ) - [ 16)dQ0) [ g1aaw).
Let B (0) be the closure of the centered ball of radius & in R™V. Note that the functional
O+ °(FE) — £(Bx(0))
pro (a1 (it letxiy) = 51) )

=1,...,

is actually continuous, hence for any f, g € £>°(FX), we have

sup
z€B K (0)

f <i_inf et y) = Zi}) -9 <i_%nf e y) = ZJ)‘ = sup |f(®)—g(d)l.

peLee(FK)

=1,... =1,..,

Moreover, the multivariate CLT implies /7 (p, — p) — (U1,...,Ux) ~ N (0,%(p)),
where X(p) is defined in (3.7). Since the sequences v/n(p, — p) and \/m(Q,, — Q) are
independent we derive the following result.

Lemma 3..2. Under the assumptions of Theorem[3.1.4} we have the limit

nm

(gc(anva ) - gc(P7Q7 )) i> \F/\<X7 > +Vv1-— /\C(GQ) in EOO(BK(O))a
(3.29)

n—+m
with (Ul,...,[UN) =X.

Let (B, d) be a compact metric space, Corollary 2.3 in/Carcamo et al. (2020), provides
the directional Hadamard derivative of the functional

§5:0°(B) — R

F — §(F) =sup F(z),
zeBB

tangentially to C(B3) (the space of continuous functions from 5 to R ) with respect to F in
a direction G € C(B). Recall that a function f : © — R, defined in a Banach space, O, is
said to be Hadamard directionally differentiable at § € © tangentially to ©g C O if there
exists a function fj) : ©9 — R such that

[0+ tnhn) — f(0)

tn n—00

fo(h), for all sequences t,, \, 0 and h,, — h, for all h € ©.
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If F € C(B) is not identically 0, the precise formula for the derivative, provided by Corol-
lary 2.3 in|Carcamo et al|(2020), is

§p(Q) = sup G(z), for G € C(B). (3.30)
{2 F(2)=3(F)}

In our case the compact metric space is the ball B (0), the functional F' correspond with
9c(P, @, ) and the set of optimal points is Optf (P, Q). The following result rewrites (3.30)
in our setting.

Lemma 3..3. Set K > 0, under the assumptions of Theorem the map ¢ is Hadamard
directionally differentiable at g.(P, Q, -), tangentially to the set C(Bg (0)) with derivative,
for G € C(Bx(0)),
;c(P7Q7,)(G) = sup G(z).
z€0ptX(P,Q)

The last step is the application of the delta-method. Let © be a Banach space, § € © and
{Z,}nen be a sequence of random variables such that Z,, : 2,, — © and r,,(Z,, — 0) N4
for some sequence r, — +00 and some random element Z that takes values in @y C O.
If f: ©® — R is Hadamard differentiable at § tangentially to ©g C ©, with derivative
fé(-) : Qo — R, then Theorem 1 in [R6misch| (2014), so-called delta-method, states that

r(f(Zn) = (0) = f3(2).

Now, it only remains to prove that the limit in (3.29) belongs to C(Bx(0)). Such a limit
is a mixture of two independent processes. The first one (X, -) has clearly continuous sample
paths with respect to the euclidean norm | - | in RYY. On the other side, G, has continuous
sample paths in FX with respect to the semi-metric

2
polf) = [ w20 - ( [ rmaew))
in the sense that, see pag 89 in|Vaart and Wellner (1996)), there exists some sequence 6,, \, 0

such that
sup Go(f) — Galg)l == 0. (3.31)
F9eFE, pq(f.9)<on
We want now to analyse the value sup,_q <5, |C(Gg)(z) — C(Gq)(s)| Note that for

every f € FX there exists some z/ € By (0) such that f(y) = infi—y__m{c(xi,y) — zlf}
Lemma [3.1.3] states that

{f.ge FE 127 —29| <6}y C{f.g € FE : ||f—gllo <8} C{f,9 € FE : po(f.9) < 6}
(3.32)
Since |C(Ggq)(z/) — C(GQ)(29)| = |Gq(f) — Gq(g)], then we have

sup  |C(Gq)(z/) — C(Go)(z%)| =  sup [Gq(f) — Gglg)l,

|zf —z9|<5p |zf —z9|<5p
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and, consequently, using (3.32) and (3:37)), we obtain
sup [O(Go)(a!) — C(Go)(2%)| < sup  [Gq(f) — Galg)| = 0.
|zf —29|<dn pQ(f,9)<dn

Finally, Lemma [3..2{implies that , /-"" (g.( Py, Qm, -) — gc(P, @, -)) has a weak limit

Z in £>°(Bx(0)) having a version in C (IB% K (0)). Applying the so-called delta-method to the
function § and Lemma 3.3 we derive the limit

nm
Sup ge(Pn, Q. 2) — sup go(P,Q,2) | —  sup  Z(z).
n+m \|z<k |z| <K z€O0ptX (P,Q)

Note, that the process z — /1 — AGg (inf;=1 n{c(x;,y) — z;}) is Gaussian in RN with
covariance function Z¢). Moreover, it is independent from X, then the law of the process Z
is the same of the process V(X -) + (v/1 — X) ¢ and the theorem holds. O

Unfortunately, the optimal solutions need not be universally bounded. In order to go
from the bounded to the unbounded, we observe that Lemma [3.1.T]implies

n(anQm) = Ssup gc(PQO,Z) = Ssup gC(anQmuz)a
ZERN |Z‘SKn,m

77777

Lemmafor P and @ (that means K* = mf o (sup;—1, .~ J c(y,%i)dQ(y))). The

strong law of large numbers implies the a.s. convergence of inf; p* to inf; p;, and, assuming
(3-10), we have that the sequence \/m (K, — K*) is stochastically bounded. Finally, the

m( (Pnan) - c(P, Q)) 1S equal to

for Kpm = ﬁ (supiey v [ ey, x:)dQm(y )) Let K* be the constant provided in

difference

nm
n-+m

(%(Pn; Qm) - sup gc(Pn; Qm7 Z)) + o ( sup gc(Pn7 me Z) - 7::<P7 Q)) )

|lz|<K*+1 n+m \ |z <k*+1
(3.33)

and Lemma [3..T)implies the weak convergence of the second term to

sup ( )\ZZZU + (V1= NG§(z )) =  sup ( )\ZzﬂU + (V1= NGH(z ))

ze0ptX +1(P.Q) z€O0ptd(P,Q)

where the equality is a direct consequence of Lemma [3.1.1] It only remains to prove that the
first term of (3.33) tends to 0 in probability. Note that we have two cases.

* The first one is K, ,, < K* 4+ 1, which implies that

%(Pthm) = sup gC(anQWHZ) = sup gC(Pn7Qm7Z) S %(anQm)v
12| <Kn,m |z|<K*+41

and makes 0 the first term of (3.33).
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* The second one is K, ,,, > K™ + 1, which implies the bound

0< %(Pnan)_ sup gc(Pn, mez) < sup gc(Pnanaz)_ sup gc(Pna vaz)-
|z|<K*+1 12| <Kn,m |z|<K*+1

(3.34)
Note that the right side of the inequality (3.34) can be rewritten as

sup gC(Pn)vaz)_ sup gC(PTMQmuZ) = sup lnf gC(PTMQmaZ)_gC(anQmaZ/)
|Z| <Kn,m |z|<K*+1 2| <Kn,m |2/ |<K*+1

and upper bounded by

Sup lnf ‘gC(Pan’rrnz) _gC(Pn7Qm’z/)|‘
|2|<Kp.m |2/ | <K*+1

Since

|gc(Pnana )_ (PnaQrm /)’
N
<3l Al + 1 int feloxiy) =z} = _inf | {ef6x,y) - 2}1dQn ().

we can conclude from (3.6) that

0<Te(Pn,Qm)— sup ge(Pn,Qm,2z) <2 sup inf |z—7'| <|Kpm—K*—1|.
|z| <K*+1 |2| <K, m 121<K*+1

Both cases together yield the inequality

0 < %(Panm) - | ‘Sup gc(anmez) < ‘Kn,m - K" — 1‘1(Kn,m2K*+1)' (335)
z|<K*+1

To see that the /M]Kn m — K* —1|1(k,,,.>K++1) tends to 0 in probability, we write
|Kn,m — K* — 1‘]1 >K*+1) = max((),Kn,m - K* — 1) Note that

n,7n_

e max(0, Ky, — K* — 1) = max(0, o (Kpm — K*—1)).
Since , / 55 (K, — K*) is stochastically bounded implies that | /2% (Kp m — K* — 1)
converges to —oo in probability and
nm . nm P

| Kpm — K* = 1|1k, >k 1) = max(0, (Kpm — K*—1)) = 0.

n-+m n-+m

That proves Theorem 3.1.4]
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Remark 3..4. When dealing with the case where the asymptotics depend only on the
empirical distribution P, note that Assumption (3.9), which depends only on Q

/c(xi,y)dQ(y) < oo, foralli=1,...,m,
is enough to prove the CLT. Actually, the multidimensional CLT yields that

Vi (9e(Pr, Q) = ge(P,Q, ) — (X, ) in £%(Bx(0)),

with (Uy,...,Ux) = X. Therefore, all of the arguments above can be now repeated
verbatim.

O
Proof of Theorem[3.1.6] LetY1,...,Y,, beiid with law ). Recall that, when the cost ¢

is the euclidean distance | - |, then the optimal transport potentials are 1-Lipschitz functions.
This yields trivially

Wl(P7 Q) = Ssup gl(P,Q,Z) = sup gl(P7Q7Z)7 (336)
z€RN |z|<diam(X)

where ¢1(P,Q,z) = Ef\;l zipi + [infi—1  n{|xi — y| — z:}dQ(y). We want to bound
the quantity E |[W; (P, Q) — Wi (P, Q)|, which can be rewritten, by (3.36), as

E sup gl(PaQ’Z) - sup gl(P7 Qm7z)

|z| <diam(X) |z| <diam(X)

and upper bounded by E ‘Supfejr1 [ F(y)(dQm(y) — dQ(y))| , where

)

Fi= {y = ilnf N{|xi —y| -z}, x;€X, and |z| < diam(X)} .
i=1,...,
We set D = diam(X) in order to simplify the following formulas. Denote by N (e, Fi, || -
||22(Q.)) the he covering number with respect to the metric L?(Q). Lemma 4.14 inMassart
and Picard| (2007) and Lemma [3.1.3]imply that

2D
\/log (2N (e, F1, || - [l 22(0m)) < \/Nlog (e + 1) + log(2).

Let denote as ay,, the (random) quantity ay ,, = 2\/f sup;—1._n |Xi — y[2dQm(y), then

2D+aNm 2D+an,m 2D
/ \/1og (2N (e, Fi, || - [l 22(,)) ) de §\/N/ log <6+1)d6
0 0

+ 2D + an m log(2).

3.37)
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Now recall by Theorem 3.5.1 in|Giné and Nickl (2015) that

sup / 1) ([dQuly d@(y))‘

fE./—'1
2D+aN7m
< 8V3E / /108 (2N(&. 11| llz2(gm) de
0
2D+CLN,m 2D
< 8\/5\/JVE/ log < + 1>de +8V2E(2D + aym)log(2),
0 €

where the last inequality is consequence of (3.37). Since, using Jensen’s inequality,

2D+an,m 2D
/ log < + 1) de
0 €

2D1og(2D + anm) + (4D + anm) log (ﬁ%)

< (2D + anm) 5D T an
,m

4D +a
= \/ 2D(2D + anm)10g(2D + anm) + (4D + anm)(2D + an,m) log <Nm>

2D + aN,m

The mean value theorem yields log (%) 2D

3D%an o < 55 = 1, and in consequence the follow-
ing inequality

2D+an,m 2D
/ log <+1>de§ (4D + anm)V2D + 1.
0 €

Finally we can derive the bound

sup [ £3)(dQu(y) ~ dQy)

f eFp

< 8V2VNE{(4D + ay.m) (log(2) +V2D 1 1) .

Since, using triangle inequality, we have

Eanm —E< \// sup Iy—xi\Qde(y)) <2 /\deQ(y)Jr?D,

which proves the result.

For the generalization to further potential costs, we observe that equation (2.5) in del
Barrio et al.| (2021)) yields

|25 < |xo — xi|4diam(y)p*1

and therefore, repeating the previous argumentation, we obtain the result.
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Proof of Theorem[3.3.1}
We note that the population potential is described through (3.16)), i.e. V,Mp(2z*) = 0, and

the empirical by V,Mp"" (2, 1,) = 0, with

VoM™ (z) = (—Qm(Lag,(z)) +p1, ..., —Qm(Lagy(2)) + py), (3.38)

where Lag;, for £ = 1,..., N, are defined in (3.17). This is a Z-estimation problem
(eg. chapter 3.3 in |Vaart and Wellner| (1996)). The strategy is the following; we show
that the population optimal transport potential is well-separated—meaning that My (z*) —
Mp(2™™) > c|z™™ — z*|2—Dby deriving the second order derivative of M, then we show

that the map Mp — Mp™ is 4/ Tjj—:f—Lipschitz. As a consequence we obtain the tightness

oL |2™™ — z*| and, by using second derivative of My, also its limit.

Lemma 3..5. Let Y C R be a compact c-convex set, P € P(X) and Q € P()) . Under
assumptions (Reg), and (QC)) on the cost ¢ and (PW) and on Q, we have that
the function My, is strictly concave and twice continuously differentiable, with
VMp(z) = Vo Mp(2z)| 1)+,
DQMP(Z) = DZ*MP(Z)|<1)L

Moreover if z* € (1) N Opt.(P, Q), then there exists a positive constant C such that

(D*Mp(z")v,v) < —C iln Ipi2|v|2 forall v € (1), (3.39)

) 7

Proof. Note that it only remains to prove that (3:39) holds. But this is a direct consequence
of (3:19). In fact, since z* is the unique z € Opt(P, @), then Q(Lag,(z*)) = py for
k=1,...,N and we can conclude. ]

We want now to prove the tightness of | /222"

—z*|. Note that Lemma|3..5|implies

the well-separability property
Mp(2*) — Mp(2™™) > ¢|z™™ — z*|*,  for some ¢ > 0. (3.40)
The relations

(Mp(2") = Mp(2™") = Mg™ (%) + Mg™ (2™™))|
N

P =)+ [ (inf (exiy) = ) = it {exioy) = S DAQ ~ dQn)(¥)|.

ERRRE) EERRE)

<Ip" - plla” 4 inf felxi,) = sk = _inf o) = 2 ool @ — Qi

3oy 7 i)

where spam (F.) is the topological closure in C()) of the set of finite linear combinations
of F., which is still Donsker (see Theorems 2.10.2 and 2.10.6 in [Vaart and Wellner| (1996)),
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give the Lipschitz property

n-—+m

(Mp(2")=Mp (2™"™) = Mp™ (2") =M™ (2"™)] < C

] —z"™"|, for some C' > 0.
(3.41)
Therefore, (3.40) and (3.41)) give

n+m, , An.m * Grm n,m n,mgn,m
O\ g ) > M) — M) — My (a) + My ()
> Mp(s®) — M) > clg™ — 72

—Z |.

from where we deduce the tightness of , / 21 |27

Lemma [3..3] gives the relation |
VoMp(z*) — VoMp(z) = D*Mp(2*)(z — 2°) + O(|z — z/?).
Therefore, we obtain the following equation
VaMp(2"™) = VaMp(2") = D*Mp(2") (2" — 2°) + Op([2"™ — 2" %),
and, since 0 = V,Mp(z*) = V,Mp" (Zn,m ), also
VaMp(2™™) = Vo Mp™(2™™) = D*Mp(z*) (™™ — 2*) + Op(|2™™ — 2*|?). (3.42)

The left hand side of (3.42) can be written as

(Qm(Lag, (2™™)) — Q(Lag, (2™™)) + p1 — 1. - -,
Qm(Lagy(2™™)) — Q(Lagy(2™™)) + py — P),

The following result provides its weak limit.

Lemma 3..6. Suppose that the assumptions of Lemma @ hold. If m = m(n) is such that
n — oo and e — X € (0,1), we have

\/f (VaMp(@"™) = Vo Mp™ (@) = (U, Un).

Proof. From the relation

VZMP(ATLm) v Mnm(Anm)

= (Qm(Lag,(2™™)) — Q(Lag,(2"™™)) + p1 — pT,
., Qm(Lagy (2™™)) — Q(Lagyn (2™™)) + pn — PN)
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and the multivariate central limit theorem, we observe that it is enough to show the conver-
gence

Vm(Qm(Lag (2™™)) — Q(Lagy (2™™)), ..., @m(Lagn (2™™)) — Q(Lagy (2™™)))
& (Uy,...,Uy).

To prove it we set k& and observe that

Lagi(z) = [ {y €R*: c(xpy) —c(xiy) < 2k — 2} (3.43)
i=1,..,.N

which means that the class of all possible cells {Lagy(z) : z € RV} C 27 is contained in

N
{ﬂ{y eR?: (X, y) — c(xi,y) < Sk, Sk € R}} )
i=1
We note that if the Vapnik-Chervonenkis (VC) dimension of
{{y eRY: c(xp,y) —c(xi,y) —s <0} : s€ R}

is D, the one of {Lagy(z) : z € RV} is 2NDlog(3N) (see Lemma 3.2.3. in [Linial
et al.[(1991)). It is trivial to show that the VC dimension of the space of functions {y

c(xk,y) — c(x4,y) —s: s € R} is 2. Then, in view of Theorem 2.6.4 in Vaart and Wellner|
(1996), we have

1
Ne, {ﬂLagk(z) S RN}aLZ(Q)) < Cma

which means that the class {115, (z) : 2z € RN} is Q—Donsker. This means that, for every
e>0

\/%/ ]lLagk(u) - ﬂLagk(v)d(Qm - Q)' > 6) =Y,
(3.44)

lim lim sup P sup
0—=0 m—oo Q(Lagy (u)A Lagy (v))<d

where

Q(Lagy,(u)A Lagy,(v)) = Q((Lagy(u) \ Lagy,(v)) U (Lagy(v) \ Lagg(u)))
= /(ﬂLagk(u) - ﬂ-Lagk(V))2dQ'

First we bound

QLagy (2"™)A Lagy (2)) < Q(Lagy(2"™)\Lag, (2)) +Q(Lagy (2*)\Lag, (&™)
(3.45)
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The we show that Q(Lag(z™™) \ Lag,(z")) L, 0, the same holds for Q(Lag(z*) \
Lag;,(z™™)), yielding the limit in probability of (3.43) towards 0. Using (3.43), we have

Lag;(z™™)\Lag,(z") = U Lag, (z"™)\{y € R? : ¢(xp,y)—c(xi,y), < 2zt —27}.
i=1,..,N

which, in view of the union bound and (3.43), gives
Q (Lagy,(2™™) \ Lagy,(z"))

N
<> Q(Lag,(2"™)\ {y € R?: c(x4,y) — c(xi,¥) < 25 — 2 })

i=1

N
<> QUy eR: ™ — 2 < elxiy) — clxiny) < 24 — 21}
=1

nm
n+m

to 0. We keep the same notation for the sub-sequence. Set

y € ﬂ U {y eR¢: 2" =2 < e(Xp,y) — (%0, y) < zp— 27 )
leENnm>l

Since 2™ — z*| is tight, there exists a sub-sequence of |2 — z*| converging a.s.

Then it satisfies that for all [ € N, there exist n, m > [ such that

n,m

2™ =2 < e(xp,y) — (%, y) < zp — 2

The a.s. limit 27" — 2" — z; — zF implies that c(xz,y) — c(x;,y) = 2 — 27,

which, under the assumption (Twist), is negligible for Q—which satisfies (Cont). Therefore,
Q(Lag;(2™™) \ Lag(z*)) L. 0 and, by symmetry,

Q(Lag (2™™)A Lag,,(z*)) % 0 (3.46)
Moreover, by repeating the same argument, we obtain that if u — v, then
Q(Lag;(u)A Lag(u)) — 0 (3.47)

Thanks to (3.46), (3.47) and (3.44)), we are under the hypotheses of Lemma 3.3.5 in[Vaart
and Wellner| (1996)); as a consequence we have

Vm|Qm(Lagy(2™™)) — Q(Lagy(2™™)) — (Qm(Lagy(z")) — Q(Lagy(z")))]
=/m| / Ipag, (z7m) — LLag, (z+)d(Qm — Q)| o
This implies
Vm(Qm(Lag; (2™™)) — Q(Lagy (2™™)) = v/m(Qm(Lag,(z")) — Q(Lagy(z")) +op(1).
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As k was chosen arbitrarily, we obtain also

Vm(Qm(Lag, (2"™)) — Q(Lag, (2™™)), ..., Qm(Lagy (2™™)) — Q(Lagy (2™™)))
Vm(Qm(Lag, (27)) — Q(Lag, (27)), ..., @m(Lagy (27)) — Q(Lagy(27))) + op(1).

The multi-variate central limit theorem yields the limit of

Vm(Qm(Lag, (27)) — Q(Lag, (27)),. .., Qm(Lagy (27)) — Q(Lagy(2")))

as a centered Gaussian r.v. (X7 ..., X ) with covariance
E(X;X;) = Q(Lag;(2*) N Lag,(2")) — Q(Lag;(2"))Q(Lag;(2")) = Li—;p; — pip;.

Since (p1 — pY,...,pN — pR;) converges weakly to a independent copy of (Xi ..., Xn),

we conclude. ]
Lemma[3..6 (3:42)) and the continuous mapping theorem conclude the proof. O
Proof of Theorem|[3.3.3]

The first step is to show that (3.24) holds. Set k£ € {1,..., N}. Since

Lagf(z) = RBy [ {y €R?: 2(xp — xi,y) > [x|* = |xi]* — 2z + 2} N RBy,
i=1,.,N

the support functions of the sets
{y eR?: 2(xp —x5,y) > [x|* — [xil* — 2¢ + 2}
and R B are respectively

ha(v) = t(=|xgl? + x> + 21 — 2z) ifv=1t(x;—x), t>0
’ +00 otherwise

and hrp,(v) = R|v|. Then, in view of Remark 3.3.5| we have

N

hLagkR(z) (v) =inf < R|vg| + Z hi(v;) Zvi =v
i+k i—1

We parameterize v; = t;(x; — x), for t; > 0, so that h;(v;) € R and thus v, = v —
>izk ti(xi — xy). This gives

hLagE’(z)(V) = inf R|V - Zti(xi — Xk)| + Zti (—‘Xk|2 + |Xi|2 + zp — Zi) 1 t; >0
ik ik
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and (B:23) holds. The support function of the singleton {—y"} is given by

hiyny (V) = =(y%,v) = =(v = D #5056 = x7),¥%) = (Ot — %), 57),

J#k J#k
so that, in view of Remark [3:3.3] (3:24) holds.

The next step is to show the Hadamard differentiability of hp,,r ), (—yo3 (V) with
respect to z in a neighborhood of z*. Note that the objective function

(z,t) — F(z,t) = Ztl/)] +R|V—Zt (xk —x5)] — (v Zt (xx — %), y°))
J#k J#k J#k

is 2 N-Lipschitz w.r.t. z—it is immediate to check out that |F'(z,t) — F(z',t)| < 2N |z —
z'|o—and by the relation

|irt1fF(z,t) - irtlfF(z’,t)] <sup|F(z,t) — F(z,t)] < 2N |z — 7|,
t

the same holds for hLagkR(z) n {_yo}(v) . Then we only need to prove the Gateaux differ-
entiablity. Sufficient conditions conditions are given by Proposition 4.13 in|Bonnans and
Shapiro| (2000), which are as follows:

(i) The function F(-,t) is Gateaux differentiable in R with derivative D, F(z,t),
(ii) the function F is continuous in RY x RVN—1 and

(iii) there exists o € R and a compact set C' C RV such that for every z near z*, the level
set
Levy F(z,-) = {t e RN71: 1, >0, F(z,t) < o}

is non empty and contained in C'.

Since the objective function is linear in z and continuous in t, (i) and (u)) hold. To prove
the compactness of the level sets we observe that, for all j # k, ¥;(z*) = (|xx|? — |x;|> —
zp +25) — (XK — x5, y%) > a > 0, for some a > 0. Moreover, the uniform continuity of the
function z — );(z), implies the existence of a neighborhood U* of z* such that ¢;(z) > 3,
for all z € U* and j # k. Evaluating at t = 0, we have F(z*,-) = R — (v,y") < 2R. Asa
consequence,

a

5 th < thwj(z> < hLagkR(z)-l-{—yO}(v) < 2R>

i#k i#k

forall z € U*. The set of t € RV~! such that¢; > 0 and >zt < 45 plays the role of C
in (iii), which is thus proven. The Hadamard derivative in a direction d of hLagkR(Z) -y} (v)
in z* is thus given by

inf Z ti

teSol(z*,v,y?)
I#k
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Set d € RY. Now we claim that

1
P 1
(f ‘hLagkR(z*—l—tndn)(V) - hLagf(z*)(V) de_l(v)) '
tn
~N
— f t( 3.48
/ teSollg* v,y0) % » )

for any ¢, \, 0 and d,, — d. Lemma [3.3.6]states the existence of some M > 0 such that
that

lim sup tndoo(Lag,f(z* + t,hy), Lagﬁ(z*)) < M.
n
The quantity (tndm(LagkR(z* + t,hy,))P is constant w.r.t. v and dominates
P

hLagkR(Z*thndn) (V) o hLagllj(z*) (V)
tn

for all v € S¥ . In view of the dominated convergence theorem and the point-wise
Hadamard differentiablitiy (previous step), (3.48) holds. Finally, following verbatim the
proof of Theorem 1 in|Romisch|(2014])), we conclude. O]

3..3 Proofs of Lemmas

Proof of Lemma[3.1.1}
First, strong duality (3.3) yields that

T(P,Q) =  sup / F9aP(x) + [ gv)daty) - | sw S Fan + [ swiaw).

(f,9)€2:(P,Q) 1.9)€2(P.Q) ;4

Set (217 s 7ZN) = (f(xl)v s 7f(xN))’ then7Z(P, Q) = SUP(g,q) Zi\il Zipi+f g(y)dQ(y),
where the sup is taken on the set (z, g) such that z; + g(y) < ¢(x;,y) foralli =1,..., N.

Then 9()’) S infi:l,...,N{c(xia y) - Zi} and 7:2(P7 Q) = SuszRN gC(P7 QJ Z)’

Let z* = (2},...,2%) € RY be such that 7.(P,Q) = g.(P,Q,z*). Denote as | =
arginf; 2 and u = arg sup; z;, which are different—otherwise the potentials are constant
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and we conclude that K = 0. Therefore
N
TP.Q) <3 simi+ [{elyx) - 21)dQ(y)
=1
Sﬂm%+mﬁ+/M%M)ZBM@)
S—me+pm7+l/CbnxwdeO
Sm@f—%%+/dmxwﬂ%w,

which implies p; (2 — z;') < [ e(y, x4)dQ(y) — To(P, Q) and

sup |27 — zj| < -
ij=1,..,N inf; p;

( sup /c(y,xi)dQ(y) —Te(P, Q)) )

i=1,...,N
since adding additive constant does not change g.(P, @, z), then we conclude. ]

Lemma 3..7. Under the assumptions of Theorem the class FX is Q-Donsker:
Proof of Lemma[3..7}

We use bracketing numbers, see Definition 2.1.6 in[Vaart and Wellner (1996). Lemma[3.1.3]
implies that
NH(267~/—..CKv H ’ HLQ(Q)) < N(EvBK(O)a | ’ |)

Therefore, Lemma 4.14 in|Massart and Picard| (2007) implies that

/ V108 (Np(e, FE 1 - [112(g)) ) de < oc. (3.49)
0

The envelope function of the class FX can be taken as the function F' defined as F(y) =
SUPi=1,...m c(x;,y) + K. Note that

[ ForiQu) <2k +2 [ s cxiydQey) <.

i=1,....m

Using Theorem 3.7.38 in|Giné and Nickl (2015) we obtain the desired result. O
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CHAPTER 4

An improved central limit theorem
and fast convergence rates for
entropic transportation costs

The content of this chapter is fully available online in|del Barrio et al.| (2022).

Contents
41 Introduction] . . . . . . v v vttt e e e e e 181
4.2 Preliminaries on entropic transportation costs| . . .......... 184
[4.3 _Animproved central limit theorem for subgaussian probability mea- |
T 186
4.4 Convergence rates for optimal potentials] . . ............. 193
4.5 Convergence rates for Sinkhorn divergences| . ............ 203
4.6  Implementation issues and empiricalresults| . ............ 205

We prove a central limit theorem for the entropic transportation cost between subgaussian
probability measures, centered at the population cost. This is the first result which allows for
asymptotically valid inference for entropic optimal transport between measures which are
not necessarily discrete. In the compactly supported case, we complement these results with
new, faster, convergence rates for the expected entropic transportation cost between empirical
measures. Our proof is based on strengthening convergence results for dual solutions to the
entropic optimal transport problem.

4.1 Introduction.

Optimal transport has emerged as a leading methodology in many areas of data science,
machine learning, and statistics |Rigollet and Weed| (2018b); |[Hiitter and Rigollet| (2021));
Hallin et al.|(20214)); |Ghosal and Sen!(2019);[Deb and Sen|(2019); |[Hallin et al.|(2021Db)); [Mor1
and Székely|(2020); |/Abadie and Imbens| (2006); Todd! (2010); Morgan and Harding| (2006);
Blanchet et al.| (2019); [Kuhn et al.|(2019); [Flamary et al.| (2018)); |Gao and Kleywegt (2016));
Gordaliza et al.| (2019); Barrio et al.|(2019); [Black et al.[ (2020); [Chiappa and Pacchiano
(2021); |Chiappa et al.| (2020); L1 et al.| (2020); (Courty et al.| (2017); Redko et al.[(2017);
Grave et al.| (2019); |Alvarez-Melis and Jaakkolal (2018)); |de Lara et al.| (2021)); |Sh1 et al.
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(2022} 2021b.a); Risser et al.[(2021]), with applications in fields ranging from high-energy
physics [Romao et al.| (2020); Komiske et al.| (2019) to computational biology [Schiebinger
et al.[(2019); |Yang et al.| (2020). Central to its recent success in practice is the paradigm
of entropic regularization, popularized by |Cuturi| (2013)), which leads to a highly efficient
parallelizable algorithm suitable for large-scale data analysis |Peyré and Cuturi| (2019). This
regularization is defined by augmenting the standard optimal transportation problem by a
penalization term based on relative entropy, defined between two probability measures o and
Bas H(alB) = [ log(‘é—%‘(w))da(m) if o is absolutely continuous with respect to 3, a < 3,

and oo otherwise. Given P, Q € P(R?) and € > 0, the resulting problem reads

(P,Q)= mi Lz —yl? H(r|P 4.1
S(P.Q=_min [ dle=ylPdriay) +HEP Q. @D

where I1( P, ) denotes the set of couplings between P and Q).

Alongside its computational virtues, entropic regularization also brings substantial
statistical benefits: entropically regularized transportation costs enjoy faster convergence
rates than their unregularized counterparts, even in high dimensions, making them useful for
estimation tasks|Genevay et al.[|(2019); Mena and Niles-Weed, (2019)); [(Chizat et al.| (2020);
Pooladian and Niles-Weed (2021). Moreover, entropic regularization seems well suited to
problems involving data corrupted with Gaussian noise Rigollet and Weed| (2018a). Together,
this body of results suggests the strengths of entropic optimal transport as an applied and
theoretical statistical tool.

Obtaining limit theorems for the unregularized transportation costs is a longstanding
question in probability theory and statistics. (See the recent work |Hundrieser et al.| (2022)
for references and an account of the history of this problem.) Under relatively stringent
assumptions on the measures, it is known that the empirical unregularized transport costs
possesses asymptotically Gaussian fluctuations around its expectation |del Barrio and Loubes
(2019); del Barrio et al.| (2021a)); stronger results can be obtained when one or both of the
measures is discrete |del Barrio et al.| (2021b)); Sommerteld and Munk] (2018]); Tameling et al.
(2019), when the measures are smooth |[Manole et al.| (2021)), and in one dimension del Barrio
et al.[ (1999} 2005).

The strict convexity and differentiability of the regularized optimal transportation prob-
lem makes it possible to prove significantly more general results. A central limit theorem for
entropy regularized transportation costs, centered at the expectation of the empirical cost,
was first obtained by Mena and Niles-Weed| (2019) (see (#.2)) below). Generalizations and ex-
tensions for discrete measures have been proved by Klatt et al.| (2020); [Bigot et al.| (2019). A
growing body of work investigates the properties of the entropy regularized optimal transport
problem from the perspective of probability and analysis, including its asymptotic properties
as ¢ — 0|Nutz and Wiesel| (2021)); [Eckstein and Nutz| (2021)); |Ghosal et al.| (2021)); Nutz
and Wiesel (2022); |Altschuler et al.| (2022); Berman| (2020); Chernozhukov et al.| (2017),
opening the door to further statistical applications of entropy regularised transport.

A crucial question in statistical applications of entropic optimal transport costs is the
construction of asymptotic confidence intervals, to permit asymptotically valid inference.
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The most general results known in this direction are due toMena and Niles-Weed| (2019)),
who showed that if P and () are subgaussian probabilities on R?, then

VI(Se(Pr, Q) — ESe(Py, Q) = N(0, Varp(£7)), 4.2)

with Se(+, -) as in @I). (See Section@for further background and definitions.) A limitation
of this result in practical inference problems is the centering at ES, (P, @) rather than at
the population quantity S¢(P, Q). This result parallels known results for the unregularized
transport cost: [del Barrio and Loubes| (2019); |del Barrio et al.| (2021a) show that, under
suitable technical conditions on P and (), there exists ¢ > 0 such that

V(W (P, Q) = EWE(Pn, Q) =+ N(0,0%), (4.3)

where W), denotes the unregularized p-transportation cost, p > 1. See also (Gonzalez-
Delgado et al.| (2021) for its generalization to the flat torus. In this case, it is know that the
centering at EW} (P, Q) is unavoidable, and that it is not possible in general to replace
EWY (P, Q) by WH(P,Q), in view of the fact that known lower bounds on convergence
rates of the Wasserstein distance imply that /n(W] (P,, Q) — W} (P, Q)) is typically not
stochastically bounded when d > 2p.

However, this limitation does not apply to the entropically regularized transport costs.
Indeed, the results of [Mena and Niles-Weed| (2019) imply that

1S(P,Q) — ES.(Pn, Q)| < Cpon~'/? (4.4)

for a positive constant Cp depending on the two measures. As a consequence, prior
work does not rule out the possibility that /n(Se(Py, Q) — Sc(P, Q)) enjoys a central limit
theorem, but nor does it provide a proof that such a theorem holds.

In this paper, we close this gap. We show a central limit theorem of the form

V(Se(Pn, Q) — Se(P,Q)) = N (0, Varp(f7)), (4.5)

valid for any subgaussian probabilities P and () in any dimension. Prior to our work, such a
bound was known only when P and () were supported on a finite or countable set|[Klatt et al.
(2020); [Bigot et al.| (2019). Also [Harchaoui et al.| (2020) provides central limit theorems
for a different entropic regularization, where the solution is explicit. Our results represent a
significant generalization of these results, and imply that, under sufficiently strong moment
conditions, asymptitcally valid inference is always possible for the entropic transportation
cost.

Our proof of (@.3) is based on an important strengthening of (#.4)). Specifically, we show
that, for subgaussian probability measures,

IESc(P,, Q) — Se(P,Q)| = o(n™'/?) asn — cc. (4.6)

Combining this result with (@.2) yields {@.3).
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When P and @ are supported on a bounded set {2, we are able to obtain substantially
more precise results, which are of independent interest. Our techniques imply that for
compactly supported P and @,

[ESc(Pn, Q) — Se(P,Q)| < Cpon™".

(See Remark ) This result implies that the bias of S¢(P,, Q) decays at the fast n !
rate, thereby recovering the rate typically obtained for parametric estimation problems. Our
proof also yields new sample complexity results for the Sinkhorn divergence, defined as
D¢(P,Q) = Se(P,Q) — 3(5:(P, P) + 5(Q,Q)). For probability measures on compact
sets, convergence in Sinkhorn divergence is equivalent to weak convergence [Feydy et al.
(2019), implying that D(P,, P) — 0 a.s. In Theorem we show the quantitative bound

ED.(P,,P) < Cpn™1, 4.7)

valid for all compactly supported P. This convergence rate could have been anticipated
from known distributional limits for Sinkhorn divergences between finitely supported mea-
sures [Bigot et al.| (2019); Klatt et al.| (2020), but was unknown prior to our work.

In the bounded case, these results are all derived as corollaries of new convergence
results for the optimal dual potentials in the entropic transport problem. In Theorem [4.4.5]
we prove that, when P and () are bounded, the entropic potentials converge fast in Holder
norm:

Ellgn — 91125 > Ellfn — f*lIzs() < Cron™', (4.8)

where s = [d/2] 4 1. We prove this result, as well as its two-sample analogue, in Section@
To our knowledge, these bounds are new, even for finitely supported probability measures.
When P and @ are not necessarily bounded but have subgaussian tails, we prove a non-
quantitative analogue of (@.8)), showing that f,, and g,, converge to f* and ¢g* almost surely
in a suitably strong topology. This result is a strengthening of a similar convergence result
obtained by Mena and Niles-Weed| (2019).

The remaining sections of this paper are organized as follows. Section[.2]provides some
background results on entropic transportation costs. The central limit theorem (4.5) and the
faster rate ({@.6)) are given in Section[d.3] Section[.4]contains the announced results about
the convergence rates of the potentials. The bounds for Sinkhorn divergences are proved
in Section[d.3] Finally we include a section with some numerical illustration of our limit
theorems.

4.2 Preliminaries on entropic transportation costs

This selection collects several background results on the entropic transportation problem
@.1).

We say that a distribution v is the pushforward by a map 7' of a distribution p, if
v = poT~1. A simple computation shows that if P* and Q)¢ denote the pushforwards of
P and @ under the map x £~37 then Se(P,Q) = &S1(P¢,Q°). Hence, we focus on
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the case ¢ = 1 and write simply S(P, Q) instead of S; (P, Q). The minimisation problem
(@) admits a dual formulation. In fact, if 7 € II(P, Q) and r = —-9%, then, for any

d(PxQ)’
feli(P),ge L1(Q)

/ Lz — 12 + log ()] (z, ) dP(£)dQ(y) > / f(2)dP() + / 9(4)dQ(y)

/ S @93 le=vl? 4P (2)dQ(y) + 1,

with equality if and only if r(x,y) = e/ @+ =3lle=vll* py QQ-almost surely. (This follows
from the elementary fact that slogs > s — 1, s > 0, with equality if and only if s = 1).
This inequality implies the following version of weak duality:

sez sw { [ f@ap@+ [ waew)
) & JRd Rd

feli(P),geln(Q

_ / el (@) +ay —éllw—y\\2dp(x)dQ(y) + 1}_
R xRd

It shows also that if d(]‘};rQ) — f@+9W)=3l12=vl* for some feLi(P)and g € L1(Q),
then 7 is a minimizer for the entropic transportation problem (indeed, by the strict convexity
of H, it is the unique minimizer). The theory of entropic optimal transportation (see (Csiszar

(1975)); INutz (2021))) shows that the last inequality is, in fact, an equality, namely,

seQ= s [ e+ [ swaew)

feLi(P),gel1(Q)

_ /R . ef(ﬂﬁ)-i-g(y)—%||~”C—y\\2dp($)dQ(y)-|—1}. 4.9)
X

Maximizing pairs in (@.9) are called optimal potentials. These optimal potentials exist and
satisfy some regularity conditions under integrability assumptions on P and Q.
Following the framework in Mena and Niles-Weed| (2019), we say that a probability P is

B
o2-subgaussian if E(e 2do? ) < 2when X ~ P. When P and () are subgaussian there exist
optimal potentials, denoted by f*, g*, satisfying the optimality conditions, i.e.

/ of @45 W)~y GO () = 1, forall w € RY,
/ o/ @+ )31l 4p(z) = 1, forally € RY, 4.10)
see Proposition 6 in Mena and Niles-Weed| (2019). Moreover, the pair (f*, g*) satisfying

(@.10) is unique up to constant shifts, and is uniquely specified by adopting the normalization
convention

/ f*(x)dP(x) = / 4" (©)dQ(y). @.11)
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In what follows, we tacitly assume that (@.T1) holds unless we explicitly specify an alternate
convention.
The above considerations imply that the minimizer in the primal formulation is

dr* = I @+ =3l 4Q(y)aP(a),

where f* and g* satisfy

J*(z) = —log (/ eg*(”é”m“dQ(y)) ,

9" (y) = —log </ ef*(y)_;gg_y"?dp(y)) : (4.12)

Let o = (aq,...,aq) € N be a multi-index. If P,Q € P(R?) are o%-subgaussian then
(see Proposition 1 in[Mena and Niles-Weed| (2019)), the optimal potential f* specified above
is such that

1+ o0t ifk=0

if ||2]| < Vdo, (4.13
oF(oc +o%)F  otherwise, Il < @19

1D (f* =3l ) (@)l < Ck,d{

1+ (1+0?)|z)? ifk=0
ok (\/a|lz|| + ol|z||)¥  otherwise,
and likewise for g*, where in both cases & := |a/|, and the constant C}, 4 depends only on d
and k.

Throughout the paper, we will assume that P, Q € P(R%) are o%-subgaussian proba-
bilities and X1, ..., X, and Y1,...,Y,, are independent samples of i.i.d r.v.’s with laws
P and @, respectively. We will denote by P, and (), the associated empirical measures.
We will require that the measures F,, and (), are also subgaussian, which is guaranteed by

the following result, which summarizes Lemma 2 and Lemma 4 in|Mena and Niles-Weed
(2019).

1D*(f* =511 ()] < Ck,d{ if ||z > Vdo, (4.14)

Lemma 4.2.1. Let X1,..., X, be i.i.d random variables with o®-subgaussian law P €
P(R?) and let P, be the associated empirical measure. Then, there exists a random variable
o, such that

(i) for every n € N, the probabilities P and P, are uniformly c;Q-subgaussian almost
surely,

(ii) for any k € N, we have E (&%) < 2kFo?k,
4.3 Animproved central limit theorem for subgaussian probabil-
ity measures

This section shows that, for subgaussian probability measures, the expected empirical
entropic transportation cost converges to its population counterpart with rate o(nfl/ 2). This
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is an improvement over the bound {.4)) derived in[Mena and Niles-Weed| (2019) and has, as
a main consequence, a CLT for the empirical entropic transportation cost with the natural
centering constants (see Theorem .3.6|below), which, in turn, yields an asymptotically valid
confidence interval for S (P, Q) regardless the dimension, d.

Let s be a nonnegative integer. To prove the main result in this section, we introduce the
class G*(C), consisting of all f € C*(R%) such that

|f(2) < CA+ ||lz|),
D f(z)] < C(A+ ||=I**h), |af < s. (4.15)

Our next results gives an estimate of the complexity of this class, in terms of covering
numbers with respect to the random metric Ly (P,,). The proof can be easily adapted from
the proof of Proposition 3 in|Mena and Niles-Weed| (2019). We omit further details.

Lemma 4.3.1. Assume G*(C) is as above. If X1,..., Xy are i.i.d random variables

with o®-subgaussian law P € P(RY), P, is the associated empirical measure and L =
2 2
% Sy e~ IXill*/(4do%) then, for a constant Cy,q depending only on s and d,

IOgN(Ev gs(c% LQ(PH)) < Cs,dL (416)

Finally, we introduce the space G* = o+ G°(C) endowed with the norm

k
111 = |l +Z > Hlﬁ =N

Let (g 5)/ denote the dual space of G*, endowed with the dual norm

IGIls= sup |G-
rege, 1 fl<1

With these ingredients we are ready to prove the main technical result of this section, from
which we obtain the CLT for the entropic transportation cost with natural centering constants
(Theorem @.3.6|below).

Lemma 4.3.2. If P,Q € P(R?) be o%-subgaussian probabilities, then

Moreover, if m = m(n) and X := limp, 0 - € (0, 1), then
[ES(Pr, @m) — S(P,Q)[ — 0. (4.18)

n-—+m
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Proof. Let (fn,gn) € L1(P,) x L1(Q) be the unique pair of optimal potentials satisfying
(@10) and @IT)) for P,, Q. As noted above, by Proposition 6 in[Mena and Niles-Weed
(2019), this pair satisfies (#.13) and @#.14). We observe that, by optimality of the potentials,

S(P.Q) = [ @@ [ auwd@- [ B @m0l apaag) i,

dwRd

which yields
0 < Vit (BS(P, Q) — S(P,Q)) <E / ful@)VA(dP, — dP)(x)
Rd
— IE/ ofn (@) +on ()3 \w—yIIQ\/ﬁ(dpn — dP)(2)dQ(y).
Rd xR4
Now the optimality condition
/ eIn@on@) =332 GO (y) = 1, forall z € RY
Rd x R4
implies that
0< Vi (BS1(P @) ~ SUP.Q) <E [ fula)ValdP, — dP)(a).
R

Set s = [d/2]+ 1 and let (f*, g*) € L1(P) x L1(Q) be the unique pair of optimal potentials
satisfying and @TT) for P, Q. Since E [, f*(x)y/n(dP, — dP)(x) =0,

0 < Vi (ESi(Po, Q) — S1(P,Q)) <E /R Aale) = (@) }(dP, — dP)(2)

We write now G,, for the empirical process indexed by G*, that is, G,,(f) = \/n(Pn(f) —
P(f)), f € G*, and note that

G < ViPu+ PYIF) < [l VAP + PO+ )
< VPa + PYUA - )l < VA2 + 48(d5%)) ]

where the last inequality comes from Lemma 1 in Mena and Niles-Weed, (2019). Conse-
quently, we deduce that ,, belongs to the dual space (QS)', for all n € N, and we get the
bound

Using Cauchy—Schwarz’s inequality we see that

Vi (B51(Po, @) = 51(P,Q)) <\JEIGALEN f* — full2. (4.19)
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Note that ||G,, ||, is the sup taken on the unit ball of G*, which is contained in G*(1). We can
conclude, by using (@.16) and Theorem 3.5.1 and Exercise 2.3.1 in|Giné and Nickl (2013),
that there exists a constant C's g > 0 such that

2

max| | ,<1 | fllLy(Pn) -

E||Ga|l'2 < C, 4E (/ 2 ﬁ%;‘la +04)(1+ 0%)*de
0

. 1HavBd/265 2
< (14 0% (14 0% C,4E / L3 ge
0

2s—d

< CLy(1 4 0*ELS (146%

where we have used first Lemma 1 in|Mena and Niles-Weed| (2019) to bound

1/2
e, M llzagen < 1+ (/ IIw!!6dPn(fv)> < 14434325

and then the fact that s = [d/2] + 1. Using the Cauchy-Schwarz inequality we see that

2s—d 2(2s—d)

ELss(1+6%) - S\/ELgE(lJr&?’)is

where we can use the fact that EL < C for a positive constant C' independent of n and
Lemmato conclude that lim sup E||G,,||,* < .

To deal with the second term in #.19) we denote A,, = f* — f,,. We prove next that
|Anlls — 0 almost surely, and then that it is dominated by a random variable with finite
second moment. Together, these facts imply that E|| f* — f,,||? — 0 and conclude the proof.
The first claim is given by the following result.

Lemma 4.3.3. Let P,Q € P(R?) be o-subgaussian probabilities, and P,,, Q,, associated
empirical measures. Then, the optimal transport potentials (fy,, gn) for Py, Q. satisfy
Ifn = f*lls = 0 and ||gn — g*||s — 0 almost surely.

Proof. We prove the result for f,,, with the same conclusion following for g,, by symmetry.
First, we use induction to prove convergence of the derivatives up to order s. We follow
classical arguments in real analysis, see Rudin/ (1987):

(1) For J = 0, Proposition 4 in Mena and Niles-Weed| (2019) shows that, almost surely,
A, = f* — f, = 0 uniformly in compact sets.

(2) Assume that for every k with |k| < J — 1, we have D*A,, — 0, uniformly in com-
pact sets. Letk = (ki, ..., kg) be such that |k| = J and let B C R? be the ball of radius R
centered at 0. Using the fact that all the derivatives of DFA,, are bounded and DFA,, is itself
pointwise bounded, see Proposition 1 and Lemma 2 in Mena and Niles-Weed| (2019), we
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derive that the sequence D*A,, is equicontinuous and bounded for all points. We can then
apply the Arzela-Ascoli theorem on Bp, to deduce that, up to subsequences, D¥A,, — AF
uniformly on Bpr. Suppose, without losing generality, that k1 > 1, set k' = (k1 — 1,...,kq)
and note that

x1 ,
:/ DkAn(t,,xQ,...,md)dt—{—Dk An(o,ﬂjg,...,xd),
0

which implies that

’ Z1
DY Bnla) = [ At it
0

x1 /
< / ‘DkAn(t, , Ly e, acd) - Ak(t, , L9, ... ,.’Bd)‘dt + ‘Dk An(O, T, ... ,Hfd)‘.
0

As a consequence,

/ z1
sup |D¥ A, (z) — / ARt xg, . ag)dt|
0

$€BR

< R sup |DFA,(x) — AF(@)| + | DY An(0, 29, ..., xq)| = 0,
zEBR

where the limit follows from the induction hypothesis (recall that sup,cp, | D¥ ‘A n(2)]
— 0). By uniqueness of the limit we conclude that 0 = fo AFdzy, which implies that
AF = 0. By taking R — oo we conclude that D¥A,, — 0 uniformly on the compact sets of
RY,

To show convergence in the norm || - ||, it suffices to show that for any € > 0, there exists
an ng such that ||A,||s < e for all n > ng. Recall that by Lemma(i) and Proposition 1
in[Mena and Niles-Weed| (2019), there exists an almost surely finite random variable ¢ and a
constant K 4 such that foralln € Nand x € R,

~4

Bu@)| _ o 146

L [P = 7+ e
|DFA,, ()] - 1+a%
U [+ = 71 1 [J]

(4.20)

Ykl <s

We obtain that there exists a finite random variable K such that

JAn(2)] DR A ()] =
<e/2  V|z|>Ke ,n>0.
ENFE Zl PBES EF

Since A,, and D*A,, converge uniformly to zero on the compact set {z € R? : ||z] <
cq,s K 6_1}, there exists an ng for which

DFAL( N
ZZ 1D ()] 1 <e/2  Vz|| < Kelin>ng.

3 s+
T 2 o T o -

Combining these claims, we obtain that ||A,,||s < e for all n > ny, as desired. O
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To complete the proof of Lemma it only remains to prove that || f,, — f*||s can
be dominated by a random variable with finite second moment. We have from (4.20)
above that ||A,[|2 < K’ ,(1 + 63%)? for some constant K ;. It only remains to show

that E (1 + &35)2 < oo. But Lemmaimplies that all moments of & are finite, which
completes the proof.
To deal with the two-sample case, we split the difference as follows

\/E’Esl(PQO) = 51(P, Q)|
: m [ES1(Pr, Qm) = $1(P, Q)| + m [ES1(P. Q) = S1(P, Q).

The second term tends to 0 by using (.17). For the first one we denote g, ,, a potential of
S1(P,, Q) and gy, a potential of Sy (P, Q). Applying @.19) we derive

VIl (ES(Pay Q) = S(P. Q) | <\/EFun 117 Ell g — g2

< 2Bl Fn i Ellgnm — 612 + Ellgm — g°2).

We conclude using Lemma 3.3 (which can be trivially adapted to this setup) and the
subsequent argument. O

As a consequence of Lemma [4.3.2] by simply considering the change of variables
x +— xe 2 (recall the comments at the beginning of this section) we obtain the generalization
to any € > 0.

Corollary 4.3.4. Let P,Q € P(RY) be o-subgaussian probabilities and P,,, Q. associated
empirical measures. Then

\/E|ESG(Pn7Q) - Se(Pa Q)| — 0

[ nm
o |ESe(Pr, Qm) — Se(P, Q)| — 0.

As announced, Corollary #.3.4] improves over Corollary 1 in[Mena and Niles-Weed
(2019), which implied |ES,(P,, Q)—Sc(P, Q)| = O(n~'/2) rather than [ES.(P,,, Q) — S-(P,Q)| =
o(n=1/2).

and

Remark 4.3.5. In some cases we can go much further in this direction. In fact, if P and Q)
are compactly supported then (see Theorem{.4.3| below)

O
n

El| fr = [ Izs () <
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for some constant cq. Plugging this into @.19) and using again the fact that lim sup,, E||G,, ||’S2 <
0o we conclude that

|ESc(Pn, Q) — Se(P,Q)| < <2 (4.21)

for some constant Cq > 0. A similar conclusion holds for the two-sample problem. Whether
this improved rate remains valid for general subgaussian probabilities is an open question.

The following central limit becomes a direct consequence of Theorem 3 in Mena and
Niles-Weed (2019)), which shows that the fluctuations around the mean are asymptotically
Gaussian, i.e.

Vi(Se(Pn, Q) — ESe(Py, Q) = N(0, Varp(£7)). 4.22)

Here (f7, g7) are optimal potentials for S (P, (). We observe that, while the pair of optimal
potentials is not uniquely defined, it follows from the uniqueness of the minimizer in ®@1)
that if (fe, §e) is another pair of optimal potentials then f. = f* 4+ K P-as. for some
constant K. Hence, Varp(f) is well defined in the sense that it does not depend on the
choice of optimal potential.

Theorem 4.3.6. Let P, Q € P(RY) be o-subgaussian probabilities, then
Vi(Se(Pa, Q) = Se(P,Q)) = N(0, Varp(f)),

where (fF, g¥) are optimal potentials for Sc(P, Q). Moreover, if A := lim, ;00
(0,1),

S

_n_
n+m

nm
n-—+m

(Se(an Qm) - Se(Pv Q)) i> N(07 (1 - >‘) VarP(f ) + /\V&rQ(ge))

One important advantage of Theorem [£.3.6| over (#.22)) is that it can be exploited for
inferential purposes. For instance, it enables to build confidence intervals for S.(P, () as
follows.

Note that we can estimate the asymptotic variance in the one-sample CLT by

65 = Varp, (fue) = Zfie (;Z;fn,e(Xi)f, (4.23)

where (fy, ¢, gn,c) is a pair of optimal potentials for S(P,, Q). It follows from the proof of
Lemma that E|| f, . — f*||? — 0. Hence, — f*||s — 0 in probability. Using the
elementary bound |a? — b? < |a — b|? + 2|b||a — b| we see that that

1 = *2
‘n;fﬁ,e( —fo

Since L 3°7 | f**(X;) — Ep(f+?) a:s. we conclude that £ 37 | f (X)) = Ep( *2) in
probablhty and, arguing similarly for 1 =Yy fne(Xi), that

n

< (fne=F2IRH20FE sl Fre=FE )5 DA+ Xal1P).

i=1

62 — Varp(f’) in probability.
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We conclude that
V(P @) — S(P.Q)) 5 N(0,1)

On

and, as a consequence, that, writing z for the 3 quantile of the standard normal distribution,

A

o
Se(Pp, Q) £ 7%21_a/2 (4.24)
is a confidence interval for S¢(P, ) of asymptotic level 1 — cv. A similar confidence interval
can be constructed from the two-sample statistic. Such results will be illustrated in the
Simulations Section.

4.4 Convergence rates for optimal potentials

The goal of this section is to prove a bound on the difference between empirical potentials
and their population counterparts. In this section we assume that both measures, P, (), are
supported in a compact set 2 C R?. By translation invariance of the optimal transport
problem, we may assume without loss of generality that 0 € ). We write Dq for the
diameter of 2 and let (f*, g*) be a pair of optimal potentials (maximizers of (@.9) for P and
Q) and (f,, gn) their empirical counterpart (maximizers of (.9) for P, and )). As noted
above, these optimal potentials are unique up to an additive constant. In this section, we
adopt the following normalization convention:

/ ¢ ()dQ(y) = / o0 (1)dQ(y) = 0. (4.25)

We show below that derivatives af the optimal potentials are uniformly bounded (see Lemma
B.471). Additionally, the choice of optimal potentials in (#.25) allows to control uniformly
the optimal potentials, as we show in Lemma.4.4] These are key ingredients for the aim
of the section, namely, showing that the convergence rate of f, (resp. g,) towards f* (resp.
g%),is O (ﬁ)

The optimal potentials belong to the space C*(2), for s = |

the norm .
Iflles@y =D Y 1D flloo-

%] + 1, in which we consider

In this section, we use the notation cg s, CZI <> - - - to indicate unspecified positive constants
depending on d and s whose value may change from line to line. The optimality condi-
tions (4.12) imply the following bounds (see Proposition 1 in|Genevay et al|(2019)).

Lemma 4.4.1. Let Q C R? be a compact set and P, Q € P (). Then the optimal potentials
(f*.9°) satisfy:

(i) mingea{3llz — ylI> — ¢* ()} < f*(x) < maxyea{zlz — ylI> — g" (1)},
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(ii) f*(z) is Dq-Lipschitz,

(iii) f* € C>®(Q) and ||D*f*||cc < Caa(l+ D‘S')for all multi-indices o with |a| > 1,
for some constant Cy , depending only on d and c.

Proof. The first two claims are proven in Proposition 1 of |Genevay et al.| (2019), so it

suffices to consider the last claim. We prove it for f*, the case of ¢g* being similar. Define

f*(z) = f*(z) — 3||z||*. As in the proof of Proposition 1 in Mena and Niles-Weed (2019),
the Faa di Bruno formula yields

k
—Do‘f*(:v) = Z AaBr.... Be H fg;.g, forallx € Q,
Bi++Br=c j=1

where A, g, ... 8, are combinatorial quantities and for a multi-index 3 we define
fyﬁeg* )—lHyH2+<wyy>dQ(y)
Hpg = = SIP+e s g y)

et
_ / yﬂeh*(w,y)—%Hx—yll2dQ(y)

/Hyﬁz h*(z,y)— %Hﬂﬁ_y”QdQ(y)-

By the optimality condition @.12), [ el (@) 7%”179”2%)( ) = 1. As a consequence, there
exists C'; , such that | D]« < C&aD‘al Since || D3 ||z[|?|| < 1+ Dg for || > 1,

we obtain | D*f*|| < ), D& + 1+ Dg < Cya(l + D). -

Remark 4.4.2. Since the probabilities P,, and Q,, are also supported on the same compact
set 0, LemmaW|.4.1| holds also for f, and gy.

We also obtain bounds on the derivatives of ¢?* @)= zle=yl?,
Lemma 4.4.3. For any multi-index (3, the function x 2Bl @y =3le=vll* pgg C5(Q)

2
norm at most cq seP2 (1 + DSH’B').

Proof. By Lemma Hxﬂeh*(mvy)*%ﬂﬂﬁyHQH D‘B| D& Forany 1 < |a < s, the
Faa di Bruno formula implies

S
* TP * S TP , 1
Dol @y)—slle—yl® — h*(zy)—5llz—yl E : YaroAe | | D/\J(h*(:z’y)_anx_yH?)
AL+t As=a j=1

for some combinatorial coefficients v, ;... \,,» Where the derivative operators are taken
with respect to the x variable. By Lemma[@.4.1] this quantity is bounded in magnitude by
cdyseDszz (14 Dlg |) for some constant ¢, .. This implies

\Do‘xﬁeh*(%y)—%||x—y\\2‘ < c’d”seDé(l + D?;r'ﬁ') foralll <|a| <s.
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Therefore, choosing ¢, s to be a sufficiently large constant depending on d and s yields the
claim. O

For our particular choice of optimal potentials we can also control the uniform norm, as
follows.

Lemma 4.4.4. Under [#25)), we have
1F* s L fallocs g™ oo lgnlloe < 5 D3
Proof. Since S.(P,Q) = fu £ (2)AP (@) + fgs 9" (5)dQ(y) > 0, @2 implies [y f*()dP(r) >

0. Therefore, using first the optimality conditions, then Jensen’s inequality and finally (#.23)),
we obtain

g"(y) = —log (/ ef*(y)é”mdeP(yO < /{é\lx —yl* = f*(9)}dP(y) < 3D3,

for all y € . By the same argument f*(z) < %D%, forall x € Q. Set z € €, by

Lemma 4.1}
fra) > ryrggrzl{%llx —yl? - g*(y)} > — maxyeq g*(y) > —3D3,
and the same for g*. O

For any a, b € C*(Q2) denote

a.b) = alz x — @)+ =5 llz=yl® 1 p( 4
Lab) = [ a@aPa)+ [ b))~ [ et ap(@)agqy) + 1

and its semi-empirical counterpart

Lo = [ a@ir)+ [ b))~ [ om0, magu) +1

Rd xR4
Let us denote by ~2* and h,, the functions, belonging to C*(£2 x ), defined by
(@, y) = (@) + 9" W), hn(z,y) = falz) + gn(y). (4.26)
and 7 € P(Q x Q) the optimal coupling defined by dr* = " (@¥)~ll==vI* 4P (2)dQ(y).
Abusing notation, we write L( fy, gn) = L(hy,) and L(f*,g*) = L(h*). As a consequence
of Lemma[d.4.4 we obtain the following useful bound,

1A*]|o0s [|Pnlloe < D3, forall n € N. (4.27)

At this point, we can state the main theorem of this section.
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Theorem 4.4.5. Let Q C R? be a compact set and P,Q € P(Q). Assume (f*,g*) are
optimal potentials for P,Q and (fn, gn) for Py, Q satisfying @23). Then there exists a
constant Cy, depending only on d, such that

* * Cy 15(d+1 2
Ellgn —g ||(235(Q), E|fn — f H(%S(Q) < 7dDQ( ) 153

Moreover, if ( fn.m, gn,m) are optimal potentials for Py, Qy, satisfying @.23), then

*112 * 12 C 5(d+1 2
Ellgnm — 9" 1+ Ellfnm — Fl2o@) < sy Do Del5P2,

The proof is divided in a sequence of technical lemmas, of some independent interest.
We show first (Lemma [4.4.6) that the functional L is well-behaved in the sense of being
strongly concave near its maximum. Then (in Lemma4.4.7) we show that the functional
L,, — L is Lipsichtz. Typically, these two results are enough to prove convergence at the fast
n~ 1! rate (see, e.g., Theorem 3.2.5 of |Vaart and Wellner|(1996))). Unfortunately, in our case,
the norms appearing in Lemmas #.4.6|and f.4.7] are different. This technical issue can be
handled thanks to Lemmas and

Lemma 4.4.6. Let Q C R? be a compact set and P, Q € P(S2), then
L(hn) i L(h*) < _%”hn B h*H%Q(dﬂ_*)e*”hnfh*||c>o7 (4.28)

where h*, h,, and ™™ are defined in (4.20).

Proof. The inequality e > 1+ = + e_;l 22, which can be checked by elementary means,
implies that

/ehn(:v,y)%IIwadp(gc)dQ(y)
_ / ehn(@9)~h* (@) h* @)= 31—l 4 p(2)d ()
> [ {14 ) = 10 + $nl) = ()P e e ()
> [ {14 o) = 10 @) + ) = I )oY (o)
The optimality conditions yield L(h*) = [ h*(z,y)dP(z)dQ(y). Hence,
/ehn(l“»y)%||$y2dp($)dQ(y)
> L)+ [ {1 hal9) + o) — b () eI e (a1,

We conclude by using the relation [ hy,(z,y)dn* = [ hy(z,y)dP(x)dQ(y), which follows
from the optimality conditions. O
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Lemma 4.4.7. Under the assumptions of Lemma{#-4.6] we have
L(hn) = L(hn) — Lo(h*) + L(A*) < ||P = Pulles oy |hn — B lx(2), s (429)

where

IP = Pullesay == sup / F(@)(dPo(x) — dP()). (4.30)
Il flles @<t

Proof. As noted above, the optimality conditions imply that

Lu(hn) = [ e, p)dPo()dQ), L) = [ (. p)dP@)QL)
Lu(h) = [ 0@ p)dPu@)iQw). L") = [ 1 (z.)dP()dQ).
Therefore we have
Lon(hn) — L(hn) — Ln(h*) + L(h*)
— [ (e, 1)dQU) APy x) ~ P (@) ~ [ 1 (@,5)dQs) AP, @) - dP(2))

- / (hnlr,y) — h*(2,))dQ(y) (APa(z) — dP(x))

<= W¥leny  sup / (e, )dQ(y)(dPa(z) — dP(x)).
||h||cs(g2)§1
h(zy)=f(x)+g(y)

Note that

sup / h(r,y)dQ(y)(dPa(z) — dP(x))
HhHCS(QZ)Sl
h(z,y)=f(x)+g(y)

— sw / 9(9)dQ(y) (dPa(z) — dP(x)) + / F(2)dQ()(dPy () — dP(x)).
||h||cs(Q2)§1
h(zy)=f(x)+g(y)

Since the first term is 0 and the second is not affected by adding constant to f, we see that it
equals
sup /f(x)(dPn(x) — dP(x)).
Iflles@y<1

O

As anticipated, Lemma works with the norm || - H(st(m) and Lernma with
| - | L2 (dr+)- Both norms are different, but the next technical results show how these norms
are related in the present setup.



198

Lemma 4.4.8. Under the assumptions of Lemma{#.4.6]

* 2 *
|D*f* = D*full% < cas DG 1o = 172,
* 2 2 *
|D°g* = D*gull%, < casDGe™ % (llhn — h*|1% + DEIP = Palldyay)

for every multi-index o, with 1 < |a| < s.

Proof. We let ¢, s denote a positive constant depending on d and s whose value may change
from line to line. We note first that f*(x) — f,(x) =

z) = f*(z) — fu(x), where

Fr(a) = [ (z) = 3llzl* and fu(z) = fulz) - 5llz]*. 4.31)

As in the proof of Lemma.4.1] the Fad di Bruno formula implies

DO fn(x) — D*f*(x) = D*f, (z) — Df ()
= > ass (11 / yPiehn @)=zl 4qy) — ] / Y @)= le=ulI 4 )
Bi1++Ps=c j=1 =1

Splitting the product, this last term equals

Z NaBy . fBs iH/yﬁjehn(xvy)—éIII—yII2dQ(y)

B1++Bs=a =1 j<i

H/yﬁjeh*(wvy)éllwyde(y)/yﬁieéllzyz{ehn(w) — " @ AQ(y).

j>i

Since 0 € €, it follows that |y%i| < D|Qﬁj‘. Using that |e® — e¥| < (e¥ + e”)|xz — y| we upper
bound |D?* f,,(x) — D f*(x)| by

o - *(z,y)—L|z—yl2 n(z,y)—1||lz—y|? *
DS P Yo (el chote) ), o) 0,1 1dQU)
Brt+Bs=a i=1

<2sD ST Pasrs e — s,
Bit-+Bs=a

where we have used (#.12) to bound the integral. We conclude that || D% f,, (z)— D% f*(z)||2, <
DQ‘OC| h, — h* 2
Cas DG 1hn — P[5
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Turning to g, and g;;, we can argue similarly to obtain

|D%gn(y) — D%g"(y)| = |DG,(y) — D*G"(v)|

< Z ‘)\ B, 755 H/ 5j€hn(xvy) 2”33 y||2dP H/ 536 (z,y)— QHw y||2dP( )

Bit-+Bs=a
= Z ‘)‘ocﬁl B ’ZH/ Bjehn x,y)— 1||$ ZIHQdP H/ Bjeh* z,y)— QHI y||2dP( )
B1+-+Bs=a i=1 j<i isi

(/xﬁjehn(a:,y)—éIIx—yIIden(x) _/xﬁjeh*(m,y)—llx P qp(z )>
Note that

‘/xﬁjehn(x,y)—éllx—yden(x) _ /xﬁjeh*(w,y)—éw—yIIde(x)’

< ‘/mﬂj(ehn(af,y)—é \w—yIIQ,6h*(w,y)—%Hw—yIIQ)dpn(x)‘Jr‘ /Q;Bjeh*(w,y)—é le=vl* (dP(2)— P, (2))

. ()= L e
h*||oo- For the other term observe that by Lemma the function z — 2P " (@¥)=zllz—yl?

belongs to C*(2), with norm at most cdﬁeD?z (1+ Déﬂﬁ I ‘). We conclude that there exists
some constant ¢4 s such that

Since [|hn || oo, [|P*]|co < D3 by @27), the first term can be bounded by 2D|§’§j|eD522 |\hn —

| / P @31 (4P, () — dP(x))| < cay Dy PR P — Pulles ) (432)
Combining the last two estimates we finally have

* 2 2 *
I1D°" = D"l < casDfe?P (ln — 112 + DEIP = Pullye).

which allows us to conclude. U
Now we need to compare the norms || - [[oc and || - || 2(gr+)- We set C' = e =304 and
note that {@.25)) implies

/ (hnli ) — ¥ (a0, )26t @0~ 5191 4P () dQy)
e / (o) — 1 (20, ))2dP(2)dQ(y)
= O Ualw) - (@) Papte) + / (9a(y) — 9*(4))%dQ(y)
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Since the last term equals 0, we obtain the bound
_3p2
o = B 1Baganey = €308 (I = £ aapy + lom — 9" 220y - 433)

Finally, we prove the last technical result, which relates the L? and L norms for the
difference of the potentials.

Lemma 4.4.9. Under the assumptions of Lemma{.4.6] we have
[ fn — f*H%2(dP) + Hgn — 9" 1720
—2D?2 * *
> 206 (1 fn = 13 + llgn — 97113%) — casDENP = PullZs -

Proof. We will work separately with f* and g*. Fixing = € (2, Jensen’s inequality yields

e~/ 7@ _ e=hn@)2 < / (,eg*(y —3llz=ylI? _ 9nly —%Ilw—y\ﬁ)z dQ(y).

Now, the mean value theorem implies
@ —yle™ o < et —ev| < e —y|, 2y eR,
yielding
e~ 2max{llfllocllfnlloc} | £ (1) — f*(2)? < |e™ (@) — e~ ful@)2
< e2maxlly lslonllocHlg, — g2, 0
Consequently, using Lemmal4.4.4] we have proved that
lgn — 6 122(agy = € 22801 fu — £711%

Now we deal with ||g,, — g*||%,. We fix y € Q. By the triangle inequality we have

le79" W) _ gm9n(¥)]

)

Squaring both sides we see that

VSl _  fnlu)d

‘/ fu@+3la=lP (4p(2) — dP,)|.

le=9" W) — g=on()2

2
< 2/‘ef*<w>+;||xy||2 )+l

’/efn(w)JréllmyQ(dp(x) —dP,)

The first term is bounded by 2¢2% || f,, — f* Hiz( 4p) as in the previous case. Repeating the

arguments which led to the bound @32), the second term is at most cq 22 (1 + DZ)|| P —
p, Hé(m. Together, these estimates yield

_Dp2 2
€ DQHQn_Q*HZ SQeDQan fr HL2 dP) +CdsD28 DQHP Py HCS(Q)

We conclude by rearranging this inequality and combining it with the bound on ||g, —
g ”iz(dQ) derived above. -
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We are ready now for the proof of the main result in this section.

Proof of Theorem Combining Lemma.4.6, #.33)) and Lemma[.4.9 we see that

* —||hn—h" oo -3Dp? * *
L(h*) = L(hy) > se7Itn=h"llec g2 D5 <||fn — 122 gapy + 90 — 9 ||%2(dQ))
_Ip2 * *
> 3e 08 (1 fu = £ aap) + ll9n — 9" Bs(a))

v
D=

_ip2 (1 _op2
ER (3R (U = P+ o — 0712 — casDEIP — Pulle )
Moreover, since || fn — f*I|2 + lgn — %1% > LA — h*||? -
) n S+ llgn — 9" l50 = 5llhn — R*||%,, we obtain
* _Tp2 1 _op2 N
L) = L) 2 3o P (Je 2R o~ 0l — DEILP — Pally o)

Lemma[f.4.8]implies the existence of some constant ¢ s such that

1

I A .
W = 17l = e o

which yields

15

* - 2 —2s * *
L(h*) — L(hy) > cqee” 2 PaDg? (an — [1Izs () + lgn — g Hés(m)
z S
— e TPRDE|P = Pody). 434)

On the other hand, Lemma .47 yields

1P = Pullesy (1fn = Flles@) + llgn — 9" lles@)) = Ln(hn) — L(
> Lo(h*) — L
= L(h") — L(hn)

~

The previous bound and (@.34) yield

1P = Pulles) (I1fn = Flles) + llgn — 9% lles @) >
15

— 2 - * * —Ip2
case SR (1 = £ Buiy + o — 8 IBiey) — chae FPRDE P = PalByy
which, by using the inequality (a + b)? < 2(a? + b?), implies
* (|12 * (12 1/2
V2P = Pallesioy (Ifn = £ 3@y + lon — 67 1ey) 2

15

_ 2 _7D2
case™ SPBDE% (1= By + lom — 67 2e(ey ) — choe FPRDE P = Pulls gy,
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N

Denoting A,, = (an — f*Hgs(Q) + llgn — Q*Hgs(g)) , we get

1P = Palley@)An > cane™ 222D A2 — ) e 3PEDE|P = Pl ). (435)

From this we obtain

2
A < casDfe 2 (1P = Pallegi@) + /I1P = Palld; gy + e 1PRIP = Palld (o))

< cqsDFe? PP - Polles
(4.36)

Next, we analyze || P — Py ||¢s (o). Theorem 3.5.1 and Exercise 2.3.1 in Giné and Nickl
(2015)) imply that there exists a numerical constant C' such that

2
max|| £ s gy <1 1l Lo ()
nE||P — Pa|l2 <0E(/0 Vo8 (2N (e.CH(Q). ]| - [ls))de | -

By Proposition 1.1. invan der Vaart (1994,

s

08 (2N (e, CH ). 1)) < csas ()

Since || f[|z,(p,) < [Ifllcs (@) almost surely, the choice s = [d/2] + 1 yields the bound

11\ o 2 .
nE||P — P, ||cs <cg dDQ / () de | = csqDg, 4.37)
0 €

which completes the proof for the one-sample case.

The two-sample case can be handled with the same argument plus some minor modifica-
tions, as follows. Let f, ,,, be the optimal potential for P, and @,,. Then,

”fn,m - f*HgS(Q) < 2”fn - f*HgS(Q) + 2”fn,m - angS(Q)

The first term can be controlled by [@.36). Moreover, observe that the derivation of @.36)) did
not use any facts about the measure () apart from the fact that it is supporte don 2. Since P,
is also supporte din €2, this implies that || f,,n — fallcs(q) can also be controlled by (#.36),
so that the bound

52
[ = £y < casDEe % (1P = Pulli) +1Q ~ Qulldiey))  (439)

holds. This and [@.37)) complete the proof. O
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4.5 Convergence rates for Sinkhorn divergences

In this section, we develop faster convergence rates for the Sinkhorn divergence. The entropic
transportation cost, S¢(P, @) is not symmetric in P, ) and does not satisfy S¢(P, P) = 0.
These observations motivated the introduction of Sinkhorn divergences|Genevay et al.| (2018)):
For probabilities P, Q) € P(R?) the quadratic Sinkhorn divergence is defined as

De(P,Q) = S(P,Q) — 5 (Se(P, P) + 5.(Q,Q)) -

Clearly, D.(P, Q) is symmetric in P,Q and D (P, P) = 0. In fact (see Theorem 1 in
Feydy et al.[(2019)), D.(P,Q) > 0, with D.(P,Q) = 0 if and only if P = (@, and for
measures supported on a compact set, convergence in Sinkhorn distance is equivalent to
weak convergence. This makes the Sinkhorn divergence a suitable measure of dissimilarity
in applications.

In this section we obtain rates of convergence for empirical Sinkhorn divergences. More
precisely, we consider independent samples X7, ..., X,, Y1,..., Y, of i.i.d. r.v.’s with law
P € P(Q) and associated empirical measures P, and P),, respectively. Since P, and P},
converge weakly to P, the Sinkhorn divergence satisifes D¢(P,, P),) — 0 a.s. The main
result of this section gives a rate for this convergence.

Theorem 4.5.1. Assume Q C R? is compact, P € P(Q) and P, and P!, are empirical
measures as above. Then there exist constants cq and cél, depending only on d, such that

(i) (one-sample case)

cqg 341 32 19 2
ED{(P,,P) < —D2 ~—=—= Q
1( ny )_Tl, O (d+1)262
(ii) (two-sample case)
/ 3d
EDy(P,,P.) < ——4 152 g

min{n,m} ¢ (d+1)2

Proof. We deal first with the one-sample case. We denote by (fy n,gn,n) the optimal
potentials for S (P, Py), set hyn(2,y) = fon(@) + gnn(y) and write dm, ,(z,y) =
ehmn@y)=3l2=vl for the optimal measure and, as in (@.26), we write h*, 7* for the corre-
sponding objects in the case of S1(P, P) and h,, 7, in the case of S1(P,, P). Then we can
write

Do) = [ ntoci)ana(e.) = ([ hunleiitnanten + [10Gain @),
4.39)

Moreover, using the optimality conditions, we have

/ (hnl,) — ¥ () d* (2, ) = L(hw) — L(H") <0,
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and
[ on(2.9) = Bon.9)) Ao (5) = Lun() = L) <0,
where L is defined as in the previous section and
Lyn(h) = / {h(x, y) — eh@v)=glle—ul® 4 1} AP, (x)dP, ().

Therefore, from (@.39) we obtain

Do) < [ hatoagiamate) = ([ ralenimant) + [ mtepar @)
(4.40)

Note, moreover, that the upper bound in can be rewritten as
[ fa@dru@) + [ guw)ap)
([ naria+ [amwir + [ f@ire s [ o)
= [ (@) = gul@) aPs(@) + § [ (o) = (o)) dP(0)
=} [ (@)~ gnl@) (@Ps(0) - dP (@)
= %/(fn(ﬂf) —g'(x)) (dP,(z) — dP(z))
3 [ (@) - 9a(a)) @Pu0) - dP(@)) . @a1)
where (f,,gn) are optimal entropic potentials for P,, P and (f*, ¢g*) are optimal trans-
port potentials for (P, P), where adopt the normalization convention [ ¢*(y)dP(y) =

[ gn(y)dP(y) = 0. The symmetry of S; (P, P) and the uniqueness of the entropic potentials
up to additive constants implies that f* = g* 4 a for some constant ¢ € R. Plugging this

into (@-41)) we obtain from @.40) that
D1 (P, P) < 3[IP = Pulles) (1fn = f¥lles@) + llgn — 9" lcs@)) - (4.42)

From (4.36)), we obtain, for some constant cg 5, the bound
1
* * * * 2
(Ifn = Flles@) + lgn — 9" lles @) <2 (an — sy + llgn — g ||§s(g))
15 12
< casDEe? P8P — Polley()-

We conclude as in the proof of Theorem {.4.5]
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For the two sample case we can adapt the argument above without much effort. Indeed,
observe that we can write

Di(Pa, PL) = / (2, 9) A (2, )
=1 / (2, 1) A (2, ) + / o, 9) o (2.) ) (443)
and argue as in (#.40) to get
DiPuPh) < [ B, ) T m(,1)
1 ( / (2, ) dn (2, ) + / hn,m(ﬂc,y)dwmm(:n,y)). (4.44)

Now we can reuse the same arguments leading to #.40)—just replacing P by P, —to
upper bound D1 (P, P,) by

%/(fn,m(x) — 9" (2)) (dPa(x) — dPy,(x)) + 3 / (97 () = gnm(2)) (dPn(@) — APy, (2)) -
(4.45)

Once again, since (f*, g*) agree up to an additive constant, (#.43)) is equivalent to

! / (@) — £*(2)) (APy(z) — dPy(x)) + b / (6"(2) = gnm(a)) (dPy(x) — AP, ().

Finally, the two sample case can be deduced directly from the following inequality and

1 « "
Dy(Pp, P) < iHPn = Phllesy (1fnm = F¥lles@) + lgnm — 9" lles )

IN

1 * *
5 (1P5 = Plleg@ + 1P = Plles@)) (Ifnm = £ lles(@) + 9nm = 9" llev(@))
(4.46)

and (@.38), which yields
15 12
| frim = FFlles@) + gnm — g*lles() < casDFe= "o <||P = Polles) + 1P — Pr/nHCf(Q)>

for a constant cg4 ; depending on d and s. We conclude as above. O

4.6 Implementation issues and empirical results

In this section we provide details about the practical implementation and statistical perfor-
mance of the two-sample analog of the confidence interval @.24).
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Recall from Theorem that

nm 1
n-—+m 0'6,)\(P, Q)

(Se(Pp, Qm) — Sc(P,Q)) = N(0,1), (4.47)

where 062 \(P, Q) is the asymptotic variance of the two-sample case. This variance can be
consistently estimated by
R 2 m 1 n 1 n 2 n 1 m 1 m 2
O = <n2f2,e<xi> — (57 (X)) ) - (m > gne (V) = (= D 9ae1) )
i=1 i=1 i=1 i=1

(4.48)
where (fy.c, gn,c) is a pair of empirical potentials. Hence, writing z3 for the /3 quantile of the
standard normal distribution and arguing as in Section[#.3] we can conclude that the interval

o =

R n-+m
Se(Pr, Qm) + On,m Zla/Q]
nm

is an asymptotic confidence interval of level 1 — a.

We investigate here the finite sample performance of this confidence interval. We con-
sider the scenario where P ~ N (0,1;/2) and Q ~ N((1,...,1)" I;/2). The population
entropy regularized cost has a closed form for Gaussian measures (see|del Barrio and Loubes
(2020)), Janati et al.| (2020) or [Mallasto et al.| (2021))), which, for our case, is

SE(P,Q):2d—;<d\/1+j2—dlog <1+\/1+;> +dlog(2)—d>.

We focus on the case n = m, for several choices of n. = 50, 100, 250, 500, 1000, 5000, and
study the influence of the parameters d and € on the rate of convergence of the true confidence
level to the nominal level 1 — «, for @ = 0.05. To approximate this true confidence level we
use Monte Carlo simulation, with 1000 replicates of the interval. The results are reported on
Table[d.6.1] In particular, we compute CI;y; for different values of € € [0.5,2,5,10] and
d € [2,10,15]. To calculate S¢(P,, @) and the empirical potentials—which allows us to
compute C'I}';z—we use the python library POT, see [Flamary et al. (2021). We observe that,
effectively, both d and € affect the estimation of the asymptotic confidence interval CIj7y.
Actually a large sample size is required to achieve the nominal confidence interval for small
values of € and large dimension. This is more or less expected, in view of Remark [4.3.5] the
value n ’ESg(Pn, Q) — Se(P, Q)} can be upper bounded by a constant C, which depends
exponentially on the support’s diameter— extrapolating this argument to the case where the
probabilities are not supported in a compact set — and it provides a possible explanation of
the inaccuracy produced by the choice of small values ¢ or large d. Note that this exponential
dependency on the diameter is translated directly to an exponential dependence on % by the

. 1 .
change of variables = — €~ 2z. Moreover, the convergence, when € — 0, of the entropic

regularised potentials towards the optimal transport ones (see Nutz and Wiesel (2022)),
which are cursed by the dimension (see (Weed and Bach| (2019))), explains also the results of

Table d.6.11



P (S(P.Q) € Clyyy)

n e=05|e=2]e=5]e=10
50 0.935 | 0.936 | 0.932 | 0.941
100 0.937 | 0.952 | 0.929 | 0.941
250 0.95 0.94 | 0.935 | 0.949
d=2 | 500 0954 | 0947 | 095 | 0.958
1000 | 0.944 | 0.954 | 0947 | 0.96
5000 | 0.939 | 0957 | 0.947 | 0.955
50 0.781 | 0.945 | 0.958 | 0.932
100 0.787 | 0.937 | 0.951 | 0.945
250 0.775 | 0.941 | 0.948 | 0.943
d=10 | 500 0.785 | 0.955 | 0.953 | 0.947
1000 | 0.803 094 | 0945 | 0.954
5000 | 0.862 | 0.944 | 0.946 | 0.951
50 0.487 | 0.944 | 0.933 | 0.944
100 0.396 | 0.944 | 0.957 | 0.944
250 0.271 | 0.938 | 0.943 | 0.953
d=151] 500 0.194 0.94 | 0.941 | 0.947
1000 | 0.173 | 0.938 | 0.945 | 0.955
5000 | 0.134 | 0.942 | 0.943 | 0.943

Table 4.6.1: Evolution of the Monte Carlo estimation (number of iterations equals 1000) of
P (Se(P,Q) € Clyypy) for different values of the dimension d and regularization factor e.
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CHAPTER 5

Weak limits of entropy regularized
Optimal Transport; potentials, plans
and divergences

The content of this chapter is fully available online in |Gonzalez-Sanz et al.| (2022).
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[3.3 _Central limit theorem for the solution of the primal problem and |

This work deals with the asymptotic distribution of both potentials and couplings of
entropic regularized optimal transport for compactly supported probabilities in R?. We
first provide the central limit theorem of the Sinkhorn potentials—the solutions of the
dual problem—as a Gaussian process in C*(€2). Then we obtain the weak limits of the
couplings—the solutions of the primal problem—evaluated on integrable functions, proving
a conjecture of [Harchaoui et al.|(2020). In both cases, their limit is a real Gaussian random
variable. Finally we consider the weak limit of the entropic Sinkhorn divergence under both
assumptions Hy : P =Qor Hy : P # Q. Under H the limit is a quadratic for applied to
a Gaussian process in a Sobolev space, while under H7, the limit is Gaussian. Such results
enable statistical inference based on entropic regularized optimal transport.

5.1 Introduction

Optimal transport has proven its effectiveness as a powerful tool in statistical data analysis.
Formulated as the minimization problem, it reads

P,Q) = mi Hx — y|*d
TP = i [ Ak ylPay)
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where II(P, Q) denotes the set of couplings between the probabilities P and Q, optimal
transport provides a notion of discrepancy between distributions (eg. Chapter 7 in [Villani
(2003))) useful for testing similarity between probabilities (eg. |del Barrio et al.| (1999, [2005));
Gonzalez-Delgado et al.| (2021)); Del Barrio et al.| (2019) among others) and making infer-
ence. For this, it is necessary to know the weak limit of 72(P,,, Q,,) when the empirical
measures P,, and Q,, are used in the place of the population ones, P and Q. Unfortunately,
in general dimension—with the exception of perhaps a few simplified cases (eg. |del Barrio
et al.|(2021Db)); Klatt et al.| (2020))—the limit is unknown. Moreover, the rate is slower than
the usual parametric rate \/n (eg. Weed and Bach| (2019); Fournier and Guillin| (2013)).
This motivates the use of regularization methods for optimal transport since they are not
affected by the curse of dimension, such as entropic regularization (eg. |Cuturi (2013))
or sliced version (eg. [Rabin et al.| (2011))). Regularized optimal transport is nowadays
used for many practical applications such as domain adaptation (eg. |Courty et al.| (2017)),
counterfactual explanations (eg. [de Lara et al.[(2021))), music transcription (eg. [Flamary
et al.| (2016)), diffeomorphic registration (eg. [Feydy et al.|(2017), De Lara et al.| (2022)) or
measure colocalization in super-resolution images (eg. |[Klatt et al.| (2020)).

Thought weak limits are known for the optimal value in the regularized optimal transport
problem, less is known about the distributional limits of the optimizers themselves. In this pa-
per we provide the limits of the empirical solutions of the primal problem (plans/couplings),
the dual problem (potentials) and the celebrated Sinkhorn divergence (eg. (Genevay et al.
(2018)).

Let Q C R? be a compact set. The entropic regularized optimal transport cost between
two probabilities P, Q € P(€2) is defined as the solution to the optimization problem

(P,Q) = mi Lx —y|I? H(n|P 1
S(P.Q = i [ Ak vty el rP Q). 6D

where the relative entropy between two probability measures « and 3 is written as H («|3) =
1l 10g(§—§(m))da(m) if « is absolutely continuous with respect to 5, « < 3, and +oo
otherwise. We denote the solution of (5.1) by 7p q. This problem can also be written in its
dual formulation

FX)+g(YV) -3 1x-v|?
S(P,Q)= sup E[ f(X)+g(Y)—ce c + ¢, (5.2)
feL1(P)
9€L1(Q)
with X ~ P, Y ~ Q. Without any loss of generality we can assume that
Eg(Y) = 0. (5.3)

The optimal solutions of this problem, defined as (fp.q, gp,q), are uniquely P x Q-a.s.
determined by the relation

=E (hi(X) + h2(Y)), (54

fp,Q(X)+9p,q(Y)— 511X
E <(h1(X) Fh(Y)) e )
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for all hy, hy € C(2), which is usually called optimality condition. There exists a unique
extension of the solutions of (5.4) to the space C*(Q2) x C*(£2), given by the relations

gp.q—11--¥I?

foq = —clog ( [ dQ(y)>
P, — g lx—|?

gp.q = —elog </e EE—— dP(x))

This relation has an important consequence—the optimization class can be reduced from
L1(Q) to C3(Q2), with, moreover, uniformly (for all P,Q € P(Q)) bounded derivatives,
see (Genevay et al.|(2019); [Mena and Niles-Weed| (2019). Since the class C*(£2), with an
appropriate choice of s, is uniformly Donsker (eg. Section 2.7.1. in |Vaart and Wellner
(1996)), one can obtain the bound \/n E|Sc (P, Q) — Sc(P, Q)| < Cq, where the constant
Cq depends polynomially on diam(2), see Mena and Niles-Weed (2019). Moreover, since
the convergence of ES; (P,,, Q) towards its population counterpart is faster (eg. del Barrio
et al.[(2022)) and the fluctuations are asymptotically Gaussian (del Barrio and Loubes|(2019);
Mena and Niles-Weed! (2019)); |del Barrio et al.| (20214a)), the weak limit

Vn(Se(Pn, Q) — S1(P,Q)) = N(0, Varx~p(fp q(X))) (5.6)

holds. (5.6) gives a weak limit for S.(P,, Q), but does not give information about the
coupling 7p q or the optimal dual variables (fp g, gp.q)-

This provides asymptotic confidence intervals for the population Sinkhorn cost. However,
S1(P, Q) approaches 0 does not imply that both probabilities are close, hence the asymptotic
behaviour of the Sinkhorn cost given in (5.6) does not provide a useful hypothesis contrast
for statistical inference.

5.5

For statistical inference, obtaining the asymptotic behaviour of optimal regularized
couplings, i.e. the limits of

nm € € 2
\ /n e /77 (d7p, ., —d7pq), Wwheren € L*(P x Q), (5.7)

is very helpful. The knowledge of the asymptotic behaviour of (5.7)) provides consistent
confidence intervals for the inference on Tp,, Qe Which gives theoretical support to the
previously cited applications. With regards to the limit of (5.7), the recent work [Harchaoui
et al.|(2020) proved, for modified regularization procedure inspired by Schrodinger’s lazy
gas experiment, the convergence towards

nm

([ nint,q, ~ [nineq) = NOGO, ne2@xQ). 65

n+m
. 2 .
where the variance o5 (n) is

AVarxp (1 — AGAR) ™ (1% — AGn ) (X))
+ (1= ) Varyq (1 — ApAG) " (1§ — Apng) (Y)
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see section [5.3] for the precise definitions of the operators A5, .AEQ and section [5.3|for the
ones of g, 77;. Moreover, the authors of |[Harchaoui et al.| (2020) conjectured that the dis-
tributional limit (5.8)) holds also for the classic Sinkhorn regularization. Gunsilius and Xu
(2021)) proved that (5.7) is tight and the limit is centered, however the conjecture remained
opened. In Theorem [5.3.1] we prove that (5.8) holds for compactly supported measures, and
therefore the conjecture of Harchaoui et al.| (2020) is true.

Theorem[5.3.T]is derived as a consequence of the first order linearization of the potentials,
described in Theorem [5.2.T} whose proof is based on a reformulation of the optimality
conditions @ as a Z-estimation problem (see for instance |Vaart and Wellner| (1996)).
Differentiating in the Fréchet sense the objective function and using the uniform bounds
provided by |del Barrio et al.| (2022)), the problem is reduced to the continuity and existence
of the following self-operator in C(€2)

(_1_ 5“&%)__1 —(1- EQA%)_IA?Q (5.9)
(A (- Ay ) '

which follows from Fredholm alternative (cf. Theorem 6.6. in |Brezis| (2010) eg.). As a
consequence, Theoremmyields the limits, if m = m(n) — oo and -~ — X € (0, 1),

n—+m

om [ fPa.qn — fPQ N V1I=A1-AqAp) '1Gqs — \A(l — AqAp) 1 AQGp s
\/ ntm 9P,..Q.. — 9P.Q \/X(l — ApAQ)_lGRS —v1- /\.Ap(l — .AQ.AP)_l(GQ,S ’

weakly in C*(2) x C3(£2), where Gp s and Gq s are the centered processes with covariance
functions (5.12). Moreover, in the one-sample case;

fr..q — frqQ ) B ( (1 — AqAp) ' AQGp >
vn ( 9P,..Q — 9P.Q - —(1—-ApAq)'Gps )’

weakly in C*(§2) x C§(€2). Theorem|5.2.1}, apart from being interesting in itself, has many
applications since, among other things, its derivative approximates the transport map (eg.
Pooladian and Niles-Weed! (2021)), which is also a useful tool for inference.

The regularized transport cost is easier to compute than the usual optimal transport cost
but is unsuitable for two-sample testing, since S.(P,P) # 0. In |Genevay et al. (2018), the
authors provides to remedy this deficiency by defining the quadratic Sinkhorn’s divergence:

DE(P7 Q) = Se(Pv Q) - % (Se(PvP) + Se(Qu Q)) :

This definition satisfies several atractive properties: it is symmetric in P, Q and D (P, Q) >
0, with D.(P, Q) = 0 if and only if P = Q (see Theorem 1 in Feydy et al.[(2019)). Now,
apparently this is an effective way to measure discrepancies between distributions.

The weak limit of the empirical Sinkhorn’s divergence, described in Theorem [5.4.3] has
different rates depending on the hypotheses Hy : P = Qor H; : P # Q. Under H; the
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limit can be derived by means of Efron-Stein linearization (del Barrio and Loubes| (2019);
Mena and Niles-Weed| (2019)); |[del Barrio et al.| (2021a); Gonzalez-Delgado et al.[(2021))),
giving

nm

LI (D, Q) = De(P, Q) 5 N(0.A Varp (15, g) + (1 = ) Varq(¥iyp)):

and
Vi(De(Pn, Q) — De(P,Q)) = N(0, Varp(¢5 ),

where b o = fpq — %(j"f)’P +9pp) and g p = fGp — %(féQ + 9§.q)- Under Ho,
however, Y o = ¥G p = 0 so the limit is degenerate, and in fact D.(P,,Q) =0 p(%). To
obtain a non-trivial limit, we therefore conduct a second order analysis. Our proof relies on
Theorem and use of the embedding theorem of the Hilbert space W2%2(Q) into C*(Q2)
(cf. Theorem 6.3 in|Adams and Fournier| (2003)) eg.). The limit, in this case, behaves as

w Ien, (& -
n D1 (P,,P) — 2 Z)\j (Z $i7jNi> <Z $i,jNi>
7j=1 =1 =1
and
nm
D€ Pn7PI - DE P7 b
n + m< ( m) ( Q)) -

o0

xi,j(ﬁNi + \/ﬁNJ)) (i $i7j(\F/\Ni + MNZ/)> ,
1 =1

1 o0
DY
j=1 =
where {N; };en and { V] };en are mutually i.i.d. with N;, N/ ~ N (0, 1) and the sequences
{xi,j}ijen C Rand {);}jen C [0, 00) are positive sequences depending on P and e.

In recent years there has been a substantial body of work studying the weak limits of
the optimal transport problem. Since, for obvious reasons we cannot cite every one of them,
we refer to [Hundrieser et al.| (2022) for a comprehensive survey. Focusing on the entropic
regularized optimal transport, similar results for finitely supported measures are obtained
by [Klatt et al.| (2020) and [Bigot et al (2019). The limits of the regularized cost (5.6) has
been proven first in|del Barrio et al|(2022)) and Mena and Niles-Weed| (2019)—using the
Efron-Stein linearization—and then in Goldfeld et al.| (2022)—using Hadamard linearization.
The conjecture of [Harchaoui et al.| (2020) has been also investigated in |Gunsilius and Xu
(2021), under slightly different assumptions. That work shows the existence of a weak limit
for (5.8)), which they conjecture is Gaussian. We prove their conjecture. They also derive a
similar result to Theorem [5.2.1] but in a weaker norm. We prove convergence in the space
C*(£2) x C§(2), which allows us to derive the limit of the Sinkhorns divergence.
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5.1.1 Outline of the paper

The paper is organized as follows. The notation is given in Section (5.1.2)). The central limit
for the regularized optimal transport potentials and its proof can be found in Section[5.2]
however auxiliary Lemmas are proven in Section[5.5 In Section[5.3|we enunciate and prove
the central limit theorem for the couplings, Theorem[5.3.1] and its immediate consequence,
Corollary [5.3.2] Section[5.4]deals with the weak limits of the Sinkhorn divergence, formally
stated in Theorems 5.4.T] and [5.4.3]. Also in this section the reader can find a discussion
about the simplification of the limit by embedding it into a Hilbert space and the proof of the
main result. Auxiliary results and their proofs are postponed to Section 5.6

5.1.2 Notations

For the reader’s convenience, this section sets the notation used throughout this work. Unless
otherwise specified, the probabilities P and Q are supported in the compact set  C R?,
meaning that P, Q € P(Q).

For two probabilities 1, v € P(Q) the pair (f5 ,,, g5, ,,) is one solving (5.2) for Sy (p, ),
its direct sum ((x,y) + f; ,(x) + g5, ,(y)) is denoted by hf, ,. The solution of (5.1) is
denoted by 7, , and its density w.r.t. dudv by &, ,,. For the particular case of € = 1, the
super-index is avoided.

We set s = {%1 + 1, and denote, for any o € N, the space of all functions on {2 that
possess uniformly bounded partial derivatives up to order o as C%(€2), in which we consider
the norm

I flleay = I1fla =D D 11D flloe-
i=0 |]=i

In the product space C*(€2) x C*(2) we consider the norm

1 Dllex@yxca@) = I Dllaxa = [ flla + llglla-

The Sobolev space W2 () consists of (equivalence classes of) functions L?(2)—the Hilbert
space of square Lebesgue ({;) integrable functions—whose distributional derivatives up to
order |a| < « also belong L?(£2). W*2() is a separable Hilbert space with the norm

2

1 lhwezioy = [ 32 S 1D By |

i=0 ||=i

and, when it does not cause confusion, we use || f|lyye.2(q) = || f|lw and (-, -)w for its inner
product.

Moreover, for a general Banach space #, the norm is denoted as || - ||7,. Unless otherwise
stated, the random vectors X and Y are independent and follow respectively the distributions
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P and Q. For a measurable function f : {2 — R, the following expressions are equivalent:

E(f(X)) = Exp(f(X)) = / f(x)dP(x) = / fdP = P(f).

Sometimes, when the function f depends also in some others random variables f =
f(X,Zy,...,Z,,), we use

Exp(f(X,Z1,...,Zy,)) :/f(x,Zl,...,Zm)dP(x) =PX(f(X,Z1,...,Zn)).

The functiony — [ f(x,y)dP(x) is denoted by

Exp(f(X, ) = / £, )dP(x) = PX(£(X, ).

Let {wy}ne C H be a random sequence and {a, },cn be a real random sequence, the
notation w,, = op(a,) means that the sequence w,/a, tends to 0 in probability, and
wy, = Op(ay) that wy,/ay, is stochastically bounded, for further details see Section 2.2
in Vaart (1998). Finally, for a Borel measure x in R?, L?(1) denotes the space of square
integrable functions. The spacial case of the Lebesgue measure £ in €2 is denoted by L?(£2)

5.2 Central Limit Theorem of Sinkhorn potentials

The main result of this section is Theorem[5.2.1] which gives the first-order linearization of
the difference between the empirical and population Sinkhorn potentials. As a consequence,

Corollary |5.2.2| gives the central limit theorem of that difference with rate , /.. This

section contains a summary of the proof of Theorem [5.2.1] highlighting the steps that are
useful for further sections, as well as a full proof following the statement of Corollary [5.2.7]
The proofs of auxiliary results are postponed, except that of Lemma[5.2.5] which is included
in this section due to the interest of the technique, which is repeated several times in the
rest of the work. Set P, Q € P(£2), the shape of the first order development depends on the
operators

Ay s I2P) 5 £ o> [ 6 qlox 1 x)AP() € €2 (@),
Ay L@ 39 [ €l ¥)9¥)dQy) € (@)
Theorem 5.2.1. Let Q C RY be a compact set, P,Q € P(Q) and P,, (resp. Q,,) be the

empirical measure of the i.i.d. sample X1,...,X,, (resp. Y1,...,Y ) distributed as P
(resp. Q). If m = m(n) — coand ;7 — A € (0,1),

( foron — fr0 ) B ( (1 AqAp) " AQGE, — (1 — AqAp) G, >+0P ( n+m

9Pn,Qm — 9P.Q Ap (1 — AQAE)_IGS,S —(1- A%AQ)—IG%

s

nm

)
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inC*(Q) x C*(Q), forany o € N, and

< Gp 5 ) _ < LS &pa(Xy, ) —E(ép (X, 1)) )
O.s =i &pqln YR) —E(épq(nY)) )

Both \/ﬁG’g’s and \/E(Gm’S converge to Gaussian random variables—the proof is a
consequence of the embedding theorem of the Hilbert space W252(Q) into C*(Q) (cf.
Theorem 6.3. in |/Adams and Fournier| (2003)) and the central limit theorem in Hilbert
spaces (cf. Theorem 10.5. in|[Ledoux and Talagrand| (1991))). The dependency relationship
between these limit processes is inherited from that of the samples; for instance, if they are
independent the limit of

nm Gp ,
' 5.10
n+m < Gg’s ) ( )
is the pair of centered independent Gaussian processes
VAGq, s
’ Q 5(Q2 5.11
( VI—AGp, € C°(Q) x C5(92), (5.11)

uniquely characterized by the covariance functions

E (efP,Q(X)*%||X*YH2€fP,Q(X)*%HX*y/”Q)

E (Gps(y)Gps(y')) = —1 and
(Crs(¥)Grs(y)) E<efP,Q(X)—%HX—yH2>E<efp,q(X)—éIIX—y’H2>
E (egp,axr%\\H\Pegp,qu%uqun?)
E (Gqs(x)Go.s(x)) = _
(Gas(x)Ga.s(x) E(egP,Q<X>—éHx—Yn2)E<€gP,Q(X>—éuxf—Y||2)
(5.12)

However, if Q,, = P,, the limit of (5.10) is % < gp,s > € C5(Q) x C5(2). As a
P.s

consequence we obtain the central limit theorem for the potentials.
Corollary 5.2.2. Let Q C R? be a compact set, P,Q € P(Q) and P,, (resp. Q,,) be the
empirical measure of the i.i.d. sample X1, ...,X,, (resp. Y1,...,Y,) distributed as P

(resp. Q). Set o € N and suppose that both samples are mutually independent. Then, if
m =m(n) — oo and ;7 — A € (0,1),

nm fr..q. — fra N V1I=X\1- AQAP)_IGQ,S — \/X(l — .AQAP)_I.AQGP,S
\/ ntm 9P,..Q.m — GP.Q \A(l — AP.AQ)_IGRS — V11— /\.Ap(l — .AQAP)_lGQ,s ’

weakly in C*(Q) x C*(R2), where Gp s and G s are the centered Gaussian processes with
covariance functions (5.12). Moreover, in the one-sample case;

fr..q — frqQ ) _ ( (1 — AqAp) ' AQGp >
v ( gpP,..Q — 9P,Q ~ —(1—ApAq)~'Gp, )’
weakly in C*(€2) x C*(Q).
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We will give a brief outline of the proof of the Theorem[5.2.1] Due to (5.3)), the potentials
are uniquely determined in the Banach space C*(€2) x C§'(2), where, for o > 0, C§'(£2)
denotes the subspace of C*(£2) with null expectation w.r.t. Q, i.e.

{f eco(): / f(¥)dQ(y) = 0}.

The relation (5.3) gives a precise characterization of the Sinkhorn potentials. This means that

(fe.Q 9p.Q)s (f5, Qs 9P, Q) € CH(2) X C§ (2) are just the solutions of U(f§ o, 9p o) =
\I’mm(flngmagfoQO) = 0, where

U, W C¥(Q) x CH(Q) — C*(Q) x C())

are respectively defined as

)

f
\I!( )—— x77x72 O Lix—.|2
g g+ clog (/ £(x) 2|| I )) elog( £ 26\\ I dP( ))d )

and

\I/n m< f ) -
' g
f+elog (7}1 zm: (eg(Yi)él-Yi|2>>
i=1

1 & Fx) - L 1%,—-)12 - 1 & Fx)- L%, —y2
og (=S (e o)) —eflog =Y (e = ))d
g+ elog (n > (e )) 6/ og (n )2 (e )) Q(y)

i=1 i=1

Note that we are subtracting the expectation w.r.t. () in the second component so that the
image of ¥ and W,, ,,, lies in C*(€2) x C§'(€2). The first step consists in differentiating ¥ in
C*(Q) x C§(€2). The Fréchet derivative in the pair (fp g, gp,q) gives

. hl h1 A¢ h2
Dfoqor)¥ < hy ) = < hy ) + < Aghl > (5.13)

The existence of the Fréchet derivative (cf. Shapiro|(1990) eg.) implies

1¥((gp,q, fr.q) +9) — ¥((g9p.Q: fP.Q)) = D(fo.q.00.0) YP.Q(I)ls

6] v r [8laxa—0

0, (5.14)
and, since d,,.m = (9P,,.Qpm» fPn.Qm ) —(9P,Q. fP,q) satisfies H(S”vWHC‘I(Q)XCS‘(Q) Op( /n+m)
(cf. Theorem 4.5 in|del Barrio et al.| (2022) eg.), also

H\II((ngva an,Qm)) - \Ij((gpr7 nyQ)> - D(fp7Q7gP,Q)\I}P7Q<5n,m)HOZXOZ E} 0
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Therefore, the weak limit of MD(}cp@gpg)\111>7Q(5n,m) is that of

n+m

nm
n—+m

(Y (9P, Qs fP.Qm)) — ¥((9P,Q: fP.Q))):

which we show satisfies

nm 9P, Qm 9P, Qm _ nm Gp >
i} —U = ' +op (1), (5.15
nrm (meQm > (< P )) Vn+m<G8,s pil), 19
in C*(€2) x C(£2), where Gp  and Gf)  are defined in Theorem
The final step is the invertibility of the operator D Uin C*(Q) x C§(2). The

€
Q
Ap
pact (i.e. it maps bounded sequences into relatively compact ones); then the Fredholm alterna-
tive (cf. Theorem 6.6. in Brezis (2010)) implies then either, for every h € C*(£2) xC§(2), the
equation D, o g5 o) ¥ (¢) = u + Bu = h has a unique solution, or Dy, ¢, 4 o) ¥ (1) =0
admits a finite number of non-zero solutions. Therefore, injectivity, which follows from
Jensen’s inequality, implies bijectivity and also the existence of a continuous inverse (cf.
Corollary 2.7. in|Brezis| (2010)).

fP,Q:9P,Q)

proof falls into the following steps. First, we prove that the operator B = is com-

Proof of Theorem[5.2.1)and Corollary

For the ease of notation we restrict the proof to € = 1, and thus the index related to € is
omitted. Also we assume that o > s. The following result proves the Fréchet diferentiability
of W, which enables to write (5.14).

Lemma 5.2.3. The functional U is Fréchet differentiable in ( fp q, gp,q) with derivative

G.13).

To derive (5.13) we realize that the optimality condition U,, ,, < TP0.Gm > = ( Jra
anva gP7Q
0 implies

(\I,< fenQm ) _ \I,< fr.q >) _ (\I,< fenQm ) _ \I,nm< fenQum >) (5.16)
9P,,Qm gr.Q 9P,,Qm 9P.,.,.Qm

and the proof of the following result uses the uniform control

n—+m
I fpn.Qm — fP.Qllas 119P,.Qm — 9P.Qlla = OP ( p— >

given by Theorem 4.5 in|del Barrio et al.[|(2022) to exchange, up to additive op (\ / ’;f—ﬁ)
terms’ (an7Qm7 an;Qm) by (fP7Q7 gPyQ) in @
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Lemma 5.2.4. The asymptotic equality

(\I,<an,Qm)_\I/<fP,Q >):(\P<fP,Q>_\Ij (fP,Q >)+0P n+m
9P, Q. 9P.Q 9P.Q "M\ gr.q nm

holds in C*(€2) x C§(2).

To conclude we need only to show the invertibility in C*(€2) x C§'(£2) of the operator
fp.qu0p.q) ¥+ In the following result we adopt matrix notation, i.e.

< (1-AGAR) " —(1 - AGAR) A > ( f )
—AR(1 = AQGAR) ™ (1 - ApAG) ! g

::< (L= AR L)1 f = (1 - Apdp) L Ang )_
A= ARAR) T+ (1 - ApAS) T

Dy

Lemma 5.2.5. Let Q C R? be a compact set, P,Q € P(RQ), then

(i) (1— aﬂf;) and (1 — AE.AEZ) are continuously invertible operators in C*(2) and
C§ () respectively,

(i) As = AS in the space {f € C(Q) : [ f(x)dP(x) = 0}.

(iii) the relation

W%MWJ-ﬂ—%%W%> .

- - = _ = (D LG

< 7./4]5?(17 EQ*A%) 1 (17“4]6?“452) 1 ( (fr.q:97,Q) )
holds in C*(Q2) x C§(£2).

Proof. If we show that the operators Aq Ap are compact and that (1 — Ap.Aq) and (1 —
AqAp) are injective, then Fredholm alternative (Theorem 6.6. in Brezis (2010)) and
continuous inverse theorem (Corollary 2.7. in Brezis| (2010)) would prove (). (ii) follows by

(5.17) below and the last claim follows by basic algebra.

To prove the compactness of Ap, let { fi }ren be a bounded sequence in C*(€2). Since the
sequence

Ap fr = /fPVQ(X, Vfr(x)dP(x) € C*TH(Q), ke N

has its derivatives up to order o 4+ 1 uniformly bounded by some C'(€2, s, d) (cf. Lemma 4.3
in|del Barrio et al.| (2022)), the Ascoli-Arzela theorem yields the relatively compactness of
{Ap fr}ken in C*(£2). The same argument applies to Aq.

The injectivity holds by reductio ad absurdum. Suppose that AqApf = Aq(Ap —
QAp)f = —f, for some f € C5(Q2). In this case, since the optimality contidion implies

Qmjz//&@@wﬂw@@mmwz/}@, (5.17)
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we have
PAARS = [ [ €ha(x.¥)(Ap—QAR) N(FIQE)IP() = QAr-QAR)f =0
and by assumption 0 = — [ fdP. Therefore we have
2
(QApf)* = ( / érq(xy) / fp,Q(x,y)f(x)dP(xMQ(y)) = f(x)?, forallx’ € Q
for all X" € ), where Jensen’s inequality gives

2
) < / &po(x,y) ( / ép,q<x,y>f<x>dP<x>) dQy) < |2, forallx €,

and the first inequality is strict unless

/fP,Q(X,y)(f(x))P(x) =c € Rfor Q-ae.y. (5.18)

Since there exists X’ € Q such that | f(x")| = || f|lc0» (3-18) holds. This would imply that

s log <€fP’Q(")(f(X) +2 Hf|oo)>

¢+ 2| fll

et flloo

efr.a(®) and f = cin Q. Since f is centered, we conclude f = 0. O

fp,Q(x)
is a solution of the dual problem (5.2). Since it is unique, we obtain (e PR+ lloo) > =

Now we prove Corollary [5.2.7] Since separable Hilbert spaces are of type 2 (cf. p.215 in
Ledoux and Talagrand| (1991))), and HefpﬁQ““”Cr%H'7'”2 H%,Vgag(m < O (cf. Lemmas 4.1.
and 4.5 in|del Barrio et al.[(2022)), Theorem 10.5. in|Ledoux and Talagrand, (1991) gives the
limit

T (f ef"’Q+gP»Q<y>%'y“2<dQ<x>—de(y”>$—< Ly )

n4+m [ efP,Q(x)-i-gp,c,)—%||X—~||2(dP(X) — dP,(x)) V1-AGpw
(5.19)
in W222(Q) x W2%2(Q), where, for 61,62 € W2%2(Q) :
fp.qtop,Q(Y)—3II-—Y]|?
<GQ7w, 51>W2a,2(Q) ~ N(O,Val“y <<51, (& € : >W2a,2(Q)>),
(5.20)

fp,Q(X)+9p.q—I1X—|2

<Gp7w, 52>W2a,2(9)) ~ N(O,Val“x ((52, (& € >W2a,2(Q)>).
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We prove now that this limit holds also in C*(2) x C§ (€2). Since 2cv > d + 1, the Sobolev
embedding theorem (Theorem 6.3. in/Adams and Fournier| (2003))) ensures the existence
of a continuous linear mapping 7 : W2%2(Q) — C%(Q), such that 7(f) = f-£4 a.s. The
continuous linear mapping theorem and the fact that the potentials belong to C*(€2) x C§'(€2),
we obtain

nm_ (7 [efratmaW =zl (dQ(x) - dQu(y))
ntm\ rf efp,Q(XH!iRQ‘%”"—'HQ(dP(X) — dPp(x))

_ nm fefp,QJrgp,Q(Y)—%H'—yIP(dQ(X) — dQum(y)) o, VATGow
S Vnm | Jefrabatmamaibl® (@p(x) - Py (x)) VI—A1Gpyy

_ [ VAGqs
- V1—=A7Gpq

in C*(§2) x C%(2). The dependence relation between Gq s and Gp , is directly inherited
from the samples. In this case they are independent. Finally, Lemma[5.6.5]applied to

(W < fr.q ) v, < fr.q >)

9pP.Q ' 9pP.Q
log ( [ eQP,Q(Y)*%”‘*Y‘PdQ(X)) ~log (f e3P 4Q,, (v)
log ( [ efp,q<x>—%||X—-H2dp(x)> ~log ( [ efrat)=3IX=1%gp, (x)

yields

nm JPnQm — IP.Q VAGq
D \I/ Ty \em ’ — ? .
( fr.q:9p.qQ ) n+m ( 9P, Q. — JP.Q — V1—=AGp

Using the continuous mapping theorem, we obtain the relation

9PnQm —9P.q )\ nAp(1 — AQAp)'GY, — (1 — ApAq) 'Gp nm
(5.21)

( fr.qn — frq > _ ( (1 - AgAp) " AqGp , — (1 — Aqdp)'G, >+0P n+m>

Since

[e.0=13" [eaXey) - EnaX.y) daty) =0
k=1

in view of Lemma (@), we can thus exchange Ap by Ap in (5.21) and the proof of
theorem and corollary is completed. O
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5.3 Central limit theorem for the solution of the primal problem
and Sinkhorn distances

This section covers the weak limit of the quantity

nm ¢ . )
\/n+7m / n(dmp, q,, —dmpq), wheren € LY(P x Q). (5.22)

The organization of the section is as follows; first we recall certain results of Section[5.2]con-
tained in the proof of Theorem [5.2.1] then we introduce notations to simplify the description
of the limit that allow us to formulate the main result Theorem [5.3.1] which describes the
first order linearization, and its main consequence Corollary [5.3.2] To conclude we observe
that Corollary [5.3.2] at the same time, implies Corollary [5.3.3] which gives a description of
the limit of the Sinkhorn distance introduced in |Cuturi| (2013)) The section concludes with
the proof of Theorem [5.3.1]

Before stating this result, for a fixed function 7 € L?(P x Q) we introduce the notation;

77§rX—>/n(xyy)é‘fv,q(xvy)dQ(y)’ and 775:y—>/n(x,Y)E%,Q(XJ)dP(X),

which substantially simplifies the description of the first-order decomposition of (5.22),
described in the following theorem.

Theorem 5.3.1. Let Q C RY be a compact set, P,Q € P(Q) and P,, (resp. Q,,) be the
empirical measure of the i.i.d. sample X1,..., X, (resp. Y1,...,Y ) distributed as P
(resp. Q). Then, if m = m(n) — oo, % — /\ € (0,1)andn € L*(P x Q),

n+m

[ ntars, q,, - dniq)

1 1 &
=D (1= AQAR) ™ (15 — AQry ) ( EZ &) (5 — Apng) (Y))

+Op< n+m>.
nm

Theorem [5.3.] gives the first-order decomposition of the solutions of the regularized
optimal transport problem 5.1} We recall that, for a regularization based on the Schrédinger
bridge, |Harchaoui et al.| (2020) arrived at exactly the same thing, conjecturing the truth
of Theorem [5.3.1] The techniques of the proofs are completely different; ours is based
on the theory of empirical processes, while that of [Harchaoui et al.| (2020) on a change of
measurement and projections in L2(P x Q).
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SlnceEAQny( ) = Eng(X) and EAL 7 (Y) = Eng(Y), we have E (g —AG 75 ) (X) =
E(n — Apng)(Y) = 0. Setk € N, Lemmau@ implies that
(EAQAR)* (n — AGrs) (X) = E(ApAQ)" (5 — Aprs) (Y) = 0
and therefore
E(1 — AQAp) " (ng — AQn) (X) + E(1 — ApAQ) ™ (ny — Apris) (Y) = 0.

Then the first-order decomposition of Theorem [5.3.1] is centered and we obtain as an
immediate consequence the limit of (5.22).

Corollary 5.3.2. Let Q C R? be a compact set, P,Q € P(Q) and Pn (resp. Q) be the
empirical measure of the i.i.d. sample X1,..., Xy, (resp. Y1,...,Yy) distributed as P
(resp. Q). Then, if m = m(n) — oo, —>)\€ (0,1) andnELQ(P x Q),

n+m

nm

n + m (/ nde'lE:’n,Qm - /nd,]rlej)7Q> — N(O, O‘i’e(n)), Weakly7

. 2 .
where the variance o3, (1) is

AVarxp ((1— AGAR) " (nf — Agny) (X))
+ (1 —X\) Vary~q ((1 — %Aa)_ ( Apnx)( )) .

Moreover, in the one-sample case we have

NG ( [ [ ndm%n,Q) s N(0,03(n)), weakly,

with
op(n) = Varxp ((1 — AGAp) ' (ng — AGnS) (X)) -

Note that, in the proof of Theorem[5.3.1]two terms are random variables: the difference
between densities—which depends on the potentials—and the difference between the empir-
ical processes. Each term is treated separately, giving rise to the linearization described in

Theorem [3.3.11

An immediate corollary of Theorem [5.3.1]is its application to the square norm function,
where we obtain the weak limit of the Sinkhorn cost introduced in |Cuturi/ (2013)). Formally

it is defined as H H2
X-Y
dg(P>Q) = E(X,Y)NWEQ (2> ’

and represents the cost of ‘transporting mass’ from P to (3 when using the coupling given
by the entropic regularization.
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Corollary 5.3.3. Let Q C R? be a compact set, P,Q € P(Q) and P,, (resp. Q,) be the
empirical measure of the i.i.d. sample X1,..., X, (resp. Y1,...,Yy) distributed as P
(resp. Q). Then, if m = m(n) — oo, — )\ € (0,1),

n+m

nm
n—+m

(d5(Pp, Qm) — dg(P,Q))—>N<O,a§7€(” 5 ”2>>, weakly,

where the variance o3 €(@) is defined in Corollary |5.3.3| for the function (x,y) —

llx—yll*
2

. Moreover, in the one-sample case we have

L2
Vi (5P, )~ d5(P. Q) — N (0,08, (155 ) et

with al—%’e (” 1P ) as in Corollary|5.3.3

Another interesting application of Corollary is to the function (x,y) — 1jx_y|2<¢
for ¢t > 0. Klatt et al.| (2020) computed the regularized optimal trasnport problem to match
two protein intensity distributions and defined the regularized colocalization measure RCol

RCol(mp o, 1) = mp o (Ix — ¥II* < 1),

which represents the mass of the pixel intensity transported on scales smaller or equal to ¢
in the regularized optimal transport matching the two intensity distributions. Theorem 7.1.
in|Klatt et al.| (2020) gives confidence intervals for the discretized images (finite number of
pixels). The following result extend it to general probability distributions representing the
pixels.

Corollary 5.3.4. Let Q C R? be a compact set, P,Q € P(Q) and P,, (resp. Q) be the
empirical measure of the i.i.d. sample Xq,..., Xy (resp. Y1,...,Yy) distributed as P
(resp. Q). Then, if m = m(n) — oo, — /\ € (0,1),

n+m

nm
n—+m

(RCOI(TFP Qust) — RCOI(?T%jQ,t)) — N (O,Ui€ (ILH,_,”zSt)), weakly,

where the variance U§7s(ﬂ\\~—~ll2§tl is defined in Corollary 0r the function (x,y) —
1)jx—y|2<¢- Moreover, in the one-sample case we have

2
\/ﬁ(RCOI(ﬂ'EmQ,t) — RCO](Trf;’Q,t)) — N (O,a%»yE <| 5 dl >> , weakly,

with a%e (]l||~—-H2§t) asin Corollary

Proof of Theorem[5.3.1L. The following relation—which is consequence of Fubini’s theorem—
will be useful in the proof:

E (f(X)(Aq9)(X)) =E(9(Y)(ABf)(Y)), forall f € L*(P),g € L*(Q). (5.23)
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As has already been done before, we assume that € = 1 and avoid any super/sub-index
related with e. The first step is to split (5.22)) in three terms: one capturing the difference
between the densities

An,m =
nm —3x=yI? ( ofPn.@()+9Pn.Qm (X) _ ofp.@(¥)+ap.q(y)
Vi [y e (e ‘ ) dQun(3)dPs ()

one dealing with the empirical process of P

Bun =2 [ 006.3) 0.0l ) ) (0P () — dP(x)).

and the last one with that of Q

c m / n(%,¥) €p.0(%, ¥)dP(x) (dQu(y) — dQF)) = | (Qum — Q)(ny)-

n—+m

Clearly, the third term is already linearized and does not need to be manipulated at this time.
For the second one we realise that
1

Jam

/ 0(%,¥) €p.0(% ¥) [dQu(y) — dQ(y)) (dPn(x) — dP(x)) = Op(——).

which implies that B), ,,, = B,, + op(1), with

B = [ [ x,y) €006, ¥)dQEY) (AP, () ~ dP ().

The first one, however, requires an additional effort. We split it again in two different terms
A, = Ay, + A2, with

n,m>»

Ay = [ [ 03) (€0~ €0.0) AQu(¥) (@Pa(x) — dP()

=[S [ 0y) (€0, .0) dQn(3)AP ()

We show first that A}Lm — 0 in probability. The operator

and

h= Enmh = /77(& y) e PR, y)dQu (y) (AP (x) — dP(x))

belongs to (C*(2 x Q))" and, moreover,
hi,he € C*(£2 x ), we have

En.mll(cs@xq)y — 0a.s. This is because for any

_Lyx—vl2 _lyx—v|2
n(XaY)e e b=yl (hl(xay)_hQ(X’y)) < |77(X7Y)e e b=yl |||h1_h2HCS(Q><Q)7
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thus the covering numbers for the infinity norm of the class

1
Fo={(x,y) = n(x,y) e < ¥h(x,y), [hlles@xq) < 1}

can be bounded by the ones of the unit ball of C*(£2 x Q) (Theorem 2.7.11 in |Vaart and
Wellner| (1996))) which is Glivenko-Cantelli (Theorem 2.7.1 in |Vaart and Wellner| (1996))).

Lemma [5.6.1] gives

nm

n-—+m
[ehenan — e, q) = O ( ) |

sup / %,¥) (Eps.0m — €p.Q) dQu(y)(dPy(x) — dP(x)),

n+m fer

which proves the claim.

It only remains to derive the weak limit of A%’m. First note that, by repeating the previous
arguments, we obtain the convergence in probability towards 0 of

Vi [ay) (€0,0.03) = ol y) (@Qn(y) — dQ(y))dP(),

which allows us to write A2 ms

M/ (%, ¥) (€pn.qn (%) = Epq(%,¥)) dQ(y)dP (x).

We apply Taylor’s theorem to the exponential, giving rise to

up to additive op(1) terms, as

efPn.QmTIPn.Qm _ ofP.Qtgr.q
— fPatorq (ean,Qm+an,Qm_fP,Q_gP,Q —1)

= /Pt (fp o, + 9p.Qn — fr.Q — 9PQ)

+ Op([1fpn.Qm + 9Pn,Qm — fP.q — 9P.Qll%)-

Then, applying Lemma[5.6.3] we obtain

1
eftnan o — ofratine — OA(fo, o, + gp., ~ frq - 9r.Q) + Op(3).
n

As a consequence, we have

nm

AD = e /n (fPn.Qm T 9P,.Qm — fP.Q — 9P.Q) dTp g + 0pP(1),
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and, in view of Theorem [5.2.1] also

/?7 (fPn.Qm + 9P..Qm — fP.Q — gPQ) dTP.q =
[n(-(1= Ao de) 1Gg, + (1 - Agde) ' AgBH,.) dreg
+ /n (Ap(1 — AqAp) 'GE, — (1 — ApAq) 'GP ) drpq  (5.24)
with G and Ggj , as in Theorem@

In order to introduce the term 7 inside the operator, we compute

/ 0 ((1— AgAp)~'GE) drp g
= [ ([ nxypetnatisamatn-dsitaqey) ) (1 - Agde) 168 GIdP)
— [ m0( — Ae) 167 G0P()

— [ 65,601 - AgAr) i) (x)P().

where the last step is consequence of (3.23), so (1 — Aq.Ap) ! is self-adjoin. Each term of
(5.24) can be treated in the same way, which gives the relations;

[ n(1 = Aqar) 68 e q = / G, (x)((1 — AAr) " Aquy) ()dP(x),

[0l = Aae) G dme = [ 631~ Apda) ) (v)AQ).

[ 0= Aqe) 4G e = / Bo(9)((1 — ApAg) ™" Apm) (x)dQ(x).
Therefore we obtain

nm 1

A= [ (3 [ (0= Aqe) ™ (=t Aqn ) (0 Y)dPG)
k=1

+mm

- [0~ Agn) (= et Aqn ) ) e glx.3))

% (21/ (1= ApAQ) ™' (= ny + Apmx))(¥))ép .o (X, ¥)dQ(y)

nm

+m

= [ (0 - Apd)™ (= ny + Apne) ) el y>) +op(1),
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Now we recover those forgotten B,, and C,;, to write (5.22)) with respect to the empirical
processes;

nm € - € . [ nm P [ nm Q
ntm </77d7rpn7Qm /ndﬂ-P,Q> = 4n+mUn + n+mUm +Op(1)

m

L (Z [ (0= Aa)™ (= 1+ Aqng) ) + (. Y el Yk>dP<x>)

=
= [ (0= AAr) (= e+ Aqiy) () + (x.3)drr . 5)
and
Ul =
% <§n:/ (1= ApAQ) ™! (= ny + Apix) ) (y) + 0(X;,¥)) ép.o(X5, y)dQ(y)>

k=1

- / (1= ApAQ)™ (= 1y + Aqme))(¥) + 1(x, 7)) d7p (X, ¥)-

We now simplify the term

% <Z/ (1= AqAp) ™ (= mx + Aqny) ) (x) + n(x, Yk))ﬁnQ(X,Yk)dP(X))
s

m

= — 3" Ap((1 = AqAp) ™M (— mx + Aqny)) (Y) + 1y (Yi)

k=1

Sl=

by realising that

Ap = (1 — .AP.AQ)fl(l — ApAq)Ap = (1 — ApAQ)fl(Ap — ApAqAp)
= (1—ApAq) " Ap(1 — AgAp)
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implies Ap (1 — AqAp)~! = (1 — Ap.Aq) ' Ap. This gives

n{ému — AqAp) (= 1+ Aquy)) (V) + 1y (V)

_ % g (1= ApAQ) ™" (= Apnx + ApAqry — 1y +1y) + 1y) (Y5)
- % g (1= ApAQ) ™" (= Apnx — (1 = ApAqQ)ny +1y) + 1y) (Yr)
_ ;iu — ApAQ) ! (ny — Apmx) (Yr)

e
Il
—

and, following the same arguments, also

[ (= Ae) ™ (= e+ Ay ) )+ 0.3 a(x.)

— / (1— ApAq)™ (ny — Apm)dQ. (5.25)
Since QAp = P, we have Q(nx) = P(ny) = 7p q(n) and therefore
;; (1 —ApAqg)~ ' (ny — Apnx) (Yk).

The same argument yields

which finishes the proof. O

5.4 Weak limit of the Divergences

Recall that, for probabilities P, Q € P(£2), its quadratic Sinkhorn’s divergence (Genevay
et al.|(2018))) is defined as

D.(P,Q) = 5(P,Q) — 5 (5.(P,P) + 5.(Q.Q)

The main result of this section, Theorem[5.4.3] gives the limits of the quantity ap, (D(Pp, Q) —

where the sequence {a,, } ey depends on the hypothesis Hy: P=Qor H; : P=Q. In
this last case, the limit can be established by means of the |del Barrio and Loubes|(2019)’s
technique based on Efron-Stein inequality—see also [Mena and Niles-Weed| (2019); |del

De(Pr,Q)),
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Barrio et al.|(2021a)) for reproduction and improvement of this argument—with common rate
a, = y/n. The case P = Q, however has the faster rate a,, = n and the limit depends on the
P-Brownian bridge in (C*(2))’, call it Gp which is (p.82 in|Vaart and Wellner| (1996)) the
centered Gaussian process with covariance function

(f.9) / F(x)g(x)dP(x) - / fx)P(x) / 9(x)P(x).

More precisely, the limit in the one sample case will be the action of the operator Gp to
the function ((1 — A5AS)~1(1 + 2.A45))ép pGp, where &p pGp is the function mapping
x — Gpépp(-,x).

Theorem 5.4.1. Let Q C RY be a compact set, P,Q € P(Q) and P,, (resp. Q,,) be the
empirical measure of the i.i.d. sample X1, ...,X,, (resp. Y1,...,Y ) distributed as P
(resp. Q). Then, if m = m(n) — oo and ="~ — X € (0, 1), we have the following limits.

n+m

* Under Hy: P =Q,

nm

Dy (P, Py,)

n—+m

_w,
L VAGE—VT=3Gp) (1 = ApA5) (1 + 245)) (VA Gp — VI = AéppGr)

and
nDy(Pa, P) 5 26 (1 — ARAD) (14 245))(Ep pGe))

* Under Hy : P # Q,

nm

ot PePn Qm) = De(P, Q)) = N(0, X Varp (¢ q) +(1=X) Varg(¥§,p)).

and

V(De(Pr, Q) — De(P, Q) = N(0, Varp (¢ q)),
where Yp o = fp g — %(ffip + 9163,}3) and Y p = fGp — %(féQ + gévQ>'

The limit of Theorem [5.4.1]is difficult to express in terms of known or common random
variables. One way to proceed is by an inner product in the Sobolev space W?252(£2). Since
) is compact there exists a ball RB centered in 0 with radius R so that the probabilities
P, Q are supported on it. Therefore, for the following augmentations we can assume without
loosing generality that 2 = RB. In this regular domain, the Sobolev embedding theo-
rem (Theorem 6.3. in |Adams and Fournier| (2003)) states the existence of a continuous
linear mapping 7 : W22(Q) — C*(Q), such that 7(f) = f-f4 a.s. We can define the
adjoint operator 7* : Dom(7*) — (W?%2(Q)) = W?2%2(Q), determined by the prop-
erty v(7f) = (T*v, f)w, for all f € W22(Q) and v € Dom(7*). Since 7 is bounded,
Dom(7*) = (C*(2))’ (chapter 2, Remark 16. in Brezis|(2010)), both the empirical process
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v/n(P,, — P) and P-Brownian bridge belong to Dom(7*).

Since 7*Gp and 7*Gp: are Gaussian—for all f € W?2%2((2), we have (7*Gp, f)w =
Gp (7 f)—independent and equally distributed, we can write (cf. Proposition 3.6. in|Ledoux:
and Talagrand| (1991))

TGp = iNifi, T*Gpr = iNi’fi (5.26)
=1

=1

where {N;};en and {N/};en are mutually i.i.d. sequences with N;, N/ ~ N(0,1) and
{fiYien C W252(Q). The convergence in (5.26) is a.s. in W?2%2(Q). The following result
is consequence of the fact that the operator

O = Dr*(1+ 245)(1 — ApAR) 1,
where
W22(Q) 5 f > Df = Y [ Daf(y)D%épp(-,y)dlaly) € W*2(9),
|or|<2s
is self-adjoint.

Lemma 5.4.2. The operator © is self-adjoint and definite positive. As a consequence there
exist sequences {x; j}i jen C R and {e;}jen C W?52(Q) such that f; = > i—1 Tijej, for
each i € N and {e;}en is an orthonormal basis of W**2(Q) such that ©e; = \je;, were
A;j >0, forall j € N.

With this notation we can rewrite the limits under the null hypothesis of Theorem [5.4.1]
in terms of independent Gaussian random variables.

Theorem 5.4.3. Let 0 C R? be a compact set, P € P(Q), P,, and P!, be independent
empirical measures of P. Then, if m = m(n) — oo and 7, (O, 1), we have the
following limits:

1 0.0 (o] oo
nDy(P,,P) = ZZ (Z xi,sz) (2 JUi,jNi)
j=1 i=

and
e (PP, Pry) = De(P, Q) —
iz (wa (VAN; + V1 = AN)) ) (in,j(\f)\Ni+\/1—)\Ni’)),
j=1 i=1

where {N;}ien and {N};en are mutually i.i.d. with N;, N] ~ N(0, 1) and the sequences
{xij}ijen CRand {\;}jen C [0,00) as in Lemma
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-1
T m

Proof of Theorem [5.4.1)if P = Q. As usually, we prove it for ¢ = 1 and the two-sample
case. We denote P, = Q,,, > k=1 0x; and we want to derive the limit of

Dy (P, PL) = S1(Pn,Pl) — 2 (S1(Pn, Pn) + S1(P),. Ply))
= % (Sl(PmP:n) - Sl(PTuPn)) + % (Sl(Pn,P;n) - Sy(P,, P! ))

First note that, since
—Lix—vl2
/ehmpuw 2l gpap! =1,

Lemma[5.6.2] yields

1
|191(Py, Py,) — / hp;, p;, dPydP, — / 5 (hp P, = by, ey, )2drp, p, |
< C||kp, p;,, —hpr pr |12,

and therefore
1S1(Po, P, ) — Si(P P ) — / ho, oy (AP pdP,, — AP, dP,)

1
— f(hmegﬂ_thn,Pin)2d7TPn7P4n’
2
13.

< C||hp,, p;, — hps, pr,

By the same argument we also have

1S1(Py, Pl ) — S1(Py, Py) — / hp, p, (APndP!, — dP,dP,)

1
< C||hp, pr —hpr pr |3

and, as a consequence,
( / hp,, p, (dPndP,, — dP,dP,) — / hp, pr (dP,dP;, —dP; dP; )

—_

| D1 (P, Py,) — 3
((hp,py, — hpr pr )2+ (hp, pr, — he, p,))drp, pr |
< C|lhp, p,, —hpr pr |2

AN

The relations
/hpmpn (dPndP;n — dP;ndP;n) = /fpmpn(dpn — dP;n),
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/ hp: pr (dPl,dP, — dP,,dP,) = / gpr pr (dP, — dP.)

and the fact that, in this symmetric case fp, p, = gp,, p, + C give

1
’Dl(PnyP;n) - 5 /(gpmpn - gP;n,Pin)(dP,m - dP;L)

1
- /((th,P;n — hpy pr )2+ (hp, pr — e, p,)?)dTp, P |

4
< C||kp, p,, —hpr pr |12
By Theorem 4.5 in|del Barrio et al.| (2022), we have
1
|D1(Pn7P;n) 3 /(an,Pn — gp;mp/m)(dP;n — dP;L)
1 n-+m
— = [ ((hp, pr —hpr pr )2+ (hp, pr —h 3Hd | = .
4/(( PPy, = ey e )" 4 (hey ey, = ey e, )%)dTe, ey | OP< nm )
(5.27)

The inequality

|/(hpmpgn - thn,P;n)Q(dﬂ'PmP;n —dﬂ'p/m’p;ﬂ)|
< ||(th,P;n - hP;n,P;n)QHSHﬂ'pmp;n — WP;@,P;@HCS(QXQ)"

the relation

2 n+m
O e A e
nm

which is consequence of of Lemma[5.6.6|and Theorem 4.5 in|del Barrio et al| (2022)), and
the fact that [|wp, p; — mp; pr [lc(axq)y — 0 a.s. implies that we can exchange drp,, pr.
by drp p in (5.27), obtaining that the limit of 2™ D1 (P,,, P} ) is the same of

n+m

nm (1
= —gp: p )(dP!, —dP/
(5 [ G ey )Pl — aPh)

1
4 / ((hp,,,py, = hey, Py, ) + (hp, Py, = th,Pn)z)dWP,P>- (5.28)

n+m

e ) terms, we have

Since, up op (
hp,py, (%, ¥) = hpp(x,y) =
(—(1 = AqAp) 'GP, + (1 — AgAp) ' AqGR ) >(X)
+ (Ap(1 — AgAp) 'GP, — (1 — ApAq) 'GE ) (y) (5:29)
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and

hp: pr (X,y) — hpp(X,y) =
(—(1 — .APAP)_IG{;”/’S +(1- APAP)_lAPGg/’S) >(X)
+ (Ap(1— ApAp) 'GP, — (1 — ApAp) 'GP ) (¥),

then

hp, pr (X,y) = hp pr (X,y) =

(1 ApAe) M Ap(Gh, - G8,)) ) () (1~ ApAe) (BB, - G.0) ().
where we claim that taking squares we obtain

(hp,.pr (X,y) — hp pr (X,y)) =

2
m—@@wh<a—@m)w+m—@hwma—ﬁm%o
—4«—@@W@<a—EmyQM—@@ﬂma—ﬁm@>

top <” + m) . (5.30)
nm

We justify now the claim, denote as 65, and 6%, the left and right hand sides of (5.29). We
can upper bound

|(6rlzl,m)2 - (5r§m)2| < |57€,m - 67]’?,711”57%,771 + 571L{,m|

Theorem [5.2.1|implies that léfgm - 6ﬁm\ = op(y/ ™), while Theorem 4.5 in|del Barrio

et al{(2022) that |6} ,,| = Op(y/ ™), then proving that |67, | = Op(y/"“E2) we prove

nm nm
also the claim. But this is immediate due to |65, | < [65 ,, — 6%, |+ 6%, | and the previous
bounds.

Integrating (53.30) w.r.t. mp p yields

(1 = ApAp) M Ap(GE , — G )17 py + (1 = ApAp) H(GE , — G )17
—2((1 — ApAp) ' Ap(GB , — G} ), Ap(1 — ApAp) ' (Gp s — GF ) ppy-  (5:31)

Since every one of the processes are centered Ap = Ap, A} = Ap in L*(P) and all of the
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operators commute, we have (5.31) equals to

(Gp s =GP ),((1 — ApAp) > + Ap(1 — ApAp) > — 2A4%(1 — ApAp) *)(Gp s — G ) 1(py
(GBs =GP ), (1 — ApAp) ™2 — AR(1 — ApAp) ?)(GP  — GF ) 1(p)

= ((Gps —GP ), (1 — ApAp) 1 (GB s — G ) py

= (Gp, — GPr ) (Ap(1 — ApAp) 6 p(Gh , — GF,))

(5.32)

nm
n+m

By the same means, we can prove (up to additive op ( ) terms) the equality

/(th,Pgn — hp,p,) TP = (Gp, — GB/ ) (Ap(1 — ApAp) 'ép p(GP, — GP ,)).
(5.33)

Now we focus on the limit of %n”f;b (gpr P — gp,.p,) (dPy — dP},). On the one hand,

in view of Lemma(5.2.5} (gp,,.p,, — gp:, p ) can be expressed, up to additive op ( %)
terms, in C*(2) as

((1 - APAP)_I(G?S - ?’,s) + (1 - ‘AP‘AP)_l‘AP( g)’s - {:’nlys))
((1—ApAp) ' + (1 — ApAp) ' Ap)(GE . — G )
((1—ApAp)~"(1+ Ap))(Gp . — GP ).

then

/ (gp1 P — gp,.p,) (dPn — dP},)

= (Gp s =GP ) (((1 — ApAp) (1 4 Ap))ép p(GP s — G ) + op (nn+mm> .
(5.34)

The relations (5.28), (3.32) , (3.33) and (5.34)) give

D1(Py, P7,)
1
- 5( g,s - g’,s)(((l - AP'AP)_l(l + AP))fP,P(G%S - g’,s))

, - +
+ 5(Ghs — BB )(Ar(1 = ApAp) '6pp(Ch — BB + op <nn mm> |

which, using that (1—Ap.Ap) " and Ap commute, yields that the weak limit of -2 D (P,,, P},)
is the same of

1 nm

(B, ~ G (1~ ApAp) ™ (14 24p))ép p(GE , — G ).
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The limit
nm

ot PGP =~ Gpl o) = &pp(Grs — Gprs) (5.35)

holds in C*(2) x C*(Q2), for any o € N (see (5.19)) and, on the other hand, for « > s, the
unit ball in C%(€2) is Donsker (cf. Theorems 2.5.2 and 2.7.1 in|Vaart and Wellner (1996)), so

nm (p P — VAGp — V1 — AGpr, weakly in (C*(Q))/, for any o > s.
(

n+m

To conclude we realise that, if F is a Banach space, £ > f,, — f € Fand E' > F,, —
F € E', then

[Fn(fn) = F ()| < | Fn(fn) = F (fo) [+ F(fa) = F (fo)| < [Ea=F [l full 2+ o=l 2 Fll2r-

(5.36)
Since sup,,ey || fnllE € R, both of the terms of (5.36) tends to 0. As a consequence we
obtain the weak limit

nm
n—+m

i(\ﬁGp—\/l — AGp/) (((1 — ApAp) 11 + 2A4p)) (VAP pGp — V1 — Agp,pGp,)) ,

Dy(P,,P. ) %

which, finishes the proof of the two-sample case. The one-sample case follows by the same
means. [

Proof of Theorem[5.4.1)if P # Q,. Here we prove the one-sample case. Let X} ~ P be a
r.v. independent of X, ..., X,, and denote P, = %5)(/1 + % > i 0%,. Note that

Dl(Pn> Q) - DI(P;-N Q) = Se(Pna Q) - Se(P'/nv Q) - % (Se(Pnapn) - SE(P’//17P;’L))
together with

fe..@(X1) = fr, p(X]) < n(Se(Pr, Q) — Se(P,, Q) < fry o(X1) — frr, 0(X1)
and
1n(Se(Pr, Pn) — Se(Py,, Pr)) < gpy pr (Xa) + fer, pr (X1) — gpy, pr, (XT) = fer ey (XY),
implies the bound
n(D1(Prn,Q) — Di(P;,,Q))

< frro(X1) = fr0(X)) = 5 (9p,,p. (X1) + [P, (X1) = gP,,p, (X1) — fp,.p, (X1)) -
(5.37)

We observe that
1 — 1 <&
1 !
L X — E X)) — — E X
n¢P7Q( 1) + n o waQ( Z) n v ¢P7Q( 'L)

= %(fP,Q(Xll) — 5(fe.p(X)) — gpp(X)) — fro(X1) + 5(fp.p(X1) + gpp(X1)))-
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Therefore, the Efron-Stein inequality yields

Var <D1Pn,Q Zwm )

<nE (Di(Pn. Q) — vpo(X1) — D1(P, Q) + ¥p (X))

and, from (5.37), we obtain

n Var <D1 P,, Q) — Z’l[}p o(X )

E(fpr o(X1) — ng,Q( D = 3 (9pn,pn(X1) + fp,.p. (X1) = gPo.p. (X1) = fro,pa (X))
— Pp.o(X1) + vpo(X)))
(5.38)

The convergence of the the right hand side of (5.38) towards 0 is consequence of the
convergence of the potentials, see the last part of the proof of Lemma 3.2 in|del Barrio et al.
(2022). As a consequence the following central limit theorem holds.

Lemma 5.4.4. Let P, Q € P(R?) be o-subgaussian probabilities, then
V(De(Pn, Q) — ED(Py, Q)) = N(0, Varp (45 ),

where Yp o = fp o — %(ff’,P ~9pp)-

The fact that the central limit theorem of Lemma [5.4.4]is centered around its expectation
and not around its population counterpart is trivially solved by Lemma 3.2 in|del Barrio et al.
(2022)), giving the convergence

\/H(EDE(PTH Qm) - De(P’ Q)) —0
and the proof is thus completed. O

Proof of Theorem [5.4.3] Theorem states that ((1 — ApAp)~1(1 + 24p))ép pGp
belongs to C*(€2), for any a € N and taking & = 25 we have ((1 — ApAp)~1(1 +
2Ap))ép pGp € W22((2). By definition of adjoint, we obtain

Gp ((1 = ApAp) (1 + 2A4p)ép,pGp) = Gp (1(1 — ApAp) ™' (1 + 2A4p)ép pGp)
= (r*Gp, (1 — ApAp) ' (1 + 2Ap)&p pGp))w

and, since (1 — Ap.Ap)~ (1 + 2Ap)épp = (1 — ApAp) (1 + 2A4p)7Ep p, also

(T*Gp, (1 — ApAp) ' (1 + 2Ap)&p pGp))w
= (r*((1 — ApAp) (1 4 24p))*T*Gp, &p pGp))w
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Set f € W?2%2(Q) and note that (passing if necessary by a.s. representations) Fubini’s
theorem yields

(f,éppGp)w = Jim. Vvn Z /Daf(Y)Dgﬁp,P(XvY)dfd(}’)(dpn(x) —dP(x))

laf<2s

o ( Y [ Daf)DYeer(-3)duly) | =G (D).

oo <2s
where the operator
W) i = Y [ Dufv)Di el yitaly) € W)
|| <2s
is bounded. Then we have
Gp ((1 — ApAp) ' (1 +2Ap)ép pGp) =Gp (7D7*((1 — ApAp) ' (1 + 2A4p))*7*Gp)
=<DT*((1 — AP.AP)_l(l + Q.AP))*T*GP, T*GP>W
and, therefore the limits can be stated as follows:
* in the one-sample case;

1
Z(GT*GPyT*GP>W (5.39)
* in the two-sample case;

1
Z<@r*(ﬁ<@p/ +V1 = AGp), 7 ((VAGpr + V1 — AGp/) ), (5.40)
where Gp- is an independent copy of Gp.

We use the representation (3.26)) to obtain

T*(VAGp + V1= AGp) = Y fi(VAN; + VI = AN)).
i=1
Lemma [5.4.2)implies the equality

o0 o0
T*(\/XGP/ +v1-— )\GP/) = Z(\/XNZ +vV1-— )\Nl/) meei,
i=1 j=1
where we can apply the operator O, yielding
@T*(\/XGP/ + V 1-— )\Gp/) = Z(ﬁNl + Vv 1-— )\N,L/) in,j)‘iei-
i=1 j=1

As a consequence, (5.40) is equal to
1 o0 oo o0
1 > e (Z i j(VAN; + V1 — AN{)) (Z i j(VAN; + V1 — AN{))
j=1 i=1 i=1

and we conclude. The same vervatim applies to (5.39) O
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5.5 Proofs of the Lemmas
Proof of Lemma|5.2.3l Note that it is enough to check out that the limits

| 10g (E (elrath=3IX=1%)) _ log (B (el/r@®=3IX=17)) — Ap ()],

lim sup )
[l ]| —0 h1lls

and

— (E (eloratm(=3IX=17) ) og (E (U@ ®)=3IX=17) ) — Aq(hy),
im sup

l[h2ls—0 (| halls

are 0 . We focus only o the first one, the second follows by the same arguments. Lemma[5.6.3|
yields [|e/P.e T —efr.a —hyefP||y = o(||hy||s). The linearity and continuity of the operator

h—E (h(X)efé ”Xf'HQ) implies its Fréchet differentiability. By composition, the operator

f— E ! ef(X)féfo'||2> is also Fréchet differentiable. Since E (ef(x)*%“xf'”ﬁ > 0,

Lemma applied to the logarithm concludes the proof. O

Proof of Lemma5.2.4. Recall the notation PX(fp (X, ")) = Ex(fp (X, -)) and similar
with the empirical version PX(fp o(X,)) = 2 37 | (f(X, ")), for any integrable f :
Q x 2 — R. Note that, the second component of the difference

(U(fr.Q,9P.Q) — Y(fPn.Qm> IPn,Qm)) — (Wnm(fr.q,9r,q) — ¥(fr,q,9r.Q))
can be written as
log PX (efpn,qm<x>—%u><—~||2> —log PX (efpn,czm<x>—%nx—-u2>

(5.41)
logPX (efp,Q(X)*%IIX*-HQ) —log PX (efp,Q(xr%HX—-H?) _

In accordance with Lemma[5.6.5}—applied to the natural logarithm—we obtain the relation
log PX (ean,Qm(X)—%HX—‘”Q) = log PX (efP,Q(X)—%HX—~|I2)
PX (efpnme (X)_% HX_||2)

pX (efp,Q<x>f%||X—-||2)

—1+op(|P* (efpn,Q,,L(xr%HX—-n? _ efp,Q<x>—%Hx—-||2) 1)
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in C*(Q), and, in view of Lemma/|5.6.3| also

log PX (ean,Qm(X)_%HX—'HQ) — log PX (efp,Q(X)—%HX—~|I2)
pX (efpn,qm<x>f%n><—-n2) —
+ : —1+op . (5.42)
pPX (efP,Q(X)—aHX—~|I2) nm

X (efP7L7Q7n (X)—%HX—”Z)

n

On the other hand

log PX (ean,Qm(X)*%HX*'”Q) — log PX (efp,ro)f%fo-n?)+ :
pX (efp,Q<x>—§||X—-u2)

— 1+ 0p(|[PX (efrnanFI=3IX=IT) _ pX (el =3 IX-17) | )
in C*(2). Since
[PX (efpmn®=3IX—IF) _ pX (fra®-3IX— 17 |
< [[PX (efrman GI3IX=? _ efra@=3IX—I7) | (X — PX) (efraCO-3IX—I) |
< flefenam @5 _ efra=3IF) 4 ||(PX — PX) (efra=IX—I7)

applying Lemma[5.6.3] we have

n

X (ean,Qm(X)_%HX—‘”Z)

loe PX (ean,Qm(X)—%HX—'HQ) = log PX (efp,Q(X)—%HX—~|I2)+
B : PX (el 11X F)

“1+op (1 / "n+mm> . (5.43)

pX (efp Q(X)— 31X~ ||2>
pX (ef —5lx— ||2>

—1+op (,/”+mm> . (5.44)

The relations (5.42)),(5.43)) and (5.44) yield the following rewriting of (3.41);

(PX _ PX) <6fpn,Qm(X>—5||X—-H2 _ efP,Q(X)—%IIX—'HQ) P
- + op . (5.45)
pX (6fp,q(X)*§HX*-||2> nm

Finally, the same argument shows that

log PX (efP,Q(X)—%”X—’HQ) — log PX (efP,Q(X)—%HX— \\2>
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. _Lix—.|2
Then, since 0 < ||P* <efP’Q(X) 2 1X=ll ) loo < 00, we have to prove that

nm
n-—+m

where C' > 0 is a deterministic constant. Setting y € 2 we have

(PX — PX) (efpn,Qm(m—%Hx—yH? _ efP,Q(X)—%HX—yH?) |

IEH(PX _ PnX) <efpn,Qm(X)—%||X—'H2 _ efP,Q(X)—%HX—'HQ) oo < C, (5.46)

< flefrnan —efrall, sup (PX - PX)(eXV(X)
[flls<1

< flefrman — e, sup  (PX ~ PX)(XVE(X)).
yeQ||flls<1

At this point, we proceed as in the proof of Lemma 3.2. in del Barrio et al.|(2022). Note that
(3.33)) gives the bound

E(PX — PY) (olraian COHXA? — ofraCO—4IX—A7) |, < Cy/Eelrnm — ol [P — Pul?

which, in view of Lemma[5.6.3] can be majorized by

Q,d Q,d
UL NG [ N L
Vi z

where the second inequality is consequence of Lemma[5.6.4] Therefore (5.46) holds, and,
repeating the same arguments for the second component of W, thus a fortiori

H\Pn7m(fpn,Qm7anme) - \Il(fpn»Qm7an,Qm)_

n+m
(Ynm(fr,Q,9r.Q) — ¥(fr.q: 9p,Q)llcs()xcs (@) = op ( —_ ) . (547
Therefore, we can write the following equality in C*(Q2) x C*();

nm
n-—+m

(\Ijnym(fpn,Qm’an,Qm) - \Il(fpn,Qm’an,Qm))

nm
=\t m<\I/n,m(fP,Qng,Q) —V(fp,q,9r,q)) +op(1l). (5.48)

Using ¥(fp.q: 99,Q) = Ynm (fPr,Qms IPn,Qm) = 0 (see (3.16)) and (5.48), we have

nm
Y — v
nm
- \I’nm ) - )

n+m( m(fPr.Qus 9Pn.Qm) — Y (fPr.Qus 9P0.Qm )

nm
- U, fp.0n —U(fpo, 1).

n+m( m(fp.q,9p.q) — ¥(fr.q.9r,q)) +or(1)

O]
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Proof of Lemma[5.4.2] It is easy to see that D is compact (the proof of Lemma[5.2.5|for Ap
applies verbatim to D), and self-adjoint; for every f, g € W252(Q),

Ofgw = Y [ DaF DY, b3 Dsgy)dbaly)ita(),
|| <2s,]8|<2s

which is symmetric in f and g. Then we have

(DT*(1 4 2A5)(1 — ApAp) ' f, 9yw = (f, (1 — ApAp) (1 4 2Ap)TD* g)w
= (f,(1 — ApAp) (1 + 2Ap)TDg)w,

for all f,g € W?2%2(Q). Therefore, we should prove that (1 — ApAp)~!(1 + 2A4p)7D is
self-adjoint. As an intermediate step, we prove that Ap7D is also self-adjoint. We compute

(- AerDgw = 3 [ Daf0Dade Y [ Dagy)DYéep (x,)dtaly)dta(x)

| <2s |B]<2s

-y ¥ / Do f (X) DarAp Dg(y) DY (x, y)dla(y)dla(x)

|a|<2s|B|<2s

= 3 S [ Daf D) Dade DY )ty

laf<2s |8|<2s

and then, realising that the symmetry {p p(x,y) = &pp(y, x) gives, for each y € €, the
relation

DoArDYErp(,¥) = [ DY(6rn (') DYep(' )P,

and a fortitori

(f, ApTDg)w

=> > /(Daf(X)Dﬁg(Y)Dg(iP,P(X/aX))DgﬁP,P(X/aY)>dP(X,)d€d(Y)d€d(X),

laf<2s |8|<2s

which proves that Ap7D is self-adjoint and, moreover, compact (see the proof of Lemmal[5.2.3).
Theorem 6.8. in Brezis| (2010) yields the existence of a sequence of eigenvalues {v; } jen
of Ap, all of them in the interval (—1, 1), for certain ¢ > 0—otherwise, for any centered

fec(),
Apf =vf,
/ ( / §P,P(x,Y)f(X)dP(X)>2dP(y) = / f(x)2dP(x),
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which, using Jensen’s inequality and the optimality conditions;

v [ reripo = | < / fp,p(x,y)f(X)dP(X)>2dP(y) < [ fo0rap ()

yields to contradiction. Moreover, since far from 0, the sequence {7} } jcn has not acumula-
tive points (Theorem 6.8. in|Brezis|(2010)), {v; }jen C [—1+¢, 1+ €], for some € > 0. This
implies that the Neumann series (1 — A%) 717 = 372, (Ap)?¢T converges as operators and
Wwe can express

(1— ApAp) 17D = (Ap)*rD = (Ap7)* D, (5.49)

k=1 k=1

where the last equality comes from the fact that Ap f € C*>°(Q2) for all f € C(12). Since, for
any arbitrary k € N

((Ap7)*D)* = D*(Ap7)*((Ap7)F 1) = AprD((Ap7)F )" = AprD* ((Apr)*~1)*
_ APTD*(APT)*((APT)k_Q)* _ (APT)QD((APT)k_Q)*
= ... = (Ap7)"D,

(5.49) is an infinite sum of self-adjoint operators. As limits of self-adjoint operators are still
self-adjoint—this is consequence of the inequality || T, f — T f||w < ||Tn — T|||| fllw—©
is self-adjoint.

To prove that is positive, it is enough to see that the values {v; } jen are positive. Suppose
that the contrary holds, i.e. Apf = —v f, for v > 0, then

/ &pp(x,y) f(x)dP(x) f(y)dP(y) = / efr ()31 (x)dP(x) f (y)e!P* ®dP(y),

which is the Gaussian kernel e~z I*~¥/ acting on the measure f(y)e/PP¥)dP(y). As a
consequence

/ / & p(x, ¥) F(x)dP(x) f(y)dP(y) > 0,

which contradicts Ap f = —v f, forv > 0. O

5.6 Auxiliary results

Lemma 5.6.1. Let Q C R% be a compact set, P,Q € P(Q), and its empirical versions
Pr, Qm, with =~ — X € (0,1). Then

m-+n

n—+m
Heth,Qm _ehra _ ghra (th,Qm — hP,Q)HCS(QXQ) =op (1/ p— ) , and (5.50)

n-+m
[e"Pn@m — e"Pal|os g0y = Op ( > : (5.51)

nm
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Proof. Since the functions hp,, q,, and hp, q,, are uniformly bounded, for all n,m € N,
Lemma [5.6.5]applied to the exponential gives

Heth,Qm - 6hP7Q - ehP’Q(thme - hP7Q>H5 = OP(HhP’Q - hPTuQ’mHS)

and, using Theorem 4.5 in [del Barrio et al| (2022), we obtain (5.50). To prove (3.51)) we
apply the inverse triangle inequality to (5.50);

[e"Pn@m — ehPa — ehPa(hp, o — hpg)les@xa)
> [le"Pram — "0y g0y — (€2 (hp, q,, — hp.Q)lles(xa)-

Then we apply Lemma [5.6.6/and (5.50) to obtain

n-+m
[e"Pr-@m — "0l oegra) < Cll(hp,.qQn — bp.Q)lles(axa) + 0P ( . > :

Theorem 4.5 in|del Barrio et al.| (2022]) concludes. ]

Lemma 5.6.2. Let Q C R? be a compact set and P, Q € P(S2), then
1 2 1 3 llh—hpql
51(P, Q) = [ hdPdQ — 5 [ (h = hpq)°drpq| < gllh — hp qllsce™ 20,

for all h(x,y) = f(x) + g(y), with f,g € C(Q) and [ "*¥) =3P 4P (x)dQ(y) =

Proof. The application of Taylor’s theorem to the exponential gives
. 2 < L1130l

—l—x—f:):|§6]x el (5.52)
Since also fehP’Q(X’Y)fé”’“y”zdP(x)dQ(y) =1, (33) yields

AMR@—/mmmw@wmm
_/( e Ce) =3yl ey =3I g (x)aQ(y).

We can decompose

_/< hpQ(xy)—2lIx—yl2 _ h(xy)—§lx— y|2>dP( )dQ(y)
— /ehp,Q(x,y)é||x—y||2(eh(x,y)—hp,cz(x,y) —1)dP(x)dQ(y)
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and, finally, (5.52) implies

51P.Q)- [ hro(x¥)dPEIQ()
- [ (nx3) = heaxo3) + 501x.3) - e glx,3)? ) dre gy

1
< 6||h — hP7Q||iO€”h_hP,Q”oo.
Since (5.3) cancels the linear terms, the proof is completed. O

Lemma 5.6.3. Let Q0 C R? be a compact set, P,Q € P(Q) and the associate empirical
measures P, and Q. Then there exists a constant C(S2, d, s) such that

—lx—.2 —lx—.2
efrmm (O=8IX— — oGO3 < C(9,d,5) | foq — fonanlls

and

E (jlefrnan - HX— efp,Q<X>f§fo-||2”s>2 <o, s) <1 N 1) ,

n m

Proof. The proof follows by Faa di Bruno’s formula. We illustrate first the first case—which
corresponds with the uniform norm. The mean value theorem yields,

‘ean,Q,m(X)*%HX*)’HQ_efP,Q(X)*%HX*y‘F’ S ediam(Q)2+”fP7Q||00+prn,Q'm X’ y (= Q

| fo..Qum —

For higher order analysis, we set a < s, and apply Faa di Bruno’s formula, which yields the
existence of some positive constants { Ay } =, such that

| Dy (efPnam (=3I _ fp.aG)—3lx=yl*))

d d
< Z Aab efP.a(¥) 5 lIx—y|? H Dyfp.o(x) — P Qm 00— 5 Ix—y|1? H Dyfp.,.qu (x|

lb|=a j=1 j=1

Lemma[5.6.1] yields
| Dy (efPn@m ()= 3ll—yl? _ efp,Q(X)—%llx—yIF)’

< 37 Agpefra=slxoyl? HDb frqlx HDb o ()| + Cla, D) fo.q — ferqls-
|b|=a Jj=1

Writing H?Zl Dy, fp q(x) — H;l:l Dy, fp,,.Qm (x) as the telescopic sum

Z HDbpr HDbfpn,Qm HDbfPQ HDbanQm()

=1 \i<j 1>] 1<J 1>7

=Y 1 Do fe.a(0) [ [ Do fonun (%) (Do fr.(%) = Da, fr,n (X))

j=11i<y 1>
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we obtain the bound
[Dafefrnan =315y cfeal=31) < O, d,5) | foq ~ fonulls
Since this holds for any x,y € €2, we obtain

_lyx_.2 —lx—.2
e anGO=3IX=I" _ ofr@@I=3IXA ), < C(,d,5) . — s

The proof is thus completed by applying Theorem 4.5 in|del Barrio et al.[(2022]). O

Lemma 5.6.4. Let Q C R? be a compact set, P, € P(Q) and P,, be the empirical measure
of the i.i.d. sample X1, ...,X,, distributed as P. Then
2
nkE ( sup > = O(1).
yefecs(Q),[Ifls<1

Moreover, the class {x — g(y)e%”X—YHZf(x), y €Q |flls <1, |lglls < 1} is P-
Donsker.

/ Fx)e =Y ap, — P)(x)

Proof. Since

(x> gy ¥ rx), yeQ |fl <1 llgls <1} C{feci @), [fls<C}
(5.53)
holds for certain constant C' > 0 and 2.7.2 Corollary |Vaart and Wellner| (1996) and Exercise
2.3.1 in|Giné and Nickl| (2015) give

slQ

E( sup (Pn—P)(f)> <

[flls<1

Therefore the first statement holds. The last one is consequence of (3.53), Theorems 2.5.2
and 2.7.1 in|Vaart and Wellner] (1996) O]

Lemma 5.6.5. Let o € N, I C R be a compact interval, F € C*°(I) and g € C*(2), with
g(2) C I. Then the operator

§p 1 CY(Q) — CH(Q)
g — F(g),

is Fréchet differentiable in g with derivative Dop(g)h = F'(g)h. Moreover, setting | €
C*(Q2), the operator

C*(9) — C*(Q)
g fg,

is Fréchet differentiable in g with derivative h — fh.
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Proof. To check out the first claim, i.e.
1F(g+h) = F(g) = F'(g)hlla = o([[2]la),

we prove the bound for each derivarive in a direction a by a recursive argument on |a|. Note
that the first case, the uniform norm, is trivial; set x € 2 and apply Taylor’s theorem to
obtain

|F(9(x) + h(x)) — F(g(x)) — F'(9(x))h(x)] < [F"(9(x))h(x)*| < sup [ F[|7]]s-

Suppose that the result holds for @ € N and derivative in a direction b with |b| = a + 1, then
there exists a decomposition D, = D.Dg with |d| = 1 and |¢| = a. Therefore, the chain
rule yields

Dy(F(g + h) = F(g) = F'(9)h)

= Dc(F'(g + h)(Dag + Dah) = F'(9))Dag — F"(g) Dagh — F'(g) Dgh

=D ((F'(g+h) = F'(g) = F"(9)h) Dag + (F'(g + h) — F'(g)) Dah) .

Since the function F” still satisfies the assumptions of the theorem we obtain, by induction
hypothesis and Lemma[5.6.6] the limits

IDe((F'(g + h) — F'(g) = F"(9)h) Dag)lloo
< C|IDe(F'(g + h)(Dag + Dah) — F'(g))lloollglls = o([|2]ls)
and
IDe((F"(g + ) = F'(9))Dah)|leo < C|[De(E'(g + ) = F'(9))llsollRlls = o(l|A]ls),

which finish the proof of the first claim. For the second one the relation f(g+h)— fg— fh =
0 and Lemma [3.6.6l conclude. ]

Lemma 5.6.6. Let f,g € C°(Q)) then there exists a constant C depending on (), s and d
such that

1f 9lls < CllFlsllglls-

Proof. The proof is direct consequence of the multivariate Leibniz rule, i.e.

1D/ )l < 3 (a) |Dafllool Dacaglloo < ClI£lsllglls

la<a
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Part 11

Center-outward distribution;
regularity and quantile regression
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CHAPTER 6

A note on the regularity of
optimal-transport-based
center-outward distribution and
quantile functions

The content of this chapter is published in Journal of Multivariate analysis (2020) as |del
Barrio et al.[(2020).

Contents

|6.1 Introduction: center-outward distribution and quantile functions| . 263

|6.2  Regularity of center-outward distribution and quantile functions|. . 268

|6.2.1  Center-outward quantile functions| . . . . . .. ... ... ... 268

16.2.2  Some regularity results for Monge-Ampere equations| . . . . . . 269

623 Mainresultl . . . . .. ... 273

[6.3 Some further properties of center-outward distribution and quantile |

| s 0 279

We provide sufficient conditions under which the center-outward distribution and quantile
functions introduced in Chernozhukov et al. (2017) and Hallin (2017) are homeomorphisms,
thereby extending a recent result by Figalli (2018). Our approach relies on Cafarelli’s
classical regularity theory for the solutions of the Monge-Ampere equation, but has to deal
with difficulties related with the unboundedness at the origin of the density of the spherical
uniform reference measure. Our conditions are satisfied by probabilities on Euclidean space
with a general (bounded or unbounded) convex support which are not covered by Figalli. We
also provide some additional results about center-outward distribution and quantile functions,
including the fact that quantile sets exhibit a limiting form of the so-called “lighthouse
convexity” property.

6.1 Introduction: center-outward distribution and quantile func-
tions

Univariate distribution and quantiles functions, together with their empirical counterparts
and the closely related concepts of ranks and order statistics, count among the most funda-
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mental and useful tools in mathematical statistics. Ranks indeed are not just distribution-free:
in models driven by noise with unspecified density, they generate the sub-o-field of all
distribution-free events (more precisely, the ranks generate an “essentially maximal ancillary
o-field”: see|Hallin et al.| (2020al) for details), which is also the largest sub-o-field indepen-
dent, irrespective of the underlying distribution, of the minimal sufficient o-field generated
by the order statistic; suitable rank-based procedures achieve optimality in several senses
in nonparametric testing as well (semi)parametric efficiency (see, e.g. Hajek et al.|(1999);
Hallin| (1994)); Hallin and Tribel (2000); Hallin and Werker (2003))). A major limitation
of the classical concepts of ranks and quantiles, however, is that, due to the absence of a
canonical ordering of R? for d > 2, they do not readily extend to the multivariate context.

The problem is not new, and numerous attempts have been made to fill that gap by
defining multivariate versions of distribution and quantiles functions, with the ultimate goal
of constructing suitable mutivariate versions of classical rank- and quantile-based inference
procedures. The traditional definition of a multivariate distribution function is somewhat
helpless in that respect, and does not produce any satisfactory concept of quantiles—Iet
alone a satisfactory concept of ranks (see|Genest and Rivest (2001))). The componentwise
approach, closely related with copula transforms, has been studied intensively (see [Puri and
Sen| (1971)), but does not even enjoy distribution-freeness. Nor do the so-called “spatial
ranks” (Oja (1999, 2010)) inspired by the L; characterization of univariate quantiles. The
whole theory of statistical depth (see|Serfling (2002, 2019)) for authoritative surveys), in a
sense, is motivated by the same objective of providing a (data-driven) ordering of R% and
adequate concepts of multivariate ranks (Zuo and He|(2006)) and quantiles (He and Wang
(1997)); here again, the resulting notions fail to be distribution-free. As for the “Mahalanobis
ranks and signs” considered, e.g., in|Hallin and Paindaveine| (2002alb, [2004); Hallin et al.
(2010), they do enjoy distribution-freeness and all the desired properties expected from
ranks—under the restrictive assumption, however, of elliptical symmetry.

This fundamental shortcoming of all available solutions has motivated the introduction
in (Chernozhukov et al.| (2017) of the measure transportation-based concepts of Monge-
Kantorovich depth, vector ranks, and quantiles (in a different context, one should mention
the precursory role of the “comonotonic measures of multivariate risks” developed by
Ekeland, Galichon, and Henry in 2012 |[Ekeland et al.| (2012))) and the development, in|Hallin
(2017) and|del Barrio et al.|(2018), of center-outward distribution and quantile functions,
ranks, and signs considered here. These center-outward concepts, unlike all previous ones,
are shown (see |del Barrio et al.|(2018)); Hallin et al.| (2020a), where we refer to for more
references and further discussion) to enjoy all the properties that make their univariate
counterpart a fundamental and successful tool for statistical inference.

Let P be a Borel probability measure on the real line with finite second moment and
continuous distribution function F” and denote by Ujg ;) the uniform distribution on (0, 1):
then F' is a solution to “Monge’s quadratic transportation problem”, that is,

/ |t — F(z)]?dP(z) = min / |z — T(x)]*dP ()
R 1JR

T:T4P=Ug 1

(see, e.g., [Villani| (2003)), where TP denotes the “push forward of P by T”—namely,
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the distribution of 7'(X') under X ~ P, with 7" a measurable map from R to (0,1). With
generalization to higher dimension in mind, however, del Barrio et al.| (2018); [Hallin| (2017);
Hallin et al.| (2020a) rather consider Fiy(x) = 2F (x) — 1, the so-called “center-outward
distribution function” of P, satisfying the transportation problem

2 . 2
[l Pe@Pap@) = _min [ o= T(@)Pap(o)
where Uy is the uniform distribution over (—1, 1), the one-dimensional unit ball B;. Clearly,
F and F carry the same information about P.

The latter definition, indeed, readily extends to arbitrary dimensions. Let P denote a
Borel probability measure on R with finite second-order moments and Lebesgue density p.
Measure transportation theory (see, e.g., Theorem 2.12 in |Villani| (2003))) tells us that there
exists a P-a.s. unique map F 4 such that

2 . 2
/]Rd |x — Fi(x)|“dP(x) = o %Iﬁlll)ILUd /]Rd |x — T(x)|°dP(x), (6.1)
where |x| stands for the Euclidean norm of x and U, denotes the “uniform” distribution over
the open d-dimensional unit ball B;. The center-outward distribution function is defined as a
solution F of this optimal transportation problem.

By uniform over B, we refer to “spherical” uniformity, that is, U4 here corresponds to
the uniform choice of a direction on the unit sphere S;_1 := B, — B, in R% combined with
an independent uniform choice in (0, 1) of a distance to the origin (B, denotes the closed
unit ball in R%) . A simple change of variable shows that U, has density

ug(x) =

1
W}[x € By \ {0}], (6.2)

where ag = 21%2/T'(d/2) denotes the area (the (d — 1)-dimensional Hausdorff measure,
see, e.g.,|[Evans and Gariepy|(1992)) of the sphere S;_;. Note the singularity at the origin
since x — 1/|x|?71 is infinite at x = 0; while we safely can neglect 0 itself, which has
measure zero, by putting u4(0) = 0, ug nevertheless remains unbounded in the vicinity of 0.

This definition of the center-outward distribution function as the solution of a quadratic
transportation problem suffers from two major limitations. First, finite second-order moments
are needed in order for the optimization problem (6.1]) to make sense. Second, the distribution
function F' based on @) is only defined P-a.s.; this means, for instance, that F is not
well defined outside the support of P.

The first of these two limitations has been relaxed in|Hallin| (2017) thanks to a celebrated
theorem by McCann McCann| (1995). Under the assumption that P has finite second-order
moments, Brenier in 1991 had shown that optimal transportation maps (hence, all versions of
the P-a.s. unique solution F 1 of Monge’s problem (6.1))) coincide P-a.s. with the Lebesgue-
a.e. gradient V¢ of a convex function ¢, which has the interpretation of a “potential” (the
notation V¢ here is used for the Lebesgue-a.e. gradient of ¢, that is, Vi (x) is defined
as the gradient at x of ¢ whenever ¢ is differentiable at x—which, for a convex ¢, holds
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Lebesgue-a.e.; note that, contrary to V¢, which is a.e. unique, ¢ is not—unless we impose,
without loss of generality, that ¢(0) = 0, see, e.g., Lemma 2.1 in |del Barrio and Loubes
(2019)). More precisely, F 1 a.s. is of the form V¢ where ¢ (i) is lower semicontinous (Isc
in the sequel), (ii) is convex, and (iii) is such that VP = Uy, McCann McCann| (1995)
further showed that these last three conditions uniquely determine V¢, even in the absence
of second moment assumptions, while under finite second-order moments, V¢ is a solution
of Monge’s problem (6.1). Thus, putting

Fi(x):= Ve(x) x-ae. inRY (6.3)

the center-outward distribution function F4 is no longer characterized as the almost surely
unique solution of an optimization problem (6.1)) requiring finite moments of order two
but as the unique a.e. gradient V¢ of a convex function pushing P forward to U;. We
nevertheless conform to the common usage of improperly calling V¢ the optimal transport
pushing P forward to Uy,.

While taking care of the moment assumption—existence of second-order moments
indeed is an embarrassing assumption when distribution and quantile functions are to be
defined—the second limitation still remains. The non-uniqueness of F1 := V¢, however,
disappears if P is such that ¢ is everywhere differentiable. That this is indeed the case was
shown by Figalli in 2018 |Figalli (2018)) for P in the so-called class of distributions with
“nonvanishing densities” (precisely, the distributions P with densities p and support X = R?
satisfying Assumption A below). For any P in that class of distributions, Figalli actually
establishes that Vp(x) is a gradient for all x and, when restricted to

Rip) i= R\ {x: V(x) £ 0},

a homeomorphism between ]R‘(jo) and the punctured ball B, \ {0}. The latter property is quite
essential if sensible quantile regions and contours—namely, closed, continuous, connected,
and nested—based on an inverse Q1 of F' (see Section 2.1 for a precise definition), are to
be defined: seeHallin et al.| (2020a)) for details.

The introduction by Hallin Hallin| (2017) of center-outward ranks and quantiles rapidly
attracted the attention of the nonparametric community. It has triggered, among others,
Faugeras and Riischendorf (Faugeras and Riischendorf (2017); [Faugeras and Riischendorf
(2019)) and de Valk and Segers|de Valk and Segers|(2018). Applications to the long-standing
open problem of constructing distribution-free tests for the hypothesis of independence
between vectors with unspecified densities have been proposed by Deb and Sen Deb and Sen
(2019)), Shi, Drton, and Han |Shi et al.| (2019)), Shi, Hallin, Drton, and Han |Shi et al.[(2020),
and Ghosal and Sen |Ghosal and Sen| (2019). Fully distribution-free center-outward rank
tests for multiple-output regression and MANOVA are constructed in|[Hallin et al.| (2020Db).
Optimal center-outward R-estimators also have been derived (Hallin, La Vecchia, and Liu
Hallin et al.| (2019)) for VARMA models, while center-outward quantile-based methods for
the measurement of multivariate risk are proposed in del Barrio, Beirlant, Buitendag, and
Hallin |del Barrio et al.|(2019).
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The goal of the present paper is to provide simple sufficient conditions for Figalli’s result
to hold beyond the assumption of nonvanishing densities; we more particularly consider
distributions with convex (bounded or unbounded) supports. Beyond other theoretical
considerations, the homeomorphic nature of F and Q. are the key properties used to prove
a.s. convergence of the empirical center-outward distribution functions to their theoretical
counterparts indel Barrio et al.[|(2018)) and [Hallin et al.|(2020a). Hence, the results of the
present paper also are extending the validity of the center-outward Glivenko-Cantelli theorem
in these references—a theorem that also serves as a basis for the Hajek-type asymptotic
representation results in [Hallin et al.| (2020b).

From a technical point of view, our main result is Theorem [6.2.3] below, which relies
on the classical regularity theory for solutions of Monge-Ampere equations associated with
the name of Caffarelli (see [Caffarellil (1990} 1991} [1992)), as discussed in Section[6.2] The
use of that theory to investigate the regularity of optimal transportation maps between two
probabilities typically requires that both probabilities have densities that are bounded and
bounded away from zero over their respective supports. Recently, under local versions of this
condition, very general regularity results of this kind have been given in [Cordero-Erausquin
and Figalli| (2019) and |Ghosal and Sen|(2019). However, the spherical uniform reference
measure U, considered here, in dimension d > 2, yields unbounded densities at the origin,
so that the results in (Cordero-Erausquin and Figalli| (2019); |Ghosal and Sen| (2019) do not
apply. Note that the choice of the spherical uniform reference is not a whimsical one. It
preserves the independence between ||F .|| and F1 /||F|| (extending the independence, for
d = 1, between | F| and sign(F4)) and produces simple and easily interpretable quantile
contours with prescribed probability content (we refer to|Hallin et al|(2020a)) for details;
see also the remarks after Theorem [6.2.5] below). To our knowledge, the only reference
dealing with this kind of unbounded density is [Figalli (2018) which, however, requires P to
be supported on the whole space R?. Here we extend the result in [Figalli (2018) to cover the
case of P with (bounded or unbounded) convex supports.

The sequel of this paper is organized as follows. Our main regularity result is established
in Section 2, along with a succinct account of the main elements of Cafarelli’s theory and
some auxiliary results. We conclude with Section 3, which presents some new results on
center-outward distribution and quantile functions. These include an asymptotic invariance
property extending a well-known feature of classical univariate distribution functions and
the ability of quantile contours to capture the shape of the bounded support of a probability
measure by converging (in Hausdorff distance) to the boundary of the support. Finally, we
include a result on the geometry of quantile sets, showing that they turn out to exhibit a
limiting form of “lighthouse convexity”.
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6.2 Regularity of center-outward distribution and quantile func-
tions

6.2.1 Center-outward quantile functions

The Introduction was focused on the distribution functions F. Exchanging the roles of
P and Uy, we could have emphasized transportation from the unit ball to the support of P,
leading to the definition of the center-outward quantile function Q- with, mutatis mutandis,
the same comments.

Let P denote a Borel probability measure over R? with Lebesgue density p. While
the center-outward distribution function is defined as the optimal (in the McCann sense)
transport pushing P forward to Uy, the center-outward quantile map or quantile function
Q4 of P is defined as the optimal transport pushing U, forward to P. Namely,

Q+(u) :=Vi(u) u-ae. inBy (6.4)

where V1 is, in agreement with McCann’s Theorem, the unique a.e. gradient of a convex
function v with domain containing B, such that V¢fU; = P (we adhere to the usual
convention of considering that a function defined on a subset A C R is convex if it can be
extended to a convex function on R? with values in R U {co}; the domain of the convex
function is then redefined as the set where it takes finite values). Again, imposing, without
loss of generality, that ¢/(0) = 0, the convex potential ) is uniquely defined (indeed, two
convex functions with a.e. equal gradients on an open convex set are equal up to an additive
constant, see, e.g., Lemma 2.1 in|del Barrio and Loubes| (2019)) and a.e. differentiable over
B,4. We extend 1) to a Isc convex function on R¢ with the standard procedure of setting
Y(u) := Hminf, ,, y(m)<1 ¥(2) if [u] = 1 and ¢(u) := +oo for u ¢ By (see, e.g. (A.18)
in|[Figalli| (2017)). With this extension, ¢ is the Legendre transform of 1, that is,

p(x) = 9" (x) := sup ((u,x) — ¥(w)), xR (6.5)

ucB,

We observe that the domain of  is R? and that ¢, being the sup of a 1-Lipschitz function, is
also 1-Lipschitz. In particular, for almost every x € RY, ¢ is differentiable with [V (x)| < 1
and, as a consequence (see, e.g., Corollary A.27 in Figallil (2017)),

dp(R?) C By; (6.6)

here, and throughout this paper, B stands for the closure of a set B, O¢(x) for the subd-
ifferential of the convex function ¢ at x (recall that the subdifferential of ¢ at x is the set
of all z € R? such that p(y) — ¢(x) > (z,y — x) for all y), and dp(A) := Jye 4 O (x).
Furthermore, Proposition 10 inMcCann (1995) (see also Remark 16) shows that, since P
has a density, necessarily Vi)(Vy(x)) = x for almost every x in the support of P and
Ve(Vi(y)) =y for almost every y € B,. In that sense, Q4+ and F are the inverse of each

other. In this way, we have defined F (x) for almost every x € R? (through equation (6.3))
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and Q4 (u) for almost every u € By; the definitions coincide with those in (Chernozhukov
et al.[(2017); Hallin| (2017) for x in the support of P.

As an example of a distribution with support strictly smaller than R¢, consider P with
constant density on the unit ball B;. A simple computation shows that the convex map

d
P(u) = 7|u\% for [u] <1, (u) = +oo for ju| > 1

has gradient Vi)(u) = |u|§71u, 0 < |u| < 1, which maps U, to P. Hence,
Qi(u) = |ujitu, 0<|ul<1.

Elementary computations yield

1

p(x) = m’x\dﬂ, x| <1, p(x) = |x| - L x| >1,
as the Legendre transform of ¢, with gradient
Fabo =X xS 1, Faf) = o xl < 1

Of course, F1+ maps P to Uy and this, together with the fact that F4 is the gradient of a
convex function, uniquely determines F1 in By. Our extension guarantees that F (x) € By
for every x € R? and coincides with its univariate analogue, also for probabilities with
bounded support.

6.2.2 Some regularity results for Monge-Ampeére equations

As announced in the Introduction, our approach to the regularity of the center-outward
distribution and quantile functions is based on the classical regularity theory for Monge-
Ampere equations. We refer to Figalli| (2017) for a comprehensive account of this theory, of
which we present here a minimal account.

Given an open set X C R? and a convex function ¢ : X — R, denoting by ¢, he
Lebesgue measure on R%, the Monge-Ampére measure associated with ¢ is defined by

o (E) 1= ta(0(E))

for every Borel set ECRR?. It can be checked that f4, 18 indeed a locally finite Borel measure
on X. The crucial link between center-outward distribution functions and Monge-Ampere
measures can be summarized as follows. Assume P is a probability on X with Lebesgue
density p and let © be a convex function from X to R. Then, for every Borel set A,

Q(A) == (VeiiP)(4) = P(9¢"(4))
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where ¢* is the Legendre transform of . We recall that convexity of ¢ implies that it is
differentiable at almost every point in X (see, e.g., Theorem 25.4 in|Rockafellar| (1970)) and,
therefore,

(VetP)(A) = P({x: Vp(x) € A}) = P({x: 9p(x) C A}).

This and the fact that y € d¢(x) if and only if x € d¢*(y) yield the last equality above.
Hence, if Q has a density ¢, for every Borel set A,

/8 Ly ay = /A p(x)dx

(see Lemma 4.6 in |Villani (2003))); if, moreover, Q = Uy,

| watwrdy = [ pxjax 6.7)
Op(A) A

Observing that

fio(A) = La(0p(A)) = La(Op(A) N Ba),

where the second equality follows from (6.6), we obtain from that, for A such
that £4(A) = 0,

N%(A) < ad/

ug(y)dy = ad/ p(x)dx =0
9p(A)

A

with a4 as in (6.2). Thus, the Monge-Ampere measure /i, is Lebesgue-absolutely continuous.
Since the density of the absolutely continuous part of the Monge-Ampere measure i, is given
by (p(x)/ua(Ve(x))) (see McCann McCann|(1997) or Theorem 4.8 in |Villani| (2003)), we
conclude that, for every Borel set A C RY,

p(x) d—1
o) = [ =B sx = aa [ [T ax (6.8)
Let us focus now on the Monge-Ampere measure /iy, associated (see Section@ with
Q. and © (both defined over B). Since V) pushes U, forward to P, we have that Vi (y) €
X y-a.e. in By4. By continuity (see Theorem 25.5 in|[Rockafellar (1970)), Vi (y) € X for
every point y of differentiability of ). Using again Corollary A.27 in [Figalli| (2017), we
conclude that 9¢(By) is included in the convex hull conv(X) of X. Hence, if X itself is

convex, we obtain that
O (By) C X. (6.9)

Analogous to (6.7), we have that

/ p(x)dx = / uq(y)dy for every Borel set B C R%. (6.10)
av(B) B
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Now, denoting by r B, the open ball with radius r centered at the origin, let us assume that
the Borel set B C r B, with 0 < r < 1, has Lebesgue measure zero. Since B C rByis
compact, 91 (B) also is compact (see, e.g. Lemma A.22 in |Figalli (2017)). Hence, there
exists 2 > 0 such that

dy(B) C 9y(B) C RBy.

The following assumption, which requires the density p of P to be bounded and bounded
away from 0 on compact subsets of the support, is absolutely essential (the same assumption
is also made by Figalli in |Figalli| (2018))).

Assumption A. For every R > 0, there exist constants 0 < Ar < Ag such that

Ar <p(x) <Ar forallx € XN RB,. (6.11)

Since X is convex (hence £4(X — X') = 0), Assumption A entails

1 1
py(B) < — p(x)dx = ~— [ uq(y)dy = 0.
AR Joy(B) AR JB

Assuming convexity of X and (6.11), we conclude that 1, is absolutely continuous with
respect to ¢4 and, using Theorem 4.8 in |Villani| (2003) again, that, for every Borel set
B C By,

uq(y) 1 1
" (B>=/ — LTy = — —dy. (6.12)
Y pp(VE) " aa [ p(VE()ly[TT

We summarize this discussion in the next proposition.

Proposition 6.2.1. Let P be a probability measure with density p supported on the open set
X C R Denoting by 1 the convex, lower semicontinuous function from By to R satisfying
¥(0) = 0 and ViU, = P, let ¢ : R? — R be defined as in (6.5). Then,

(i) py is absolutely continuous with respect to Lq and, for every Borel A C RY,
e(4) = au [ p(x)[T60/

(i) if, moreover, X is convex and p satisfies Assumption A, then (i, is absolutely continu-
ous with respect to £y and, for every Borel set B C By,

1 1
milB) = /B V)Y

Next, let us show that, for well-behaved probability measures P (those with convex
support and density p satisfying Assumption A), the center-outward distribution function
F. cannot map points in the interior of the support of P to extremal points of the unit ball.
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Lemma 6.2.2. Let P be a probability measure with density p supported on the convex
open set X C RY and such that Assumption A holds. Then (0¢)(X) N Sq_1 = 0, where
Sq-1 =By \ Ba.

Proof. Assume that there exists € X" such that |y| = 1 for some y € dp(x). Without loss
of generality, we can assume x = 0. Since X is open, there exists € > 0 such that By C X.
For small 6 > 0, consider the sets

Ce = {x eR?: % fy‘ <sind, x| < e}
X

Dy:={beBy: (y—b,y) <2J|y —bl|}.

Now, if a € C.y and b € Jyp(a), the monotonicity of J¢ implies that (y — b,a) < 0.
Hence,

a a .
(y=b,y)=(y-by-— @> +(y—b, @> < |y = b|sin(?) < [y — b|2¢.

This shows that 9p(Cc ») C Dy. But the density p, inside C g, is bounded from below by A,

and the density uy is bounded from above by 2/a, inside Dy for ¢ < 1: then, in view of

the transport equation (6.7)), we have

Ci/d(pﬁ) > /

Dy

uq(b)db > /

wiblb = [ px)dx = Ala(Con).
a@(ce,ﬂ)

Ce,ﬁ

This, however, cannot hold true since £y (Cmg) ~ ¢! and ¢, (Dﬂ) ~ 99l as § — 0.
The claim follows. ]

We now proceed to provide sufficient conditions under which the center-outward quantile
function Q. is continuous at every point in the open unit ball (except, possibly, at the origin).
It is well known that differentiability of a lower semicontinuous convex function ¥ (which
entails continuity of its gradient) is equivalent to strict convexity of its convex conjugate (see
Theorem 26.3 in|Rockafellar| (1970)). As announced, the techniques we are using here are in
the spirit of those developed by Caffarelli in |Caftarelli| (1990), Caftarelli| (1991) or Figalli
in [Figalli| (2017), |[Figalli (2018)), which in turn largely rely on the fact that, under some
control for the Monge-Ampere measure, the intersection between the graph and supporting
hyperplanes of 1 either consists of a single point or has an extreme point (see Theorem 4.10
in [Figalli| (2017)). A central result in Caffarelli’s regularity theory (see Corollary 4.21 in
Figallil (2017)) is that a strictly convex function %) on an open set ) for which there exist
constants 0 < A < A such that

Ma(A) < piy(A) < Aly(A) (6.13)

for every Borel set A C () is automatically of class Cl{)’f‘ for some v > 0 that depends only
on A, A, and d (condition (6.13)) in the sequel is summarized, with a slight abuse of notation,



273

as Addx < iy < Adx). The fact that Uy for d > 2 has an unbounded density adds some
complication to the particular problem here, though. On the other hand, the density w4 is
bounded away from 0, which allows us to control the growth of the Monge-Ampere measure,
as we show next.

Lemma 6.2.3. Let P satisfy the assumptions in Proposition [6.2.1ii). Denoting by M a
compact subset of By, there exist constants oy and Apr such that, for every Borel set

AC M,
anrla(A) < py(A) < A (La(A))4 (6.14)

Proof. The compactness of M entails that of 9v)(M); in particular, 9¢(M) C RB, for
some 2 > 0. Hence, using Proposition (ii) and taking A, A € R as in Assumption A,
we obtain

1 a
o) = a | ARy 2 £l

For the upper bound in (6.14), note that the ball (£4(A)/cq)"/*By (where cg = 7% /T'(1 +
d/2) denotes the volume of the d-dimensional unit ball) maximizes [} [y|'~?dy among all
subsets of B; with Lebesgue measure £;(A). On the other hand, by the co-area formula (see,
e.g., Proposition 1, page 118 in|Evans and Gariepy| (1992)),

/ |y|1_ddy :/ [/ |y\1_dd?{d_1(y)} ds = / agds = aqr (6.15)
rBy 0 OsBy 0

where %! denotes the (d — 1)-dimensional Hausdorff measure. Combining (6.15) with
Proposition[6.2.1] (ii), we conclude that

oy (A) <

1-d 1/d
dy < Ca(A))M.
— /Iyl y < /\Rai/d(d( )

Note that the lower bound in Lemmaremains valid for a compact subset M of By
provided that 9¢(M) is bounded: indeed, that lower bound only requires the upper bound
from Assumption A. A similar conclusion holds for the upper bound. Additionally, if the
density p is uniformly bounded, the lower bound holds for any subset of B,;.

6.2.3 Main result

We are ready now for the main result of this note. Our proof follows the lines of |Figalli| (2017,
2018)); |Cordero-Erausquin and Figalli| (2019), and the related Proposition 3.3 in|Ghosal and
Sen|(2019) but, unlike [Figalli (2018)), we cover cases in which the support of the probability
measure P is is not the whole space R?. Similar to Cordero-Erausquin and Figallil (2019)
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and (Ghosal and Sen|(2019)), we have to handle carefully the fact that X" is not necessarily
bounded and use a “minimal” extension of the quantile function potential, namely,

W(z) = sup {(y,z—Db) +(b)}, zc R (6.16)
beBy, yedy(b)

Obviously, QZ is still a lower semicontinuous convex function and 1; (z) coincides with v)(z)
for z € B,. Since we have that Q4 (z) := Vi (z) € X for every differentiability point
z of ¥ in B, we see (using, once more, Corollary A.27 in |[Figalli (2017)) that, provided
that X" is convex, 0 (Bg;) C X. The “minimality” of the extension (6.16) refers to the
fact that 9v)(R?) C X, as can be checked from a simple application of the Hahn-Banach
separation theorem. Of course, the values of 1) outside By are not relevant for the study of
its differentiability inside B, but the use of ¢ will be useful in the next proof. We note also
that the discussion leading to Proposition can be reproduced with ¢ substituted for ¢
to conclude that p 7 is absolutely continuous with respect to the Lebesgue measure and that,

for every Borel set B C R4,

B uq(y)

~ = —= dy. 6.17
1B /zam»«p<w<y>> Y ©17

Finally, observe that 4.7 in concentrated on By, that is, if B C R%\ By, then 1 J(B) =0, see
Theorem 4.8 in|Villani (2003)) or |(Cordero-Erausquin and Figalli (2019) for further details.

The main result of this note follows from the following crucial lemma. Its proof relies on
the use of normalizing maps for convex sets. A convex set 2 C R? is said to be normalized
if By € Q C dBy. For each open bounded convex set {2 there exists a unique invertible
affine transformation L normalizing 2 (this is John’s celebrated Lemma of convex analysis,
see Lemma A.13 in|Figalli (2017)). We refer to L as the normalizing map and to L({2) as
the normalized version of 2.

Lemma 6.2.4. Let P be a probability measure with density p supported on the open con-
vex set X C RY. Assume that p satisfies (6.11), denote by 1 : By — R? the optimal
transportation potential from Uy to P with 1)(0) = 0. Then 1) is strictly convex on By.

Proof. From the comments after (6.16) we see that we can equivalently work with 1Z . To
prove the result, assume that the contrary holds true. Then, there existy € By and t € 91 (y)
such that, putting [(z) := ¢ (y) + (t,z — y), the convex set . ={z: U(z) = I(z)} is not
a singleton. By subtracting an affine function, we can assume ¥ (y) = 0 and ¥(z) > 0
for all z; then, ¥ = {z : ¢(z) = 0} = {z : ¢¥(z) < 0}, which is closed since ¢} is
lower semicontinuous. Also, by adding the convex function w(z) := 3(|z| — 1)2 (note
that QZ = 1; +w on By), we can assume that ¥ C B,. Being compact and convex, ¥ coincides
with the closed convex hull of its extreme points; as a consequence, it must have at least two
exposed points (otherwise it would be empty or a singleton). Let ¥ € B, \ {0} be one of
them. If y € B, \ {0}, we consider a small ball Cy, say, around y, such that Cy C By \ {0}.
Then 94)(Cy) is a compact set, and hence 9+(Cy) C R By for some R > 0. By Proposition
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(ii), we have constants 0 < A¢y < AC;, such that the Monge-Ampere measure 4~
satisfies Aoy dx < 1y < Acydx in Cy. But the set X has an exposed point in Cy and this
contradicts Theorem 4.10 in |[Figalli| (2017). Consequently, we must assume that y € 9B,.
Observe that ¢(y) = 0, hence y € dom(¢)). First consider the case where y ¢ d(dom(v))).
Let B, (x) := x + 7By and B,.(x) denote, respectively the open and the closed ball of radius
7 centered at x. Then, for > 0 small enough, B, (y) C dom(%); consequently, there

exists some Ry such that 81#( (¥ )) C Ry By. For n small enough, we further can ensure
that B, (y) C 2B,.

Without any loss of generality, let us assume that y = e; where e; stands for the first
vector in the canonical basis of R% (we can use a rotation otherwise). Then,

EC{Z:(zl,...,zd)’ERd:zlgl} and Eﬁ{z:(zl,...,zd)'ERd:zlzl}z{el}.
For o € (0, 1) small enough, we have
Eﬂ{zeRd:zl 1—0}CIB%dﬂ{z6Rd.zl 1—U}CIB (e1).

For such o, defining

Ye(z) :==1(z) —€(z1 —1+0) and S :={z:(z) <0}, (6.18)
observe that
Se—XnN{zeR: s >1-0} (6.19)
in the Hausdorff distance dg as ¢ — 0, where we recall that, for A, B C R4,

dp (A, B) := max { sup inf |a — b, sup inf |a — bl}.
acAbeB BacA

Hence, for € > 0 small enough, the sets S, are bounded open convex subsets of the ball
B, (e1). By Lemma|6.2.3] there exists some M > 0 such that

g (A) = pg(A) < M (La(A))V

for every A C S, and e small enough.

Next, fix zg € B4 N X and § > 0 such that Bs(zg) C By N B, (e1) and consider the
normalizing map L.—namely, the affine transformation L. that normalizes S.. Denote by
ve the normalized solution in S” := L(S,) of p,, = f o L7! with the boundary condition
ve = 0 on OSE (v, is the convex map that has Monge-Ampére measure

djtn, () = f o L7} (x)dx

in S and vanishes at the boundary of S¥; its existence and uniqueness is guaranteed, for
instance, by Proposition 4.2 in|Figalli (2017)) Since B; C SL we have that L_ (Bd) C 2By
and, therefore, the map L satisfies

1
[Le(x) = Le(z)] > 5lx — 2| forall x,z € R%.
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It follows that
L.(By)DL, (Bs(z)) D B(;/Q (Le(z)). (6.20)

We consider the sets S”5 := {z € SF : dy (2,05F) > 6/4}. Now Lc(z) € SF, anormal-
ized set (it contains the unit ball and is contained in the ball of radius d, the dimension of the
Euclidean space). Hence, there exists a constant k; > 0, depending only on d such that (see
Theorem 4.23 in Figalli| (2017 or Lemma 3 in |Caffarelli| (1992))

a(SEs N Bsjo(Le(z0))) > kad?.

In view of Lemrna the subsequent remark, and the fact that Bs(z() C B, (e1), we have
that 1, is lower bounded over B;(zo), that is, there exists A > 0 such that p,5_(A) > Mg(A)
for every A C Bj(zo). This and thus imply that p,, is bounded from below on
Bs/2(Le(zo)). It follows that, for some A > 0,

o, (S55) = My (555 N By (Le(zo))) > 0ge,

This implies that, for ¢ small enough, no ball of radius ¢/§/2 can contain Jv, (S eL 5). As
a consequence, there exists a constant ¢ > 0 such that sup ) |p| > ¢d. Using

PEJve (SeL s
Corollary A.23 in Figallil (2017)), we conclude that

| Igan ve| > ¢ (6/2)*

€

for some ¢’ > 0. On the other hand, using Lemma again to upper bound zi,;,, we obtain

poe (SE) = pry. (Se) < M(£a(2By))"/
which, by the Alexandrov maximum principle (e.g., Theorem 2.8. in |Figalli (2017)), entails

ve (Leer)| < C (dp(Leer, 051)) .

This means that the same arguments as in the proof of Theorem 4.10 in [Figalli| (2017) yield

=1

)

Leer)
; . Lyy _ lim Ve (Lee1)
e1_{% dH ( €1, a(Se )) 0 and el—r>r(l) HliIlSEL Ve

which is a contradiction. B
Finally, consider the case where the exposed point of 3 belongs to 8(d0m(¢)); here

again, it can be assumed that ¥ = {z : 1(z) = 0} and that the exposed point of X is 1. We
also can assume, without loss of generality, that dom(¢)) C {z e R z1 < 1}. Hence,

{ce; : ¢ >0} C d(e;). For small § > 0 we consider the sets

Ag:=BygN{z=(2,2) eRxRI: —|z| <2 —1<0}
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and
Cop:=XN{x=(21,x) e RxR¥1: 21 >0, |x| <0z}

Let x € Cy and z € 9Y*(x). Then x € 9¢)(z) and, thanks to the monotonicity of di, we
have that (x — te;,z — e;) > 0 for every ¢ > 0, which entails (x,z — e;) > 0 (take ¢ = 0)
and (e1,z — e1) > 0 (take t — o0). This means that 2y < 1and z1(z; — 1) + (x/,2) > 0,
from which we deduce that z; — 1 > 0|Z/|. Since, by Lemma we have z € B, it
follows that 9¢)(Ag) D Cy. Also, since both 0 and e; belong to d¢»(R?) C X, which is a
convex set with nonempty interior, we can argue as in pp. 8-9 of |(Cordero-Erausquin and
Figalli (2019) to conclude that £4(Cy N 2By) > 64! for § > 0 small enough. From the
transport equation, we have that

Ua(Ag) = /  p)dx > / p(x)dx > £a(Cy N 2Bg) > 691, ©6.21)
0Y(Ap) Cy

where we have used that p is lower bounded on bounded subsets of X'. However, for small 6,
Ay is well separated from 0 and, consequently, u is upper bounded on Ay. This means that

Ua(4g) < la(Ag) S 09,

which contradicts (621). This completes the proof of the claim that ¢ (equivalently, 1)) is
strictly convex in B. 0

A careful look at the proof of Lemma [6.2.4] shows that a similar conclusion could be
obtained if the domain of 1’/; were a compact, strictly convex set different from B,;. However,
the argument breaks down without the strict convexity assumption. In practical terms this
means that strict convexity of 1Z (which is the key to the main result in this paper) may fail if,
instead of Uy, we choose, for instance, the uniform distribution on the unit hypercube as the
reference measure.

We can now state and, based on Lemma@ prove our main result, which extends The-
orem 1.1 in Figalli Figalli (2018) to the case of convexly supported (bounded or unbounded
support) distributions. Recall that Cllf)’co‘ (X') denotes the set of real functions on X which are

k times differentiable and have derivatives of order £ which are locally Holder-continuous
of order v € (0, 1].

Theorem 6.2.5. Let P be a probability measure with density p supported on the open convex
set X C R%,

(i) If p satisfies (6.11), then K := 0v¢(0) is a compact, convex set with Lebesgue
measure O such that the center-outward quantile function Q+ := V1 and the center-
outward distribution function ¥y := V* are homeomorphisms between B, \ {0} and
X\ K, inverses of each other.

(ii) If, moreover, p € Cllf)’co‘(/l’)for some k € Nand a € (0,1), then Qi and F 4 are
diffeomorphisms of class CE75 between By \ {0} and X \ K.

loc
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Proof. Since 0 belongs to the interior of the domain of v, we have that K is compact and
convex (see, e.g., Lemma A.22 in [Figalli] (2017)). Moreover, Proposition [6.2.1] part (ii),
implies that K has Lebesgue measure zero. Now, Assumption A implies, for any closed ball
B C B, \ {0}, the existence of constants 0 < Ap < Ap such that Apdx < g < Apdx.
It follows from Caffarelli’s regularity theory (see Corollary 4.21 in|Figalli| (2017)) that ¢ is
locally of class C'™®. Since the constant o > 0 depends on \ and A we cannot conclude that,
for some o > 0, ¢ € C’llo’co‘ (B4 \ {0}). However, % is continuously differentiable on B\ {0}
and, therefore, Q1 = V1) is a (single-valued) continuous function on B\ {0}. Furthermore,
the strict convexity of ¢ (Lemma[6.2.4) implies that Q- is injective. By Brouwer’s theorem
on invariance of domain (see, e.g., Theorem 2B.3, p. 172 in Hatcher (2002)), Q. (B, \ {0})
is open and Q4 is a homeomorphism between B, \ {0} and Q. (B, \ {0}). But then,
necessarily, Q.+ (By \ {0}) = X'\ K, which completes the proof of part (i) of the theorem.
Turning to part (ii), assume that p € Cllf)’ca (X), fix x € By, and consider a neighborhood
V of x such that its closure V' is contained in B, \ {0}. Now, 1) is strictly convex over V/

and there exist constants 0 < Ay < Ay such that A\ydx < p 7 < Ay dx on V. Note that
Uug € Ck’o‘(V) for every k and o. Hence, we can apply Remark 4.44 in |Figalli| (2017) to

loc

conclude that Vi) € C{Zjl’a(V). This completes the proof. O

We conclude this section with several remarks. First, we observe that the center-outward
quantile function of a probability measure P satisfying the assumptions of Theorem[6.2.5]
may fail to be continuous (singled-valued) at the origin. However, the center-outward
distribution function is single-valued (and consequently continuous) at every point of the
support of P, since the points in the set & which had to be removed to guarantee that Q4 is
a homeomorphism are all mapped by F 1 to the origin.

Our second remark concerns the convexity assumption on the support of P. While this
may look unnatural, extensions to nonconvex domains enter into rather delicate technical
issues. The bottom line is the problem of characterizing the class of distributions that are
the push-forward, by some continuous and single-valued (on B, \ {0}) gradient of convex
quantile map, of U,. Continuity of the quantile map requires, at least, that P has a connected
support. However, strictly speaking, this is not a sufficient condition: [Figalli (2017) (pp.
97-98) provides an example of a discontinuous optimal transport map from a constant density
on a ball to a constant density on a connected set; the same map would yield an example
of a discontinuous quantile map for a probability with a positive density on a connected
support. The problem, thus, is connected to the shape of the support of P rather than to the
singularity at the origin of the reference measure Ug: the example in Figalli (2017) is given
for a reference measure with a constant, hence bounded, density. We must add, though, that
the nature of the discontinuity may be regarded as mostly formal. For the two-dimensional
case, [Figalli| (2010) shows that for probabilities P and Q with smooth densities supported
on bounded open sets 2 and A, the optimal map from P to Q is a homeomorphism from ¢’
to A’, where €' and A’ are open sets such that P(©') = Q(A’) = 1. Furthermore, a rather
precise description of the discontinuity set is given. Roughly speaking, for smooth connected
A (not necessarily convex), the discontinuity set is a smooth manifold of dimension < 1 that
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touches the boundary of ). Extensions of these results to higher dimension and more general
probabilities would be of great interest and would help to extend the theory presented in this
work.

The median set, namely K = 0v(0) (equivalently, the set of points x such that F 1 (x) =
0), in principle, is not necessarily a singleton. If P is the uniform distribution (constant
density) on the annulus {x € R?: 0 < a < |x| < b}, then K is the disk {x € R? : |x| < a}
(this example was kindly suggested by a referee). However, looking for an example of a
probability P with convex support X’ for which this set is not a singleton seems to be a
hard task. If d = 2 and X = R? then Figalli| (2018]) shows that K is indeed a singleton
but conjectures that the result fails in higher dimension. We believe that this issue deserves
further analysis, but we refrain from pursuing it further here.

Our final comment in this section deals with the smoothness of center-outward quantile
contours. Part (ii) of Theorem guarantees that Q4 (rSy_1) is a hypersurface of class
CF*+L if P has a smooth density of class C¥*®. This is in sharp contrast to other notions of
quantile or depth contours. As an example, we could mention the bivariate distribution with
independent Cauchy marginals. In this case Tukey’s halfspace depth contours are squares,
hence they have points of nondiffererentiability (see Proposition 13 in|Rousseeuw and Ruts
(1999)), while the center-outward quantile contours are C*° curves.

6.3 Some further properties of center-outward distribution and
quantile functions.

To conclude this note, we present three results that more or less directly follow as conse-
quences of Theorem|[6.2.5] The first one is a kind of “extreme" invariance of center-outward
distribution functions: the limit of center-outward distribution functions along rays in di-
rection u € S;_1 is u. The second result deals with the ability of center-outward quantile
functions to capture the shape of a convex supporting set. The third one is about the shape of
quantile contours, which turn out to satisfy a kind of relaxed version of convexity, connected
to the so-called “lighthouse convexity” property (see, e.g., pp. 263-264 in|Cholaquidis et al.
2017)).

To motivate the announced invariance result, we recall that a classical univariate distribu-
tion function F' trivially satisfies

lim F(z)=0, lim F(z)=1,

T—r—00 T—00

hence, in terms of the univariate center-outward distribution function F4 := 2F — 1,
lim Fy (tu) = u for all w such that |u| = 1.
t—o00

The following proposition shows that this carries over to F in general dimension. For
probability measures supported on all of R?, this implies a similar result for extreme
quantiles, a characteristic shared with other notions of multivariate quantiles. Details about
this connection are given after Corollary [6.3.2] below.
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Proposition 6.3.1. Let the probability measure P have a density on R%. For any u on
the unit sphere S;_1, any sequence (ty)nen of real numbers such that t,, — oo, and any
Yn € 0p(tnu),

lim y, = u.

n—oo
Proof. 1t follows from (6.6) that y,, € By. Hence, by compactness, there exists a subse-
quence along which y,, = Yoo € B4. On the other hand, monotonicity of the subdifferential
implies that, for all x € Réandy € 0p(x),

<y _Ynax_tnu> >0
or, equivalently, forall x € R% and y € o (x),

<y7y007X> + <YOO *Ynax> > tn(<y*}’007u> + <YOo *Yn7u>)'

Fixing € > 0 and N = N(e) such that |y, — yoo| < € for all n > N, we obtain
<y - YOoaX> + G‘X’ >ty (<y - YOo>u> - 6) .

Hence, for n large enough, (y — yoo,u) — € < 0 for all x € R? and y € dp(x). Since
€ > 0 is arbitrary, we conclude that

0p(RY) C S:={y: (y —yoo,u) <0},

which is a halfspace. Now, the fact that V¢ pushes P forward to Uy implies that dp(R%)
contains almost every x € B;. Hence, B, C S, which only can happen if y,, = u. 0

Under additional smoothness assumptions on P, the announced result for F. follows as
a corollary.

Corollary 6.3.2. Let P satisfy the assumptions in Proposition[6.2.1|(ii). Then, for any u on
the unit sphere S;_1 and any sequence (t,)nen of real numbers such that t,, — oo, we have

lim Fq(t,u) =u.
n—oo

Note that the proof Proposition[6.3.T] actually entails, with minimal and obvious changes,
lim,, o0 F 4 (tpu,,) = u for any sequence t,, — oo and any u,, € Sy_1 such that u,, — u
(we assume for simplicity that P satisfies the assumptions in Proposition [6.2.1] (ii)). Also,
the same proof shows that lim,,_, o F1 (6 4+ ¢, u) = uforany 6 € R? (so that we could take,
for instance, a center-outward median, that is, let § = fp such that F 1 (fp) = 0, and get a
more natural formulation).

We also would like to observe that Corollary [6.3.2] can be rewritten in terms of extreme
quantiles. Assume for simplicity that P satisfies the assumptions in Proposition[6.2.1](ii) with
X =R% Take v,, € By with v,, = v € Sy_1. Necessarily, t,, := ||Qx(vy)|| — co. If we
set u,, := %, then, by compactness, we can assume that, along subsequences, u,, —
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u € Sg_1. Then, by Corollary (and subsequent comments) we have F4 (t,u,) — u.
Since, on the other hand,

Fi(tnun) = Fi(Qi(Vn)) =V — V,

we conclude that

lim =) _ (6.22)

=0 [|Qx (Vi) |

whenever v,, € By is such that v,, — v € S;_. This property of center-outward quantiles,
hence, is shared with geometric or spatial quantiles (see Theorem 2.1 in|Girard and Stupfler
(2017) and Theorem 3 in |Paindaveine and Virta (2020)). A major difference, though, is
that for geometric quantiles || Q(v, )| — oo if v, = v € S4_1, even when P has bounded
support while, by construction, Q(v,,) € X if v,, € B, and, as a consequence, ||Q(v,,)|| is
necessarily bounded if X" is bounded. We remark that Corollary [6.3.2]is valid for boundedly
supported probabilities (as, for instance, in the example at the end of subsection 2.1, in which
F.(t,u) =ufort, > 1).

Next, we include the announced simple result showing that the outer quantile contours
of a convexly supported P approach (in Hausdorff distance) the boundary of its support.

Lemma 6.3.3. Let P be a probability measure on R® with compact convex support X and a
density p such that X < p < A for some 0 < A < A. Then, asr — 1, Q(rBy) tends to X
in Hausdorff distance:

71"1_>II} dH (Qi(T]Bd), X) = 0.

Proof. Since Qi (rBg;) = Viy(RB,) is contained in X', we only need to analyse one of the
two members of the maximum defining the Hausdorff distance: indeed,

dag(Vy(rBg),X) =max{ sup inf |a—x|,sup inf |a—x|}=sup inf |V¢(b)— Vi(y)|
aeVy(rBy) xeX xXEX aeVi(rBg) yEBg ber By

On the other hand, since ' B; C r By C X, V(' By) C Vio(rBg) C X forr’ < r, so that
the map r — dg(Vy(rBy), X) is a decreasing function. Suppose that dg (Vi (RBg), X)
does not tend to 0 when R tends to 1. Then, there exists e > 0 such that, for every r,
du(Vy(rBg), X) > € in particular, there exists x, € X" such that |a, — x,| > € for all
a, € Vi(rBy).

Now, for each n € N, consider the sequences A,, := Vi ((1 — 1/n)B,) and y,, :=
X1-1/n € X. These sequences are such that

inf ‘a—yn} > inf }a—yn| >¢ forallm <n.
aeAm aeAn

By compactness, the sequence y,, admits a convergent subsequence, with limit y.., say,
where yoo € X. This limit satisfies infaec 4, ’a — yoo‘ > ¢ for all n € N, which is not
possible since X' = |J,,cr An. O
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Our final result concerns the shape of the quantile contours of smooth probability
measures (those satisfying the assumptions of Theorem [6.2.5)). As a consequence of The-
orem the sets Q. (r B,) are bounded, with connected boundary. Beyond this type
of topological properties, results on the geometry of the quantile regions are not available.
Here we prove that they satisfy a weak form of convexity. Recall from |Cholaquidis et al.
(2017) that a set B C R¢ is p-lighthouse convex if, from every point x in the boundary of
B, there exists an open cone with vertex x and opening angle p > 0 which is contained in
R?\ B. The limiting version of this concept (obtained as p — 0) is that for every point x in
the boundary of B there exists a ray emanating from x that does not intersect B at any other
point. This is precisely what can be proved for quantile sets.

Lemma 6.3.4. Let P be a probability measure on R satisfying the assumptions of Theo-
rem[6.2.3 Then, for all r € (0,1) and all y belonging to the boundary of Q. (r By), there
exists a ray T emanating from'y for which Q4 (rBy) N T = {y}.

Proof. Assume, on the contrary, that there exists y in the boundary of Q4 (7 B,) such that
for every ray
T={zcR?: z=y+ts, t >0},

there exists in Q4 (7 Bg) N T at least one point z distinct from y. Note that, necessarily, that
point can be chosen in the boundary of Q. (7 B;). Now, since Q.. is a homeomorphism,
it maps boundaries into boundaries. Therefore, we can assume, up to a rotation, that
y = Q4 (re1). Monotonicity of Q. implies that

(u—re;,Qp(u) — Qy(rer)) >0 for allu € By. (6.23)
However, if Qu(u) € T = {z € R?: z =y +tey, t > 0}, then Qy(u) = Q. (re;) + te;
for some t > 0. Hence,
by (6.23) (u — rey,re1) > 0. This implies that u ¢ r By, thus contradicting the assumption
that 7" has a common point with the boundary of Q4 (r B,) other than y. O
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CHAPTER 7
Nonparametric Multiple-Output
Center-Outward Quantile Regression

The content of this chapter is fully available online as|del Barrio et al.| (2022).
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Based on the novel concept of multivariate center-outward quantiles introduced recently
in (Chernozhukov et al.|(2017) and Hallin et al.| (2021)), we are considering the problem of
nonparametric multiple-output quantile regression. Our approach defines nested conditional
center-outward quantile regression contours and regions with given conditional probability
content irrespective of the underlying distribution; their graphs constitute nested center-
outward quantile regression tubes. Empirical counterparts of these concepts are constructed,
yielding interpretable empirical regions and contours which are shown to consistently
reconstruct their population versions in the Pompeiu-Hausdorff topology. Our method is
entirely non-parametric and performs well in simulations including heteroskedasticity and
nonlinear trends; its power as a data-analytic tool is illustrated on some real datasets.
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7.1 Introduction

7.1.1 Quantile regression, single- and multiple-output

Forty-five years after its introduction by [Koenker and Bassett| (1978)), quantile regression—
arguably the most powerful tool in the statistical study of the dependence of a variable of
interest Y on covariates X = (X7, ..., X,,,)—has become part of statistical daily practice,
with countless applications in all domains of scientific research, from economics and so-
cial sciences to astronomy, biostatistics, and medicine. Unlike classical regression, which,
somewhat narrowly, is focused on conditional means E[Y"|X], quantile regression indeed
is dealing with the complete conditional distributions Pyx— of ¥ conditional on X = x.
Building on that pioneering contribution, a number of quantile regression methods, paramet-
ric, semiparametric, and nonparametric, have been developed for an extremely broad range
of statistical topics, including time series, survival analysis, instrumental variables, measure-
ment errors, and functional data—to quote only a few. Sometimes, a simple parametrized
regression model allows for a parametric approach, yielding, for instance, linear quantile
regression. In most situations, however, parametric models are too rigid and a more agnostic
nonparametric approach is in order. We refer to|Koenker (2005) for an introductory text and
to |[Koenker et al.|(2018]) for a comprehensive survey.

In single-output models (univariate variable of interest '), this nonparametric approach is
well understood and well studied, and the history of non-parametric estimation of conditional
quantile functions goes back, at least, to the seminal paper by [Stone|(1977). The results are
much scarcer, however, in the ubiquitous multiple-output case (d-dimensional variable of
interest Y, with d > 1), and the few existing ones are less satisfactory—the simple reason
for this being the absence of a fully satisfactory concept of multivariate quantiles.

A major difficulty with quantiles in dimension d > 1, indeed, is the fact that R, contrary
to R, is not canonically ordered. A number of attempts have been made to overcome that
issue, the most remarkable of which is the theory of statistical depth. That theory has
generated an abundant literature which we cannot summarize here—we refer to (Serfling and
Zuol 2000) or (Serfling}, |2002}, 2019alb)) for general expositions and authoritative surveys.

Several depth concepts coexist. The most popular of them is Tukey’s halfspace depth
(Tukey, [1975)), but all depth concepts (including the most recent ones: see, e.g., [Konen
and Paindaveine| (2022))) are sharing the same basic properties. Tukey’s halfspace depth
characterizes, for each distribution P over R? (for simplicity, assume P to be Lebesgue-
absolutely continuous) depth regions Dp(J) (resp., depth contours Dp(9)) as collections of
points with depth (relative to P) larger than or equal to § (resp., equal to §), § € (0,1/2].
Depth regions are convex, closed, and nested as J increases, and have been proposed as
notions of quantile regions and contours—an interpretation that is supported by the L; nature
of Tukey depth (Hallin et al., 2010).

Among the merits of this interpretation is that it has imposed the idea that quantiles,
in dimension d > 2, should rely on some center-outward ordering with central region
of depth § = 1/2 rather than a southwest-northeast extension of the classical univariate
“left-to-right” linear ordering of the real line. Unfortunately, depth regions fail to satisfy
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Figure 7.1.1: Quantile contours C4(7) (left panel) and regions C(7) (right panel)
for the banana-shaped Gaussian mixture of Section [7.4.1] and the quantile orders 7 =
0.1, 0.2,...,0..

the quintessential property of quantile regions: the P-probability content P []D)p (6 )] of the
quantile region Dp(d) indeed very much depends on P. This is not a minor weakness:
the univariate median Y1P/)2 of an absolutely continuous distribution P, for instance, is
characterized by the fact that P [(—oo, YIID/Q]] = 1/2 irrespective of P—who would call

median a quantity Y;> ; such that P [(—oo, Y, 4] = 0.4 while P2 [(—oc0,Y,2]] = 0.6 ?

e ’ * med » * med
None of the depth concepts in the literature is satisfying that essential property of quantiles,
though, and depth regions, therefore, cannot be considered as bona fide quantile regions.

A review of the various existing multiple-output quantile regression models (linear
and nonparametric, depth-based and others) can be found in |Hallin and Siman (2018). A
nonparametric quantile regression model based on a directional form of Tukey depth is
developed in Hallin et al.| (2015)) but suffers the same lack of control over the probability
contents of the quantile regions involved as the depth-based quantile concept itself. So does
also the directional concept of M-quantiles proposed by Merlo et al.|(2022).

Recently, based on measure transportation ideas, new concepts of quantiles in dimen-
sion d > 1 have been introduced in (Chernozhukov et al., 2017 [Hallin, [2017; Hallin
et al., |2021) under the names of Monge-Kantorovich depth and center-outward quantile
function. Center-outward quantile functions define nested closed regions Cp(7) and con-
tinuous contours Cp(7) indexed by 7 € ([0, 1) such that, for any absolutely continuous
P, P [(Cp(r)] = 7 irrespective of P. Unlike the previous concepts, thus, and unlike the
depth-based ones (as proposed in|Hallin et al.| (2010) or |Kong and Mizera (2012)), these
measure-transportation-based quantiles do satisfy the essential property that the P-probability
contents of the resulting quantile regions do not depend on P. Moreover, the corresponding
quantile regions are not necessarily convex and, as shown in Figure[7.1.1] they are able to
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capture the “shape” of the underlying distribution. We refer to Hallin| (2022)) for a survey of
measure-transportation-based center-outward quantiles, the dual concepts of multivariate
ranks and signs, and their many applications in inference problems (Ghosal and Sen|(2019));
Hallin et al.| (2020); [Shi et al.| (2021al); Deb and Sen| (2021]); |Shi et al.| (2021b)); Hallin et al.
(2022bla), among others).

Motivated by this long list of successful applications, we are proposing in this paper
a novel and meaningful solution, based on the concept of center-outward quantiles, to
the problem of nonparametric multiple-output quantile regression. Namely, for a pair of
multidimensional random variables (X,Y) with values in R™ x R? (Y the variable of
interest, X the vector of covariates) and joint distributimﬂ PP, we define (Section|7.2.2)) the
center-outward quantile map Q4 of Y conditional on X = x as

u € Sy Q(u|x) € R? (7.1)
(Sq the open unit ball in R?), with the essential property that, letting
Ci(t|x)=Q+(7S4/x) 7€(0,1), x € R™, (7.2)
we have
P[Y € Ci(r]|x)|X =x] =7 forallx € R™, 7 € (0,1), and P, (7.3)

justifying the interpretation of x — C (7| x) as the value at x of a regression quantile
region of order T of Y with respect to X. For 7 = 0,

C+(0]x):= () Cx(r]x) (7.4)
7€(0,1)

yields the value at X = x of the regression median x — C(0]x) of Y with respect to X.
The same conditional quantile map characterizes nested (no “quantile crossing” phenomenon)
“regression quantile tubes of order T” (in R t4)

Ti(7) = {(x, Q+(7Sq|x)) [x e R™}, 7€ (0,1) (7.5)
which are such that
P[(X,Y) € TL(7)] =7 irrespective of P, 7 € (0,1). (7.6)
For 7 = 0, define

T+(0) = {(x,y)) [x R, y € C+(0]|x)} = ] Tx(7)
7€(0,1)

(the graph of x — CL (7| x)); with a slight abuse of language, also call T (0) the regression
median of Y with respect to X.

'For simplicity, in this introduction, we tacitly assume all distributions to be Lebesgue-absolutely continous.
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Figure 7.1.2: Quantile regression (two-dimensional variable of interest Y; univariate regres-
sor X), showing the conditional center-outward medians (red) and the conditional quantile
contours (x, Cy (7] x))of order 7 = 0.2 (black), 7 = 0.4 (green), and 7 = 0.8 (yellow).

None of the earlier attempts to define multiple-output regression quantiles—neither
the depth-based definitions in |Hallin et al.| (2015)), the directional concepts of marginal
M-quantiles (Breckling and Chambers, [1988)) considered by Merlo et al.| (2022), nor the
measure-transportation-based approach proposed by |Carlier et al.| (2016)—is characterizing
quantile regions that satisfy requirements (7.3)) and (7.6).

Carlier et al.| (2016)) deserves special attention, though, as the first attempt to break with
directional and depth-based approaches to multiple-output quantile regression by means of
innovative measure transportation ideas. Focusing on linear quantile regression, their method
is based on a concept of multivariate quantile functions defined over the unit cube [0, 1]¢
rather than the unit ball S;. While yielding (under the assumption of a linear regression)
an asymptotic reconstruction of the distributions of Y conditional on X = x, however,
their choice of the unit cube does not directly allow for the definition of quantile regions of
given order similar to the center-outward regression quantile regions C.(7|x) C R? or the
quantile regression tubes T (7) C R™*¢,

As for the depth-based quantile regions, moreover, they are necessarily convex, even
for distributions with highly non-convex shapes as in Figure [T.1.1] To circumvent this
convexity problem, |Feldman et al.| (2021)) propose a clever transformation of the data turning
its distribution into a latent one with convex level sets by fitting a conditional variational
auto-encoder (Sohn et al.|(2015))). The probability contents of the quantile regions resulting
from this machine-learning type of “convexity reparation,” however, remain out of control
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(they still depend on P).

Figure[/.1.2| provides, for m = 1 and d = 2, a visualization of the regression median
and quantile tubes of orders 7 = 0.2, 0.4, and 0.8, along with some of the corresponding
conditional regression quantile contours C4(T|x) = { (x, Qi(784-1 ‘ X)) } (S4—1 the unit
sphere in R%), for the model

sin(2 X) 4+ 0.575 ¢,
Y = (1{1 ) - T 1.7
2 cos(ZX) + X2+ 2 + Le; +2.65 X4

3 .3

where X ~ U_y q, e = \/1 + 3 sin(nX/2)2v, v ~ N(0,1d), and X and v are mutually
independent. Actually, since exact values cannot be obtained for these population concepts, a
very large sample of n = 400, 040 observations was generated from (7.7)), and the consistent
estimation procedure described in Section[7.3| was performed to obtain the picture. Note the
non-convexity of the conditional contours for 7 = 0.8, the non-linearity of the regression
median, and the marked heteroskedasticity of the regression.

7.1.2 Outline of the paper

The paper is organized as follows. Section [7.2]is dealing with the population concept
of conditional center-outward quantile map and the resulting center-outward regression
quantile contours and regions, Section with their estimation. In Section [/.3.1] we
show how to construct empirical quantile contours and regions, the consistency of which
is established in Section[7.3] Numerical results are provided in Section[7.4] Monte Carlo
experiments in Section [7.4.1] show the ability of our method to pick heteroskedasticity,
nonlinear trends, and the shape of conditional distributions; comparisons also are made with
the results of the depth-based method of |[Hallin et al.|(2015). Real datasets are analyzed
in Section [7.4.7] illustrating the power of our method as a data-analytic tool. Section [7.3]
concludes with references to the recent literature on the numerical aspects of optimal
transportation and perspectives for future developments.

7.2 Nonparametric center-outward quantile regression

7.2.1 Notation

For convenience, we are listing here the main notation to be used throughout the paper. Unless
otherwise stated, we denote by (2, .A, P) the triple defining the underlying probability space.
Let /4 be the d-dimensional Lebesgue measure, B, the Borel o-field, and P(R¢) the space
of Borel probability measures on R?. The support of a probability P € P(R?) is denoted
as supp(P); its closure as SGpp(P). Throughout, (X,Y) denotes an R"*+?-valued random
vector with probability distribution P = Px v € P(R™*4), m-dimensional X-marginal
Px and d-dimensional Y-marginal Py. The distribution of Y conditional on X = x is
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denoted as Py \X:xﬁ The open unit ball, the closed unit ball, and the unit hypersphere in
R? are denoted by Sy, Sq, and S;_1, respectively. We denote by Uy the spherical uniform
over S;—that is, the product of a uniform distribution over the unit hypersphere S;_1 (for
the directions) and a uniform distribution over [0, 1] (for the distance to the center).

7.2.2 Conditional center-outward quantiles, regions, and contours.

Let us provide precise definitions for the concepts we briefly presented in the Introduction
and properly introduce center-outward quantiles, regions, and contours.

For any P € P(RY), denote by Q. = V¢ and call center-outward quantile map the
(Lebesgue-a.e.) unique gradient of a convex function ¢ : S; — R such that Q(U) ~ P,
for any U ~ Uy—in the measure transportation convenient terminology, Q. is pushing P
forward to Uy, which we denote as Q+#P = Uyq. This only defines Q4 at (’s points of
differentiability (recall that convex functions are differentiable at almost every point in the
interior of their domain: see Theorems 26.1 and 25.5 in |Rockafellar (1970)). At ¢’s points
of non-differentiability u, let us define Q4 (u) as the subdifferential dp(u) of ¢, namely,

Q. (u) = dp(u) = {y e R forall z € R%, p(z) — p(u) > (y,z — u>} , ueSy

then, Q. is an everywhere-defined set-valued function. Slightly abusing the notation, we
also write Oy for the set of all points (u,y) € R™? such that y € dp(u). With this
notation, we can introduce the concepts of conditional center-outward quantiles, contours,
and regions.

Definition 7.2.1. Call conditional center-outward quantile map of Y given X = x the
center-outward quantile map u — Qi (u|X = x), u € Sy of Py x=x, X € R™. The
corresponding conditional center-outward quantile regions and contours of order 7 € (0, 1)
are the sets

Cy(r ‘x) = Q4 (ng\X = x) and C4(T ‘X) = Q4 (7841 | X =x),

respectively. The conditional center-outward quantile maps also characterize (see Defini-

tions (T.4), (7.3), and (7.6))) conditional medians C1 (0| x) and regression quantile tubes T4 ().

When no confusion is possible, we also write Q.+ (u|x) for Q4 (u|X = x). The termi-
nology center-outward regression quantile region, contour, and median is used for the map-
pings x — C(7 [x), x — C+(7 |x), and x — C+(0]x), x € R™.

Recall, however, that, in the absence of any assumptions on the conditional probabi-
lities Py |x—x, the mappings u — Q4 (u |X = x) typically are set-valued, see Rockafellar
and Wets| (1998). Whenever continuous, single-valued functions (typically, on the punctured
unit ball S; \ {0}) are needed, we will make the following assumption.

’The existence of the regular conditional probability is a direct consequence of the disintegration theorem
(see, e.g., Theorem 2.5.1 in|Lehmann and Romano| (2005)).
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Assumption (R) For Px-a.e. x € R™, the conditional distribution Py |x—x admits, with
respect to the Lebesgue measure, a density py |x—x With convex support supp(Py | x—x);
moreover, for every R > 0, there exist constants 0 < N, < A% < oo such that

Ak S Py x=x(y) <AL forally € supp(Py x=x) N RSq.

In the classical single-output case (d = 1), consistent estimation of conditional quantiles
similarly requires the continuity of the conditional quantile maps (see |Stone|(1977))). In
dimension d > 1, the continuity of center-outward quantile maps follows from assumptions
similar to Assumption (R)—see |[Figalli (2018)) and |del Barrio et al.| (2020).

7.3 Empirical center-outward quantile regression

We now proceed with the construction of empirical versions of the conditional center-outward
quantile concepts defined in Section[7.2.2] and their consistency properties.

7.3.1 Empirical conditional center-outward quantiles

Let (X,Y)™ = ((X1,Y1),..., (X, Y,)) be asample of n i.i.d. copies of (X, Y) ~= Pxy.
In this section, we develop an estimator of the conditional center-outward quantile
maps u — Qi (u|X = x), x € R™. Our estimator is obtained in two steps: in Step

1, we construct an empirical distribution of Y conditional on X = x and, in Step 2, we
compute the corresponding empirical center-outward quantile map.

Step 1. For each value of x € R™, our estimation of the conditional distribution of Y
conditional on X = x involves a sequence of weight functions w™ : RMn+1) 5 Rn

measurable with respect to x and the sample X (") := (Xy,...,X},) of X observations, of
the form
(x, X(M) = ™ (x, X(")) = (wl(x XM, .. ,wn(x;X("))) (7.8)
where w( " Rmn+) R j=1,... n are such that
( )(x x(n ) >0 and Zw =1 a.s. forall n. (7.9)

We refer to a function w(™ of the form (7.8) satisfying (7.9) as a probability weight function
and define the empirical conditional distribution of Y given X = x as

Pfl’f()x) =Y w3 X"y, (7.10)
j=1
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where dy; is the Dirac function computed at Y ;. Following Stone| (1977), we say that the
sequence w(™ is a consistent weight function if, whenever (X,Y), (X1, Y1), ..., (Xp, Yy)
are i.i.d., where Y is real-valued and such that E|Y|" < oo for r > 1,

r

n
E|Y i (X;XM)Y; ~E(Y[X)| —0 asn— . (7.11)

j=1
Step 2. To estimate the conditional quantiles, consider a regular grid W) of Uy
consisting of N gridpoints denoted as QﬁgN), . ,@E\],V) . The number N here is arbitrarily

chosen as factorizing into a product of integers of the form N = NrpNg + Ny with Ny =0
or 1. That regular grid is created as the intersection between
— the rays generated by an Ng-tuple uy,...,un, € Sgz—1 of unit vectors such
that Ng—! Zévjl 511], converges weakly to the uniform over S;_1 as Ng — oo, and
— the Ny hyperspheres with center O and radii j/(Ngr +1),j=1,..., Ng,
along with the origin if Vg = 1. Based on this grid, we define the sequence of discrete
uniform measures

N
vy _ 1 d
Uy, ._N;%;N)ep(ﬂ%), NeN

over &) and require that N — oo with both Nz — oo and Ng — +occ. By construc-
tion, UEiN) converges weakly to Uy as N — co. Note that imposing Ny = 0 or 1 is not a
problem, since NV, unlike n, is chosen by the practitioner. Having Ny = 0 or 1 yields the
fundamental advantage that all points of (") have multiplicity one and that Corollary 3.1
in|Hallin et al.| (2021]), to be used below, applies.

Our estimation of the conditional center-outward quantile maps relies on the optimal

(N) )

transport pushing U, forward to Pgl(x)—more precisely, adopting (since typically N # n)

the Kantorovich formulation of the optimal transport problem, on the solution of the linear
program (solvable using efficient numerical methods such as the auction or Hungarian
algorithms—see PeyrA@ and Cuturi| (2019) and references thereinﬂ

N n 1
min }225 1Y —Qﬁz‘\Q?Ti,j )

m={mis} i3 I3

n
1
S.t. mii=—, t€{1,2,...,N},

N
vaj = wj(.n)(x;X(")), je{1,2,...,n},
i=1

m; >0, ie{l,2,...,N}, je{1,2,...,n}.

3We are dropping the superscripts (V) and (™ when no confusion is possible.
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Here, any Nn-tuple 7 = {m;;[i = 1,...,N j = 1,...,n} satisfying the constraints
in (7.12) represents a transport plan from UEIN) to ng(x)—that is, a discrete distribution
over R? x RY with marginals UglN) and Pgl()x). Let m*(x) = {nm};(x)li =1,....,N j =

1,...,n} be a solution of (7.12) (an optimal transport plan). Theorem 2.12(i) in [Villani
(2003) implies that its support supp(7*(x)) = {(&;, Y;)|m; ;(x) > 0} is cyclically mono-
toneEl hence is contained in the graph of the subdifferential of a convex function. Therefore,
the idea is to construct a smooth interpolation of 7*(x) that maintains this property.

Note that, for any gridpoint ¢;, 7 € {1, ..., N}, the constraints in (7.12)) imply that there
exists at least one j € {1,...,n} such that (&;,Y;) € supp(r*(x)). Since more than one
such j may exist, we choose the one which “gets the highest mass” from &;, and in case of
ties we choose the “smallest” one: namely, let

T*(&;| x) :== arg inf {||y | : y € conv <{YJ : J € argmax W:J(X)}> } ,  (7.13)
J

where conv(A) denotes the convex hull of a set A. Since conv ({Y g J € argmax; 7/ (x) })

is closed and convex in RY, (7.13) defines a unique T*(&;| x). Due to the cyclical monotoni-
city of supp(7*(x)), there exists a convex function ¢*(- |x) : R — R with subdifferen-
tial D™ (- ’x) such that, forall 1 <4 < N,

D+ {Y;: (61,Y;) € supp(n(x))} C Dp* (s |x).
Since sub-differentials are convex sets, this entails
conv{Y; : (;,Y;) € supp(n*(x))} C 9™ (&; |x).

Consequently, {(s;, T*(e;| x)) : ¢ = 1,..., N} is cyclically monotone and satisfies the
assumptions of Corollary 3.1 in [Hallin et al| (2021). This implies the existence,

for all x, of a continuous cyclically monotone map u Qgﬁ )i(u ‘X), say, interpolating
the N-tuple (&1, T*(61] X)) , .. ., (6, T* (6| X)), i.e., such that Q\1"% (s;] x) = T*(&;] x)
fort =1,...,N.

In particular, we proceed as in |Hallin et al| (2021) by choosing the smooth cycli-
cally monotone interpolation with largest Lipschitz constant. This continuous map u —
ng )i (u‘x) from Sy to R? will be called the empirical conditional center-outward quantile
function of Y given X = x. It defines the empirical center-outward regression quantile
regions and contours

(Cu?:)i(T ‘x) = Quzl)i (ng !x) and CQ(Uni(T ’x) = Qu?)i (TSd_l ‘x) , 7€(0,1)
(7.14)

*Recall from [Rockafellar] (1970) that a set S C R? x R? is cyclically monotone if any finite sub-
set {(wkl,ykl), ceey (kaykl,)} C S, v € N satisfies Zz;ll<ykg,a7k£+1 — xk£> 4+ <yku,xk1 — xkl,) <0,
where (-, -) stands for the scalar product in R<.
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which we are proposing as estimators of C (7 }x) and Cy (7 {x), respectively. The intersec-
tion (),¢(0,1) (Cgt )i (T {X) yields the empirical conditional center-outward regression median

region. The definition of empirical regression quantile tubes

Tgﬁ,)ﬂ:(ﬂ = {(X, Q@(ng\ X)) ‘x S Rm} , 7€(0,1)
naturally follows.

Remark 7.3.1. Note that the results of this section and the next one still hold for any
continuous map with cyclically monotone graph satisfying

(i, QU (w; [x)) € conv ({Y; : (w;,Y;) € supp(n*(x))}) foralli=1,...,N.

The reason for choosing the “smallest” y in (7.13)) is to have a “universal criterion.”

7.3.2 Consistency of empirical conditional center-outward quantiles, regres-
sion quantile regions, and regression quantile contours

The objective of this section is to justify the definitions of Section [7.3.1] by showing the
consistency of the empirical quantile regions and contours defined in (7.14). The asymptotic
behavior of these regions and contours, quite naturally, depends on the regularity of the
conditional distributions involved. In fact, as discussed before, when Assumption (R)
does not hold, the population conditional quantile maps are not necessarily defined for
every u € Sy, but only for a set of Ug-probability one. Consistency results can be obtained
despite this a.s. definition, provided that population quantile maps are extended into set-
valued maps. The following theorem showsﬂ under mild assumptions, that any possible

limit of ng )i( - |x) asymptotically belongs to the set Q4 ( - |[X = x).

Theorem 7.3.2. Let (X,Y), (X1,Y1),...,(Xn, Y,) be pairs of i.i.d. random vectors with
values in R™ x R% and let w™ be a consistent sequence of weight functions. Then, for
everyu € Sgand € > 0,

P(ng)i(u\x) ¢Qi(u!X)—|—eSd> —0 asnand N — oo,
and, for every T € (0,1),
P(CP(r[X) ¢ Calr|X ) () (m)
¥ +(7]X)+€Sq ) = 0and P ( CIV(7|X) ¢ €1 (7]X) +€Sq ) — 0

asnand N — oo.

Neater convergence results—avoiding the notion of set-valued maps— are obtained
if it can be assumed that Assumption (R) holds, which implies that, for any X = x and

Note that, although N does not appear in the notation, qun)i depends on both N and n.
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any u € Sy \ {0}, the set Q4 (u |X = x) is a singleton. Then, the map u — Q4 (u|X = x)
can be seen as continuous on S; \ {0}, see Theorem 25.5 in Rockafellar (1970), hence
single-valued on S, \ {0} since the gradient of a convex function is single-valued at a point
if and only if it is continuous at this point. We then can state the following theorem (see
Appendix A.1 for the proof), the second part of which describes the convergence of the
contours in terms of the Pompeiu-Hausdorff distance d,. Recall that he Pompeiu-Hausdorff
distance between two sets A and B in R? is defined as

doo(A,B) :=inf{r >0: AC B+vSgand B C A+ vS4}
(see[Rockafellar and Wets| (1998))).
Theorem 7.3.3. Let (X,Y), (X1,Y1),...,(Xn, Yy,) be pairs of i.i.d. random vectors with

values in R™ x R® and let w™ be a consistent sequence of weight functions. Suppose
moreover that Assumption (R) holds. Then, for every compact K C Sy \ {0}, as n and
N — oo,

n P
sup QU (u[X) — Qe (u[X)| — 0
ue

and, for every T € (0,1) and € > 0,
P (doo (c@(T 1X), Ca( \X)) > e) 0.

Under the assumptions of Theorem [7.3.3] consistency in Pompeiu-Hausdorff distance of
the quantile contours holds in case the median is a single poiniﬁf‘[he continuity of quantile
maps then extends to the whole open unit ball. This, however, is not necessarily the case
for d > 3 (see |[Figalli (2018))), and Pompeiu-Hausdorff consistency may fail due to the
fact that our empirical version is continuous over S; while Q4 (0|x) could be a set rather
than a single point: convergence then holds along subsequences of QSZ )i( - |x) towards
an element of Q. (0|x). This, obviously, has an impact on convergence in terms of the
Pompeiu-Hausdorff distance—although it does not affect the control over the asymptotic
probability contents of quantile regions. More precisely, the following corollary holds (see
Appendix A.1 for the proof).

Corollary 7.3.4. Under the conditions of Theorem[/.3.3] as n and N — o,
P (Y e c(r |X)\X) Pt forallT € (0,1). (7.15)

Remark 7.3.5. Under the weaker conditions of Theorem[7.3.2) in view of (T.33), still some

asymptotic control of the probability content of the empirical regions can be derived. More
precisely, letting N = N(n) be such that N(n) — oo as n — oo, forall T € (0,1) and
every subsequence ny, there exists a further subsequence ny; such that

lim sup P (Cilkj)(T ’x)‘X = x> <7, x-ae inR™,

SThis is always the case for d = 2 and d = 3: see [Figalli| (2018).



299

The above results, as well as the proposed regularization, are valid for any consistent
sequence of weight functions. This includes—along with adequate additional assumptions—
most of the classic choices of weight functions. Here are three examples.

(i) The kernel weight function, usually defined (see chapter 5 in GyA{fi et al. (2002)) as
n
() (. x () — o (T X Xj—x\ . _
w, (X,X")._K< e /;K ™ , 1=1,...,n

where I, is the bandwidth, and K : R™ — R the kernel. Sufficient conditions for wgn)
to form a consistent sequence of weight functions are

(b) ¢1 min (Il (/<] H(|x |)) < K(x) < coH(|x ), where ¢y, ca, 7 are positive

constants, and H : [0,00) — R is bounded, decreasing, and such that H (¢)t" —
0 ast — oo, and
(©) limy, 00 n®h!" /log(n) = oo for any a € (0, 1);

when the kernel K is compactly supported, the assumptions are are much simpler, and
we only need (a) and lim,,_, h!"'n = oo, see Theorem 5.1 in GyA(rfi et al|(2002).
The particular case K (x) = e~ I is known as the Gaussian kernel.

(i1) The (classical) k—nearest neighbors weight function: the k—nearest neighborhood
of x € R™ is obtained (Chapter 6 in GyA{rfi et al.[(2002)) by ordering {X1,...,X,}
according to increasing values of |X; — x|. Denoting by {X(gx), -, X(nx)} the

reordered sequence, the set of k—nearest neighbors of x is N, kgn) (x) ={X(jx 17 <
k} and the k-nearest neighbors weight function is defined as

wlgn)(x;X(”)) = 1 1

= — i =1,...,n.
? 1 -

X, eN™ (x)’

(n)

Sufficient conditions for this k-nearest neighbors w,

of weight functions are (see |Stone| (1977))

to form a consistent sequence

k — 400 and k/n — 0. (7.16)

If a k-nearest neighbors weight function w(™ is satisfying and Assumption (R)
holds, we thus have the convergence—in probability—of the conditional quantile map
described in Theorem [7.3.3} without this assumption we still obtain the slightly weaker
result of Theorem [7.3.2]

The k—nearest neighbors in (1) were understood in the classical sense of the Euclidean
distance in R”*, which does not take into account the distribution Px of X. An alternative
k—nearest neighbors weight function can be derived from a notion of nearness based on
the ordering induced by empirical center-outward distribution functions. This new weight
function is obtained as follows.
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(iii) An alternative k-nearest neighbors weight function. Fixing x € R™, first compute, as
in Hallin et al.| (2021), the empirical center-outward distribution function associated
with

nHZ X, +—5 € P(R™).

That distribution function is the solution 73 of the minimization problem

min Z | Xk — )2
TEFn+1

where Xy = x, I';,41 is the set of all bijections 7" between {x, X1,...,X,} and a
regular grid ™Y of S,,, of the form described in Section consisting of (n+1)
gridpoints denoted as &g, &1, . . ., &, obtained via a factorization of n into a product of
non-negative integers of the form n + 1 = ngng + ng with ng < min(ng, ng). That
regular grid is created as the intersection between

— the rays generated by an ng-tuple uy,...,u,, € S;—1 of unit vectors such
that ng ™! E;ﬁ 1 6uj converges weakly, as ng — 00, to the uniform over Sy, 1
and

— the ny hyperspheres with center 0 and radii j/(ng +1),j =1,...,ng,

along with ng copies of the origin whenever ng > 0. Based on this grid, we define the
sequence of discrete uniform measures

n+1

(n+1) _ m
U, ._nHZa@ e P(R™) NeN

This map is defined only at the (n + 1) points x, X1, ..., X, but, as in the previous
section, it can be countinuously extended (see also Hallin et al.| (2021)) to the whole
space R™—call F( "R Sy, this extension—with the properties that F( n)
coincides, on {x, Xl, ..., X}, with T3, is the gradient of a differentiable convex
function with domain R™, and satisfies F( ") 1 (R™) C S;,. We then define the set of
k—nearest center-outward neighbors of x as

K (x) = (X, FL(X)) € M(FUL (%)), (7.17)

where, for each a € B,,, and k € N, N (a) denotes the set of k-nearest neighbors (in
the sense of Euclidean distance) of a. Based on this, define the center-outward nearest
neighbor weight function

w™ (6 XY = 1
and proceed as in Section[7.3.1) with the estimation of the conditional quantile

functions.

. j=1,...k (7.18)
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The next result shows that, for a suitable choice of & = k(n), center-outward nearest
neighbors weight functions form a consistent sequence of weights (see the appendix for a

proof).

Lemma 7.3.6. If k = k(n) is such that k(n) — oo and k(n)/n — 0 as n — oo, the
sequence of weight functions defined in (T.18)) is consistent in the sense of (T.11).

This means, in particular, that Theorem [7.3.2] applies when the weight function (7.18)) is
used under the assimptions of Lemma([7.3.6] and that the resulting estimators are consistent.

Theorems|[7.3.2and[7.3.3|provide weak (in probability) consistency results under minimal
assumptions. For sequences of weights satisfying, as n — oo,

Zw (X; XM)Y; — E[Y[X] as. (7.19)

(strongly consistent sequences), the conclusion in Theorem [7.3.2]can be upgraded to strong
(almost sure) consistency. For the particular case of k-nearest neighbors, and strong
consistency hold if (7.16)) is replaced with

k/log(n) - oo and k/n — 0, (7.20)

see Devroye et al.| (1994) and [Devroye| (1982).

7.4 Numerical results

This section is devoted to a numerical assessment of the performance of the estimation
procedures described in Section[7.3] We first analyze (Section[7.4.T)) some artificial datasets—
including the motivating example of [Hallin et al.| (2015)—then turn (Section [7.4.2)) to real-
data cases. These examples showcase three important features of our estimators: their ability
to capture heteroskedasticity, to deal (non-parametrically) with highly nonlinear regression,
and to adapt to non-convex noise.

7.4.1 Simulated examples
Parabolic trend and periodic heteroskedasticity; spherical conditional densities.

We start with analyzing the motivating example given in [Hallin et al.| (2015)). The model
(withm =1,d =2)is

}/1 X 3 s 2
L) (3)+ (3} e
(721
with X and e mutually independent. In this case, the population conditional (on X = )

quantile contours are circles with radii depending on = and can be computed exactly; trend
is parabolic and heteroskedasticity periodic.
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Figure [7.4.1] illustrates the convergence of our estimated contours to the population
counterparts. Compared to Figure 1 in [Hallin et al.| (2015)), our method produces less
smooth contours, at least for smaller sample sizes. On the other hand, our method is able to
capture non-convex contour shapes—something the method in[Hallin et al.| (2015)) cannot,
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Figure 7.4.1: Estimated (sample sizes 3, 601 in the upper left panel, 10, 000 in the upper right
panel, 128, 020 in the lower left panel) and population (lower right panel) quantile contours
of order 7 = 0.2 (black) and 0.4 (green) for Model (7.21)); the (estimated) conditional
center-outward medians are shown in red. Estimations are based on the k-nearest neighbors
weights () with N = k£ = 401, 1,000, and 6,401 and n = 3,601, 10,000, and 128, 020,
respectively.
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Figure 7.4.2: Estimated quantile contours (Model (7.21))) based on Gaussian kernel weight
functions for different choices of the bandwith h. The sample size is n = 3, 601; bandwidth
values are h = 0.05 (upper left panel), h = 0.1 (upper right panel), h = 0.2 (lower left
panel) and h = 0.3 (lower right panel). The estimated contour orders are 7 = (0.2 (black)
and 0.4 (green); the estimated conditional center-outward medians are shown in red.

see Section[7.4.1] We also underline that, from a computational point of view, our method
is able to handle rather large datasets (in contrast, the R packaged modQR cannot handle
sample sizes over 10, 000, as explained in the documentation).

Model (7.21), as pointed out in [Hallin et al| (2013), allows for testing the capacity of a
method to estimate the trend while catching potential heteroskedasticity. A comparison with
Figure 1 in|Hallin et al.|(2015) shows that both methods estimate the parabolic trend quite
well, but that our method performs much better at capturing heteroskedasticity. Estimations



304

Figure 7.4.3: Estimated quantile contours (Model (7.21)) based on k-nearest neighbors
weight functions for different choices of k. The sample size is n = 3601; k = 101 (upper
left panel), k = 256 (upper right panel), £ = 401 (lower left panel) and £ = 625 (lower
left panel). The estimated contour orders are 7 = (0.2 (black) and 0.4 (green); the estimated
conditional center-outward medians are shown in red.

are based on the k-nearest neighbors weights (i) of Section[7.3] with N = k = 401, 1, 000,
and 6,401 and n = 3,601, 10, 000, and 128, 020, respectively. Note that, in this univariate
covariate case, the weight choices (i) and (iii) coincide.

The performance of the Gaussian kernel (i) (with various bandwidth choices) and
classical k-nearest neighbors (i) (with various choices of k) weight functions are investigated
in Figures [7.4.2)and [7.4.3] still for Model [7.21] with sample size n = 3, 601. More precisely,
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estimation in Figure[7.4.7]is based on the weight function

[ ‘Xjfx‘

2
x|\ 2 n — ——
w(n)(X;X(n)) = e_( o l) /Ze ( n ) , 1=1,...,n, (7.22)
j=1

1

for h, = 0.05, 0.1, 0.2, and 0.3; the discretization of the spherical uniform is based on a
grid of size N = n. Estimation in Figure [7.4.3]is based on k-nearest neighbors weights
with £k = 101, 256, and 625. Here we chose N = k, which yields a one-to-one solution
in (7.12). In both figures the conditional contours (of order 7 = 0.2 (black) and 7 = 0.4
(green)) and the estimated conditional center-outward medians (red) are shown for

xe{-2-16,-1.1,-0.7,-0.2,0.2,0.7,1.1,1.6, 2}.

For this sample size, the Gaussian kernel weights—due to the fact that they better
exploit the information available on the 2’s—yield better results than the k-nearest neighbors
ones. But the Gaussian kernel has a drawback for large datasets; the optimization problem
(7.12) requires the whole dataset and cannot be efficiently computed. For instance, the
Gaussian kernel counterpart of Figure [7.4.T] (where n = 128, 020) cannot be computed on
a standard desktop computer: large-sample datasets should be handled either with nearest
neighbors or compactly supported kernel weights. On the other hand, the bandwith h,, and
the neighborhood size k£ apparently have little impact on he result.

Parabolic trend and periodic heteroskedasticity; banana-shaped conditional densities.

We now consider a model in which the trend and heteroskedasticity are the same as in
Model (7.21)), but the quantile contours are non-convex (conditional densities are banana-
shaped):

Y- (Yl) - ( v ) * <1+2sm(g§)2) Ve (7.23)
Ya X? (1+3sin (50)%) (55 +05(cF +1.21)) |

with X ~ Uj_y9 and € = (e1,e2) ~ N(0,1Id), X and e mutually independent. The
dataset shown in Figure was generated from that model, with X = 0 and justifies the
termonology “banana-shaped.”

Population conditional quantile contours here cannot be computed analytically. Fig-
ure[7.4.4)shows their estimations (same method as in Section[7.4.1} with a k-nearest neighbors
weight function, £ = 14,401) for orders 7 = 0.2 (black), 0.4 (green), and 0.8 (yellow),
along with the conditional medians (red). The sample size n = 576, 040 is very large, so
that, in view of consistency results, these estimations can be considered as close numerical
approximations of their theoretical counterparts. This example illustrates further the ability
of our method to handle vary large sample sizes. The Hallin et al.| (2015) approach produces
contours that are convex by construction—hence cannot capture the “banana shape” of the
conditional densities. The same comparative analysis of weight functions is performed as for
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Model (7.21)). Figures [7.4.5and[7.4.6] show the results for Gaussian kernel weights (various
bandwiths) and k-nearest neighbors weights (various values of k), respectively. The sample
size is n = 3601. In all the examples, for the ease of computation, N = k. Note that, for the
k-nearest neighbor weights, this choice creates a one-to-one (between the sample and the
grid) transport map.

Still for Model (7.23), Figure[7.4.7|shows, for sample size n = 3601 and various choices
of the bandwidth A and the neighborhood size k, the behavior of the empirical conditional
center-outward contours in X = 0—and compares them with those of Figure [7.4.4] (con-
sidered as the population contours). The empirical conditional quantiles are computed for
7= 0.2, 0.4, and 0.8 with Gaussian kernel weights (bandwidths ~ = 0.1, 0.2, and 0.3) and
the k—nearest neighbors weights (k = 226, 485, and 901). The influence of the choice of h
and k is clearly seen here: the bigger h (the bigger k), the smoother the estimation of the
shape of the contours but also, unfortunately, the worse the estimation of their location.

7.4.2 Some real-data examples
The CalCOFI oceanographic dataset: depth, temperature, and salinity in the oceans

The dataset “CalCOFI Over 60 Years of Oceanographic Data,” available at https://
www.kaggle.com/sohier/calcofi, contains the longest (1949-present) and most
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Figure 7.4.4: A numerical approximation (estimation based on a simulated sample of size
n = 576, 040) of the quantile contours of order 7 = (.2 (black), 0.4 (green), and 0.8 (yellow)
for Model (7.23)); the conditional center-outward medians are shown in red.


https://www.kaggle.com/sohier/calcofi
https://www.kaggle.com/sohier/calcofi
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complete (more than 50,000 sampling stations; sample size n = 814,247) time series of
oceanographic and larval fish data worldwide. Data collected at depths down to 500 m
include temperature, salinity, oxygen, phosphate, silicate, nitrate and nitrite, chlorophyll,
transmissometer, PAR, C14 primary productivity, phytoplankton biodiversity, zooplankton

Figure 7.4.5: Performance, in Model (7.23)), of Gaussian kernel weight functions-based
estimation for various choices of the bandwidth. The sample size is n = 3,601, and the
bandwidths are h = 0.05 (upper left panel), h = 0.1 (upper right panel), h = 0.2 (lower left
panel), and h = 0.3 (lower left panel). The empirical contour levels are 7 = 0.2 (black) ,
0.4 (green) and 0.8 (yellow); the estimated conditional center-outward medians are shown in
red.
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Figure 7.4.6: Performance, in Model (7.23)), of the k-nearest neighbors weight functions-
based estimation for various choices of k. The sample size is n = 3601; £ = 101 (upper
left panel), £ = 256 (upper right panel), £ = 401 (lower left panel), and k = 625 (lower left
panel). The empirical contour levels are 7 = 0.2 (black), 0.4 (green), and 0.8 (yellow); the
estimated conditional center-outward medians are shown in red.

biomass, and zooplankton biodiversity. We are focusing here on the influence of X = ‘depth’
(in meters) on the pair Y = (‘temperature,’ ‘salinity’)’ (in degrees and grams of salt per
kilogram of water, respectively).

Figure [7.4.8| shows the corresponding 3D observations and the estimated conditional
center-outward quantile contours obtained from the same method as in Section[7.4.1] (nearest
neighbors weight function with £ = 6,401); Figure [7.4.9| shows the projections of the
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same contours on the (‘depth,’ ‘salinity’) and (‘depth,’ ‘temperature’) axes, respectively.
Inspection of these figures reveals a nonlinear center-outward conditional median; het-
eroskedasticity also appears as the area of the conditional quantile regions clearly decreases
as a function of depth, while a positive dependence between temperatures and salinity, which
is present at the surface, gradually disappears as depth increases. The projection plots of
Figure[7.4.9]also provide clearer views on marginal dependencies. For example, the decrease
of temperature as a function of depth is monotone and almost linear, while the dependence
on depth of salinity is more complex, high at shallow depths, lower at medium depths, and
higher again at greater depths. However, these marginal analyses, to some degree, are hiding
the heteroskedasticity effects (in particular, the dependence on depth of the relation between
salinity and temperature) which are clearly visible in Figure[7.4.8] Since the dataset is quite
large, we used a nearest neighbors weight function, see the comments about the empirical
performance of different weights in Section [7.4.1]

Figure 7.4.7: Comparison between the empirical conditional contours Cin) (r ’0) (levels
7 =0.2, 0.4, 0.8; sample size n = 3,601) in Model (7.23)) based on Gaussian kernel weight
functions (bandwidths h = 0.1 (green), h = 0.2 (yellow), and i = 0.3 (blue)) (left panel)
and those in Figure[7.4.4] based on k—nearest neighbors weight functions (k = 226 (green),
k = 485 (yellow), and k£ = 901 (blue); sample size n = 576, 040) (right panel). The
center-outward quantiles of Figure[7.4.4](to be considered as population values) are shown
in red.
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Salinity

Figure 7.4.8: CalCOFI dataset. Left panel: the original dataset (‘depth,” ‘temperature,’
‘salinity’) for ‘depth’ < 200 (sample size for ‘depth’ < 200, dropping empty val-
ues, is n = 505,829). Right panel: the empirical conditional center-outward quan-
tile contours of orders 7 = 0.2 (black), 7 = 0.4 (green), and 7 = 0.8 (yellow) and
the empirical conditional center-outward median (red) for the multiple-output regression
of (Y1, Ya) = (‘temperature,” ‘salinity’) with respect to X = ‘depth.’ Estimation based on a
k-nearest neighbors weight function with k£ = 6,401.

The Female ANSUR 2 dataset: stature, foot length and tibial height of female US Army
personnel .

Our second real-data example involves a smaller sample size n. The Female Anthropometric
Survey of US Army Personnel (Female ANSUR 2 or Female ANSUR II) featured in this
section consists in ninety-three direct measures and 41 derived ones, as well as three-
dimensional head, foot, and whole-body scans of n = 1,986 women of the United States’
army. These measurements were collected between October 4, 2010 and April 5, 2012, in
May 2014 and in May 2015; they are available online at https://www.openlab.psul
edu/ansur2/\

We want to analyze the influence of the covariate X = ‘stature’ (in centimeters) on the
variable of interest Y = (‘foot length,’ ‘tibial height’) (both in centimeters). Figure [7.4.10]
provides a 3D view of the center-outward quantile contours/tubes (levels 7 = 0.2,0.4,0.7),
along with the center-outward regression median (red); Figure [7.4.11] shows the projections
on the axes of the same contours. Inspecting these two figures reveals the absence of
heteroskedasticity, the spherical shape of conditional distributions, and a roughly linear
regression. Since the size of the model is not too large, a Gaussian kernel is convenient. The
bandwidth was chosen as h = 15, which, up to scale changes, corresponds to the choice
h = 0.2 in Figure


https://www.openlab.psu.edu/ansur2/
https://www.openlab.psu.edu/ansur2/
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7.5 Some concluding remarks

7.5.1 Relation to the recent literature on numerical optimal transportation

The estimation of transport maps beyond the sample points currently is a hot topic, and a
fastly developing strand of literature is proposing such estimators. However, the objective of
most authors is to reach near-optimal convergence rates, for which they typically impose
fairly strong assumptions. Some estimators (HAVatter and Rigollet| (2021)), Manole et al.
(2021))) are computationally quite heavy and sometimes numerically almost infeasible;
others (Pooladian and Niles-Weed, 2021)) use a regularized version (Cuturi| (2013)) of
the optimal transport problem to provide consistent near-optimal estimators, which needs
stringent assumptions on the shape of the underlying distributions—such as being compactly
supported, with densities bounded away from 0 and oo over their convex supports. This is
redhibitory in our case, since the density of Uy (a choice which plays an essential role in
the interpretation of transports as quantile functions) is unbounded at 0. Other solutions
(Makkuva et al.|(2020) and GonZAglez—Sanz et al.|(2022)) are based on deep learning and
neural network methods; they achieve excellent empirical performance, but the lack of
theoretical results for the first one, the Lipschitz constraint on transport maps for the second,
preclude their use in this quantile regression context.

We also could estimate the conditional quantiles through the optimal map from the

)

uniform reference measure to Pﬁ(x . From a numerical point of view, however, this would

PSS
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Figure 7.4.9: CalCOFI dataset. Left panel: projection of the empirical center-outward quan-
tile regions shown in Figure[7.4.8|(orders 7 = 0.2, 0.4, 0.8) and median on the axes (‘depth,
‘salinity”), for the multiple-output regression of (Y1, Ya) = (‘temperature,” ‘salinity’) with
respect to X = ‘depth.” Right panel: projection of the same on the axes (‘depth,” ‘tempera-
ture’); see Figure[7.4.8]for the color code.
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tibial height

Figure 7.4.10: ANSUR 2 dataset (sample size n = 1, 986). Left panel: the original dataset
of X = ‘stature’ and (Y1,Y2) = (‘foot length,’ ‘tibial height’). Right panel: the empirical
conditional center-outward quantile contours of orders 7 = 0.2 (black), 7 = 0.4 (green),
7 = 0.7 (yellow) and the empirical conditional center-outward median (red) for the multiple-
output regression of (Y7,Y3) with respect to X; estimation based on a Gaussian kernel
weight function with bandwidth h = 15.

lead to the computation of a semi-discrete optimal transportation plan, which has complex-
ity O(nd/ 2), hence is unfeasible even for moderate d. While the computational complexity
of our procedure does not depend on the dimension, its statistical performance does (see
Fournier and Guillin/(2015)) and, in that sense, we do not escape the curse of dimensionality—
up to the case where P is finitely supported, see del Barrio et al.| (2021)). Despite the fact
that the literature on the computation of such maps is growing quite fastly (see LA©vy
et al. (2020); GallouA«t and MA@rigot (2018); Meyron| (2019); de Goes et al.|(2012)), the
exisiting methods are restricted to dimension two, sometimes three. A further issue is that
the solution of the semi-discrete problem does not produce quantile contours but creates a
Voronoi tessellation of Sy, each piece of which is mapped to a single sample point.

7.5.2 Conclusions and perspectives for further developments

Building on the concepts of center-outward quantiles recently developed in [Hallin et al.
(2021)), we are proposing here a fully nonparametric solution to the problem of nonparametric
multiple-output quantile regression. Contrary to earlier attempts, our solution is enjoying
the quintessential property that the (conditional) probability content of its quantile regions
is under control irrespective of the underlying distribution. This is only a first step into
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foot length
tibial height

stature stature

Figure 7.4.11: ANSUR 2 dataset (sample size n = 1,986). Left panel: projection of
the empirical center-outward quantile regions (orders 7 = 0.2, 0.4, 0.8) and median
on the axes (‘stature,” ‘foot length’), for the multiple-output regression of (Y7,Ys) =
(‘foot length,” ‘tibial height’) with respect to X = ‘stature.” Right panel: projection of the
same on the axes (‘stature,” ‘tibial height’); see Figure@fer the color code.

the multifarious applications of multiple-output quantile regression, though. Due to the
minimality of the assumptions it requires, a completely agnostic nonparametric approach
indeed is attractive, but also comes at a cost: linear or polynomial quantile regression remain
justified whenever a priori knowledge of the analytical form of the regression is available
and should be taken advantage of. A center-outward version of the results of |Carlier et al.
(2016), thus, is highly desirable. Single-output quantile regression has been considered in
a variety of contexts: survival analysis, longitudinal data, instrumental variable regression,
directional, functional, and high-dimensional data, . .. Quantile regression versions of time-
series models such as the quantile autoregressive model also have been investigated (Koenker
and Xiao, [2006). All these applications call for multiple-output extensions with important
real-life consequences; they should and can be based on the concept of center-outward
quantile, regions, and contours and are the subject of our ongoing research.
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7..3 Proofs for Section 7.3

The convergence described of Theorem[7.3.2is based on the topology of set-valued maps, in
particular the Graphical convergence (or Painlevé-Kuratowski convergence of the graphs).
Recall from Rockafellar and Wets| (1998)) that a sequence of set-valued maps {7}, },, con-
verges graphically to another set-valued map 7' if

— the outer limit lim sup,, 7,,—which is the set of (x,y) € R? x R? for which there
exists a sequence { (X, yn)} with (x,,y,) € T, containing a subsequence which
converges to (x,y)—exists and coincides with 7" and

— the inner limit lim inf,, 7,,—which is the set of (x,y) € R? x R? for which there
exists a sequence {(Xy,yn)}, with (x5, ¥n) € T, which converges to (x, y)—exists
and coincides with 7.

We start with some necessary properties of the population and empirical conditional
quantiles and some auxiliary results. The following lemma states that the estimated condi-
tional probability converges weakly in probability to its population counterpart. Recall from
Theorem 1.12.4 in|van der Vaart and Wellner| (1996)) that weak convergence can be measured
in terms of the bounded Lipschitz norm, which is defined for i, v € P(R%) as

dpr(p,v) == sup |Ezu(f(Z)) — Ewn (f(W))],
feFpL(RY)

where the class Fpy is the class of functions f : R? — R such that |f(z1) — f(z2)| <
|z1 — 22| and |f(z1)| < 1, forall z,2z9 € RA.

Lemma 7..1. For any ¢ > 0, under the assumptions of Theorem[7.3.2} we have
P (dBL(P;f’(X% Py x) > e) 0.
See Section [7..4| for the proof.
Let 7(") (x) be a solution of and
7 (x) = (Id x Q+( - |x)) #Uq.

Note that, for each value of x,
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(1) there exists a sequence of differentiable convex functions ¢(") ( . ’x) : R - RU
{400}, n € N, such that

ngb)i (u; ]x) — Vg™ (u; ‘x) for j=1,...,k, andn € N;

)

(i) there exists a convex function t ( - ’X =x)) : R? = R U {+00} such that

Qi+ (u|X =x) =V (u|X =x) for Usae. u€S,.

Using obvious notation, it holds that 7*(x) and 7(") (x), for n € N, have cyclically monotone
supports. Moreover, as a consequence of Corollary [7.3.1] we have

supp(r™ (x)) c 9™ (- |x) and supp(r*(x)) C 9% (- !X =x), (7.24)

possibly for some other sequence p™) ( . ‘x) : R = R U {400} of convex functions such
that
le)i (uj ‘x) e o™ (uj ‘x) for j=1,...,k, andn € N. (7.25)

The following result then follows from Lemma 9 and Corollary 14 in McCann| (1995).

Lemma 7.2. Let u,v € P(R?) be such that ;i < {4 is supported on a convex set.
Let {jin}nen and {vp}nen C P(RY) converge weakly as n — oo to p and v, respec-
tively. Suppose, moreover, that there exists a sequence of probability measures {7y, } nen C
PR x RY) with marginals i, and v, such that, for some sequence of convex functions
{®n }nen, it holds that, for all n € N, supp(my,) C O¢y,. Then,

(i) {mn}n converges weakly as n — oo to 7* = (Id x V¢) #p, where V¢ is the
gradient of a convex function ¢ pushing p forward to v, and

(ii) there exists a sequence {ay }neny C R such that, p-a.e., ¢y, + an, — ¢ and d¢p,, — O
graphically as n — oc.

See Section [7..4|for the proof.

Proof of Theorem[7.3.2] Suppose that there exist up € S; and ¢y > 0 such that

limsup P < Q,Ez)i(u()]x) Z Qi (ug|X) + €Sy > =6>0.

n—oo

We can find a subsequence n, such that
lim P QU (uofw(X: X)) & Qe (uo]X) +€0Sq ) =0> 0. (7.26)
—00 ’

Note that the space of probability distributions on R%, endowed with the bounded Lipschitz
metric, is separable and complete, see Theorem 1.12.4 in|van der Vaart and Wellner (1996).
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Therefore, the convergence described in Lemma[7..T]implies that, for the subsequence ny,
there exists a further sub sequence ny, such that the event

nki
Qo= sup D wi(X;X"))f(Y;) —E(f(Y)[X)| — 0 (7.27)
feFBL(RY) |55

has probability one. Let x = X (w) with w € Q. Then, by Lemma we have, as 7 — oo,
;) (- !x) — Q4+ (- |X =x) graphically.

This implies, by Theorem 8.3 in Bagh and Wets| (1996)), that there exists 79 € N such that,
for all 7 > 1, B
9™ (ug|x) € Qu(uo|X = x) + €oSy- (7.28)

From (7.23)) and the fact that (7.28)) holds with probability one, we deduce that

Pl U ngi)(UO!X) Z Qu+(19|X) +€Sq | =0, (7.29)

i0EN1>19

which implies that

lim sup P (Qﬂ?ki)(uoyX) ¢ Qu . (1] X) + eoSd> <.

1—00

This contradicts (7.26).

The rest of the proof follows from compactness arguments and a refined use of Theo-
rem 8.3. in Bagh and Wets (1996). Suppose that, for some gy € (0, 1) and €y > 0, and along
a subsequence ny, we have

lim P (€7 (q0]X) ¢ a0 [X) + EQSd> =5>0. (7.30)

k—o0

Theorem 8.3. in [Bagh and Wets| (1996) and Lemma [7..2] jointly imply the existence of a
further subsequence ny,, such that, for every . € Sy, there exists [z € N and Az > 0
satisfying

Q" (u]x) € Qu(@t|X = x) + €Sy forall u € @ + \gSq and all i > I,

Note that ¢Sq C Ug ja|<, @ + AaSa. Since qSq is compact, there exists a finite co-

vering ¢Sy C U§:61 Uy + 0w, Sq. Set Iy = max([g,, ..., [ag,): then for all i > Ig, we
have
C+""(qo |x) € Cx(qo |x) + €0Sas

which holds with probability one and, using the same argument as for (7.28), contra-
dicts (7.30). The same reasoning holds also for the contours. O
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Proof of Theorem Under Assumption (R), it follows from |del Barrio et al.[(2020)
that, for w € Qp C Q where P(y) = 1, the center-outward quantile function Q4 (u|X =
x = X(w)) is a singleton for Ugz-almost all values of u € S;. Therefore, we adopt here
the slight abuse of notation commented before Theorem[7.3.3|and write Q.+ (u |X = x) =

{Q+(u|X forx)}. Setu € Sy \ {0} and note that, since Q4 (u|X) and ng)i(u |x) are
a.s. singletons, we have, as n and IV tend to infinity,

P (|QUL (u]x) — Qe(uX)| > ¢) 0.

Let K be a compact subset of Sy \ {0}. In order to establish uniform convergence in K,
suppose that the contrary holds. Since the space of continuous functions from K to R?
(endowed with the topology of uniform convergence) is complete and separable, there exists
a subsequence ny, such that, for some § > 0, the probability of

w=<¥gm$ﬂum—Qﬂwxw%@, 7.31)

is one. Set w € ' and consider x = X (w). There exists a sequence {u,, } C K such that

‘ EZI:CI:)(unk |X) - Qi(unk ‘X = X)‘ — 0,

for a possibly different 6 > 0. Since the sequence {u,, } is in K, it admits at least one
point of accumulation u € K. Hence,

lim inf (| QY (w, %) ~ Qu(u X = x)|
+|Q+(u[X =x) — Qx(uy, (X =x)|) >4,

where the second term tends to 0 by the continuity of u — Q4 (u |X = x). This implies
that
lim inf [ QY (wy, [x) — Qu (WX = x)[ > 4. (7.32)

But Lemma(7..2entails the Graphical convergence to Q4 ( - | X = x) of ng ’jt)( - |x), which
contradicts (/.32)). The desired uniformity over K follows.

Finally, the convergence of the contours is a consequence of the previous result on the
regions. u

Proof of Corollary To prove (7.13)), let us show that, for any subsequence n, there
exists a further subsequence converging a.s. To avoid repetitions, assume that N = N (n) is
such that N — oo as n — oo.
Leaving aside the singular points, let us consider the empirical and population guan-
tile rings
(e, 7 %) = CP(r]x) \ C(e]x)

and
Ci(e, 7|x) == Cs(r |x) \ Ci(e]|x),
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respectively. Theorem 3.3 yields, forall 0 < € < 7, as n — o0,

P (Y eC(e, 7|X)and Y & Ca(e, 7 \X)]X) 0. (7.33)
Let {€;}cn be a monotone sequence tending to 0. For j = 1 there exists a further subse-
quence n,lv, say, and a subset {21 of {2 such that P(£2;) = 1 such that, for every x = X(w)

with w € Qq,

1
P (Y e C(er, 7[x) and Y ¢ C(er, 7 \x)]X - x) —0. (7.34)
By definition, P (Ci(ﬁh T |x) ’X = x) = T — e1; therefore, in view of (7.34),

P ((Cg?i)(el, T ‘X)‘X = X) — T — €.

Repeating the argumentat for j = 2, there exists a set Qo C Q, with P(2) = 1, and a
subsequence (call it n}) of nj. such that, for every w € Q5 and x = X(w),

P (Cilz)(eg, T ‘x)‘X = X) — T — €.

This argument can be repeated for each j € N and the set Qp = )
one. Setw € 0y C 2 and x = X(w): then there exists k1 such that

jeN €1; has probability

‘IP’ ((Cs_fkl)(el, T |x)|X = X) — T‘ < 2e€.
Analogously, for each m, there exist k; such that

P (e 6 x =x) =

< 26]'-
Therefore, we obtain the limit
(nk,;)
P(CL7 (g, T[x)|X=x)—7
and, noticing that
P(CL7 (g, T|x)|X=x)<P(CL7(T|x)[X=x],

also the asymptotic upper bound

lim inf P (Cilkj)(T ’x)‘X = x> > T
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Now, Theorem [7.3.2]implies, for every subsequence (for which we keep the notation n) of n
and j € N, there existence of some n; € N such that
P(CO|X) ¢ Ca(r[X)+ 28y ) < &
= + 9i°d ) = 9;

for all n > n;. The sum
Sp < cl)(r|X) ¢ Cs(7]X) + ygd>
j=1

thus is finite, and the Borel-Cantelli lemma yields

PO U C(i])(T‘X)gzci(T!X)—i-ng =0,
JeNj>J

or, equivalently, P(2*) = 1, where

n; 1
o= N x) C C(7|X) + 584
JEN j>J

Setting w € Q* C 2 and x = X(w), there exists J € N such that
(ny) _ 1 B
P(CL (T‘X)}X—x <P (Ci(v"x)—i— Qde}X_x ,

for all j > J. Since

1 1
Ci(T ‘X) + ﬁgd C Ci(T ‘X) + 27861
and .
ﬂ Cx(7|x) + 555 = Cx(7|x),
JEN
we obtain
lim sup P ((Cg?j)(T ‘x)’X = X) <, (7.35)
which concludes the proof. O

Proof of Lemma|7.3.6] To prove this lemma, we show that the following five conditions of
Stone’s theorem (Theorem 1 in|Stone (1977)) are satisfied (convergence for n — co):

(a) there exists C > 1 such that, for any non-negative measurable function f,

1 n
E z E ]lxjeK,’g(X)f(Xj) < CE(f(X));
j=1
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n

1
(b) P EanjeKﬁ(X) <1]| =1 forall neN;
j:

() — Z Ixerkx)lix,—x|>a — 0, in probability, for all a > 0;

?r'\}—‘

n
Z Ix,exkx) — 1 in probability;
1 . .
() max —Ix cgrx) — 0 inprobability.
i=jym kISR

Proof of (a). Let X be a random variable independent of X (™, with the same distribution
as X;. Setug = F(in)(X) and u; = F(in)(Xj), j=1,...,n. Defining

KFO(X) = {X,: i #j, FL(X;) € No(F (X))},

note that Ix, ¢ gr(x)f(X;) and 1 XekB0(x,) f(X) have the same distribution. It follows
that

B3 Ixerto0 /(%) | = 1 DB (L e FX0)) = 4 DB (Lyepone /00)
j=1

j=1 j=1
which implies that

n

1< 1
E %Zﬂxjemx) F(X;) X)2 D Tyerring,) | - (7.36)
— =

Since >0 Lxegk(x,) = 2_i—1 Lupen (&), We can apply Corollary 6.1. in|GyA{[rfi et al.

(2002) and conclude that there exists A\; € R such that Z] 1 Xe KPO () < kMg. This
and (7.36) complete the proof. O

Proof of (b), (d), and (e). Conditions (b) and (d) are direct consequences of the properties
of the weight function, see Corollary 1 in|Stone|(1977). As for (e), it follows from the fact
that & — oo. ]

Proof of (c). The following lemma (see Sectionfor a proof) is a corollary of Lemma 6.1
in GyA{[rfi et al.| (2002).

Lemma 7..3. Let k/n — 0 as n — oo. Then, as n — 0o

sup  |8; — &g — 0, a.s.
jSGNk(@())
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Since Q1 is a singleton with probability one, let us assume, without loss of generality,
that Q4 () and ng ) (&) are singletons. Actually, the set

ﬁ ﬁ {Q(ﬁ)(@g) is a singleton }
k=1n=0

also has probability one. Within that set,
() Q") — Q. graphically as n — oo,

(i) for every X; € KF(X), there exists some &; € Ny (s0) such that Qil)(c&i) ={X;}
and

(iii) Lemmal7.3]yields &; — &g as n — oc.
This, in view of Proposition 5.33 in|Rockafellar and Wets|(1998)), implies that

sup |X;—X|—0, a.s. (7.37)
XieKE(X)

We are ready now to prove (c). Set a > 0. Since there are k elements in K*(X), we have

1 1
E %ZHXJ-EK;VL(X)H|XJ-—X\>Q =E{+ > Ix,-X|>a
7=1 XjeK,‘g(X)

=P sup  |X; —X|>a
X €K (X)

which, owing to (/.37)), tends to 0. The desired result follows as a direct consequence of
Markov’s inequality. ]

7.4 Proofs of Lemmas[7..1,[7..2, and[7..3|

Proof of Lemma(7..1] Let § > 0 and ¢ > 0 be arbitrary. Denote by K C R? a compact
set such that P(Y € K) > 1 — d¢/18. Suppose that 0 € K and define Fi as the class
of 1-Lipschitz functions f supported on K such that f(0) = 0. Such a class, by the
Arzela—Ascoli theorem, is relatively compact for C(K') and the uniform convergence. Then,
there exists a sequence fi,..., f,, such that supscr, infr—1..n, [[f — filleo < €/8.
Therefore, for every f € Fx, we have

k=1.--N,

> (X XO)F(Y,) —EGFY)IX)| < sup | 3wy (X X)fu(Y) — E(u(Y)|X)| + .
j=1 J=1
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In consequence, there exists ng such that, for n > ng, we have

Pl s D wi (X XM)F(Y ) — E(F(Y)[X)] >

[NON e

j=1

<P sup > wi(X;XM)F(Y,) - E(f(Y)|X)| > (7.38)

€
k=1---N. 4

E

where the last inequality follows from the fact that the weight function is consistent, Note
that every f € Fp, can be approximated by f1x. This yields

J=1

0
3

)

=~ o

Ne n
<Sr ( Sy (XX F(Y) ~ E(F(Y)|X)| >
k=1 =1

ij(X; XW)f(Y )~ E(f(Y)X)

< sup | Y wi(X; X)) f(Y;) - E(f(Y)[X) (7.39)

fefK j:1

+ Y wi (XX ) F(Y5) Lgay i (Y5) = E(F(Y) Lgay 1 (V)| X))
j=1

Inequality (7.38) provides an upper bound for the first term. The second one, denoted as A,,,
is bounded by

> wi (XX FY ) U g (V) | + B (V) T e (V)] X) |-
j=1
Since the weights are positive and sup,cga | f(x)| < 1,
An <3 wi (X5 X)L i (Y) + E(Lgay i (Y)[X)

Jj=1

< D wi (XX Tgay g (Y5) = E(Lgay o (Y)X)| + 2E(Lgay 1 (Y)[X).
j=1
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Note that the bound does not depend on the function f. Consequently,

sup Z w; (X X(n))f(Yj)]le\K(Yj) = E(f(Y)1ga\ x(Y)[X)

fE}—BL j=1

n
< |22 w5 (6 X ) Iz (Y5) = E(Lgay i (V) [X) | + 2B (e e (V)| X).
j=1
Taking expectations on both sides we obtain

E | sup ij (X; X(n))f(Yj)ﬂRd\K(Yj) —E(f(Y)Lga g (Y)[X)

fE}-BL j:1

<EDwi(X;XO) Lpay e (Y;) = E(Lpay g (Y)X)| + 2P (Y ¢ K).
Jj=1

Since the weights are consistent, there exists n; such that

= n e
B> wij(X; XM) Lo g (Y;) = E(Lgay x (Y)|X)| <

Jj=1

forall n > ny. Since P(Y ¢ K) < 0¢/12,if n > ng, then

= n de
E | sup ij(X;X( ))f(Yj)ﬂRd\K(Yj) —E(f(Y)Llga g (Y)[X)| | < 3
fe-FBL j:l
(7.40)
Using Markov’s inequality in (7.40), we obtain
= n € 20
Pl sup | wi(X;XM)F(Y))lgpa x (Y;) = E(f(Y) Ipay (V)| X)| > 3] =3
fe]'—BL jil
(7.41)
for all n > n;. Finally using (7.38)), (7.41)) and (7.39), we conclude that
P osup D wi(X;XM)F(Y;) —E(F(Y)X)|>e| <5 (7.42)

fe}—BL j:1

for all n > N = max(ng, n1). O
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Proof of Lemma Due to the fact that finite second-order moments are not required in
our setting, Theorem 2.8 in |[del Barrio and Loubes| (2019) does not directly apply. Their
proof, however, relies on the weak convergence of the couplings (the joint measures solving
the Kantorovich problem). In our case, we can prove a similar result using Lemma 9 in
McCann| (1995). Indeed, since the sequences {1, }, and {1, }, are tight with respect to weak
convergence, the same result holds also for the class I'(jy,, ,,) of probabilities on R% x R?
with marginals { s, } , and {v, },, see Lemma 4.4 in|Villani/(2008). Note that all the measures
Tn, 1 € N, belong to T'(puy,, v,). Denote by m € P(RY x RY) the weak limit of {7, },, along
a subsequence; for simplicity, we keep the index n for the subsequence. Lemma 9 (ii) in
McCann| (1995) implies that the marginals of 7 are u and v. Moreover, the support of 7, is
cyclically monotone: indeed, it is contained in the subdifferential of ¢,,. Therefore, using
Lemma 9 (i) in|McCann| (1995), we know that also 7 is supported on a cyclically monotone
set. Corollary 14 in McCann| (1995) yields—since p is uniformly continuous with respect to
the Lebesgue measure—the existence of a unique measure with cyclically monotone support
and marginals 4 and Uy. As a consequence, m = (Id x ¢) #p. Since this holds along all
possible subsequence, we have the weak convergence of (Id X ¢,,) #u, to (Id X ¢). At
this point, to conclude the proof of Lemma [7..2] we can repeat verbatim the rest of the proof
of Theorem 2.8 in|del Barrio and Loubes|(2019). L]

Proof of Lemmal[7..3] Note that, for all € > 0, supg, ¢ N (®0) |6; — &0| > e if and only
ity Lis,—@o|<c < k/n. Since

n

uiéngf;n Zl Lo, —eol<c — uiéngf;n Un(u+e€S,,) >0
1=

and k/n — 0asn — oo,

sup  sup |6; — 69| — 0 asn — oo.
GoESm B,ENL (&)
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Part I11

Conclusion and final remarks
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Concluding remarks

Throughout this thesis the central topic has been optimal transport, seen, in particular, from
a statistical point of view. The work has beed divided into two distinct parts; one dedicated
to the asymptotic study of the problem and the other dedicated to the properties of the
center-outward distribution function.

The content of the first part has been presented in four chapters. The first of them,
Chapter 2] has been devoted to the study of the fluctuations of the Wasserstein distance in
Euclidian spaces and strictly convex costs. Motivated by the obtention of a central limit
theorem of the fluctuations we derived stability results on the potentials and transport maps.
Those results were based on the set-valued mapping topology.

The initial aim of Chapter [3| was to study, as a case where the bias converges faster than
the parametric rate, the semidiscrete optimal transport problem. However, instead of limiting
the study to bounding the bias and applying the central limit theorem of the fluctuations,
a new proof technique was proposed. That covers the cases where the fluctuations are not
Gaussians. Moreover, we found that, under some regularity assumptions, the potentials
(solutions of the dual problem) are well separated, so that a central limit theorem could be
derived for them. As a consequence, the weak limit of the Voronoi tessellation was obtained.

Chapter [d] was motivated by the paper of Mena and Niles-Weed| (2019) where they proved
that fluctuations of the Sinkhorn cost were always asymptotically Gaussians. The first result
was to show that the rate of convergence of the bias (difference between the expected value
of the Sinkhorn cost and the population value) towards 0 is faster than that of its variance.
That enables to obtain the central limit theorem of the cost centered at the population value.
The proof took advantage of the regularity of the potentials and the fact that they are well
separated. The major mathematical innovation was the use of operator theory. That is, if we
know that the norm in C*® of the difference between the empirical and the population potential
fn — f* follows the rate n? and -by using empirical process theory— that the empirical
process \/n(P,, — P) is bounded as an element of the dual of C*. Then the basic inequality
(Pn— P)(fa— f*) < lfn — f*lles[| P — Pl|(csy leads to this faster rate. This study of the
regularized optimal transport problem through the potentials gave also a faster rate of the
divergence.

Chapter 5] was a continuation of Chapter ] Once we knew the correct rate of the plans,
potentials and divergences, the question was about their weak limits. We differentiated the
potentials with respect to the empirical process, giving the first order Taylor development.
The limit of the potentials followed directly from the application of the delta-method. As a
consequence, we showed that the limits of plans and divergences can be derived from that of
the potentials.
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The content of the second part has been presented in two chapters. The first of them,
Chapter[f] has been devoted to the study of the regularity of the center-outward distribution
and quantile functions. We observed that the same strategies of Caffarelli’s theory can
be applied to this problem. Of course, taking care of the singularity at 0 of the spherical
reference .

Chapter [7] proposed a method to deal with the problem of multiple output quantile
regression. This had been an open problem due to the lack of satisfactory enough concept of
multivariate quantile. That is, one satisfying the property of probability control—which, in
one dimension gives meaning to the median, as a central point that leaves half (and only half)
of the probabilistic mass on both sides of it—, here derived from the distribution freeness of
the multivariate distribution function. We proposed a feasible estimator that is consistent
under weak assumptions on the shape and smoothness of the probability distribution. Real
and synthetic examples showed its performance. In particular, its capacity to catch the
heterocedasticity and trend of a model.

To conclude, this thesis applied several techniques of mathematical analysis to the
statistical framework of the optimal transport problem. In particular, convex analysis was
the main tool to show the convergence of the optimal transport maps and potentials (see
Chapter2)) and the consistency of the estimator of the conditional center-outward distribution
function (see Chapter[7). Operator theory was the core of the proofs of the weak limits of the
Sinkhorn regulaized optimal transport. The arguments that lead to find the limits of the limits
given in the semidiscrete optimal transport were developed under the solid foundations of
the theory of empirical processes. Finally, partial differential equations and convex analysis
provided the rationale for the proof of the regularity of the center-outward distribution.
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Future work, consequences and open
problems

This manuscript closes several open questions of optimal transport but also opens several
doors for future works. This section examines some of these open questions and possible
lines of upcoming research that can be drawn from this thesis.

With respect to the weak limits of optimal transport, after this thesis and the parallel
works of [Hundrieser et al.| (2022); (Goldfeld et al. (2022b); [Klatt et al.| (2020)); |(Goldfeld
et al.| (2022a), the open problems are scarce and quite difficult. One of those is in the
two dimensional case, as stated by |Hundrieser et al.|(2022) the limit of the transport cost
follows the parametric rate. However, if the cost is null—i.e. both probability measures
are equal—the limit is degenerated, the convergence is faster, and the rate can be improved.
Ambrosio et al.|(2016)) proposed a new way to deal with this problem by using a linearization
of the problem through the heat kernel. That gives the limit of the expectation with a rate
n~! up to logarithm factors. Then it could be possible to obtain a weak limit of the optimal
transport cost via a suitable control of the fluctuations, see the conjecture of |[Ledoux| (2019).

Another open problem comes from the possibility of approximate fast enough the Wasser-
stein distance from the Sinkhorn divergence by making the € small at the same time as the
sample size increases. As the reader can see, the bounds of the Sinkhorn divergence (see
Chapter EI) are exponential in e. Then even if the rate is 1/n, a choice of ¢, such that
the Sinkhorn divergence approximates the Wasserstein distance is not possible. Up to my
knowledge, the literature has not offered an answer to this fact yet.

The stability results of Chapter [2] and that of the ranks and quantiles are consequence of
the point-wise convergence of sub-gradients. Indeed, the techniques of [Segers| (2022); |[Hallin
et al.|(2021);|del Barrio et al.| (2022)) are based on the Fell topology, which does not have nice
properties for non-locally compact spaces. An open problem is the generalization of those
results to Banach spaces. However, this is a challenging topic (Segers, [2022). Moreover,
these result would open the possibility to generalize Hallin’s distribution function to non-
locally compact spaces. This definition of infinite-variate distribution function would make
possible to make rank-based inference —which includes applications to goodness-of-fit or
independence testing, outlier detection or quantile regression— for functional data or, via
some embeddings to reproducing kernel Hilbert spaces, to even more abstract spaces.

The methodology and results emanating from this thesis, apart from being interesting
in themselves and maybe important for the optimal transportation community, could be
significant for the statistical community. The techniques that have been presented are
reproducible in other areas of machine learning and statistics. In general, a learning problem
can be stated as follows; let X’ be a Polish space with metric d, and X be a r.v. taking
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values on X, the goal is to solve f* € argmingcr E(¢(f(X))), where F is a class of
functions and ¢ a loss function. The risk is defined as R = E({(f*(X))). In machine
learning, the function class is quite common parametrized by a neural network. Recently, in
Béthune et al.[(2022)) we observed that the class of Lipschitz neural networks—a class using a
sorting activation function with bounded weights (see, eg. |Anil et al.|(2019) and references
therein)—behaves better against adversarial attacks than a classical neural network. That is,
its robustness can be certified. Moreover, the same technique used to bound the fluctuations
(or a control of the variance) of the empirical optimal transport cost bounds here the variance
of the empirical risk R ,,. More precisely, we can obtain

Var(Ry) < CB(d(X, X0)?),

where L is the Lipschitz constant of the loss and X} an independent copy of X . The variance
is thus controlled. This complements the exhaustive analysis developed in [Béthune et al.
(2022)), and a fortiori bounds the fluctuations of the empirical risk of the transport-based
classifier proposed in |Serrurier et al.| (2021).

In a complete different framework, the minimization of the variance of the different
clusters is the core of the well-known K -means procedure—undoubtedly one of the oldest
and simplest method of clustering. As conjectured in Chapter[3] the arguments that lead to
obtaining the distributional limits of the sets corresponding to the Hotelling problem can
be applied to the clusters produced by K -means. This would provide asymptotically valid
confidence intervals for the clusters obtained by the K-means procedure over a sample.

Talk of reproducible techniques may seem intangible—even fatuous—to the practitioner.
But let us now see how the results (and not only the techniques) can be applied to different
problems related to statistics. One as old as important is that of nonparametric hypothesis
testing. In the context of a goodness-of-fit test—i.e. Hy : P = Q vs Hy : P # (Q—the
Wasserstein distance, which metrizes the weak convergence while taking into account the
geometry of space, appears to be a successful option. In fact, we found in (Gonzalez-Delgado
et al.| (2021) that in the flat torus of dimension 2, the statistic based on this distance is
asymptotically consistent under fixed alternatives, while capturing the metric structure of
the flat torus. This work has had important applications in structural biology, where the
comparison of protein structures is a crucial (see eg. (Gonzalez-Delgado et al.| (2022) and
references therein).

However, in higher dimension, the curse of the dimension affects the optimal transport, so
that the Wasserstein distance is not convenient to derive a goodness-of-fit testing procedure.
Then the Sinkhorn divergence, whose statistical complexity is inherent to the dimension,
may offer a more satisfactory option. But in order to do so, it is necessary to have knowledge
of the weak limit

nm
Dl(Pna Qm) i) ZP,)\a
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under Hy : P = @, given in ChapterEl Even if the limit Zp ) is not free —i.e. it may depend
on P—, it can be made free by means of center-outward ranks, see Shi et al.| (2022); [Deb and
Senl (2019). Similarly, an independence test can be created.

The Sinkhorn divergence is, as the name indicates, a divergence and not a distance. The
triangular inequality is not satisfied. This means that many of the historically known results
for metric spaces cannot be applied here. However, setting a reference distribution ¢/ , the
function defined for P, Q € P(f), as the L?(U/) norm between the Stinkhorn potentials

9P — 90ullL2@w)

is a distance. Moreover, this distance defines an embedding of the space of probability
measures to the Hilbert space L? (U). That can be used, as in Bachoc et al.{(2022), to define a
kernel K on the space of probability distributions. The exhaustive analysis of the Stinkhorn
potentials of Chapter [4] creates the theoretical framework to derive the properties of this
distance (and thus the kernel). The study of further properties of this kernel will be the scope
of future research.
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APPENDIX A

Other collaborations

The optimal transport problem as a statistical tool is nowadays a hot research topic. The
speed at which research is advancing in this field makes collaborations the main pillar for
successful scientific production. A researcher’s own skills are complemented by those of
his co-workers. This manuscript does not include the full collaboration of the author’s
three years of scientific adventure. The decision to omit certain results (and papers) in
this document became indispensable for its readability, maintenance of a consistent line of
argument and drawing of conclusive statements. However, these works have been, in a way,
indispensable in the course of acquiring knowledge. Therefore, this final section contains
the list of those omitted works.
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