A mathematical model of multistage hematopoietic cell lineages
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Abstract. We investigate a mathematical model of blood cell production in the bone marrow
(hematopoiesis). The model describes both the evolution of primitive hematopoietic stem cells
and the maturation of these cells as they differentiate to form the three types of blood cells
(red blood cells, white cells and platelets). The primitive hematopoietic stem cells and the first
generations of each line (progenitors) are able to self-renew, and can be either in a proliferating
or in a resting phase (Go-phase). These properties are gradually lost while cells become more
and more mature. The three types of progenitors and mature cells are coupled to each other
via their common origin in primitive hematopoietic stem cells compartment. Peripheral control
loops of primitive hematopoietic stem cells and progenitors as well as a local autoregulatory loop
are considered in the model. The resulting system is composed by eleven age-structured partial
differential equations. To analyze this model, we don’t take into account cell age-dependence of
coefficients, that prevents a usual reduction of the structured system to an unstructured delay
differential system. We investigate some fundamental properties of the solutions of this system,
such as boundedness and positivity. We study the existence of stationary solutions: trivial,
axial and positive steady states. Then we give conditions for the local asymptotic stability
of the trivial steady state and by using a Lyapunov function, we obtain a sufficient condition
for its global asymptotic stability. In some particular cases, we analyze the local asymptotic
stability of the positive steady state by using the characteristic equation. Finally, by numerical
simulations, we illustrate our results and we show that a change in the duration of cell cycle can
cause oscillations. This can be related to observations of some periodical hematological disease
such as chronic myelogenous leukemia, cyclical neutropenia, cyclical thrombocytopenia, etc.

Keywords. Model of hematopoiesis, age-structured partial differential equations, delay differ-
ential system, feedback control, asymptotic stability, Lyapunov functional, numerical simula-
tions.

1. INTRODUCTION

The process that leads to the production and regulation of blood cells is called hematopoiesis.
All blood cells are derived from a common origin in the bone marrow, the primitive hematopoi-
etic stem cells (PHSC). These multipotent stem cells are morphologically undifferentiated and
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have a high proliferative potential. Detail on PHSC dynamics can be found in Krause [37].
The PHSC have abilities to produce either similar cells with the same maturity level and same
abilities (self-renewal), or cells engaged in one of different lineages of committed stem cells (dif-
ferentiation), also known as progenitors, that produce in turn precursor cells. Some of these
cells (especially progenitors) keep an ability to self-renew (Bauer et al. [18]). This property is
gradually lost while cells become more and more mature. Finally, blood cells are produced and
released in the bloodstream. As the PHSC, the progenitors are also hematopoietic stem cells
(HSC). The compartments of PHSC and progenitors are separated into two sub-compartments:
proliferating and quiescent. Quiescent cells represent the major part of hematopoietic stem cell
(HSC) population (90% of HSC are in nonproliferating phase, also called Gy-phase). Prolif-
erating cells are actually in the cell cycle where they are committed to divide during mitosis
at the end of this phase. After division, the two newborn daughter cells enter immediately in
Go-phase. A part of them stay in the same compartment (self-renewal). The other part can
enter by differentiation into one of the three lineages of progenitors: neutrophils (white blood
cells), reticulocytes (red blood cells) or megakaryocytes (platelets) (see Figure 1).

Although the HSC are the source of all blood cells, the mechanisms that regulate their pro-
duction and differentiation are not completely clear. However, proliferation, differentiation,
self-renewal and apoptosis (programmed cell death) of HSC are mediated by growth factors.
They are molecules acting like hormones in the blood production process, playing an activator
or inhibitor role. Usually, a control operates between the number of circulating blood cells and
the growth factors production.

The probably most known parts of hematopoiesis are erythropoiesis (the production of red
blood cells) and megakaryopoiesis (the production of platelets). For the erythropoiesis, the
growth factor erythropoietin (EPO) helps to regulate erythrocyte production (Adamson [1]). A
decrease in numbers of mature red blood cells leads to a decrease in tissue pOy levels, which in
turns increases the production of EPO by kidneys and controls erythropoiesis. For the platelets,
it seems that their production are controlled by feedback mechanisms involving specific cytokines
such as thrombopoietin (TPO), which is produced by the liver (and partially by kidneys and
bone marrow). The quantity of circulating TPO depends on the number of circulating platelets:
these latter fix TPO on their surface, so the more circulating platelets the less circulating TPO
(Kaushansky [36]). Unlike the other two blood cell lines, diverse types of white blood cells
exist and many growth factors help to regulate them. This makes the process of production of
white blood cells (leukopoiesis) more complicated. However, under the action of mainly G-CSF
(granulocyte colony stimulating factor), a growth factor acting on the leukocyte line, PHSC
differentiate in progenitors, which in turn will produce precursors and after a few divisions later,
white blood cells are formed (Bernard et al. [21]). It has been shown that the almost growth
factors act on many cellular levels and on more than one cell lineage (Ratajczak et al. [48],
Tanimukai et al. [51]).

Due to the number of growth factors and the quantity of cells involved in hematopoiesis,
issues may arise at different cellular levels and sometimes result in diseases affecting one or more
blood cell types. Among a wide variety of diseases affecting blood cells, periodic hematological
diseases are of great interest (Foley and Mackey [27]). They are characterized by a periodic
decrease in the circulating blood cells numbers, from normal to low values: chronic myelogenous
leukemia (Adimy et al. [10], Colijn and Mackey [23], Fortin and Mackey [28], Fowler and Mackey
[29], Pujo-Menjouet et al. [46], Pujo-Menjouet and Mackey [47]); cyclical neutropenia (Colijn
and Mackey [24], Haurie et al. [33, 34]; periodic auto-immune hemolytic anemia (Bélair et al.
[19], Mackey [41], Mahaffy et al. [44], Milton and Mackey [45]); and cyclical thrombocytopenia
(Apostu and Mackey [16], Santillan et al. [50]). In some of these diseases, oscillations occur in
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all mature blood cells with the same period; in others, the oscillations appear in only one, two or
three cell types. The existence of oscillations in more than one cell line seems to be due to their
appearance in HSC compartment. That is why the dynamics of HSC have attracted attention
of modelers (see the reviews of Batzel and Kappel [17], and Foley and Mackey [27]).

Mathematical modeling of hematopoiesis dynamics has been extensively studied in the past
40 years, with attempts to determine causes leading to a number of periodic hematological
diseases. The first mathematical model has been introduced by Mackey in 1978 [40], inspired
by works of Burns and Tannock [22], and Lajtha [38]. The model of Mackey is an uncoupled
system of two nonlinear delay differential equations which considers HSC population divided
in two compartments: proliferating and quiescent. The delay describes the average cell cycle
duration. The model of Mackey stressed the influence of some factors such as the apoptotic
rate, the introduction rate, the cell cycle duration playing an important role in the appearance
of periodic solutions. Since then, Mackey’s model has been improved by many other authors. It
has been analyzed by Pujo-Menjouet et al. [46], and Pujo-Menjouet and Mackey [47] in order
to prove the existence of long period oscillations, characterizing situations observed in chronic
myelogenous leukemia. Bernard et al. [20] used the Mackey’s model to study the existence of
oscillations in cyclic neutropenia. Adimy et al. [4,5, 6,7, 8,9, 10, 11, 12, 13, 14] analyzed various
versions of Mackey’s model and investigated the effect of perturbations of cell cycle duration, the
rate of apoptosis, differentiation rate, and reintroduction rate from the quiescent compartment
to the proliferating one on the behavior of the cell population. The Mackey’s model has also
been modified to take into account a structure in the HSC population (the structure being either
age, maturity, or age-maturity) and the resulting models have been widely studied (Adimy et al.
[2], Adimy and Crauste [3], Adimy and Pujo-Menjouet [15], Mackey and Rey [42, 43], Dyson et
al. [25, 26]). An age-structured model of HSC dynamics, coupled with a differential equation to
describe the action of growth factors on the introduction rate in the proliferating compartment,
has been considered by Bélair et al. [19], Mahaffy et al. [44].

Colijn and Mackey [23, 24] developed a model that contains four compartments: the HSC
and the three hematopoietic cell lines (neutrophils, erythrocytes and platelets). They applied
their study to periodic chronic myelogenous leukemia [23] and cyclical neutropenia [24] in which
oscillating levels of circulating leukocytes, platelets and/or reticulocytes are observed. All these
three populations have the same oscillation period. In [23, 24|, Colin and Mackey (see also Foley
and Mackey [27], Lei and Mackey [39]) supposed that there is autonomy between the three
cell lines by considering their distinct response to circulating blood cells in each line, and they
assumed that the evolution of stem cell population is independent of circulating blood cells.
They also simplified their model by replacing the compartments of the three progenitor lineages
by amplification parameters.

In this paper, we consider a modification of Colijn and Mackey’s model [23, 24|, where the
PHSC dynamics is described by a system similar to the one in [23, 24] (see also [27] and [39)]),
PHSC can differentiate in one of the three progenitor types, and progenitors can differentiate
in mature cells that negatively control progenitors and PHSC proliferation through feedbacks
function. Such controls continuously occur in hematopoiesis, and play a crucial role in patho-
logical situations. For example, as a response to bleeding, or a lack of oxygen, mature blood
cells trigger the release of erythropoietin that quickly induces proliferation. Contrary to the
works in [23, 24], [27] and [39], we consider in each compartment of the progenitors, two sub-
compartments, proliferating and resting cells (see Figure 1). We obtain a global model that
contains eleven partial differential equations. To our knowledge, such a complete model has
never been studied before. We are going to study the existence and stability of equilibria of the
whole system in a way that we precise in the following.



In section 2, we describe the biological background leading to an age-structured model of
hematopoiesis. We obtain a system of eleven age-structured partial differential equations com-
pleted by boundary and nonnegative initial conditions. In section 3, by using the characteristics
method, we reduce this system to seven nonlinear delay differential equations with four delays.
The delays represent the cell cycle durations. In section 4, we establish properties of the reduced
system such as positivity and boundedness. In section 5, we focus on the existence of steady
states: trivial, axials and positive. In section 6, we linearize the delay system about each steady
state and we deduce the delay-dependent characteristic equation. Then, we obtain the local
asymptotic stability. We also prove the global asymptotic stability of the trivial steady state by
using a Lyapunov function. In section 7, we illustrate numerically our results and we show that
a change in the parameters can cause oscillations in blood cell count.

2. PRESENTATION OF THE MODEL: STRUCTURED MODEL OF BLOOD PRODUCTION

For primitive hematopoietic stem cells (PHSC), we denote by po(t,a) (respectively, no(t, a))
the density of proliferating cells (respectively, quiescent cells) at time ¢ which have spent a time
a in their compartment. In the same way, let consider the different other hematopoietic stem cell
(HSC) populations, the proliferating progenitors (neutrophils, reticulocytes and platelets) and
their corresponding quiescent cells, as well as the mature cells, with densities of cells respectively
denoted by p;(t,a), ni(t,a) for 0 < i < 3, and m;(t,a) for 1 < i < 3. In each compartment i, 0 <
i < 3, the proliferating cells can be eliminated by apoptosis v; > 0 (a programmed cell death).
We denote by 7; > 0 the duration of the proliferating phase i. The mortality rate of quiescent
cells in the compartment ¢ is §; > 0. The quiescent cells can be introduced in the proliferating
phase with a rate 3;. We denote by K; (respectively H;) the rate of differentiation of PHSC
population to progenitor population i (respectively the rate of differentiation of progenitors to
mature cell population 7). We suppose that K;, H; € [0,1]. The mortality rate of mature cells is
w; > 0. The rates of reintroduction from the quiescent phases to the proliferating compartments
are assumed to depend on quiescent and mature cell populations. This dependence represents
the feedback control between the circulating blood cell numbers and the production of HSC (see
Figure 1).

Throughout this paper, we set Iy = {0,1,2,3} and I} = {1,2,3}. Hence, the cell densities
ng, Po, N, p; and m;, ¢ € Iy, satisfy the following transport system

( 3 ta ) ta .
Inilta) | Omlba) _ (50 () milta), a>0, t>0, i€l
ot Oa
apl (ta CL) 8]7@ (tv a) :
— —~p ) 2.1
5% T g v:pi(t, a), 0<a<tg, t>0, i€l (2.1)
ami(taa) ami(tva) _ .
5 + 90 = w;mi(t,a), a>0, t>0, i€l.

The introduction rates 3;, i € Iy, are assumed to depend on the total population in terms of
weighted total density of cells as follows

(pijN;(t) + 035 M;()) . i € Lo, (2.2)
1

Xi(t) = pioNo(t) + ‘

3
J=

The population of quiescent cells and mature cells are respectively given by

+00 +oo
Nit) = /0 ni(t, a)da, Mj(t) = /0 my(t, a)da. (2.3)
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FIGURE 1. Schematic representation of the hematopoiesis process. The primitive
hematopoietic stem cells (PHSC) and the first generations of each line (progenitors)
are able to self-renew with a rate 1 — H;, and can be either in a proliferating phase
(P;) or in a resting phase (N;). The PHSC population Py differentiates to progenitors
N; with a rate K; and the progenitors P; differentiate to mature cells M; with a rate
H;. The Proliferating cells P; are eliminated by apoptosis 7, (a programmed cell death)
and divide after a time 7; in two cells, which enter immediately the resting phase. The
resting cells IV; can be introduced in the proliferating phase with a rate 3; or eliminated
with a rate d;. The mortality rate of mature cells M; is p1;. The feedback controls from
circulating blood cells M; to the production of HSC are given by the dependance of the
introduction rates 8, on mature cells.

Usually (see Mackey [40]), the introduction rate (3; is chosen as a Hill function, that is a contin-
uous bounded and decreasing function in terms of the total cell population x;, tending to zero
at infinity. Hence, a general form for the introduction rate in (2.1) could be
o O
A -0 "i ;
Bi (x) = B; F o’ x>0, i€l (2.4)
The coefficient ﬂ? > 0 is the maximum rate of reintroduction, 6; is the quiescent population
density for which the rate of re-entry g, has its maximum rate of change with respect to the
quiescent population, and n; > 1 describes the sensitivity of 8, with respect to changes in the
population.
System (2.1) is completed by boundary conditions (for a = 0) and initial conditions (for ¢t = 0).
The first ones describe the flux of cells entering each phase: new proliferating cells are quiescent
cells introduced with a rate f3;, new quiescent cells come from the division of proliferating cells
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that have spent a time 7; in the proliferating phase, and new mature cells come from the last
three proliferating cell populations. Then, the boundary conditions of (2.1) are

[ no(t,0) = 2(1— Ho)polt, 7o),
ni(t,0) = 2(1— Hi)pi(t, i) + 2K;po(t, o), i € I,
+oo . (2.5)
pi(t,0) = ; Bi (xi(t)) ni(t, a)da = B; (x;(t)) Ni(t), i € Io,
m;(t,0) = 2H;p;i(t,7i), i € I,
where N;(t) and M;(t) are given by (2.3) and
H() = K1+KQ+K3, (26)
with the assumption
Hy € [0, 1] .

We also assume that, for ¢t > 0,

lim n;(t,a) =0, i€ Iy,

a——+00

lim m;(t,a) =0, i€ .

a——+00

2.7)

Finally, initial conditions are given by nonnegative L!—functions n?, p{ and m{ such that

ni(0,a) =nd(a), a>0,ic€ I,

pi(0,a) =p?(a), a€(0,7;),i€ I, (2.8)
m;(0,a) =m¥(a), a>0,i€ .

)

The problem (2.1), (2.5), (2.7), (2.8) can be considered as a Gurtin-MacCamy problem (Gurtin
and MacCamy [30]). Similar nonlinear systems have been investigated by many researchers
(we refer to Webb [52]). A classical method to study this PDE is to apply the method of
characteristics to convert it to a system of Volterra integral equations. For the existence and
uniqueness of solutions we refer to Webb [52].

3. REDUCTION TO A DELAY DIFFERENTIAL SYSTEM

We consider that §;, v;, §; and p; are independent on the age a, then we can check that
system (2.1), (2.5), (2.7), (2.8) reduces to a system of delay differential equations. First, let see
that using the method of characteristics (see Webb [52]), the boundary conditions (2.5) and the
initial conditions (2.8), the solutions p;(t,a) are given for i € Iy, by

pilt.a) = e Vitpi(0,a —t) = e Vilpd(a — t), 0<t<a, (3.1)
o e i%;(t —a,0) = e 6, (x;(t —a)) Ni(t —a), t> a. '

Denote by P; the total population of proliferating cells in each compartment i € Iy,
i
Py(t) = / pilt, a)da.
0

Integrating system (2.1) over the age, remembering that a € [0,+00) in the quiescent and
maturing phases, and a € [0, 7;] in the proliferating phases, and by using the boundary conditions



(2.5), (2.7), we obtain the following system

No(t) = — (00 + Bo (xo(t))) No(t) + 2(1 — Ho)po(t, 7o),
Ni(t) = —(0i+ B; (xi(t)) Ni(t) + 2Kipo(t, o)
+2(1 — Hy)pi(t, 75), ie I, (3.2)
P/(t) = =y (1) + B; (xs(t) Ni(t) — pilt, i), i € I,
[ Mj(t) = —p; M;(t) + 2H;pi(t, 74), iel.

The expression (3.1) allows us to write, for i € Iy,

e i) (i — ), 0<t<m
piltT) =3 o (3.3)
e ViR (X (t — 7)) Ni(t — 74), t> 74
Because we are interested in the asymptotic behavior of solutions, we suppose for instance that
t>7:=max{r;, i€ Iy}.

Then, we obtain for i € I,

No(t) = = (0 + Bo (x0(t))) No(t) + 2(1 — Ho)e 707 By (xo(t — T0)) No(t — 7o),
Pot) = —=v0Po(t) + Bo (xo(t)) No(t) — e By (xo(t — 70)) No(t — 7o),
Ni(t)= —(di+ B (Xi(t_)T).) Ni(t) + 2K;e7707° By (xo(t — 70)) No(t — 7o) (3.4)
+2(1 = Hy)e 7B, (xi(t — 73)) Ni(t — 73),
Pi(t) = —vPi(t) + B (xi(2)) Ni(t) — e7 785 (x; (t — 74)) Ni(t — 74),
( M{(t) = —p; M;(t) + 2H;e™ 773, (x;(t — 7)) Ni(t — 72),

where y; is given by (2.2).

Since N;, i € Iy and M;, ¢ € I;, do not depend on the proliferating cell population F;, we will
focus on the study of the following system of differential equations with four delays

Ny(t) = = (0 + By (xo(t))) No(t) +2(1 — Ho)e™ 707 By (xo(t — T0)) No(t — 7o),

Ni(t) = — (6 + B; (xi(t))) Ni(t) + 2K;e7707° B (xo(t — T0)) No(t — 7o)
+2(1 — Hy)e VT3, (x; (¢ — 7i)) Ni(t — 74),

M(t) = —p; Mi(t) + 2H;e Vi 3; (x;(t — 73)) Ni(t — 74).

(3.5)

One can notice that system (3.5) is defined for ¢ > 7 := max {7, ¢ € Iy}, with initial conditions
solutions of a system of ordinary differential equations and nonautonomous delay differential
equations defined on [0, 7]. We assume that each initial condition of (3.5) is a given continuous
function ¢ € C ([0,7],R") . Then from Hale and Verduyn Lunel [31], system (3.5) has a unique
continuous solution defined for ¢t > 7.

Proposition 3.1. Let ((Ni)ig0 , (Mi)ieh)T be a solution of (3.5). The function P, i € Iy, such
that ((P@-)ZEI0 s (Nidier, » (Mi)ieh)T is a solution of (3.4), can be explicitly calculated in terms of
N; and M; by

Pi(t) = /t e =) 3. (x;(s)) Ni(s)ds, t > 7. (3.6)

—T;
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Proof. Let ¢ € Iy and t > 7. We have

and

S +0P) = B () Ni(t) — 7B, (6 = 72)) Nt — 7).

Then,

% (7 Pi(1)) = €8, (xi(1)) Nit) — e T8, (x;(t = 74)) Ni(t — 74)).

By Integrating on [7;,t], we get

T t
it Pi(t) = VT Py(7y) — /0 e"B; (xi(s)) Ni(s)ds +/t e'"B; (xi(s)) Ni(s)ds.

—T;

Thanks to (3.1) we have
el Py(Ti) = / 1B, (xils)) Ni(s)ds.
0
Consequently, P; is explicitly calculated in terms of N; and M; by (3.6). O

Lemma 3.2. Let ((P,»)iel0 s (Ni)ier, » (Mi)ieh)T be a solution of (3.4). If

lin (Vi )ier, - O0)ser,)” = (V) OT) )

t—+o00
then
1 = ~ 3 ~— — .
o (1= e ) NiB; | pioNo + 3 (piyNj +oiyM;) | if v >0,
lim P(t) =4 " = (3.7)
t—+o00 _ _ 3 _ _ )
TilNif; (piON0+ Zl(PiijJrUz‘ij)) if v = 0.
j=
If (Ni(t))ier, » (Mi(t))ieh)T is w—periodic, then P;(t) is also w—periodic.
Proof. From (3.6), we have
Pi(t) = / e 7B (x;(t — s)) Ni(t — s)ds. (3.8)
0

. T — N T
I Lm0 (N ()i » Mi®)ier,) = (V)i » i) sey, )+ then

3 .
Jm_ Fi(t) = Nifi; | piNo + 21 (pijNj + 0i; M) /0 e i%ds.
]:

Hence, (3.7) follows immediately.

When ((Ni(t))ielo , (Mi(t))ieh)T is w—periodic, then using again (3.8) it is easy to see that P;(t)
is also w—periodic. O

Lemma 3.2 shows the influence of system (3.5) on the behavior of the entire system (3.4).
In the next section, we investigate positivity and boundedness properties of solutions of system

(3.5).



4. POSITIVITY AND BOUNDEDNESS PROPERTIES

Proposition 4.1. The solutions of system (3.5) associated with nonnegative initial conditions
are nonnegative.

Proof. Let ((Ni(t))z‘elo , (Mi(t))ieh)T be a solution of (3.5). We first check that Ny is non-
negative. If Hy = 1, it is immediate that Ny is nonnegative. Assume that 0 < Hy < 1. By
contradiction, suppose that there exists Ty > 7 such that Ny(¢) > 0 for ¢t < T and Ny(7p) = 0.
As By is a positive function and No(Tp — 7¢) > 0, we have

Ny(To) = = (o + By (x0(T0))) No(To)
+2(1 = Ho)e 7™ By (xo(To — 70)) No(To — 7o),
= 2(1— Ho)e 7073, (xo(To — 70)) No(To — 7o)-

It follows that Ny(Zp) > 0.
Consequently, Ny(t) remains nonnegative for all t > 0. We use the same argument to prove that
N; and M;, © € I, are nonnegative. U

Next, we study the boundedness property of solutions of system (3.5).

Proposition 4.2. Suppose that 6; > 0 and p;; > 0, i € Iy. Then the solutions of system (3.5)
are bounded.

Proof. The assumption p;; > 0 means that the function ; depends on IV;.
We define the functions f;, g; : [0, +o0) — RT by

fily) =2(1 — Hy)e™ """ B,(y) and gi(y) = 2K;e” 707 By (y).

From the hypothesis of 3;, the functions f; and g; are decreasing and tend to zero when y tends
to the infinity. As ¢; > 0, p;; > 0, we can find a real number xf > 0 such that

0
filpuy) < b}

0 -
and gi(pooy) < 5 for y > .
Then ' '
fi(0)ky  if y < K{,
filpay)y < ¢ 6 £ ;
Ey Iy >R
In the same way,
gi(0)rh if 2 < K,
9i(Pooz)z < 4 . ;
5 ? if 2 > K.

. 2KD
Let z > kY := ;0 (fi(0) +gi(0)) and y, z € [0, z]. Then, we deduce

0; 55
filpuy)y < 533 and g;(pgpz)z < 51,.

Thus for all x > &%, we have

Jnax (fipiy)y + 9i(pooz)z) < dix. (4.1)

We assume now by contradiction that Ny is unbounded. So, there exists g > 7 such that

No(t) < No(to) fort € [to — T(],to} and No(to) > Ii(l). (42)
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As pooNo(to — 70) < xo(to — 7o) and fy is decreasing, we deduce

%(to) < - (50 + 50 (Xo(to))) No(to) + fo (pOONO(tO _ 7.0)) No(to - 7_0)'
Thanks to (4.1) and (4.2) we obtain
%(to) < — (00 + Bo (xo(to))) No(to) + doNo(to),
< =B (xo(to)) No(to),
< 0.

This leads to a contradiction. So, we can conclude that Ny is bounded.
We show now that V;, ¢ € Iy, is bounded. We suppose that N; is unbounded. So we can find
t; > 7 such that

Nz(t) < Nz(tz) and No(t) < Nl(tz) fort € [ti — :7:7;7ti] and Nz(tz) > Ril, where 7; := max (To, Ti) .
We have

%(ti) = — (8; + B; (i () Ni(t:) + fi O¢; (6 — 73)) Ni(ti — 73) + g5 (xo(ti — 70)) No(ti — 70),

With Pz‘iNi(ti — TZ') S Xi(ti — TZ'), POONO(ti — 7'0) S XO(ti — To), Ni(tl‘ — Tz‘) S Nl(tz) and
N()(ti — 7'0) < Nz(tz) Then
dN;
o G = =00+ B Oa(ta)) Nilts) + fi (piiNi(ti — 74)) Niti — 71)
+9i (PooNo(ti — 70)) No(ti — 7o),

< = (0 + B; (xi(t:))) Ni(ti) + o<y T ) (fi(piiy)y + 9i(pooz)z) -

Using (4.1), we obtain
dN;
dt

(t:)) < —(0i+8; (x;(t)) Ni(ts) + 0 Ni(t:),

< =B (xa(ts)) Ni(ts).-
This leads to a contradiction. So, we deduce that NN; is bounded. This implies that M; is also
bounded. [l

When there exits i € Iy such that §; = 0 or p;; = 0, the method used in the proof of the last
proposition is no longer valid. We need in addition the assumptions (4.3) or (4.4).

Proposition 4.3. Suppose that 6o =0 and

o> S in(2(1— Hy)). (4.3)
Yo

Then, for all solutions ((Ni(t))z‘elo , (Mi(t))ieh)T of system (3.5), Ny is bounded.

Proof. We consider the function W : [1,400) — R defined by

W(t) = No(t) +2(1 — Hp)e 0™ Bo(xo(8))No(s)ds.

We have
W'(t) = Ny(t) +2(1 — Ho)e 707 [By(xo(t))No(t) — Bo(xo(t — T0))No(t — 70)],
= (2(1—Ho)e 7™ —1) By(xo(t))No(2).
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Thanks to (4.3), we have
2(1— Hy)e 0™ —1<0.

Then W'(t) <O0.
Therefore

0< No(t) W) <W(r), t>7.
We conclude that Ny is bounded. O
When §; = 0, for all i € Iy, the assumption (4.3) implies that Ny is bounded, but this

hypothesis is not enough to prove the boundedness of N;, ¢ € I;. We need in addition the
assumption (4.4).

Proposition 4.4. Suppose that 6; = 0, for i € Iy,

1 1
70> —In(2) and 7, > —In(2(1 — H;)), foriel. (4.4)
70 Vi

Then the solutions ((Ni(t))z‘elo , (Mi(t))ieh)T of system (3.5) are bounded.

Proof. Consider the function Z : [7,+00) — R™ defined by
3 3 t t
Z(t) =Y Ni(t)+2) (1—Hy)e "™ Bi (xi(s)) Ni(s)ds +2e7707 Bo (xo(s)) No(s)ds,
i=0 i=1 t=Ti t=To

where ((Ni(t))iel0 , (Mi(t))ieh)T is a solution of (3.5). Then differentiating Z gives

Z'(t) = (2e77070 = 1) By (xo(t)) Ny () — 2Hoe 707 5o (xo (¢ — 70)) Ny (£ = 70)

3 3
£ 31— He T — 1) 8, (6 (0) N, (8) +2 5 Kie 708, (xolt — 7)) Nyt = 70).
=1 i=1
Using (2.6), the expression of Z'(t) becomes
3
Z'(t) = (277070 — 1) By (xo (1) No(t) + Y (2(1 = H)e ™ = 1) B; (x;(#)) N, (¢).-
i=1

From (4.4), we deduce that Z'(t) < 0. As Z(t) is a nonnegative function, we conclude that

Z - [r,+00) = R* is bounded. Then ((N;(t));cy, » (Mi(1));er,)” is bounded. O
When 6 = 0 and
1
mo < —In(2(1= Ho)), (4.5)
0

we will show in the next proposition, that the solutions of (3.5) are may not be bounded.

Proposition 4.5. Assume that 09 = 0, xo(t) = No(t) and (4.5) is satisfied. In addition,
assume that there exists T > 0 such that the function x — By(x)x is decreasing for x > T. Let
((Ni(t))ielo , (Mi(t))ieh)T be a solution of system (3.5). Suppose that there exists to > T such
that No(top) > T and Ny is increasing on [to,to + To]. Then Ny is increasing on [tg,+00) and
tEerooNO(t) = too.
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Proof. One can notice that, if . ligl No(t) = Ny exists, then the first equation of (3.5) leads to
—+o00
(2(1 — Hp)e 7070 — 1) By (No) No = 0. We deduce from (4.5) that (2(1 — Hp)e 7070 — 1) By (No) >

0. Then Ny = 0. Suppose that there exists to > 7 such that Ny(t9) > T and Ny is an increasing
function on [to,to + 7o]. Since we have Ny(to + 79) > No(tp) > T and the function x — fy(z)x
is decreasing for x > 7, it follows that 5, (No(to + 70)) No(to + 70) < By (No(to)) No(to). Conse-
quently,

Nj(to+70) = =By (No(to +70)) No(to + 7o) + 2(1 — Ho)e 70703 (No(to)) No(to),
—Bo (No(to + 70)) No(to + 7o) + 2(1 — Ho)e 707 By (No(to + 70)) No(to + 7o),
(2(1 = Ho)e 707 — 1) By (No(to + 70)) No(to + 7o),
0.

So, there exists € > 0 such that Ny is increasing on [to, o + 7o + €] . Using a similar technique,

we prove that Nj(to + 79 + ) > 0. Then, Ny is increasing on [tg, +00) . Suppose that Ny(t) is

bounded. Then . liin No(t) = Ny exists. So Ng = 0, which gives a contradiction. We conclude
—+00

that lim Ny(t) = +oc. O
t—+o00

ARV,

Our next objective is to construct an initial condition on [0, 7g] such that the solution Ny
satisfies the assumptions of proposition 4.5 on an interval [to, tg + T¢] -

For t € [0,7¢], the system (3.2), (3.3) becomes
No(t) = —Bo (No(t)) No(t) +2(1 — Ho)e™"'pj(r0 — t),
with

“+o0o “+o0o “+o0o
No(0) = / ng(a)da and p$(0) = B, </ n8(a)da) / ny(a)da.
0 0 0
Let v € R* such that v > 7. We put
ng(a) = exp (—%) , a>0,
pS(a) = By (v) v, 0<a<rTyo.

Then we obtain

{ Ny(t) = =By (No(t)) No(t) +2(1 — Ho)e "' By (v)v, 0 <t < 7o,
No(0) = v.

Let ¢t € [0,70] . We have
NG(H) > o (No(8)) No(t) +2(1 — Ho)e 705 (v) v,
and
Ny(0) > (2(1 — Ho)e 7070 — 1) By (v) v > 0.
So, there exists € € (0, 7] such that Ny is increasing on [0, ] and Ny(e) > v
No(e) = —Bo (No(e)) No(e) + 2(1 — Ho)e™ 707 By (v) v,
> (2(1 = Hple™ 0™ —1) By (v) v,
> 0.

> z. Consequently,

We conclude that Ny is an increasing function on [0, 7] with No(¢) > v > T for all t € [0, 7¢] . We
use the same argument as in the proof of the last proposition to prove that Ny is an increasing
function on [7¢, 27¢] with No(t) > v > T for all t € [1¢, 27¢]. Then, Ny is an increasing function
on [0, +00) and tginooNo(t) = 400.
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The assumption on the function z — S (x)z is satisfied for example when 3 is given by (2.4),

with 1y > 1. We can take
bo

(g — 1)"/™0°

xr =

5. EXISTENCE OF STEADY STATES

This section is devoted to the existence of steady states of system (3.5). That is a time-
— _ _ T
independent solution E = <(Ni)ielo , (Mi)z'eh) IS RZL of (3.5). We put
3

Xi = Xi(E) = pioNo+ Y _ (p;Nj + 0i;M;) , i € Io.
j=1

Then, E satisfies
—[d0 — (2(1 — Ho)e 7™ — 1) By(Xo)] No = 0,

2K;e 7070 B4(xo)No — [0; — (2(1 — Hy)e T — 1) B,(x;)] N: =0, i€ I, (5.1)
2Hl€77lT’,31(YZ)NZ — MZMZ = 0. 1€ Il.
This system can be represented in the following form
A(E)E=0,
where
—Fy (E) 0 0 0 0o 0 0
Ki1Gg (E) - (E) 0 0 0 0 0
- K>Gy (E) 0 —Fy (E) 0 0 0 0
A(E) =] K3Go(E) 0 0 ~-Fs(E) 0 0 0
0 H,G: (E) 0 0 —p 00
0 0 HyGo (F) 0 0 —puy O
0 0 0 H3Gs(E) 0 0 —pg

and F; (E) and G (E) are given, for i € Iy, by

{ Fi(E) =06;— (2(1 = Hj)e "™ = 1) B; (i),
Gi (E) = 2e7 778 (X,)

It is easy to see that Ogr = (0,...,0)T is always a steady state of (3.5). It is the trivial equi-
librium, describing the extinction of all cell population, either mature or stem cells. The other
steady states can be of different kinds. They can have some components equal to zero and
others positive. They are called axial steady states, and describe extinction of some cell types
together with persistence of others. On the opposite, they can be a positive steady states. These
correspond to all cell generations’ persistence.

TP > ;ln <W> , for all i € Iy. (5.2)

One can note that F; (Og7) = 6; — (2 (1 — H;) e 7" — 1) 8, (0). Then, assumption (5.2) is equiv-
alent to F; (Ogr) > 0. From the monotonicity of 3;, we deduce that F; (E) > 0 for all E € R.
Then

Assume that

3
det A(E) = — iy piofig H F;(E) #0, for all E € R,
j=0
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Consequently, under condition (5.2), Og7 is the unique steady state.
Inequality (5.2), which is equivalent to
d; > (2(1— Hi)e "™ —1) B;(0),

characterizes cell population of the compartment ¢ with large death rate d; compared to the
"birth” rate: , (0) is the maximum introduction rate in proliferating phase i and, since one
mother cell produces 2 (1 — H;) e 7" self-renewing daughter cells, (2 (1 — H;) e 7" — 1) mea-
sures the difference (either positive or negative) between surviving self-renewing daughter cells
and pre-existing mother cells in the compartment i. Hence, cells satisfying (5.2) are expected
to not survive, and they have only one steady state value Og7.

We assume now that there exists ig € I, such that

1 2(1—H;,)B, (0

Tip < ln( ( io) iy ))

10 /B’L'O (0) + 5i0
and for i € Iy — {ip} the assumption (5.2) is satisfied.
Let B = (No,N1,No, N3, M1, Mo, M3)" # Ogz be a steady state. As F; (F) > 0, for i €
Io — {ig} and E € R7, we deduce that No = N; = M; = 0, for i € I} — {io}. Then, E® isa
steady state if and only if

Wozﬁizﬁizo, fOfiEIl—{ig},

pioioﬁio + Jioioﬁio = ﬁ;ol (2

@iy Nig — Nz’oMio =0,

5o )
(1—Hy))e Yoo —1)"

with
Qg = 2Hi0€_%iﬂ_0f?0 > 0.
2(1—H;,)e Yoo — 1

It is not difficult to see that if
Hio Pigio T Cio Tigio #0,
system (3.5) has a unique axial steady state E" given by
. (0,N1,0,0,M1,0,0)T if ig = 1,
E® =< (0,0,N,0,0,M5,0)7 ifig =2,
(0,0,0,N3,0,0, M3)T ifig=3.

Assume now that there exists {ig, 71} C I, igp < i1, such that
1. (21— H)B,(0)\ . .. .
74' - 1 —l 9 ? )
T < in< 5.00) + 0, i € {ig,i1}
and for i € Iy — {ig, i1} the assumption (5.2) is satisfied. Then
EOMN = (No,N1,No, N3, M1, Mo, M3)T # Ogr is a steady state of system (3.5) if and only if

( NOZNZ:MZZO, fOIiEIl—{io,il},
_ _ _ — _ di
pioioN’iO + pio’ilN’il + O-iOiOMiO + O-iOilM'il = Biol (2 (1 _ HiO)ZO_’YiOTiO — ]_) ’
1)
)

pilioNiO + piﬂjﬁil + Ui1i0Mi0 + Jililﬂil = 6:11 <
O‘ioiio - Uioﬂio =0,
(@i, Niy — luilMil =0,
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with
2H;e 74, . .
;= , &€ {ig,01}.
3 2 (1 _ Hl) e_,\/i,ri _ 1 { 0 1}
It is not difficult (we let the reader check it) to find necessary and sufficient conditions on the
parameters such that system (3.5) has a unique axial steady state of the form

L (07N17N2,O,M1,M2,0)T if i() =1 and il = 2,
E”" = ¢ (0,N1,0,N3,M;,0,M3)" ifig =1 and iy = 3,
(0,0, No, N3,0, Mo, M3)T if ip = 2 and i; = 3.

Assume

1 2(1— H;)5,(0 1 2(1 — H, 0
T¢<ln<( )Bi( )>, 1€ and70>ln< ( 0)5o( )>
Vi Bi(0) + d; Yo Bo(0) + do
One can use the same technique as above to prove, under some conditions on the parameters,
the existence of unique axial steady state EV? # Op7 of the form
EY*? = (0,N1, No, N3, My, Mo, M3)".

We now investigate the existence of positive steady state E. Assume that

1 2(1 —Ho)ﬁo(0)>
0<719<Tp®™ ::1n< . 5.3
0T = M T + 0o >3
This assumption implies in particular that
Bo(0) — do
Bo(0) > 6y and Hy < ————.
o0 25,(0)
We focus on the particular case
3
Xo(t) = pooNo(t) + > _ 00 M;(t) and x,(t) = M;(t) for i € I, (5.4)
j=1

Proposition 5.1. Suppose that (5.3) and (5.4) are satisfied. Then, system (3.5) has a unique
_ _ _ T
positive steady state & = ((Ni)z‘elo , (Mi)z‘eh)

Proof. Under the condition (5.3), the first equation of system (5.1) gives a unique

3
— — 0
— M. — -1 0
Xo _IOOON0+;UOJ J _ﬂO <2(1 _Ho)e—’yOTo _1> ’

From the last equation of (5.1), we obtain

N M
2He 7 §,(A)
Let A; : Ry — R4, ¢ € I, be the function defined by

M €
Ai(x) = )
(@) 2H;e~ " ()

A; is an increasing function with A;(0) =0 and lim A;(z) = 4oc0.
T—+00

1€ 1.

The second equation of (5.1) implies that
2 (1 — Hy) — eo7o
2K;0¢

[51 — (2(1 — Hi)e_’y”‘” — 1) Bz(ﬁ’b)] AZ(MZ) = Ny.
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Let Q; : Ry — R4, i € I1, be the function defined by
2(1— Hpy) — eo™0

i(2) 2K;0, [51 ( ( i)e ) 61(37)] i(z)
2, is an increasing function with ©;(0) = 0 and ll)m Q;(z) = +oo. Then,
= Q ( ) 1€ 1.

Then the system (5.1) is reduced to find Ny > 0 solution of

do
N N ' :
PoolNVo + JZIUOJ ( 0) ﬁo (2 (1 _ HO) e~ Y070 — 1>

Let h: Ry — Ry be the function defined by

3
h(z) = poox + Z O'()ij_l((L').

j=1
h is an increasing function with h(0) = 0 and hI_’I_l h(z) = 4o00. Consequently, there exists a
T—r+00
unique positive steady state (( z)Z Iy ) i 11) given by
— do
No=ht(8;"
= (' (G i))
MZ:Q 1(N0 i € Iy,
— QYN
i = 'ui 175—0> > iEIl.
2H;e™ 7 3,(Q; (No))
O
Remark 5.2. Let consider the function N : [0, 72%) s RT defined by

No(ro) =h~" (Bol <2 (1— HO;SZVOTO - 1>> '

Then Ny is decreasing with

— ) —
_ -1 -1 0 —
No(0) =h <r80 (1 — 2H0>> and TOEH}M No(19) =0.

One can deduce similar properties for the functions
To € [0 Tmax) — Mi(ﬂ)) = Q;l(ﬁo(To)),

_ , O YN,
To € [0 7_max) — Ni(TO) — H i E O(TU))

6. ASYMPTOTIC STABILITY OF STEADY STATES

6.1. Local and global asymptotic stability of the trivial steady state . We first con-
centrate on the local asymptotic stability of the trivial steady state Ogz of (3.5). In the next
proposition, we give a necessary and sufficient condition for Ogz when it is unique, to be locally
asymptotically stable.

Proposition 6.1. Suppose that the assumption (5.2) is satisfied. Then, Ogz is locally asymp-
totically stable. If (5.2) does not hold, Og7 is unstable.



Proof. The linearized equation about the trivial steady state gives the following system

Ng(t) = —(d0 + By (0)) No(t) +2(1 — Ho)e 707 B, (0) No(t — 7o),
N;(t) = —(8; + B; (0)) Ni(t) + 2£e707 8 (0) No (¢ — 70)

+2(1 — H;)e ™3, (0) Ny (t — 74), i€l
M;(t) = —pM;(t) + 2H;e ™78, (0) Ni(t — 73), i € L.

Let B = (bij)1<ij<7 and C), = (c’-“- , k € Iy, be the 7 x 7T—matrices, with

”)19’,;57
— (G4 B (0), ifi=j e {1,2,3,4},
bij = —Hi_4, ifi=j€{56,7},
0, else,
2(1 — Hy)e 0708, (0), ifi=j =1,
A=< 2K; 1e 7070 5,(0), if i € {2,3,4}, j =1,
0, else,
and for k € I
201 = Hi—q)e VT8, 1 (0), ifi=j=k+1,
;=1 2H; 4ei-Ti=13, 4 (0), ifi=k+4, j=Fk+1,
0, else.

Equation (6.1) has the following form

X'(t) = BX(t +ZCkXt—7-k)
k=0

17

with X (t) = ((Ni(t))z‘elo , (Mi(t))ieh)T € R”. The characteristic equation of system (6.1) is

3
det (AI -B-> e)‘T’“C'k> =0, e C.

k=0

One can see that the matrix
3

M —B-> ek,
k=0
is lower triangular with along the diagonal the following seven elements

AO()‘>7 Al()‘>7 A2()‘)7 A3()‘)7 A+ pp, A+ pg and )‘+M37
where
Ai(N) = X+ 6; 4 B8;(0) — 28,(0) (1 — H;) e~ OH1)7i e I,

Then, the associated characteristic equation is given by

1—‘[)\+uZ (A) =0.
=1

Eigenvalues of (6.1) are then A = —pu,; < 0, i € I, and roots of
A+ 6; 4 B;(0) — 28,(0) (1 — Hy) e~ W17 =0, i e I.
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These last equations have the following form
(Z + ai) e +b; =0, (6.2)
with
a; = 7; (6; + B;(0)), b = =27;6,(0) (1 — H;) e " and z = A1;.
Using a result by Hayes [32] (see the book by Hale and Verduyn Lunel [31], page 416), roots of
(6.2) have negative real parts if and only if

a; > —1, a; +b; >0 and b; < Esin(§) — a;cos (€), (6.3)
where £ is the unique solution of
= —a;itan(§), 0 < &< .
The condition a; > —1 is always satisfied. Moreover,
a; +b; =7 [6; — (2(1 — H;) e — 1) 8;(0)] = 75 F; (Ogr) -

Thanks to (5.2), a; + b; > 0.
We have now to verify the last condition of (6.3). We suppose by contradiction, that

bi > Esin (§) —ajcos(§) and = —a;tan(&), 0 <& <.

a;
i — — —q. (si > .
So ¢sin (§) — a; cos (&) a; (sin (§) tan (§) 4+ cos (€)) and b; > w05 (@)
Since b; < 0, then a; > — @i . As a; > 0, we deduce that 1 > —#. Hence cos (§) > 0
cos (€) cos (€)

and 0 < & < g Consequently tan () > 0, which contradicts £ = —a; tan (§) . It follows that all

eigenvalues have negative real parts. Then, the trivial steady state Or7 is locally asymptotically
stable if and only if (5.2) is satisfied. O

We are interested now, in the global asymptotic stability of the trivial steady state Og7 of
(3.5) under a stronger condition than (5.2).

Theorem 6.2. Suppose that
1 23;(0) .
i>—In| —+—2=), 1€l 6.4
" Vi n(ﬁi(0)+5i> Le (64
Then the trivial steady state Or7 is globally asymptotically stable.

Proof. First we make a translation of the initial conditions of system (3.5) so as to define them
on the interval [—7,0], 7 := max{7;, 7 € Ip}, as it can be found in Hale and Verduyn Lunel
[31]. Then, we consider the functional

vV (C ([77—7 O] 3R+))7 - RJr
¢ = (@07¢17§02’¢37w17¢27¢3) - V((I))a
defined by

3 0
V(@) =00 (0)+ > (@i(0) +¢;(0)) +2) e [ B (Li (®(s))) wy(s)ds,
= i=0

—T;

where
3

L; ((s)) = pioo(s) + Z (Pij‘Pj(S) + Uij¢j(3)) , s €[-7,0].
j=1
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Let a (z) = z, for x € R4. We have for ® € (C’([—T 0],R4))"
a ([[2(0)[) = [|2(0)] : +Z ; (0 0) <V (®).

The composition with the solution X = ((Ni);cp, » (Mi)z’ell) of equation (3.5) leads the follow-
ing function

EV) = Nl + 35 N0+ D) + 2. e [ (L (X 90) Nt o)
— No(t) + é 0+ 000 +2 3 [ Bl N,
where x;(s) is given by (2.2). The derivative of V along the solutions leads to
GV = N0+ 3 (NI + (o)
423 e (B, (xs(0) Na(®) — B, (xalt — 7)) Nt — 7]

1=0

. (i 16 — (257 — 1) 8, (0] Ni(t) + § uiMi@)) |

i=0
Along the solutions of equation (3.5), we obtain

3
V(®)=- (Z [6; — (2777 — 1) B; (L; (®( +Zum )

i=0
The monotonicity of 3; gives that
V(@) < —k||®(0)||, where k = min [grg;g [ — (277 ~1) 8;(0)] , min (u])} :

So, the assumption (6.4) implies that £ > 0. Then, thanks to Hale and Verduyn Lunel ([31],
corollary 3.1, page 143), every solution approaches zero as t — +oc. (I

6.2. Local asymptotic stability of the positive steady state. Suppose that the assump-
tions (5.3) and (5.4) are satisfied. Then, system (3.5) has a unique positive steady state E (see
proposition 5.1). Stability of E cannot be handled as easily as the one of trivial steady state,
because of the nature of the characteristic equation that induces technical difficulties. However,
sufficient conditions for the stability of E can be obtained.

Assume that 1
H; = 3 for i € I, (6.5)

and remember that (5.3) implies in particular that

Bo(0) > dp and Hy < ’802(5())( 0) %0 < %

We have the following theorem about the asymptotic stability of the positive steady state E
of system (3.5).

Theorem 6.3. Assume that (5.3), (5.4) and (6.5) hold true. Then there exists c* > 0 such that
Jor any oo € 0,0%), i € I, there exists T := 7% ((00i)ser,) € (0,76") such that the positive
steady state E is locally asymptotically stable for T; € [0,7%), i € Io.

(6.6)
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Proof. In order to study the local asymptotic stability of the positive steady state, we study
the sign of the real parts of the characteristic roots of the following linearized system of (3.5)
around F

3
Y/(t) = AY(t) +2) e WTEBLY (t — 7y), (6.7)
k=0
where the matrices A and By are defined by
—dp — ap 0 0 0 0(1150 0'0250 0'0350
0 -1 — a1 0 0 by p 0
0 0 —0o9 — Q9 0 0 by p
A= 0 0 0 —03 —as 0 0 b3 )
0 0 0 0 — 0 0
0 0 0 0 0 — o 0
0 0 0 0 0 0 — U3
with o
ap = Pooﬁi@o)NO + Bo (Xo) »
dz-:ﬁi (Mz) > 0, for i € Iy, (6 8)
bo = _/86(Y0)N0 >0,
b = —BL(M;)N; > 0, for i € I,
and, the 7 x 7—matrices By, k € Iy, are given by
(1—Ho)Jap 0 0 0 —(1— Ho)oonbo —(1— Ho)ooabo —(1 — Ho)oosbo
Ksag 0 00 0 0 0
By = Ksag 0 00 0 0 0 )
0 0 0O 0 0 0
0 0 0O 0 0 0
0 0 0O 0 0 0
O1x1 O1xa O1x2 O2x2  O2xa  O2x1 Osxs Osns
Bi =1 0ax1 D1 Oax2 |, Be=| Oax2 D2 0O4x1 | and Bz = < O4X3 DX3 >,
O2x1 O2xa  O2x2 O1x2 O1xa O1x1 x
where 0y, is the n X p—zero matrix and
a; 0 0 —Bi
0 00 O .
D, = 0 0 0 0 , 1€ I4.
a 0 0 —b
The characteristic equation of system (6.7) is
3
A (N (00i)ier, s (Ti)ieg,) = det ()\I —A-2)" e_’\TkBk> =0. (6.9)
k=0

Let suppose that 7; = 0, i € Ip. Then the equation (6.9) becomes

3
det (AI—A—2ZBk> =0,

k=0
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3

where the matrix A+ 2 > By, is given by
k=0
—6o+(1—2Hp)ap 0O 0 0 —(1—2Hp)omby —(1—2Hp)oobo —(1 —2Ho)oosbo

2Kag —01 0 0 —Kioo1bo —Ka002bo —K3003bo
2Ksay 0 —09 0 0 0 0
2Ksa 0 0 —03 0 0 0

0 al 0 0 —y — 61 0 0

0 0 a2 0 0 — by — 52 0

0 0 0 a3 0 0 —i3 — b3

Let us regard (00i);c;, > 0 as parameters. For og; =0, i € Iy, the roots of (6.9) are
—do+a(l—2Ho), —a1+ By, —az + By, —G3+ B3, —p1 + b1, —pip +bo and — p3 + bs.

From (6.8), we deduce that —a@; + 3; = —0; < 0 and —p; +b; = —p; + N;85(M;) < 0 for i € I.
On the other hand, we have

—do +a(1—2Ho) = —bo + (B5(No)No + By (No)) (1 — 2Hy)
and from the first equation of (5.1), we deduce that

— 1
(1 — QH()) BO(NO) =99 with 0 < Hy < 5

Then
—dp+a(l—2Hy) = ,BG(N())NO < 0.

Clearly, A ()\, (00i)ier, ,0) is a polynomial function in A and (o¢;),.;, - Then, by a simple argu-

1€l
ment of continuity, we conclude that as oq; vary slightly, zeros of A — A ()\, (00i)c I ,0) stay in
the open right half-plane. Then, there exists o* > 0 such that for o¢; € [0,0%), i € I, the roots
of the characteristic equation (6.9) have negative real parts. We fix now o¢; € [0,0%), @ € I,
and regard 7; as parameters. As A (], (UOi)ieh’(Ti)ieIo) is analytic in A and 7;. Follow-
ing Theorem 2.1 of Ruan and Wei [49], as 7; vary, the sum of the multiplicity of zeros of
A= A (N (00i)e 15 (Ti)ie Io) in the open right half-plane can only change if a zero appears on
or crosses the imaginary axis. Then there exists 7 := 7* ((00i);c7,) € (0, 76"*) such that for
Ti € [0,7%), i € I, all roots of (6.9) have negative real parts. O

7. NUMERICAL ILLUSTRATIONS AND CONCLUSION

We numerically illustrate the behavior of the positive steady state (stable or unstable), as
well as the existence of oscillations. Inspired by Mackey [40], Pujo-Menjouet and Mackey [47],
and Adimy, Crauste and Ruan [10], we take (3; as Hill functions, given by (2.4). Suppose that
the assumptions (5.3) and (5.4) are satisfied and consider the following values of parameters

1.77

§i =7, =005d 1, p,=02d1, B;(x)= T d~t, for all i € I,

Poo = 1, 0o; = 0.01, for all j € I,
1
Hp=0.25 Hi =0.5 and K; = gHo, for all j € I4.

In fact, the real biological values of the above parameters are unknown. Therefore, we ask the
question: is there any set of parameter values for which the model exhibits the desired qualitative
behavior (stable and unstable steady state)? It should be helpful in understanding the effect of
the duration of cell cycle (the delay) on the stability of the positive steady state.
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FIGURE 2. Steady states bifurcation diagram. The values of the steady states N, N
and M are drawn as functions of 7 := 71 = 79 = 73 > 0 (the solid curve is for stable
steady states and the dashed curve is for unstable steady states). When 7 is close to
zero, the positive steady states are stable, and they become unstable for 7 ~ 3.04 days
(a Hopf bifurcation occurs for this critical value). A stability switch stabilizes the steady
states for 7 between 7.18 and 7.55 (7**) days. Oscillations are observed for 7 between
3.04 and 7.18 days. The low and the high values of the amplitudes of these oscillations
are drawn. They correspond to solid curves up and down of the unstable positive steady
states. One can consider that amplitudes of oscillations do not vary: they quickly reach
some plateau and finally decrease rapidly before the stability switch. When 7 is greater
than 7.55 days, zero is the only steady state and it is asymptotically stable. Similar
behaviors can be observed for the other steady states No, Mo, N3 and Ms.
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FIGURE 3. (a) Asymptotic stability of the positive steady states for 7 between 3.04
and 7.18 days. Parameters are the same as in Figure 2, with 7 = 1. The solutions Ny,
N1, M converge to the positive steady states N, N1, M.

(b) Oscillating solutions for 7 between 3.04 and 7.18 days. Parameters are the same as in
Figure (a) except that 7 = 4. The solutions Ny, Ny, M; converge to periodic solutions
with period about 50 days.

(c) Asymptotic stability of the trivial steady state for 7 greater than 7.55 days. For
7 = 8§, the solutions Ny, N1, M7 converge to zero.

Many hematological diseases involve oscillations about a steady state. These oscillations give
rise to instability in a part or all types of blood cell count. Experimental observations have
led to the conclusion that this dynamics instability is located in the hematopoietic stem cells
compartment. In order to understand this phenomenon, Colijn and Mackey [23, 24] (see also
Foley and Mackey [27], Lei and Mackey [39]) proposed for the first time a complete model of
hematopoietic stem cell dynamics that contains the three blood cell lines. They applied their
study to prove the existence of oscillations in chronic myelogenous leukemia [23] and cyclical
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neutropenia [24]. Colijn and Mackey simplified their model by assuming, on one hand that the
stem cell populations is independent of circulating blood cells, and on the other hand that there
is autonomy between the three cell lines. The model we consider in this paper incorporates
features that were not taken into account in previous models: the dynamics of the three types
of blood cells and the feedback controls from circulating blood cells to the production of each
type of hematopoietic stem cells. The situation described in Figure 2 gives some information
that can be related to periodic hematological diseases. It also indicate that our model may
have rich dynamics, with very long oscillations, as noticed for a simpler model by Colijn and
Mackey [23, 24], Foley and Mackey [27] and, Lei and Mackey [39]. A further analysis could help
in understanding the complicated dynamics of the blood cell production system and leave it to
future consideration.
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