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Dipole-dipole interaction in cavity QED: The weak-coupling, nondegenerate regime
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We compute the energies of the interaction between two atoms placed in the middle of a perfectly reflecting
planar cavity, in the weak-coupling nondegenerate regime. Both inhibition and enhancement of the interactions
can be obtained by varying the size of the cavity. We derive exact expressions for the dyadic Green’s function
of the cavity field which mediates the interactions and apply time-dependent quantum perturbation theory in the
adiabatic approximation. We provide explicit expressions for the van der Waals potentials of two polarizable
atomic dipoles and the electrostatic potential of two induced dipoles. We compute the van der Waals potentials
in three different scenarios: two atoms in their ground states, two atoms excited, and two dissimilar atoms with
one of them excited. In addition, we calculate the phase-shift rate of the two-atom wave function in each case.
The effect of the two-dimensional confinement of the electromagnetic field on the dipole-dipole interactions is
analyzed. This effect depends on the atomic polarization. For dipole moments oriented parallel to the cavity
plates, both the electrostatic and the van der Waals interactions are exponentially suppressed for values of the
cavity width much less than the interatomic distance, whereas for values of the width close to the interatomic
distance, the strength of both interactions is higher than their values in the absence of cavity. For dipole moments
perpendicular to the plates, the strength of the van der Waals interaction decreases for values of the cavity width
close to the interatomic distance, while it increases for values of the width much less than the interatomic distance
with respect to its strength in the absence of cavity. We illustrate these effects by computing the dipole-dipole

interactions between two alkali atoms in circular Rydberg states.
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I. INTRODUCTION

Modifying the interaction of atoms with the electromag-
netic (EM) field by means of a cavity is at the origin of
cavity QED [1,2]. In the first place, a perfectly reflecting
cavity reduces the density of EM states accessible to the
spontaneous emission of a single atom. This results in an
enhancement of the atomic lifetime as well as in a shift of the
atomic levels. On the other hand, the strong coupling between
the cavity modes and the atomic charges drives the coherent
exchange of excitations between the atom and the cavity field
[3]. For the case of a perfectly reflecting planar cavity, the
atomic level shifts [4-8] and the modified lifetimes of an
excited atom have been well studied theoretically [9—11] and
measured experimentally [1,2,12]. Ultimately, these effects
make possible the coherent manipulation of quantum states,
the entanglement between separated quantum systems [13,14],
and the storage of quantum information [15-17].

Considering the cavity as a macroscopic system hardly
affected by the presence of the atoms inside, the interaction of
the free EM field with the cavity plates can be integrated out
in an effective Hamiltonian. The resultant EM interactions
of the atoms are commonly referred to as cavity-assisted
interactions [13,18,19]. This is a good approximation, as
long as the absorption and emission spectra of the atoms
and the cavity material do not overlap, and as long as the
time resolution of observation is much larger than the time
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of flight of photons from the atoms to the cavity plates.
Under these conditions, transient transitions average out and
the effective cavity-assisted interactions become stationary.
The net result is that photon states get dressed by multiple-
scattering processes with the cavity plates, and so does the
photon propagator. It is the modes of the dressed EM field
which are commonly referred to as cavity modes of the cavity
field.

On the other hand, dispersion forces between neutral atoms
and between atoms and macroscopic surfaces are the result of
the coupling of the quantum fluctuations of the EM field, the
atomic charges, and the surface currents [9,19]. The interaction
between an atom and a macroscopic surface is known as
Casimir-Polder interaction [19-23], whereas the interaction
between two neutral atoms is known generally as van der Waals
interaction [9,19,24-30]—referred to as London interaction
for interatomic distances smaller than the resonant wavelength
[31]. In this article we combine both kinds of interactions
in a three-body problem. We address the cavity-assisted
dipole-dipole interaction between two atoms placed in the
middle of a perfectly reflecting cavity, at zero temperature, see
Fig. 1. This is a common setup in the generation of quantum
entanglement with Rydberg atoms [13,32], also in the absence
of a cavity [33]. In particular, we study the modification of
the atom-atom interactions varying the size of the cavity. We
compute several quantities of interest in the weak-coupling,
nondegenerate regime. These are the van der Waals (vdW)
potentials for the case that both atoms are in their ground
states, for the case that both atoms are excited, and for the case
that one atom is excited while the other, of a different kind, is
in its ground state. In addition, we calculate the electrostatic
potential between two induced atomic dipoles. We calculate in
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FIG. 1. Sketch of the setup of the problem.

each case the corresponding phase-shift rate of the two-atom
wave function.

Physically, the vdW and electrostatic potentials can be
observed through the forces experienced by each atom when
placed inside harmonic traps, which are proportional to the
displacements of the atoms with respect to their equilibrium
positions in the absence of interaction. On the other hand, the
phase shift of the two-atom wave function can be observed
using atom interferometry. For instance, it is the shift that is
observed in the binary interaction of Rydberg atoms through
the measurement of population probabilities [14,34].

Concerning our approach, we apply time-dependent quan-
tum perturbation theory, up to fourth order, in the electric
dipole approximation [35]. Except for the degenerate interac-
tion addressed at the end of Sec. V, all the calculations are
carried out in the perturbative nondegenerate regime, where
the energy difference between the intermediate and initial
atomic states is much greater than the interaction energy and
the atom-cavity coupling is weak. In particular, the latter
implies that we cannot restrict ourselves to the one-cavity
mode approximation of the Jaynes-Cummings Hamiltonian
[2]. For the case of the interaction between excited atoms, the
excitation is assumed adiabatic with respect to the detuning
between the atomic species, which is a situation commonly
encountered in experiments.

The main achievements of this work are, in the first place,
the computation of the Green function for the cavity field which
mediates the interaction between two atomic dipoles placed in
the middle of the cavity. The effects of the two-dimensional
confinement of the EM field are revealed. Second, we find out
explicit expressions for the resonant components of the vdW
potentials of each atom when excited. The difference between
each atom’s potentials as well as their discrepancy with the
phase-shift rate of the wave function are exposed.

The paper is organized as follows. In Sec. II we describe
the setup of the problem and compute the dyadic Green’s
function of the cavity field. In Sec. III we calculate the vdW
potentials and the phase shifts on two-atom systems in the
nondegenerate regime. In Sec. IV we compute the electrostatic
potential of two induced dipoles. All the formulas derived in
the previous sections are applied in Sec. V to the calculation of
the dipole-dipole interactions between two circular Rydberg
atoms in a cavity. We summarize the conclusions in Sec. VL.

II. GREEN’S DYADIC OF THE CAVITY FIELD

We aim at computing the cavity-assisted dipole-dipole
interactions between two atoms, A and B, placed in the middle
of a perfectly reflecting planar cavity of thickness d and
separated by a distance r along an axis parallel to the cavity
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plates (see Fig. 1). These interactions are mediated by virtual
photons created and annihilated at the position of each atom.
Therefore the relevant quantity to be computed is the Green
function of the cavity field that the atomic dipoles induce
at the position of each other. To this end, we use the effective
semiclassical approach outlined in the Introduction. The plates
of the cavity are treated as passive and semiclassical objects
which reflect photons with no losses. The free Hamiltonian of
the atoms and the EM cavity field is Hy = Hay + Hp + Hgy,
with

Hy= Y ol |A)(Al, Hg =Y hof|B)(Bil,
i i
€
Hew = 5 [ @*RIER)P +J BR)P)
= Zhw(al:g agz +1/2). (D
k,e

Here, |A;), |B;) denote the ith states of atoms A, B, with
energies hsz and hiw?, respectively. The operators al,g and
ak ¢ are the creation and annihilation operators of photons of
frequency w = ck, momentum 7Kk, and polarization vector €,

respectively, in terms of which the electric field operator reads

ER) =Y E®R) +E"’R)
k

with V being a volume of quantization. The magnetic field
operator relates to E(R) through Maxwell’s equation, V x
E(R) = —0B(R)/0t. Our semiclassical approximation with
regard to the interaction between the EM field and the cavity
plates consists of assuming that the virtual photons created
at the location of one of the atoms reflect off the plates any
number of times before being absorbed either by itself or
by the other atom. In each reflection process the dynamical
excitation of the plates is discarded, and so is the time of
flight of photons between any pair of scattering processes.
Under these conditions, the intermediate photonic states and
the EM vacuum can be considered as dressed by multiple
reflection processes with the cavity plates [7,23]. Equivalently,
the dressing can be assigned to the electric field operator
within the framework of macroscopic QED [18,19]. The net
resultis the effective discretization of the modes of the EM field
within the cavity. Mathematically, this is achieved by taking
the cavity volume as the volume of quantizationin Eq. (2), V =
Veav, oOr equivalently, by imposing ideal boundary conditions
in Maxwell’s equations for the electric and magnetic field.
Those conditions consist in the components of the electric
field parallel to the plates and of the associated magnetic
field perpendicular to the plates going to zero [19,36,37].
Alternatively, we can write Maxwell’s equation for the dyadic
Green’s function G of the electric field induced at a point R’ by
a nonpolarizable electric dipole of frequency w = ck placed
at R,

[0’ ] — V x VX]G(R;R;k) =8PR —=R)I, (3
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and impose the boundary conditions at the plates [37],

n x G(R,; R; k)|R’on the plates — 07

(f- V) - [GR;R; k) — k28P (R — R)]|Rion the plates = 0,

“)

where fi is a unitary vector, outward-pointing and orthogonal to
the plates. By doing so, the resultant components of the dyadic
Green’s function for the electric field induced at a point (r,d /2)
by anonpolarizable electric dipole of frequency w = ck placed
at (0,d/2) are [37]

d’q e 94— F
Gyy(r,d/2;k) = iqr 1 — cos pd),
In(d/2; k) /2(271)2 Kpsinpd |~ cosPd)
)
2q @K
G, (rd/2;k)= iqr 7L 1— d),
11(r,d/2;k) /2(277)26 kz,osin,od( cos pd)
(6)
d2q ) q2
Goo(r,d/2; k) = igr 1 d),
oo(r,d/2; k) /2(271)26 kz,osinpd( + cos pd)
@)

where q is a two-dimensional reciprocal vector parallel to
the plates and p = \/k? — ¢2. The quantization axis is taken
perpendicular to the plates, which is denoted by the index 0,
while the indices || and L refer to the axes parallel to the
plates, which are parallel and perpendicular to r, respectively
(cf. Fig. 1). The off-diagonal components are all null.

Int(4)

Im[GH“ (r,d/2; k)] =
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The photons mediating the interactions between the two
atoms are created at the position of the atoms by the EM field
operators which enter the interaction Hamiltonian, W. It reads,
in the electric dipole approximation, W = W, + Wpg, with
Wa.p = —da p - E(R4 ). Here d4 p are the electric dipole
moment operators of each atom, E is the electric field operator,
and Ry p are the classical position vectors of the atomic centers
of mass, withr = R4 — Rp. W is considered as a perturbation
to Hp. Higher multipole orders in the interaction would be
relevant for values of r or d in the order of a few times the
atomic radius [36]. Throughout this work we restrict ourselves
to values of r and d at least an order of magnitude larger than
the atomic radii, such that the electric dipole approximation
suffices.

According to the fluctuation-dissipation theorem, the
quadratic fluctuations of the electric field in the dressed
vacuum, |f)y ), read at zero temperature:

12
ik Im[G(r,d/2; k)].
0

®)

It will be useful in the calculations to use the identity
sin™! pd = =2i(1 4 €4) Y™ "™ in order to write G as
an infinite power series. In doing so, it is possible to ascribe a
simple physical meaning to each term of the resultant series.
That is, the term of order m, say G ~ i mdp gccounts for the
contribution of m reflections off the plates. In the following,
we will use either formulation according to its mathematical
manageability. Lastly, it is also useful to write the components
of G in the spherical basis, with components {0, +,—}, in
order to trace the polarization of the photons which mediate
the corresponding atomic transitions, {r,0 ~,0 }, respectively.
The change of basis yields the following relationships: G =
G =G +611)/2,G =6 =Gy —GL1)/2.

The imaginary parts of G, G 1, and G derive from the
poles of Egs. (5), (6), and (7), respectively:

(0, [E(0.d/2; OE!(r.d /2; k)|0,) =

n_ 242 /42
Z( D) 1[nﬂ J(m)+@J1(rm):|’ ©)

— 4di?
Ny, NGRS
m[G | (r,d/2;k)] = ; W[k Jo(r/k2 — 212 /d?) — 1 2 — nznz/dz)}, (10)
1 Int(44)
m[Goo(r,d/2; k)] = EJo(kr) - 50d 2_1: [k? — 4n%n?/d*] Jo(ry/k? — 4n?m2/d?), (11)

where Jy and J; are the Bessel functions of the first kind of orders 0 and 1, respectively. As for the real parts of G, making use

of the Kramers-Kronig relationship, k*Re[G (k)] = % fooo dk'kPIm[G (k)] / (k™

Int(42)

elGy(r,d/2;k)] = — Z
n=1
+ D

n=Int(4)+1

=" -
4dk?

G
2mdk? [

— k?), we obtain

2 2/42
[” T o/ = ) + —V”/dY,(r 2 —nZnZ/dZ)}

2/42 2
o2 A — 1) + @K (r\/m)} (12)
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Int(*<
ey - N Ry
r

Re[G ) (rd/2: k)] =~ e |:k2Yo(r k2 — n272/d?)

n=I1

Yi(rvk? — n2n2/d2)i|

0 o 272/42 — k2
D S J,m)_@mm>], (13)

mdk
n=Int(*)+1

kd
Int(44) o0

1
2 2.2, 72 2 2.2, 72
TR nEZI [k —4m*n”/d"] Yo(rv/k? — 4n’n2/d?) — —2d E [k —4m*n”/d"]

1
Re[Goo(r,d/2; k)] = EYo(k”) +

n_lnt(zd )+1
x Ko(ry/an?m2/d> — k), 14

where Yj; and Ky are the Bessel functions (Y) and modified Bessel functions (K) of the second kind, of orders 0 and 1,
respectively.
Alternatively, the above expressions can be written as a series in powers of the number of reflections off the plates,

ikr 2ikT <& ik [ 1
Gy (r.d/2:k) = 4€k2 [——l—} Z( 1)” / d¢ e’f"’"’[k \/LJ,(krﬂ)—; Jz(kr\/ﬁ)}

o0 k 00 _
> =1y—| d —fk"d[ Jitkry/1+¢2) + £ D(kry/1 + } 15
;( )271/0 Ce krﬁl(w £2) + ¢ Dlkry/1+ ¢%) (15)
G (rd/2'k)—1ikr _—1+%+k—2 —i(—l)ni—f dg e'tknd +—J(kr\/1— 2y — Lkry/1 —¢2)
11 b ’ - }"3 r2 r — 27_[ 0 § krm 1 § 2 §

4 k?

> k [ 1-¢
- 1) — d —fk"d[ Jikry/1 4 ¢2) — L(kr/1 + ] 16
;( >2n/0 Ce kﬁ‘(” 02 — Dk J11 09 (16)

ikr

- -1 ik k2 = ik (V.
Goo<r,d/2;k>=e—[r—3 = } Z( ' f dg &1 — ) Jothkr 1= ¢2)

4 k?
o0 k 00

=Yg [ de et /T, (a7)
n=1 0

where the dimensionless variable of integration ¢ is such that ky/1 — ¢2 is the norm of the two-dimensional reciprocal vector
parallel to the plates. In Appendix A we give the expressions of the Green function components in the spherical basis in the
asymptotic limits d > r,k~! [i.e., three-dimensional (3D) limit] and d < r,k~' [i.e., two-dimensional (2D) limit].

III. VAN DER WAALS POTENTIALS

At leading order in time-dependent perturbation theory, i.e., order four in W, 24 processes contribute to the vdW potentials of
each atom in which two photons are exchanged between the two atoms in all possible orders in time, two terms for each of the
diagrams in Figs. 2 and 3 [28,38,39]. In terms of the vdW potentials, (W4 p/2), the forces oneach atomare F4 p = FV (W4 5/2),
respectively, withr = R4 — Rp [38]. In every case, i.e., either for ground- or for excited-state atoms, virtual transitions between
atomic levels are accompanied by the exchange of off-resonant photons of frequency @ < ¢/r. Their contribution to the vdW
potentials are referred to as off-resonant vdW potentials. In addition, for the case that one or both atoms are excited, transitions
to lower-energy atomic levels proceed through the exchange of photons which resonate with the transitions. Their contribution
to the vdW potentials are referred to as resonant vdW potentials [18,23]. Interestingly, while the off-resonant potentials of each
atom are equivalent, their resonant potentials differ [38,39].

For the sake of illustration we give below the expression of diagram (1) in Fig. 2,

1 oo szdk o) Vk/de/ 4 4 5 ) 5 T t t
Z_S/ ) /. 1) / dQ/ dQ/{|:i<d,b,oy|el(u)41+u)b)T|a7b’Oy)f dl/ dl// dt"
1] h 0 ( 7T) 0 ( T[) 0 0 —00 —00 —00

x " q b0, 1y - B RILD, Tie)e @Ot T=04 b T |dg - By (Rp)IL, j,0,)

x e rtent=0 0, 1dp - B Rp)ILD, Tiye@r ot b Tjd, - E;+)<RA)|a,b,6y>e““’“W’)ﬂ]

+[k<—>k’]T}, n— 0t (18)
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FIG. 2. Diagrammatic representation of the 24 terms which
contribute to (W4 (T)), two for each of the 12 diagrams. Thick straight
lines stand for propagators of atomic states, while wavy lines stand
for photon propagators. In diagram (1), the initial states a, b, and the
generic intermediate states of each atom /, j are indicated. Although
not shown, the same states appear in the rest of the diagrams in
analogous sites. The atoms A and B are separated by a distance r along
the horizontal direction, whereas time runs along the vertical. The
gray circles on the left of each diagram stand for the insertion of the
Schrodinger operator W, whose expectation value is computed. Each
diagram contributes with two terms, one from each of the operators
W, inserted. They are sandwiched between two time propagators,
U(T) and U'(T) (depicted by vertical arrows), which evolve the initial
state |a,b,(~)y) towards the observation time at which W, applies.

where |a,b,(~)y) is the quasistationary (initial) two-atom-zero-
photon state, |/) and |j) are intermediate atomic states of the
atoms A and B, respectively, | 1) is a one-cavity photon state
of momentum k and frequency w = ck, the complex time
exponentials are the result of the application of the free time-
evolution operator Uy(t) = e~ Hot petween the interaction
vertices Wy g, and the real time exponential "+ *+") takes
care of the adiabatic approximation. After integrating in time
and solid angles, and using the fluctuation-dissipation relation
of Eq. (8), one arrives at

m jn
Z SOlfC dla ]bdb]d
— Tepe? wy + wp — W — w;j
J

o0 KImG L (rk
Re/ k0G0 K)
0 W —wg +w —1n
K2ImG, (r.K')

o0
xf dk’' ' —,
0 a)/—a)a—le—lT)

where o is the fine-structure constant and summation over
repeated tensor indices is implicit. Generally, the rest of the
diagrams yield integrands analogous to the one in Eq. (19),
which may contain poles at the transition frequencies. Those
poles are slightly shifted along the imaginary axis as a
consequence of the adiabaticity parameter n — 0*. When
performing the integral over k and k' in the complex plane
along the quarter-circle of infinite radius in the first quadrant,

n— 07, (19)
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FIG. 3. Diagrammatic representation of the 24 terms which
contribute to (Wp(T)), two for each of the 12 diagrams. Thick
straight lines stand for propagators of atomic states, while wavy lines
stand for photon propagators. In diagram (1), the initial states a, b
and the generic intermediate states of each atom /, j are indicated.
Although not shown, the same states appear in the rest of diagrams
in analogous sites. The atoms A and B are separated by a distance r
along the horizontal direction, whereas time runs along the vertical.
The white circles on the right of each diagram stand for the insertion
of the Schrodinger operator Wy whose expectation value is to be
computed. Each diagram contributes with two terms, one from each
of the operators Wy inserted. They are sandwiched between two time
propagators, U(7T") and ul(1) (depicted by vertical arrows), which
evolve the initial state |a,b,(~)y) towards the observation time at which
Wp applies.

one can separate the integral along the positive imaginary
axis from the sum over residues. The former is part of
the off-resonant vdW interaction, while the latter is part
of the resonant vdW interaction [19,23,40,41]. We compile
in Appendix B the equations of the contributions of some
diagrams to the resonant components of the vdW potentials
and phase shifts.

A. Off-resonant van der Waals potentials and off-resonant
phase-shift rate

The off-resonant component of the vdW potentials is
present in the interaction between any pair of atoms, re-
gardless of whether they are in excited or ground states. It
includes upwards and downwards virtual transitions to any
intermediate atomic levels in the 12 diagrams of Figs. 2 and
3. In the calculation, the imaginary shifts of the poles in
equations analogous to Eq. (19), with n — 0% in the adiabatic
approximation, play no role, and the off-resonant potentials
can be also computed within the framework of stationary
perturbation theory [18,19,23-25]. This explains also the
fact that the off-resonant potentials of each atom coincide,
(Wa/2)otr = (Wg/2)ofr, and so does the associated phase-shift
rate of the two-atom wave function, §Ex = (Wa_5/2)or [38].

Let us denote by a and b the states of the atoms A and
B, respectively. By adding up equations analogous to that in
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Eq. (19) coming from the 12 diagrams of Figs. 2, 3, or 5, one
obtains the following integral along imaginary frequencies
[18,24,25], k = iu:

Lt WigWjp
e 2 e e
X dgi - G(r;iu) - djp dbj -G(r;yiu) - d;y,
= 8&oits (20)

(Wa,B/2)ott =

with w;, = w; — w,, kias = wia/c, Wjp = Wj — Wp, kjb =
wjp/c, dgi = (aldali), and dp; = (b|dp|j). As it stands, it
suffices to substitute the expressions of the Green function
components in order to calculate the off-resonant vdW
potential for any particular case. Evaluating Eqgs. (15)-(17)
at imaginary frequencies and performing the summation over
any number of reflections, we find in the spherical basis,

G+_(r;iu)
= 8671 2[l/r3—i—u/r2—u2/r]
d{ et 3
+/ e+ /=), @)
1
G++(r;il/t)

—Uur

— [3/r* +3u/r* + u?/r]

d{ eu{d 5
+ /1 o ua—;m(w@ D, (22)

Goo(rsiu)
= _4_”7’ . [1/,-3 + u/rZ + uz/r]
d utd +1
" / 2:; :le{d u(g? — 1)Jo(ur\/f) 23)
1

where the dependence of G on d/2 has been omitted in its
argument for brevity. In all the expressions above the first
terms are the components of the Green function in free space,
whereas the second terms result from multiple scattering of the
cavity plates. As a consequence, the factor G in the integrand
of Eq. (20) contains terms with two free-space factors which
decay exponentially from u ~ 2/r, terms with two multiple-
scattering factors which are exponentially suppressed from
u ~ 2/d, and terms which combine free-space and scattering
factors that decay exponentially from # &~ min(1/r,1/d).

The calculation of (W4 p/2).s requires the numerical inte-
gration of Eq. (20), which depends generally on the transition
frequencies of both atoms. Nonetheless, assuming that those
frequencies are of the same order, say K ~ ki,,kj; Vi,j,
the dependence of (W4 p/2)os on the particular values of
transition frequencies and dipole moments can be factored out
such that approximately universal potentials can be defined as
functions of r and d only. This is, for instance, the case of the
vdW interaction between circular Rydberg atoms (see Sec. V
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FIG. 4. Graphic representation of the three components of the
dimensionless tensor potential Vo of Eq. (25) normalized by their
values in free space, V. The interatomic distance is fixed at r =
1/5K, whereas d varies between 0 and 1.4/K.

below). That is, we can write

(Wa.B/2)ott = VR(r.d)

EGZC Z ClJ |d OdO]

+<|d,-t,d;,,»| + 1didy; Vol (rd)
+(dihdy; P+ digdf; PVt (nd)],  (24)

where C;; is a numerical factor of order unity whose sign
is given by sgn(w,iw;p); df, = (A4ld%|A;) is the pth-vector
component of the ith transition dipole moment of atom A, and
likewise for atom B; and

Vo (r,d) = / dx x*G (i K x)/[K(x* + DI, (25)
0

with p,s = {4, —,0}, are the components in the spherical
basis of the dimensionless off-resonant vdW tensor potential,
which depend only on r,d. The dimensionless variable of
integration yx is the imaginary frequency u in units of K.

The components of Vi are represented in Fig. 4 as
functions of d for a fixed value of the interatomic distance, r =
1/5K, normalized by their values in free space. We observe
that the effects of the cavity confinement become relevant as
d approaches r. Interestingly, three different behaviors are
found. Whereas V" decreases monotonically to zero for
d < r, the component V.t o Shows abump aroundd ~ r, after
which it goes to zero as well. In contrast, V. i gets minimum
around d ~ r and increases monotonically as d approaches
0. The vanishing of the components V&~ and V5 is an
effect of the confinement of the lines of the electric field
parallel to the plates. The decrease of both components is
indeed exponential as d/r — 0 and so is the decrease of
their associated Green’s functions, see Eqs. (A3) and (A4).
On the contrary, for d/r — 0, the field lines perpendicular
to the plates bounce infinite times off the plates when going
from one atom to the other, augmenting the strength of V(?f? as
~1/d?*. As a matter of fact, Goy goes like 1/d as d/r — 0,
see Eq. (A2).
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B. Resonant van der Waals potentials
and resonant phase-shift rate

In contrast to the off-resonant interaction, part of the vdW
interaction between excited atoms is mediated by virtual
photons which resonate with the transitions of one or the
other atom, which is referred to as resonant interaction [23].
Correspondingly, we refer to the resonant contributions to the
potentials and to the phase shift as resonant vdW potentials
(res) and resonant phase-shift rate, respectively. On the other
hand, these resonant photons mediate also the periodic transfer
of the excitation between both atoms. In the perturbative
nondegenerate regime this transfer has a small probability
proportional to |(W)|/h|Aap| < 1, where A 45 is the detuning
between the relevant transition frequencies of the atoms. It
is due to this partial and periodic transfer, as well as to the
finite lifetime of excited states, that the vdW potentials with
excited atoms become dynamical and are to be computed
within the framework of time-dependent perturbation theory
[27-30,38,39]. Further, for the usual case that the excitation
of the atoms be adiabatic with respect to the detuning A4p
[27,38], the calculation simplifies to assuming that in the far
past the atoms are initially excited and the interaction potential
W is turned on adiabatically.

1. Two dissimilar atoms, one of them excited

For the case that the atoms are of different kinds and only
one of the them is excited, say atom A at state a > 0, while
atom B is in its ground state with b = 0, only the diagrams (1)
and (3) of Figs. 2 and 3 contribute to the resonant potentials
of atoms A and B, respectively, yielding [38,39]

20 'Ok;‘i m gn s
Z 2 — 5 d ido,djods,

(Wa/2)tes =
© jii<a EOh(wz%i - (,()?0) ¢
X {Re[Gmn(rvkai)]Re[Gps(r’kai)]
- Im[Gmn (rskai)]lm[Gps(rvkai)]}v (26)
2wiok,
(Wg/2)tes = Z ¢d%dgjd]p0dfa

€oh(ws; — @jo)

Jii<a
X {Re[Gmn (rv kai )]Re[Gps (rv kai )]
+Im[Gmn(r9kai)]Im[Gps(r’kai)]}v (27)

where the tensor indices are m,n,p,s = {+, —,0} in the
spherical basis and summation over repeated tensor indices
is implicit.

For the sake of illustration, we write in Appendix B the
explicit expressions of the contributions of diagrams Fig. 2(3)
and Fig. 3(2) to (W4 /2)es and (Wp /2).es, respectively. Again,
assuming that those frequencies are roughly of the same order,
say K = kq;,kjo Vi, j,Eqgs. (26)and (27) can be approximated
by

2K?3 ,
(Wa 5/2)res > [[dSdd, PV e r.d)
J

rrﬁegc >
+ (i di P+ 1d;ydo; PV e ()
+ (dihdg; 1P + 1d;dii Vi res(rd)], (28)
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FIG. 5. Diagrammatic representation of the 12 terms which
contribute to the phase-shift rate of the two-atom wave function,
8€. The explanation of the symbols is as in Figs. 2 and 3. Diagrams
(1, 3,5,7,9, 12) contain gray circles on the left which stand for the
insertion of a Schrodinger operator W, , whereas diagrams (2, 4, 6, 8,
10, 11) contain white circles on the right which stand for the insertion
of an operator Wjp. Differently to the diagrams which contribute to
(Wa(T)) and (Wp(T)) in Figs. 2 and 3, respectively, as in diagrams
(1) and (2), here the operators W4 or Wy are sandwiched between two
time propagators, one of which is the free time-evolution operator,
Uo(T). The explanation of this can be found in Ref. [38].

/. . . .
where C; ; 1s a numerical factor of order unity, of the same sign
as w,; — wjo, and the dimensionless potentials read

VP (r,d) = {Re*[G s (r,K)] — Im*[G ,(r,K)]} /K,
(29)

VP (r,d) = {Re*[G ps(r,K)] + Im*[G s (v, K)]} /K2,
(30)

with p,s = {4, —,0}. As for the resonant phase-shift rate,
the addition of diagrams (1) and (3) of Fig. 5 is in this
case 8&es = (Wa/2)es [27,38]. As in free space, it is the
discrepancy between the signs of the second terms on the
right-hand side of Eqgs. (29) and (30) that gives rise to a net
force on the two-atom system [29,38,39]. The difference is,
however, negligible in the nonretarded regime, rK < 1. On
the contrary, in the retarded regime, it was already found in
Refs. [29,38] that, in free space, while the components of V 4
oscillate in space changing sign periodically, the components
of Vs decrease monotonically as r increases.

In the presence of a cavity the behavior of the potentials
depend on the value of d as well. The components of
Vares and Vg, are represented in Fig. 6 as functions of
the interatomic distance r, with K > 1, for two different
values of d, 2/K (upper inset) and 20/K (lower inset). In
contrast to the results in free space, for d < 7 /K, only the
component V5" oscillates in space, whereas V. and V
decrease monotonically and are equivalent to the potential
components of atom B. The reason is that, for d < /K,
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FIG. 6. Graphic representation of the three components of the dimensionless potentials in Eqs. (29) and (30), as functions of r K, for two

different values of d, 2/K (upper inset) and 20/ K (lower inset).

only the oscillating terms of Ggy entering Egs. (29) and
(30) are different from zero, (1/4d)[Yo(kr) — i Jo(kr)]. On
the contrary, for d > 7/K (lower inset of Fig. 6) all the
components of V4. oscillate along r and so do, although with
longer periods, the components of V. The latter, however,
do not change sign and constitute a sort of envelope of the
oscillating curves of V ;.

2. Two dissimilar atoms excited

When both atoms are excited, say on states a > 0 and
b > 0, in addition to diagrams (1) and (3), also the diagrams
(2), (4), and (5)—(10) of Figs. 2, 3, and 5 are relevant. The

J

4
2w‘,bkai

perturbative nondegenerate regime implies in this case that
[(W)| < hlws; — wjpl, for any pair of intermediate states
i,j, with i <a,j > b, and (W)| < hi|wpj — w,| for any
i > a,j < b. For the sake of illustration, explicit expressions
of the contributions of diagrams (9) and (10) of Figs. 2, 3, and
510 (Wa/2)ress (Wg/2)res, and 8&s, respectively, have been
included in Appendix B for the case of two dissimilar atoms
excited.

Generically, we can distinguish three different contributions
to (W4 B/2)res- These are, a first one in which the intermediate
states satisfy i > a,j < b, a second one in which they satisfy
i <a,j > b, and a third one for which i < a,j < b. Putting
them all together we have

(Wa/2)res = Z mdgdgjdfbd?a{Re[Gmn(rskai)]Re[Gps(rvkui)] — Im[ Gy, (1, ko)) IIM[ G s (x, k) ]}

jb

4
Za),»akbj

j>bji<a 0

+ ) Tt oy oy R Gy YIRELG, (- )+ Tl G -y L Gy )

j<bji>a 0 bj a

2ap;k?,
Z Ezh(wzb—]_mwz)dﬁd?bdfjdfa {Re[Gmn(rvkai)]Re[Gps(r’kai)] - Im[Gmn(rvkai)]Im[Gps(rvkai)]}

j<bji<a 0 bj
4
" Z 2a)u,'kbj
25 (2 _ 2
j<bii<a th(a)ai wbj)
4
zwjbkai

dpyidd}d5, (Re[G o (0, )IRE[G s (0, k)] + IM[G o (0, K )IIM[G s (1,Kp )1}, (31)

(W5/2es = Y mdﬁdgd;’bdﬁa{Re[Gm,,(r,ka,»)]Re[G,,s(r,ka,-)]+Im[Gmn(r,kui)]lm[Gps(r,kai)]}

j>bji<a 0 Jjb

4
2a)iakbj

+ Z md[,,']l'd(:ljdi[;djs'b{Re[Gmn(rvkbj)]Re[Gps(r,kbj)] - Im[Gmn(rvkbj)]Im[Gps(r,kbj)]}

j<b,i>a 0 bj ia
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26()1,,](4 m P s
Z —d iddy d; {Re[Gmn(rakai)]Re[Gps(rvkai)] +Im[Gmn(rvkai)]lm[Gps(rakai)]}

ai® jb“bj*%ia
j<bji<a gﬁ ( wbj) ! !
2wai kb} n P gs
+ Z ﬁdb]daldmd]b{Re[Gmn(rakbj)]Re[Gps(rskbj)] - Im[Gmn(rakbj)]Im[Gp.f(rvkbj)]}v (32)
j<bii<a 0 bj

where the tensor indices are m,n, p,s = {4+, — ,0} in the spherical basis and summation over repeated tensor indices is implicit.
Note that analogous expressions were obtained by Barcellona et al. in Ref. [29] in free space.
Lastly, as for the phase-shift rate of the two-atom wave function we find,

Za)jbk m p
agres = Z #d dh]djb {Re[Gmn(rakai)]Re[Gps(rvkai)] - Im[Gmn(r’kai)]Im[Gps(rakai)]}
j>bji<a eoﬁ(wai - a)J )

4
2w,~akb]-

+ X o il REAG 0y IRELG ()] = TG A (G )
j<bji>a 0 bj ia
- > %—dmd,,,d,,,-dm{Re[Gmn(r,k,,»]Re[G,,x(r,kam — Im[G (1K IMLG i (0, k)]}
j<bji<a 0 ( wb])
26()”’kg/ m gn P gs
+ > ﬁdb,d 1 d5, (RE[G (1K )IRE[G s (1K) — TM[ Gy (1. Ky )IIMG s (1. Kp)]}. (33)
j<bii<a 0 bj

3. Two identical atoms excited

We consider next the case in which the two atoms are identical, A = B, and find in the same excited state a > 0. The
nondegenerate condition necessary for the calculation to be perturbative and nondegenerate reads in this case |(W)| < 7i|w, —
wjq/|, for any pair of intermediate states i, j, withi < a,j > a.

In comparison to the case of dissimilar atoms, the only difference in the calculation is the presence of double poles when
i = j in the frequency integrals which derive from the diagrams (3), (4), (9), and (10). Explicit expressions of the contributions
of diagram (4) in Figs. 2 and 5 to (W4 /2) s and §&;, respectively, have been included in Appendix B for this case. As for the
resonant vdW potential, it reads,

4wjak4 n P s kal m P s
A’ dlds Re[G (ko)) IRE[G s (rka)] + Y —4did? d?d;

2 2 ait j(l (l] a 2 ai“ia%ai™ia
6Oh(wm’ - wja) ch

(Wa/2es = Y

i<a,j#i i<a,j=i
X {kaiRe[Gmn(r’kui)]Re[Gps(rvkai)] - 2Re[(;mn(r’kui)] 9k [sze[Gps(r k)]]k k[,,} (34)

whereas the phase-shift rate of the two-atom wave function is

4wjak4 m gn gP js
8€res = Z mdaldjadajdta{Re[ mn(rakai)]Re[pr(rakai)] _Im[Gij(r»kai)]Im[Gp.v(rakai)]}
. ) ; ja

k2
+ E a dmdn dp d;, {kaiRe[Gmn(rakai)]Re[pr(r7kai)] - kaiIm[Gmn(rakai)]Im[Gps(rvkai)]
€

2 ai “ia“ai~ia
i<a,j=i 0
d o
- 2Re[Gmn(rakai)]ﬁ[k Re[G ps(r,k)] =k, (- (35
[
IV. ELECTROSTATIC POTENTIAL BETWEEN electrostatic interaction between two induced electric dipoles,
INDUCED DIPOLES A and B, with moments &% (0)E and o, (0)E, where o, (0)

are the static polarizabilities of each atom in the states a and b,
respectively. The interaction potentials of each atom coincide
in this case, and so does the associated phase-shift rate of the
two-atom wave function. If we denote the electrostatic poten-
tial by V3'(r), it holds (W4) = (Wg) = 8E% = V{5 (r), and

Another case of interest commonly encountered in exper-
iments is that of the electrostatic interaction between two
atomic dipoles induced by an external static field Ey. The
contribution of the 24 diagrams of Fig. 7 reduces to the
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@) ®) ) (10) (1) (12)
>B

FIG. 7. Diagrammatic representation of the 24 terms (2 times 12
after the exchange A <> B) which contribute to V3, under the action
of a constant and uniform external field E,. Vertices of the interaction
Hamiltonian, —(d4 + dp) - Ey, are depicted by horizontal arrows. In
diagram (1), the initial states a, b and the generic intermediate states
of each atom i, j are indicated. Although not shown, the same states
appear in the rest of diagrams in analogous sites.

Fiap=FV, Vj‘B (r) for the forces on each atom.! The addition
of all the contributions of the diagrams of Fig. 7 (which refer
to (W4), in particular) yields

8 (aldali) - Eo(bldglj) - Eo
Vig(r) = e >
i,j

WigWjp

x /oo dw oTr{(i|d4la) - Im[G(r,d /2; )] -
0

{j1dslb)). (36)
Next, in application of the Kramers-Kronig relations on the

Green function and writing its tensor components in the
spherical basis, the above equation can be written as

4 (aldali) - Eo(bldglj) - Eo .
ViL(r) = E lim w?
AB( ) E()Czhz Py

WiaWjp =0

x Tr{(ildala) - Re[G(r,d/2;w)] - (jldp|b)}

_ 4r 1 AV NI21 1B 12 2
= WD ;wl a)-;,[(|<l|d+|a>| [(J1dL1D)I"(Ey)

alj
+ [(ild* |a) P 1d2 b)Y F(E )PV, (r)
. . 2
+ [4ildg a) 114 1de 1B) > (EQ) Vo)
+ ([{i|d 2 a) (12 ) |* + |(i1d2 @) *1(j|d2 b} %)
x Eq E§ Vi (r)],
where the dimensionless potentials read

2
Veo(r) =4 Z n’Ko (%n) ,

n=I1
1" -1 2d
Vi(r) = Z +[n2KO(%n> + —n K, <%n>i|
n=1

Vi[,(r) — Z # nzKo(%I’Z),

n=1

'Note the absence of the factor 1/2 in the expression for the
electrostatic potential in comparison to the vdW potentials. This is
due to the fact that the calculation is order 1 in W, p for V3 while it
is order 2 for the vdW potentials.
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FIG. 8. Graphic representation of the three dimensionless poten-
tials, Vjj, —red (middle gray) line, V}' —blue (dark gray) line, and
V3, —green (light gray) line, as functions of d/r and normalized by

the corresponding potentials in the 3D free space, V(j'ot,fff_ -

with Ky and K| being the modified Bessel functions of the
second kind, of zero order, and of first order, respectively. In
the asymptotic limit r/d — 0 the above functions respectively
approach the free-space potentials in 3D:

& 3¢rB) | 3Lr(5)r?
Voo(r) = 42r3 A2 2 42’
. 3d3 15 ¢gr(5) r?
Vi) = - 8w23 64n2 d2’ (38)
, d? 3Cr(3)  451R(5) r?
t ~
VR = mgmn T T T e a2 140

where the first terms on the right-hand side of each equation
are the free-space potentials in 3D and ¢ is the Riemann ¢
function.

In this opposite limit, d /r — 0, the functions approach zero
exponentially as the EM field is confined to live in 2D:

Voor) =2 e >4\ Jd]r,

1
VS ()~ ———e 4 Jd
=) 22 /

1
VY (1)~ ———e ™ Jd]r, d/r — 0. 39
1) WG / / (39)

In Fig. 8, the ratios between the three components of the
cavity electrostatic potential and their corresponding values
in free space are represented as functions of d/r. While
the components V5; and V3!, decrease monotonically as d/r
decreases, the component V' presents a maximum at around
r = d which overtakes the value in free space.

V. DIPOLE-DIPOLE INTERACTIONS BETWEEN TWO
CIRCULAR RYDBERG ATOMS WITHIN A CAVITY

In this section we illustrate the effect of a perfectly reflecting
cavity on the dipole-dipole interactions between two identical
alkali atoms in Rydberg states. This calculation is of particular
relevance to the manipulation of entangled two-atom states
[33,34]. A similar calculation has been carried out in Ref. [42]
in free space, in the nonretarded regime, and neglecting the off-
resonant component of the vdW potential. In our case, in order
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to simplify the calculation, we will consider that the atoms
are prepared in a certain circular state |n.). This will allow
us to restrict considerably the number of atomic transitions
involved in the computations [12,43]. We will consider a pair
of alkali atoms, e.g. ¥’Rb atoms, placed at the middle of a
planar cavity and excited at circular Rydberg states. For the
calculations in the nondegenerate regime we will take both
atoms with n. = 50. At the end of this section and for the
sake of completeness, we will compute the Rabi frequency, in
the degenerate regime, between two alkali atoms in the states
n. =50and n/, = 51.

Circular states are the states of maximum angular mo-
mentum with quantum numbers n =n., l =n,—1, m =
+(n, — 1). In a cavity, their stability against mixing with
elliptical states of the same energy is achieved by applying
an external uniform field E, perpendicular to the cavity plates
[12,43]. In practice, Ey is taken large enough so that the
corresponding Stark shift lifts the degeneracy between the
circular states and the states with [ = n, — 2, preventing their
mixing due both to the coupling to stray electric fields parallel
to the plates and to the vdW interaction between the dipoles.
Typical values of Ej are of the order of 10-100 V/m [12].
With this proviso, we proceed to compute the dipole-dipole
interactions between two circular Rydberg atoms of 3’ Rb with
n. = 50 and placed at the middle of a cavity of variable width
at a fixed interatomic distance, » = 50 pm. This is the distance
at which retarded effects are not yet relevant and, at the same
time, a realistic design of the cavity makes it possible to
achieve the condition d ~ r, at which the confinement effect
of the cavity on the EM field is notorious. Experimentally, the
atoms are excited by the action of two pulses, being the typical
Rabi frequency of the excitation process much less than the
frequency of the atomic transitions involved in the interatomic
interaction (cf. Ref. [34]). In addition, the calculation of
the resonant component of the vdW interaction meets the
conditions outlined in Sec. III B 3. This way, we can fairly
apply our perturbative-adiabatic approach to the calculation
of all the dipole-dipole interactions between the atoms. Lastly,
the fact that the two atoms are identical and excited at the same
state guarantees the equivalence between their potentials. The
phase-shift rate of the two-atom system is in general different
from the potential energy [38]. However, we will show that
in the nonretarded regime this discrepancy is negligible for
any value of the cavity width. In the following, we compute
the electrostatic potential, the off-resonant vdW potential, the
resonant vdW potential, and the resonant phase-shift rate
for r =50 pm. As for the values of d, we consider the
range between 10 pum and 0.50 mm for the calculation of
the potentials, and up to 50 mm for the calculation of the
phase-shift rate. Atomic data are taken from Ref. [44]. For the
calculation of the relevant transition dipole moments we make
use of Ref. [43].

In the electrostatic potential between two dipoles induced
by an external field Ey perpendicular to the cavity plates,
only the component Vjj is nonzero. Labeling the atomic
states with the three quantum numbers |n,/,m), at leading
order, the intermediate states which enter the sum of Vjj(r) in
Eq. (37) are |n. + 1,n.,n. — 1) and |n. + 2,n.,n. — 1). The
result is depicted graphically in Fig. 9, leaving Ej as a free
parameter.
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FIG. 9. Graphic representation of the electrostatic potential of
two identical Rydberg atoms of ¥Rb, in the circular state . = 50,
separated a distance r = 50 wm in the middle of a planar cavity of
variable width d, subjected to an electric field perpendicular to the
cavity plates. The field strength E| is left as a free parameter. The
dashed line stands for the asymptotic value of the potential in 3D
without the cavity.

Regarding the calculation of the off-resonant vdW poten-
tial, which is equivalent to the off-resonant phase-shift rate
8&s, we first notice that the component V¥ in Eq. (24)
contains two IT atomic transitions on each atom, whereas
the components VOJfT and V:f“f_ contain pairs of [0+]? and
[c~]? transitions. As explained in Ref. [43], the dipole
moments of ¢t transitions from circular states, |n.), to the
nearest circular states, |(n &= 1).), are of the order of n. times
greater than those of IT transitions and n2 times greater
than those of o~ transitions. Therefore, the off-resonant
vdW potential will be dominated by the component V5"
and the transition wavelengths As; 50 & Asp49 > 6 mm. The
result is shown graphically by the red (middle gray) curve of
Fig. 10.

0E/h[Hz]
0.15
0.10 0
0.05] 0&res +0Eog
¥ [504m]
2. | ! L . | d

Gy 1 100 200 300 400 500 Lumn]

_______ 660“

FIG. 10. Graphic representation of the phase-shift rate € (equiv-
alently, vdW potential) of two identical Rydberg atoms of 8’Rb, in the
circular state n, = 50, separated a distance » = 50 um in the middle
of a planar cavity of variable width d. The off-resonant, resonant, and
total phase-shift rates are represented separately by the lines in red
(middle gray), blue (dark gray), and green (light gray), respectively.
Dashed lines stand for the asymptotic values of the energies in free
space.
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FIG. 11. Graphic representation of the difference between the
resonant phase-shift rate, &, and the resonant vdW potential,
(W4/2)es, of two identical Rydberg atoms of 87Rb, in the circular
state n, = 50, separated a distance » = 50 um in the middle of a
planar cavity of variable width d. The dashed line stands for the
asymptotic value of the energy difference in free space.

Finally, concerning the calculation of the resonant vdW
potential, it is dominated by the dyadic components +— of
Eq. (34), in which the leading terms are proportional to the
transition dipole moments between the states |n.) and |(n &
1).) [43]. In particular, the greatest contribution comes from
the quasiresonant diagram (1) of Fig. 3, which includes a term
proportional to the inverse of the detuning, 1/(wsp 49 — @s;.50)
[38]. The resonant vdW potential is depicted graphically by
the blue (dark gray) line in Fig. 10. It is worth noting that the
resonant phase-shift rate § s coincides with the resonant vdW
potential ford < 3 mm. The reason is that the imaginary part of
the Green function which enters Eq. (35) vanishes unless d >
As1.50/2 ~ 3 mm. For greater values of d, resonances show up
with periodicity ~6 mm. This is shown in Fig. 11, where the
difference between 8, and (W4 /2)es is represented. In the
nonretarded regime this difference is 7 orders of magnitude
less than §&., and is hence negligible.

The graphs represented in Fig. 10 show that for cavity
widths much smaller than the interatomic distance the strength
of the vdW interaction decreases exponentially, whereas for
values of d close to r the strength of the interaction is
higher than its value in the absence of cavity. The latter is
a consequence of the dominance of the dyadic components
+— in the resonant vdW potential. It is also worth mentioning
that, even in free space, the ratio between the strength of
the off-resonant (red line of Fig. 10) and the strength of the
resonant vdW potentials (green line) is approximately 1/5 but
not negligible, in contradiction to what is usually assumed
in the literature for the binary interactions between Rydberg
atoms (see, e.g., Ref. [42]).

We conclude this section with the calculation of the Rabi
frequency induced by the cavity field on the symmetric states
150,,51,) and |51,,50,) of two atoms of ¥’ Rb separated 50 pm.
A rigorous time-dependent treatment of this interaction is
complicated since the adiabatic approximation considered in
our previous calculations is not valid generally [45], the reason
being that the interaction takes place in the degenerate regime.
However, in the nonretarded regime a great simplification is
possible. It suffices to consider the diagrams of the kind of
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FIG. 12. (a) Graphic representation of the Rabi frequency in-
duced by the cavity field on the symmetric states |50.,51.) and
151,,50.) of two ¥Rb atoms separated a distance r = 50 um in
the middle of a planar cavity of variable width d. The dashed line
stands for the asymptotic value of the Rabi frequency in 3D without
the cavity. (b) Diagrammatic representation of the processes which
contribute to the probability amplitudes (51.,50,. (0)|50.,51. (T))
and (51.,50, (0)|51,,50. (T)). In all the diagrams the circular states
50, and 51, (only shown in the first diagrams on the right-hand
side of the equalities) alternate after each vertex of interaction
along the temporal vertical axis. Note that whereas in the diagrams
contributing to (51,50, (0)|50.,51. (T')) the initial and final states
differ, they coincide in those for (51.,50. (0)|51.,50. (T")). Hence,
while (51,,50, (0)|50.,51. (T)) is proportional to sin(Qx7/2),
(51.,50. (0)|51.,50. (T)) is proportional to cos (27T /2) instead.

those in Fig. 12(b), in which the circular states 50, and 51,
alternate after each vertex of interaction and only one-photon
states appear as intermediate states. The net result is a Rabi
oscillation of frequency Q2 between the states |50.,51.) and
[51.,50.). As shown in Ref. [46], this approach is equivalent
to the usual one based on degenerate stationary perturbation
theory in the subspace {|50.,51.), |51.,50.)} [47]. For this
reason, and just for the sake of illustration, we will restrict
ourselves to the nonretarded regime in which the expression
of the Rabi frequency Q2 associated reads

2
Qp ~ ———(50./d|51.) - V¥ - (51.[d|50,),  (40)
E()ﬁd3

where the only component of V*' which enters Eq. (40) is V' .
The graph of Fig. 12(a) shows the variation of Qg with the
cavity width d.
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VI. CONCLUSIONS

In this article we have computed the dyadic Green’s
function of the cavity field which mediates the interaction
between two atomic dipoles placed in the middle of a perfectly
reflecting planar cavity. The components of the Green tensor
are given in Egs. (9)-(14) and as a series in the number of
reflections in Egs. (15)-(17). Asymptotic expressions in the
2D and 3D limits can be found in Appendix A.

The van der Waals potentials of each atom as well as the
associated phase-shift rates of their wave function have been
calculated in the weak-coupling, nondegenerate regime for
several cases of interest: for the case that both atoms are in
their ground states, for the case that both atoms are excited,
and for the case that one atom is excited while the other,
of a different kind, is in its ground state. The discrepancies
between the resonant components of the vdW potentials
and the phase-shift rates have been exposed for each case.
However, those discrepancies are relevant only in the retarded
regime and, generally, for cavity widths larger than half the
resonant wavelengths, see Figs. 6 and 11. In addition, we
have calculated the electrostatic potential between two induced
atomic dipoles [Egs. (37)—(39)]. The latter has been used also
to compute the Rabi frequency on a two-Rydberg-atom state
in the degenerate regime [Eq. (40), Fig. 12].

The effect of the two-dimensional confinement of the
electromagnetic field by the cavity on the dipole-dipole inter-
actions has been analyzed. The effect depends on the atomic
polarization of induced and fluctuating dipoles. For values
of the cavity width much less than the interatomic distance,
for dipole moments oriented parallel to the plates, both
the electrostatic and the vdW interactions are exponentially
suppressed; on the contrary, for dipole moments perpendicular
to the plates, while the electrostatic interaction decreases
exponentially, too, the strength of the off-resonant vdW
interaction increases with respect to its value in the absence of
cavity (Figs. 4 and 8). These behaviors can be explained by the
asymptotic expressions of the Green’s function components in
the 2D limit [see Eqgs. (39), (A2)-(A4)]. For values of the
cavity width close to the interatomic separation, d & r, for

J
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dipole moments oriented parallel to the plates, the strengths
of both the electrostatic and the vdW interactions are larger
than their values in the absence of cavity; on the contrary,
for dipole moments perpendicular to the plates, the vdW
interaction presents a minimum much less than its value in
the absence of cavity.

The confinement effects have been illustrated in Sec. V
through the computation of the dipole-dipole interactions
between two circular Rydberg atoms of 8’Rb. As shown in
Fig. 10, for cavity widths much smaller than the interatomic
distance, the strength of the vdW interaction decreases expo-
nentially, whereas for values of d close to r the strength of the
interaction is larger than its value in the absence of cavity.
The inhibition or the enhancement of the vdW interaction may
have an impact on the experimental manipulation of entangled
atomic states, for instance, in the Rydberg blockade regime
[33,34]. In this regime, however, the interatomic distance lies
in the range of 1-10 pm, which is much less than any realistic
value of the width of a metallic cavity. For d < 10 um the
stray charges on the plates would have a strong influence
on the plate-atom interaction, disturbing the experimental
measurements. Therefore, other materials should be used in the
construction of the cavity to diminish these unwanted effects.
Nonetheless, confinement effects in metallic cavities could be
still relevant in the retarded regime of the vdW interaction.

The application of our approach to the cavity-assisted
interaction between atomic dipoles in the strong coupling
regime, of interest in the building of quantum gates with neutral
atoms [15,48], is left for future work.
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APPENDIX A: ASYMPTOTIC EXPRESSIONS OF THE GREEN DYADIC COMPONENTS OF THE CAVITY FIELD

The expressions of the Green dyadic components computed in Sec. II adopt the following form in the 3D limit, d > r,k~!,

in the spherical basis:

Goo(r,d/2;k) =

73

—4mk?

ikr

e
G ,d/2, k) ~
1 (r,d/2; k) =

eikr
G._(r,d/2;k) >~
+-(r.d/2: k) -

ikd r2

Fi kST (1 4 3i/kd — 6/K2d* — 6i/K3d%), d > rk.
2m d?

etkr —1+ik+k2 L e
— =+ — i
r2r wk d?

[(1/r* —ik/r* + k*/r] + nl

ikd ikd .2

. e r . 2 52
(I+i/kd)+ ——0+3i/kd —3/k"d"),
7 d?

ikd .2

(3/r = 3ik/r? — K*/r] — 2—7”%(1 +3i/kd — 1/k*d*),

y [log (1 — ey +i * /kd — ™/ k*d?]

(AL)
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As for the 2D limit, d < r,k~!, the dyadic components read

Goo(r,d/2; k) ! [Yolkr) — i Jokr)] + 2mfzm/d(l k*d® j4m?) (A2)
d/25k) ~ — - —(1 - ),
00 2d olkr) — 1 Jo(kr CdiTrd
—nr/d
Goy(r,d/2:k 14 k%d? /=), A3)
—++ / ) 2[k2d2f( / (
G _(r,d/2;k) —me N (1 +2d/7r — K2d*/7?), d < rk”! (A4)
_(r, k) Y ——————— Tr — ), 7, .
- 2V2k2d>rd

APPENDIX B: RESONANT CONTRIBUTIONS OF SOME DIAGRAMS TO THE VAN DER WAALS
POTENTIALS AND PHASE-SHIFT RATES

In the following, we write the expressions of the resonant contributions of some diagrams to the vdW potentials and phase-shift

rates at order four in W. The rules to read off each diagram are as follows. The four vertices yield a tensor factor a’ < >dl d;’bd Jp b

each wavy line contributes with a cavity field Green’s function, K*ImG ps(r,k); and free time-propagators are 1nserted between
any pair of consecutive vertices, with time evolving from above and from below in the far past, towards the observable vertex at
instant T, as sketched in diagram (1) of Figs. 2 and 3, and in diagrams (1) and (2) of Fig. 5.

For the case of one atom excited, we give the expressions of the contributions of diagrams Fig. 2(3) and Fig. 3(2) to (W4 /2) s
and (Wp/2) s, respectively, in the adiabatic approximation. As for diagram Fig. 2(3), its contribution to (W4 /2)es 1S

JTE()EZ ' jO*j0%ai
i<a,j

20{f€3 m gn P s e 2 oo ’ 2 ’
N dindydhdy, dk k*ImG.,,, (r,k) dk' kK ImG p,(r, k)
—00 —00

T t t'
% / dt/ dt// dt” en(z+t’+t”)[(i eiwm-Te—i(T—t)we—i(z—t’)(a)+w’+w/o)e—i(z’—z”)w’e—it”wa,)+(w N w/)*]
00

—4 +00 +oo dk' kIMG py (r,k) k2ImG g (r, k'
= “fc Re Y dmdjod,”od;,/ dk/ MG (E,k) k7 ImG pe (1K) .y 0T, BD
mepe? o oo [0+ @ — (w4 — wjo)l(@ — W — IN)(W — wg; — 1)

i<a,j

where a summation over repeated tensor indices is implicit. The contribution of diagram Fig. 3(2) to (Wpg/2),s reads

20lfc m gn gpP gs oo 2 e /1,2 ’
7'[6()62 Z d dJOd]()dat dk k Imen(r,k) dk k ImGps(r,k)
i<a,j —%0 —00

T t T
~ / dl/ dt,'/. dt" en(t+t +t”)[(_l‘el(T*I)CDBel(f*l")welwAl" e*t(Tft”)w’eftt”wA) + (0 < w/)]
—00

4 - K2TMG (1K) K2IMG o (x K’
LTI dmd"od”od;,/ dk/ MG (0 0) K7IMG s (0 k) o (B
716062 o (a)al — W)@ — @qi — INNW — Wi + i1)

i<a,j

As for the case of two dissimilar atoms excited, we give the expressions of the contributions of diagrams (9) and (10) of
Figs. 2, 3, and 5 to (W4 /2)tess (WB/2)1es, and 8, respectively, in the adiabatic approximation. The contributions of diagram
(9) are, respectively,

20{f€3 m gn gl jgs e 2 e /1,2 ’
Y dndy,dhdy, dk k*ImG,,, (r,k) dk' K*ImG (k)
Tt €oe i<a,j<b - -

T t t
X |:/ dt/ dt’/ dt”’ en(t+t’+t”)(l~ e—i(T—l)(w-‘rwb/)e—i(t—t')(w-i—w')e—i(t/—t”)(w-i—wa;)e—it”(wa;+wb/))
— 9]

T T t
+/ dtf dt’f dt” en(z+r’+t”)i ei(a)ai+a)bj)Tei(T7)(w+wai)eil(wgi+whj)ei(Tf/)(w"rwl)ei(l/l/,)(w+wbj)eif/l(a)a,+wl,,)}

_2 +o00 +00 kZI Gmn I',k k/ZI G ; r,k’
T mepe? Jb%j o —c0 (@ + & — wui — wp — 2in) @ — wp; — in)(@ — i — 3in)

i<a,j<b
N K2ImG (1, k) K ImG ,5(r, k')
(0 + @' — wai — wpj + 2in)(w — wpj — i) @ — W4 + i)

i|, n— 07, t0 (Wa/2)res; B3)
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2a C3 +00 +oo
L3 andtydhd;, / dk kI G, (r. k) f dk' K*TmG p,(r,k')
Tr€oe i<a,j<b - -0

T t T
% [/ dt/ dt'/ dt’ er](t+t’+t”)(_i e—i(T—t)(w+w’)e—i(t—t’)(w+w,1,-)e—it’(wb,+wa,-)ei(T—t”)(w+wb_,-)eit”(wm+wb_,-))
—0Q —00 —0o0
T t l, ’ " . ) ) r ! s (4! " EV/2
+ / dt/ dl‘// dt” en(l+r +t )(—i e_l(wai+wbj)Tel(T_f)(ﬂ)+w¢ri)el(t_t )(w+w)et(t —t )(w+wbj)elt (wa;+wbj)):|
- —0o0 —00

=2 +o0 +°° k21 G,,,,, k) K ImG ,(r,k'
LT S oan "dpbd;,/ dk/ MGy (1K) K7IMG p, (£, K)
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i<a,j<b

K*ImG y, (r,k) K*ImG s (r, k") N
+ ; - — |, 17— 07, 0 (Wp/2)rs; (B4
(@ + o — Wy — wpj + 2in)(@ — wgi + in)(@ — wp; + 3in)
and
2 3 +o00 +00
LN andldld / dk K*ImG,,, (r.k) / dk' K*ImG p, (r.K')
TT€pe —00 —00
i<a,j<b
T t t
x/ dt/ dl// dt” eﬁ(l-‘rt’-'rt”)(i e—i(T—t)(w+wbj)e—i(l—t’)(w-‘rw’)e—i(t’—t”)(w-&-cuai)e—it”(wa,+wbj))
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ET i<aT<b i —o (@@ — w4 = wpj = 2in)(@ — wpj — i@ — @ai — 3in)
(BS)
t0 8 es.

The corresponding contributions of diagram (10) are identical to those of diagram (9), but for the exchange of subindices
ai <> bj in all the expressions above.

Finally, for the case of two identical atoms excited, in the perturbative regime, we give the expressions of the contributions of
diagram (4) of Figs. 2 and 5, with double poles, to (W, /2).s and §&s, respectively, in the adiabatic approximation. These are,

40lfC3 +00 ) 400 )
: ReZd"’d” dl.d:, / dk k Imen(r,k)/ dk' k" ImG ,(r k")
i 00 —00

7‘[6062 air—airar at

/ d[/ dt’ / dt" en(t+t +t”)(_l- ez(T t)(era)a,) 2tlwm —i(T—t")w+w') 7l(t ") +a)m) —2it” wm)

—4 +oo dk' kK*ImG,,, (r,k) k*ImG N
U e Yl / dk/ mOm O KAMG, ) L or (86
”6062 00 (a) + o — zwal 2i 77)(60’ — Wqi — ”7)(0) — g + ”})

i<a

0 (Wa/2)es; and

4(xfc3 +00 ) +00 )
L5 Re)  diidydldy, / dk KIMG (1, k) / dk' K*1mG p (r.K')
o€ i<a - -

T t v
x / dl/ dl// dt” en(t+l/+t”)(l~ 2T wai ei(T—t)(w+wai)e—i(l—t’)(a)-‘rw’)e—i(t’—t”)(a)/-ka)a,-)e—2iz”wa,-)
- —00 —00

—4 +oo dk' kK*:ImG,,, (r,k) k*ImG ,(r,k’
ke S | af MO NEIMO ) ot @)
 mepe? - o (@40 = 2w, —2in) (@ — wai — in)(@ — wa; — 3in)

to 8&s. In this case, the results of the frequency integrals in Egs. (B6) and (B7) coincide.
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