
Annexes

In this document, we present in detail the calculations of our work, which lead to the results
presented in the main text. The first annex corresponds to the computation of the N = 1 case.
The last one includes the development of the N = 2 case. We have organised them in the same
way as we present the results in the principal work.

A Annex I: N=1 Case
Here we include the expanded calculations of the first case considered in Section 3.

We start with the next Lagrangian:

B1 = − 1
4κ2R

ab ∧ Σab + i

2 ψ̄ ∧ γ
5γ(1) ∧Dψ (1)

Where we use the conventions defined in Section 1 of the present work.

We have the following relations:

γ(1) := γae
a

γa1...ar := γ[a1...γar] → γab = γ[aγb] = 1
2(γaγb − γbγa)

ρ ≡ Dψ := dψ + 1
4γabω

ab ∧ ψ
Rab := dωab + ωac ∧ ωcb

Σa1...ar := 1
(D − r)!εa1...arar+1...aD

ear+1 ∧ ... ∧ eaD → Σab := 1
2εabcde

c ∧ ed

. (2)

Then, we can write the Lagrangian like follows

B1 = − 1
8κ2 εabcdR

ab ∧ ec ∧ ed + i

2 ψ̄ ∧ γ
5γae

a ∧ ρ (3)

A.1 H1 calculation
We are going to calculate H1 = dB1. But, as we already know, we only have to calculate the
covariant exterior differential of the Lagrangian, i.e., H1 = DB1.

H1 =− 1
8κ2 εabcdDR

ab ∧ ec ∧ ed − 1
8κ2 εabcdR

ab ∧Dec ∧ ed + 1
8κ2 εabcdR

ab ∧ ec ∧Ded

+ i

2 ρ̄ ∧ γ
5γae

a ∧ ρ− i

2 ψ̄ ∧ γ
5γaDe

a ∧ ρ+ i

2 ψ̄ ∧ γ
5γae

a ∧Dρ
(4)

Firstly, it is easy to prove that DRab vanishes by the Bianchi identities:
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DRab = (dR + [ω,R])ab = (dR + ω ∧R−R ∧ ω)ab

= (d2ω + dω ∧ ω − ω ∧ dω + ω ∧R−R ∧ ω)ab

= (R ∧ ω − ω ∧R + ω ∧R−R ∧ ω)ab = 0
(5)

In the fourth step we have used that d2 = 0 and Rab = dωab, and we have proved what we
wanted.

The second step consists in the fact that we can simplify the H1 expression if we note that,

− 1
8κ2 εabcdR

ab ∧Dec ∧ ed = 1
8κ2 εabdcR

ab ∧ ec ∧Ded (6)

Then, if we substitute this two results in (4) we have

H1 = 1
4κ2 εabcdR

ab ∧ ec ∧Ded + i

2 ρ̄ ∧ γ
5γae

a ∧ ρ

− i

2 ψ̄ ∧ γ
5γaDe

a ∧ ρ+ i

2 ψ̄ ∧ γ
5γae

a ∧Dρ
(7)

At this point, we define (as we can see from the algebra)
Θa ≡ Dea := dea + ωab ∧ eb

T a := Dea − iκ2

2 ψ̄γa ∧ ψ
(8)

Expression which corresponds to the torsion. We take the expression of Dea:

Dea = T a + iκ2

2 ψ̄γa ∧ ψ (9)

And we can write (7) as,

H1 = 1
4κ2 εabcdR

ab ∧ ec ∧ (T d + iκ2

2 ψ̄γd ∧ ψ) + i

2 ρ̄ ∧ γ
5γae

a ∧ ρ

− i

2 ψ̄ ∧ γ
5γa(T a + iκ2

2 ψ̄γa ∧ ψ) ∧ ρ+ i

2 ψ̄ ∧ γ
5γae

a ∧Dρ
(10)

We follow calculating Dρ. We know that the covariant exterior differential for spinorial
forms is given by:

Dλ := dλ+ 1
4γabω

ab ∧ λ (11)

That implies, as ρ is directly related with spinors by definiton, ρ := Dψ → Dρ = D(Dψ),

Dρ = dρ+ 1
4γabω

ab ∧ ρ = d(dψ + 1
4γabω

ab ∧ ψ) + 1
4γabω

ab ∧ ρ

= d2ψ + 1
4γabdω

ab ∧ ψ − 1
4γabω

ab ∧ dψ + 1
4γabω

ab ∧ ρ

= 1
4γabR

ab ∧ ψ − 1
4γabω

ab ∧ ρ+ 1
4γabω

ab ∧ ρ = 1
4γabR

ab ∧ ψ

(12)

Substituting in (10),
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H1 = 1
4κ2 εabcdR

ab ∧ ec ∧ T d + i

8εabcdR
ab ∧ ec ∧ ψ̄γd ∧ ψ + i

2 ρ̄ ∧ γ
5γae

a ∧ ρ

− i

2 ψ̄ ∧ γ
5γaT

a ∧ ρ− i

2 ψ̄ ∧ γ
5γa(

iκ2

2 ψ̄γa ∧ ψ) ∧ ρ+ i

8 ψ̄ ∧ γ
5γae

a ∧ γbcRbc ∧ ψ
(13)

Where, the term− i2 ψ̄∧γ
5γa(

iκ2

2 ψ̄γa∧ψ)∧ρ vanishes by the Fierz identity: ψ̄γa∧ψ̄γa∧ψ = 0.

We continue proving that,

i

8εabcdR
ab ∧ ec ∧ ψ̄γd ∧ ψ + i

8 ψ̄ ∧ γ
5γae

a ∧ γbcRbc ∧ ψ = 0 (14)

To do that, we use which follows

γaγbc = γabc + ηabγc − ηacγb (15)
Then,

i

8εabcdR
ab ∧ ec ∧ ψ̄γd ∧ ψ + i

8 ψ̄ ∧ γ
5γae

a ∧ γbcRbc ∧ ψ

= i

8εabcdR
ab ∧ ec ∧ ψ̄γd ∧ ψ + i

8 ψ̄ ∧ γ
5γabce

a ∧Rbc ∧ ψ

+ i

8 ψ̄ ∧ γ
5ηabγce

a ∧Rbc ∧ ψ − i

8 ψ̄ ∧ γ
5ηacγbe

a ∧Rbc ∧ ψ

(16)

where the two last terms give us the next,

i

8 ψ̄ ∧ γ
5ηabγce

a ∧Rbc ∧ ψ − i

8 ψ̄ ∧ γ
5ηacγbe

a ∧Rbc ∧ ψ

= i

8 ψ̄ ∧ γ
5ηabγce

a ∧Rbc ∧ ψ + i

8 ψ̄ ∧ γ
5ηacγbe

a ∧Rcb ∧ ψ

= i

8 ψ̄ ∧ γ
5γce

a ∧Rc
a ∧ ψ + i

8 ψ̄ ∧ γ
5γbe

a ∧Rb
a ∧ ψ = i

4 ψ̄ ∧ γ
5γbe

a ∧Rb
a ∧ ψ

(17)

Which vanishes by ψ̄ ∧ γ5γaψ = 0, because γb are symmetric matrices.

Finally, we have the terms

i

8εabcdR
ab ∧ ec ∧ ψ̄γd ∧ ψ + i

8 ψ̄ ∧ γ
5γabce

a ∧Rbc ∧ ψ, (18)

which we are going to prove that cancel each other. We know that,

γ5 = γ0γ1γ2γ3 → γ5 ∝ εabcdγ
aγbγcγd → γ5 ∝ γabcd (19)

Then,

γ5γabc = λεabcdγ
d → γ5γ012 = λε0123γ

3 (20)
Where ε0123 = 1 and γ012 = γ[0γ1γ2] = γ0γ1γ2, because the γa matrices anticommute each

other (they have different indices).

We have
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γ0γ1γ2γ3γ0γ1γ2 = −γ1γ2γ3(γ0γ0)γ1γ2 = −γ1γ2γ3γ1γ2

= −γ2γ3(γ1γ1)γ2 = −γ2γ3γ2 = γ3γ2γ2 = γ3 (21)

Where we have used that: γ0γ0 = I, γ1γ1 = I and γ2γ2 = I. That implies:

γ3 = λγ3 → λ = 1 (22)
Then,

γ5γabc = εabcdγ
d (23)

Substituting the last result in our expression, we have

i

8εabcdR
ab ∧ ec ∧ ψ̄γd ∧ ψ + i

8 ψ̄ ∧ εabcdγ
dea ∧Rbc ∧ ψ =

i

8εabcdR
ab ∧ ec ∧ ψ̄γd ∧ ψ − i

8εabcdR
bc ∧ ea ∧ ψ̄γd ∧ ψ = 0

(24)

Finally, we arrive to the wanted expression of H1,

H1 = 1
4κ2 εabcdR

ab ∧ ec ∧ T d + i

2 ρ̄ ∧ γ
5γae

a ∧ ρ− i

2 ψ̄ ∧ γ
5γaT

a ∧ ρ (25)

We can write the last term as follows,

i

2 ψ̄ ∧ γ
5γaT

a ∧ ρ→ i

2 ρ̄ ∧ γ
5γaT

a ∧ ψ (26)

A.2 Motion equations
From (25) we are going to obtain the equations of motion. To do that, we need to calculate
Iαa1...anH1 (αa1...an is a gauge field or curvature) and impose that it vanishes. We have three
equations:

1. Eq. of ωab → IRabH1 = 0.

2. Eq. of ea → ITaH1 = 0.

3. Eq. of ψ̄ → Iρ̄H1 = 0 (it is equivalent for ψ).

For this, we only have to derive with respect to the correspondent form in (25).

1. We must derive with respect to Rab and Rba (the last contribution has a plus sign):

IRabH1 = 1
2κ2 εabcde

c ∧ T d = 0 (27)

2. The second one is,

IT dH1 = 1
4κ2 εabcdR

ab ∧ ec − i

2 ψ̄ ∧ γ
5γdρ = 0 (28)

3. As we said before, it is equivalent to derive with respect to ρ or ρ̄, because we have real
spinors:

Iρ̄H1 = iγ5γae
a ∧ ρ− i

2γ
5γaT

a ∧ ψ = 0 (29)
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A.3 Vanishing Torsion
We can continue with the calculation of Iψ̄H1, which takes the zero value when we substitute
the equations of motion.

Iψ̄H1 = − i2γ
5γaT

a ∧ ρ (30)

From the equation of ωab we are going to obtain that T a = 0 (vanishing-torsion). We note
that if we put this result in the last relation, we will have what we want. Then, we are going
to prove it.

As we said, from the first equation of motion we have (without a constant)

εabcde
c ∧ T d = 0 (31)

The forms ea constitute a base of T ∗(M) (the cotangent space of the manifold M), which
takes the expression ea = eaµdx

µ with eaµ invertible. So, the torsion reads in this basis

T d = T duv ∧ eu ∧ ev → εabcde
c ∧ T duv ∧ eu ∧ ev = 0

→ εabcde
c ∧ T duv ∧ eu ∧ ev ∝ εabcdT

d
uv ∧ εcuvgEg = 0

(32)

Where we have,

Eg ∝ εguvwe
u ∧ ev ∧ ew (Eg 6= 0) (33)

Because we know that the eas form a basis, so they are linearly independent. That implies,

εabcdε
cuvgT duv = 0 ∝ δuvgabd T

d
uv = 0 (34)

In the first relation we have contracted the c index. Now, we know that

δuvgabd = δgdδ
uv
ab − δgbδuvad + δgaδ

uv
bd

= δgdδ
u
aδ
v
b − δgdδubδva − δgbδuaδvd + δgbδ

u
dδ
v
a + δgaδ

u
bδ
v
d − δgaδudδvb

(35)

Substituting,

T gab − T gba − δgbT dad + δgbT
d
da + δgaT

d
bd − δgaT ddb = 0 (36)

Interchanging the indices and reorganizing,

2T gab − 2δgbT dad + 2δgaT dbd = 0 (37)
Contracting b with g:

2T bab − 2T dad − 2T dad = 2T bab − 4T dad = 0→ T bab = 0 (38)
Finally, we have

T gab = 0→ T g = 0 (39)
And it is what we wanted to prove.

So, we can do

Iψ̄H1 = − i2γ
5γaT

a ∧ ρ ∼= 0 (40)

Like we mentioned.
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A.4 Einstein and Rarita-Schwinger equations
We have used the first equation of motion to derive that the torsion vanishes. Now we use the
other two to derive the Einstein and Rarita-Schwinger (R-S) equations, respectively.

a) Einstein equations:
From the second eq. of motion we have,

1
4κ2 εabcdR

ab ∧ ec − i

2 ψ̄ ∧ γ
5γdρ = 0 (41)

We take the first term (without constants). Manipulating it,

εabcdR
ab ∧ ec = εabcdR

ab
uv ∧ ec ∧ ed ∧ eu ∧ ev = εabcdε

cuvsRab
uv ∧ Es (42)

where,
Es ∝ εcuvse

c ∧ eu ∧ ev (43)

Then, we have (εabcdεcuvs = −δuvsabd ):

− δuvsabdR
ab
uv ∧ Es = (δsdδuvab − δsbδuvad + δsaδ

uv
bd)Rab

uv ∧ (−Es)
= (δsdδuaδvb − δsdδubδva − δsbδuaδvd + δsbδ

u
dδ
v
a + δsaδ

u
bδ
v
d − δsaδudδvb)Rab

uv ∧ (−Es)
= [δsd(Ruv

uv −Ruv
vu)− δsb(Rab

ad −Rab
da) + δsa(Rab

bd −Rab
db)] ∧ (−Es)

= [2δsdRuv
uv − 2δsbRab

ad + 2δsaRab
bd] ∧ (−Es) = [2δsdRuv

uv − 4Rsb
db] ∧ (−Es)

(44)

We take (−4) as common factor and the fact that δsd ≡ ηsd:

[Rsb
db −

1
2η

s
dR

uv
uv] ∧ (4Es) (45)

So,
1
κ2 [Rsb

db −
1
2η

s
dR

uv
uv] = 0 (46)

as we know for Einstein vacuum field equations.

b) R-S equations:
From the last eq.

iγ5γae
a ∧ ρ− i

2γ
5γaT

a ∧ ψ = 0 (47)

The second term vanish if we impose that T a = 0.
So, we have

γ5γae
a ∧ ρ = 0 (48)

We write,
γ5γae

a
µ ∧ ρνα ∧ dxµ ∧ dxν ∧ dxα = γ5γµε

µνασ ∧ ρνα = 0 (49)

and,
γνασρνα = 0 (50)

the R-S eq.
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A.5 Symmetries of the action

Finally, we would have to study the invariance. We know that Iψ̄H1 = − i2γ
5γaT

a∧ρ. We would

need to check that T a is related to IRabH, which implies that Iψ̄H1 = 1
2X

ab ∧ IRabH. Here,
Xab is the term that we should calculate to assure the invariance. After an easy calculation,
we obtain,

Xab = −iκ2εabcdγ5γce
u ∧ ρud −

iκ2

2 εabcdγ5γueu ∧ ρcd (51)

We already have all the ingredients to work out the field variations. According to the lemma,
they are: 

δωab = −ε̄Xab

δea = iκ2ε̄γaψ

δψ = dε+ 1
4γabω

abε,

(52)

With ε the parameter of the gauge transformations. The difference respect to the original
variations is that δωab = 0 in the gauge case. With these results we conclude our work in the
N = 1 case.

B Annex II: N=2 Case
We present here the calculations of Section 4.

As in the N = 1 case, we are going to start considering the following Lagrangian,

B2 := − 1
4κ2R

ab ∧ Σab + i

2 ψ̄A ∧ γ
5γ(1) ∧DψA −

1
2F ∧∗ F + (∗F − b) ∧ (dA− a)− 1

2a ∧ b (53)

Where we have that 

γ(1) := γae
a

γab := γ[aγb] = 1
2(γaγb − γbγa)

Rab := dωab + ωac ∧ ωcb

Σab := 1
2εabcde

c ∧ ed

ρA ≡ DψA := dψA + 1
4γabω

ab ∧ ψA

a := iκ

2 ε
A
Bψ̄A ∧ ψB

b := iκ

2 ε
A
Bψ̄Aγ

5 ∧ ψB

(54)

Where, if we remember, A = 1, 2, ε1
2 = −ε2

1 = 1, εACεCB = −δAB and the ∗ operator is
the standard Hodge-duality.

We note that the first two terms are very similar to the last case, with the difference that
now the spinors have the A index. It corresponds to the internal global SO(2) R-symmetries.
The new terms involve the two-forms a and b, which we have defined before, and the one-form
A and the two-form F , as we stated in Section 4.
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B.1 Action differential calculation
We are going to calculate H2 = DB2. But, we can rewrite the Lagrangian as follows,

B2 = − 1
8κ2 εabcdR

ab∧ec∧ed+ i

2 ψ̄A∧γ
5γae

a∧ρA− 1
2F∧∗F+∗F∧dA−∗F∧a−b∧dA+ 1

2a∧b (55)

Now, we have to calculate the exterior covariant exterior differential. We do that term by
term:

1. The first term is,

− 1
8κ2 εabcdD(Rab ∧ ec ∧ ed) = 1

4κ2 εabcdR
ab ∧ ec ∧Ded (56)

We know that DRab = 0, and we can join the terms with Dea.

2. The second gives,

i

2D(ψ̄A∧γ5γae
a∧ρA) = i

2 ρ̄A∧γ
5γae

a∧ρA− i2 ψ̄A∧γ
5γaDe

a∧ρA+ i

8 ψ̄A∧γ
5γae

a∧γbcRbc∧ψA

(57)

Where we have, DρA = 1
4γabR

ab ∧ ψA.

3. To calculate the next term, we write
F = Fab ∧ ea ∧ eb

∗F = λεabcdF
ab ∧ ec ∧ ed

(58)

Where we have defined the Hodge-duality with λ a constant that we do not need to find,
at the moment (but we know that its value is 1/2, as we will see later).

Then, we have

− 1
2∗F ∧ F = −λ2 εabcdF

ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev (59)

So,

− λ

2 εabcdD(F ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev) = −λ2 εabcdDF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev

+ λεabcdF
ab ∧ ec ∧Ded ∧ Fuv ∧ eu ∧ ev −

λ

2 εabcdF
ab ∧ ec ∧ ed ∧DFuv ∧ eu ∧ ev

+ λεabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧Dev

(60)

4. The next reads,

D(∗F ∧ dA) = D(∗F ) ∧ dA+∗ F ∧D(dA) = D(∗F ) ∧ dA
= λεabcdDF

ab ∧ ec ∧ ed ∧ dA− 2λεabcdF ab ∧ ec ∧Ded ∧ dA
(61)
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5. Now follows,

−D(∗F ∧ a) = −D(∗F ) ∧ a− ∗F ∧Da = −iκλ2 εabcdDF
ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ψB

+ iκλεabcdF
ab ∧ ec ∧Ded ∧ εABψ̄A ∧ ψB + iκλεabcdF

ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ρB
(62)

In the last term we have used the properties of the spinors.

6. We continue with,

−D(b ∧ dA) = −Db ∧ dA− b ∧D(dA) = −Db ∧ dA = iκεABψ̄Aγ
5 ∧ ρB ∧ dA (63)

In a similar form as before.

7. The last is,

1
2D(a ∧ b) = 1

2(Da ∧ b+ a ∧Db)

= κ2

4 ε
A
Bψ̄A ∧ ρB ∧ εCDψ̄Cγ5 ∧ ψD + κ2

4 ε
A
Bψ̄A ∧ ψB ∧ εCDψ̄Cγ5 ∧ ρD

(64)

It is the simplified result.

Useful expressions:
We have all the terms of H2. But, before writing it, we are going to do two things. First,

we are going to relate Dea with the torsion curvature, as in the N = 1 case. The other thing
is expressing the terms with dA in terms of the equation that involves A and F .

We can write (as we did before)
Θa ≡ Dea := dea + ωab ∧ eb

T a := Dea − iκ2

2 ψ̄Aγ
a ∧ ψA

(65)

The last implies,

Dea = T a + iκ2

2 ψ̄Aγ
a ∧ ψA (66)

Now, we can derive the equation that establishes the relation between F and A, considering
the next expressions from B2∗F ∧ F = λεabcdF

ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev

∗F ∧ (dA− a) = λεabcdF
ab ∧ ec ∧ ed ∧ (dA− a)

(67)

So,

E ∧ F ab ∧ Fab = εabcdF
ab ∧ ec ∧ ed ∧ (dA− a) (68)

Which implies,
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E ∧ Fab = εabcde
c ∧ ed ∧ (dA− a) (69)

And (dA− a) ≡ (dA− a)uv. Then,

E ∧ Fab = εabcd(dA− a)uv ∧ εcduvE = (dA− a)ab ∧ E (70)

Finally,

F = dA− a (71)

With this, we can write the terms with dA in H2 as follows,

(...)dA = (...)(dA− F − a) + (...)(F + a) (72)

We have all the ingredients to give the expression of H2. It reads,

H2 = 1
4κ2 εabcdR

ab ∧ ec ∧ T d + i

8εabcdR
ab ∧ ec ∧ ψ̄Aγd ∧ ψA + i

2 ρ̄A ∧ γ
5γae

a ∧ ρA

− i

2 ψ̄A ∧ γ
5γaT

a ∧ ρA + κ2

4 ψ̄Aγ
5γa ∧ ψ̄Bγa ∧ ψB ∧ ρA

+ i

8 ψ̄A ∧ γ
5γae

a ∧ γbcRbc ∧ ψA − λ

2 εabcdDF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev

+ λεabcdF
ab ∧ ec ∧ T d ∧ Fuv ∧ eu ∧ ev + iλκ2

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ Fuv ∧ eu ∧ ev

− λ

2 εabcdF
ab ∧ ec ∧ ed ∧DFuv ∧ eu ∧ ev + λεabcdF

ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ T v

+ iλκ2

2 εabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ψ̄Aγv ∧ ψA + λεabcdDF

ab ∧ ec ∧ ed ∧ (dA− F − a)

+ λεabcdDF
ab ∧ ec ∧ ed ∧ (F + a)− 2λεabcdF ab ∧ ec ∧ T d ∧ (dA− F − a)

− 2λεabcdF ab ∧ ec ∧ T d ∧ (F + a)− iλκ2εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ (dA− F − a)

− iλκ2εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ (F + a)− iκλ

2 εabcdDF
ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ψB

+ iκλεabcdF
ab ∧ ec ∧ T d ∧ εABψ̄A ∧ ψB −

κ3λ

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ εBCψ̄B ∧ ψC

+ iκλεabcdF
ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ρB + iκεABψ̄Aγ

5 ∧ ρB ∧ (dA− F − a)

+ iκεABψ̄Aγ
5 ∧ ρB ∧ (F + a) + κ2

4 ε
A
Bψ̄A ∧ ρB ∧ εCDψ̄Cγ5 ∧ ψD

+ κ2

4 ε
A
Bψ̄A ∧ ψB ∧ εCDψ̄Cγ5 ∧ ρD

(73)

B.2 Final H2 expression
We can simplify a lot of terms of this equation and give the final expression of H2.

a) We are going to prove that

i

8εabcdR
ab ∧ ec ∧ ψ̄Aγd ∧ ψA + i

8 ψ̄A ∧ γ
5γae

a ∧ γbcRbc ∧ ψA = 0 (74)

We know,
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γaγbc = γabc + ηabγc − ηacγb
γ5γabc = εabcdγ

d
(75)

The second term gives us,

i

8 ψ̄A∧ γ
5γae

a∧ γbcRbc∧ψA = i

8 ψ̄A∧ εabcdγ
dea∧Rbc∧ψA + i

4 ψ̄A∧ γ
5γbe

a∧Rb
a∧ψA (76)

And,

i

4 ψ̄A ∧ γ
5γbe

a ∧Rb
a ∧ ψA = 0 (77)

It is because ψ̄A ∧ γ5γb ∧ ψA = 0. So,

i

8εabcdR
ab ∧ ec ∧ ψ̄Aγd ∧ ψA −

i

8εabcdR
bc ∧ ea ∧ ψ̄Aγd ∧ ψA = 0 (78)

b) We take the terms that depend on torsion.

1
4κ2 εabcdR

ab ∧ ec ∧ T d − i

2 ψ̄A ∧ γ
5γaT

a ∧ ρA + λεabcdF
ab ∧ ec ∧ T d ∧ Fuv ∧ eu ∧ ev

+ λεabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ T v − 2λεabcdF ab ∧ ec ∧ T d ∧ (dA− F − a)

− 2λεabcdF ab ∧ ec ∧ T d ∧ (F + a) + iκλεabcdF
ab ∧ ec ∧ T d ∧ εABψ̄A ∧ ψB

(79)

This can be simplified, if we note

−2λεabcdF ab ∧ ec ∧ T d ∧ (F + a) =− 2λεabcdF ab ∧ ec ∧ T d ∧ Fuv ∧ eu ∧ ev

− iκλεabcdF ab ∧ ec ∧ T d ∧ εABψ̄A ∧ ψB
(80)

which gives,

1
4κ2 εabcdR

ab ∧ ec ∧ T d − i

2 ψ̄A ∧ γ
5γaT

a ∧ ρA − λεabcdF ab ∧ ec ∧ T d ∧ Fuv ∧ eu ∧ ev

+ λεabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ T v − 2λεabcdF ab ∧ ec ∧ T d ∧ (dA− F − a)

= 1
4κ2 εabcdR

ab ∧ ec ∧ T d − i

2 ψ̄A ∧ γ
5γaT

a ∧ ρA + λεabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ T v

− 2λεabcdF ab ∧ ec ∧ T d ∧ (dA− a− F

2 )
(81)

These terms do not give problems because, as we have proved (the result in N = 1 can
be extended to any dimension in the same way), torsion vanishes, T a = 0.
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c) We can do the same with the terms that are proportional to (dA− F − a).

λεabcdDF
ab ∧ ec ∧ ed ∧ (dA− F − a)− iλκ2εabcdF

ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ (dA− F − a)
+ iκεABψ̄Aγ

5 ∧ ρB ∧ (dA− F − a)
(82)

They are going to vanish because one of the equations of motion implies that (dA−F−a) =
0, as we will see.

d) We continue with those that depend on F .

− λ

2 εabcdDF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev −

λ

2 εabcdF
ab ∧ ec ∧ ed ∧DFuv ∧ eu ∧ ev

+ λεabcdDF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev

= λ

2 εabcdDF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev −

λ

2 εabcdF
ab ∧ ec ∧ ed ∧DFuv ∧ eu ∧ ev

(83)

e) Now, we consider those of second order in F and ψ.

iλκ2

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ Fuv ∧ eu ∧ ev

+ iλκ2

2 εabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ψ̄Aγv ∧ ψA

− iλκ2εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ Fuv ∧ eu ∧ ev

= −iλκ
2

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ Fuv ∧ eu ∧ ev

+ iλκ2

2 εabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ψ̄Aγv ∧ ψA

(84)

f) These two of second order in ψ and that they depend on DF ab cancel each other.

λεabcdDF
ab ∧ ec ∧ ed ∧ a− iκλ

2 εabcdDF
ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ψB =

iκλ

2 εabcdDF
ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ψB −

iκλ

2 εabcdDF
ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ψB = 0

(85)

g) These two of order κ3 vanish too.

− iλκ2εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ a−

κ3λ

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ εBCψ̄B ∧ ψC

= κ3λ

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ εBCψ̄B ∧ ψC

− κ3λ

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ εBCψ̄B ∧ ψC = 0

(86)
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h) Finally, we are going to derive the Fierz identity in this case, which is more difficult than
in N = 1.

κ2

4 ψ̄Aγ
5γa ∧ ψ̄Bγa ∧ ψB ∧ ρA + iκεABψ̄Aγ

5 ∧ ρB ∧ a+ κ2

4 ε
A
Bψ̄A ∧ ρB ∧ εCDψ̄Cγ5 ∧ ψD

+ κ2

4 ε
A
Bψ̄A ∧ ψB ∧ εCDψ̄Cγ5 ∧ ρD

= κ2

4 ψ̄Aγ
5γa ∧ ψ̄Bγa ∧ ψB ∧ ρA −

κ2

2 ε
A
Bψ̄Aγ

5 ∧ ρB ∧ εCDψ̄C ∧ ψD

+ κ2

4 ε
A
Bψ̄A ∧ ρB ∧ εCDψ̄Cγ5 ∧ ψD + κ2

4 ε
A
Bψ̄A ∧ ψB ∧ εCDψ̄Cγ5 ∧ ρD

= κ2

4 ψ̄Aγ
5γa ∧ ψ̄Bγa ∧ ψB ∧ ρA + κ2

4 ε
A
Bψ̄A ∧ ρB ∧ εCDψ̄Cγ5 ∧ ψD

− κ2

4 ε
A
Bψ̄A ∧ ψB ∧ εCDψ̄Cγ5 ∧ ρD

= κ2

4 ψ̄Aγ
5γa ∧ (ψ̄Bγa ∧ ψB) ∧ ρA + κ2

4 ε
A
Bψ̄A ∧ ρB ∧ (εCDψ̄Cγ5 ∧ ψD)

− κ2

4 (εABψ̄A ∧ ψB) ∧ εCDψ̄Cγ5 ∧ ρD

= κ2

4 ψ̄Aγ
5γa ∧ (ψ̄Bγa ∧ ψB) ∧ ρA + κ2

4 ε
A
Bψ̄A ∧ (εCDψ̄Cγ5 ∧ ψD) ∧ ρB

− κ2

4 ε
C
Dψ̄Cγ

5 ∧ (εABψ̄A ∧ ψB) ∧ ρD

(87)

If we multiply all by γ5 gives,

− κ2

4 ψ̄Aγa ∧ (ψ̄Bγa ∧ ψB) ∧ ρA + κ2

4 ε
A
Bψ̄Aγ

5 ∧ (εCDψ̄Cγ5 ∧ ψD) ∧ ρB

+ κ2

4 ε
C
Dψ̄C ∧ (εABψ̄A ∧ ψB) ∧ ρD =

− κ2

4 ψ̄Aγa ∧ (ψ̄Bγa ∧ ψB) ∧ ρA − κ2

4 ε
B
Aψ̄Bγ

5 ∧ (εCDψ̄Cγ5 ∧ ψD) ∧ ρA

− κ2

4 ε
D
Cψ̄D ∧ (εABψ̄A ∧ ψB) ∧ ρC = 0

(88)

The expression vanishes by the Fierz rearrangement, γaψA ∧ (ψ̄Bγa ∧ ψB) + εABψ
B ∧

(εCDψ̄C ∧ ψD) + εABγ
5ψB ∧ (εCDψ̄Cγ5 ∧ ψD) = 0, as we said.

The rest can not be simplified, and we consider them individually in H2.

So the final expression of H2 is,
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H2 = 1
4κ2 εabcdR

ab ∧ ec ∧ T d + i

2 ρ̄A ∧ γ
5γae

a ∧ ρA − i

2 ψ̄A ∧ γ
5γaT

a ∧ ρA

+ λ

2 εabcdDF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ev −

λ

2 εabcdF
ab ∧ ec ∧ ed ∧DFuv ∧ eu ∧ ev

+ λεabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ T v −

iλκ2

2 εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ Fuv ∧ eu ∧ ev

+ iλκ2

2 εabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu ∧ ψ̄Aγv ∧ ψA − 2λεabcdF ab ∧ ec ∧ T d ∧ (dA− a− F

2 )

+ iκλεabcdF
ab ∧ ec ∧ ed ∧ εABψ̄A ∧ ρB + iκεABψ̄Aγ

5 ∧ ρB ∧ Fuv ∧ eu ∧ ev

+ λεabcdDF
ab ∧ ec ∧ ed ∧ (dA− F − a)− iλκ2εabcdF

ab ∧ ec ∧ ψ̄Aγd ∧ ψA ∧ (dA− F − a)
+ iκεABψ̄Aγ

5 ∧ ρB ∧ (dA− F − a)
(89)

As we can see, the first three terms are the same as the N = 1 case. The rest are new.

B.3 Motion equations
We are going to derive the equations of motion. Proceeding like in the other case, we have:

1. The ωab equation:

IRabH2 = 1
2κ2 εabcde

c ∧ T d = 0 (90)

2. Equation of ed:

IT dH2 = 1
4κ2 εabcdR

ab ∧ ec − i

2 ψ̄Aγ
5γd ∧ ρA + λεabcdF

ab ∧ ec ∧ ed ∧ Fuv ∧ eu

− 2λεabcdF ab ∧ ec ∧ (dA− a− 1
2F ) = 0

(91)

Where we have,

τd = ∂

∂ed
(∗F ∧ (dA− a− 1

2F )) = ∗F ∧
∂

∂ed
(1
2F )− ( ∂

∂ed
∗F ) ∧ (dA− a− 1

2F )

= λεabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ eu − 2λεabcdF ab ∧ ec ∧ (dA− a− 1

2F )
(92)

So we can write,

IT dH2 = 1
4κ2 εabcdR

ab ∧ ec − i

2 ψ̄Aγ
5γd ∧ ρA + τd = 0 (93)

3. ψ̄A equation, which is the same that for ψA:

Iρ̄A
H2 =iγ5γae

a ∧ ρA − i

2γ
5γaT

a ∧ ψA − iκλεabcdF ab ∧ ec ∧ ed ∧ εABψB

− iκεABψBγ5 ∧ Fuv ∧ eu ∧ ev − iκεABψBγ5 ∧ (dA− F − a) = 0
(94)
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And,

iγ5γae
a ∧ D̂ψA = iγ5γae

a ∧ ρA − iκ(∗F + γ5F ) ∧ εABψB (95)

Then,

Iρ̄A
H2 = iγ5γae

a ∧ D̂ψA − i

2γ
5γaT

a ∧ ψA + iκεABψ
Bγ5 ∧ (F + a− dA) = 0 (96)

4. We calculate the F ab equation (λ = 1/2):

IDFabH =1
4εabcd ∧ e

c ∧ ed ∧ Fuv ∧ eu ∧ ev −
1
4εuvcdF

uv ∧ ec ∧ ed ∧ ea ∧ eb

+ 1
2εabcd ∧ e

c ∧ ed ∧ (dA− F − a) = 0
(97)

We note that, ea ∧ eb ∧ ec ∧ ed = εabcdE

1
4εabcd ∧ e

c ∧ ed ∧ Fuv ∧ eu ∧ ev −
1
4εuvcdF

uv ∧ ec ∧ ed ∧ ea ∧ eb

= 1
4εabcdε

cduvE ∧ Fuv −
1
4εuvcdε

cdabE ∧ F uv

= 1
4εabcdε

uvcdE ∧ Fuv −
1
4εabcdε

uvcdE ∧ Fuv = 0

(98)

So,

IDFabH = 1
2εabcd ∧ e

c ∧ ed ∧ (dA− F − a) = 0 (99)

5. Finally, for A, deriving respect to F = (dA− a)

IFH2 = −2λεabcdF ab ∧ ec ∧ T d + λεabcdDF
ab ∧ ec ∧ ed

− iλκ2εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA + iκεABψ̄Aγ

5 ∧ ρB

= −2λεabcdF ab ∧ ec ∧ T d + λεabcdDF
ab ∧ ec ∧ ed

− iλκ2εabcdF
ab ∧ ec ∧ ψ̄Aγd ∧ ψA −Db

= λεabcdDF
ab ∧ ec ∧ ed − 2λεabcdF ab ∧ ec ∧ (T d + iκ2

2 ψ̄Aγ
d ∧ ψA)−Db

= D∗F −Db = 0

(100)

So,

IFH2 = D(∗F − b) = 0 (101)
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B.4 Vanishing Iψ̄A
H2 by motion equations

We follow with the expression of Iψ̄A
H2, which is going to be null when we impose the equations

of motion. Then,

Iψ̄A
H2 =− i

2γ
5γaT

a ∧ ρA − iλκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ Fuv ∧ eu ∧ ev

+ iλκ2εabcdF
ab ∧ ec ∧ ed ∧ Fuv ∧ euγv ∧ ψA + iκλεabcdF

ab ∧ ec ∧ ed ∧ εABρB

+ iκεABγ
5ρB ∧ Fuv ∧ eu ∧ ev − 2iλκ2εabcdF

ab ∧ ecγd ∧ ψA ∧ (dA− F − a)
+ iκεABγ

5ρB ∧ (dA− F − a)

(102)

Simplifying,

Iψ̄A
H2 =− i

2γ
5γaT

a ∧ ρA − iλκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

+ iκ∗F ∧ εABρB + iκεABγ
5ρB ∧ F − 2iλκ2εabcdF

ab ∧ ecγd ∧ ψA ∧ (dA− F − a)
+ iκεABγ

5ρB ∧ (dA− F − a)
(103)

Finally,

Iψ̄A
H2 =− i

2γ
5γaT

a ∧ ρA − iλκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

+ iκ(∗F + γ5F ) ∧ εABρB − 2iλκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ (dA− F − a)

+ iκεABγ
5ρB ∧ (dA− F − a)

(104)

Now, we are going to prove that it vanish imposing the field equations. We begin making
use of the fact that, T a = 0 and (dA− F − a) = 0. So,

Iψ̄A
H2 = −iλκ2εabcdF

ab∧ecγd∧ψA∧F + iκ2
∗F ∧Fuv∧euγv∧ψA+ iκ(∗F +γ5F )∧εABρB (105)

We must show that these three terms are going to be cancelled. To prove it, we take (94),

Iρ̄A
H2 = iγ5γae

a ∧ ρA − i

2γ
5γaT

a ∧ ψA − iκ(∗F + γ5F ) ∧ εABψB − iκεABψBγ5 ∧ (dA− F − a)

= iγ5γae
a ∧ ρA − iκ(∗F + γ5F ) ∧ εABψB = 0

(106)

where we have,

γ5γae
a ∧ ρA = κ(∗F + γ5F ) ∧ εABψB (107)

From this relation we obtain,

Mγ5γae
a = (∗F + γ5F ) (108)

If we find the value of the M matrix, we will prove what we are searching. At first, we take
the slash notation: /F = γabF

ab and /e = γae
a. Then, M is going to be of the form, M ∝ /e ∧ /F .

It implies that,
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∗F + γ5F ∝ /e ∧ /F ∧ γ5γae
a = /e ∧ /F ∧ /eγ5 (109)

We expand the right-hand term,

/e ∧ /F ∧ /eγ5 = γae
a ∧ γbcF bc ∧ γdedγ5 (110)

We can contract the indices in different ways:

γae
a ∧ γbcF bc ∧ γdedγ5 =

ea ∧ F bc ∧ edγabcdγ5 (0 contractions)
+2ea ∧ F ac ∧ γcdedγ5 (1 contraction)
+2ea ∧ γabF bc ∧ ecγ5 (1 contraction)
+2ea ∧ Fab ∧ ebγ5 (2 contractions)

(111)

The terms with one contraction cancel each other. That means,

γae
a ∧ γbcF bc ∧ γdedγ5 = ea ∧ F bc ∧ edγabcdγ5 + 2ea ∧ Fab ∧ ebγ5

= −ea ∧ F bc ∧ edεabcdγ5γ5 + 2ea ∧ Fab ∧ ebγ5 (112)

We know that, (γ5γ5) = −I and ea ∧ Fab ∧ eb = Fab ∧ ea ∧ eb = F . Which that implies,

− ea ∧ F bc ∧ edεabcdγ5γ5 + 2ea ∧ Fab ∧ ebγ5 = εabcdF
bc ∧ ea ∧ ed + 2γ5F

= εbcadF
bc ∧ ea ∧ ed + 2γ5F

(113)

As we remember,

∗F = λεabcdF
ab ∧ ec ∧ ed → λ = 1/2

→ ∗F = 1
2εabcdF

ab ∧ ec ∧ ed → 2∗F = εabcdF
ab ∧ ec ∧ ed

(114)

So,

εbcadF
bc ∧ ea ∧ ed + 2γ5F = 2∗F + 2γ5F = 2(∗F + γ5F ) (115)

That is,

(∗F + γ5F ) = Mγ5γae
a ∝ /e ∧ /F ∧ γ5γae

a = 2(∗F + γ5F )

→ (∗F + γ5F ) = 1
2/e ∧

/F ∧ γ5γae
a

(116)

And as a conclusion,

M = 1
2/e ∧

/F (117)

Now, as we said, we can complete our proof. We write,
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Iψ̄A
H2 = −iλκ2εabcdF

ab ∧ ecγd ∧ ψA ∧ F + iκ2
∗F ∧ Fuv ∧ euγv ∧ ψA

+ iκ(∗F + γ5F ) ∧ εABρB

= −iκ
2

2 εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

+ iκ

2 /e ∧
/F ∧ γ5γae

a ∧ εABρB

= −iκ
2

2 εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

+ iκ2

2 /e ∧ /F ∧ (∗F + γ5F ) ∧ εABεBCψC

= −iκ
2

2 εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

− iκ2

2 /e ∧ /F ∧ (∗F + γ5F ) ∧ ψA

(118)

In the last step we have taken that, εABεBC = −δAC → −δAC = −1 if A = C. Afterwards,
we consider the last term of the last line,

− iκ2

2 /e ∧ /F ∧ (∗F + γ5F ) ∧ ψA = −iκ
2

2 γae
a ∧ γbcF bc ∧ (∗F + γ5F ) ∧ ψA

= −iκ
2

2 (ea ∧ F bcγabc + 2ea ∧ Fabγb) ∧ (∗F + γ5F ) ∧ ψA

= −iκ
2

2 ea ∧ F bcγabc ∧ ∗F ∧ ψA −
iκ2

2 ea ∧ F bc ∧ γabcγ5F ∧ ψA − iκ2ea ∧ Fabγb ∧ ∗F ∧ ψA

− iκ2ea ∧ Fab ∧ γbγ5F ∧ ψA

= −iκ
2

2 ea ∧ F bcγabc ∧ ∗F ∧ ψA + iκ2

2 ea ∧ F bc ∧ εabcdγdF ∧ ψA − iκ2ea ∧ Fabγb ∧ ∗F ∧ ψA

− iκ2ea ∧ Fab ∧ γbγ5F ∧ ψA

= −iκ
2

2 ea ∧ F bcγabc ∧ ∗F ∧ ψA + iκ2

2 εbcadF
bc ∧ eaγd ∧ ψA ∧ F − iκ2

∗F ∧ Fab ∧ eaγb ∧ ψA

− iκ2ea ∧ Fab ∧ γbγ5F ∧ ψA
(119)

Coming back to Iψ̄A
H2,

Iψ̄A
H2 = −iκ

2

2 εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

− iκ2

2 /e ∧ /F ∧ (∗F + γ5F ) ∧ ψA

= −iκ
2

2 εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA −
iκ2

2 ea ∧ F bcγabc ∧ ∗F ∧ ψA

+ iκ2

2 εbcadF
bc ∧ eaγd ∧ ψA ∧ F − iκ2

∗F ∧ Fab ∧ eaγb ∧ ψA − iκ2ea ∧ Fab ∧ γbγ5F ∧ ψA

= −iκ
2

2 ea ∧ F bcγabc ∧ ∗F ∧ ψA − iκ2ea ∧ Fab ∧ γbγ5F ∧ ψA

(120)

We have,
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Iψ̄A
H2 = −iκ

2

2 ea ∧ F bcγabc ∧ ∗F ∧ ψA − iκ2ea ∧ Fab ∧ γbγ5F ∧ ψA

= −iκ
2

4 ea ∧ F bcγabcεuvwt ∧ F uv ∧ ew ∧ et ∧ ψA

− iκ2ea ∧ Fab ∧ γbγ5Fuv ∧ eu ∧ ev ∧ ψA

= −iκ
2

4 ea ∧ F bcεabcdγ
dγ5εuvwt ∧ F uv ∧ ew ∧ et ∧ ψA

− iκ2ea ∧ Fab ∧ γbγ5Fuv ∧ eu ∧ ev ∧ ψA

= −iκ
2

4 F bcεabcdγ
dγ5εuvwt ∧ F uv ∧ ea ∧ ew ∧ et ∧ ψA

− iκ2Fab ∧ γbγ5Fuv ∧ ea ∧ eu ∧ ev ∧ ψA

(121)

We rewrite the expression using the next fact, ea ∧ eb ∧ ec = εabcdEd.

Iψ̄A
H2 = −iκ

2

4 F bcεabcdγ
dγ5εuvwt ∧ F uv ∧ εawtgEg ∧ ψA − iκ2Fab ∧ γbγ5Fuv ∧ εauvgEg ∧ ψA (122)

We can note that,

εuvwtε
awtg = εuvwtε

agwt = −2(δauδgv − δavδgu) (123)
and the equation reads,

Iψ̄A
H2 = iκ2

2 (δauδgv − δavδgu)F bcεabcdγ
dγ5 ∧ F uv ∧ Eg ∧ ψA − iκ2Fab ∧ γbγ5Fuv ∧ εauvgEg ∧ ψA

= iκ2

2 (δau − δagδgu)F bcεabcdγ
dγ5 ∧ F ug ∧ Eg ∧ ψA − iκ2Fab ∧ γbγ5Fuv ∧ εauvgEg ∧ ψA

= iκ2F bcεabcdγ
dγ5 ∧ F ag ∧ Eg ∧ ψA − iκ2Fab ∧ γbγ5Fuv ∧ εauvgEg ∧ ψA

(124)

To do the third step we have taken: δau−δagδgu = δau+δau = 2δau. At next, we interchange
the g index in the first term,

Iψ̄AH2 = iκ2F bcεabcdγ
dγ5 ∧ F a

g ∧ Eg ∧ ψA − iκ2Fab ∧ γbγ5Fuv ∧ εauvgEg ∧ ψA (125)

Now, we make contractions of the low indices a, b, c, d and d

Iψ̄AH2 =2iκ2F bcεagcdγ
dγ5 ∧ F a

b ∧ Eg ∧ ψA + iκ2F bcεabcgγ
dγ5 ∧ F a

d ∧ Eg ∧ ψA

− iκ2Fab ∧ γbγ5Fuv ∧ εauvgEg ∧ ψA
(126)

where it gives,

2iκ2F bcεagcdγ
dγ5 ∧ F a

b ∧ Eg ∧ ψA = 0 (127)
Due to the contraction of the b index in F bc ∧ F a

b. So that, after reorganize:

Iψ̄AH2 = iκ2εabcgFadγ
dγ5 ∧ Fbc ∧ Eg ∧ ψA − iκ2εauvgFabγ

bγ5 ∧ Fuv ∧ Eg ∧ ψA = 0 (128)

And the proof is completed.
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B.5 Iψ̄A
H2 in terms of fermionic, vierbein and F ab equations

Knowing that this equation vanishes when we substitute motion equations, we are going to
work with it. We are going to manipulate it, writing this relation in a more comfortable way.
What we want to do is writing it in terms of motion equations. If we remember, it was (the
parameter λ = 1/2)

Iψ̄A
H2 =− i

2γ
5γaT

a ∧ ρA − iκ2

2 εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

+ iκ(∗F + γ5F ) ∧ εABρB − iκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ (dA− F − a)

+ iκεABγ
5ρB ∧ (dA− F − a)

(129)

As we said before,

(∗F + γ5F ) = Mγ5γae
a (130)

Where we have, M = 1
2/e ∧

/F . We use this fact to express our relation in terms of Iρ̄A
H2 ≡

E(ψ̄A). We have,

E(ψ̄A) = iγ5γae
a∧ρA− i

2γ
5γaT

a∧ψA− iκ(∗F +γ5F )∧εABψB− iκεABψBγ5∧ (dA−F −a) = 0
(131)

We multiply all by κM :

κME(ψ̄A) = iκMγ5γae
a ∧ ρA − iκ

2 Mγ5γaT
a ∧ ψA

− iκ2M(∗F + γ5F ) ∧ εABψB − iκ2MεABψ
Bγ5 ∧ (dA− F − a)

(132)

We add and substract this last expression in (129) obtaining

Iψ̄A
H2 =− i

2γ
5γaT

a ∧ ρA − iκ2

2 εabcdF
ab ∧ ecγd ∧ ψA ∧ F + iκ2

∗F ∧ Fuv ∧ euγv ∧ ψA

+ iκ(∗F + γ5F ) ∧ εABρB − iκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ (dA− F − a)

+ iκεABγ
5ρB ∧ (dA− F − a) + κME(ψ̄A)− iκMγ5γae

a ∧ ρA

+ iκ

2 Mγ5γaT
a ∧ ψA + iκ2M(∗F + γ5F ) ∧ εABψB + iκ2MεABψ

Bγ5 ∧ (dA− F − a)
(133)

Where it gives,

iκ(∗F + γ5F ) ∧ εABρB − iκMγ5γae
a ∧ ρA = 0 (134)

and,

− iκ
2

2 εabcdF
ab∧ ecγd∧ψA∧F + iκ2

∗F ∧Fuv ∧ euγv ∧ψA+ iκ2M(∗F +γ5F )∧ εABψB = 0 (135)

Like we have proved before. This implies that:
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Iψ̄A
H2 =− i

2γ
5γaT

a ∧ ρA − iκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ (dA− F − a) + iκεABγ

5ρB ∧ (dA− F − a)

+ κME(ψ̄A) + iκ

2 Mγ5γaT
a ∧ ψA + iκ2MεABγ

5ψB ∧ (dA− F − a)
(136)

The following step is changing T a and (dA−F−a) terms by others proportional to IRabH2 ≡
E(ωab) and IDFabH2 ≡ E(F ab), respectively. We are going to do it one by one:

• Firstly,
− i

2γ
5γaT

a ∧ ρA = 1
2X

ab,A
1 ∧ E(ωab) (137)

We have to calculate Xab,A
1 , which has the structure

Xab,A
1 = mεabcdγ5γce

u ∧ ρAud + nεabcdγ5γueu ∧ ρAcd (138)

We only need to find m and n. Then, we know that

E(ωab) = 1
2κ2 εabcde

c ∧ T d (139)

So,

− i

2γ
5γaT

a∧ρA = 1
4κ2mε

abcdγ5γce
u∧ρAud∧εabrser∧T s+ 1

4κ2nε
abcdγ5γueu∧ρAcd∧εabrser∧T s

(140)
We deal with it separately. Starting with,

1
4κ2mε

abcdγ5γce
u ∧ ρAud ∧ εabrser ∧ T s = − 1

2κ2mδ
cd
rsγ

5γce
u ∧ ρAud ∧ er ∧ T s

= − 1
2κ2mγ

5γce
u ∧ ρAud ∧ ec ∧ T d + 1

2κ2mγ
5γce

u ∧ ρAud ∧ ed ∧ T c

= − 1
2κ2mγ

5γce
u ∧ ρAud ∧ ec ∧ T d + 1

2κ2mγ
5γcT

c ∧ ρA

(141)

The other gives us,

1
4κ2nε

abcdγ5γueu ∧ ρAcd ∧ εabrser ∧ T s = − 1
2κ2nδ

cd
rsγ

5γueu ∧ ρAcd ∧ er ∧ T s

= − 1
2κ2nγ

5γueu ∧ ρAcd ∧ ec ∧ T d + 1
2κ2nγ

5γueu ∧ ρAcd ∧ ed ∧ T c

= − 1
2κ2nγ

5γueu ∧ ρAcd ∧ ec ∧ T d −
1

2κ2nγ
5γueu ∧ ρAdc ∧ ed ∧ T c

= − 1
κ2nγ

5γueu ∧ ρAcd ∧ ec ∧ T d

(142)

So we have,
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γ5γaT
a∧ ρA = − i

κ2mγ
5γce

u∧ ρAud∧ ec∧T d + i

κ2mγ
5γcT

c∧ ρA− 2i
κ2nγ

5γueu∧ ρAcd∧ ec∧T d

(143)
We note,


γ5γaT

a ∧ ρA = i

κ2mγ
5γcT

c ∧ ρA

− i

κ2mγ
5γce

u ∧ ρAud ∧ ec ∧ T d −
2i
κ2nγ

5γueu ∧ ρAcd ∧ ec ∧ T d = 0
(144)

Which gives, respectively,


m = −iκ2

i

κ2mγ
5γce

c ∧ ρAud ∧ eu ∧ T d = 2i
κ2nγ

5γueu ∧ ρAcd ∧ ec ∧ T d → m = 2n→ n = −iκ
2

2
(145)

And,

Xab,A
1 = −iκ2εabcdγ5γce

u ∧ ρAud −
iκ2

2 εabcdγ5γueu ∧ ρAcd (146)

• Secondly,
iκ

2 Mγ5γaT
a ∧ ψA = 1

2X
ab,A
2 ∧ E(ωab) (147)

This case is very similar as before. The differences are: a minus sign, a κ factor and that
we have to substitute ρA by (Mψ)A. It means, if we introduce these changes in the first
expression, we will directly obtain Xab,A

2 :

Xab,A
2 = iκ3εabcdγ5γce

u ∧ (Mψ)Aud + iκ3

2 εabcdγ5γueu ∧ (Mψ)Acd (148)

• Thirdly,
iκεABγ

5ρB ∧ (dA− F − a) = 1
2X

ab,A
3 E(F ab) (149)

Where the equation,

E(F ab) = 1
2εabcde

c ∧ ed ∧ (dA− F − a) (150)

That is,

iκεABγ
5ρB ∧ (dA− F − a) = 1

4X
ab,A
3 ∧ εabcdec ∧ ed ∧ (dA− F − a) (151)

Here, Xab,A
3 is going to have the form,

Xab,A
3 = λεabcdεABγ

5ρBcd (152)

Which implies,
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λ

4 ε
abcdεABγ

5ρBcd ∧ εabrser ∧ es ∧ (dA− F − a) = −λ2 δ
cd
rsε

A
Bγ

5ρBcd ∧ er ∧ es ∧ (dA− F − a)

= −λ2 ε
A
Bγ

5ρBcd ∧ ec ∧ ed ∧ (dA− F − a) + λ

2 δ
cd
rsε

A
Bγ

5ρBcd ∧ ed ∧ ec ∧ (dA− F − a)

= −λ2 ε
A
Bγ

5ρBcd ∧ ec ∧ ed ∧ (dA− F − a)− λ

2 δ
cd
rsε

A
Bγ

5ρBcd ∧ ec ∧ ed ∧ (dA− F − a)

= −λ2 ε
A
Bγ

5ρB ∧ (dA− F − a)− λ

2 δ
cd
rsε

A
Bγ

5ρB ∧ (dA− F − a)

= −λεABγ5ρB ∧ (dA− F − a)
(153)

Finally,

− λεABγ5ρB ∧ (dA− F − a) = iκεABγ
5ρB ∧ (dA− F − a)→ λ = −iκ (154)

and

Xab,A
3 = −iκεabcdεABγ5ρBcd (155)

• Fourthly,
iκ2MεABγ

5ψB ∧ (dA− F − a) = 1
2X

ab,A
4 E(Fab) (156)

We can see that it is almost equal to the previous case. This one only varies on ρB →
(Mψ)B and a κ factor. Doing this it gives,

Xab,A
4 = −iκ2εabcdεABγ

5(Mψ)Bcd (157)

• Fifthly,
− iκ2εabcdF

ab ∧ ecγd ∧ ψA ∧ (dA− F − a) = 1
2X

ab,A
5 E(F ab) (158)

Substituting E(F ab) we have

− iκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ (dA− F − a) = 1

4X
ab,A
5 ∧ εabcdec ∧ ed ∧ (dA− F − a) (159)

Xab,A
5 takes the form,

Xab,A
5 = λF abγc ∧ ψc,A + µF [acγb] ∧ ψAc (160)

Then,

23



λ

4F
abγc ∧ ψc,A ∧ εabrser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAc ∧ εabrser ∧ es ∧ (dA− F − a)

= λ

4F
abγc ∧ ψc,A ∧ εabrser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAa ∧ εcbrser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAb ∧ εacrser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAr ∧ εabcser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAs ∧ εabrcer ∧ es ∧ (dA− F − a)

(161)

We note that,

µ

4F
acγb∧ψAa ∧εcbrser∧es∧(dA−F−a) = −µ4F

caγb∧ψAa ∧εcbrser∧es∧(dA−F−a) (162)

and, if we change it to the left-hand side:

µ

4F
acγb ∧ ψAc ∧ εabrser ∧ es ∧ (dA− F − a) + µ

4F
caγb ∧ ψAa ∧ εcbrser ∧ es ∧ (dA− F − a)

= µ

2F
acγb ∧ ψAc ∧ εabrser ∧ es ∧ (dA− F − a)

(163)

We can see too,

µ

4F
acγb ∧ ψAr ∧ εabcser ∧ es ∧ (dA− F − a) + µ

4F
acγb ∧ ψAs ∧ εabrcer ∧ es ∧ (dA− F − a)

= µ

2F
acγb ∧ ψAr ∧ εabcser ∧ es ∧ (dA− F − a)

(164)

So, operating

λ

4F
abγc ∧ ψc,A ∧ εabrser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAc ∧ εabrser ∧ es ∧ (dA− F − a)

= λ

4F
abγc ∧ ψc,A ∧ εabrser ∧ es ∧ (dA− F − a)

+ µ

8F
acγb ∧ ψAb ∧ εacrser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAr ∧ εabcser ∧ es ∧ (dA− F − a)

(165)

Then, we can write
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λ

4F
abγc ∧ ψc,A ∧ εabrser ∧ es ∧ (dA− F − a) + µ

8F
acγb ∧ ψAb ∧ εacrser ∧ es ∧ (dA− F − a)

+ µ

4F
acγb ∧ ψAr ∧ εabcser ∧ es ∧ (dA− F − a) = −iκ2εabcdF

ab ∧ ecγd ∧ ψA ∧ (dA− F − a)
(166)

What gives us


µ

4F
acγb ∧ ψAr ∧ εabcser ∧ es ∧ (dA− F − a)

= −iκ2εabcdF
ab ∧ ecγd ∧ ψA ∧ (dA− F − a)

λ

4F
abγc ∧ ψc,A ∧ εabrser ∧ es ∧ (dA− F − a)

+µ8F
acγb ∧ ψAb ∧ εacrser ∧ es ∧ (dA− F − a) = 0

(167)

Working with the first expression,

−µ4 εacsbF
ac∧esγb∧ψA∧(dA−F−a) = −iκ2εabcdF

ab∧ecγd∧ψA∧(dA−F−a)→ µ = 4iκ2

(168)
and with the second one,

λ

4F
abγc ∧ ψc,A ∧ εabrser ∧ es ∧ (dA− F − a)

= −µ8F
acγb ∧ ψAb ∧ εacrser ∧ es ∧ (dA− F − a)

→ λ = −µ2 → λ = −2iκ2

(169)

Finally,

Xab,A
5 = −2iκ2F abγc ∧ ψc,A + 4iκ2F [acγb] ∧ ψAc (170)

With all these results we can rewrite Iψ̄A
H2 in terms of motion equations:

Iψ̄A
H2 =1

2[Xab,A
1 ∧ E(ωab) +Xab,A

2 ∧ E(ωab) +Xab,A
3 E(F ab)

+Xab,A
4 E(F ab) +Xab,A

5 E(F ab)] + κME(ψ̄A)
(171)

If we call: 
Xab,A = Xab,A

1 +Xab,A
2

Y ab,A = Xab,A
3 +Xab,A

4 +Xab,A
5

ZA
B = κM

(172)

we can write,
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Iψ̄A
H2 = 1

2X
ab,A ∧ E(ωab) + 1

2Y
ab,AE(F ab) + ZA

B ∧ E(ψ̄B) = 0 (173)

Because, E(ωab) = 0, E(F ab) = 0 and E(ψ̄A) = 0. Substituting Xab,A
i (i = 1, 2, 3, 4, 5) and

simplifying:

Iψ̄A
H2 =− [ iκ

2

2 εabcdγ5γce
u ∧ (ρAud − κ(Mψ)Aud) + iκ2

4 εabcdγ5γueu ∧ (ρAcd − κ(Mψ)Acd)] ∧ E(ωab)

− [iκεabcdεABγ5(ρBcd + κ(Mψ)Bcd) + 2iκ2F abγc ∧ ψc,A − 4iκ2F [acγb] ∧ ψAc ] ∧ E(F ab)
+ ZA

B ∧ E(ψ̄B) = 0
(174)

B.6 Supersymmetry transformations
We have just what we were searching for. To finish our work, we are going to study the
supersymmetry transformations. Firstly, recalling the algebra,

Rab = dωab + ωac ∧ ωcb

T a = dea + ωab ∧ eb −
iκ2

2 ψ̄Aγ
a ∧ ψA

ρA = dψA + 1
4γabω

ab ∧ ψA

F = dA− a

(175)

And the curvature associated to F ab is DF ab. If we set the curvatures equal to zero, we
recover the Maurer-Cartan equations:

dωab = −ωac ∧ ωcb

dea = −ωab ∧ eb + iκ2

2 ψ̄Aγ
a ∧ ψA

dψA = −1
4γabω

ab ∧ ψA

dA = a

(176)

Working in the group space, we use the Lie derivative:

LX = diX + iXd (177)

Where we have,

iXψ
A = εA (178)

With εA the transformation parameter. Due to this fact, we can calculate easily the super-
symmetry transformations of the gauge fields:

i) For ωab,

LXω
ab = δωab = diXω

ab + iXdω
ab = −iX(ωac ∧ ωcb) = 0 (179)

So,

δωab = 0 (180)
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ii) The ea variation,

LXe
a =δea = diXe

a + iXde
a = −iX(ωab ∧ eb) + iκ2

2 iX(ψ̄Aγa ∧ ψA)

= iκ2

2 (ε̄Aγa ∧ ψA − ψ̄Aγa ∧ εA) = iκ2ε̄Aγ
a ∧ ψA

(181)

and the final result is,

δea = iκ2ε̄Aγ
a ∧ ψA (182)

iii) The ψA one,

LXψ
A = δψA = diXψ

A + iXdψ
A = dεA − 1

4γabiX(ωab ∧ ψA) = dεA + 1
4γabω

ab ∧ εA (183)

which gives,

δψA = dεA + 1
4γabω

ab ∧ εA = DεA (184)

iv) For A,

LXA =δA = diXA+ iXdA = iXa = iκ

2 ε
A
BiX(ψ̄A ∧ ψB)

= iκ

2 ε
A
B(ε̄A ∧ ψB − ψ̄A ∧ ψB) = iκεAB ε̄A ∧ ψB

(185)

Then,

δA = iκεAB ε̄A ∧ ψB (186)

v) Finishing with the F ab one,

LXF
ab = δF ab = diXF

ab + iXdF
ab = 0 (187)

So,

δF ab = 0 (188)

We have just obtained the original transformations, but we are looking for those which are
modified by Xab,A, Y ab,A and ZA

B. These variations are calculated according to the Lemma
defined in the second section of this work. It tells us that the variations are the same as before,
but we have to add some new terms to them. As result of doing this,

δωab = −ε̄AXab,A

δea = iκ2ε̄Aγ
aψA

δψA = dεA + 1
4γabω

abεA − ZA
Bε

B

δA = iκεAB ε̄Aψ
B

δF ab = −ε̄AY ab,A

(189)

And we have what we wanted.

27


	Annex I: N=1 Case
	H1 calculation
	Motion equations
	Vanishing Torsion
	Einstein and Rarita-Schwinger equations
	Symmetries of the action

	Annex II: N=2 Case
	Action differential calculation
	Final H2 expression
	Motion equations
	Vanishing IAH2 by motion equations
	IAH2 in terms of fermionic, vierbein and Fab equations
	Supersymmetry transformations


