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Abstract

This paper studies non inf-sup stable finite element approximations to the evolutionary
Navier—Stokes equations. Several local projection stabilization (LPS) methods correspond-
ing to different stabilization terms are analyzed, thereby separately studying the effects of
the different stabilization terms. Error estimates are derived in which the constants in the
error bounds are independent of inverse powers of the viscosity. For one of the methods,
using velocity and pressure finite elements of degree [, it will be proved that the velocity
error in L*(0,T; L*(Q)) decays with rate [ 4+ 1/2 in the case that v < h, with v being
the dimensionless viscosity and h the mesh width. In the analysis of another method, it
was observed that the convective term can be bounded in an optimal way with the LPS
stabilization of the pressure gradient. Numerical studies confirm the analytical results.

1 Introduction

Let QC R, d e {2, 3}, be a bounded domain with polyhedral and Lipschitz boundary 99.
The incompressible Navier—Stokes equations model the conservation of linear momentum
and the conservation of mass (continuity equation) by

ou—vAu+ (u-V)u+Vp=f in (0,7 x £,
V-u=0 in (0,7 x £, (1)
u(0,) = uo() in o

where u is the velocity field, p the kinematic pressure, v > 0 the kinematic viscosity coef-
ficient, wo a given initial velocity, and f represents the external body accelerations acting
on the fluid. The Navier—Stokes equations (??) are equipped with homogeneous Dirichlet
boundary conditions w = 0 on 9f).
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This paper studies approximations to the Navier—Stokes equations (??) with non inf-sup
stable mixed finite elements in space and the implicit Euler method in time. We use the
so-called local projection stabilization (LPS) method to stabilize the pressure (since non
inf-sup stable elements are used) plus other stabilization terms which aim at allowing to
derive error estimates where the constants do not depend explicitly on inverse powers of the
viscosity but only implicitly through norms of the solution of (??). This kind of bounds are
called semi-robust or quasi-robust in the literature, see for example [?].

In the literature, one can find already investigations of LPS methods for approximating
the solution of (??). LPS methods for inf-sup stable elements are analyzed in [?]. The
derived error bounds depend explicitly on inverse powers of the viscosity parameter v, unless
the grids are becoming sufficiently fine (h < /v, where h is the mesh width), see also
[?] where error bounds for the Oberbeck-Boussinesq model model are obtained with an
assumption on the regularity of the finite element solution. In [?], the authors consider
non inf-sup stable mixed finite elements with LPS stabilization. The so called term-by-
term stabilization is applied, see [?]. This method is a particular type of a LPS method
that is based on continuous functions, it does not need enriched finite element spaces, and
an interpolation operator replaces the standard projection operator of the classical LPS
methods. As in the present paper, a fully discrete scheme with the implicit Euler method as
time integrator is considered. A fully discrete LPS method for inf-sup stable pairs of finite
element spaces and a pressure-projection scheme is analyzed in [?].

Our analysis starts as in [?], but there are several major differences in the formulation of
the discrete problem as well as in the obtained results. First of all, as an important result
which was not achieved in [?], we are able to derive error bounds in which the constants
do not depend on inverse powers of the diffusion parameter. Also, contrary to [?], where
only one method is analyzed (with LPS stabilizations of the pressure, the divergence, and
the convective term), we consider several methods, because our aim is to study separately
the effects of the different stabilization terms. For all of them, error bounds with constants
independent on inverse powers of the diffusion parameter are achieved with the smallest
possible number of stabilization terms. Also, in contrast to [?], only moderate assumptions
on the smallness of the time step At are needed, like At < Ch%/? in the error analysis of
the pressure, while in [?] the smallness assumption on the mesh width Ch < At is required.

Section 7?7 considers a method with LPS stabilization for the pressure and a global grad-
div stabilization term. The global grad-div stabilization term was proposed to reduce the
violation of mass conservation of finite element methods, but there are already investigations
which show that this term also stabilizes dominant convection. In [?], semi-robust error
estimates are proved for the standard Galerkin method plus grad-div stabilization in the case
of inf-sup stable elements, both for the continuous-in-time case and for the fully discrete case.
Paper [?] considers both, the regular case and the situation in which nonlocal compatibility
conditions for the solution are not assumed. The results of Section ?? can be seen as an
extension of some of the results from [?] to the case of non inf-sup stable elements and also
as an improvement of the results from [?]. Error bounds of order O(h®) are obtained for a
sufficiently smooth solution, where 2 < s <[, s being the regularity index of the solution and
Il being the degree of the polynomials used. The error is bounded in a norm that includes
the L? norm of the velocity at the final time step and the L? norm of the divergence. This
rate of convergence is the same as obtained in [?] for a similar norm and also the same rate
as proved in [?]. However, as we pointed out above, in [?] more terms are included in the
method, the bound depends explicitly on v~1, and the restriction Ch < At is assumed. For
the error bound of the pressure, we get the optimal order O(h®). However, following the
ideas of [?], we are able to bound the error of the L? norm of a discrete in time primitive
of the pressure instead of the stronger discrete in time L? norm of the pressure. Although
Section ?? studies the term-by-term stabilization, the analysis also holds for the standard
one-level LPS method, see [?, ?], with slight modifications.

In Section 7?7, we analyze a method with LPS stabilization for the pressure and LPS



stabilization with control of the fluctuations of the gradient. For this section, the use of
term-by-term stabilization is necessary since in the error analysis we need to have the same
polynomial spaces for the velocity and the pressure. A key ingredient in the error analysis
is the application of [?, Theorem 2.2]. This result was already applied in the error analysis
in [?], where the authors proved semi-robust error bounds for the evolutionary Navier—
Stokes equations and a continuous interior penalty (CIP) method in space assuming enough
regularity of the solution. For the method studied in Section ??, the convective term is
estimated in an optimal way (with constants independent on inverse powers of the diffusion
parameter) with the help of the LPS stabilization of the gradient of the pressure. This LPS
term was introduced in [?] to account for the violation of the discrete inf-sup condition by
the used pair of finite elements.

Following the analysis of the previous section, Section ?7? presents analogous error bounds
for a method with both LPS stabilization for the pressure and the divergence.

For the methods analyzed in Sections ?? — 77, error estimates with constants independent
on inverse powers of the diffusion parameter are derived with the help of stabilization terms
that were not proposed for stabilizing dominant convection but to account for the non-
satisfaction of the discrete inf-sup condition or the violation of the mass conservation (note
that the LPS term of the velocity gradient of the method from Section ?? was not utilized for
estimating the convective term). The deeper reasons for this behavior are not yet understood
and their explanation is formulated as an open problem in [?].

In Section ??, it is shown that the rate of decay of the velocity error in the situation
v < h can be improved for the method from Section ?? by choosing different values of the
stabilization parameters and increasing the regularity assumption for the pressure. Con-
cretely, a bound of order O(h”l/ %) is proved for an error which contains the L? error of the
velocity. This is the same order that was obtained for the CIP method in [?] under the same
regularity assumptions. We are not aware of any other paper where this order is proved and
it is still an open question whether the optimal expected order O(h**!) for the L? error of
the velocity can be achieved or not, see [?].

Finally, Section 7?7 presents numerical studies that confirm the analytical results.

2 Preliminaries and notation

Throughout the paper, W*P(D) will denote the Sobolev space of real-valued functions
defined on the domain D C R? with distributional derivatives of order up to s in LP(D).
These spaces are endowed with the usual norm denoted by || - ||ws.»(p). If s is not a positive
integer, W*? (D) is defined by interpolation [?]. In the case s = 0 it is W%?(D) = L?(D). As
it is standard, W*? (D)d will be endowed with the product norm and, since no confusion can
arise, it will be denoted again by || - [[w+.»(p). The case p = 2 will be distinguished by using
H*(D) to denote the space W*?2(D). The space H} (D) is the closure in H'(D) of the set of
infinitely differentiable functions with compact support in D. For simplicity, ||-||s (resp. ||s)
is used to denote the norm (resp. semi norm) both in H*(Q) or H*(Q)?. The exact meaning
will be clear by the context. The inner product of L*(Q) or L?(€2)? will be denoted by (-, )
and the corresponding norm by || -||o. For vector-valued functions, the same conventions will
be used as before. The norm of the dual space H™'(Q) of H}(Q) is denoted by || - ||-1. As
usual, L?(Q) is always identified with its dual, so one has H}(Q) € L*(Q) ¢ H™*(Q) with
compact injection. The following Sobolev’s embedding [?] will be used in the analysis: For
1 < p < d/slet g be such that % = % — %. There exists a positive constant C, independent
of s, such that

1

72 VEWTQ). (2)

ol @y < Cllvllwen e,

Q| =

If p > d/s the above relation is valid for ¢’ = co. A similar embedding inequality holds for
vector-valued functions.



Using the function spaces
V=Hy Q)" Q=Li)={¢eL*():(q1)=0},

the weak formulation of problem (??) is as follows: Find (u,p) € V x @ such that for all
(v,q9) €V xQ,

(atuvv) + I/(VU, V’U) + ((u ) V)u,’v) - (V : ’va) + (V - u, Q) = (f?v)v (3)

and u(0,-) = uo(+).
The Hilbert space

HYW ={ue L’ | L*(Q) >V -u=0, u-n|sq =0}
will be endowed with the inner product of L?(Q)% and the space
VW ={ueV | V-u=0}

with the inner product of V.
In the error analysis, the Poincaré—Friedrichs inequality

lvljo < Cpr||Vollo YveV (4)

will be used.

3 Local projection stabilization with global grad-
div stabilization.

Let 77, be a family of triangulations of Q. Given an integer [ > 0 and a mesh cell K € T,
we denote by P;(K) the space of polynomials of degree less or equal to I. We consider the
following finite element spaces

Vi = {weC’Q) |, €P(K), VKeTh}, >1,
Ylh - (Ylf)d7 Xh = Yéb n (H(%)d7
Qn = YinLi

It will be assumed that the family of meshes is quasi-uniform and that the following inverse
inequality holds for each vs, € Y}, e.g., see [?, Theorem 3.2.6],

~a(3-3)

where 0 <n <m < 1,1 < ¢qg<p< oo, and hg is the size (diameter) of the mesh cell
K € Th.

We consider the approximation of (?7?) with the implicit Euler method in time and a LPS
method with grad-div stabilization in space. Given uf, = Iyuo, find (u} ™", pp ) € X, x Qs
such that

n+1 n
(uh —up

llvnllwmp )y < Cinvhye lvn llwn.a k), (5)

At ’vh> + V(Vu;:Jrl’ V'Uh) + b(uerl? U’Z+17 ’Uh) - (pz+1v A& ’Uh)

+Sn(ultt vy) = (F"Ton) Von € X, (6)
(v : 'U/Z+1, qh) + spreS(PZ+1: qh) = 0 th S Qha



where

= wV-u,V-v),
= (B(u,v),w) Yu,v,w € Hy(Q)*,

(uw-V)v+ %(V ~uw)v Yu,v € Hy(Q)4,

= Z Tp,K(JZ(Vp;lH_l)yO—Z(vqh))Kv
KeTy

and p and 7, x are the grad-div and pressure stabilization parameters, respectively. In

addition, o}, = Id — aifl, where o7 is a locally stable projection or interpolation operator

from L?(2)? on Y{l, that is, there exists a constant C' > 0 such that for any K € Tj,

; d
o, ()22 6) < CllvllL2 (), Yo € L3 (Q)7, (7

where wg is the union of all mesh cells whose intersection with K is not empty. It will
be assumed that the number of mesh cells in each set wxk is bounded independently of the
triangulation and of K. From (??), also the L? stability of o, follows. The operator afL can
be chosen as a Bernardi-Girault [?], Girault—Lions [?], or the Scott—Zhang [?] interpolation
operator in the space Y7 (for a proof of (??) in the case of the last two operators see [?]).
The following bound holds for v € H*(Q)?,

o — o3 (0)l22x) < Chicllolleur)y 1<s<j+1 (8)
from which it can be deduced that
v = o7(v)llo < Ch*fwls, 1<s<j+1 )

see [?, 7, ?]. Bounds (?7?) and (??) will be applied for j € {{ —1,1}.
In the sequel, we will assume that

arh%k < Tp K < ash% (10)

for some positive constants a1, a2 independent of h. In addition, the notations

(Fo9)m = > mox(f0)k, Sl = (F, ) (11)

KeTy

are used.
The following inf-sup condition holds (see [?, Lemma 4.2]).

Lemma 1 The following inf-sup condition holds

(V- vn,qn)
qrllo < Bo | sup = —
lanl (v}LGXh Vorllo

+ |U;§(VQh)|rp> Yan € Qn.

Along the paper we will use the following discrete Gronwall inequality whose proof can be
found in [?].
Lemma 2 Let k, B,aj,bj;,c;,v; be nonnegative numbers such that
n n n
aj+k> by <k> vja;+k» ¢+ B, for n>0.
§=0 §=0 §=0

Suppose that kv; < 1, for all j, and set o; = (1 — kvy;)™*. Then

w—!—kZb]—gexp(kZaj’yj) {chj—i—B}, for n>0.
j=0 j=0 j=0



3.1 Error bound for the velocity

Let us denote by u™ = u(-,t,) and by p" = p(-,t,). Following [?], we consider an approxi-
mation @) = Rpu™ € X, C Y}, satisfying

(u" —ajp,v,) =0, Yo,eYy' n=01,... N. (12)

Let us observe that the above definition for @) can be applied for any time ¢ so that we can
consider that @ is continuous in the ¢ variable. The following bound holds, see [?],

™ — @ [l < O™V L = 0,1, N, (13)

form=0,1,p€[l,00], s > 1.
Let pj, = Inp™ € Qp with I, being the standard interpolation operator. There exists a
constant C' > 0 such that

[p" — phllwme < CRS™HP=d21m 0 = 0,1,...,N, m=0,1, (14)

see [?].

Let us denote

An ~n n n N ) n in M n n NG n
e, =up,—u’, e,=u,—U,, A =Pp—P, A =Dh— P (15)

Subtracting the discrete problem (??) from the continuous problem (?7?) yields the error
equation

n+l n
e —e

h h n+1 ~n+1l ~n+tl n+1 n+1
(7,1);1) +v(Ver Vo) +b(a, " ,a, " ,vn) —blup up ", vn)

At
—ART Y on) + (V- en ™ an) + spres(\n T an) + Su(el T vn) (16)
(62:17 'Uh) + (62:_17 qh) + V(Véz-‘—la v’l)h) + 5pres(]§2+l, qh)

+Sh(ﬁz+1v ’Uh) - (5‘Z+1a V- vh)v

for all v, € Xp and gn € Qr. In (?7), 5231 and ﬁ;}fl are defined as follows

et o= eti4ents, (17)
n4+1 n+1 ﬂ:+1—ﬂﬁ
€t = - (owr =B, (18)
(52:,; vp) = _b(un+17 un-&-l’ vn) + b(ﬂz-‘—l’ ﬁ2+17 V), (19)
Eta) = (Ve an).

Remark 1 Note that the error equation (??) holds even for (vs,grn) = (0, gn) with g, € Y.
Let g € Y} and denote by m(gs) the mean of gx, then (??) gives

(V-en™ an —m(gn) + spres(My s an — m(an))
= (V ' éz+17 qh — m(qh)) + Spres(ﬁz+l>qh - m(qh))

Since the terms (V-eZ"'l, m(qn)), spres()\ZH, m(qn)), (V~éz+1, m(qn)), and spres(ﬁz+1

vanish, it follows that

,m(qn))

(Ver™ an) + spres(An T an) = (V- en 't an) + spres(Bn 'y an) ¥ an € Y5,



Setting (vh,qn) = (e}, APt!), rearranging terms, and using the Cauchy-Schwarz in-

equality and Young’s inequality gives

lei™ 18 lleRll3 , llert = eklld | vy oomiiye , e ogyniiy2
sm " sAc T At aIVeRT IR+ Ie (TR,
+Sh( n+1 e’;bl+l)
n+1 n
< |p(u?t n+l ertl blantt gt entl! Hgvh HO ” H”O 20
< ol u e — blapt apt et + > (20)

@A+ SIVE o+ [spres(Br T AR
|Sh n+1 n+1 ““ /\n+1 V~eh)‘.

Now, the terms on the right-hand sid of (??) will be bounded. We start with the last
two terms. Applying the Cauchy—Schwarz inequality, Young’s inequality, and (?7?) yields

[Sn(a ™ i) = (7@, V- et < KV e+ 200 9 - &S

< SSu(eptt ep ) + Cuh® ull o (rosy- (21)

|~ =

Similarly, we obtain

C

in n 2 in n n s
(B9 en)| < BT eI+ ZINHR < G e e ™) + S plie e, (22)

where in the last inequality (??) was applied. The nonlinear term in (??) can be bounded
as in [?] using the skew-symmetric property of b

|b( n+1 n+1 n+1) b(An+1 ~n+1 n+1)|

yUp 5 € yUp, 5 €
< Ibler el + lblup e )
g b
< HVA"HIILooHe"“HoJr*IIV'e"“llollA"“HLOOHG”“HO

IN

~m HAn+1HL°° n M e”
(1vazr o + LI ) e 9 e 23)

For the fourth term on the right-hand side of (??), integrating by parts and using (??), (??),
and (?7) gives

LN = lert, VAR = [(epth, on(VATY))]
Hm+ ||L2(K) 1, . b1y 2
< > 7+1Hah<wh NI,
KEeT, Tp. K
s 1 * n
< OP* |l rotsy + Zllon (VAT - (24)

For the fifth term, we use (?7) to get
*HVA"“HO < Ovh™ |[u] oo (o1 (25)

To bound the sixth term, the usual inequalities, the definition (??) of || - ||-,, (?7), and (?7)
are utilized

AT n ~n 1 * n
[spres(0h AT < R (VBRI + 4 llon (VAT

* in * n 1 * n
< 20on (VAT + 210n (Ve OIE, + 4 llon (VAT
< CR*|VATHE + CR? o (VP )5 + *Ilah(VA”“)Hrp
s 1 * n
< Pl ey + IR (VAT (26)



Inserting now (?7) — (77?) in (?7?) yields
ler T3 — llenlld + Atv[|[Ver ™[5 + Atllon (VARTIZ, + pALV - en ™ |3
~n+1
< a1 2Ta o + 1 u"L”) len 3 + Atlent 2
+COAh*® ((1 + v+ wl[ulf e ey + (1+p7") le\%oo(m)) ,

such that summing over the discrete times leads to

lells + Atr > [Vehlls + At > or(VA)I3, + Atp> |V - el lls

j=1 j=1 j=1
< 012, Vv At 1+ 21va? ||uhHL°° 2 A IR
< llenlld + D At | 1+2Vay | + lef I8 + At 1€, 113
j=1 j=1

+OTH* (14 v+ ) [ll e agevny + (1 1ol ey ) -

Let us bound |4} ||z and |[V@] ||z, 1 < j < n. For the first term, applying (??) and
(?7) we have

[ || + = @) [z < Cllw’||2 + CR* 2|l |
Cllullzoe 2y (27)

(LA PR
<

Using the same argument for the second term, we reach

IVl < IV e + V! = Vi [l < Cllw[ls + CR* 2 ||u’ |15
< Cllullpeems)- (28)

From (7?) and (?7?) we deduce

iy e - 5 el (2
1+2\|Vu£||mo+%gzm, Mu—1—|—C<2||u|Loo(H3)—|—L2u(H) . (29)

Let us assume 1
AtM, < 3 (30)

Applying the Gronwall lemma, Lemma 7?7, we get

llenlld + At”Z Ve lls + Atz lon (VA + AWZ IV - el

j=1 = j=1

< AT (nehno +Atz [ |3> (31)

+Ce*Me (Th? ((1 v+ Wl ey + (L4 17 Pl ) ) )

To conclude the bound we are left with the task of getting a bound for the second term
on the right-hand-side of (?7?). For the first term in the truncation error we write

) ~7 s~ 1 ) j .01 j a1 ~7 _ ~J—1
PR L S (atuj_uu>+<u WA - ) (32)

At At At At

1 [t 1 [t )
_ E/t (b)) dt—l—E/tjilat(u—uh)(t) dt.

j—



Applying (?7?) and the Cauchy-Schwarz inequality, we reach

_ i _ 2 t B2 [t
o’ = M| <oat [T ol der B [ lomo)? de (33)
ti 1

0 ti-1

For the second term in the truncation error (?7), we apply [?, Lemma 2] to get

sup |b’ @) — b, i, )|
$eL2(2)d, [¢]o=1
< O (= + 1V @l gz + e ll2) 1w’ = @ (34)

To bound ||V - @ || 2a/a—1) we use (??) and (??)
IV -apllpeara-n < V-8 [l p20/a-0) + IV - (@), = /)| p2asa-n)
Cllw’[|2 + ChY? |||z
Cllull Lo rr2)- (35)

INIA

Inserting (??) and (??) in (?7?) gives
sup [b(w!,w!, @) — b(at], @), )| < Cllull e oy 10’ — @ (36)
PeL?, |¢llo=1

Then from (?7?), (?7), and (?77) we get

n ] tn
803711, 13 < CTH (e grn FllE ey + [0ullEann) ) +C(207 [ o0cul at.
j=1

to

Inserting this inequality in (??) and applying the triangle inequality to the splitting of the
error (?7) finishes the proof of the error estimate for the velocity.

Theorem 1 Let the solution of (??) be sufficiently smooth in space and time, such that all
norms appearing in the formulation of this theorem are well defined, and let the time step be
sufficiently small such that (??) holds. Then, the following error bound holds for 2 < s <1:

" = Iy + Atw Y V(! —up)l§ + ALY on (Ve =),

j=1 Jj=1
FALtE Y IV a3 (37)
j=1
. . tn
< cettM (He2||3+TKu,ph25+(At)2/ ([ Ol dt),
to

where M, is defined in (7?) and
R = (4 Tl ey 04 il oy + 100l oy + (U I )

Note that neither M, nor Ku,p depend explicitly on negative powers of v. The error
bound (??) can be summarized in the form

errors on the left-hand side of (??) < C(u, Byu, e, p, T, i, 1~ ") (He?LHo +h° 4+ At) .



3.2 Error bound for the pressure
We will derive now a bound for the error in the pressure. Let us denote
Ay =AtY N, Ap=2at> N,
j=1 j=1

Setting gr, = 0 in the error equation (?7?) yields

(AR, V-vy) = (e —eh,vn)+ Atv Z(V(uj —ul), Vuy,)
j=1
ALY (b(uj, w’,vn) — bu, ufl,vh)) + AR (V- () — ),V o)
j=1 j=1
: " (ot 0
n J
+(Ah,V.vh)—|—At; ! — =t o | (38)
Applying Lemma ?? we obtain
. APV - ‘oA
A7l < o | sup LRV o oan ). (39)
vpEX) HVUhHO

Let us bound the first term on the right-hand side of (??). From (??) we get with the
triangle inequality, the Poincaré-Friedrichs inequality (?7?), and the estimate for the dual
pairing

sup (Ah7 V- Uh)

n 0 . .
€ 71+ € 71+At1/ v ujfuj 0
o T Vonlo lell-1 + llex SV — )

Jj=1

ALY Buul) — Bluh, ui)l -1+ Atu Y[V - o

j=1 j=1
s A g
+AtZ 1A 110 + Atz N (40)
Jj=1 j=1 -1
Note that, since || - ||=1 < C| - ||lo, the first term on the right-hand side of (??) was already

bounded in the derivation of the velocity error bound. To bound the third and fifth term
on the right-hand side of (??), we use the fact that for any sequence {a;}72, of nonnegative
real numbers and n < T'/At by the Cauchy—Schwarz inequality holds

ALY a; <TV? (AtZa?) . (41)
i=1 i=1

With this estimate and the velocity error bound (?7), an estimate for the third and fifth
term is obtained. Using (??) and (??), the bound of the last term on the right-hand side
of (?7?) follows. For the sixth term, we apply (?7?) to get

AtY M llo < CTH|[pl| o= (zz-)-

j=1

10



We are left with the fourth term on the right-hand side of (??). Arguing as in [?], we obtain
Aty ||B(u’, w’) — B(uf, uf,)|| -1
j=1

oAty (luhlli= + 19 - whll 2o + w'll2) 1w’ = il

<
j=1
n . . .
A [ 1V - T o
j=1
< T i iy
< or (max Qe + 1) max o’ ) o

" 1/2
1/2 AT J o ad
+CT (At E . v uh|L2d/(d1)> 121].35)(" [w” — s lo
i=

n 1/2
+OT 2|l oo (a1 (Atz A ui)l%) :
j=1

To bound the norms involving u? , the inverse inequality (??), the Sobolev embedding (??),
and (?7?) are used to get

luhlles < lleblle + [l < Ch™*2llefflo + [l |
< O el llo+ I — @l + o o
< el llo + O ullz + Clulls
< Ch™2|ledflo + Cllul poegar2)- (42)

The term ||e]||o was already bounded during the derivation of the velocity error estimate.
Applying the inverse estimate (?7) gives

n 1/2 n 1/2
<Atz||v-uz;|i2d/m_m) SOh””(AtZlvui}HS) L Wy

j=1 j=1

where the term on the right-hand side is already bounded in (??). Using (?7?), (??) and

assuming
lebllo = O(h™?) and At < Ch%?, (44)

we finally reach

At B!, w) - Bu, u),)|| -1
j=1

" 1/2
—1 i i j j 2
< Ou, 0w, O, p, T ™) | max o’ =g flo + <AtZ IV (u” - ui)lo)

j=1

The bound of this term is finished by applying (?7?).
Inserting the derived inequalities in (?7?) and going back to (??) yields

||A2||0 S /BOC('U‘7 8tuvattu7p7 T:IMN_I) (||e(f)1,||0+hs +At) +IBO||U;L(VAZ)|‘TP
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The last term was already bounded in the derivation of the velocity error estimate, since it
is by the Cauchy—Schwarz inequality

n 2 n
lon(VADIZ, = HAtZJZ(VH) < n(A)* > on (VA
j=1 ™ j=1
= TAtY |on(VA)I3,,
j=1

which is a term on the left-hand side of estimate (??). The estimate for the pressure error
is obtained by applying finally the triangle inequality to the splitting p’ —p], = A — A7 and
using (?77).

Theorem 2 Let the assumption of Theorem 77 and the assumptions (??) be satisfied, then
the following error estimate holds

S ﬁoc(uy 875“7 8ttu7p7 T7 .u_l) (HUO - u(})LHO + hs + At) .
0

Hmzw‘ i)
j=1

4 Local projection stabilization with control of the
fluctuation of the gradient

In this part we will concentrate on the LPS method based on the stabilization of the gradient.
The stabilization term S}, is defined by

S’h(uh,'vh) = Z Tv, K (UZ(Vuh),U;(VUh))K, (45)
KeTy

where 7., x, K € Tp, are non-negative constants. This kind of LPS method gives additional
control on the fluctuation of the gradient. In the sequel we will use the notations

(f,9)r = > mx(fo)x and | fll-, = (f,9)1.

KeTh
For the stabilization parameter we will take 7,k ~ 1. The same finite element spaces are

used as in Section 77.

Assumption A1l There exits an interpolation operator i, : H?*(Q) — Q with the
approximation properties

llg = inglly s + hrcla = ingl, o <ChE Nl yy s Vo€ HTH(K), 1< <L (46)
for all K € Tp. The pressure interpolation operator i, satisfies the orthogonality condition
(q—ing,mn)k =0 YqeQNH*(Q), rmeY " KeT. (47)

Remark 2 The operator ¢ is the analog in the pressure space to the approximation used
in the previous section to bound the velocity error.

Let us observe that the velocity and pressure spaces Y and Y}, respectively, are based
on piecewise polynomials of the same degree | and are the same space (apart from the
fact that the velocity space has d components). This property is essential for applying the
following lemma. This lemma can be deduced from [?, Theorem 2.2].

12



Lemma 3 Let afl : LQ(Q)d - Yfl be the interpolation operation defined in Section 7?7 and
let w € Wh=(Q)? and v, € Y. Then, it holds

H(I*O’j)(u'vh)HO < Chllullwr. [lvnllo,

(I —op)(w-vn)lli < Cllullwellvnllo- (48)

Lemma ?? will be applied for j € {I - 1,1}. .
Remark 3 Lemma 77?7 holds true for v; € Y{l with several components or v, € Y}f with
only one component.

Remark 4 In this section, in order to apply Lemma 7?7, we need that the velocity and
pressure spaces are the same. Then, the analysis holds for the LPS method based on the
term-by-term stabilization introduced in [?]. On the contrary, the analysis of the previous
section also holds for the standard one-level LPS method over triangular or quadrilateral
elements [?, ?] with slight modifications.

4.1 Error bound for the velocity

We consider the approximation of (??) with the implicit Euler method in time and a LPS
method with LPS stabilization for the gradient of the velocity (??) and for the pressure.
Given uj, = Iyuo, find (up ™, ppt") € (X1, Qn) such that

n+1 n
(uh —up

At ’vh) + b(uZ+l7uZ+l7vh) + V(vuz+17 vvh) - (p2+17 \E 'Uh)

+Sn(up T on) = (f"T o), Yon € X,
(v : u;:+17 l]h) + 5pres(p2+l7 qh) = O, th S Qh.

In the sequel, we will denote by u) the function defined in Assumption Al satisfying
?7) and by pp = inp™ and we denote
h

AN am n n __ an n j\n_An n )\n_An n
€p =Up —U , € =Up — Up, h=DPh =D, h = DPh = DPh-

It is easy to see that (ej, \;) satisfies the same equation (??) as in Section ?? and, conse-
quently, (??). In the present analysis, the first term on the right-hand side of (??) and the
last three ones will be treated differently.

Starting as for deriving (?7?) yields

|b(u2+17 u2+17 eZ+1) - b(ﬁz+17 ﬁZ+17 e;zl+1)|

AT n 1 n ~ T n
< Ivayplzellen ™G + 5((V e ap T en ™). (49)
To bound the second term on the right-hand side of (??7), we decompose
(V-enthap™ ep™) (50)

= ((V-er™)oh@™ ep™) + (Ve (= a) @ - ei™)) .

Using the error equation (??) with (va,qn) = (0,0} (4" - e; ")) gives for the first term
on the right-hand side of (?7)

(7 e on@it - epth)
n+1 l s ~n+1 n+1 An+1 l ran+1 n+1
= Spres(pp L on(@y " ey )+ (V&7 L on(a,” e, ). (51)
For the first term on the right-hand side in (??), arguing as in (??), we have
n+1 I /an+1 n+1
spres(py, s on(@y, ey ))

s 1 * n * AT n
< Ch*||pl oo care) + gIIOh(VM“)IIZ +Ch?||oy,(Voh (@ - ey ™).

13



For the last term above, applying (??), the inverse estimate (?7), and (?7?), it follows that

W ||on(Von (@™ ey ™G < Ch|[Vai(ay™ eI
< CR*h7?|on(ap - ey ™5
< Clay i llen ™I,

so that
n+1 ~n+41 n+1
Sprcs(Ph+ h(thr h+ )
2s 1 * n+1 Amn n
< Ch I\p\ILw<Hs>+§H0h( VXTI, + Cllag ™ [T ller ™[5 (52)

To bound the second term on the right-hand side of (??), we get with (??) and (?7)
(V- oh(an™ - en™™)) < OB |l Lo grosr) + Cllan ™ [T lleq ™ 5.

For the second term on the right-hand side of (?7?), we apply Lemma ?? and the inverse
inequality (?77?) to obtain

IN

(V- ert),a —a)@@t -ei™)) < ChlIV- e follag wr<ller o

IN

Cllay ™ lwr.es llen™ 5.

Collecting all estimates, we reach

plui g e ) — bt e )|

~mn ~n+1 n+1 2s 2 2
< C(IVag o + i o) ler 18 + O (Il ey + Nulfc o4

*IIO (VAOIE,- (53)

Remark 5 We like to emphasize the aspect that the only stabilization that was used to
derive the optimal estimate (??) of the convective term (in which the constants do not depend
on inverse powers of the diffusion parameter) was the LPS stabilization of the pressure — a
stabilization term whose proposal does not possess any connection with dominant convection.

The last three terms on the right-hand side of (??) will be bounded next. The term
Spres(Pr T, AR T!) can be bounded as in (?7), using (??) instead of (??), and replacing the
factor 1/4 multiplying the last term in (?7?) by 1/8. Also, arguing similarly to (??) we have

Sl ety = (o—h<v"“> o (Ver ))n,

< IIU;L(Ve"“)IITV +lloh(Vay I,

*Sh( nhen™) +llon(Va Iz, -

Then, applying the L? stability of o}, (??), and (??) yields

lon(Var ™2, < llonV(@y™ —u" |7, + lon (Ve |2,
< OV = a" G+ Ch* lullfeo o)
< CR*||ul|g oo (1),
so that
Su(ay ™ ep™) < S (en™ en™) + Ch™ |[ullg e sresr)- (54)

Finally, to bound the last term on the right-hand of (??), we use the orthogonality
condition of the pressure interpolation operator (?7?), that the norm of the gradient contains

14



all terms of the norm of the divergence and |o;(V - e} ™) ||, < Vd|o}(Ver™)|-, holds,
that 7,k ~ 1, and (??) to get

M Veer™) = =" —ap T Vet = ("

—inp" " oh(V - en ')

< " =™ ok (V- en )l
< O™ =i llon(Ver ™,
. 1, .
< Cllp™" = inp™ I + Zllon(Ver ™2,
S 1 n n
< COw HpHi“’(HS)+Zsh(eh+1aeh+l)' (55)

Collecting all the estimates we reach
len ™15 — llerlls + Atv||Ver ™15 + Atllon (VARTIE, + llon (Ver ™13,
< OAL(L+[[Vay ™ oo + [l IZe0 ) llen ™15 + A€ 13
+CA (L4 V) [l ety + Pl e ) ) -
From (?7) and (??) we deduce
L+ [IVay oo + 147 |70 < Mu, My =1+ C(|Jullpoc(zs) + |ullie@m2).  (56)

Summing up the terms, assuming that

-1
AtM, < 2 (57)
and applying Lemma ?? (Gronwall) leads to
lerll§ +Atr Y IVeRlls + At llon(VAIZ, + ALY lok(Vep)ll7, (58)
j=1 j=1 j=1

< T <|e2||8 + At 1IED, 113 + CTR (L4 vl e areeny + Iplliw<Hs>)> :
j=1
Now, we can argue exactly as in Section ?7 to conclude

ek s+ Atw Y IIVeRlld + At Y lon (VAT + At Y llok(Ver)l)7,

=1 j=1 j=1

. N tn
< T <||e2||3+OTKu,ph25+O(At>2 / I\f?nuHS), (59)
to

with

- 2 2 2 2

Rup= (14 Tl ey + )l e, + 10l iy + Il ey ) - (60)
The triangle inequality finishes the proof of the velocity error estimate.

Theorem 3 Let the solution of (?7) be sufficiently smooth in space and time, let the time
step be sufficiently small such that (77) holds, and let Assumption Al be satisfied. Then,
the following error bound holds for 2 < s <

" = wplly + Atw Y V(! — w5+ ALY on (Ve - o)),
j=1

j=1

FALY o (V! ul)2, (61)

_ _ tn
< gt (He%% + TKuph™® + (At)Q/ [[Desell dt) ;

to

where the constants on the right-hand side are defined in (??) and (77).
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4.2 Error bound for the pressure

The bound for the pressure follows the lines of Section ?? with the exception of the bound
of the nonlinear term that can be handled as follows

[B(w",u") = B(up, up)l|-1 < Sup [b(u”, u" —up, )| + Sup b(u” — up, up, @)l
¢ll1=1 oll1=1

Arguing as before and recalling that V - u = 0, we can prove

1B(w",w") = B(uh, up)ll-1 < (|lu” [z + lupllzee) " = willo + Sup (V- up)é, up)l-
1=1

The last term can be decomposed as follows

(V-up)p,up) = (V- up,04(¢ - ui)) + (V- up, (I — 0}) (¢ up)). (62)

Since ot (¢ - ull)) € Y, one can use the error equation (??) for estimating the first term in
(?77). Applying in addition the definition (??) of || - ||+, , the choice (??) of the stabilization
parameter, the stability (??) of the projection, and the inverse inequality (?7) yields

(7
(V- up,oh(¢ - up)) |Spres (A, 0% (6 uh))| + |spres(Bh 07 (6 - uiy))| (63)
Ch ([lor (VX)) + llor (VDR) I+, ||ah<wz<¢ ui)llo
C ([lon (VA + lon(VER) 7, ) 16 - wh]lo-

Applying Hélder’s and Sobolev’s inequality, we have

ININ TN

¢ - urllo < ¢l p2allunll 24/ < Cligllllurll L2/ -,

so that

s (V06 i) < Ol o) (107 (TND e, + O lpllce o)
=1

With the decomposition
up, —u" =ep +u, —u", (64)

the inverse estimate (?7), (?7?), and (??), one obtains for the second term on the right-hand
side of (?7)

(V- up, (I = 03) (@ up)) < Ch (h™"lef]lo + h°[|lw"|s+1) [uh 1. (65)
The product rule and a Sobolev embedding gives

luh -0l < C(lluplle=ldl + [[Vuplp2a/@n ¢l L24)
< C(lluglle + IVukllg2a/a-1) 9]l

Now, adding and subtracting w"”, using decomposition (??) and applying the inverse in-
equality (?7?), (??), (?7?), and a Sobolev embedding we get

Vui|lp2a/@a-1 < C
to

M 02 2 2 o [t 2 1z
e (Nl + TR (802 [ ouul) o+ e [

Assuming that s > 3/2,
lebllo = Oh*?) and At < Ch*? (66)

gives || Vul|| j2a/a—1) < Lu, where

_ _ R tn 1/2
L, = et (uu||im<H2>+TKu,p+ / HauuH(%) L Cllullgems. (67)

to
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Arguing as in (?7), it follows that ||u}| e < L. whenever ||e}]o = O(h%?) and At <
Ch??, which coincides with (??) in the case d = 3 and is weaker than (??) in the case
d = 2. Inserting the estimates in (??) leads to

Sup (Vi (I = 0n)(¢-up)) < Lu (llello + A" u"[|s41) -
1=1

Collecting all estimates and taking into account that ||u™ —u}|o < |l€f]lo + Ch T |u"||s+1
yields

[B(u", u") = B(up, up)| -1
< Lulllefllo + I (VAR ny + A° (Iplleqarsy + Allallsearsny) ]

and using (?7?) gives

ST AlB@ W) — Buj, u))| -1
=0

< L.

7 (s, lehllo + 1 (Ipll=cro + el in) )

n 1/2
+T/ (Z AtlffZW/%)lli) } .

j=1
Now, the bound for the pressure concludes as the bound of Section ?7.
Theorem 4 Let the assumption of Theorem 7?7 and condition (77?) be satisfied, then it holds

HAtZ(p7 - pi) S ﬁoC’(u, 8iu7 attu7p7 T) (HuO - u(f)LHO + hs + At) .
j=1

0

5 Local projection stabilization with control of the
fluctuation of the divergence

In this section, a LPS method is briefly studied, under the same assumptions as in Section 77,
that uses instead of the stabilizing term (??) a corresponding term with the divergence

Su(un,on) = Y Tuk (03(V - un),on (V- vn)) g (68)
KeTy,

with 7,k ~ 1, i.e., a local projection stabilization of the grad-div term is applied.

In Section ?7?, the stabilization with respect to the velocity enters the error analysis in
(??) and (?7?). It can be readily checked that an estimate of form (??) can be derived also
for (?7). With respect to the other term, one applies similar steps as for deriving (?7?) to
obtain

AL Veer™) < " =™ ok (V- e

IN

n .oon 1 * n
Cllp™™ = inp™ 6 + llon (V- e ™I,

Altogether, the formulations of Theorems ?? and ?? apply literally also to the LPS
method with the local grad-div stabilization (?7?).
Remark 6 Let us observe that assuming p € H*t'(Q) instead of p € H*(Q) we can write
(5‘2+17 V- eZ-H) = _(VS‘Z-H? eZ-H)
X%l ller ™ o (69)
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and then the first term is O(h*) for p € H*T'(Q) and the second one goes to the Gronwall
lemma. This means that for equal order elements only the stabilization of the pressure gives
the same rate of convergence as, for example, Galerkin plus grad-div, assuming enough
regularity for the pressure.

Let us also observe that assuming p € H*"1(Q) for the method of Section ??, i.e., global
grad-div stabilization plus LPS stabilization for the pressure, one can argue as in Section 77
and then apply (??) instead of (??). Then, applying (??) instead of (??) the factor p~*
disappears from (?7?). As a consequence, u ~ O(h) is a possible option for the stabilization
parameter since with this choice (??) holds with IA{u,p independent of p~'. Let us finally
point out that in view of (??) the choice u ~ O(h) compared with u ~ O(1) gives the same
rate of convergence for the L? norm of the velocity error but reduces the rate of convergence
for the divergence by half an order.

6 A method with rate of decay s+1/2 of the velocity
error for v < h

This section considers the method from Section 77?7, which adds a stabilization term that
gives control over the fluctuation of the gradient of the velocity and the standard LPS term
for the pressure in the situation that v < h. It is shown that with a different choice of the
stabilization parameters and by assuming a higher regularity of the solution, both issues
compared with Section ?7?, the rate of the error decay for the left-hand side of (??) can be
increased to s+ 1/2.

We follow the analysis of Section ?7. Instead of choosing the LPS parameter for the
pressure as in (77), it will be assumed that

arhg < 7px < aohk, (70)
and instead of taking 7, x ~ 1, it will be assumed that
cahkx <7k < c2hk, (71)

with nonnegative constants ai, a2, ci,ce. In the sequel, the assumptions for the spatial
regularity of the solutions are p € H**(Q) and u, d;u € H*T'(Q)? at almost every time for
s> 2.

The analysis starts with a different estimate of the truncation error 52:1, defined in
(?7)—(?7?). In (?7?), the estimate of the term coming from this error is replaced by

+1)2
[

4

lleh

+12 +1 +1
€, 1116 + +(&nraren’ )

The term ({Z:é, e)'™') can be decomposed in the form

bl e ) — @ g e )

A M AN n n 1 AN AN n n
< ((apt V) (apTt —w T ep T + §|((V caph (ARt —utth), et

AT n n n 1 A~ T n n n
+|(((uh+l -—u +1) “V)u +1»eh+l) + §|(V ’ (uh+1 -—u 'H)u +1’eh+1)‘. (72)

Since ||[Vu"||Le is bounded by the regularity assumption and ||V - @™ ||re is bounded

n (?7?), the second and third terms in (??) can be bounded by

n+1

ay " —u" " ollen ™ lo.

Cllullzoe sy @,
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Thus, we only need to bound the first and the last term in (??). Using integration by parts
gives the decomposition

(@pt - V@ —u"h) et = (Vv An“)(A"H —u"t), epth)
(fL V€n+1 An+1 n+1).
Again, the first term can be bounded by C/||u/ o g3y ||y aptt — w1 o]ler o, so we only

need to bound the second one. Using that the range of O'h s Yi;l and the definition (?7)

of 4! yields
(An+1 n+1 »n+1 _ n+1)
= (Uh(ﬁZ+1 Ve"“),ﬁnﬂ —u") (73)
= (on(apt oy Vel aptt — ) 4 (on(ap T - on Vel ) aptt — ).

We apply Lemma ?? to the first term to obtain

|(O_Z(ﬁz+1 venJrl) ﬂnJrl _ n+1)|
< Chl\ﬁZHIIvvloolla Ver ollan ™ —u" o
< CIIf/;Z“leocl\e"“IIollw+1 u" o,

where in the last inequality we have applied the L? stability of aiL_l (??) and the inverse
inequality (??). For the second term of (?7?), we get with (77?)

~n—+41

(i@ - oivert), apt - )

)

< C Z ||An+1 hvenJr HLQ(WK)HAn+1 _un+1”L2(K)
KEeTh
< C Z ||An+1 Uhveh+ Il 2 K)HUM—1 n+1HL2(K)
KeTh
< C Z ||ﬁz+1”L°°(K)HUZV6 ”L?(K)”AnJrl n+1||L2(K)
KeTy
< C|"‘1n-~_1||L°o Z H”H_l n+1||L2(K) +3 3 Z Tu,KHU;VGZHHQL?(Ky

KeTy, KeTy,
This bound concludes the estimate of the first term on the right-hand side of (??). To bound
the last term on the right-hand side of (??), integration by parts and (??) are applied
IV (@ =t et
| = (@™ —u" L oV (™ et
|(ﬁz+l _ un+l7 O_;(vun+l n+l))| 4 ‘ ~ n+1 _ un+1, o_h(ven+1un+1))|

lap ™ — "“HoHVU"HIILmHe"“\lo+\(””+1 u"t o (Ve Tu ).

IN A

The last term can be bounded arguing exactly as in (?7?). Thus, collecting all estimates and
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using (??) to bound [|@) ™" || Lee < Cllul|poo g2y yields

|b(un+l’un+1’ez+1) _ b(An+1 An+1 n+1)|

up
< Cllullgeems)llu™ —ay o Hen+1||0+c||u”L°°(H2) > morlan Tt —ut T e
KeTy,
1
4 Z TVKHO'hv€n+ HLZ(K)
KeTy,
< CHu||2L°°(H3)||un+1 An“”o*‘ \|e”+1|\0+0||u|\Loo(H2) Z HA”H n+1”%2(1()
KET,
1 *
21 > mrlonVer e
KeTy
< Ol sy (s ik ) B = G571+ e ™ B+ g hleh ™), ()

where we have bounded min e, {75, Yl gy 02 12y < Cllul2 gy 2 112, <
2
C||u||L°°(H3)'
Thus, in the present case, instead of (?7), we have

ler ™I _ llerlls . llen™ —ehlls
2A¢ 2At 2At

+7 Sh( nhen™)

IIV R G+ lon (VAR

< b n+1 n+1 n+1 b ~n+1 An+1 n+1 n+1 Hez+1||g
< ‘ (up, ™ wy e ) = b(uy T ey ‘—’_”Evhl T

+‘ n+1 AT ’+ ||vAn+1||O+‘Sprcs Crans )\n+1)’
+CH“HLOO(H3) (max TVK) \|A”+1|‘0+|Sh antl entl) “"‘ A+ v )]

Next, we argue as in Section ?? and apply (?7?), (?7), and (??) as starting point for es-
timating the first term on the right-hand side of (??). To bound the first term on the
right-hand side of (??), a similar approach as in (?7?) is applied, taking into account the
different stabilization parameter and regularity of the solution,

spres(Ph 1, ok (@ e ™) (76)
< ON ol + gl (TN, +4 s e ) ok (Vh (@57 eI,
Now, the bound of the last term of (??) becomes different as in Section ?? since the ap-

plication of the inverse inequality gives rise to a term with factor h™', compare (??). The
triangle inequality gives

o (Von(@y™ e ™ NIE < 2lon(Viant" - e ™))l
+2)|ok (VI = op) (@ - e )5 (77)

For the second term on the right-hand side of (??), we apply the L? stability (??) of o} and
(?7) to get

lon (VI = an)(@y ™ - en ™) CIVU — a3) (@, - e ™3

<
< C\Iﬂﬁ“llwlm\le"“l\- (78)

Utilizing the product rule, the triangle inequality, and (?7?) gives for the first term on the
right-hand side of (?7?)

lor(V (@™ - en™))llo < ClIVaR ™ e~ leh™ o + ok (Ver ™ ah ™ )llo. (79)
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For the second term on the right-hand side of (??7), we use the decomposition Ve"'H =

ol7IVel ™ + 0" Vet Lemma 77, (77), and the inverse estimate (??) to obtain

lo(Ver ™ an ™ llo < Chllag ™ lwies oy Ve ™ lo + llok (07 Ve ™ an™) o

< Ollag ™ lwe I\E"“Ilo +Cl(0r Ve ag o (80)

For the second term on the right-hand-side of (??) we get

o7 Ver™Mar™ 15 = > lenVer ™ a7z,
KETy,
~n+1)12
< Z ek o a0 lloh Ver ™ 72 )
KeTy,
= Z HAn-H||L°°(K)TU,K||U;V62+1HiQ(K)
KeTy
~n+41 n+1y112
< (e ik ) 1 i o Ve IR, (s1)
Altogether, we conclude from (?7), (?77?), and (??) that
lon(V(@ap - en ™I < Cllay™ iyrller ™15 (82)

s e (e ik ) loi(TeR ).

Taking into account (?7?), (??), and (??), we finally obtain for the last term on the right-hand
side of (?7)

(g ) i (V@i e )
< Ol e R
40l i (o ) (o k) ok (Ve ). (83)
Thus, assuming

16’

with C being the constant of the last term of (?7), estimate (?7) gives

Cllay |7 (max Tp, K ) (max T, > < 1 (84)

« R P ANTP:
(g ) i (V@i e )
< ORI e e + (e e, (59)
From (??) and (?7) we get now

sprea(ph L on (U ey ™) < CRPpl e ey + Ch i

An+1 n+1
le 5] H HO?
+§HUZ(V/\Z+1)HTP *Sh( nen™). (86)

Observe that (??) is the counterpart of (?77).
To bound the second term on the right-hand side of (??), applying integration by parts,
(?7), the Cauchy—Schwarz inequality, and Young’s inequality yields

((v-eroh@i™ - ei™)) = — (&t oi(vol (@ - eit)
llen 113 ntl | ntlyy)2
< TR ehllo (Voh (i e ) (87)
< CeT W ull o o) + ehlloh(Von (@7 - €S
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with some € > 0. Now, the second term on the right-hand side can be estimated the same
way as the second term of (??). The parameter € can be chosen sufficiently small so that
1

Cehllay (|7 k) < = 88

ehllai 12 ( ax 7ok ) < 5. (39)

and hence, the second term of (??) can be bounded by (?7).
Collecting terms and assuming that condition (??) holds, instead of (?7), we reach
b e ) — (g gt e )|

< C (IIVA"“HLOO +hllan ™ e ) len ™I + *Iloh(VA”“)lli,,

+= Sh( W et + on*tt (||P||2Loo(Hs+1) +e ||uHL°°(HS+1)) .

Now, we argue as in Section ??, taking into account that p € H**(Q) and applying (7?)
and (?7?). The estimate of the fourth term on the right-hand side of (??) uses the approach
of (?7) and the choice of the stabilization parameter (?7). The seventh term is bounded by
(??) and the stabilization parameter (??7). To get a higher order of the fifth term of (?7),
we have to assume that

v<h. (89)
Collecting all estimates gives, instead of (?7?),
||eh|\o+Atl’ZHV€hHo+AtZH0h (VNIIZ, + Zl\ah AlE
Jj=1 j=1

< T <| hHo + 2Atz ||§uh 1“(2) + CThR** 1! (HU”?LOO(HSH) + |p|2L°C<H5+1))> )

where
1+C (HVATH—IHL‘X’ + Al An+1||W1,oo) <M,=1+ C||u|\Loo(H3> (1 + Hu”Loo(HS)) . (90)

Note that we apply (??) and (??) under the assumption d;u € H*7*(Q)? to bound H{fjh’l II3.
Then, instead of (?77?), we obtain

lenlld + At Y vl Vel lls + At Y lon(VADIZ, + ALY llon(Vel)ll7,
j=1 j=1 j=1

tn
< e (el oria o [ awip).

to
with
-1 2 2 2 2
Kup = ((1 +e 7 F llullzoomzy) 1wl po ety + 105wl foo (gror1y + ||pHLoo(Hs+1>) , (91)
¢ being the value in (??). The triangle inequality finishes the proof of the velocity error
estimate.

Theorem 5 Let the assumptions of Theorem 77 be satisfied, let in particular w,O:u €
L0, T; HTH(Q)Y) and p € L*°(0,T; H*T1(Q)). Let the stabilization parameters be chosen
such that (77?) is satisfied and let condition (??) hold. Then, the following error bound is
valid

lu" = w3 + At Y V(! = w5+ ALY on(VE' - i),

j=1 j=1

HALY lon(V(u! — )3, (92)
j=1

tn
< ettt <||€2H3 +TKuph™ " + (At)Q/ [[Deeuall dt) ,

to
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Figure 1: Grid 1 and 2, level 0.

where the constants on the right-hand side are defined in (??) and (77).

Remark 7 The bound for the pressure follows the steps of Section ??7 with the only
difference that due to the change in the size of the pressure stabilization parameter instead
of (7?) we get

(V- (uf —u"),00,(¢ - up)) < Ch 2 ([0 (VAR 7, + 05(VER) l17,) 16 - uitlo,
and

sup (V- (= ") 046 u)

< Cllupll gaara-n (B0 (ATl + OB 2 bl oo ey ) -

The factor h~'/2 remains during the analysis in front of ||o;(VA})||-, such that a higher
rate of error decay for the pressure error cannot be proved with this approach.

The last term in the second line of (?7?) has the same principal form as the last term
of (??7). In contrast to the analysis for the velocity, we did not find a way to replace
the application of the inverse estimate by a more sophisticated approach that leads to an
improvement of the rate of error decay for the pressure.

7 Numerical studies
Numerical studies will be presented for the sake of supporting the analytical results. Simu-

lations were performed at a problem defined in Q = (0,1)? and the time interval (0, 5] with
the prescribed solution

u

sin(mz — 0.7) sin(7y + 0.2)
cos(t) (cos(mt —0.7) cos(my + 0,2)) ’

p = cos(t)(sin(x) cos(y) + (cos(1l) — 1) sin(1)).

The version of the Scott—Zhang operator proposed in [?] was used for computing the
local projection. The numerical studies were performed with the code MOONMD (?].

The new contributions of this paper are the error bounds with respect to the spatial
discretizations; the first order convergence of the implicit Euler scheme is well known. That’s
why, the numerical studies aim to support only the derived spatial orders of convergence. A
standard approach consists in considering setups where the temporal error is negligible. This
approach requires the use of small time steps. In addition, noting that the actual temporal
discretization does not contribute to the spatial order of convergence, it is advisable to use
a higher order temporal scheme to be able to perform the simulations with a reasonable
number of time steps. As temporal discretization, the second order Crank—Nicolson scheme
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was used, its analysis being included in the Appendix. With the Crank—Nicolson scheme
a small time step At = 0.001 was used. Hence, the temporal error possesses a negligible
impact on the first refinements of the coarsest grids presented in Figure ??. The nonlinear
problems in each discrete time were solved until the Euclidean norm of the residual vector
was less than 10713,

7.1 LPS with global grad-div stabilization

Here, method (??) analyzed in Section ??, with the Crank—Nicolson scheme instead of the
implicit Euler method, will be studied.

The asymptotic choice of the LPS stabilization parameter is given in (??). From nu-
merical studies, we could see that 7, x = h% is an appropriate selection with respect to
the accuracy of the computational results. From the statements of Theorem ?? and 77,
it follows that the grad-div stabilization parameter should be a constant. Numerical tests
showed that 4 = 0.1 is a good choice. In addition, since in the considered example the
pressure solution is smooth, it would be possible to obtain in the last term of (?7)

C
;h%“) ||p||i°°(HS+1)7

such that also the choice p ~ h is possible without reducing the order of convergence. Thus,
also results for p = 0.1hx will be presented. Note that u ~ h is the choice that is proposed
for the equal-order SUPG/PSPG /grad-div stabilized finite element method of the Oseen
equations, compare [?, Rem. 5.42].

Besides a number of standard errors, an error is monitored that is an approximation of
the left-hand side of (??7). The approximation consists in considering instead of the pressure
term, the term

A LIV - )3, (93)
j=1
with 7, = h? and h = h02717 [ being the index of the level with ho = V2 for Grid 1 and
ho = 1 for Grid 2. Using (?7?), the pressure term on the left-hand side of (??) can be
estimated from above with (?7) times a constant.

Results presented with the P>/ P» pair of finite elements are presented in Figure 7?7 and
with the P3/Ps pair of spaces in Figure ??7. These results agree with the analytical predic-
tions. Concerning the grad-div stabilization parameter there are only minor differences in
the results. For the P3/Ps pair of spaces, u = 0.1hx gives a somewhat better approximation
of the pressure. Considering the individual terms, one can observe that the convergence of
the velocity error in ||[(u—wr)(T")|| 12 is generally faster than the convergence of the left-hand
side of (??) and that the L?(0,T; L?(Q)) error of the pressure gradient converges slower in
some cases.

Figure 77 displays a representative result for the dependency of the errors on the viscosity.
It can be seen that all errors, in particular the approximation of the error on the left-hand
side of (?7), are bounded for v — 0. This behavior coincides with the analytical prediction.

7.2 A method with rate of decay s+ 1/2 of the velocity error
for v <h

Simulations for the method analyzed in Section ?? were performed on the irregular Grid 2,
to prevent any superconvergence effects, for v = 1078, such that condition (??) is satisfied,
and for the final time T' = 0.5. The remaining setup of the simulations was as described in
Section ?7.

The methods incorporating the fluctuations of the velocity gradient were implemented as
follows. Generally, the nonlinear problems were solved with a fixed point iteration (Picard
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Figure 2: LPS with global grad-div stabilization, P,/P, pair of finite element spaces, Grid 1
(left) and Grid 2 (right), dotted line: slope for second order convergence.

iteration). Since the matrix representing the fluctuations of the gradient possesses a wider
stencil than all other matrices for the velocity-velocity coupling, we put the term with the
fluctuations of the velocity gradient on the right-hand side in the Picard iteration. In order
to achieve a satisfying rate of convergence of this iteration, numerical tests showed that the
parameters {7,,x } should be rather small. In addition, we could see that increasing these
parameters above a certain value leads to a notable increase of the errors. Altogether, for
the irregular Grid 2, 7,k = 0.0lhx turned out to be an appropriate choice. In view of
condition (??), the LPS parameters for the pressure were chosen to be 7, x = 10™*h.
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Figure 3: LPS with global grad-div stabilization, Ps/P3 pair of finite element spaces, Grid 1 (left)
and Grid 2 (right), dotted line: slope for third order convergence, same legend as in Figure 77.

An error bound for the considered method was derived in Theorem ??. In the numerical
simulations, the terms with the fluctuations on the left-hand side of (??) were approximated
by

AL lor (VT — p))IE,. ALY [oh (VI — ud)),,
j=1 Jj=1

where I, is the Lagrangian interpolant. With the interpolants of the solution, these terms
can be simply computed by matrix-vector operations with the matrix of the fluctuations.

Computational results are presented in Figure ??. One can observe the proposed rates
of decay of the velocity error. Having a detailed look on the individual contributions of
the error, we could see that the L? error and the fluctuations of the velocity gradient were
dominant.
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Figure 4: LPS with global grad-div stabilization, P»/P» pair of finite element spaces, Grid 1,

behavior of errors with respect to v—*

, same legend as in Figure ?77.
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Figure 5: A method with rate of decay s + 1/2 of the velocity error for v < h, computational

results on Grid 2.
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