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Abstract

In this paper we analyse the order reduction which turns up when integrating
nonlinear wave problems with non-homogeneous and time-dependent boundary
conditions with the well-known Gautschi method. Moreover, a technique is sug-
gested to avoid that order reduction so that the classical local order 4 and global
order 2 are recovered. On the other hand, the usual approximation for the deriva-
tive which is used together with this method is also analysed and a substantial
improvement is suggested. Some numerical results are shown which corroborate
the performed analysis.
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1 Introduction

With the recent improvement of Krylov-type methods, exponential integrators [22] have
become a valuable tool to integrate partial differential equations because the linear part
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is integrated exactly and no stability problems turn up. In this paper we concentrate
on second-order differential problems in time, for which trigonometric integrators [21]
or multistep cosine methods [7] are suitable exponential integrators. More particulary,
we concentrate on the simplest of these, Gautschi method [16].

On the other hand, in the recent literature, an analysis has been done on the order
reduction which turns up when integrating first-order initial boundary value problems
with non-homogeneous and non-periodic boundary conditions with the aid of several
exponential integrators of Lawson or splitting type [2, 14]. Moreover, several techniques
have been designed to avoid it [3, 4, 5, 8, 9, 12, 13| for both linear and nonlinear
problems. In this paper we aim to do the same with Gautschi method, which is so
useful when approximating the solution of wave problems. This type of problems are
very interesting in practice and, therefore, it is important to get an approximation of
them as accurate as possible. Besides, the abstract framework is necessarily different
from other problems which have already been considered in the literature as well as
the type of functions which turn up when modifying the method in order to avoid the
order reduction.

We tackle directly the nonlinear problem for the sake of completeness. Moreover,
although the standard Krylov methods may fail to converge for trigonometric functions
of unbounded operators, there are efficient implementations to approximate them in
the set of rational Krylov subspace methods [19].

In this paper we consider an analysis of the full discretization of the problem, both
in space and time. With the classical approach, the space discretization is firstly done
and, secondly, the time integration. In such a case, if periodic boundary conditions
are considered, second-order in time is observed uniformly on the space grid [18]. For
that, the only assumption which is required on the exact solution is that its energy
is bounded. However, when the boundary conditions are not periodic but are general
and time-dependent, order reduction is observed, as it is fully explained in this paper.
In order to avoid that, we suggest in this paper a technique which works with the only
condition that the exact solution is regular enough, which is a typical requirement if
a certain accuracy can be achieved. This technique is based on integrating firstly in
time determining some of the terms which define the method through some differential
problems with appropriate boundary conditions which can be calculated in terms of
data. Then, the space discretization is performed to approximate the solution of those
new differential problems. In any case, for those who are more interested in applying
the modified method than on the analysis, the final formula to be considered is written
in (28) (c.f. with (11) for the classical approach). Functions y; and -, turn up there,
which can be both calculated in terms of a cosine function according to their definition
in (7) and (24).

On the other hand, although Gautschi original method just approximates the solu-
tion [16], it is usual to consider also an approximation for the derivative which is based
on the differentiation of the variation-of-constants formula which defines Gautschi
method [17]. In this paper we also analyse the error for the derivative with the classical
approach and suggest a modification to improve it (see formulas (32) and (39)). In
such a way, we obtain error bounds of the same type than those obtained in [15] for



trigonometric integrators under periodic boundary conditions. More precisely, the ones
corresponding to s = 0 and a = 1 in Theorem 2.1 of that paper.

For the sake of clarity, we firstly assume that the space discretization satisfies
some hypotheses which simplify the proofs of theorems. In such a way, simple finite
differences are for example included and, in fact, we present our numerical results in
a simple problem with them. Nevertheless, the technique to avoid the order reduction
is also valid with other more general space discretizations which include, for example,
finite elements, that are very suitable in more complicated problems. For that case, in
an appendix, we give the final formula to be implemented in (47) and also the extension
of the corresponding proofs.

Therefore, we structure the paper as follows. In the preliminaries we present the
problem at hand in an abstract setting of Hilbert spaces, we remind how Gautschi
method is deduced in an ordinary differential system framework and describe the first
assumptions which are made on the space discretization. In Section 3, the classical
approach is described and results on the local and global error for the approximation
of the solution are given which justify the order reduction which is observed; just order
2 for the local error and hardly 1 for the global one. Then, in Section 4, the technique
to avoid order reduction is suggested and the corresponding theorems are stated, which
prove that the local order 4 and global order 2 in time are achieved. In Section 5, the
analysis for the approximation of the derivative is performed for both the classical
and the suggested approach. In Section 6 a numerical experiment is shown which
corroborates the results of previous sections. Moreover, although it is not an aim
of the paper itself, a comparison between the classical and the suggested approach
is also given in terms of CPU time for a particular problem and implementation.
Finally, the appendix describes the suggested technique for more general abstract space
discretizations.

2 Preliminaries

Let H be a complex Hilbert space and let A : D(A) C H — H be a densely defined,
closed linear operator. We consider the abstract initial boundary value problem of
second-order in time

i(t) = —Au(t)+ f(t,u(t), telo,T),
0 = R
du(t) = g(t),

which we suppose to be well-posed for any smooth enough functions f, ug, vg and g
satisfying the natural compatibility conditions (see for example Section 3 of Chapter 5
in [24]). Moreover, we assume that the linear operators A and 0 satisfy the following
assumptions:

(A1) The boundary operator 0 : D(A) C H — Y is onto, where Y is another Hilbert
space.



(A2) Ker(0) is dense in H and —Aq : D(Ay) = Ker(d) C H — H, the restriction
of —A to Kgr(@), is such that its numerical range is contained in a parabola
Il o = A= P,, where A <0, o > 0 and

P, ={x+iy:y € R 40’z > ¢*}.
(A3) The steady state problem
Axr = 0,

or = w,

possesses a unique solution denoted by x = K(0)v. Moreover, there exists a
constant C' such that the linear operator K(0) : Y — D(A) satisfies

1K)l < Cllolly.
(A4) The function f and the solution u in (1) are such that u € C?([0,T], D(A)) and
f is globally Lipschitz.

Remark 1. Hypothesis (A2) includes the case of negative definite selfadjoint operators,
but also operators associated to a sesquilinear form in Hilbert spaces (see [1, 6, 11, 20]).
Moreover, because of this hypothesis, using [1, 10, 11], for w € H, the solution of

w(r) = —Agw(r), 0<7<T,
w(0) = w,
w(0) = 0, 2)

which will be denoted by cos(TBy)w, satisfies that there exists a constant C' such that
|w(T)|| = || cos(rBo)w|| < Cllw|, 0<7<T.

(This result comes from the fact that the cosine function is bounded in a band around the
positive real azis and when z € Ty o(\ < 0), (—2)2 belongs to such a band.) Besides,
this solution is understood in a generalized sense. In case W ¢ D(Ap), as D(Ap) is
dense in H, W can be approzimated by elements in D(Ap) and we consider the limit of
the corresponding solutions of (2).

On the other hand, the solution of

w(T) —Agw(t), 0<7<T,
w(0) = 0,
w(0) = b,

which will be denoted by By ' sin(7By)w, satisfies that there exists a constant C' such
that

1
|=w(r)| = Isine(rBo)i|l < Clla, 0<7<T.
-

(Similarly, this result comes from the fact that the sinc function is bounded in a band
around the positive real azis.)



We will concentrate on Gautschi method [16] to time integrate (1). When applied to
a finite-dimensional nonlinear problem like

U(t) = —B2U(t) + F(t,U(t)), (3)

where B is a regular matrix, this method comes from considering the variation-of-
constants formula

U(t, + k) = cos(kB)U(t,) + ksinc(kB)U(t,)

+ /Ok B7tsin((k — s)B)F(t, + s,U(t, + s))ds, (4)

which is summed with the one which is obtained by changing k& by —k. This leads to
U(t, + k) —2cos(kB)U(t,) + Ul(t, — k)

—/OkB1sin((k—s)B)[F(tn+s,U(tn+s))+F(tn—s,U(tn—s))]ds, (5)

and substituting the term in brackets by 2F(t,,U(t,)), the difference scheme which
defines the method finally turns up:

Ups1 — 2cos(kB)U,, + U, = k*y1(kB)F,, (6)
where F), stands for F(t,,U,) and

e = 2= )
For the sake of simplicity, in most of the paper we will consider a spatial discretiza-
tion for which the nodal values on a certain grid are the key identifiers of the numerical
discretization, and for which some assumptions can be made which quite simplify the
analysis. This type of discretizations includes some finite differences and collocation
spectral methods. Nevertheless, the analysis is also valid for other more general space
discretizations which include other more sophisticated finite differences and finite el-
ements. A thorough analysis which justifies that order reduction is also avoided in
such a case with the technique suggested here will be given in the appendix. For the
moment, in a similar way as in [5], we assume that, for each parameter h in a sequence
{h;}32, such that h; — 0, X}, C H is a finite dimensional space which approximates
H when h; — 0 and the elements in D(A() are approximated in a subspace Xj,o. All
elements of X, (resp. Xj ) are assumed to be determined by some nodal values in
CV (resp. CM) where N (resp. Ny) depends on the dimension of the problem and the
space grid h. The norm in X}, is denoted by ||-||5. The operator A is then approximated
by the matrix Ay, Ay by An and the solution of the elliptic problem

—Aw = F, ow =g, (8)



is approximated by (R,w?,Qng")T € CV, where Ryw € CM is called the elliptic
projection, Qg € CN~No discretizes the boundary values and the following is satisfied

—ApoRpyw — ApQrg = Py F, (9)

for a certain nodal projection P, : H — C™. We suppose that there exists some
constant C' such that, for w € H and small enough h,

[Prwlln < Cllw].

We also assume that the source function f in (1) has sense as a function from [0, 7' x CNo
on C™ and, for each t € [0,7] and u € H,

th<t7u> = f(t,P;ﬂL)
Moreover, we will work under the following hypotheses:

(H1) There exists B o such that B}QL,0 = App and we assume that Ao and By, are
invertible and that their inverses can be bounded uniformly on h.

(H2) There exists a subspace Z C D(A) with norm || - ||z such that, for v € Z,
[Ano(Bn — Pr)ulln < enllullz,
for €, decreasing with h.

(H3) HA,;(l)AthH » is bounded independently of A for small enough h. Considering
(9), this in fact corresponds to a discrete maximum principle, which would be
simulating the continuous maximum principle which is satisfied because of (A3).

(H4) |l cos(rBno)lln, [Isin(7Bpo)lln, [Isine(rBh,o)l|n, |70l and [|(I—e™Pro) 1|, are
bounded independently of real positive and small enough h and -7 <7 <T.

(H5) f is globally Lipschitz as a function from [0, 7] x CNo — C™o,

3 Classical approach: Discretizing firstly in space
and then in time

In this section we will see that, although Gautschi method has local order 4 when
applied to a non-stiff ordinary differential system where the source term is smooth
enough, it does not happen the same when it is applied to the space discretization
of a time-dependent boundary value problem like (1). In such a case, the following
semidiscrete problem in X, o arises:

Un(t) = —AnoUn(t) — AnQng(t) + f(t, Un(t)),
Uh(O) = Phu(()),
Un(0) = Py(0), (10)



where Ay, o and A,Q), are not bounded with h. Then, Gautschi scheme reads as follows:
U2L+2 — 2COS(]€B}L70)U}?+1 —+ U;ZL = k)z’yl(th@) [ — Athg(tn_H) + f(tn+17 UZL+1)] . (11)

The following theorem states how the local truncation error py, ,, which corresponds to
integrate (10) with Gautschi scheme, behaves in such a case:

Theorem 2. Under hypotheses (A1)-(A4) and (H1)-(H5), whenever g € C*([0,T],Y),
fe€C*[0,T] x H,H) and @ € C([0,T], Z),

Phn = O(k2)7 B};(l)ph,n = O(k3)v
where the constants in Landau notation are independent of k and h.

Proof. Because of the definition of local truncation error and of Gautschi method itself,
Uh(tn + k‘) — 2COS(/{IBh7Q)Uh(tn) + Uh(tn - k‘)

k
_9 / By sin((k — )Buo) = As@ug(tn) + (b Un(ta))]ds + pin
0

Comparing this with (5) substituting U by U, and F(t,U) by —A,Qng(t) + f(t,U), it
turns out that

k
Phin = /0 By gsin((k — s)Buo) [ — AnQnlg(t, + 5) + g(tn — s) — 2g(t,)]
f (b 5, Un(tn + ) + F(bn — 5, Un(tn — ) — 2f (b0, Un(t))]ds. (12)

Now, by the regularity of g, the first term above can be written as

_ /0 Buysin((k — 5)Buo) /0 A ANQul (bt @)+ it — 0))(s — 0)dods
= —cos((k — s)Bpyo) /08 A G ARQL[G(tn + 0) + §(tn — 0)|(s — 0)do

k s 0
+/ cos((k — s)Bhny) / A;})A}LQ}L[Q(tn +0) + §(t, — o)|dods,
0 0
= O(k?),

where we have used an integration-by-parts argument and hypotheses (H3) and (H4).

On the other hand, for the second term in (12), we firstly use that Uy,(t,), Up(t,)
and Uy (t,) are uniformly bounded with h, as we will justify now. Multiplying (1) by
P, considering (9) and making the difference with (10),

Pyii(t) — Up(t) = —Ano(Pyu(t) — Un(t)) + f(t, Pau(t)) — f(t, Up(t))
+Ano(Pru(t) — Ryul(t)),

Pu0) — Un(0) = 0,

Pyi(0) — U,(0) = 0.



Therefore, using (4),
Phu(t) — Uh(t)
= /0 B};é sin((t — s)Bpo) [ f(s, Pau(s)) — f(s,Un(s)) + Ano[Pru(s) — Rpu(s)]]ds,(13)

which implies, by using (H2),(H4),(H5) and that v € C([0,7], Z) that

t
[ Puu(t) — Un(t)|ln < L/ [ Puu(s) — Un(s)l[ds + Tep max [u(t)]l 2
O b
for some constant L, and this Gronwall inequality is well-known to imply that
[ Pru(t) = Un(t)|[n < Ten max [u(t)][ze™, 0<t<T, (14)
te|0,

which proves that Uy(t) is bounded with h. Moreover, by differentiating (13),

010) = Put) [ cos(t = )300) s, Fas) = 16,00 (6) + Al Fras) ~ R .
which is also uniformly bounded with h and
Uh(t) = Pyi(t) — f(t, Pou(t)) + f(t, Un(t)) — Apo[Pru(t) — Rpu(t)]
[ Brosin((t ) B [7 (s, Frats) = F(6,Un(s) + AnalPia(s) ~ Ra(s))ds
= Pyii(t) — cos(tBpo)Ano[Pru(0) — Ryu(0)]

—/0 cos((t — s)Bnp) [fs(s, Pou(s)) + fu(s, Pyu(s))Ppi(s) — fs(s,Un(s))

— £u(8, Un(8))Un(3) + Apo[Puti(s) — Ryi(s)]]ds,

which is also uniformly bounded with h considering again (H4), the regularity of f and
that w € C([0,7],Z), which implies that (H2) can be applied in the last part of the
previous formula. Because of all this, considering Taylor expansions in the second line
of the bracket in (12), those terms are O(s*) and, together with the term outside the
bracket, that part of the integral can be bounded by

k
O(k:g)/o ||sinc((k — s)Bno)||nds = O(kY),

from what the result follows and it becomes clear that, with the assumed regularity
for f, the order reduction for the local truncation error comes just from the fact that
g does not vanish.

As for széphm, notice that the corresponding last line of (12) would also be O(k?)
because of the boundedness of || B, ol according to (H1). As for the corresponding first
line, considering (HS1), it would be directly

k
O(k:Q)/O sin((k — s)Bp0)ds = O(k?),

from what the result follows. O



In order to study the global error, we firstly notice that (11) can be written as the
explicit one-step method

U;ZA‘]. eith70 0 U;.Z
th+1 = 0 e_ith’O th

+k { Vi

. 15
Y1(kBno)[f (tns1, €FPoUR + kVI) — ApQnrg(tnia)] |7 (15)

where V) is related to the starting values Uy, U} through

Vi = 2 [U, — el (16)

ol

Then, considering Vj,(t,) = [Un(tni1) — e*Brol(t,)]/k, the first component of the
local error corresponding to the one-step method vanishes and the second component,
which we denote as pj,,,, satisfies

ﬁh,n - Vh(tn—i—l) - e_ith’OVh(tn)
—ky1 (kB o) [Prf (tns1, Un(tns1)) — AnQrg(tnsi)]

1 . , .

= i [Uh(tn+2) — e/Pro Un(tnt1) — e_Zth’O[Uh(tn-&-l) — e/ Pro Un(tn)]
— k231 (kB o) [Pof (tns1, Un(tni1)) — An@Qng(tni)]]
1

= Eph,n-f—l'

Then, considering the global error for the one-step method

B - Un(tn) — U
o Vi(tn) = Vi |7

it happens that
n n 0
Eh,n+1 = R(th,O)Eh,n + k¢(vh 7Vh(tn)7 Uh ) Uh(tn)) + |: lph 1 :| )
k ;T

where R(kBy, ) is the matrix in (15) and ¢(V*, Vi (t,), UL, Un(t,)) comes from making
the difference of the second term in (15) with the same one which corresponds to
substituting the numerical solution by the exact solution, and which satisfies

[o(Vi', Va(tn), Uy, Un(tn))lln < Cll Eplln- (18)
From here, in a recursive way,
n e 0
Epp = R"(kByo)Eno+ ) R"'(kBjy) { Pri }
k

=1

n—1

+h Y R EBo)$(Vigs Vi), Uy, Un(t), (19)
=0

9



and the classical argument does not lead to convergence although ||R"(kB)]| is

bounded because 2 is just O(Fk).
In order to get convergence, a summation-by-parts argument must be applied, and

for that the assumptions of the following theorem must be made.

Theorem 3. Under hypotheses (A1)-(A4) and (H1)-(H5), whenever the starting values
are exact except for O(k* + key), g € C3([0,T],Y), f € C*([0,T] x X, X) and i €
C([0,T], Z), if for some constant C, h and k are such that one of the following bounds
are satisfied

n—1 n—1
IS e BBl < Cn, 3B SO, k< T, (20)
r=1 r=1

the global error ey ,, = Pyu(t,) — U} is bounded by C'(k + €p) for some constant C'
which depends on C' but not on the particular values of h and k.

Proof. First of all, let us notice that
Buu(tn) = Uy = (Phu(tn) — Un(tn)) + (Un(tn) — Uy),

where the first parenthesis is O(ep,) according to (14) and the second is going to be
analysed now taking into account that it is the first component of Ej, ,,. It suffices to
notice that

n

Srtens[ 4] - (Srona) [

=1 k

n—1 j—1
. 0 0
+Z (ZR (th,0)> |: Ph,n’;j-u _ Phn—j :| + { Ph,n :| .
j=2 =1

k k

Then, because of the regularity of g, f and u, 222 — Precd s O(k?) following the
proof of Theorem 2. Due to this, if the second bound in (20) holds, the whole term
above is bounded by kC” for some constant C” and the result follows by applying a
discrete Gronwall lemma to the corresponding bound of (19).

On the other hand, if it is the first bound in (20) which holds, because of Theorem

2, we would have B, (%t = O(k?) and Bj g[2225 — 2aad] — O(k®) and therefore
the whole term above would again be bounded by kC” for some constant C” and the
result would follow in the same way. O

Remark 4. Notice that, when Ay is symmetric and the norm is the Euclidean one,
the norms in (20) correspond to the spectral radius. Then, as

n—1 —ikA —ikn
Z o—ikrx _ € —¢

1— e—ikA )
r=1

when kX is small, this behaves as n — 1 and, when kX is big enough this is bounded.
Therefore, none of the assumptions (20) are satisfied uniformly in h and k when they
both diminish but the first one is satisfied for every small enough k when h is moderate
and the second one for every h when k is not too small. This explains that, in the
numerical experiments of Section 6, the error behaves as the theorem states.

10



4 Suggested approach: Discretizing firstly in time
and then in space

When trying to discretize firstly (1) in time, B? in (3) must be substituted by the dif-
ferential operator A. Therefore, when considering something similar to (4), a proposal
must be given for both cos(kB) and B~!sin((k — s)B) when applied to a function in
H. More precisely, at it seems natural from the definition of the cosine function, we
will propose as the corresponding cos(kB)u,, to the solution at s = k of

Un(s) = —Auv,(s),
va(0) = uy,,
Ovn(s) = Oin(s), @n(s):u(tn)—%Au(tn). (21)

Notice that, for the boundary, we have considered a Taylor expansion of third order
for the solution of the initial value problem which corresponds to the first three lines
of (21) when substituting u, by the solution u(t,) of (1). In such a way, we are near
the solution we want to approximate and, moreover, that boundary can be calculated
in terms of the data of the problem, either directly when the boundary conditions are
Dirichlet or through the numerical approximation itself when the boundary conditions
are Robin or Neumann [5].
When discretizing (21) in space, the following system arises:

2

Van(s) = —AnoVanls) = A@udlu(ta) — 5 Au(t,)],
Vn,h<0) = U;:?
Von(0) = 0, (22)

and, applying (4), the solution of this is

k 2
V() = cos(kBua) Uy, — [ Bydsin((k = 5)Buo) An@adlu(ts) — 5 Aut,)]ds.
0

Then, arguing as when deducing Gautschi method from (5) to (6),
2

k
. k
/ Bbsin(k — 5)Bio) AuQudulta)ds = 1 (kBio) AuQudul).
0

Besides, as integrating by parts,
k
1. 1
/0 At sin((k — 5)0)s%ds = 57[(RA)? — 2(1 — cos(k))],
it finally turns out that
2 4

k k
th(k) = COS(]CB}LQ)U}? — E'yl(thyo)Athﬁu(tn) + E"}Q(lﬂBh’o)AthaAu@n), (23)

11



where

12(6) = 51— 2(1 — cos(9)] (24)

On the other hand, we propose as the corresponding B~ 'sin((k — s)B)f(t,,u,) the
solution at 7 =k — s of

Wn(T) = —Aw, (1),
w,(0) = 0,
W, (0) = f(tn,un),
ow, (1) = wy(7), Wi (T) = 7 f(tn, u(ty)). (25)

Notice that now, for the boundary, we have considered a Taylor expansion of second
order for the solution of the initial value problem which corresponds to the first three
lines of (25) when substituting u, by the solution u(t,) of (1). When discretizing in
space, the following system arises:

Woun(T) = —ApoWan(r) — TALQROS (tn, u(ts)),
W,n(0) = 0,
Won(0) = f(ta, Up), (26)

and again applying (4),

Whn(7) = 7sine(7Bpo) f (tn, U})) — / B};(l) sin((7 — o) B o) o AnQrof (tn, u(ty,))do.
0
Now, using that

/OT A sin((1 — 0)N)odo = %(1 — sine(7TN)),

Whn(T) = 7sine(7Bpyo) f (tn, Uy)) — TB;;S [ — sinc(7Bp0)|AnQrof (tn, u(ty)).  (27)

Then, in the corresponding expression of (5) where the bracket is substituted by
2f(tn, U'), instead of considering 2 fok B~ 'sin((k — s)B) f(tn, u,)ds, we propose

k
2/ Whn(k — s)ds
0

= 2 [ [Brdsin((k Bl (1 UF) = (5 = 9B @i i, ()
+B, ¢ sin((k — s)Bpo) AnQuO f (tn, u(tn))] ds
= 2B — cos(kByo) (. UR) — - B2 4,Qu0 (e ult,)
+B,;g(] — cos(kBp0))AnQrof (tn, u(tn))}
= k*71(kBno) f(tn, Up) — k*v2(k Bno) AnQnO f (tn, u(tn)),

12



where v5(€) is that in (24).
Gathering this with (23) and using (1), our suggestion for Gautschi method after
full discretization is

UM — 2cos(kBo)Up + U
= K7 (kBuo)[f(tn, Up") — AnQng(tn)] — k*v2(kBno) AnQni(tn), (28)

which just differs in the last term with the classical approach in (11).

4.1 Semidiscretization local truncation error

In this section we will analyse how the local truncation error behaves with our approach
just after time discretization. For that we notice that our method in fact reads

k
Upt1 = 20,(k) — Up_1 + 2/ wy(k — s)ds,
0

where v, and w, are those defined in (21) and (25) respectively. Then, the local
truncation error is defined as

oo = ultnss) — 200 (k) + ultn 1) — 2 /0 B (k — 5)ds, (29)

where ©,, (resp. w,) corresponds to (21) (resp. (25)) when u,, is replaced by u(t,). We
do have the following result:

Theorem 5. Under hypotheses (A1)-(A4), wheneveru € C*([0,T], X), u € C?([0,T], D(A?))
and (- u(-)) € C((0,T], D(A)), p = O(k?).

Proof. The key of the proof is that z,(s) = v,(s) — 0,(s) is solution of the problem

2
= —Az,(s) + =A%ul(ty),

Zn(s) 9
z(0) = 0,
Zn(O) - Oa

Ozn(s) = 0,

Un(T) = —Auvn(1) — TAf(tn, u(ty,)),
vn(0) = 0,
Dn(o) = 0,

ovp(t) = 0.

Because of this,

an(s) = /0 "B sin((s — 0)B) % Au(t,)do = /O (s — o)sime((s — U)BO)%QAQu(tn)da 05",
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and
-

Bytsin((1 — 0)Bo)a Af (t, u(t,))do

v(1) = —

— /OT(T — o)sinc((7 — 0)By)o Af (tn, u(t,))do = O(T%).

Therefore,

k
pn = u(tpyr) —20,(k) +ult,—1) — 2/0 Wy, (k — s)ds + O(k*)

= ult) i) [ Au(t) + Pl ult)] + () — 2fult) — 5 Au(s)]
Fultn) — Kii(ta) + 5 [ Aut) + (b, (1)) = (1) — B (b, u(ta)) + O(KY)

= O(kY).

4.2 Full discretization local truncation error

In this subsection we will study the local truncation error after discretizing in time and
then in space. For that, we consider Vj,, (resp. Wj,,) as the solution of (23) (resp.
(27)) when U} is substituted by P,u(t,). Then, because of the way the method is
defined, we define that local truncation error after full discretization as

k
P = Patt(bnsr) — 2Vn(k) + Pts(bn_1) — 2 / Win (K — s)ds. (30)
0

We thus have the following result:

Theorem 6. Apart from the hypotheses of Theorem & and (H1)-(H5), let us also
assume that u, Au € C([0,T),Z) and that f(-,u(-)) € C([0,T],Z). Then, ppn =
O(k2€h+k4).

Proof. Let us consider Vj,,(s) (resp. W, 4(7)) the solutions of (23) (resp. (27)) where
U is replaced by Pyu(t,). Then,

‘:/h,n(s) - Ph"é(s) = _Ah,OVh,n<3) — ApQu0vy,(s) + PrAu(t,)
= —Ah70<vh7n<8) — th)n(s)) + Ah,O(Rh — Ph)@n(s) + Ph(Au(tn) — A@n<8))
2
= —Apo(Vin(s) — Pyin(s)) + Ano(Ri — P)on(s) + %PhAzu(tn),
Vin(0) — Py9,(0) = 0,
Vin(0) = Py, (0) = 0,

14



and
Win(T) = Putd(1) = —ApoWin(7) — ApQpdion(7)
= —Apo(Whpn(1) — Py (7)) — Ano(Pr — Rp)w, (1) — PyAw, (1),
Wh,n(o) - Ph@n(o) = 0,
Win(0) — Pri(0) = 0.
From this,

th(k) - th)n(k’) = / hO SlIl - S)Bh 0)[Ah O(Rh - Ph> ( ) + %PhAQU(tn)]dS

— s)sinc((k — 8)Buo)[O(gn) + O(5%)] = O(k*ep, + k%),

and

Win(T) — Pyiba (1) = / 0 sin((7 — o) Bno)[Ano( Ry — Pp)n(0) — o Py Af (tn, u(ty))]do

_ / (7 — o)since((7 — 0)Buo)[O(en) + O(0)] = O(2ep + 7).

0
Here, we have used that 9,, and 0, belong to C([0,T], Z) because of the hypotheses of
the theorem.
Because of the above, p, 5 in (30) can be written as
pup = Pupn + O(Ken + k') = O(K*ep, + k%),

where the definition of p, (29) and Theorem 5 has been used. O

4.3 Full discretization global error

In a similar way as in Section 3, the suggested implementation of Gautschi method can
be written as the one-step method

Ugl"!‘ 1 B eithﬁo O UZL‘L
th+1 - 0 e—ithp th

+k { Vi

N(kBuo)[Puf (tns1, 50U + Vi) — AnQng(tns1)] — k*2(kBho) AnQnd(tns1)
where V)0 is related to the starting values Uy, U} through (16). Then, considering

1 .
—[Pru(tni1) — eZth’OPhu(tn)],

Vh(tn—i—l) - k

and defining
B, - { Puu(t,) — Up ]
" Viltn) = Vit J7
the same classical argument of convergence which is mentioned just after formula (19)
but considering that now p;/k is O(k® + key,) leads to the following result, which
proves that order reduction is avoided:
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Theorem 7. Under the hypotheses of Theorems 5 and 6, if the starting values are such
that they satisfy U] — Pyu(t;) = O(k® + key) (j = 0,1), it happens that

Puu(t,) — U = O(K* +¢p).

5 Derivative approximation

Although Gautschi initial method just proposes an approximation for the solution u(t)
of (3), it is usual to consider also an approximation for the derivative which also based
on a similar simple interpolation after applying the variation-of-constants formula (see
[15, 17]). In such a way, from

k
U(t,+ k) = —Bsin(kB)U(t,) + cos(kB)U (t,) + / cos((k—s)B)F(t,+ s, U(t, +9)),
0
which can be obtained by differentiating (4) to respecto to k, it can be deduced that
k
U(t,+k)-U(t,—k) = —2B sin(sz)U(th—/ cos((k—s)B)[F(tn+s,U(tp+s))+F(t,—s,U(t,—s))|ds,
0

and then the numerical approximation is given by

Upir — Up_y = —2Bsin(kB)U(t,,) + 2ksinc(kB)F,. (31)

In this section we will analyse the error in the derivative using also the classical ap-
proach and will suggest an approach for which order reduction is avoided in such a way
that a bound for the error in the derivative is obtained as that shown in [15] with pe-
riodic boundary conditions. (More precisely, considering s = 0 and o = 1 in Theorem
2.1 of that reference.)

5.1 Classical approach

Approximating the derivative of (10) using U;" in (11), this additional difference system
turns up:

Urtt — U=t = 2By, g sin(kByo)UF + 2ksinc(k B, o) [—AnQng(tn) + f(tn, UM]. (32)

Then, we have the following result for the local truncation error corresponding to this
system:

Theorem 8. Under the same hypotheses of Theorem 2,
By opnn = O(K?),

where the constant in Landau notation is independent of k and h.
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Proof. 1t suffices to notice that, similarly to the proof of Theorem 2,
By obnn = /Ok B, g cos((k — s)Bpy) { — AyQulg(tn + 5) + g(tn — s) — 29(t,)]
Ff (b + 8, Un(ty + 8)) + ftn — 8, Un(tn — 8)) — 2 (tn, Uh(tn))] s
_ /0’“ B cos((k — 8)Bno) A, g AnQnlg(tn + 5) + g(tn — 5) — 2g(ty)]ds + O(k?)
- /Ok B cos((k — s)Bny) {/05 A b ArQuli(tn + o) + it — o)) (s — U)da] ds + O(K)
_ /Ok sin((k — s)Buy) {/05 A0 AnQnlg(tn + o) + §(tn — g)]dg] ds + O(k*) = O(k?),

where (H3) and (H4) have been used. O

We notice that py, can be seen to behave as O(k), but in such a case the Landau
constant grows with h and, therefore, we believe that bound is not meaningful.

As for the global error, as U}’ is present in (32), the analysis must be made consid-
ering also the approximation for the solution. However, as U,?H does not turn up in
(32), we can do it advancing two stepsizes at a time and therefore using two successive
applications of (15). More precisely,

il ¢2ikBh.o 0 0 Uy

th'—l-Q _ 0 6_2ith’0 0 th' (33)
B,;(l)U,?” —2sin(k By, o)e*Bro 0 1 B,;(I)U,’f

€ikAh’0th 4 e—ikAh,o th + k- x

e—ikBho . 4

1 nkB) {f (tnga, €E5m0(eMOn0UR + EVIT) + k[T PnoVit 4 k- — ApQug(tnga)]| |

—2 Sin(thp)th + 2sinc(th,0)[f(tn+1, €ith’OU;; + th”) - Athg<tn+1)]

where * stands for v; (kBpo)[f (tny1, €FProUR + kVi?) — ApQrg(tny1)]. Then, the local
truncation error corresponding to this difference system is

- Phn+1 O(k?)
Phin = O(%ph,n-i-ll"_ %ph,n+2) = O(k) )
Blzop'h,n O(kQ)

and it happens that E;w = [Upn(tn) — U, Vi(tn) — Vi, B;é[Uh(tn) — UP)]” satisfies

Ehnto = R(kBio)Enp + ko(Vi, Vi(ts), U, Un(tn)) + fhn,

where }:%(th,O) is the matrix in (33) and ¢ satisfies the same as ¢ in (18) with Enn
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the first two sets of components of Eh,n, as described in (17). Therefore, for j =0, 1,

Eh,2n+j = En(th,O)Eh,j + Z Enil(th,O)ﬁh,21+jf2
=1

n—1

kY R (kB 0)(Viare g, Vi(tars), Un ™, Un(tar ).

=0

Now, notice that

_ 2k By o 0 0
R™(kBp) = | 0 | e—2inkBno ()
—2 Sin(l{?Bhyo)elkB’“o(] — e’thyo)_l[] — ekah,o] 0 I

Because of this, under the hypotheses of Theorem 3 and assuming also that
By, olUn(t;) = Uj) = O(k + ),
using (H4) again, the last set of components of (34) state that , for j =0, 1,
B,;(l)[Uh(thH) - U,%"H] =0(k+e¢ep), n>0.
Then, the following result follows.
Theorem 9. Under the hypotheses of Theorem 3 and assuming also (36),

B[ Pui(tn) — UM = Ok +e).

Proof. The result comes from the argument above just considering also that
By g[Pri(tn) — Up] = By g[Paultn) — Un(ta)] + ByyolUn(ta) — Uy,

and that differentiating (13) with respect to time,

(34)

. (35)

Phu(tn)—U[[ :/0 cos((t—s)Bno)[f(s, Pru(s))— f(s,Un(s))+Ano[Pru(s)— Ryu(s)]|ds.

Using now (14) and (H5),

1Pri(t) = Un(t)ln < max(T?e"", T)ey, max [[u(®)lz, 0<t<T
telo,

and, as B, (1] is bounded, the result follows.
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5.2 Suggested approach
Discretizing firstly in time simulating (31) in some way, we obtain
7:l'n—‘,-l - un—l = _277n<k) + QUH(k)7

where 7, and o,, satisfy

iin(s) = —Ana(s), on(s) = —Ana(s),
n.(0) = 0, o.(0) = 0,
onn(s) = 0J[sAu(t,)], don(s) = O[sf(tn,u(ty))]
Then, after space discretization of (37), the following systems turns up
fnn(s) = —Aponn(s) — AnQri[sAu(ty,)], Gnn(s) = —Apoonn(s) — AnQrolsf(tn, u(tn))],
ﬁnjh(O) = O, Un,h(o) = 0, (38)
ﬁn,h(o) = Ah,OU]? + Athau(tn>7 Un,h(o) = f(tn7 U]?)u

whose solutions are, using (4) and arguing as for (27),
(k) = ksinc(kBno)[AnoU; + AnQroul(t,)] — kB,;g [ — sinc(kBp0)]AnQr0Au(ty,).
onn(k) = ksinc(kBpno)f(tn, U})) — kB,:f)[I — sinc(k B 0)|AnQrof (tn, u(ty)),
and so the approximation for the derivative after full discretization is given by
UMttt — U=t = 2ksinc(kBo)[—AnoU — AnQug(tn) + f(tn, U]
—2k B, 21 — sinc(kBho)] AnQni(tn), (39)

where (1) has also been used. Notice that the last line of this formula is what is added
with respect to the classical approach in (32).
As for the analysis, let us begin with the semidiscretization local truncation error

pn = u(tn—i-l) - u@ﬂ—l) + Qﬁn(k> - 25n(k)7 (40)

where 7,,(s) and 7,,(s) are like those in (37) but starting from Au(t,) and f(t,, u(t,))
respectively at the derivative. Then, we have the following result.

Theorem 10. Under the same hypotheses of Theorem 5, p, = O(k?).

Proof. Following the same arguments of the proof of Theorem 5, it can be deduced
that

Tn(s) — sAu(t,) = — /OS By tsin((s — o) By)o A%u(t,)do
_ /0 (s — o)sine((s — o) Bo)o A2u(t,)do = O(s*),  (41)

and the same happens with ,(s) — sf(t,, u(t,)). Therefore,

pn = Utns1) — U(tn_1) + 2kAu(t,) — 2k f(t,, u(t,)) + O(K?)
= 2k[ii(ty) + Au(t,) — f(tn, u(t,))] + O(k*), (42)

where the bracket vanishes because of (1). O
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As for the full discretization local truncation error, we do have the following result.
Theorem 11. Under the same hypotheses of Theorem 6, pnn = O(k*ey, + k*).

Proof. We firstly notice that
pn,h = PhU(tn_H) — Phu(tnl) + 277n,h<k) — 26n,h(k)7 (43)

where 7, , and G, are defined as in (38) but changing U} by Pyu(t,). Then, with a
similar argument as that for W}, (7) in the proof of Theorem 6,

ﬁn,h(k) — k:PhAu(tn) = O(kzéh + /{Z3>,
Gan(k) — kPuf(tn,u(tn)) = O(K%ep + k).

From this, using the definition of p,, , (43), p, (40) and (41),
Ibmh = Phpn —+ O<k2€h + kg) = O<k2€h + kg),
where the last equality comes from Theorem 10. O

Compare this with the result in Theorem ?? where, not only less order was obtained
in the timestepsize, but also it was necessary to multiply by B,;(l) in order to get a bound
which did not grow with h. Nevertheless, for the global error now, we will also need
to consider the difference B, o[Pyi(t,) — UP] in order to get a bound which does not

grow with h. This is due to the fact that Pyu(t,) — U,?Z would depend on By, ooy,
where p,j is the local truncation error in the solution, and it happens that B gps.p
can be seen to behave as O(k*) when the error in space is negligible, but with a Landau
constant which grows with h. Therefore, in order to get a bound for the derivative for
which that does not happen, we must consider an argument similar to that previous to
Theorem 9. A difference system similar to (33) must be taken into account but with
a slightly different right-hand side which considers formulas (28) and (39). Then, the
local truncation error of this difference system is

Pn41,h O(ki2€h + k?4)
Pun= | OGpnsin+ tPni2n) | = | Olken+ k%) |,
B};(l)p'mh O(k2€h + k‘s)

where, for the last equality, Theorems 6 and 11 have been applied. Then, considering
again a formula similar to (34) with the same matrix R"(kB) in (35), we get the
following result.

Theorem 12. Under the hypotheses of Theorem 7 and assuming also, for j=0,1, that
B, o[Puti(t;) — Uj] = O(K* + €4), it happens that

By o[ Pui(ty) — UM = O(K* + &5).
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6 Numerical experiments

The main aim of this section is to corroborate the results of the previous sections on
the order reduction which turns up when integrating a nonlinear wave equation in time
with Gautschi method in the classical way, and to check that the technique that we
suggest to avoid it works. For that we have considered the following Dirichlet problem
with parameter w = 0.9

u(t, ) = Uge(t,z) —sin(u(t,x)), 0<x <1, te]|0,1],

V1 —w? 1

u(0,z) = 4atan( W cosh(avI—w?) ),
ut(oa I) = O’
u(t,0) = 4atan(1+w2 cos(wt))7

1—w?  cos(wt) )

w  cosh(v/1 — w?)

u(t,1) = 4atan(

which has as exact solution

V1—w? cos(wt) )
w  cosh(zv1 —w?)”

We remark that hypotheses (A1)-(A4) are satisfied for this problem when considering
H = H*(0,1), Y = C? and 9 the Dirichlet trace operator. Moreover, in this case, —Aj
is negative selfadjoint.

For the space discretization of the problem we have considered the classical sym-
metric second-order finite difference scheme, so that

u(t, z) = 4atan(

Ah70 = %tridiag[—l, 2, —1], Ath[go, gl]T = —%[go, O, e ,0, gl]T,

and P,w corresponds to the interior nodal projection when w is continuous. As Ay, g is
symmetric and using Gerschgorin theorem, its eigenvalues are real and positive. More-
over, a lower bound is well-known to exist for the smallest one when h — 0. Besides,
there exists a matrix By, o which satisfies Bi%,o = Aj o and which has the same proper-
ties. Considering then that the matrices are real and symmetric, the Euclidean norm
of A,:}], B};é, cos(TBhy), sin(1Bpy), sinc(rBpy), €8m0 and (I — ¢™Bro)~1 coincides
with its spectral radius and therefore is bounded. Because of this, hypotheses (H1)
and (H4) are satisfied. On the other hand, (H2) is satisfied with Z = H*(0,1) and
en, = O(h?*) and (H3) because of a discrete maximum principle for this discretization
(look at Theorems 12.5.1 and 12.5.3 in [25] for the corroboration of both hypotheses for
the five-point Laplacian. In our case, the result also applies with a similar but simpler
argument). We have taken h = 1/4000 in the numerical experiments so that the error
in space can be considered negligible and, although not shown here, we have checked
that the errors remained practically the same when h diminished.
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k 0.2 0.1 0.05 0.025
[Poults) — U2 | 1.3962e-2 | 2.4629¢-3 | 4.3389e-4 | 7.6213e-5
Order 2.50 2.50 2.51
| Pou(T) — U 4.5140e-2 | 2.0919e-2 | 1.0566e-2 | 5.5330e-3
Order 1.11 0.99 0.93
||B,;(1][Phu(t2) —UZ]|| | 1.4051e-2 | 2.4809e-3 | 4.3767e-4 | 7.7272e-5
Order 2.50 2.50 2.50
||B,;(1][Phu(T) — U|| | 5.6165e-2 | 3.1731e-2 | 1.6438e-2 | 8.1708¢e-3
Order 0.83 0.95 1.01

Table 1: Local and global error for the solution and the derivative when integrating
problem (44) with the classical approach (11)-(32) using finite differences in space

k 0.2 0.1 0.05 0.025
| Pou(ts) — U7 1.8097e-5 | 1.7428e-6 | 1.1926e-7 | 7.6310e-9
Order 3.38 3.87 3.97
| Pou(T) — UN|| 2.8633e-4 | 6.8468e-5 | 1.6935e-5 | 4.2227¢-6
Order 2.06 2.02 2.00
||B,;é[Phu(t2) —U?]|| | 1.0236e-4 | 2.0333e-5 | 2.7767¢e-3 | 3.5444e-7
Order 2.33 2.87 2.97
||B,;é[Phu(T) —U]|| | 9.7941e-4 | 2.2391e-4 | 5.6404e-5 | 1.4173e-5
Order 2.13 1.99 1.99

Table 2: Local and global error in the solution and the derivative when integrating
problem (44) with the suggested technique (28)-(39) using finite differences in space

In Table 1 we show the results which correspond to integrate firstly in space and
then in time when using exact starting values and measuring the error in the discrete
L?norm. We can check that the order of the local error in the solution is at least 2, as
Theorem 2 assures but it is not 4, as corresponds to the order of the method when no
order reduction turns up. As for the global error in the solution, it is quite near 1, as
Theorem 3 predicts. As for the derivative, local order 2 and global order 1 are observed
when multiplying by B,;(l], as it corresponds to Theorems 8 and 9. On the other hand,
in Table 2, we can see the results which correspond to integrate firstly in time and then
in space, and using then (28)-(39) especifically as a final formula, instead of (11)-(32).
We can check that the order of the local error for the solution is very near 4 and that
of the global error is very near 2, as stated by Theorems 6 and 7. Besides, local and
global orders very near 2 and 3 are observed for the error in the derivative multiplied
by B,;(l), as it corresponds to Theorems 11 and 12. Moreover, the size of the errors is
much smaller than with the classical approach, even for the biggest value of k.

Finally, we also offer a comparison in terms of computational cost because each
of the formulas in (28)-(39) means to calculate one more term at each timestep than
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Figure 1: Error against CPU time for the solution (circles) and the derivative multiplied
by B, o (asterisks) when integrating problem (44) with second-order finite differences
in space and Gautschi method in time, with the classical approach (11)-(32) (pink)
and the suggested technique (28)-(39) (blue)

with (11)-(32). In Figure 1 we show the global L?-discrete error against CPU time
for the same problem as above when calculating the terms which contain cos(kBp),
sinc(kBho), 71(kBpo) and vo(kBp) through a discrete sine transform, as with fast
Poisson solvers [23]. We can see that, with one second of CPU time, the errors in the
solution are 300 smaller with the suggested approach than the classical approach. As
for the error in the derivative multiplied by B, (1), the ratio is 200 smaller. Moreover,
that advantage becomes bigger and bigger when the required accuracy is increased
since the slope of the line corresponding to integrate firstly in time and then in space
is bigger than the one which is obtained when doing things the other way round.

Doing the comparison with more general space discretizations through rational
Krylov subspace methods would also be very interesting as a future research but it is
out of the scope of this paper.
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8 Appendix: More general abstract space discretiza-
tions

In this section, we will see that the technique to avoid order reduction can also be ap-
plied with more general space discretizations, which include finite elements and other
more elaborate finite differences. For that, we will consider an abstract space dis-
cretization framework, which was also used in [3] when analysing how to avoid order
reduction in first-order linear problems with Lawson methods. In contrast, here we are
considering second-order nonlinear problems and Gautschi method.

In this section, we will assume that @)}, : Y — X}, is an interpolator operator on the
boundary, that there exists a projection operator L : X — X} and we will reserve
the notation P, for L, — L,Q5. Then, the projection on X}, o of the operator A will be
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approximated by Ay, : X;, = Xj 0 and that of Ay by Ay : Xpno — Xppo. In such a way,
the elliptic projection R, : X — X, corresponding to (8) will be now the solution of

—AhpRhw — Athg = LhF == PhF + LthaF

We will assume that hypotheses (H1),(H3),(H4),(H5) are also valid substituting the
word matrix by operator and CM by Xj, 5. Moreover, we will substitute hypothesis
(H2) by

(H2") There exists a subspace Z C D(A) with norm || - ||z such that, for u € Z,
[(Rn = Pu)ulln < enllullz,
for e, decreasing with h,

and we will add the following hypothesis

(H6) There exist constants C' and C’ such that, for small enough h, for each v € H
and v ey,
[ Lnulln < Cllull,  1Qnvll < C*lo]l.

Besides, for each u € H such that du = g,
[u = Qng — Lin(u — Qng)|| < mnllull,
for ny, decreasing with h.

When discretizing now (21) and (25), the following systems arise instead of (22) and
(26):

2

Vin(s) = —ApoVin(s) — AnQudlults) — %Au(tn)] + LrQndAult,,),

Vin(0) = UF,

Vin(0) = 0, (45)
Win(T) = —AnoWin(T) — TALQROSf (tn, u(ty)),
Win(0) = 0,
Whm(O) = th(tn,U;LL‘f‘th(tn)), (46)

and then our suggestion for Gautschi method when integrating (1) would be U}’ +
Qnry(t,) where

UM — 2cos(kBy,o)Up + U
= k*v1(kBpo)[Puf(tn, U + Qrg(ty,)) — AnQng(tn) + LiQroAu(t,)]
— k9 (kBh.o) AnQni(t,). (47)
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8.1 Full discretization local truncation error

Instead of (30), we define

k
P = Rpu(tnr) — 2V o (k) + Rpu(t,—1) — 2/ Whn(k — s)ds. (48)
0

where V;,,, (resp. W) are the solutions of (45) (resp. (46)) when U} is substituted
by Rpu(t,). Then, we have the following result:

Theorem 13. Under the same hypotheses of reqularity of Theorem 6, but assuming the
new hypotheses on the space discretization (H2’) and (HG), pnp = O(k*en+ k*nn + k*).

Proof. In a similar way to the proof of Theorem 6,

Vin(s) = Ruin(s) = —AnoVin(s) — AuQndin(s) + LaQndAu(ty) + R Ault,)
== _Ah,[)(vh,n(3> - Rhﬁn(s)) — LhA@n(S) + LthﬁAu(tn) + RhAu(tn)

_ 2
= —Apo(Vin(s) — Rptn(s)) + (Ry — Py)Au(t,) + %LhA%(tn),

and
Win(7) — Ryt (1)
Whn(0) — Ryt (0)
Win(0) = Ry, (0)
Then,

—Ap Wi (1) — ApQrdn (1)
—Ah,()(Wh’n(T) - Rh’(jjn<7')) — LhAan(T),
0,

th(tnv Rhu(tn) + th(tn)) - Rhf(tna U(tn))

Vin(k) — Rpbn(k) = /0 B,;(l) sin((k — s)Bpo)[(Ry — Prn)Au(t,) + ?thﬁu(tn)]ds

k
_ /0 (k — s)sinc((k — s)Bno)[O(en) + O(s)]ds = O(ken + k),

where (H2’) and (H6) have been used; and
Wh,n(7> — Rhwn(T) = TSiHC(TBh,O)[th(tn, Rhu(tn) -+ th<tn)) — Rhf(tn, u(tn))]
- / B,;l sin((7 — o) Bpo) LA, (0)do
0

= 7sinc(7Bpy) {Ph[f(tn, Ryu(t,) + Qng(tn)) — f(tn, u(tn))] + (P — Rp) f (tn, u(ty))

— /T(T — o)sine((1 — ) Bpo)o Ly Af (tn, u(t,))do = O(Tny, + ) + 7°),
0
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where, for the last equality, (H6) and the fact that f is globally Lipschitz have been
considered. More precisely, we have taken into account that

[ Rru(tn) + Qng(tn) — ults)ll
< lu(tn) = Qng(tn) = Buulta)|| + | Pru(tn) — Byu(tn)ll = O(nn + ).

Considering now (48), in the same way than in the proof of Theorem 6,
Pn,h = thn + O(/{J2€h + k)znh + k4),
from what the result follows using again Theorem 5 and that R;, is uniformly bounded

because of (H2’) and (H6). O

8.2 Full discretization global error

Considering the previous result on the local error for the full discretization under the
more general hypotheses for the space discretization, the following result follows for
the global error using the same proof as that of Theorem 7 and the fact that

Puu(t,) — Ul = (P, — Rp)u(ty,) + Ryu(t,) — Uy

Theorem 14. Under the hypotheses of Theorems 5 and 13, if the starting values are
such that they satisfy U} — Pyu(t;) = O(K® + kep, + knp,) (7 = 0,1), it happens that

Phu(tn) — U,? = O(/{Q —|—€h +77h)

8.3 Approximation for the derivative

The approximation for the derivative with this more general space discretization is
more similar to that in Section 5 because the second derivative with respect to s of the
boundaries in (37) vanish. Therefore, the only difference is in the initial condition for
Op,n in (38), which should be now P, f(t,, U} + Qrg(t,)). Then, the approximation for
the derivative is Ul + Q,¢(t,), where

Urtt —Up= = 2ksinc(kBo) [~ AnoUp — AnQug(ts) + Puf(tn, Ul + Qng(tn))]
—QkB};(Q)[I — sinc(k B o) AnQr0g(t,).

Moreover, the result for the global error would be

Theorem 15. Under the hypotheses of Theorem 14, if the starting values are such that
Pyu(t;) — Ul = O(k* + e, +m), it happens that

B,;})[Phu(tn) — UM = Ok +epn+m).
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