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Un sistema oscilatorio es aquel en el que una partícula o conjunto de partículas vuel-
ven a su estado inicial tras un periodo, y una oscilación es la variación repetitiva
de una señal asociada a estos sistemas. Los sistemas oscilatorios regulan todo tipo
de fenómenos estudiados en diversos campos. Por ejemplo, la luz de las estrellas
en astronomía, las curvas de espectrometría en química experimental, la demanda
eléctrica en ingeniería energética, entre otros muchos. En biomedicina, las señales
oscilatorias surgen de forma ubicua: la actividad eléctrica del corazón, el flujo res-
piratorio de los pulmones, la activación de genes circadianos, así como la actividad
eléctrica neuronal. Las señales oscilatorias han sido estudiadas por investigadores
provenientes de muchas disciplinas, existiendo entre ellos diferencias significativas
en cuanto a terminología, conceptos y métodos. El enfoque predilecto por los in-
vestigadores provenientes del campo de la comunicación es el basado en tiempo-
frecuencia (Boashash, 2016), mientras que los neurocientíficos prefieren un enfoque
físico basado en la descripción dinámica de los sistemas mediante ecuaciones dife-
renciales (Wigren, 2015; Pikovsky y Rosenblum, 2015; Ashwin, Coombes y Nicks,
2016). Por último, la perspectiva estadística, especialmente útil al observar señales
con ruido, se ha empleado en cronobiología (Larriba et al., 2020).

El objeto de estudio de esta tesis es el análisis de las señales eléctricas neuronales,
que registran los efímeros aumentos de voltaje que se dan en las neuronas, llamados
curvas de potencial de acción o spikes. Los spikes se analizan de forma individual
o como cadenas (también denominados spike trains). Los spikes transmiten informa-
ción entre neuronas, y tanto su forma como su tasa de aparición caracterizan los
diferentes tipos celulares, por lo que su estudio es crucial en neurociencia. El primer
modelo que describió con precisión la dinámica neuronal fue el modelo de Hodgkin-
Huxley (Hodgkin y Huxley, 1952), que asumía que las neuronas se comportan como
circuitos eléctricos regidos por un sistema de ecuaciones diferenciales. Además, sir-
vió de inspiración para la creación de otros modelos biofisiologicamente realistas,
como FitzHugh-Nagumo (Fitzhugh, 1961). Sin embargo, su naturaleza determinis-
ta, formulación compleja, falta de identificabilidad de sus parámetros y sensibilidad
al ruido hicieron a los neurocientíficos buscar otras alternativas. En el presente, se
emplean modelos más simples, como Hopfield (Abbott y Kepler, 1990), Izhikevich
(Izhikevich, 2003) o la familia de modelos leaky integrate-and-fire (Teeter et al., 2018,
y referencias en el mismo); y modelos basados en datos, como Brunton y Beyeler,
2019. Algunos retos que surgen de analizar los datos neuronales son los siguientes:
(a) las señales suelen tener bastante ruido, especialmente si han sido tomadas de for-
ma no-invasiva; (b) los spikes son altamente asimétricos, lo que imposibilita el uso
de ciertos métodos; (c) las señales neuronales requieren ser caracterizadas con me-
didas de escala, localización y forma debido a la amplia variedad de patrones que
exhiben; (d) si dos neuronas se disparan simultáneamente, las formas de sus spikes
se superponen y su separación no es sencilla; (e) en los análisis en tiempo real, el alto
volumen de datos restringe el uso de modelos complejos. Algunos avances recientes
en neurociencia gracias a los modelos de spikes son los siguientes: entender el funcio-
namiento del sistema nervioso, principalmente mediante la definición de subtipos
neuronales (Zeng y Sanes, 2017); análisis de los procesos de aprendizaje y memori-
zación (Donato, Rompani y Caroni, 2013; Rey, Pedreira y Quiroga, 2015), estudio de
la conectividad entre neuronas (Buzsáki, 2004), tratamiento de pacientes con epilep-
sia (Sharma et al., 2017), e incluso el desarrollo de interfaces cerebro-computadora
de alta precisión (Moghaddasi et al., 2020).
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En el ámbito de la neurociencia existen aún muchos problemas sin resolver. En esta
tesis, nos centramos en dos: la clasificación en tipos celulares y el Spike Sorting. La
clasificación en tipos celulares busca definir taxonomías jerárquicas celulares en ba-
se a características electrofisiológicas, morfológicas y genéticas (Zeng y Sanes, 2017).
En el Spike Sorting, los spikes se clasifican de forma no supervisada, correspondiendo
cada grupo a una neurona o tipo de neurona (Rey, Pedreira y Quiroga, 2015). En
ambos casos, se requiere representar la forma del spike en términos de característi-
cas. La extracción de características se ha hecho de muchas formas en la literatura:
empleando mediciones directas sobre la señal (Caro-Martín et al., 2018; Gouwens
et al., 2019), usando análisis en componentes principales (Quiroga, Nadasdy y Ben-
Shaul, 2004; Ekanadham, Tranchina y Simoncelli, 2014; Veerabhadrappa et al., 2020)
o usando modelos. Dentro del último grupo, algunos apuestan por modelos biofisio-
lógicos (Teeter et al., 2018), descomposiciones de Fourier (Ghaderi, Marateb y Safari,
2018), wavelets (Wang et al., 2019), o modelos gaussianos (Souza et al., 2019). Ade-
más, otro problema desafiante en neurociencia es la eliminación del ruido de las
señales, esencial especialmente en mediciones in vivo por su alto nivel de ruido. Las
redes neuronales se utilizan predominantemente para resolver esta tarea (Lecoq et
al., 2021; Sebastian et al., 2021).

La motivación fundamental de esta tesis es demostrar el potencial de modelos esta-
dísticos oscilatorios para describir, analizar y generar conclusiones a partir de seña-
les neuronales. La formulación paramétrica de los modelos empleados resulta sen-
cilla a la vez que flexible, lo que los hace eficaces para caracterizar las formas de los
spikes. En concreto, se ha demostrado su potencial en la clasificación en tipos celula-
res y el Spike Sorting.

Los modelos frequency modulated Möbius (FMM) se proponen en esta tesis como
marco teórico general que genera un nuevo paradigma para formular y resolver
una amplia gama de problemas en neurociencia. Los modelos han sido implementa-
dos en el lenguaje de programación R. El núcleo de esta metodología son las ondas
FMM y los modelos FMM. Las ondas FMM son funciones no lineales paramétri-
cas para describir oscilaciones en las que la fase se modela con transformaciones
Möbius (véase Downs y Mardia, 2002; Kato, Shimizu y Shieh, 2008). Cada onda se
define con cuatro parámetros básicos que miden amplitud, fase y forma. A partir de
estos, se pueden definir paramétricamente otras medidas útiles en la práctica, co-
mo son los picos y los valles en las señales. Los FMM se definen como modelos de
señal más error, en los que la señal es una suma de ondas FMM. El modelo mono-
componente se introdujo en Rueda, Larriba y Peddada, 2019, donde se presenta un
algoritmo para hallar los estimadores máximo verosímiles del modelo. Otro elemen-
to fundamental en la metodología son las restricciones de orden entre parámetros,
que integran información a priori en el modelo para incrementar su eficiencia e in-
terpretabilidad fisiológica (Brunk, 1955; Barlow et al., 1972; Menéndez y Salvador,
1991; Rueda, Ugarte y Militino, 2016; Larriba et al., 2020). También se han resuelto
diversos problemas mediante técnicas de machine learning o aprendizaje automá-
tico. Por un lado, se han incorporado características extraídas con modelos FMM a
procedimientos estándares como el discriminante lineal, support vector machine o
random forest (Hastie, Tibshirani y Jerome, 2009). Por otro lado, se ha desarrollado
un procedimiento de clustering que combina la metodología FMM con modelos ba-
sados en mixturas (Ramsay y Silverman, 2005; Chamroukhi y Nguyen, 2019).
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Esta tesis, que se presenta como un compendio de publicaciones, consta de cinco
artículos científicos: tres publicados, uno aceptado y otro bajo revisión, existiendo
entre ellos una cohesión temática. La exposición sigue el orden cronológico en el
que se desarrollaron.

Rueda, Rodríguez-Collado y Larriba, 2021 establece el marco teórico fundamental
que conducirá todas las contribuciones de la tesis. Los modelos FMM son presen-
tados como una descomposición de amplitud y frecuencia modulada especialmente
apta para señales oscilatorias. La contribución más relevante de este trabajo es la
definición del modelo FMM multicomponente. Se propone un algoritmo backfitting
para la estimación de los parámetros del modelo (Buja, Hastie y Tibshirani, 1989).
La sencillez de la formulación paramétrica de los modelos FMM facilita, por un la-
do, la obtención de características relevantes para el estudio de las señales, como
es la señal analítica o el espacio de estados (Wigren, 2015; Pikovsky y Rosenblum,
2015; Ashwin, Coombes y Nicks, 2016). Por otro lado, permite formular el modelo
como un sistema de ecuaciones diferenciales. Por último, se muestra la capacidad
del modelo para reproducir la dinámica neuronal y se compara con otros modelos
previamente empleados en la literatura.

En Rodríguez-Collado y Rueda, 2021a se presenta un modelo paramétrico de formu-
lación sencilla capaz de reproducir la dinámica neuronal del modelo de Hodgkin-
Huxley, referente aún en neurociencia décadas después de su creación (Hodgkin
y Huxley, 1952). El FMMST es un modelo para spike trains en el que cada spike se mo-
dela con dos componentes y se asume, mediante restricciones, que todos los spikes de
la cadena tienen la misma forma. Ataja diversos problemas del modelo de Hodgkin-
Huxley, como es su falta de robustez o identificabilidad de los parámetros (Marom,
2016). El modelo se valida con una amplia experimentación, lo que nos lleva a con-
clusiones interesantes como son relacionar la morfología y los flujos de iones de la
neurona con la forma y tasa de aparición de los spikes, respectivamente.

El problema de la clasificación en tipos celulares se afronta en Rodríguez-Collado
y Rueda, 2021b. En concreto, se define una taxonomía jerárquica para células de
la corteza visual en ratones combinando características electrofisiológicas extraídas
con el modelo FMM de la base de datos Allen cell types (Allen Institute for Brain
Science, 2021) con características genéticas de Tasic et al., 2016. Se trata de la primera
taxonomía genuinamente circular de la literatura, de tal forma que es una combi-
nación de una herramienta visual con un procedimiento de clustering integrado en
el que se define un orden circular a partir del análisis de componentes principales.
Por último, se prueba la alta capacidad de los parámetros FMM para discriminar los
diferentes tipos neuronales mediante procedimientos de aprendizaje automático.

En Rodríguez-Collado y Rueda, 2022, se propone un nuevo enfoque basado en los
modelos FMM en el marco de los modelos de mixturas para resolver el problema del
Spike Sorting. Se trata de un procedimiento de análisis de datos funcional y permite,
entre otras cosas, comparar paramétricamente los patrones medios de los clusters.
El artículo presenta un algoritmo esperanza-maximización para estimar los pará-
metros del modelo, siguiendo la metodología de Dempster, Laird y Rubin, 1977;
Chamroukhi y Nguyen, 2019, así como un procedimiento para determinar de forma
automática el número de clusters existente en los datos. El método se compara con
otros enfoques seguidos en la literatura y la nueva propuesta resulta ser superior en
términos de precisión, robustez e interpretabilidad.
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En paralelo a estos trabajos, se desarrolló el paquete de software FMM en el len-
guaje de programación R. Permite ajustar, explorar, visualizar y generar todo tipo
de modelos FMM de forma sencilla. Se programó cuidando el estilo, siguiendo pau-
tas como evitar la duplicidad del código, sacar partido a la programación orienta-
da a objetos y optimizar los cálculos realizados mediante el cómputo paralelizado
(R Core Team, 2020; Microsoft Corporation y Weston, 2020a; Microsoft Corporation
y Weston, 2020b). Una vez que la primera versión completa y estable del paquete fue
publicada en el Comprehensive R Archive Network, se presentó y detalló su uso en
Fernández et al., 2022.

Esta tesis supone un desarrollo significativo de una metodología nueva y de alta
aplicabilidad basada en las ondas FMM. Se ha implementado en un paquete softwa-
re disponible de forma abierta y se ha demostrado su capacidad para resolver retos
actuales en neurociencia, superando los resultados de métodos empleados habitual-
mente en la literatura. A partir de las conclusiones obtenidas en la tesis, se pueden
definir muchas líneas futuras de investigación. Por una parte, quedan muchos pro-
blemas en neurociencia a los que dar respuesta. Algunos ejemplos son el estudio
de la sincronización entre poblaciones neuronales (Aydore, Pantazis y Leahy, 2013),
esencial para conocer los mecanismos que rigen el sistema nervioso, o el análisis
de datos neuronales multicanal (Yger et al., 2018), en el que serán claves los mo-
delos FMM multivariantes como el definido en Rueda et al., 2022 para el análisis
de las doce derivaciones del electrocardiograma. Otra señal estrechamente asocia-
da con algunos problemas no resueltos en neurociencia es el electroencefalograma,
en el que se mide la actividad neuronal del cerebro. Más allá de la neurociencia,
la versatilidad de la metodología FMM servirá para estudiar otros muchos proble-
mas ligados a señales oscilatorias de diversos campos, como son la electrofisiología
ocular, la electrocardiografía, o la química experimental, entre otros. Creemos que la
metodología puede tener una importante repercusión en la medicina, mejorando la
detección, tratamiento y control de enfermedades como la epilepsia, esquizofrenia,
o demencia. Por otro lado, queda mucho trabajo por hacer desde un punto de vista
metodológico, como es el desarrollo de procedimientos inferenciales o la creación
de nuevos procedimientos para el análisis de datos funcionales en base al trabajo
hecho en Rodríguez-Collado y Rueda, 2022. Evidentemente, esto implicará la imple-
mentación de nuevas funcionalidades en el paquete software FMM. Por último, se
afrontará el reto de optimizar el tiempo de cómputo del algoritmo de estimación,
usando lenguajes más eficientes, como C, así como programación GPU.
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1. Introduction

1.1 Motivation

A system in which a particle or set of particles moves returning to its initial state after
a certain period is an oscillatory system, and an oscillation is the repetitive variation
of a signal or measure associated with the system. Oscillatory systems govern all
kinds of phenomena in many different fields. For instance, the starlight patterns in
astronomy, the spectrophotometry curves in experimental chemistry, the electricity
demand in energy engineering, among many others. In biomedicine, oscillatory sig-
nals arise ubiquitously in: the electrical activity of the heart, the respiratory flow of
the lungs, and circadian rhythms gene activation, as well as the electric neuronal
activity. The study of oscillatory signals have been approached by researchers from
many different disciplines, and differences often arise in terms of terminology, con-
cepts, and methods. The time-frequency approach is preferred by researchers com-
ing from the communication field (Boashash, 2016), whereas neuroscientists prefer
a more physical focus by describing systems dynamics with ordinary differential
equations (ODEs; Wigren, 2015; Pikovsky and Rosenblum, 2015; Ashwin, Coombes,
and Nicks, 2016). Finally, the statistical perspective, suitable for real and noisy sig-
nals, have been preferably adopted in chronobiology (Larriba et al., 2020).

The focus of this thesis is the analysis of neuronal electric signals. Those signals reg-
ister rapid voltage rises in a neuron lasting a few milliseconds called spikes or action
potential curves, after which the voltage returns to the initial baseline level. Figure
1.1, modified from Rueda, Rodríguez-Collado, and Larriba, 2021, shows a typical
spike and the three stages composing it. The spikes in a neuronal electric signal can
either be analyzed separately or as succession (which is known as spike train). The
spikes serve as the informational unit between neurons, and their firing rate and
shape determine the cell’s type, making them crucial for neuronal research. The first
model that described accurately the dynamics of the spikes was the Nobel-awarded
Hodgkin-Huxley (HH) model (Hodgkin and Huxley, 1952), which assumed that the
neuronal activity behaves as an electric circuit governed by an ODE system. With
the HH model as reference, many biophysically-realistic models were presented af-
terwards, such as the FitzHugh-Nagumo model (Fitzhugh, 1961). However, their
deterministic nature, formulation complexity, lack of parameter identifiability, and
noise susceptibility made neuroscientists search for alternative approaches. Nowa-
days, two main types of models are used: biophysically simplistic models, such as
the Hopfield model (see Abbott and Kepler, 1990), the Izhikevich model (Izhikevich,
2003) or the leaky integrate-and-fire family of models (Teeter et al., 2018, and refer-
ences therein), and data-driven models, such as Brunton and Beyeler, 2019. Some
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challenges that arise from the analysis of neuronal spike data are the following: (a)
signals have high levels of noise, especially if recorded non-invasively; (b) spikes
are highly asymmetrical, making unsuitable some traditionally popular models; (c)
neuronal signals display a wide variety of patterns which require a precise charac-
terization of the waveforms, not just timing and amplitude; (d) if two neurons fire
simultaneously, their spikes are recorded overlapping, and its separation is not triv-
ial; (e) in real-time analyses, the high data volume limits the use of complex models.
Some recent advances in neuroscience due to spike models are the following: under-
standing of the neuronal system functioning, mainly by defining neuronal subpop-
ulations (Zeng and Sanes, 2017), comprehension of learning and memory processes
(Donato, Rompani, and Caroni, 2013; Rey, Pedreira, and Quiroga, 2015), study of
connectivity between close-by neurons (Buzsáki, 2004), treatment of epileptic pa-
tients (Sharma et al., 2017), and even development of high-accuracy brain-machine
interfaces (Moghaddasi et al., 2020).

FIGURE 1.1: A typical neuronal spike and its stages.

Nowadays, there are still many open problems in the neuroscience literature. In
this thesis, we deal with two problems: the cell-type classification and Spike Sort-
ing. Cell-type classification entails the definition of hierarchical taxonomies of cells
based on electrophysiological features, along with morphological and genetic fea-
tures (Zeng and Sanes, 2017). Spike Sorting implies the identification of unlabelled
neuronal signals corresponding to different neurons (Rey, Pedreira, and Quiroga,
2015). In both problems, the spike waveform is required to be adequately character-
ized in term of features. This has been conducted with many different approaches,
such as landmark measurements directly in the spikes (Caro-Martín et al., 2018;
Gouwens et al., 2019), using principal component analysis (PCA; Quiroga, Nadasdy,
and Ben-Shaul, 2004; Ekanadham, Tranchina, and Simoncelli, 2014; Veerabhadrappa
et al., 2020; Gouwens et al., 2020), or using features derived from a model. Within
the latter group, some proposals include biophysical models (Teeter et al., 2018),
Fourier models (Ghaderi, Marateb, and Safari, 2018), wavelets (Wang et al., 2019;
Veerabhadrappa et al., 2020), or gaussian models (Souza et al., 2019), among others.
Moreover, the data denoising is another challenging open problem in neuroscience,
essential for in vivo recordings as high noise levels exist in data. This task is predom-
inately solved with neuronal networks (Lecoq et al., 2021; Sebastian et al., 2021).
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The principal motivation of this thesis is to demonstrate the potential of statistical
oscillatory models to describe, analyze and generate conclusions from neuronal sig-
nals. The simple but rich parametric formulation of the models is an effective tool to
characterize the spike waveforms. In particular, its contribution to cell-type classifi-
cation and Spike Sorting has been shown.

1.2 Methodology

This thesis proposes a general statistical framework, the frequency modulated Mö-
bius (FMM) models, which states a new paradigm to formulate and solve a wide
range of problems in neuroscience. The implementation of the models has been
done in R software.

The core of the methodology are the FMM waves, also called components, and the
FMM models. FMM waves are non-linear parametric time functions describing a
single oscillation. They are defined as follows:

W(t; A, α, β, ω) = A cos
(

β + 2 arctan
(

ω tan
(

t − α

2

)))
, t ∈ [0, 2π), (1.1)

where A ∈ ℜ+, α ∈ [0, 2π) measure the wave amplitude and phase location, re-
spectively, and β ∈ [0, 2π), ω ∈ [0, 1] measure the shape. The phase of the wave
is defined using a Möbius link (see Downs and Mardia, 2002; Kato, Shimizu, and
Shieh, 2008), which provides flexibility to describe non-sinusoidal patterns. Figure
1.2, taken from Rodríguez-Collado and Rueda, 2022, shows waveforms patterns for
different parametric configurations. Moreover, other important parameters of prac-
tical use, such as peak and trough times, can be derived directly from the model’s
basic set of parameters.

The FMMm models are defined as signal plus error models, in which the signal is
a sum of m FMM waves. The monocomponent model (m = 1) was introduced
in Rueda, Larriba, and Peddada, 2019, where a two-step algorithm is designed for
the parameters’ maximum likelihood estimator (MLE). In the first step, α and ω are
selected from a grid of values, whereas the rest of the parameters are derived by
solving a least-squares problem. In the second step, the estimators are refined us-
ing Nelder-Mead optimization (Nelder and Mead, 1965). Another crucial element in
the methodology is the incorporation of order restrictions on the model parameters,
which integrate prior information to increase the model’s efficiency, as well as to en-
hance its physiological interpretability (Brunk, 1955; Barlow et al., 1972; Menéndez
and Salvador, 1991; Rueda, Ugarte, and Militino, 2016; Larriba et al., 2020).

In the presented works, certain problems have been solved using machine learning
or statistical learning procedures. On the one hand, FMM parameters were incorpo-
rated as features in standard supervised learning methods, such as linear discrimi-
nant analysis (LDA), support vector machine (SVM), and random forest (RF; Hastie,
Tibshirani, and Jerome, 2009; Fernandez-Delgado et al., 2014). On the other hand,
a specific functional clustering procedure has been developed based on the FMM
methodology and the mixture modeling framework (Ramsay and Silverman, 2005;
Chamroukhi and Nguyen, 2019).
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FIGURE 1.2: W(t; A, α, β, ω) for various (A, α, β, ω). Unless stated otherwise, the value
of the parameters are A = 1, α = 0, β = π, ω = 0.2.

1.3 Publications in the compendium

This thesis is presented as a compendium of publications. Specifically, it consists of
five scientific publications: three published, one in-press, and another under review.
The methodological details, contributions and results of each of them are shown
later in this document. An overview of the five papers included in the thesis can be
seen in Figure 1.3, and a general outline of the contributions of the works is given on
the next paragraph.

The thesis project began with the exhaustive study of Rueda, Larriba, and Peddada,
2019, which defined the monocomponent FMM model and served as an introduc-
tion to the current state of the art. Initially, two lines of work were defined: the study
of the FMM models’ theoretical properties and the applied analysis of neuronal sig-
nals with the FMM model. The former line of work originated Rueda, Rodríguez-
Collado, and Larriba, 2021, which establishes the thesis’ theoretical framework. It in-
troduces the FMMm model as an alternative amplitude frequency-modulated (AM-
FM) decomposition for oscillatory signals. The model’s flexible parametric formula-
tion allows the estimation of interesting signal characteristics and the demonstration
of several solid mathematical properties that describe the underlying oscillatory sys-
tem’s dynamics. The other line of work, in which single spikes and spike trains gen-
erated by the HH model were analyzed, resulted in Rodríguez-Collado and Rueda,
2021a. The main methodological contribution of the paper is the presentation of the
FMMST model, a simple model with identifiable parameters that accurately repre-
sents the renowned HH model. It is validated by analyzing a wide range of sim-
ulated and real data. The results in these first two papers revealed the potential
of the FMM models to analyze neuronal data, which motivated a more thorough
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validation using real data. In particular, we addressed the problem of the cell-type
classification. Rodríguez-Collado and Rueda, 2021b was initially outlined as an ap-
plied paper; however, it also entailed a highly compelling methodological contribu-
tion: the proposed neuronal taxonomy has a rigorous circular topology, the first in
the literature. The final part of the thesis deals with the unsupervised classification
of neuronal signals, addressing the problem of Spike Sorting. Rodríguez-Collado
and Rueda, 2022 is both a methodological and applied contribution that presents a
functional approach based on the FMM waves to analyze all kinds of oscillatory or
quasi-oscillatory signals arising in multiple contexts. In parallel with all the works
aforementioned, the FMM package was developed as an R package ready to fit, ex-
plore, visualize, and generate all kinds of FMM models. Following the package’s
publication in the Comprehensive R Archive Network (CRAN), Fernández et al.,
2022 presented and detailed its use.

1.4 Contributions and results

The following section contains a detailed description of the contributions and results
of each of the publications considered in this thesis.

To improve the readability of this section, the mathematical notation from the orig-
inal contributions has been slightly modified, so that an homogeneous notation can
be considered for the rest of this section.

In the following, let us assume that t = (t1, ..., tp), with t0 ≤ t1 < t2 < ... < tp ≤ T,
and x1, ...,xn, xi = (xi(t1), ..., xi(tp)), ∀i ∈ {1, ..., n} are the time points and observed
signals, also called curves, respectively. To improve readability, the subscript i will
be deleted whenever is possible. Without loss of generality, we assume that t ∈
[0, 2π). Otherwise, consider t′ ∈ [t0, T + t0] with t0 as the initial time value and T as
the period, and transform the time points by t = (t′−t0)2π

T .
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Electrophys. and transcriptomic features reveal a
circular taxonomy of cortical neurons (2021)
A. Rodríguez-Collado and C. Rueda 

Contribution of the FMM to cell-type classi�cation. A
circular mouse visual cortex neuronal taxonomy is
proposed using data from the Allen Brain Institute. 

A novel wave decomposition for oscillatory signals
(2021)
C. Rueda, A. Rodríguez-Collado, and Y. Larriba 

Formulation of the thesis' theoretical framework.
Presentation of FMM models as AM-FM decompositions
and introduction of the FMMm model.

A simple parametric representation of the Hodgkin-
Huxley model (2021)
A. Rodríguez-Collado and C. Rueda 

Presentation of FMMST, a model for spike trains that
accurately reproduces HH signals. It is validated with a
wide range of data, revealing compelling insights.

FMM: an R package for modeling rhythmic patterns
in oscillatory systems (2022)
I. Fernández, A. Rodríguez-Collado, Y. Larriba, et al. 

Presentation of the FMM package. Implementation of
the estimation algorithm with embedded parallellization.
Introduction of continuous development practices.

Functional clustering of neuronal signals with FMM
mixture models (2022)
A. Rodríguez-Collado and C. Rueda 

Contribution of the FMM to Spike Sorting.  An FMMm
mixture for functional clustering is presented and
validated in a wide range of benchmarking databases.

Frequency modulated Möbius model accurately predicts
rhythmic signals in biological and physical sciences (2019)
C. Rueda, Y. Larriba, and S. D. Peddada 

Familiarization with the state of the art.

Mainly Methodological Contribution

Mainly Applied Contribution

Mainly Software Contribution

FIGURE 1.3: Timeline of the contributions included in the thesis.
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A novel wave decomposition for oscillatory signals (Rueda, Rodríguez-
Collado, and Larriba, 2021)

Rueda, Rodríguez-Collado, and Larriba, 2021 establishes the theoretical foundation
that conducts all the thesis’ contributions. The dynamical information of an ob-
served signal has traditionally been inferred with AM-FM decompositions such as
Fourier. However, alternative decompositions have been proposed due to tradi-
tional ones falling short when the analyzed signals are not composed of harmonic
functions (Kowalski, Meynard, and Wu, 2018; Lin, Su, and Wu, 2018; Sandoval and
Leon, 2018, among others). This work presents the FMM as a novel AM-FM de-
composition suitable for oscillatory or quasi-oscillatory signals in which amplitude
is constant, and frequency is modelled using a Möbius transformation. In particu-
lar, the paper’s main contribution is the introduction of the multicomponent FMM
model of order m, denoted by FMMm and defined as an additive m-component sig-
nal plus error model as follows:

x(t) = M +
m

∑
J=1

W(t; AJ , αJ , β J , ωJ) + e(t), (1.2)

verifying π ≤ α1 ≤ α2 ≤ ... ≤ αm−1 ≤ αm ≤ α1 ≤ π, A1 = max1≤J≤m AJ , and e(tj) ∼
N (0, σ2), ∀j ∈ {1, ..., p}. Identifiability is guaranteed by the αs and As restrictions.

A MLE algorithm is proposed for the parameters estimation. From a theoretical
point of view, it is a backfitting algorithm as introduced in Buja, Hastie, and Tibshi-
rani, 1989. Estimations are done by fitting repeatedly FMM1 models to the residue
until a stop criterion is attained.

The contribution of this paper is mainly methodological, as many theoretical proper-
ties of the FMM models are introduced. The analytic signal (Gabor, 1946), assumed
to be the complex signal underlying oscillatory processes, can be easily derived for
FMMm signals thanks to its simple parametric formulation. This significantly facili-
tates the study of other key elements for signals analysts, such as the phase space, in
which all possible states of a system are represented, or the instantaneous frequency,
the derivative of the signal’s phase (Wigren, 2015; Pikovsky and Rosenblum, 2015;
Ashwin, Coombes, and Nicks, 2016). Many authors consider that the instantaneous
frequency is physically interpretable only if it increases with time (Winfree, 2001;
Deng et al., 2016; Oprisan, 2017). This is guaranteed in the case of the dominant
component, the first FMM wave in cases in which its amplitude is expected to be
much larger. It identifies the most prominent biological process existing in the sig-
nal. Moreover, it is particularly useful in practice when the observed data is noisy,
as it provides an approximate reconstruction of the signal and its parameters esti-
mators are robust. Finally, the ODE representation of the FMM1 signals is presented,
which describes the underlying system dynamically in time. It is derived by solving
an inverse problem, in which ODEs governing the system are unknown and must be
reconstructed from data (as in Brunton, Proctor, and Kutz, 2016 or Kang, Liao, and
Liu, 2021, among many others). The associated ODE system to an FMMm signal can
be derived using the previous result and its additive structure, as done for instance
in Wigren and Söderström, 2005. More details about the aforementioned results can
be found in Section III.B) New Theoretical Properties of Rueda, Rodríguez-Collado,
and Larriba, 2021.
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The FMMm model is validated with a simulated experiment and neuronal signals
from the Allen cell types database, a repository of intracellular electrophysiologi-
cal neuronal recordings (Allen Institute for Brain Science, 2021). In the former case,
FMMm signals have been used to simulate the waveforms shown in Figure 1.4, orig-
inating from different works (Aksenova et al., 2003; Lewandowska et al., 2015; Caro-
Martín et al., 2018; Trainito et al., 2019; Raghavan, Fee, and Barkhaus, 2019). The
high flexibility of the FMMm signals is shown, along with the potential of the FMM
parameters to characterize and discriminate the waveforms, and the high robustness
of the parameters estimators. In the analysis of Allen cell types data, the FMM mod-
els attain outstanding goodness of fit, clearly superior to competing decompositions.
Finally, the capacity of the FMM parameters to discriminate different neuronal types
is briefly explored, foreshadowing future works in cell-type classification.

A
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Monophasic Biphasic Multiphasic Noisy

FIGURE 1.4: Different spike waveforms.

A simple parametric representation of the Hodgkin-Huxley model
(Rodríguez-Collado and Rueda, 2021a)

Rodríguez-Collado and Rueda, 2021a presents the FMMST model, which reproduces
accurately the signals generated by the Nobel-awarded HH model (Hodgkin and
Huxley, 1952). It assumes that the electric activity of the neuron behaves like a circuit
governed by an ODE system with four state variables and more than twenty-five pa-
rameters. Due to successfully replicating the electrophysiological activity of many
organisms, the HH model remains to be a reference within neuroscience and has
served to inspire several models (Fitzhugh, 1961; Abbott and Kepler, 1990; Izhike-
vich, 2003, among many others). However, it lacks identifiability, as various param-
eter configurations can lead to the same observed signal; and it also lacks robust-
ness, as minor manipulations of the values of the parameters can change its output
completely (Marom, 2016). In order to address these issues, alternative parametriza-
tions have been proposed for the HH. The pair (S ,K) is a popular bidimensional
reparametrization which captures the neurons’ excitability due to its structure and
its ion fluxes respectively (Ori, Marder, and Marom, 2018).
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The FMMST model is a particular multicomponent FMM model with restrictions on
the parameters. It assumes that signals are a succession of equally shaped spikes,
being each one described by two FMM components. Let s denote the number of
spikes in a signal, which is assumed known. The FMMST model is defined as follows:

x(t) = M +
s

∑
S=1

W(t; AA
S , αA

S , βA
S , ωA

S ) + W(t; AB
S , αB

S , βB
S , ωB

S ) + e(t), (1.3)

verifying AA
S < AB

S ; ∀S ∈ {1, ..., s}, π ≤ αA
1 ≤ αB

1 ≤ αA
2 ≤ αB

2 ... ≤ αA
S ≤ αB

S ≤ αA
1 ≤ π,

and e(tj) ∼ N (0, σ2), ∀j ∈ {1, ..., p}, as well as the restrictions

βA
1 = βA

S , βB
1 = βB

S , ωA
1 = ωA

S , ωB
1 = ωB

S , ∀S ∈ {2, ..., s}. (1.4)

The restrictions on the βs and ωs represent the equal spike shapes and provide phys-
iologically interpretable solutions. Furthermore, depending on the application at
hand, additional restrictions may be imposed in order to use a simpler model.

The model is validated with a broad simulated experiment and real data. In the first
case, 5000 signals were simulated with the HH model corresponding to a large va-
riety of parameters configurations. The attained prediction accuracy of the FMMST
model is high, as can be seen in Figure 1.5. Moreover, the model parameters describe
spike waveforms differences between neuron types, and can be used to predict the
main HH parameters with machine learning methods (Ori, Marder, and Marom,
2018; Silva, 2014; Marom, 2016). In addition to the goodness of fit, the general-
ized degrees of freedom of the procedures has been calculated in order to measure
the underlying complexity (Ye, 1998). The SVM obtained the best predictions and
highest complexity, whereas the feature relevance measures provided by tree-based
methods provide compelling insights: S is related to the spike shape, whereas K is
strongly associated with the numbers of spikes.

This work also analyzed the squid giant axon signals from the SGAMP database
(Paydarfar, Forger, and Clay, 2006), similar to those that originally inspired the HH
model definition. Interestingly enough, differences are found between these signals
and those generated by the HH model. In particular, evidence indicates that the
former have simpler, more symmetrical waveforms than the latter. More details can
be read in the Results Section of Rodríguez-Collado and Rueda, 2021a.

FIGURE 1.5: Neuronal signal simulated with the HH model and the estimated FMMST
signals in red (left). Waves of the fitted FMMST model (right).
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Electrophysiological and transcriptomic features reveal a circular taxon-
omy of cortical neurons (Rodríguez-Collado and Rueda, 2021b)

The problem of cell-type classification is dealt with in Rodríguez-Collado and Rueda,
2021b. A taxonomy for neuronal cells in the mouse visual cortex is derived with elec-
trophysiological features extracted with an FMM3 model from the Allen cell types
database, and transcriptomic features from Tasic et al., 2016. It is shown in Figure 1.6.
Its most original characteristic is the circular topology, as it combines a circular visu-
alization tool (commonly used to represent genomic data) and an integrated cluster-
ing approach that uses the circular order defined with the two first principal compo-
nents. The dissimilarity measure is a circular distance and the location of clusters in
the circle is derived from the clusters location in the two first principal components
plane. Thus, this is not just a visualization tool, but a genuine circular taxonomy. It is
defined hierarchically: neurons are broadly classified based on their neurotransmit-
ter into either GABAergic (right side) or glutamatergic (left), whereas further sub-
classifications are based on the expression of gene markers or Cre lines (Tremblay,
Lee, and Rudy, 2016; Zeng and Sanes, 2017). The proposal mostly goes in agreement
with the literature (Gouwens et al., 2019; Tasic et al., 2016), and locates certain Cre
lines for the first time in a taxonomy. Moreover, a Shiny app has been developed to
illustrate the spike differences between Cre lines (Chang et al., 2020). It can be ac-
cessed through https://alexarc26.shinyapps.io/median_ap_profile_by_cre_line/.
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FIGURE 1.6: Proposed circular mouse cortical cell taxonomy.

https://alexarc26.shinyapps.io/median_ap_profile_by_cre_line/
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The taxonomy was validated using FMM-derived features to discriminate different
cell subclasses, defined with the expressed Cre lines. In particular, various machine
learning methods were used, ranging from LDA to “black boxes” such as SVM and
model averaged neural network (AvNNet), and including RF and gradient boost-
ing decision trees (GBDT; Fernandez-Delgado et al., 2014; Zhang et al., 2017). The
classification problem was tackled in different stages, depending on the used fea-
tures, subclasses and discarded outliers. Table 1.1 presents the results of the final
stage, with the left side showing the cross-validated accuracies and kappa statis-
tics -which measures the improvement over a random classifier-, and the right side
the AvNNet’s confusion matrix. High discrimination accuracy is attained, and the
feature relevance measures, provided by RF and GBDT, remark that the differences
between subclasses are related to the shape of the repolarization and depolarization
phases, captured mainly by the β parameter of the first FMM component.

TABLE 1.1: Cross-validated accuracy and kappa statistic of the different machine learn-
ing methods in the discrimination of the subclasses (left), and cross-validated confusion

matrix of the AvNNet classifier (right) in stage (C+).

Accuracy Kappa

LDA 80.9 % 0.706

RF 89.4 % 0.841

GBDT 89.1 % 0.837

SVM 91.2 % 0.867

AvNNet 91.3 % 0.868

True class
Pvalb+ Sst+ Vip+ Glut.

Pr
ed

ic
ti

on

Pvalb+ 93.1 % 14.3 % 5.3 % 0.2 %

Sst+ 6.5 % 79.5 % 4.1 % 1.2 %

Vip+ 0.0 % 3.1 % 82.4 % 1.7 %

Glut. 0.3 % 3.1 % 8.2 % 96.9 %

FMM: an R package for modeling rhythmic patterns in oscillatory systems
(Fernández et al., 2022)

Fernández et al., 2022 presents the FMM package, programmed in R and available
in the CRAN at https://cran.r-project.org/package=FMM. It provides the functions
required to fit, explore and visualize the results of mono- and multicomponent FMM
models, including restricted multicomponent models. The functionality of the pack-
age revolves around the S4 FMM object. In addition, it provides the functions to
simulate data with the FMM model, and example data from chronobiology, electro-
cardiography and neuroscience.

The FMM package has been developed with rigorous object-oriented programming,
and following guidelines provided by widespread references (Wickham and Bryan,
2019; R Core Team, 2021). Moreover, several coding styles recommendations were
adopted. In particular, code duplicity was avoided, objects and functions were se-
mantically named, loops were substituted by vectorized operations wherever pos-
sible, comments were limited in number to indicate just meaningful insights, used
functions from other packages were explicitly imported, and detailed documenta-
tion of the package was written. Besides, the package allows creating the visual-
izations with ggplot2 (Wickham, 2016), and implements an embedded paralellized
procedure for the model fitting that reduces significantly the computation times us-
ing the packages parallel, doParallel, and foreach (R Core Team, 2020; Microsoft
Corporation and Weston, 2020a; Microsoft Corporation and Weston, 2020b).

https://cran.r-project.org/package=FMM
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It is important to remark that this work granted the research team a continuous
development culture, in such a way that software is continuously improved and de-
veloped by adding new functionality and fixing possible bugs that arise. A Github
repository was created to make the FMM package code open-source, available in
https://github.com/alexARC26/FMM. Some good practices incorporated into the
development cycle are the following: differentiation between stable and develop-
ment versions of the package, issue-tracking with Github, use of Git as version-
control tool, code-documentation syncing with package roxygen2 (Wickham et al.,
2020), unit testing with package testthat (Wickham, 2011), as well as code profiling
and benchmarking with packages profvis and microbenchmark (Chang, Luraschi,
and Mastny, 2020; Mersmann, 2019).

Functional clustering of neuronal signals with FMM mixture models
(Rodríguez-Collado and Rueda, 2022)

Rodríguez-Collado and Rueda, 2022 presents the contribution of the FMM method-
ology to Spike Sorting. Motivated to solve this problem, we propose a novel model-
based approach within the mixture modeling framework for clustering oscillatory
functional data, the FMM mixture (MixFMM). The novel approach is based on the
MixFMMm model, defined as an FMMm mixture:

x(t) =
K

∑
k=1

γk(Mk +
m

∑
J=1

W(t; Ak
J , αk

J , βk
J , ωk

J )) + ek(t), (1.5)

where γ1, ..., γK, with γk > 0 and ∑K
k=1 γk = 1, are the mixture proportions, and

ek(t) ∼ Np(0, σ2
k Ip), 1 ≤ k ≤ K, with Ip being the p × p identity matrix. Besides,

K is assumed known and corresponds to the number of clusters in our application,
while W(t; Ak

J , αk
J , βk

J , ωk
J ) = (W(t1; Ak

J , αk
J , βk

J , ωk
J ), ..., W(tp; Ak

J , αk
J , βk

J , ωk
J )), 1 ≤ k ≤

K, 1 ≤ J ≤ m. Note that this paper’s notation has been changed to be homogeneous
with the rest of the works. The simple but rich parametric formulation facilitates
handling the two main sources of variation in functional data (amplitude and phase
variation), as well as the definition of the mean waveforms or patterns of the clusters
(Marron et al., 2015; Park and Ahn, 2017; Claeskens, Devijver, and Gijbels, 2021).
Moreover, these can be easily compared in terms of their parameters.

An expectation-maximization algorithm is proposed to solve the MixFMM model’s
parameter estimation, following the methodology in Dempster, Laird, and Rubin,
1977; Chamroukhi and Nguyen, 2019. Two steps are alternated until convergence
is attained: the E-Step computes the expectation of the complete-data log-likelihood
given the observed data and the current model parameters, whereas in the M-Step,
the parameters are updated to maximize the expectation of the complete-data log-
likelihood. We propose to initialize several times randomly in order to avoid local
minima. Several numeric studies in the paper show how the proposal reaches a good
solution in practice. Finally, the paper also proposes a likelihood-based method to
select the number of clusters, similar to those in Birgé and Massart, 2007; Bouveyron,
Côme, and Jacques, 2015; García, García-Ródenas, and Gómez, 2015.

The MixFMM approach has been validated in ten benchmarking datasets, including
a wide variety of spike waveforms, noise levels, and recording situations as seen in
Figure 1.7 (Quiroga, 2009; Quiroga, 2019; Allen Institute for Brain Science, 2021).

https://github.com/alexARC26/FMM
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FIGURE 1.7: Spike means by class (solid lines) and global means (dashed) of datasets.

The results are compared with two traditionally used approaches in Spike Sorting,
PCA plus either k-means (PCA+KM) or gaussian mixture models (PCA+GM) using
indexes based on the datasets’ associated groundtruth and internal cluster metrics.
The MixFMM approach achieves clearly superior results in terms of accuracy, inter-
pretability, robustness, cluster cohesion and separability. Table 1.2 shows the accu-
racy of the MixFMM approach against competitors. More details can be found in the
Numerical Studies Section of Rodríguez-Collado and Rueda, 2022.

TABLE 1.2: Estimated accuracy for each dataset and method. The best result per dataset
has been highlighted.

Accuracy

E11 E12 E21 E22 D11 D12 D21 D22 EPT VGA

PCA+KM 0.992 0.888 0.875 0.563 0.665 0.524 0.720 0.540 0.589 0.617
PCA+GM 0.960 0.958 0.851 0.347 0.905 0.510 0.640 0.613 0.680 0.710
MixFMM1 0.992 0.966 0.936 0.700 0.895 0.530 0.705 0.575 0.874 0.755
MixFMM3 0.994 0.976 0.966 0.761 0.941 0.541 0.743 0.606 0.874 0.746

1.5 Conclusions

This section summarizes the original contributions made within this thesis and dis-
cusses future research lines derived from its conclusion.

The thesis entails a significant statistical contribution: it lays the foundations of a
novel, generally applicable methodology based on the FMM waves, which are sim-
ple yet rich parametric time functions. This thesis proved its potential to solve prob-
lems in neuroscience, outperforming recent methods proposed in the literature and
highlighting compelling previously undiscovered neuronal insights. An R package
of the presented methodology has been developed and is openly available in CRAN.
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The contribution of this thesis to neuroscience is quite remarkable. The novel method-
ology is able to faithfully reproduce the electric neuronal dynamics, accurately char-
acterizing the spike waveforms in terms of interpretable parameters. On the one
hand, an equivalent but simple representation of the renowned HH model has been
proposed, overcoming previous limitations such as its lack of robustness and pa-
rameter identifiability. Moreover, it stressed relevant notions about the neuron ex-
citability: the shape of the spikes is related to the neuron’s morphology, whereas the
spikes’ firing rate to the neuron’s ion fluxes. On the other hand, the novel method-
ology is a significant contribution to the problems requiring spike characterization.
Within cell-type classification, the first genuinely circular neuronal taxonomy has
been defined. The taxonomy was the first to place some Cre lines and had relevant
differences regarding other proposals in the literature, being the most significant
one the placement of the Pvalb-positive neurons. These neurons, key in the learn-
ing and memorization processes, have been found to have similar characteristics to
non-neuronal cells in the nervous system, such as glial cells. Many authors argue
that cell-type taxonomies will be the key to completely understanding the nervous
system’s functioning. In the case of the Spike Sorting problem, a new model-based
approach has been proposed, and the attained results are superior to traditionally
used methods in terms of accuracy, interpretability, and robustness. It is important
to remark that correct Spike Sorting in data like EPT has served to control and treat
patients with epilepsy. Spike Sorting is also essential to study connectivity patterns
between neurons and the development of brain-machine interfaces.

This thesis significantly extended the FMM methodology and proved its potential
to solve challenging problems in neuroscience. Its conclusion discloses many highly
compelling lines of future work. On the one hand, many other interesting problems
in neuroscience could be addressed, such as the study of the neuronal activities syn-
chronization (Aydore, Pantazis, and Leahy, 2013) and the analysis of multichannel
neuronal recordings (Yger et al., 2018). In the former problem, measurements of
the interaction between neuronal populations are used to uncover insights into the
functioning of the nervous system. In the latter problem, specific procedures can be
defined by either combining the FMM-extracted information of each channel or with
multivariate FMM models, as those introduced in Rueda et al., 2022 to analyze ECG
multi-lead signals. The FMM methodology could be used to handle many other
challenges that arise from the analysis of the electroencephalogram, which records
the firing of the brain neurons. In addition, many other problems associated with
oscillatory signals of different fields can be approached with the FMM methodol-
ogy, such as visual electrophysiology, electrocardiography, experimental chemistry,
among others. We believe that the methodology can have significant implications
in human health, improving the detection, treatment, and control of diseases like
epilepsy, schizophrenia, or dementia. On the other hand, there still is much method-
ological work to develop, specially inferential procedures. Furthermore, the work
in Rodríguez-Collado and Rueda, 2022 opens up the possibility of defining novel
functional data analysis approaches, while the resolution of many applied problems
will clearly require addressing new methodological questions. All of these entail the
continuous development of the FMM package. Finally, we have the challenge of
reducing the computational time of the estimation algorithm. It could be sped up
by implementing the parameter search in a more computationally efficient program-
ming language, such as C, and using GPU-based computing.
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2. Publications

This section provides the main bibliographic data of the articles that are part of this
thesis. Specifically, it consists of five scientific publications: three published, one
in-press, and another under review.

The contributions are listed according to publication date.

2.1 Rueda, Rodríguez-Collado, and Larriba (2021)

A novel wave decomposition for oscillatory signals (Rueda, Rodríguez-Collado,
and Larriba, 2021).
Cristina Rueda, Alejandro Rodríguez-Collado, and Yolanda Larriba. A novel
wave decomposition for oscillatory signals. IEEE Transactions on Signal Process-
ing, vol. 69, pages 960–972, 2021. DOI: 10.1109/TSP.2021.3051428.

Impact factor (2020): 4.931. Q1 (41/273) in "Engineering, electrical & electronic".

Abstract: Oscillatory systems arise in the different science fields. Complex mathe-
matical formulations with differential equations have been proposed to model the
dynamics of these systems. While they have the advantage of having a direct physi-
ological meaning, they are not useful in practice as a result of the parameter adjust-
ment complexity and the presence of noise. In this paper, a novel decomposition ap-
proach in AM-FM components, competing with Fourier and other decompositions
is presented. Several interesting theoretical properties are derived including the or-
dinary differential equations describing the signal. Furthermore, the usefulness in
real practice is demonstrated to analyse signals associated to neuron synapses and
by addressing other questions in neuroscience.

https://doi.org/10.1109/TSP.2021.3051428
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2.2 Rodríguez-Collado and Rueda (2021a)

A simple parametric representation of the Hodgkin-Huxley model (Rodríguez-
Collado and Rueda, 2021a).
Alejandro Rodríguez-Collado and Cristina Rueda. A simple parametric represen-
tation of the Hodgkin-Huxley model. PLOS ONE, vol. 16, number 7, page 1-19,
2021. DOI: 10.1371/journal.pone.0254152.

Impact factor (2020): 3.240. Q2 (26/72) in "Multidisciplinary sciences".

Abstract: The Hodgkin-Huxley model, decades after its first presentation, is still a
reference model in neuroscience as it has successfully reproduced the electrophys-
iological activity of many organisms. The primary signal in the model represents
the membrane potential of a neuron. A simple representation of this signal is pre-
sented in this paper. The new proposal is an adapted Frequency Modulated Möbius
multicomponent model defined as a signal plus error model in which the signal is
decomposed as a sum of waves. The main strengths of the method are the simple
parametric formulation, the interpretability and flexibility of the parameters that de-
scribe and discriminate the waveforms, the estimators’ identifiability and accuracy,
and the robustness against noise. The approach is validated with a broad simulation
experiment of Hodgkin-Huxley signals and real data from squid giant axons. Inter-
esting differences between simulated and real data emerge from the comparison of
the parameter configurations. Furthermore, the potential of the FMM parameters to
predict Hodgkin-Huxley model parameters is shown using different Machine Learn-
ing methods. Finally, promising contributions of the approach in Spike Sorting and
cell-type classification are detailed.

https://doi.org/10.1371/journal.pone.0254152
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2.3 Rodríguez-Collado and Rueda (2021b)

Electrophysiological and transcriptomic features reveal a circular taxonomy of
cortical neurons (Rodríguez-Collado and Rueda, 2021b).
Alejandro Rodríguez-Collado and Cristina Rueda. Electrophysiological and tran-
scriptomic features reveal a circular taxonomy of cortical neurons. Frontiers in Hu-
man Neuroscience, vol. 15, page 684950, 2021. DOI: 10.3389/fnhum.2021.684950.

Impact factor (2020): 3.169. Q2 (27/77) in "Psychology".

Abstract: The complete understanding of the mammalian brain requires exact knowl-
edge of the function of each neuron subpopulation composing its parts. To achieve
this goal, an exhaustive, precise, reproducible, and robust neuronal taxonomy should
be defined. In this paper, a new circular taxonomy based on transcriptomic features
and novel electrophysiological features is proposed. The approach is validated by
analysing more than 1850 electrophysiological signals of different mouse visual cor-
tex neurons proceeding from the Allen Cell Types database. The study is conducted
on two different levels: neurons and their cell-type aggregation into Cre lines. At the
neuronal level, electrophysiological features have been extracted with a promising
model that has already proved its worth in neuronal dynamics. At the Cre line level,
electrophysiological and transcriptomic features are joined on cell types with avail-
able genetic information. A taxonomy with a circular order is revealed by a simple
transformation of the first two principal components that allow the characterization
of the different Cre lines. Moreover, the proposed methodology locates other Cre
lines in the taxonomy that do not have transcriptomic features available. Finally, the
taxonomy is validated by Machine Learning methods which are able to discriminate
the different neuron types with the proposed electrophysiological features.

https://doi.org/10.3389/fnhum.2021.684950
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2.4 Fernández et al. (2022)

FMM: an R package for modeling rhythmic patterns in oscillatory systems (Fer-
nández et al., 2022).
Itziar Fernández, Alejandro Rodríguez-Collado, Yolanda Larriba, Adrián Lamela,
Christian Canedo, Cristina Rueda. FMM: an R package for modeling rhythmic pat-
terns in oscillatory systems. The R Journal, in-press, 2022.

Impact factor (2020): 3.984. D1 (12/125) in "Statistics & probability".

Abstract: This paper is dedicated to the R package FMM which implements a novel
approach to describe rhythmic patterns in oscillatory signals. The frequency modu-
lated Möbius (FMM) model is defined as a parametric signal plus a gaussian noise,
where the signal can be described as a single or a sum of waves. The FMM approach
is flexible enough to describe a great variety of rhythmic patterns. The FMM pack-
age includes all required functions to fit and explore single and multi-wave FMM
models, as well as a restricted version that allows equality constraints between pa-
rameters representing a priori knowledge about the shape to be included. Moreover,
the FMM package can generate synthetic data and visualize the results of the fitting
process. The potential of this methodology is illustrated with examples of such bio-
logical oscillations as the circadian rhythm in gene expression, the electrical activity
of the heartbeat and neuronal activity.



2.5. Rodríguez-Collado and Rueda (2022) 19

2.5 Rodríguez-Collado and Rueda (2022)

Functional clustering of neuronal signals with FMM mixture models
(Rodríguez-Collado and Rueda, 2022).
Alejandro Rodríguez-Collado and Cristina Rueda. Functional clustering of
neuronal signals with FMM mixture models. Preprint, available in Arxiv.
https://arxiv.org/abs/2203.03588. Submitted, 2022.

Abstract: The identification of unlabelled neuronal electric signals is one of the most
challenging open problems in neuroscience, widely known as Spike Sorting. Moti-
vated to solve this problem, we propose a model-based approach within the mixture
modeling framework for clustering oscillatory functional data called MixFMM. The
core of the approach are the FMM signals, non-linear additive parametric time func-
tions. These functions are flexible enough to describe different oscillatory patterns
and simple enough to be estimated efficiently. Concretely, specific model param-
eters describe the waveforms’ phase, amplitude, and shape. A mixture of FMM
models is defined using gaussian errors, and an EM algorithm is proposed for pa-
rameters’ estimation. In addition, the approach includes methods for the number of
clusters selection. Spike Sorting has received considerable attention in the literature,
and different functional clustering approaches have traditionally been considered.
We compare those approaches with the MixFMM in a broad collection of datasets,
including benchmarking simulated and real data. The results are evaluated using
a selection of indexes, quantifying within-group cohesion and inter-group separa-
tion. These indexes confirm the outstanding performance of the MixFMM across all
datasets, and significant improvements against competitors are attained in certain
scenarios.

https://arxiv.org/abs/2203.03588
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