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Abstract

Two one-parametric bifurcation problems for scalar nonautonomous ordinary differential equations are
analyzed assuming the coercivity of the time-dependent function determining the equation and the concavity
of its derivative with respect to the state variable. The skewproduct formalism leads to the analysis of the
number and properties of the minimal sets and of the shape of the global attractor, whose abrupt variations
determine the occurrence of local saddle-node, local transcritical and global pitchfork bifurcation points of
minimal sets and of discontinuity points of the global attractor.
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1. Introduction

The objective of this paper is to develop a bifurcation theory for nonautonomous scalar ordi-
nary differential equations defined by time-dependent scalar functions with concave derivative
with respect to the state variable: d-concave functions (or equations), for short. We analyze in
detail different types of d-concavity and describe rigorously conditions giving rise to saddle-
node, transcritical and pitchfork nonautonomous bifurcation patterns for suitable one-parametric
families of scalar d-concave ODE:s.

Nonautonomous bifurcation theory is a challenging problem intensively studied during the
last years. The works of Alonso and Obaya [1], Anagnostopoulou and Jiger [2], Anagnos-
topoulou et al. [3], Braaksma et al. [5], Fabbri and Johnson [14], Fuhrmann [15], Johnson and
Mantellini [19], Johnson et al. [20], Kloeden [22], Langa et al. [24], Nifiez and Obaya [29,30],
Potzsche [33,34], Rasmussen [35,36], and the references therein, offer an overview of the present
state of this theory, paying special attention to scalar ordinary differential equations. Since, in
general, a nonautonomous differential equation does not have constant or periodic solutions, it
is not clear how to identify the objects whose bifurcation should be studied. In this paper, we
make use of the skewproduct formalism, which gives some natural answers to this question: we
analyze the number and shape of certain compact invariant subsets of the skewproduct flow and
the changes of these structures as the parameter varies.

Let fo: R x R — R be a continuous function, and let us denote the z-shift of fy by
(fo't)(s,x) = fo(t + s, x). Standard conditions on f ensure that its hull €2, given by the clo-
sure of { fo-z: t € R} in a suitable topology of C(R x R, R), is a compact metric space and
that the map 0: R x Q@ - Q, (f,w) — o (t,w) = w-t defines a continuous flow. By defining
f(w,x) =w(0, x), we obtain the family of equations

x'=f(wt, x), we, (1.1)

which includes the initial one: it corresponds to wg = fo € 2. For the first results, we will not
restrict ourselves to this hull situation: € will be any compact metric space, o0: Q X R —
R, (w,t) — w-t will be a continuous flow, and f: 2 x R — R will be a continuous func-
tion such that the partial derivative fyx: 2 x R — R is jointly continuous and concave in x for
all w € @ (d-concave). If u(t, w, xg) denotes the solution of (1.1) with u(0, w, xg) = xg, then
T:RxQxR—>QxR, (t,w,x) — (wt,u(t,w, xp)) defines a local skewproduct semiflow
on 2 x R. For our most relevant results, we will assume that 2 is minimal (and hence it is the
hull of any of its elements) and that the flow 7 is dissipative. Our one-parametric bifurcation
analysis refers to changes in the number and characteristics of the minimal sets, and in the shape
of the global attractor. This type of analysis is useful for many interesting problems.

The results are organized in five sections. Section 2 contains some basic notions and proper-
ties of ergodic theory and topological dynamics. Section 3 deals with the d-concavity property.
As proved by Tineo [38], f is d-concave if and only if, for every w € 2, the second order
divided differences satisfy f(w, [x1, x0,Xx2]) > f(w, [x1, X0, x3]) for every xg, x1,x2,x3 € R
with x; < x2 < x3 and x¢ ¢ {x1, x2, x3}. But this condition does not suffice to our purposes.
Given a real interval J = [a,b] and 0 < € < I(J)/2 = (b — a)/2, we define the standardized
e-module of d-concavity by . : 2 — [0, 00): a function which satisfies f(w, [x1, x0, x2]) —
f(w, [x1,x0,x3]) = bjc(w) for every w € Q, xp,x1,X2,X3 € J, X2 — X1,X3 — x2 > € and
xo ¢ {x1, x2, x3}, and which is, to some extent, optimal with this condition. We introduce dif-
ferent levels of strict d-concavity (abbreviated as SDC) in terms of these modules. In particular,
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our function f is (SDC),, with respect to a o-ergodic measure m on €2 if for any J there exists
pJ > 0 such that m({w € Q2: bj(w) > 0}) > py whenever 0 <€ <I(J)/2, and f is (SDC) if
m({weQ: bye(w)>0})>0foreverym, J and 0 <€ <[(J)/2.

In Section 4, we analyze some ergodic and topological properties of the compact invariant sets
K C 2 x R. We prove that, if f is (SDC),,, then there exist at most three t-ergodic measures
concentrated on /C projecting onto m. Similarly, if f is (SDC), then I contains at most three
disjoint compact t-invariant sets projecting onto €2. In addition, if fy, is also continuous (what
we assume in the rest of this introduction), then the sum of any pair of Lyapunov exponents of
IC with respect to two different ergodic measures projecting onto the same one on 2 is lower
than or equal to zero. Previous results of this same type have been obtained by Tineo [38] for
periodic differential equations under stronger conditions of d-concavity and by Jager [17] for
quasiperiodically forced increasing maps 7: S! x [a,b] — S! x [a, b] with strictly negative
Schwarzian derivative. We also explain in this section the relation between their results and ours.

In Section 5, we assume that the flow (€2, o) is minimal and add to the hypotheses on f its
coercivity, which implies the existence of a global attractor .A; for each one of the families x’ =
f(w-t,x) 4+ &, with L € R. We describe several possibilities for the global bifurcation diagrams
of this one-parametric problem. Our main tool is to determine the number of the minimal sets
and their structure for each A € R, and the relation of these properties with the shape of A,. We
prove that, if f is (SDC) and there exist three minimal sets for a point Ag € R, then .4, contains
three minimal sets, which are hyperbolic, if and only if A belongs to a nondegenerate interval
(A=, A4), and it is simply the graph of a continuous map on Q2 if A ¢ [A_, A+]. In addition, the
two upper (resp. lower) minimal sets collide on a residual invariant subset of €2 when A | A_
(resp. A 1 A1), giving rise to two local saddle-node bifurcation points of minimal sets and two
points of discontinuity of .4;: the global bifurcation diagram is the nonautonomous analogue
of that of x’ = —x> 4+ x + A, with the fundamental difference of the possibility of occurrence
of highly complicated dynamics on the nonhyperbolic minimal set existing at the bifurcation
points. This is an extension of the saddle-node bifurcation pattern studied in [1], [29] and [31]
for the concave case. In addition, we establish conditions ensuring that, if there exist exactly two
minimal sets for a value A, then the situation is that described above, with Aj =A_ or A = A4.
We also describe the dynamical possibilities for .A; when there is only a minimal set for all A (as
inx’ =—x3+2).

In Section 6, also under the hypothesis of minimality of (€2, o), we analyze a problem of para-
metric bifurcation of a recurrent solution of a given equation. First, we show how to reformulate
this problem in terms of the bifurcation analysis around the minimal set  x {0} of a family
x'= f(wt,x)+ Ax, with f(-,0)=0. A first description of the possible local transcritical, local
saddle-node and global pitchfork bifurcation points which may appear for this model was given
in [29] in the case of uniquely ergodic flow on 2. For an (SDC) function f, the results of Sec-
tion 6 extend the casuistic described in [29] to the more general case of coexistence of several
Lyapunov exponents on €2 x {0}, which may give rise to scenarios of greater dynamical com-
plexity. Some particular cases for which the bifurcation diagram is completely characterized are
described, and an interpretation of the conclusions for the initial bifurcation problem of recurrent
solutions completes the paper.

2. Preliminaries

Subsection 2.1 explains the definition of a skewproduct flow from a family of scalar nonau-
tonomous ordinary differential equations. Subsection 2.2 includes the basic definitions of equi-
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libria, semiequilibria and global upper and lower solutions, and relations among them. In Sub-
section 2.3, we recall some particular properties of compact invariant sets and minimal sets in the
scalar case. Finally, Subsection 2.4 summarizes the required notions and properties concerning
exponential dichotomy, Sacker and Sell spectrum and Lyapunov exponents of a family of scalar
ODE:s.

The interested reader can find in [4], [6], [9], [10], [13], [16], [18], [20], [21], [23], [25], [27],
[28], [37] and [39] all the details of the properties summarized here.

2.1. Scalar skewproduct flow

Let 2 be a compact metric space, and let o: R x Q — Q, (¢, w) — o0r(w) = w-t define a
global continuous flow on 2. All our results refer to the dynamical systems generated by the
solutions of nonautonomous scalar ordinary differential equations of the family

X' =flot,x), we, 2.1

where f: Q x R — R is assumed to be jointly continuous and f, is supposed to exist and to be
jointly continuous. We shall denote the set of this kind of functions by C%!(€2 x R, R). Along the
paper, C%2(Q x R, R) and successive function spaces will appear. For example, C%2(Q2 x R, R)
denotes the set of functions f: Q@ x R — R for which f, f, and fy, exist and are jointly
continuous. The family (2.1) allows us to define the local continuous flow

T:UCRX2XxR—->QxR, (¢t w,xy) > (ot,ult,w,xp)), 2.2)

where Z, ,, = R, t — u(t,w,xp) is the maximal solution of (2.1) with initial datum
u(0, w, x0) = x0, and U = U(w,xo)essz(Iw,XO X {(w, x0)}). That is, u satisfies the cocycle
property u(t + s, w, xo) = u(t, w-s, u(s, , x9)) when the right-hand term is defined. The fiber-
monotonicity of the flow t is guaranteed by the uniqueness of solutions of the ordinary differ-
ential equation: if x| < x», then u(t, w, x1) < u(t, w, x2) for any ¢ in the common interval of
definition of both solutions. The flow (2 x R, 7) is a type of local skewproduct flow on 2 x R
projecting onto (€2, o), which is called the base flow of the skewproduct. The w-section of a set
K C Q2 xR isdefined as (K), ={x e R: (w, x) € K}, and Bg(w, §) represents the open ball of
radius é and centered in w € 2.

2.2. Egquilibria, superequilibria and subequilibria

We shall say that a map §: 2 — R is a t-equilibrium if B(w-t) =u(t, w, B(w)) for all w € Q
and r € R, a t-subequilibrium if (w-t) <u(t, w, B(w)) for all w € Q2 and t > 0, a time-reversed
T-subequilibrium if this property is satisfied when ¢ < 0 instead of ¢ > 0, a t-superequilibrium if
B(wt) > u(t,w, B(w)) forall w € Q and all t > 0, and a time-reversed t-superequilibrium if this
property is satisfied when ¢t < 0. Note that these definitions require u (¢, , B(w)) to be defined for
either the whole R or a half-line. The reference to the flow t will be frequently omitted if there is
no risk of confusion. Both superequilibria and subequilibria are generally called semiequilibria.
Time-reversed semiequilibria satisfy the first semiequilibria definitions for the time-reversed flow
definedbyo: Rx Q — Q, (f,w) > 0 (w) =w Ot =w- (—t) and

TUCRXxQxR—>QxR, (t,w,x0)—~ (0O t,u(t, w, x0)),
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where u(t, w, x9) = u(—t, , xg) can be obtained as solutions of x' = — f(w @ 1, x), and U=
{(t,w,x): (—t,w,x) eU}.

Given a Borel measure m defined on €2, we shall say that an equilibrium (resp. semiequilib-
rium) B: Q — R is m-measurable if B is measurable with respect to the m-completion of the
Borel o-algebra. We shall say that an equilibrium (resp. semiequilibrium) g: Q — R is a semi-
continuous equilibrium (resp. semiequilibrium) if B is a bounded semicontinuous map. A copy
of the base for the flow t is the graph of a continuous t-equilibrium.

Let 8: 2 — R be a superequilibrium (resp. subequilibrium). Following the construction in
[9] and [28], if we define

Bs: Q—>R, wr u(s,w(—s), Blw-(—s)))

for s > 0, then we obtain a family {fs}s>0 of superequilibria (resp. subequilibria) which is
nonincreasing (resp. nondecreasing) as s increases. If, in addition, g is upper (resp. lower) semi-
continuous and {u(t, w, B(w)): t >0, w € 2} is bounded, then Boo (@) = limg_, 5 Bs(w) is an
upper (resp. lower) semicontinuous equilibrium.

Now, let 8: Q2 — R be a time-reversed superequilibrium (resp. subequilibrium). Analogously,
we define

Bs: =R, wr>uls,w(—s), Blw(—s)) =u(—s,wOs, B(wOs)))

for s < 0, and conclude from the previous properties applied to T that {8;}s<o is a family of
time-reversed superequilibria (resp. subequilibria) which is nonincreasing (resp. nondecreasing)
as s decreases. If, in addition, B is upper (resp. lower) semicontinuous and {u(?, ®, B(w)): t <
0, w € R} is bounded, then B_qo(w) = limg_, _ o, Bs (@) is an upper (resp. lower) semicontinuous
equilibrium.

A superequilibrium (resp. subequilibrium) 8: € — R shall be said to be strong if there exists
a time s, > 0 such that B(w-sx) > u(sx, @, B(w)) (resp. B(w-s4) < u(sy, w, B(w))) for all w €
Q. Recall that the flow (€2, o) is minimal if every o-orbit is dense in 2. In this case, if 8 is
a semicontinuous strong superequilibrium (resp. subequilibrium), then Proposition 4.3 of [28]
ensures that there exist ¢g > 0 and a time s* > 0 such that 8(w) > B+ (@) + ¢g (resp. f(w) <
By (w) — ep) for every w € Q. Note that the nonincreasing (resp. nondecreasing) monotonicity
of the family {B;};>¢ ensures that S(w) > B (w) + e (resp. B(w) < Bs(w) — ep) for every w €
and all s > s*. Strong time-reversed semiequilibria have the same definition and properties with
strictly negative times s, and s*.

The concepts of superequilibria and subequilibria are strongly related to those of global upper
and lower solutions. An m-measurable map «: © — R will be said to be C! along the base
orbits if, for any w € 2, the map t > k() = k(w-t) is C! on R. In this case, we represent
k' (w) = Kk, (0). It is clear by definition that every m-measurable equilibrium is c! along the
base orbits. Such a map « shall be said to be a global upper (resp. lower) solution for a family
x" = f(wt, x) of differential equations if k'(w) > f(w, k(w)) (resp. k' (w) < f(w, k(w))) for
every w € €2, and to be strict if the inequalities are strict for every w € 2.

If every forward 7-semiorbit is globally defined, that is, if [0, o0) € Z,, x, for every (w, xp) €
Q x R, a comparison argument shows that 8: @ — R is C! along the base orbits and a su-
perequilibrium (resp. subequilibrium) if and only if it is a global upper (resp. lower) solution.
Analogously, if (—o0, 0] € Z,, x, forevery (w, xg) € 2 xR, then §: @ — Ris C! along the base
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orbits and a time-reversed subequilibrium (resp. superequilibrium) if and only if it is a global up-
per (resp. lower) solution. Moreover, in the case of globally defined forward 7-semiorbits, any
strict global upper (resp. lower) solution is a strong superequilibrium (resp. subequilibrium) and,
in the case of globally defined backward t-semiorbits, it is a strong time-reversed subequilibrium
(resp. superequilibrium) (see Sections 3 and 4 of [28]).

The following two useful propositions explore the relations between different semiequilibria
which are somehow connected.

Proposition 2.1. Let (2, o) be minimal. Let B: Q2 — R be a semicontinuous strong superequi-
librium (resp. subequilibrium), let k : Q — R be a semicontinuous superequilibrium (resp. sube-
quilibrium) and let us assume that there exists a residual set R of continuity points of both
maps such that B(w) = k(w) for all w € R. Then, there exist ¢ > 0 and s, > 0 such that
K(w-s4) — e > u(sy, o, B(w)) (resp. k(w-sx) + e < u(sy, w, B(w))) forall w € Q.

Proof. If B is a semicontinuous strong superequilibrium, then there exist sop > 0 and e¢p > 0
such that u(so, w, B(w)) < B(w-sg) — ep for all w € Q. Let wp € R No_g (R). Then, wy is a
continuity point of 8, B o oy, and k o oy, and, in addition, B(wo-So) = k (wp-sp). Consequently,
u(so, wo, B(wo)) < B(wo-s0) — ep = i (wo-So) — €.

By the continuity of the involved semiequilibria at wp and the continuous dependence of
solutions on initial data, there exists p > 0 such that u(sg, w, B(w)) < k(w-sg) — eg for all
w € Bg(wp, p). By minimality of (2, 0), there exists s; > 0 such that for all w € Q there
exists 0 < s, < s1 such that w-s,, € Bo(wop, p). Therefore, using the cocycle property, the fiber-
monotonicity, the superequilibrium property and the previous inequality, we have, for all w € €2,

1 (S0 + Sw, w, B(w)) = u(so, w0, (s, , B(w)))
< u(so, w-Sw, B(w-54)) < k(w-(so + Sw)) — €p.

By fiber-monotonicity, evolving both sides s; — s, > 0 we obtain

u(so + 51, @, B(@)) < u(s1 = Sw, 0-(50 + 50), £ (@(s0 + 50)) — €0) - (2.3)

Since u(t,w,x) — u(t,w,x — eg) > 0 for all (t,w,x) € [0,s1] x Q X clp(k(£2)), which is a
compact set, there exists e > 0 such that u(t,w,x — ep) < u(t,w,x) — e for all (t,w,x) €
[0, 51] X X clr(k(£2)). Then, (2.3) yields

u(so + 51, 0, B(w)) <u(sy — Su, (50 + 50), K (@-(S0 + 50))) —e < k(w-(so +51)) — e

for all w € Q, since « is a also a superequilibrium. Rewriting s, = so + §1, we obtain
u(sy, w, B(w)) < k(w-s,) — e for all w € 2, as we wanted to show. The subequilibrium case
is proved analogously. O

Proposition 2.2. Let (2, o) be minimal. Let B: [0, 1] x Q@ — R, (A, ) — B (w) be a continu-
ous map such that B, is a strong superequilibrium (resp. subequilibrium) for every A € [0, 1]
and By (w) < Be(w) for all w € Q if L < &. Then, there exist eg > 0 and so > 0 such that
u(so, @, Br(w)) < Po(w-s0) — eo (resp. P1(w-50) + eo < u(so, w, fo(w))) for all » € Q.
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Proof. We work in the superequilibrium case. Let us define A = {X € [0, 1]: there exist e; >
0 and s > O such that (B1);, (w) < Br(w) — e, for all w € 2}. It is nonempty since B is a con-
tinuous strong superequilibrium, so let us define A9 = inf A. As (A, w) — B, (w) is continuous,
for each A € [0, 1], there exists a neighborhood V), C [0, 1] of A such that | 8, (w) — B¢ (w)| < €;./2
for every & € V) and w € 2. This shows that A is open in [0, 1]. Now, let us prove that Ay € A.

Since B, is a continuous strong superequilibrium, there exist ¢ > 0 and s, > 0 such that
(Brg)s* (@-85) = u(Sy, @, Bry(w)) < Bry(w-s4) — e for all w € Q. Fixed 0 < ey < e, we deduce
from the uniform continuity on a compact neighborhood of 8;,(£2) the existence of §y > 0 such
that

u(Ss, w, x) < Bry(w-ss) — e 2.4)

for every w € 2 and x € Br(f;,(w), 80). Now, let us take A1 € A with |8, (w) — Bi,(w)| < o
for all w € Q. Then, by definition of A, there exists s, > 0 such that

u(sy,;, o, B1(w)) < By, (w-s3,)

for every w € 2. Evolving the last inequality by monotonicity a time step s, > 0 and applying
(2.4), we obtain

(BUsuts, (@ (55 +511)) = u(sx + 51y, 0, fr(w))

< M(S*, w-Sxy, ﬁ)n] (CO'S)LI)) = ﬁ)uo(w'(s* + S}u])) — €0

for all w € €2. This shows that 1y € A. Therefore, Ao =0 € A, and the statement follows easily
from here. The subequilibrium case is proved analogously. O

2.3. Compact invariant sets and minimality

Let us recall some properties of compact t-invariant sets for a local skewproduct flow (€2 x
R, 7) over a compact base €2, as well as some properties of minimal sets when (€2, 0) is a
minimal flow.

Aset K C Q xR is t-invariant if it is composed by globally defined t-orbits, and it is minimal
if it is compact, t-invariant and it does not contain properly any other compact 7-invariant set. A
compact t-invariant set L C Q x R is pinched if there exists w € Q such that the section (K),,
is a singleton.

We shall say that a compact t-invariant set projects onto 2 if the continuous map 7 : K — €,
(w, x) — w is surjective. In this case, 7 maps orbits onto orbits preserving its direction (i.e., it is
a flow epimorphism), and

K< | ({o} x [ax (@), Be(@)]).

we

where oy (w) =inf{x e R: (w, x) € K} and Bic(w) =sup{x e R: (w, x) € K}. As K is closed,
the graphs of ax and By are contained in /C, and oy and B are respectively lower and upper
semicontinuous. The flow monotonicity and the t-invariance of X allow us to check that, in fact,
ax and By are equilibria, which will be called the lower and upper delimiter equilibria of IC. If
(2, o) is minimal, any t-invariant compact set projects onto €2.
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Proposition 2.3. Let (2, o) be minimal, let B: Q2 — R be a semicontinuous equilibrium and let
wo be any continuity point of B. Then,

M =clguri(wo-t, B(wo-1)): t € R} (2.5)

is a minimal set, and it is independent of the choice of wy. In addition, the sections (N), of any
t-minimal set N' C Q x R are singletons for all the points w in a residual o -invariant subset
of Q.

Proof. It is obvious that M is t-invariant, and it is compact since f is bounded. Let us deduce
from the minimality of (2, 0) that (M), = {8(w)} for any continuity point @ of B. Given
x € (M), we write (w, x) = lim,_, oo (wo-t,,, B(wo-t,)) for a suitable sequence {f,},cN. Since
B is continuous at w, then x = B(w), as asserted. In particular, if A" € M is minimal, then
N )y = 1B (wp)} and hence M C N, which shows the minimality. The independence of the
choice of wq follows from clgyr {(w ', B(w-1)): t € R} € M for every continuity point w of 8.
Finally, the last assertion is deduced by applying the previous properties to one of the delimiter
equilibria of any minimal set N'. O

Proposition 2.4. Let (2, 0) be minimal, let B1, f2: Q@ — R be semicontinuous equilibria, let
R1, R2 be o-invariant residual sets of continuity points of B1 and By respectively, and let R =
R1 N Ry. The following statements are equivalent:

(@) Bi(wo) = Ba(wo) for a point wy € R,
(b) B1(wo) = B2(wp) for every wy € R,
(c) there exist w; € R and wy € Ry such that

cloxr{(wi-t, Bi(wr-1)): t € R} =cloyr{(wz2-t, B2(wa-1)): t €R}.

Proof. (b)=(a) and (a)=(c) are immediate. Let us prove (c)=-(b). Proposition 2.3 proves
that clg r{(w1-t, Bi(wi-1)): t € R} and clour{(w2-t, B2(wy-1)): t € R} are minimal sets,
and they independent of the choice of w; € R| and wy € R;. Hence, if wg € R, then
cloxr{(wot, Bi(wo-1)): t € R} = clgyr{(wo-t, Ba(wo-t)): t € R}. In particular, there ex-
ists a sequence {#,},eN such that (wo-t,, B1(wo-tn)) — (wo, B2(wp)). As wp € R, we have
B1(wo) = Ba(wp), as asserted. O

Proposition 2.5. Let (2, o) be minimal and let By, B> : 2 — R be, respectively, lower and upper
semicontinuous equilibria such that B1(®) < Br(w) for every w € Q. If there exists wg € 2 such
that B1(wo) = Ba(wyp), then wy is a continuity point of both maps and hence the equivalences of
Proposition 2.4 hold.

Proof. If w, — wgy as n — oo, then

B1(wo) < ljlrgicgfﬂl (@n) <limsup By (@) <limsup B2 (wy) < B2(wo) = B1(wo) .

The third term can be replaced by liminf,,_, o B2(w;,). This shows the assertion. O
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We shall say that two disjoint compact t-invariant sets /1, Ko C € x R which project onto
Q are fiber-ordered, K1 < KCa, if x < y for every (w, x) € K1 and (w, y) € K2. When (2, 0) is
minimal, two different t-minimal sets are always fiber-ordered: see Section 2.4 of [6]. Finally,
we shall say that a T-minimal set M C Q x R is hyperbolic attractive (resp. repulsive) if it is
uniformly exponentially asymptotically stable at oo (resp. at —oo). If none of these situations
holds, then M is nonhyperbolic.

2.4. Ergodic measures and Lyapunov exponents

Given a normalized Borel measure m on €2, we shall say that it is o -invariant if m(o;(B)) =
m(B) for every t € R and every Borel subset 5 C €2, and that it is o -ergodic if it is o-invariant
and m(B) € {0, 1} for every o-invariant subset 3 C 2. The nonempty sets of normalized o-
invariant and o -ergodic Borel measures on £2 are represented by My (2, 0) and Merg (2, 0)
respectively. The flow (€2, o) is said to be uniquely ergodic if Min, (2, o) reduces to just one
element m, in which case m is ergodic; and it is said to be finitely ergodic if Mez(2,0) is a
finite set. The support of m € 9Miny (2, o), Supp(m), is the complement of the largest open set
with zero measure, and it is a compact invariant set. If (€2, o) is minimal, then Supp(m) = 2 for
every m € Miny (2, 0).

Let a : 2 — R be a continuous map. The Lyapunov exponent of the family of linear differen-
tial equations x’ = a(w-t) x with respect to m € Merg (2, 0) is

Va (2, m) = /a(a)) dm.

Q

The family x’ = a(w-t) x has exponential dichotomy over  if there exist k > 1 and § > 0 such
that either
t
expf a(w-s) ds < ke whenever w € Q and 7 > 0
0

or
t
exp/a(a)-s) ds < ke® whenever w € Qand 7 <0.
0

The Sacker and Sell spectrum of a: Q2 — R is the set &, of A € R such that the family x’ =
(a(w-t) — A) x does not have exponential dichotomy over 2. It is known ([21], [37]) that there
exist m!, m" € Merg (Q, o) such that inf T, = y, (2, m') and sup T, = y, (2, m*), and that, if
is connected, then =, = [y, (2, m"), 4 (2, m")] and [, a(w) dm € X, for any m € Miny (2, 0).

Now, assume that the map f of (2.1) belongs to C%1(Q x R, R). The Lyapunov exponent of
a compact t-invariant set K C € x R with respect to v € M., (K, 7) is

V5 (K, v) =/fx(a),x)dv. (2.6)
K
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We will omit the subscript fy. The Sacker and Sell spectrum of fy on a compact t-invariant set
K C Q x R is that of f, : L — R. Recall that, when the base flow is minimal, a T-minimal set
M C Q x R is nonhyperbolic if and only if O belongs to the Sacker and Sell spectrum of f; on
M. In addition, if all its Lyapunov exponents are strictly negative (resp. positive), then M is an
attractive (resp. repulsive) hyperbolic copy of the base. See e.g. Proposition 2.8 of [6].

The results of Furstenberg [16] (see also Theorem 1.8.4. of [4]) show that, given a compact
T-invariant set K C  x R projecting onto € and v € M., (K, T) which projects onto m €
Merg (2, 0) (i.e., m(A) = v((A x R)NK)), there exists an m-measurable equilibrium §: & — R
with graph contained in /C such that, for every continuous function g: 2 x R — R,

/g(a),x) dv:/g(a),,B(w)) dm. 2.7
K Q

In particular, the Lyapunov exponent of /C for (2.1) with respect to any t-ergodic measure pro-
jecting onto m is given by fQ frx(w, B(w))dm for a suitable m-measurable equilibrium. It is
easy to check that the converse of the previous property is also true: any m-measurable equilib-
rium B : @ — R with graph contained in K defines v € M (K, T) projecting onto m by (2.7).
Clearly, g1 and B, define the same measure if and only if they coincide m-a.e.

3. D-concavity and related properties

In this section, we shall define and study some properties which will assumed on the function
f of our family of scalar nonautonomous differential equations (2.1) in due time. All of them are
related to the concavity with respect to the state variable of the function f.

3.1. Divided differences and modules of d-concavity

Amap f € C%1(Q x R, R) is d-concave ((DC) for short) if its derivative f; (w, -) is concave
on R for all w € Q. As this property is not enough to achieve some of the desired results, we
need to define some kind of stronger properties in terms of modules of d-concavity. To this end,
we recall the definition of second order divided differences,

fw, [x2,x3]) — f(w, [x1, x2])

X3 — X1

flw, [x1,x2,x3]) =

with x; # x; for i, j € {1, 2, 3}, where, fori € {1, 2},

Jfl@, xiy1) — flw, xi)

Xi+l — Xi

flo,[xi, xit1) =

Lemma 3.1. A function f € CO1(Q x R, R) is (DC) if and only if, for all w € L,
flw, [x1,x0, x2]) > f(w, [x1, X0, x3])

for every xg, x1, x2, x3 € R satisfying x1 < x» < x3 and xo # x; fori € {1, 2, 3}.

Proof. See Lemma 2.1 of part IT of [38]. O
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Definition 3.2. Let f be a (DC) function and let / C R be a compact interval. We shall say that
a continuous function b¢: Q — [0, 00) is an €-module of d-concavity of f on J if, for every
w e 2,

f(w, [x1,x0,x2]) > f(w, [x1, X0, x3]) + b (w) 3.1

if x; € J fori €{0,1,2,3}, xg # x; fori € {1,2,3} and xo — x1,x3 — x2 > €; and that b€ is
m-strict for m € Miny (2, o) if, in addition, m({w € 2: b (w) > 0}) > 0.

Modules of d-concavity are only coherently defined when 0 < 2¢ <I(J) =sup J —inf J. This
restriction over the possible range of € will be assumed from now on. The linearity of divided
differences ensures that the sum of e-modules of d-concavity on J of two (DC) functions is an €-
module of d-concavity on J of the sum of both functions. For this reason, adding a finite number
of d-concave functions ends up in a d-concave function with m-strict e-module of d-concavity
on J if any of the terms has an m-strict e-module of d-concavity on J.

Proposition 3.3. Let (2, o) be minimal. Let € > 0 and m € My (R, o) be fixed and let b : Q —
[0, 00) be an e-module of d-concavity on a compact interval J of a (DC) function f. Then, b€ is
m-strict if and only if there exists wy € Q2 such that b (wg) > 0.

Proof. If there exists wg € €2 such that b€(wg) > 0, then b (w) > 0 for all w € Bg(wg, p) for
some p > 0. By minimality, Supp(m) = Q2. So, m(Bg(wp, p)) > 0 and hence b€ is m-strict. The

converse assertion is trivial. O

Definition 3.4. Let J be a compact interval. Given a (DC) function f and € € [0, [(J)], we shall
define the standardized e-module of d-concavity of f on J as

bje(w)=

4l(€J)2 min 2fi(@, %) = fr(@,x —€/2) = fr(w,x +€/2)},

where [(J) =supJ —infJ and Jc ={x e R: [x —€/2,x +€/2] C J}.

Note that it is well defined since the minimum has a continuous argument and is taken on a
compact set, that b o(w) = 0 for every w € €2 and that [0, [(J)] x 2 — [0, 00), (€, w) = bj (w)
is continuous.

Theorem 3.5. Let f be (DC), let m € Miny (2, 0), and let J be a compact interval. Then,

(1) the map [0,1(J)] — [0, 00), € = b () is nondecreasing for all w € Q.
(i) The map bj ¢ is an e-module of d-concavity of f on J whenever 0 < e <I1(J)/2, and it is
m-strict for € € [€9,[(J) /2] if by ¢, is m-strict.
(iii) The map w +— (1/¢€) fOZE by s(w) ds is also an e-module of d-concavity of f on J and it
takes the value 0 if and only if by 2¢ (w) = 0.
@iv) If b¢: Q@ — R is any other e-module of d-concavity of f on J, then

1 /1()\>
p@ =3 (%) by 2e(@) (32)
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for all w € Q. In particular, if b is m-strict, then by »¢ is m-strict.

The proof requires the next result, which asserts that concavity is equivalent to a monotonicity
property in the extreme points of a second order finite differences scheme.

Lemma 3.6. A function g: R — R is concave if and only if

(x3 —x1) g(x2) — (x3 —x2) g(x1) — (x2 — x1) g(x3) 33
< (x4 — x0) g(x2) — (x4 — x2) g(x0) — (x2 — x0) g (x4) '

forall real xg < x1 < x93 <x3 <Xx4.

Proof. Firstly, concavity in x| < x3 < x4 and in xo < x1 < x3 gives

(x3 —x1) g(x4) < (x4 — x1) g(x3) — (x4 — x3) g(x1),

(x3 — x1) g(x0) < (x3 — x0) g(x1) — (x1 — x0) g(x3) .

Adding up (x — x¢) times the first inequality plus (x4 — x2) times the second one, and dividing
by (x3 — x1)(x4 — xp), results in

X4 — X2 X2 — X0 X3 — X2 X2 — X
g(xo) + g(xs4) < g(x1) +

X4 — X0 X4 — X0 X3 — X1 X3—X

La(xs).
1

We can write the previous inequality as

X3 —

X4 — X2 Xy —

g(xo0)

g(x2) —

X2 X2 — X1 X0
gx1) — g(x3) < g(x2) — g(xq).
X1 X3 — X1 X0

The result follows from multiplying by x3 — x1 and bounding x3 — x; < x4 — X0, as both sides are
positive by concavity. The converse assertion is obtained by writing x; = x2 =x3 in (3.3). O

Proof of Theorem 3.5. (i)-(iii) Lemma 3.6 applied to f,(w, -) ensures that, if 0 < e <I(J)/2,
x2 € Joeand x1 < xp —€ <xp < xp + € < x3, then
(03 = x1) fr (@, %2) — (03 = x2) fe (@, x1) — (x2 = x1) fe (@, %3) = 21(])?bj2e(@).  (3.4)

Let0<e <I(J)/2and x; € J fori € {0, 1, 2, 3} be fixed, with xo # x; fori € {1,2,3}, x0—x1 >
€ and x3 —x3 > €. Given s € (0, 1], we replace x; in (3.4) by x7 = sx; + (1 —s)xo fori € {1, 2, 3}
and € by se: since x3 — x{ > se and x§ —Xxj > se, we get

(x3 — x1) fr (@, x3) — (x3 — x2) fr (@, x]) — (x2 — x1) fr (@, X3)

210(J)2

>

by ase(@) > 21(J)b 25¢ ().

It is easy to check that f(w, [x0, x;]) = fol Sfx(w,x7)ds fori € {1,2,3} and obvious that 1(J)? >
(x3 —x1)(x2 — x1). So, integrating the preceding inequality yields
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(x3 — x1) f(w, [x0, x2]) — (x3 — x2) f (@, [x0, x1]) — (x2 — x1) f(w, [x0, x3])

1 2¢
1
> (x3 —x1)(x2 —X1)2/ bjose(@)ds = (x3 — x1)(x2 — x1) Ef bys(w)ds.
0 0

It follows easily that b¢ (w) = (1/€) f02 b J.s(w) ds satisfies Definition 3.2, which proves (iii).
Lemma 3.6 also implies that [0, [(J)] — [0, 00), § = b s(w) is nondecreasing for all w € €2,
which proves (i) and makes easy to check that be (w) =0if and only if b 2¢ (w) = 0.

To complete the proof of (ii), we must check that by is also an e-module of d-concavity,
which follows from

1 1

1
2 / byase@)ds =2 / byase(@)ds = 2b.c(@) | ds=bye().
0 172 172

We have used b 5(w) > 0 for all w € 2 and the monotonicity of § = by s(w).
(iv) Let x € Jpe. We call x; = x — €, xp = x, x3 = x + €, write (3.1) for b¢ and any x¢, and
add up the three expressions obtained by taking limits xo — x; (i € {1, 2, 3}). We get

2¢fi(w,x) —€fy(w,x —€) —€fy(w,x +€)> 662b6(0)),

from where (3.2) follows. The last assertion in (iv) is a consequence of (3.2), since it implies that
{weQ: bjr(w) >0} D{we: b (w)>0}. O

Theorem 3.5 explains the scope of Definition 3.4: although the standardized ¢-module of d-
concavity is probably not the largest e-module, it has the smallest set of zeros that any other
(€/2)-module can have; and the smaller these sets are, the less restrictive the strict d-concavity
conditions required by our main results.

Proposition 3.7. Let f € C%%(Q x R, R) be (DC) and let wy € QL be fixed. Then, for any € €
0,1(N)], bye(wo) =0 if and only if J contains a subinterval of length € on which fyx(wo, -)
is constant. Moreover, fyx(wo, ) is strictly decreasing on a compact interval J if and only if
bj.e(wo) > 0 for every € € (0,1(J)].

Proof. It is easy to check that

2 fx(wo, x) — fx(wo, x —€/2) — fr(wo, x +€/2)
1

/ (fxx(CUOsx —€(1=15)/2) = fix(wo, x +€(1 —S)/Z)) ds.

0

(3.5)

N M

The properties of f ensure that the integrand is continuous on s € [0, 1], it is never strictly
negative, and it is identically zero if and only if fi,(wo,x — €/2) = fix(wo, x + €/2), as this
condition is equivalent to fy,(wp, -) being constant on the interval [x — €/2, x + €/2]. Now,
given any € > 0, bj (wp) = 0 if and only if there exists some X € J. such that (3.5) vanishes,
and this occurs if and only if fy, (wo, -) is constant on [X — €/2, X + €/2]. The second statement
follows immediately from the first one. O
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3.2. Strictly concave derivatives in measure

Now, we shall define the properties which will be part of our main assumptions in the rest of
the paper.

Definition 3.8. We shall say that f € C®1(Q x R, R) is

(i) strictly d-concave with respect to m € Merg(2,0) on a compact interval J ((SDC),, on
J) if it is (DC) and there exists p > 0 such that m({w € Q: b;(w) > 0}) > p for all
€ € (0,1(J)/2]; and strictly d-concave with respect to m ((SDC),,) if it is (SDC),, on J for
every compact interval J C R;

(i) strictly d-concave with respect to every measure on a compact interval J ((SDC), on J) if
itis (SDC),, on J for every m € M (L2, 0); and strictly d-concave with respect to every
measure ((SDC),) if it is (SDC), on J for every compact interval J C R.

In particular, the (SDC),, property on J implies that b ¢ is m-strict in some uniform way. We
recall that Theorem 3.5 shows that these restrictions on f* are weaker for the maps b; ¢ than for
any other family of modules of d-concavity.

Proposition 3.9. Let m € M, (2, 0), let f € C%2(Q2 x R, R) be (DC) and let J be a compact
interval. Then, f is (SDC),, on J ifand only if m({w € Q: fyix(w, ) is strictly decreasing on J})
> 0.

Proof. Necessity follows from Proposition 3.7. We prove sufficiency by contradiction. We define
Qo={weQ: fir(w,:)isnot strictly decreasing on J} and assume m (£2p) = 1. For any w € Qg
there exists a nondegenerate interval J,, C J on which fyx(w, -) is constant. If

0 ={weQo: fux(w,-)is constant on an interval J, € J of length €},

then Qo = (U, 22§ and, if €| < €2, then QF € '. Therefore, 1 = m(Qp) = lime_.om(£2),
so given any 0 < p < 1 there exists €, > 0 such that m(Qg") >1—p>0.As b‘]’g/) (w) =0

for every w € QB” (see Proposition 3.7), we deduce that m({w € Q2: by ,(w) > 0}) < p, which
contradicts the (SDC),, property. O

Definition 3.10. We shall say that f € C%'(Q x R, R) is

(i) weakly strictly d-concave on a compact interval J ((sDC) on J) ifitis (DC) and for every € €
(0,1(J)/2] there exists m e € Merg(82, o) such that by ¢ is mj e-strict; and weakly strictly
d-concave ((sDC)) if it is (sDC) on J for every compact interval J.

(i) strictly d-concave on a compact interval J ((SDC) on J) if itis (DC) and by ¢ is m-strict for
every € € (0,1(J)/2] and m € M, (2, 0); and strictly d-concave ((SDC)) if it is (SDC) on
J for every compact interval J.

Proposition 3.11. The following statements hold:

(i) if there exists m € Merg (2, 0) such that f is (SDC),, then it is (sDC),
(ii) if f is (SDC) then it is (sDC),
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(iii) if f is (SDC), then it is (SDC), and (SDC),, for all m € Merg (R, 7).

Proof. It follows immediately from Definitions 3.8 and 3.10. O

Proposition 3.12. Let J be a compact interval. Then,

() if feC™(Q xR,R) is (DC) and there exists wy € Supp(m) for some m € Merg (2, 0)
such that fxxx(wo, -) is strictly negative on J, then f is (SDC),, on J.
G) If f € CY2(Q x R,R) is (DC) and there exists wy € Umemerg(ﬂ,o) Supp(m) such that
Jfrx (wo, ) is strictly decreasing on J, then f is (sDC) on J.
(iii) If (2, 0) is a minimal, f € C*2(Q x R,R) is (DC) and there exists wy €  such that
frx (wo, +) is strictly decreasing on J, then f is (SDC) on J.

Proof. Recall that m(Bg(wo, p)) > 0 for all p > 0 if wg € Supp(m). If f € C*3(Q2 xR, R) and
Srxxx (wo, -) is strictly negative on J, then so is fy (@, -) for all w € Bg(wo, p) if p > 0 is small
enough. Proposition 3.9 proves (i). If f € C%2(2 xR, R) and fyx(wp, -) is strictly decreasing on
J, then Proposition 3.7 ensures that b (wp) > 0 for all € > 0. So, for each € > 0, by (w) > 0
for all w in an open ball Bo(wo, pec) and hence by . is m-strict if wp € Supp(m), which proves
(ii). If (€2, o) is minimal, then € = Supp(m) for all m € Me (L2, o) and (ii) ensures (iii). O

The following examples show that the subsets of C%!1(Q x R, R) which satisfy the different
described d-concavity properties are different. They also show this remarkable fact: it is possible
to have some strict d-concavity properties without strictly concave derivative at any point of 2.

Example 3.13. Let (2, o) be a minimal and uniquely ergodic base flow with unique measure m.
Let M be a t-minimal set, and let & (w) = inf(M),, and B(w) = sup(M),,. Let us suppose that

(1) m(fw € Q: a(w) # p(w)}) =1,
(2) there are continuous maps oy, 8, : 2 — R such that («,) 1 « and (8,,) | B.

The construction of such an example is detailed in Section 8.7 of [20] for a concave differential
equation: the Riccati equation of the Hamiltonian system of Example 8.44. The present paper
will suggest its existence in skewproduct flows coming from d-concave ordinary differential
equations. Now, let us define

—(x — (@), x€(—00,0,(w)),
falw,x) = 0, x € oy (w), Bn(@)],
—(x = Bu(@)?, x€(Bu(w), ).

Let J =[a, b] D [a1(w), B1(w)] forall w € Q. As f(w,x) = Z,‘io:] (1/2") f (w, x) and its term-
by-term first and second derivatives with respect to x converge uniformly on 2 x J, it defines a
C%2(Q2 x J, R) function whose derivative fy(w, ) is concave on J for every w € Q2. Hence, the
function
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f@.a)+ fu,a)x —a) + L2 (x —a)2 — (x —a)’, x<a,
f(w,x): f(w,x), a<x<b, (3.6)
f@,b) + fr(@,b)(x —b) + LLD(x —p)? — (x —b)?, b<x,

is C%2(Q x R,R) and (DC). In addition, fxx (w,-) is strictly decreasing on the intervals
(=00, a(w)) and (B(w), 00) and zero on [a(w), B(w)]. Let us define Ce = {w: B(w) — a(w) <
€}. It is clear that C,, C Cq, if €| < €, and that (.. Ce = {w: a(w) = B(w)}. The semi-
continuity properties of o and B ensure that C. contains an open set for all € > 0, and hence
m(C¢) > 0 (since (€2, o) is minimal). Proposition 3.7 ensures that C¢; C {w: by, (w) > 0} C
Ce, if 0 <€) <€ <1(J)/2. Consequently, 0 < m({w: bj(w)>0}) = 0ase]O0,so f~is
(sDC) = (SDC) but not (SDC),, = (SDC)..

Example 3.14. Let @ = R / 77 and let o be the trivial identity flow over Q defined by the
differential equation o’ = 0. Let us define

—(x + sin®w)/2)3 sinw, x € (—o0, —(sin’ w)/2),
flw,x)= 0, x € [—(sin® ) /2, (sin® w) /2], (3.7)

—(x — sin®w)/2)3 sinw, x € ((sin® w)/2, 00).

Then, f belongs to C%2(Q x R,R) and it is (DC). Let us take w € (0, 7]. Since fi(®,-)
is strictly decreasing when |x| > (sin® w) /2, Proposition 3.7 ensures that by (w) > 0 for any
€ > 0 and any compact interval J with [(J) > € and [—1/2,1/2] C J if and only if sinfw < e,
that is, Ac = {w € [0,7): by (@) >0} = (0,8(€)) U (r — 8(€), ), where §(¢) = arcsin /€ €
(—m/2,7/2).

The Dirac measure m, on o belongs to M (2,0) for every w € [0, 7). Recall that
my(Ae) =1 if and only if w € A, and m,(A¢) = 0 if and only if w ¢ A.. Hence, f is not
(SDC); and since ﬂ€>0 Ac =1, fisnot (SDC),,,, for any w € [0, ). Nonetheless, f is (sDC),
since for each € > 0 we can choose w € A¢ in order to get m,,(A¢) = 1. (Note that the measure
m ¢ in the definition of (sDC) cannot be selected independently of €.) For the simple variation
of (3.7) given by

—(x + sin*w)/2)3, x € (=00, —(sinw)/2),
flw,x)= 0, x € [—(sin® ) /2, (sin® w) /2],
—(x — (sinw)/2)3, x e ((sin®w)/2, 00),

we hglvve {weQ: bje(w)>0}=10,8()) U —3(€), ), where 3(¢) = arcsin /€. It follows
that f is (SDC),, for m = mg but not for any m = m,, with o € (0, ), so it is not (SDC)..

4. Ergodic measures and compact invariant sets on /C

Throughout this section, the function f of the family of equations (2.1) will always be as-
sumed to belong, at least, to co1 (2 x R, R) without further mention to this. We will study how
the additional hypotheses on f described in Section 3 limit the number of distinct measurable

equilibria and compact invariant sets for the local skewproduct flow t defined by (2.2).
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4.1. Number of ergodic measures and compact invariant sets

Given a compact t-invariant set X C Q x R, we define its variation interval by Jic =
[inf(e x)ek X5 SUP(, y)exc X]- In the following results, we will exclude the cases in which Jx
reduces to a point, that is, when /C is the graph of a constant equilibrium. In that case, the dy-
namics is trivial and b, . (see Section 3.1) is not defined for any € > 0. Recall that the Lyapunov
exponent y (IC, v) is defined by (2.6).

Theorem 4.1. Let m € M (2, 0), let K C Q2 x R be a compact t-invariant set projecting onto
Q and assume that f is (SDC),, on the variation interval Jx of K. Then, there exist at most
three distinct t-ergodic measures vy, va, v3 concentrated on K which project onto m. In this
case, y(K,vj) <0<y (K, ) for j=1,3.

Proof. Let us suppose the existence of three different measures v; € Merg K, 1),i€{l,2,3},
projecting onto m and let §;: 2 — R be m-measurable equilibria with graph in I satisfying
(2.7)fori €{l1,2,3}. Clearly, m({w: Bi(w) < Bj(w)}) €{0, 1} fori # j, as the setis r-invariant
and m is ergodic. Since m({w: B;i(w) # Bj(w)}) > 0, there exists a o-invariant set 29 C €2
with m(29) = 1 such that 81 (®) < B2(w) < B3(w) for all w € Q¢ (by changing the indices if
required). We will prove that the Lyapunov exponents of K for (2.1) with respect to v and v3
(resp. 17) are strictly negative (resp. strictly positive). This fact precludes the existence of more
than three different 7-ergodic measures on /C.

Let p > 0 be given by the (SDC),,, property of f. We apply Lusin’s Theorem to find a compact
set A C Q satisfying m(A) > 1 — p such that B;|o: A — R are continuous for i € {1, 2, 3}.
Then, we can define

I,
€= Elﬂf{ﬁs(a)) — B2(®), Bo(®) — Bi(@): @€ A} >0
and observe that 2e < [(Jx). We also define

b(w, x0) = f(w, [B1(w), x0, B2(@)]) — f (@, [B1(®), X0, B3(w)])

for w € Qo and xo # Bi(w) if i € {1,2,3}; and b;(w) = limy, g, (w) b(w, x0), Which exists
since limy, 5 f (@, [x0, X]) = fx(w,X). Theorem 3.5 and Definition 3.2 ensure that b(w, x¢) >
bj.c(w)if w € A and xg € Ji. Thus, b; (w) > by «(w) if w € A.In addition, the (DC) property
of f and Lemma 3.1 ensure that b(w, xp) > 0 and hence b; (w) > 0 for all w € Q.

Let us prove that the Lyapunov exponents are negative for v; and v3, following the ideas of
the proof of Theorem 3.2 of part II of [38]. It is not hard to check that

flw, Br(w)) — fw, Bi(w)  flw,B3(w) — f(w, Bi1(w))
b1 (w) — -

(ﬂziw) = B (@)? 1 (B3 (@) — B1(@))? )
- (ﬁz(w) “ B Paw) — mw)) 7@, (@),
pro)—prw), (f(w, (@) = (@, Br@)  f(@,B3(@) — f (@, mw»)
B3(@) — Pa(@) (B3(@) — Ba(@))? (B3(@) — B1(@))2 s

1 1
T <ﬂ3<w) — B B — Bl

154

) frx(w, B3(@)),



J. Dueiias, C. Niifiez and R. Obaya Journal of Differential Equations 361 (2023) 138—182

for w € Q. For vy, we define v; on ¢ by vi =1/(82 — B1) — 1/(B3 — B1), so that v; > 0.
Writing (4.1) for w-t and using f(w-t, B;(w-1)) = ,Bl./(a)-t), we get

_v/l(a)-t) _bi()
vi(wt) vi(wt)

fe(wt, Br(w1) =

for all w € Q¢ and ¢ € R. In consequence, we have

t

t
%/fx (-5, B (w-5)) ds = _11og <”1(“”)> _ l/ bi(@s) 4.3)
0

t v () t ) vi(w-s)
0

for t > 0 and w € 2¢. Birkhoff’s Ergodic Theorem (see Theorem 1 in Section 2 of Chapter 1
of [11] and Proposition 1.4 of [20]) implies the existence of a o -invariant subset Q(’; C Qq with
m(Qg) = 1 such that, for every w € Qg,

1
lim -
t—o0 t

/ Sx (a)-s, Bi (a)~s)) ds = / fx (w, Bi (a))) dmeR,
0 Q

m l/bl("”) ds=/b1(‘”) dm € [0, 0ol

1
t=oot | vi(ws) v (w)

t

1
Iim — | xa(w-s)ds =m(A).

t—>00 t
0

We fix € Qf and deduce from the last equality the existence of a sequence {f,},eN 1 00
such that w-t, € A for every n € N. Therefore, the sequence {log(vi(w-t,)/v1(®))},eN 1S
bounded. Writing (4.3) for t = 1, and taking limit as n — oo, we get f,c fr(w,x) dvy =
— o (b1 (w)/vi(w)) dm € (—o0,0]. Hence,

y(ic,vl)=/fx(w,x>dv1 s—/b‘(“’)dms—fwdmw,
K

vi () v (w)
A

since by/vy > 0 on o, by > by on A, and the choice of p guarantees that m(A N {w €
Q: by e(w) > 0}) > 0. Analogously, y (K, v3) <0, taking v3 =1/(83 — B2) — 1/(B3 — B1) and
using (4.2), since (82 — B1)/(B3 — B2) > €/1(Jxc) on A. To prove that y (IC, v2) > 0 we use the
same argument after getting the equality involving fx(w, f2(w)) analogous to (4.2), and with

v=1/f2—-pD+1/(B3—p2). O
Theorem 4.2. Let K C Q X R be a compact t-invariant set with variation interval Jic and
projecting onto 2. Then, K contains at most three disjoint compact t-invariant sets projecting
onto 2 at least in the following cases:

() if feCo (2 xR, R) is (sDC) on Ji, or
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(i) if f € CO1(Q2 x R, R) is (SDC) on J. In this case, if K contains three such sets and they
are ordered, then they are hyperbolic copies of the base, attractive the upper and lower ones,
and repulsive the middle one.

Proof. (i) We assume the existence of such three subsets of /C, take € > 0 smaller than the dis-
tances between them, call m the measure m ..  provided by the (sDC) property of f, and define
p=m({w: by (w) > 0}). Each one of the compact T-invariant subsets of C concentrates a 7-
ergodic measure projecting onto m, given by the expression (2.7) corresponding to, for instance,
its upper delimiter equilibrium. We repeat the proof of Theorem 4.1 applying Lusin’s Theorem
only to p, and conclude that the three t-ergodic measures are the unique ones projecting onto m.
The assertion follows from here.

(ii) The first assertion follows from (i) and Proposition 3.11. Now we assume the existence
of three disjoint r-invariant ordered compact subsets K| < Ky < K3 of I, with 81 < 2 < B3
for the corresponding upper equilibria. Let us choose i € {1, 2,3} and v; € M (K, 7), let m €
Merg (2, 0) be the projection of v;, and define v; € M (K, 7) for j #i from ; by (2.7),
so that v; projects onto m. According to Theorem 4.1, y (K, vj) <0< y (K, ) for j =1,3.
Since this happens independently of the choices of i and v;, we conclude that all the Lyapunov
exponents of [C; and /C3 (resp. K7) are strictly negative (resp. strictly positive).

Note that, since there are at most three ergodic measures on K projecting onto any fixed m €
Merg (2, 0), the upper and lower equilibria 8; and o; of K; coincide on a set 2o with m(€2) = 1
for all m € Mo (2, 0), for i € {1, 2, 3}. It follows easily that the projection of any compact -
invariant set contains points of €2¢. Let us prove that £C; is an attractive hyperbolic copy of the
baseifi € {1, 3}. We take (w, o; (w)) € K;, a point (@, o; (0)) = (@, B; (w)) in its x-limit set, with
@ € Q, and a sequence {t,},cN 4 —00 With (@, a; (@)) = lim,— o0 T (fy, @, @; (w)) and such that
there exists limy,— o0 T (£, @, Bi (@)). Then, this last limit is also (@, «; (w)). This property allows
us to check the assertion by repeating the proof of Proposition 2.8 of [6], which makes use of
First Approximation Theorem and the strictly negative character of all the Lyapunov exponents
of /C;: just replace the points (wy, x1) and (w1, x2) of that proof by (@, «; (w)) and (w, B (w)).
The proof is analogous for K, working now with uniform exponential stability at —oo and with
analogous sets. O

Corollary 4.3. Let (2,0) be a minimal flow, let I C Q x R be a compact t-invariant set
with variation interval Jic, and let f be a (DC) function such that for every € > 0 there exists
Wyc,e € QWith by (wy.e) > 0. Then, there exist at most three disjoint compact t-invariant
sets contained in IC and, if there exist three, then they are hyperbolic copies of the base ordered
as in Theorem 4.2(ii).

Proof. Combine Theorem 4.2(ii) with Proposition 3.3. 0O

The last result of this section shows that two different ergodic measures concentrated on a
compact t-invariant set K provide two Lyapunov exponents of I with nonpositive sum. This
property will be fundamental in some of the main proofs.

Proposition 4.4. Let f € C%2(Q x R,R) be (DC), m € Mere(R,0), K C 2 x R a compact
T-invariant set projecting onto 2 with variation interval Jic and B,, B, : Q@ — R two different
m-measurable t-equilibria with graphs contained in K. Then,
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/fx(wvﬁv(w)) dm—i—/fx(a),ﬂﬂ(a))) dm <0.
Q Q

In addition, the previous inequality is strict in any of the following cases:

(i) if f is (SDC),, on the variation interval Jic of IC,

(ii) if the graphs of B, and B,, are contained in disjoint compact t-invariant subsets of IC and
if, in addition, f is (SDC) or, more generally, if m({w € Q: by (w) > 0}) > 0 for every
€>0.

Proof. There is no loss of generality in assuming B, (w) < B, (w) for m-a.e. w € 2, and hence
on a o-invariant set Qo €  with m(2¢) = 1. Let us define k(w) = B, (w) — By (w). Then,

K(wt) = flot, k(wt)+ By(wt)) — flwt,By(wt) =k(wt)F(wt,k(wt)), 4.4

where F(w, y) = ]01 fx(w,sy + Bu(w))ds. As fis (DC), Fy(w, -) is a nonincreasing function
for any w € 2, so

1
F(w, k(w)) = F(w,0) + / k(w)Fy(w, sk(w))ds > F(w,0) + k(w) Fy(w, k(w)) . 4.5)
0

Deriving the equality yF (w, y) = f(», y + By(®)) — f (o, By (w)) with respect to y and evaluat-
ing at y = k() yields F(w, k(w)) + k(o) Fy(w, k(w)) = fx(w, Bu(w)). This equality combined
with F(w,0) = fi(w, By(w)) and (4.5) provides

/fx(w,ﬂu(w)) dm+/fx(w,ﬁu(w)) dm
Q Q

(4.6)
=/(F(a),O)—i—F(w,k(a)))—i—k(a))Fy(a),k(a))))dm 52/F(w,k(a)))dm.
Q Q

According to (4.4), k' (w)/k(w) = F(w, k(w)) for all w € Qp, and hence Birkhoff’s Ergodic
Theorem ensures that the right-hand side of (4.6) is zero. This proves the first assertion.

Now, let us check that the hypotheses of (i) or (ii) ensure that Fy(w,0) > Fy(w, k(w))
on a subset of 2 with positive m-measure. Hence, the inequality (4.5) is strict on that sub-
set, and therefore (4.6) is also strict, which completes the proof. To this end, it is enough to
show that fy(w, Bv(w)) > frx(w, Bu(w)) on a set with positive m-measure, since Fy(w,0) =
) sfox(@, Bu(@))ds and Fy(w, k(@) = [i sfex(@,58u(@) + (1 — 5)By(w))ds, both inte-
grands are continuous in s, and sfxx (@, By(®)) = sfrx(w, sBu(w) + (1 — s)By(w)) for all
s € [0, 1]. Under the hypothesis of (i), the required inequality follows from Proposition 3.9.
If the situation is that of (ii), then € = inf{B,(w) — Bu(w): o € 2} is strictly positive; and,
since [([By(w), Bu(w)]) > € for all w € , Proposition 3.7 ensures that fy (w, By(w)) >
Jrx(w, By (w)) for all the points w of the set on which by (w) > 0, which has positive m-
measure. O
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Previous results of this same type were obtained in [38] for periodic differential equations
under stronger conditions of d-concavity and in [17] for quasiperiodically forced increasing maps
T:S! % [a,b] » S! x [a, b] with strictly negative Schwarzian derivative. In what follows, for
the case of our real flow, we will show the relation between some properties of d-concavity on
the function f and the condition of negative Schwarzian derivative of its flow at discrete time.

4.2. Negative Schwarzian derivative

Let us suppose that f € C%3(Q2 x R, R). Recall that &/ D {0} x 2 x R is the (open)
domain of the flow t: see (2.2). Since, for all (w,x) € @ x R, t — u,(t,w, x) solves the
variational equation of x’ = f(w-t,x) and satisfies uy(0,w,x) = 1, we have u,(f,w, x) =
exp(fé fe(w-s,u(s,w,x))ds) for all (t,w,x) € U. It follows easily that uy,(0,w,x) =0,
Uyyx (0,0, x) =0 and uy (0, , x) = frxx(w, x) for every (w, x) € Q x R. Since u, (¢, ®, x)
never vanishes, the Schwarzian derivative with respect to the space variable, given by

Scu(t,w, x) = M _ E (M)Z

Uuy(t,w, x) 2\ u (t,w,x)
is well defined on .
Proposition 4.5. Let f € C%3(Q x R, R). Then,

1) Sxu0,w,x)=0forall (w,x) € Q2 xR.
(ii) The partial derivative of Syu with respect to t exists and is continuous on U, and
(Sxu): (0, @, x) = frxx (@, x) for every (w, x) € 2 x R.

Proof. Property (i) is trivial, and the existence and continuity of (Syu); on U follows from
the regularity properties of all the involved functions. The last assertion is proved by straight
computation and evaluationatt =0. O

Proposition 4.6. Let f € C%3(Q2 x R, R). Let us suppose that fcx(w,x) <0 for every (», x) €
Q x R. Then, Sxu(t,w,x) <0 for every (t,w,x) € U witht > 0.

Proof. Let us fix (1, wo, x0) € U with 1o > 0. We set k = sup,¢[q 4, [4(Z, @0, x0)| and note that
Xxo € [—k, k]. Proposition 4.5(ii) ensures that (S,u);(0, ®, x) < 0 for every (w, x) € Q2 x [—k, k].
Combining the continuity of s — (Syu); (s, w, x) with open character of ¢/ and the compactness
of Q x [—k, k], we find 0 < § <1y and [/ < O such that (Syu);(s, w, x) <1 for every (s, w, x) €
[0, 8] x  x [—k, k]. Consequently, it follows from Proposition 4.5(i) that

N
Scu(s,w, x) = /(qu)t(r, w,x)dr <ls <0 4.7
0

for every (s, w, x) € (0,8] x Q x [—k, k]. Let so € (0,8] and ng € N be fixed with song = 1.
Section 6 of Chapter 2 of [26] gives the formula of Schwarzian derivative of a composition,
which yields
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Sxu(nso, o, x0) = Sx (u(so, o+ (n — 1)so, u((n — 1)sg, wo, X0)))
= Sy u(s0, @o-(n — 1)s0, u((n — 1)s0, wo, x0)) - (tx ((n — 1)s0, wo, x0))* 4.8)
+ Sxu((n — 1)so, wo, X0)
for n € {1,2,...,np}. Let us show by induction that Syu(nsg,wg,xo) < 0 for every n €
{1,2,...,no}. Equality (4.7) shows it for n = 1; and, since u((n — 1)so, wo, X0) € [—k, k], (4.7)

(resp. the induction hypothesis) ensures that the first (resp. second) term in the sum is strictly
negative. In particular, S, u(t, wo, x9) = Syu(noso, wg, x0) <0, as asserted. O

Proposition 4.7. Let f € C%3(Q2 x R, R). Let us suppose that for all (w, x) € Q x R there exists
a sequence {ty},eN of positive numbers with limit O such that (t,, w,x) € U and Syu(t,, w,x) <

0 for every n € N. Then, f is (DC).

Proof. Let (w,x) € 2 x R be fixed. It follows from Proposition 4.5 that Syu(f, w, x) > 0 for
t > 0 small enough if (Syu);(0, w, x) = fixx(w, x) > 0. Since our hypotheses ensure that this is
not the case, fyxx(w,x) <0 andhence f is (DC). O

5. A first one-parametric bifurcation problem
This section deals with a parametric family of scalar ODEs
X'=flot,x)+1, we, (5.1

where f € C 0.1(Q x R, R) and A € R. We will write (5.1), to make reference to a particular
value of the parameter. Let IL);,XO — R, t — u,(t, , xo) be the maximal solution of (5.1), with
u (0, w, xg) = x0, and let (2 x R, 7;,) be the corresponding local skewproduct flow. We will also
assume a coercivity property on f, which will guarantee the existence of a global attractor for

all the flows T;.
5.1. Coercivity and global attractor

A set A C Q x R is said to be the global attractor of the flow t if it is a compact t-invariant
set and if it attracts every bounded set C C Q2 x R; that is, if 7,(C) is defined for any # > 0 and
also lim;_, o dist(z; (C), A) = 0, where

dist(C1,C2) = sup ( inf (diStQXR((a)l,xl),(wz,x2))))

(w1,x1)eC; \(@2,x2)€Cr

is the Hausdorff semidistance from C; to C,. The Hausdorff distance between two compact sets
C1,Cy C 2 x R is defined by

diSt’H (C1, Cp) = max{dist(Cy, Cp), dist(Cp, C1)} .
A function f: Q x R — R is said to be coercive ((Co) for short) if

im L@ X) _
m ——— =

[x]—00 X

uniformly on w € Q.
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Theorem 5.1. Let f € CO'(Q xR, R) be (Co) and let T be the flow induced by the family (5.1),.
Then,

(i) the flow T admits global attractor

A= (1o} x [ea(@), Ba(@)]). (5.2)

we

In particular, any forward t-semiorbit is globally defined and bounded. Moreover, o 4 and
B are, respectively, lower and upper semicontinuous t-equilibria, and can be obtained as
the pullback limits

a4 (w) =t1_i)rgou(t,w~(—t),p1) > p1,
(5.3)
Ba(w) = tl—i>rrolo u(t,w-(—t), p2) < p2,

where the constants p1 and py satisfy f(w,x) > 0ifx < p1 and f(w,x) <0 if x > po for
all w € Q.

(i1) A is the union of all the globally defined and bounded t-orbits.

(i) If «: Q — R is a bounded global lower (resp. upper) solution, then k(w) < fa(w)
(resp. o (w) < k(w)) for every w € 2, and if, in addition, it is strict, then k(w) < BA(w)
(resp. a g (w) < k(w)) for every w € Q.

Proof. (i) and (ii) These properties are proved by repeating the arguments leading to Theorem 16
of [7] (see also Section 1.2 of [8]). The existence of the constant pg is ensured by the coercivity
property.

(iii) Let us work in the lower case. It is easy to deduce from the boundedness of any for-
ward 7-semiorbit that xg < B 4(w) if and only if u(z, w, xg) is bounded from above as time
decreases. The initial (non strict) conditions on x and a standard comparison argument ensures
that u(t, w, k (w)) < k(w-t) for any ¢ <0, and hence u(¢, ®, k (w)) remains bounded from above
as time decreases. Therefore, « < 8 4. Now, we assume also that « is strict, and, for contradiction,
that « (wp) = Ba(wp) for some wy € 2. Then, k(wo-t) > u(t, wp, k(wo)) = u(t, wo, fa(wp)) =
Ba(wop-t) if t < 0, which is not possible. We proceed analogously in the upper case. O

Our next result guarantees that any compact t-invariant set which contains the graph of either
a4 or B4 has a nonpositive Lyapunov exponent corresponding to the ergodic measure defined

by such equilibrium by (2.7) for m € Meg (2, 0).

Proposition 5.2. Let f € C%2(2 x R, R) be (Co), and let a 4 and B 4 be defined by (5.2). Given
any m € Mere (2, 0),

/fx(w,OtA(w)) dm <0 and /fx(w,ﬂA(w)) dm =<0.
Q Q

Proof. We reason with B4, assuming for contradiction that fQ fr(w, Ba(w)) dm = p > 0.
Birkhoff’s Ergodic Theorem provides a nonempty o -invariant subset Q¢ C  and, for each
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w € Qp, a time f, > 0 such that f(; fr(w-s, Ba(w-s))ds = (p/2)t for all t > ¢,. Let L >0
satisty | fx(w, x) — fy(®, Ba(w))| < Llx — Ba(w)| forall w € Q and x € [B4(w), Ba(w) + 1].
Letus take k € (0, 1) with Lk < p/4, fix wg € 9 and xg > B4 (wo), and use the definition of 84
to find #; > O such that u(¢, wg, xg) — Ba(wo-t) <k for all ¢ > #;. Then, for w1 = wo-t; (Which
belongs to 2¢) and ¢ > 0, there exists & € [f4(w1), x1] such that, if x; = u(#], wg, xo), then

u(t +t1, wo, x0) — Balwo-(t +11)) = ux(t, w1, &) (x1 — Ba(w1)). 5.4

It is easy to check that | fx (w1-s, u(s, w1, &)) — fx(w1-s, Ba(w1-s))| < Lk < p/4 for all s > 0,
and to deduce that u, (¢, w1, &) = exp fé fr(wr-s,u(s, w1, &))ds > P f ¢ > t», - Hence, the
left-hand term of (5.4) cannot converge to 0 as t — oo, which is the sought-for contradiction.
The argument is similar for o 4. O

Recall that any hyperbolic minimal set is a copy of the base: see Subsection 2.4.

Proposition 5.3. Let (2, o) be minimal and let f € C%2(Q x R, R) be (Co). Then,

(1) if T admits a repulsive hyperbolic minimal set, then it admits at least three different minimal
sets.

(i) If T admits two distinct hyperbolic minimal sets, then it admits at least three different minimal
sets.

Proof. (i) Let « : 2 — R provide the repulsive hyperbolic copy of the base M, and let M* be
the minimal set defined from the delimiter equilibrium S 4 by (2.5). Assuming for contradiction
that M &£ M" leads us to M = M, and hence to x (wg) = B4 (wp) for a continuity point wg of
BA. So, limy_, o (u(t, wp, x9) — k(wo-t)) =0 for xg > k(wg). But this contradicts the repulsive
hyperbolicity of M: see e.g. Proposition 2.8 of [6]. An analogous argument shows the existence
of M! < M.

(ii) If there were exactly two minimal sets and they were hyperbolic attractive, then Theo-
rem 3.4 of [6] would guarantee that the global attractor is a hyperbolic copy of the base, which is
a contradiction. Consequently, at least one of the two hyperbolic minimal sets is repulsive, and
then (i) concludes the proof. O

Hereafter, we will consider the parametric problem (5.1); .

Proposition 5.4. Every global upper (resp. lower) solution of (5.1), is a strict global upper
(resp. lower) solution of (5.1)¢ if § < A (resp. A <§). Particularly, any equilibrium for (5.1), is
a strong superequilibrium and a strong time-reversed subequilibrium for (5.1)z if§ <A, as well
as a strong subequilibrium and a strong time-reversed superequilibrium for (5.1)¢ if A <§.

Proof. The results are easy consequences of the definitions of global upper and lower solutions
and their relation with semiequilibria, described in Subsection 2.2. O

The information provided by Theorem 5.1 plays a role on the next statement.
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Theorem 5.5. Let f € C%1(Q x R, R) be (Co) and let

Ar = (10} x [ax (), 1. (@)]) (5.5)

we

be the global attractor for the flow 7, given by (5.1),. Then,

(1) for every w € 2, the maps A +— B (w) and A +— «a; (w) are strictly increasing on R and they
are, respectively, right- and left-continuous.
(1) limy— 400 oy (w) = limy s 100 Ba (w) = 00 uniformly on 2.
(iii) If f satisfies lim|x|— o0 fx (@, X) = —00 uniformly on S, then there exists Ly > 0 such that
A;. is an attractive hyperbolic copy of the base if | 1| > Ay.

Proof. (i) Let £ < A. Proposition 5.4 ensures that S is a strict global lower solution of (5.1);.
Hence, Theorem 5.1(iii) yields s (w) < By (w) for all w € Q. Analogously, «;, is a strict global
upper solution for (5.1); and Theorem 5.1(iii) ensures ag (w) < a; (w) for all w € 2.

As mentioned in the proof of Theorem 5.1(iii), xo < Bx(w) if and only if u, (¢, w, xp) is
bounded from above as time decreases. Let wp € 2 be fixed. We take a decreasing sequence
{Andnen with A, | Ap and call yp = lim,— o0 B85, (wo), Which (by the previous part) satisfies
Y0 > Biy(wo). Then, for any 1 € Iﬁg,yo, we have u;, (1, wg, yo) = lim,,_, oo uy,, (¢, wo, By, (@0)) =
lim,— 00 Ba, (wo-1) < Ba, (wo-1), so that u;, (¢, wg, yo) remains bounded from above as time de-
creases. The previously mentioned property ensures that yg < 8, (wo), and hence that ), (wg) =
lim,,_, o B, (o). The proof is analogous for a;,.

(ii) Let us take p > 0 and use the coercivity property to find A, > 0 large enough to guarantee
that f(w,x) + X1, > 0 whenever x < p and f(w,x) — A, <0 whenever x > —p. Theorem 5.1(i)
ensures that, if 1 > A, then o (w) > p and B_, (w) < —p for all w € 2, which imply the asser-
tions in (ii).

(iii) The additional hypothesis on f provides p > 0 such that f,(w,x) <O if |x| > p and
w € Q. By (ii), there exists A, such that A C Q x [p,00) and A_; C Q2 x (—o0, —p]if A > A,.
We fix A with |A| > A, so all the Lyapunov exponents of any compact invariant subset of .4, are
strictly negative. Let S C Q2 be a o-minimal set, and consider the family (5.1), for w € S. The
corresponding attractor is AS = {(w,x) € A) : we S}, and Theorem 3.4 of [6] guarantees that
Af is an attractive hyperbolic copy of the base of (S x R, 7). Let us check the same property
for A;, for which we proceed as in the second paragraph of the proof of Theorem 4.2(ii). The
only difference is that, given (w, x) € A, we choose a point wy in a minimal subset S of the
«-limit of w for o, and a sequence {f,},cN | —00 with wg = lim,,_, 5, ®-t,, and such that there
exists lim,_, oo u(t,, ®, x). Then, this limit is o (wp), the unique element of (Af)wo. The rest of
the argument is identical. O

Figs. 1 and 2 depict the evolution of the attractor A, in some particular cases. They also show
the possibility of occurrence of discontinuity points. The upper semicontinuity of the global
attractor at A = & (see Chapter 3 of [8]), defined by lim, ¢ dist(Ay, Ag) = 0, is well-known
for every £ € R. In addition, the simultaneous continuity of A — o) (@) and A — B, (w) at & for
all w € Q implies lim, _, ¢ disty (A, Ag) = 0, that is, the continuous variation of attractors at
A = &. However, this is not a general property.
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Proposition 5.6. Let f € C%1(Q x R, R) be (Co). Given m € Merg (2, 0), there exists a count-
able set ¥ C R such that A — o, (w) and ) — B, (w) are continuous at .. =& for m-a.e. w € Q

if& ¢ %

Proof. Recall that Theorem 5.5(i) ensures that A — ) (w) is left-continuous and A — B, (w)
is right-continuous for all @ € Q. It remains to show continuity in the other direction. Theo-
rem 5.5(i) ensures that A +— fQ Bi(w)dm is an increasing function, so its set ¥ C R of dis-
continuity points is at most countable. For & ¢ X, we have limy¢ fQ |Bs (@) — Bi(w)|dm =
limy 4¢ fQ (,Bg (w) — By, (a))) dm =0, and hence limy4¢ B, = B¢ in L! (2, m). Consequently, there
exists {A;},eN 1 & such that lim,_ » By, (@) = B: (w) for m-a.e. w € 2, and the monotonicity
ensures that lim 4¢ B; () = Bg (w) for m-a.e. w € Q. We proceed analogously with o) and take
the union of both sets. O

5.2. Dealing with d-concavity

In this section, we will assume that f is (DC) and (Co). We shall say that a function f: Q x
R — R is concave-convex if there exist x; < x, such that f(w,-) is concave in [x,, c0) and
convex in (—oo, x;] for every w € Q. The following proposition ensures that if f is coercive
and d-concave, it generates concave-convex dynamics. The uniformity on €2 of the coercivity
property is not needed in its proof.

Proposition 5.7. Let f € C%2(Q x R, R) be (Co). Then, for each w € S there exist {x" ;},en |
—00 and {x;, ,}neN T 00 such that fxx(a),xzﬁl) >0 and fix(w,xy,) <0 for ever); n e N.
Moreover, if [ is (DC), then there exist x; < x, such that fyx(w,x) > 0 for all x < x; and all
w € Q and such that fyx(w,x) <0 forall x > x, and all w € Q.

Proof. We proceed with {x;, ,},cN- Let us fix € €2 and assume for contradiction the existence
of xo such that fy,(w, ) > 0 on [xg, 00), in which case fy(w,-) is nondecreasing on [xp, 00).
This fact and the mean value theorem ensure the existence of &, € (xq, x) for any x > 0 such that

flw,x) = f(w,xp)

X — X0

:fx(w,fx)zfx(w’xo)- (56)
From here, we get

im L@ 5 i L@ e o) = fu@,x0) > —o0,
X—00 X — X( X—00 X — X

which contradicts the coercivity property. We proceed analogously to prove the existence of
{xz, i tneN-

Now, let us assume that f is (DC). The previous properties and the nonincreasing character
of fyr ensure that I, = {x: fyx(w,x) < 0} is a positive half-line. Let us define g(w) = inf [,
and let us check that x, = sup, . g(w) is finite. For each wy € 2, we look for yg > g(wp), so
Srxx(@o, yo) < 0since yg € 1,,. The continuity of f,, provides f,.(w, yo) < 0 and hence g(w) <
yo for all @ in an open neighborhood of wy. The compactness of €2 proves that x,, e R. If x > x,,,
then x € I, for all w € , and hence fy,(w, x) <0, as asserted. We define x; analogously. O
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Proposition 5.8. Let f € C*2(Q2 xR, R) be (DC) and (Co). Then, we have limjy| 00 fx (@, X) =
—oo uniformly on Q2.

Proof. Let us take a < x; and b > x,, where x; and x,, are defined by Proposition 5.7, which
shows that fy, has a strictly negative upper bound in [b, 00) and a strictly positive lower bound in
(—o00, a]. Taylor’s Theorem concludes the proof, taking into account the boundedness of f (-, a)
and f;(-,b)on Q2. O

In particular, the last proposition shows that the hypotheses of Theorem 5.5(iii) are satisfied
by a C%2(Q x R, R) function which is (DC) and (Co). The next result establishes a relation
between two Lyapunov exponents of two compact sets which are t-invariant for two different
values of the parameter, which will be extremely useful in the proofs of the main results. Note
that the (Co) condition is not required.

Proposition 5.9. Let f € C%2(Q x R, R) be (DC), let us fix m € Merg(Q, o) and Ay < Ay, and
let By, Bu: Q& — R be two m-measurable equilibria for t), and 7, respectively. If p,(w) <
Bu(w) for all m-a.e. w € Q, then

/fx(w,ﬂv(w))dm+/fx(w,ﬂ#(w))dm <0.
Q Q

Proof. The argument is similar to that of Proposition 4.4. The function k(w) = B, () — B, (®)
satisfies

K (1)) k(w-1) = F(w-t, k(1) + Ay — Ay)/ k(1)

for all w at the o -invariant set €2¢ at which k(w) > 0 and t € R, where F(w, y) = fol fr(w, sy +
By (w))ds. Then, the application of Birkhoff’s Ergodic Theorem yields

1
/F(a),k(a)))dm=—(XM—AV)/mdm <0,
Q Q

which combined with (4.6) completes the proof. O
5.3. Bifurcation diagram with minimal base flow

Hereafter, we will always assume that (€2, o) is a minimal flow. The results in this section will
describe several possible bifurcation diagrams of minimal sets for (5.1), . The bifurcations of the
family of global attractors will be deduced. We point out that an (SDC), function f satisfies all
the strict d-concavity conditions required in the results of this subsection (see Proposition 3.11),
which are optimized to be less restrictive.

The next result establishes conditions under which the global bifurcation diagram presents
two local saddle-node bifurcation points of minimal sets which are also points of discontinuity
of the global attractor. The maps «;) and B, of its statement are those of (5.5);.
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Theorem 5.10 (Global bifurcation diagram with double saddle-node). Let f € C%?(Q2 x R, R)
be (SDC) on J and (Co), where J is a compact interval which contains the interval of variation
of Ay, for all A € [—Ay, Ay] with Ly given by Theorem 5.5(iii) and Proposition 5.8. Assume that
there exists Ao € R such that ty, admits three different minimal sets. Then, there exists an interval
1 = (A_, Ay) with Ao € I such that

(1) forevery A € I, there exist exactly three T)-minimal sets Ma < N < MY which are hyper-
bolic copies of the base, given by the graphs of ay < ky < B. In addition, N, is repulsive
and ./\/la M are attractive, and A > Kk, is strictly decreasing on 1.

(i1) The graphs of k; and B, (resp. «). and k; ) collide on a o -invariant residual set as A |, A_
(resp. L 1 L), giving rise to a nonhyperbolic minimal set MY _ (resp. ML ). In addition,
there is exactly other minimal set for ) _ (resp. T, ) and it is an attractive hyperbolic copy
of the base given by the graph ML of ay_ (resp. ML of B, )

(iii) For A € (—00, A_) U (A4, 00), Ay is an attractive hyperbolic copy of the base, given by the
graph of the map o, = B;..

In particular, local saddle-node bifurcations of minimal sets and discontinuous bifurcations of
attractors occur at A— and A4..

Proof. Since (2, o) is minimal, Theorem 4.2 ensures that the three 7;,-minimal sets are the
unique ones, and that they are hyperbolic copies of the base. The persistence under small C%!
perturbations of a hyperbolic set (see e.g. Theorem 3.8 of [32]) provides a maximal interval
I such that Aoy € I and that, for any A € I, there are (exactly) three t)-minimal sets Mf\ <
N, < MY and they are hyperbolic copies of the base, given by the graphs of a) < k) < f.
This persistence also ensures the continuity of the maps I — C(2, R), A — «;, ka, ;. with
respect to the uniform topology. The attractive character of /\/llk and My allow us to deduce from
Proposition 2.3 that «), and B, are the delimiter equilibria of A;, and hence Theorem 5.5(i) shows
that A = « and A — B, are increasing on /. Let us check that A — «;, is strictly decreasing on /.
We take £ < A in I close enough to guarantee oz < «; < Bg. Since «;, is a continuous strong time-
reversed tg-subequilibrium, there exist e > 0 and s* < 0 such that ug (s, @, k(@) > Ky (w-5) + e
for all w € Q2 and s < s* (see Subsection 2.2). This implies that the graph of «; is strictly below
any 7z -minimal subset S* of the a-limit set for 7z of a point (w, k) (w)). The repulsive properties

of /\/li and MY as time decreases ensure that they are not o-limit sets of points placed outside
them. Therefore, 'MS* = N¢ and hence k; > k;, as asserted.

Notice that I C (—A4, A4): see Theorem 5.5(iii). We define A_ = inf{A < Ag: there exist
three hyperbolic 7¢-minimal sets V& € [A, Ag]} = inf] € [—A4, Ag). Since I is open, A_ ¢ I,
and hence there exist at most two 7;_-minimal sets. We define 8_(w) = lim, ;_ B (w), and
analogously a;_ (w) =limy 3 _ o (w) and k_ (w) = limy 3 «; (w). As they are monotone limits
of continuous functions, they are semicontinuous on 2. In particular, ; _ and §,_ are upper
semicontinuous and «;_ is lower semicontinuous. The continuous variation with respect to A
ensures

Bi_(w-1) = )}i&ll, Bi(w1) = xlilxn, u (t, o, pr(w)) =uy_(1, o, Bp_(0)),

that is, B,_ is a 7)_-equilibrium. The same holds for oy _ and «;_. Theorem 5.5(i) shows that 8 _
is the same map that in (5.5),_, so the notation is coherent. Now, Proposition 5.9 applied to «;,,
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(whose graph is a repulsive hyperbolic copy of the base) and to any ergodic measure concentrated
on the minimal set /\/llL = cloyr{(wot, ay_(wo-t)): t € R}, being wg a continuity point of
o), ensures that every Lyapunov exponent of this minimal set is strictly negative. Consequently,
./\/llk_ is an attractive hyperbolic copy of the base, so «;_ is, in fact, continuous and the hyperbolic
continuation of @) as A — A_.

Let M be the minimal set associated to «;_ by (2.5). The strict monotonicity properties of o;,
and «; ensure that Mé\_ < M. Therefore, ./\/lll_ and M} = M are the two unique 7;_-minimal
sets. This fact and Proposition 2.3 ensure these properties: that ), is the lower delimiter of A;_,
and that MY is also associated to 8;_ by (2.5). In particular, ) _(w) = «;._ (w) for all @ in the
residual set R of their common continuity points, and hence (M} ), is a singleton for all w € R.

Note also that MY is contained in the set UweQ ({a)} X [ky_(w), Ba_ (a))]), which is a compact
T,_-invariant pinched set.
The hyperbolic attractive character of «;_ yields the first inequality of

/ Fe(@.a_ (@) dm <0, / Fe(@s 100 (@) dm = 0
Q Q

5.7
and /fx(a),ﬂkf(a)))dmfo.
Q

The other ones follow from Lebesgue’s Monotone Convergence Theorem. Let us check that
A, is an attractive hyperbolic copy of the base for all A < A_. If A < A_, Theorem 5.5(i) and
Proposition 2.1 provide e > 0 and s > 0 such that

k(@) — e > u; (s, 0 (=5), Br_(w-(=5))) > u;.(s, 0-(=5), r(w-(=5))) = Br(w)

for all w € Q. In particular, any t,-equilibrium « :  — R is strictly below «;_. Proposition 5.9
and the second inequality of (5.7) ensure that fQ fr(w, k(@) dm < 0 for all m € Mep (2, 0),
which combined with (2.7) ensures that all the Lyapunov exponents of 4, are strictly negative.
This property and Theorem 3.4 of [6] prove the assertion. Note that MY is nonhyperbolic, since
it does not persist for A < A_.

The same arguments for A = sup I complete the proof of (i), (ii) and (iii). Note that a saddle-
node of minimal sets takes place at A_ (resp. A4 ), as the two minimal sets which collide at that
value of the parameter actually disappear for A < A_ (resp. A > A4 ). In addition, A — B (w) and
A= o (w) are respectively discontinuous at A_ and A4 for all w € €2, which shows the “strong”
discontinuity of the attractor at both bifurcation points. 0O

Fig. | depicts the bifurcation diagram described by Theorem 5.10. As we point out in the
figure description, the dynamics at the nonhyperbolic minimal set occurring at any of the bifur-
cation points of the previous theorem can be highly complicated. The next result contributes to
understand the possibilities for this complex dynamics. In particular, strictly positive and strictly
negative Lyapunov exponents can coexist on that set.

Proposition 5.11. Let us add to the hypotheses of Theorem 5.10 that f is (SDC),, on the varia-
tion interval J 4, of A,._ for a measure m € Meg (2, 0). Then,
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Fig. 1. Double saddle-node bifurcation diagram described in Theorem 5.10. The strictly increasing solid red curves
represent the families of attractive hyperbolic solutions of the A-parametric family (5.1): «; for A # A4 and B, for
A # A_. The strictly decreasing dashed blue curve represents the family of repulsive hyperbolic solutions of (5.1): «;, for
A€ (A—, A4). Alarge black point over A represents the complex possibilities which arise for the collision of « and «;,
as A 1 A4, which is partly explained in the right zoom: the limit maps o, , and «; , are not necessarily continuous, but
lower and upper semicontinuous; for a residual invariant set of points w, they take the same value; but this residual set
may coexist with an invariant set $2g C €2, at whose points a; , (@) < k), (w); and the set Qq can have measure 0 or 1 for
an ergodic measure on 2. The situation is analogous for A_, and simply represented by “k;_ < B, _". The hyperbolic
minimal sets are given by the graphs of the curves «;, k; and g; whenever they are hyperbolic. A nonhyperbolic minimal
set ./\/léL exists for Ay, lying in the region delimited by the graphs of o) | and «;,, , and with a possibly highly complex
shape. fhe situation is, again, analogous for A_, and no more minimal sets exist for any A. The green-shadowed area
represents the global attractor .4, , and the light gray arrows just try to depict the attracting and repulsive properties of
o, kj and B;. (We will use “large black points” and analogous inequalities in the remaining figures to depict similar
situations, as well as red and blue “hyperbolic” curves, green-shadowing, and gray arrows.) (For interpretation of the
colors in the figure(s), the reader is referred to the web version of this article.)

(i) one of the following situations holds:

(@) m(fo: _(0) =pi_(®)}) =1 and

/ Fo(@. B (@) dm = / el (@) dm =0,
Q Q

(@) m(fo: o_(0) = pi_(0)}) =0,

/fx(w, Br._(w))dm <0 and f fr(w, kp_(w))dm > 0.
Q Q

Moreover, situation (a) holds if and only if all the Lyapunov exponents of the compact T),_ -
invariant set | ,cq ({a)} X [kn_ (), Ba_ (a))]) are zero.

(ii) Let oopq and B g be the delimiting equilibria of M = MY . Then, arq (resp. Baq) coincides
with ic,_ or By_ m-a.e. If, in addition, Mere (2, 0) = {m}, then apq = k;_ and Bpyq = Bi_
m-a.e.

Analogous properties hold for A
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Proof. (i) As the set {w: k;)_(w) = Br_(w)} is o-invariant and m € M (2, 0), then
m({w: k_(w) = Bi_(w)}) € {0,1}. If m({w: «r_(w) = Br_(w)}) = 1, then (5.7) yields
0< g fr(w, Br_(w))dm = [q fr(w,Kk)_(w)) dm <0, and hence (a) holds. If m({w: «;._(w) =
Bir_(w)}) =0, then oy _, k) _ and B, _ define three different elements of Mg (A _, Ta_) project-
ing onto m. According to Theorem 4.1, [, fx (@, i_(@)) dm <0and [, fx (@, k_(@)) dm > 0,
as asserted. Let us prove the last assertion. If situation (a) holds, then every equilibria with graph
contained in UweQ ({a)} X [kx_(w), Ba_ (a))]) must coincide m-a.e. with «;_ and S, _, so it de-
fines a zero exponent. Conversely, if situation (b) holds, then there exist nonzero exponents of
Useq (fo} x [ka_ (@), Br_(@)]).

(i1) According to Theorem 4.1, A, _ concentrates at most three ergodic measures projecting
onto m. Since ./\/llk_ concentrates one, then the t,_-equilibria k) <o < Ba < B_ candefine
at most two (by (2.7)), which ensures the first assertion in (ii). Now, let (€2, o) be uniquely
ergodic. If m({w: k) _(w) = B5_(w)}) = 1, then the four equilibria define the same measure, so
that they coincide m-a.e. If m({w: «,_(w) = Bi_(w)}) =0, then «,_ and B,_ define the two
remaining measures. By contradiction, assume that o4 = B¢ m-a.e. and that they coincide m-
a.e. with B, _ (resp. with «;_). Then, (i)(b) ensures that the unique Lyapunov exponent of M
is negative (resp. positive), and hence M is a hyperbolic copy of the base which contradicts
Theorem 5.10(ii). In consequence, e pq =k _ and Brq = B,_ m-a.e. O

The next two results show an alternative hypothesis to get the bifurcation diagram of Theo-
rem 5.12, and conditions under which this alternative hypothesis holds unless the flow 7, admits
a unique minimal set for all the values of the parameter; that is, conditions under which there are
only two possible global bifurcation diagrams: that of Theorem 5.10, and that of Theorems 5.14
and 5.15 below. The definition of the Sacker and Sell spectrum is given in Subsection 2.4.

Theorem 5.12. Let f € C%2(Q x R, R) be (SDC) on J and (Co), where J is a compact in-
terval which contains the interval of variation of A, for all A € [—Ay, Ay], with Ly given by
Theorem 5.5(iii). Assume the existence of § € R such that t¢ admits exactly two different mini-
mal sets M1 < My with M (resp. Mzy) hyperbolic. Then, the bifurcation diagram of (5.1), is
that described by Theorem 5.10, with ._ =& (resp. Ay =§).

Proof. Let us suppose that the lower tg-minimal set M; C Ag is the hyperbolic one and let
M, be the upper t:-minimal set, with a(w) = inf(M>), and B(w) = sup(M2>),. The other
case follows analogously. Note that Proposition 5.3 guarantees that M is hyperbolic attrac-
tive, as otherwise there would exist three 7:-minimal sets. Let Ao > & be close enough to & to
guarantee the existence of an attractive hyperbolic minimal set Mﬁo < M3, obtained by hy-
perbolic continuation of M. Proposition 5.4 ensures that & and 8 are semicontinuous strong
T),-subequilibria and Proposition 2.1 ensures that there exist s; > 0 and e; > O such that
B(w)+e < (oz)?lO (@) = uyy(s1, w-(—s1), a(w-(=s1))) forall w € Q. Let MKO be the w-limit set
for 7, of a point (wp, o(wop)) of the graph of «, and note that it coincides with the w-limit set for
T,, of the point (wo-s1, (0[)?10 (wo-s1)) of the graph of (oz)?lo. As (oz)iflo is a lower semicontinuous
subequilibria, taking into account the inequality provided by Proposition 2.1, we get M» < ./\/IKO.
Using now that o and B are semicontinuous strong time-reversed T),-superequilibria, and the
analogous of Proposition 2.1 for the time-reversed case, we check that a minimal subset \;,, con-
tained in the «-limit set for 7;,, of some point (wg, B(wp)) of the graph of B satisfies N; a < Mo.
In addition, N, # Mao, due to the repulsive properties of Mao as time decreases (see e.g.
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Proposition 2.8 of [6]). Hence, there exist three different ) ,-minimal sets: all the hypotheses of
Theorem 5.10 hold. O

Theorem 5.13. Let f € C%2(Q x R, R) be (SDC) and (Co). Assume that the flow T defined by
(2.2) admits at least two minimal sets M and M.

(i) If the Sacker and Sell spectrum of f, on M is contained in [0, 00), then M is hyperbolic
attractive.
(i1) If the Sacker and Sell spectrum of f, on one of the minimal sets reduces to a point, then
either M1 or M is hyperbolic attractive.
(iii) If (2, o) is uniquely ergodic, then either My or My is hyperbolic attractive.

Proof. (i) We will prove that every Lyapunov exponent of M, is strictly negative (see Sub-
section 2.4). Let v € Mz (M2, T) projecting onto m € Mer (2, 0), let B, : & — R be an
m-measurable equilibrium with graph contained in M, satisfying (2.7) for v, and let u €
Merg (M1, T) be defined by the upper delimiter 8, of M, m, and (2.7). As the hypothesis of (i)
ensures that y (i, M) > 0, Proposition 4.4 applied to 8, and B,, ensures that y (v, M») <0, as
asserted.

(i1) Suppose that the Sacker and Sell spectrum of f, on M reduces to a point {a}. If a <0,
then M is hyperbolic attractive. If not, then {a} C [0, c0), and (i) proves the assertion.

(iii) In the uniquely ergodic case, if M is not hyperbolic attractive, then there exists
€ Mere (M, T) projecting onto the unique measure m € Merg (€2, 0) such that y (u, M) >
0. Since every ergodic measure on M projects onto m, Proposition 4.4 guarantees that
y (v, M2) <0 forevery v e Meg(Ma, 7). O

The simplest global bifurcation diagram of minimal sets (without bifurcation points) occurs
when the flow 1, admits only one minimal set for every value of the parameter. The next two
results analyze this situation.

Theorem 5.14. Let f € C 0.1 x R, R) be (Co) such that there exists only one t)-minimal set
forall A e R. Then, A, is pinched for all A € R, and Ay < Ag (i.e, By <oag) if L <&.

Proof. Propositions 2.3 and 2.4 applied to the delimiter equilibria «; and B, of A, show that
they coincide in a residual set of common continuity points. Proposition 5.4 shows that «; and
B, are semicontinuous strong 7g-subequilibria if £ > A, so Proposition 2.1 provides e > 0 such
that 8, (@) +e <ag(w) forallwe Q. O

Theorem 5.15. Let f € CY2(Q x R, R) be (DC) and (Co) such that there exists only one t,-
minimal set for all A € R.

() If (2, o) is uniquely ergodic (resp. finitely ergodic), then there exists at most a value (resp. a
finite number of values) of the parameter at which the minimal set is a nonhyperbolic copy
of the base.

(ii) If there exists Ao € R such that the Sacker and Sell spectrum of f, on Ay, is {0}, then A is
the only value of the parameter at which the minimal set is nonhyperbolic.
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C(,R) ax =B
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Q) |= J))\

Ao A

Fig. 2. Evolution of the attractor \A;, of (5.5) in the cases of a unique value A of non hyperbolicity (of oy, By, and
M o) described in Theorem 5.15. See Fig. 1 to understand the meaning of the different elements.

Proof. (i) Assume that M; is a nonhyperbolic t),-minimal set for i € {1, 2}, with 11 < A.
Then, M; concentrates a t;-ergodic measure giving rise to a nonnegative Lyapunov exponent.
Let m; € Merg (2, 0) be the projection of this measure. Theorem 5.14 shows that My, < M,;,,
and hence the previous property and Proposition 5.9 show that m #% m». The assertions follow
easily.

(i1) The hypothesis ensures that all the Lyapunov exponents of the only 7,-minimal set are
zero, so it is nonhyperbolic and we can reason as in (i). O

Fig. 2 depicts the “reasonably simple” variation of .4, with respect to A under the hypotheses
of Theorem 5.15(ii) and in the uniquely ergodic case of (i).

The last result of this section is a local bifurcation theorem: at least a local saddle-node bi-
furcation of minimal sets occurs under the (SDC) hypothesis on an interval which contains the
variation interval of two minimal sets with some hyperbolicity properties. Recall that (€2, o) is
assumed to be minimal.

Theorem 5.16 (Local saddle-node bifurcations). Let f € C%?(Q2 x R, R) be (SDC) on a com-
pact interval J and let us suppose that the flow © given by (5.1)¢ admits two minimal sets
My < Mj contained on Q x int J. Then,

(1) if My is hyperbolic attractive or My is hyperbolic repulsive, then there exists A+ > 0 such
that (5.1), exhibits a local saddle-node bifurcation of minimal sets at A .
(1) If My is hyperbolic attractive or M is hyperbolic repulsive, then there exists ._ < 0 such
that (5.1), exhibits a local saddle-node bifurcation of minimal sets at A_.
@iii) If both My and M are hyperbolic attractive, then there exists an intermediate repulsive
hyperbolic minimal set M, and two local saddle-node bifurcations of minimal sets take
place at A_ and Ay, with A_ <0 < A4.

Proof. We define fby extending f outside of 2 x J as in (3.6). Then, fe C%2(Q x R,R) is
(Co) and (SDC). In addition, the minimal sets for the flow T; provided by f + X and contained
in Q x J are also minimal sets for the flow 7, given by f + A, and hence a local saddle-node
bifurcation of minimal sets (Isnb for short) for 7) at some Ag € R taking place on Q x intJ
ensures an Isnb for 1, at Ag.

Assume that 7 admits three minimal sets A/} < A, < A3. Theorem 5.10 provides an Isnb at
A— < 0 on the open band of  x R delimited by N3 and A3, as well as an Isnb at Ay > 0 on
the open band delimited by N and N>. Under the hypotheses of (iii), Proposition 5.3 provides
a Tp-minimal set M with M| < M < M>, and hence we have two Isnbon Q x intJ at A_ <0
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and A4 > 0. If M (resp. My) is hyperbolic repulsive, Proposition 5.3 provides M with M <
M| < Mj (resp. M| < My < M), and hence we have at least an Isnb on 2 x intJ at A_ <0
(resp. A4 > 0). If M (resp. My) is hyperbolic attractive but M (resp. M) is nonhyperbolic,
Theorems 5.12 and 5.10 show that 75, has an Isnb on  x intJ at A, > 0 (resp. A_ < 0). These
properties prove (i) and (ii). O

6. A second one-parametric bifurcation problem

In this section we shall bring forward a technical procedure, which is the change of skewprod-
uct base. This procedure will allow us to study the different one-parametric bifurcation problems
which we will describe in Subsection 6.2.

6.1. Procedure of change of skewproduct base

The main purposes of the technical procedure described in this subsection are to transform a
general minimal set for a given flow in a copy of the base for an extended flow and to find the
relations between the Lyapunov exponents for these two flows.

Let (2 x R, 71) and (2 x R, 13) be local skewproduct flows on 2 x R, given by

i Ui CRXxQ2XR—>QxR, (t,w, x9) > (01, u;(t,w, x9)),

for i € {1,2}, where Ic"o’xo — R, r — u;(t, w, xg) represents the maximal solution of x" =
fi(w-t, x) satisfying u; (0, w, xo) = xo, with f; € CONQxR,R),and U; = 1) caxR T xo ¥
{(w, x0)}) fori € {1, 2}. We allow f> to be different from f] to obtain a more general framework,
although frequently the assumption 7| = 15 simplifies the scenario.

Let Y C 2 x R be a compact tj-invariant set projecting onto 2. As Y is composed by global
t1-orbits, (Y, t1) is a global flow, which will provide the base of the new local skewproduct flow.
We represent vt = 11 (t, v) for v = (w, z09) € Y and consider the local skewproduct flow defined
on YT x R by

G100 Uy SR X TXR =T xR, (¢,v,x0) — (v-t, us(t, JT(U),X())) ,

where m: T — Q, v =(w,2) = w and Uy, r, = U(U,xo)ETXR(IJ'Z[(U),xo x {(v, x0)}). We shall
say that (Y x R, ¢¢, 1,) is the local skewproduct flow obtained from (2 x R, 11) and (2 x R, 13)
by a change of base. The second component of this flow represents the solutions of the scalar
ordinary differential equation

x'= v, x), 6.1)

where fz(v,x) = fo(w(v), x). Note that, if t; = 12, then the map T — R, (w,z) — z is a
continuous ¢, ;,-equilibrium, that is, its graph is a copy of the base.

Now, we will discuss how ergodic measures of (Y x R, ¢, 7,) are related to ergodic mea-
sures of (2 x R, ). Let £ C 2 x R be a compact rz-invariNant set. Then, we define K =
{(w,2,x): (w,2) €Y, (w,x) € K} C Y x R. It is clear that K is a compact ¢y, ,-invariant
set and that 7(K) = K, where 7: T x R — Q x R, (w, z, x) — (w, x) is a flow epimorphism.
Let v € Mg (T, 71) be a fixed measure which projects onto m € smerg(sg, o). We will establish
a one-to-one correspondence between the ¢, ,-ergodic measures on }C which project onto v
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and the t;-ergodic measures on K which project onto m. To this end, we fix an m-measurable
equ111br1um Bv : 2 — R satisfying (2.7) for v.

Let & € merg(lC ¢r,,7,) project onto v, and let ﬂﬂ T — B be a v-measurable ¢ c,-
equilibrium satisfying (2.7) for . Then, for every continuous h: K—R,

/ h(v, x)dii = / h(v, Bp(v)) dv = / (@, Bo(@), Bp(@, Bu(@))dm.  (62)
e 80 Q
Notice that, as h( ,B,L( )) is not necessarily continuous, the second equahty in (6.2) is not imme-

diate: it follows from applying Lusin’s Theorem to g(v) = h(v ﬂﬂ(u)) Notice also that, as 8,
is a 71-equilibrium, then (w-t, B, (w 1)) = (w, Bv(w))-t. So, if we define B, (w) = ,BM(a) By (w)),

Bu(w1) = Ba((@, By(@))1) = uz(t, (@, By (@), B (@, Bu(@)) = ua2(t, @, Bu(@)).
Consequently, B, : € — R is an m-measurable 7;-equilibrium with graph contained in K (as

that of S5 is in K), and hence B, defines a 12-ergodic measure p on K which projects onto m,
by (2.7): given a continuous function &: K — R, we have

/ hw.x) djt = / h(w, Br(w, Bu(@)) dm

K Q
(6.3)
=fﬁ(w,z,ﬁ,;(w,z))dv=fﬁ(w,z,x)dﬁ
K K

for h: K — R, (w, z,x) — h(w, x). Relation (6.2) has been used in the second equality. In
particular, (6.3) shows that the definition of u is independent of the choice of :Bu Notice that
(6.3) ensures that the Lyapunov exponent of K for (6.1) with respect to & coincides with that of
K for 7 = fr(w-t, z) with respect to .

On the other hand, (2.7) associates an m-measurable 72-equilibrium g, : € — R with graph
in K to a 1p-ergodic measure p on K which projects onto m. We define

f (v, x) dji = f (@, Bo(@), Bu(@)) dm
I% Q

for any continuous map h: K — R, and obtain an ergodic measure I on K which projects onto
v. As in the previous case, it can be seen that this process is well defined, that is, it is independent
of the choice of 8. It is not hard to check that this process is the inverse of the aforementioned.
Now, let us suppose that both € and Y C € x R are minimal for their respective flows. We
will construct a one-to-one correspondence between the minimal sets of (Y x R, ¢, ,) and of
(2 x R, 12). Recall that the sections of a minimal set on a scalar skewproduct flow with mini-
mal base are singletons for all the points on a residual subset of the base (see Proposition 2.3).
Given a ¢, r,-minimal set MC T xR, we define M =F(M) = {(w,x): (w,2z,x) € M)
It is easy to check that M C Q2 x R is t2-minimal. Conversely, given a t2-minimal set
M C @2 x R, we look for wp € Q such that (Y)g, = {zo} and (M), = {xo}, and take M=
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clyxr {7, (t, (@0, 20), X0) : t € R}. Itis easy to check that (/\>l)(w(J 20) = {X0}. As M is a com-
pact ¢, rz—mvarlant set, it contains a minimal set M’ C M, and necessarily (M’ ) (wo,20) = {X0}-
Consequently, M C M, so M is itself minimal. Moreover, it is easy to check that M is in-
dependent of the choice of wy IIAI the residual sets of points a)Afor which boAth (M) and (M),
are singletons, and also that 77 (M) = M, since (wo, xo) € T (M). Finally, M is the only ¢¢, ,-
minimal set which verifies 7 (M) = M, since (M) = M would imply (wo, zo, X0) € M.
This is the one-to-one correspondence we referred to.

6.2. A new bifurcation problem

Throughout this section, (£2, o) will be minimal and f € CO’I(Q x R, R). As explained in
Subsection 2.1, the solutions of

X' = flot,x), we, 6.4)
induce the local skewproduct flow
T UCRXQLXxR—>QxR, (¢, w,x))+— (wt,u(t,w,xp)). (6.5)

A 7-minimal set M can be understood as the closure of the graph of a recurrent solution X(f) =
u(t, wp, X(0)) of one of the equations. Therefore, the classical problem of bifurcation of recurrent
solutions “around” X(¢) can be included in the analysis of bifurcation patterns for the family of
equations

x'=flowt,x)+Ax —ult,v,2), (6.6)

for (w, z) € M. As explained in Subsection 6.1, the families (6.6); induce local skewproduct
flows on the bundle M x R, with base given by the global restricted flow (M, 7): we de-
fine f MxR—->R, (w,z,x) = f(w,x) and B8 : M — R, (w, z) — z and rewrite (6.6),
as x' = f(r(t,w,z),x) + A(x — B(t(t, w, 2))) for (w,z) € M. The change of variables y =
x — B(z(t, w, 7)) takes this equation to

Y =8t(t,»,2),y) + 1y, 6.7)

for (w, z) € M, where g(w, z,y) = f(a), Z,y+z2)— f(a), 2,2) = f(w,y+2)— f(w, z). Clearly
/210 = M x {0} is a minimal set for the flow induced by (6.7), for all A € R, coming from
M={(w,z,2): (w,z) € M}, which is minimal for (6.6), .

In this way, studying bifurcations for (6.6); “around” X(z) has been transformed in studying
bifurcations for (6.7), “around” zero. To simplify the forthcoming discussion, we recover the
standard notation of this work: the analysis of (6.7), is included in that of

x'= f(wt,x)+ rx, (6.8)
where (€2, o) is a minimal flow, f € C%1(Q x R, R) satisfies f(w,0) = 0 for every w € 2, and
A € R. We will impose appropriate d-concavity and coercivity hypotheses when needed. We will

analyze the bifurcation patterns of minimal sets and attractors which may arise for (6.8), and,
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afterwards, translate the information to understand the possible bifurcation patterns for (6.6),:
see Subsection 6.4.
The solutions of (6.8), define a local skewproduct flow

UL CRXxQXxR—QxR,  (fw,x) > (ot, i, o, x0)) -
Notice that Mo = Q x {0} is always a 7)-minimal set.
Proposition 6.1. The following statements hold:

(i) Any strictly positive (resp. negative) global upper solution of (6.8), is a strict global upper
solution of (6.8)g whenever § < ) (resp. . < §). In particular, any strictly positive (resp. neg-
ative) equilibrium for (6.8), is a strong superequilibrium and a strong time-reversed sube-
quilibrium for (6.8); whenever § < A (resp. A <§).

(ii) Any strictly positive (resp. negative) global lower solution of (6.8), is a strict global lower
solution of (6.8)g whenever ). < & (resp. & < ). In particular, any strictly positive (resp. neg-
ative) equilibrium for (6.8), is a strong subequilibrium and a strong time-reversed su-
perequilibrium for (6.8)g whenever ). < § (resp. § < A).

Proof. The statements follow from the properties described in Subsection 2.2. O
The information provided by Theorem 5.1 plays a role in the next statement.

Proposition 6.2. Assume that f € COl(Q xR, R) is also (Co) and let

A= (e} x [a1(), B (@) (6.9)

we

be the global attractor of (6.8),. Then,

) ap(w)<0< ﬁ;\(w)for everyw € Q and ) € R.
(i1) For every w € 2, the maps A +— ,3A (w) and A +— @) (w) are respectively nondecreasing and
nonincreasing on R and both are right-continuous.
(iii) limy_s 00 @y (w) = —00 and limy_s o0 ,BA;L (w) = o0 uniformly on Q. In particular, T admits at
least three minimal sets for A large enough.
(iv) There exists Ly € R such that A, =Mo=9 x {0} for every A < Ao and it is hyperbolic
attractive.

Proof. Property (i) follows from Mo =Q x {0} C A;L. The arguments used to prove Theo-
rem 5.5(1)-(ii) can be used to check (ii) and the first assertion in (iii). The second one follows
from the first one, Proposition 2.3 and the minimality of Mo To prove (iv), note that (ii) ensures
thatAACAg if A <&. Letus fix £ € R, taker>0suchthatAg C Q x [—r,r] and define
Ao = min{é, inf{— fy(w, x): (w,x) € Q x [—r,r]}}. Then, fi(w,x)+ i <0 forall A < Ag and
(w,x) € Q x [—r,r], so )/(A)\, v) <0Oforallve Smerg(.%ix, 7). Theorem 3.4 of [6] guarantees

that A; is hyperbolic attractive and coincides with 2 x {0}. O
Figs. 3 and 4 depict the evolution of A}, in two different cases.
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Now, we will study the bifurcation problem (6.8), in terms of two parameters:

n— =inf{A: the graph of &¢ is a hyperbolic minimal set /\;llé < Mo, V& > A},
u4 =inf{r: the graph of ,35 is a hyperbolic minimal set ./\;lg > Mo, V& > A}.

Theorem 6.3. Let f c0’2(§2 x R, R) be (Co) and (SDC), and let [~ ., —i_] be the Sacker
and Sell spectrum of f, on Mo = Q x {0}, with A_ < A. Then,

@) My is hyperbolic attractive (resp. repulsive) if A < A_ (resp. . > A4 ) and nonhyperbolic if
A €[A_,At]) Both ./\/ll for A > pu_ and ./\/l“for A > Ly are hyperbolzc attractive.

(i) p—, w4 € (—00, Ay], and either py = Ay (which happens zf,B;L collides with 0 on a residual
o-invariant set as A | Ay ) or u— = hy (which happens if @), collides with 0 on a residual
o-invariant set as A |, A1)

(iii) (Global pitchfork bifurcation). If u— = uy = A4, then a global pitchfork bifurcation pattern
of minimal sets arises around Mo at At: Ty admits the three different hyperbolic minimal
sets Mi < Mo < MY for & > Ay, both & and ,BA;\ collide with 0 on a residual o -invariant
setas | Ay Mo is the unique Ty -minimal set if A < Ay, and A =My ifA<A_.

Proof. (i) The spectrum of the linearized equation fx+ X on Mo is [A — A4, A — A_], which
yields the stated hyperbolicity properties for Mo (see Section 2.4). Proposition 5.2 ensures the
attractiveness of the hyperbolic sets ./\/ll and ./\/l”

(i) Since My is hyperbolic repulsive if and only if A > A4, Proposition 5.3(i) and The-
orem 4.2(ii) ensure that A = inf{A € R: ¢ admits three different hyperbolic minimal sets for
every & € (A, 00)}. Proposition 2.3 shows that these three minimal sets are ./\>ll)\ < Mo < M)’(, re-
spectively given by the graphs of &; <0 < Bo.. Consequently, p4, u— < A4. Proposition 6.2(iv)
ensures that y and p_ are finite. Proposition 6.2(i)-(ii) ensure that &, , (w) = lim;, ;. @) (@) <0
and ,BA;L (@) =limy 5, ,3A (w) > 0. Let R be the residual set of common continuity points for &;, +
and ,BAM. Assume first that @, (w) <0 < 3A+(w) for all w € 2. Proposition 2.4 ensures that, in
this case, there exist three different minimal sets at A4 and Theorem 4.2 guarantees that they are
hyperbolic. Hence, the nonhyperbolicity of Mo at A4 precludes this case. Consequently, there
exists wp €  such that either &;_ (wo) =0 or ,BA;L + (wo) =0, which according to Propositions 2.5
and 2.4 ensures that either &;, or f;, coincides with 0 on R and hence that either s = A or
Mg =Xy )

(iii) Let us see that &4 (w) = B4+ (w) =0 for all w € R if u— = w4+ = A4. We proceed by
contradiction: Proposition 2.4 ensures that either @;, +(w) <0 forall weR or ,3;\ + (@) > 0 for
all w € R. Proposition 2.3 ensures that there exists another ), ,-minimal set distinct from Mo
and Theorem 5.13(i) ensures that it is hyperbolic attractive (the spectrum of fy on Mo for T, "
is contained in [0, 00)). Therefore, it has a hyperbolic continuation for A < A close enough,
contradicting the definition of either w_ or w. The assertion follows. Now, Proposition 6.2(ii)
ensures that flA is pinched for every A < A4, as flx c Ak +» and hence Mo is the unique 7, -
minimal set; since Mo is hyperbolic attractive for A < A4, Theorem 3.4 of [6] ensures that
A,\ =Mo forh<iy. O

Fig. 3 depicts the two possible bifurcation diagrams of Theorem 6.3(iii).
Recall that Theorem 6.3(ii) ensures — = A4 or w4 = A (or both).
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C(LR)

Fig. 3. The two possible pitchfork bifurcation diagrams described in Theorem 6.3(iii): with A— = A4 (i.e. point Sacker
and Sell spectrum) on the left, and with A_ < A4 on the right. See Fig. | to understand the meaning of the differ-
ent elements. Notice that no hyperbolic solutions exist for A € [A_, A4 ]. In addition, neither «) nor B, is identically
zero for A € (A—, A4], as deduced from the existence of m € Merg (2, 0) with fQ(fx (w,0) + A)dm > 0 and from
Proposition 5.2, which ensures that fg(fx (w, o) (w)) + 2)dm <0 and fQ(fx (w, Br(w)) + A)dm < 0. In this case,

MO = Q x {0} is a nonhyperbolic minimal set for A € [\, A1 ], and the remaining minimal sets are hyperbolic and
given by the graphs of the hyperbolic solutions.

Theorem 6.4 (Local saddle-node and transcritical bifurcations). Let f € C 0’2(9 x R, R) be
(Co) and (SDC), and let [—\, —A_] be the Sacker and Sell spectrum of f, on Moy = Q x {0},
with A— < Ay. Assume that iy = Ay and pi— < A_. Then,

(1) T, admits exactly three minimal sets /\%g < ./\;lo < MK for A > Ay, and ,BA;L collides with 0
on a residual o -invariant set as A |, 4,

(ii) 7y admits exactly two minimal sets ./\A/li < Mo for A € [A_, A4],

(iii) T, admits three hyperbolic minimal sets Ma <N < Mo if A€ (u—, A_), where N is hy-
perbolic repulsive and given by the graph of a continuous map k) : Q — R which increases
strictly as A increases in (u—, A_), and which collides with &;, (resp. with 0) on a residual
setas A p— (resp. A P A_), . . .

(iv) T,._ admits exactly two different minimal sets ML_ < My, with ML_ nonhyperbolic,

) /Ab\ = Mofor)» < MU_.

In particular, ju—, »— and A4 are the unique bifurcation points: a local saddle-node bifurcation of
minimal sets occurs around M, _ at u—, as well as a discontinuous bifurcation of attractors; and
the bifurcation pattern which arises around Mo on [A_, A+] can be understood as a generalized
local transcritical bifurcation of minimal sets around Mo through the interval [A_, A4+] (which
is classic for A_ = Ay ).

The possibilities for the global bifurcation diagram are symmetric to the described ones with
respect to the horizontal axis if u— = A4 and L4 < A_.

Proof. (i) The results in (i) follov&i from Theorem 6.3(1)-(ii).
(ii) The nonhyperbolicity of My ensured by Theorem 6.3(i) and Theorem 4.2 preclude the
existence of other minimal set apart from M and Mi ford e [A_, Aq]

(iii) As both Mo and MIA are hyperbolic attractive for A € (u—, A_), Proposition 5.3 and

Theorem 4.2 ensure the existence of an intermediate repulsive hyperbolic minimal set N, for
A € (u—, A_) given by the graph of a continuous equilibrium &) : 2 — R. Reasoning as in The-
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orem 5.10, but taking into account that in this case the kind of monotonicity depends on the half-
plane in which we are working (and we are in the negative one), we can check that A > &; (w) is
strictly increasing on (u—, A_) for all @ € Q. In consequence, k;_(w) = limy 45 _ K3 (w) defines
a lower semicontinuous 7;_-equilibrium. Since &, > &, > &, > &;_ for A € (u—, A_) and M
and ./\>l§\7 are the unique 7, _-minimal sets, Propositions 2.3 and 2.4 ensure that the minimal set

(2.5) provided by k;_ is Mo. That is, k,_ vanishes at the residual set of its continuity points.
Combining this information with that provided by Theorem 6.3(ii), we observe that: two hyper-
bolic minimal sets for A < A_ close to A_ collide (at a residual set of base points) at A_ and two
hyperbolic minimal sets for A > A close to A collide at A, giving rise to a unique nonhyper-
bolic minimal set on the interval [A_, A4 ]. This is the generalized local transcritical bifurcation
of minimal sets around M mentioned in the statement.

(iv) Let us define k,_(w) =1limy,_ k) (w), and let us recall that &, (@) =1limy, &) (®)
(see Proposition 6.2(ii)). Then, £,,_(w) > &,_(w) for all w € . It follows from the definition of
(— that the minimal set ML, determined from &,,_ by (2.5) is nonhyperbolic, and hence (by
Theorem 4.2) that it coincides with that determined from k,_. That is, £,,_ and &,_ coincide at
the residual set of their common continuity points, giving rise to a nonhyperbolic 7,,_-minimal

set Mﬁt,- In addition, ML, < ./\A/)\ < Mo for A € (u—,A_); and Mﬁb and Mo are the unique
7,,_-minimal sets, since ML, is nonhyperbolic (see again Theorem 4.2(ii)).

(v) We must fix A < u_ and check that A, = Mo Since Mo is an attractive hyperbolic
copy of the base for 7;, it suffices to check that it is the unique 7)-minimal set and apply Theo-
rem 3.4 of [6]. Note first that ,B;L =0 for A < pu_, since ,BA =0forie (u_,A_) and A — ﬂ)\ 18
nondecreasing, and hence ./\/l() is the upper r;t m1n1ma1 set. Let us take another one N < ./\/lo,
and prove that N A= /\/lo We fix (wg, xg) € N . Since &, and k,,_ are strong 7;-subequilibria
which coincide at their continuity points, Proposition 2.1 provides s > 0 and e > 0 such that
kp_(w0) + e < ity (s, wo-(=5), &u_(wo-(—5))) < (s, wo (—s), & (wo-(—5))) = & (wo) < Xo.
Since k,_(w) = limy ;& (w), there exists & > p_ such that kg (wp) < xo. We take any
& € (&1, A—) and apply Proposition 2.2 to the family of strong 7; -subequilibria £, with u € [£1, £]
to conclude that there exist s¢ > 0 and eg > 0 such that K (wo-s) + eg < i (s, wo, K¢, (wp)) <
ity (s, wo, xo) for all s > s¢. The lower semicontinuity of K¢ ensures that N %, which is the w-limit
set of (wo, Xo), is strongly above the graph of k¢ for all £ € [£1, A_). So, it is above the graph of
K;_. Hence, (./\7 1) = {0} for all the points w of the residual set at which «;_ coincides with 0,

which yields Nj, = My. This completes the proof of the theorem. Note that a local saddle-node
bifurcation of minimal sets occurs at p_ around ML_, due to the collision of Mﬁx and /\A/} as
A u—. Also, since A — «a; (w) is discontinuous at p_ for all w € 2, there is a discontinuous
bifurcation of attractors at u_. O

Fig. 4 depicts the two possible bifurcation diagrams described by Theorem 6.4 in the case
Ay = Ut

Note that, if A_ = Ay, then [A_, A4 ] reduces to a point, so Theorems 6.3(iii) and 6.4 describe
the only possible bifurcation diagrams of minimal sets of the problem (6.8),. These diagrams,
depicted in the left panels of Figs. 3 and 4, were found in Theorem 5.7 of [29] for the uniquely
ergodic case. Moreover, in this case, the number of 7,_-minimal sets characterizes what bifurca-
tion diagram takes place: there is either one (and we are in the pitchfork case) or two (and we are
in the transcritical and saddle-node case). The description of the “generalized pitchfork bifurca-
tion of minimal sets through the interval [A_, A;+]” with A_ < A4 is completed in Theorem 3.1

177



J. Dueiias, C. Niifiez and R. Obaya Journal of Differential Equations 361 (2023) 138—182

C(LR)

0

Fig. 4. Two of the four possible bifurcation diagrams described in Theorem 6.4: with A_ = A = 4 on the left, and
with A_ < A4 = u4 on the right. See Fig. | to understand the meaning of the different elements. Notice that only one
hyperbolic solution exists for A € [A_, A+]. As in the case of Fig. 3, 8, is not identically zero for A € (A_, A4]. The
nonhyperbolic minimal sets are MO =Q x {0} for L € [A—, A4+], and /\A/lil7 forA=p—_.

of [12]. Note also that, in all the cases that we have described, we find a compact 7;,_, -invariant
pinched set containing M which is not, in general, a copy of the base.

We complete this subsection by describing a simple situation in which the bifurcation diagram
for (6.8), is that of Theorem 6.3: a global pitchfork bifurcation occurs at the unique bifurcation
point.

Proposition 6.5. Let f € co»f(sz x R, R) be (Co) and (DC), and let [—x., —k_] be the Sacker
and Sell spectrum of f, on My = Q x {0}, with A_ < A. Then,

1) if fix(w,0) >0 (resp. frx(w,0) <0) for all w € Q, then a;, (resp. B, ) takes the value 0 at
its continuity points for all . < 4.

@1i) If f is (SDC) and fxx(w,0) =0 for all w € Q, then the bifurcation diagram is that described
in Theorem 6.3(iii).

Proof. (i) If fi (w,0) >0, then fy(w,x) > 0 for all x < 0. We assume for contradiction
the existence of A < A4 such that o) (w) < O at its continuity points, which is equivalent to
say that ¢, is a strictly negative equilibrium (see Proposition 2.5). Taylor’s Theorem ensures
that o} (1) /oy (w-1) < fy(w-1,0) + A, and hence Birkhoff’s Ergodic Theorem ensures that
0= [o () (@) /a(@)dm < [o(fc(w,0) + 1)dm for all m € Merg (2, o). But this contradicts
the existence of m with fQ fr(w,0)dmy = —XAy < —A. The proof for g, is analogous.

(ii) Property (i) shows that 4 = p4 = A4 for the values u_, . defined before Theorem 6.3,
whose point (iii) shows the assertion. O

6.3. Transcritical bifurcation in a simple example
In what follows, we will study the bifurcation diagram for the one-parametric family
X =—X+ (@) +86)x>, we, (6.10)

where a; € C(Q,R), x € R, and & € R. We will denote by 7z the local skewproduct flow de-
fined by (6.10), given by the solutions iig (¢, w, xo). The study of such example will allow us to
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characterize the bifurcation diagrams of minimal sets of x’' = —x3 + ax(w-t)x% + Ax in terms of
the Sacker and Sell spectrum of a;. Note that the right-hand side of (6.10); is (Co) and (SDC),.
The coercivity property and Theorem 5.1 ensure the existence of global attractor /lg for 7¢, de-
limited by semicontinuous equilibria &g and ,ég, and it is not hard to check that their properties
are similar to those described in Theorem 5.5, i.e., the maps & — ,ég (w) and & > dg(w) are
nondecreasing for all w € Q and, respectively, right- and left-continuous. The Sacker and Sell
spectrum of @: Q2 — R is defined in Subsection 2.4.

Proposition 6.6 (Weak generalized transcritical bifurcation). Let [—§,., —§_] be the Sacker and
Sell spectrum of as, with é&_ < &,. Then, Mo = Q x {0} is a nonhyperbolic T¢-minimal set for
all £ € R. In addition,

() T¢ admits exactly two minimal sets Mé < M given by the graphs of ar <0 for & <&,
and with Mé hyperbolic attractive; and &g collides with O on a o -invariant residual set as
ErE;

(i) Mo is the unique Te-minimal set for & € [6_, &4 ];

(iil) Tz admits exactly two minimal sets Mo < Mg given by the graphs of 0 < ,ng for§ > &4,
and with /\V/lg hyperbolic attractive; and BE collides with 0 in a o -invariant residual set as

§1&y.

Proof. Let us fix £ < &;. We will prove the existence of wy € Q2 such that ﬁg (t, wp, x) is
unbounded for any x > 0, which ensures the absence of 7z-minimal sets above Mo. Let
my € Merg(Q, 0) satisty fQ(az(a)) + &)dmy = 0. Birkhoff’s Ergodic Theorem provides
Qo € Q with () = 1 such that sup, fot(az(a»s) + &)ds = co. We take wgy € Q. Let
Ve (¢, wo, xp) solve x” = (ax(wo-t) + £)x% with Ve (0, wo, x0) = xo > 0. That is, Vg (z, wo, x0) =
(1/x0 — fot (a2(wo-s) + &) ds)~", which means that Ve (t, wo, Xo) tends to oo as ¢ decreases, in
finite time. It is easy to check that ﬁg (t, wg, x9) > ﬁg (t, wog, xg) if t < 0, from where the initial
assertion follows. Analogously, it can be proved that there are no 7¢-minimal sets below My for
& > &_. In particular, MO is the unique 7¢-minimal set for & € (§_, &4).

Let us now fix & > &1 and prove the existence of a 7¢-minimal set Mg strictly above Mo.
We will use this property: given « € (0,& — &), there exists #, > O such that fot" (ar(w-s) +
&)ds > at, for all w € Q. To prove it, assume for contradiction the existence of {,},cn 1 00
and {wp},eN such that (1/¢,) fé” (az(wy-s) + &) ds < a, and use an argument analogous to that
of Kryloff and Bogoliuboff’s Theorem (see Theorem 9.05 of [27]) to construct m € Ny (2, o)
such that fQ (ar2(w) + &)dm <o < & — &4, which is impossible (see Subsection 2.4).

Let us take o € (0,& — &4) with o < 1. The coercivity of —x3 + (a2 (w) + & )x2 ensures that
g (t, wo, 1/@) is globally forward defined and bounded. We will check below that ii¢ (¢, wo, 1/o)
is also bounded away from zero for ¢ > 0, which shows the existence of a minimal set /\V/lg >
Mo contained in the w-limit of (wo, 1/c). The function w(t) = (it (¢, wo, l/oz))_1 solves y' =
—(m(wt)+&)+1/y withw(0) =a < 2/a. Letus call t{ = sup{t > 0: w(s) <2/a+It, forall
s €[0,1]}, where | = 1/a + sup,,cq la2(w) 4 &|. We assume for contradiction that #; < oo, and
define fo = inf{t < t;: w(s) > 2/« fors € [¢, t1]}. Then, t9 < t; —t4: otherwise, w(t;) = w(ty) +
ft;] (—(ar(w-s) + &) + 1/w(s))ds < 2/a + It,, which is not the case. In particular, w() > 2/«
fort € [t; — ty4, t1], and hence
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Iy
w(n) =w(f — 1) — /(az(w(r(tl —lo)s) +&)ds + /
0

1 —ty

ds

1
w(s)
Sw(t =) + (o + /2ty < w(ty — o),

which contradicts the definition of #. This shows that ig (¢, wo, 1/00) > 2/ + Ity)~!, which
completes this step. 5 5
We have proved the existence of Mg > My for & > &,. Analogous arguments show the ex-

istence of Mé < M for & < &_. Theorem 4.2 and the nonhyperbolicity of My ensure that T

admits at most two minimal sets. Hence, since the Sacger and Sell spectrum on Mo reduces to
{0}, Theorem 5.13 ensures that Mg (for & > &) and Mé (for & < £_) are hyperbolic attractive.

Therefore, they are copies of the base: the graphs of ,ég and &g, respectively. Theorem 5.13 also
precludes the existence of a second minimal set for 7¢_ (resp. ¢, ), since it would be hyperbolic
and hence persisting for & close to &4 (resp. §_). In turn, this means that 35 () =limg ¢, B& (w)
(resp. &g (w) = limg4¢_ &g (w)) coincides with O at their continuity points: otherwise, Proposi-
tions 2.5 and 2.3 would provide a second T, (resp. Tz_) minimal set. This completes the proof
of all the assertions. O

Our last result in this subsection is a remarkable consequence of the previous one: the bifur-
cation diagram of

¥ =—-Xtawx’+rix, weQ, (6.11)
just depends on the Sacker and Sell spectrum of a;.
Corollary 6.7. Let [—&4, —&_] be the Sacker and Sell spectrum of ay. Then,

(1) if0 e [é_, &), then (6.11) exhibits the global pitchfork bifurcation diagram of minimal sets
described by Theorem 6.3(iii).

(1) If0 ¢ [E_, &4 ], then (6.11) exhibits the transcritical and saddle-node bifurcation diagram of
minimal sets described by Theorem 6.4.

Proof. The Sacker and Sell spectrum of —3x2 4 2a,(w)x on the minimal set 2 x 0 reduces to 0.
That is, with the notation of Theorems 6.3 and 6.4, A_ = A4 = 0. As explained after Theorem 6.4,
in this case, the bifurcation diagrams of Theorems 6.3(iii) and 6.4 are the only possible ones
and we can distinguish between them by the number of Tp-minimal sets: one in the pitchfork
case and two in the transcritical and saddle-node case. Note that (6.11), corresponds to (6.10).
Proposition 6.6 ensures that (6.10), and therefore (6.11),, admits Mo as unique minimal set if
and only if O € [£_, &4 ], from where the statements follow. O

6.4. Bifurcation of a recurrent solution

We complete the paper by translating part of the information that we have obtained to the
problem we posed at the beginning of Subsection 6.2. Let us assume that the function f of (6.4)
is C%2(Q x R, R), (Co) and (SDC). Recall that the minimal set M for the flow  defined by
(6.5) is given by the hull of the graph of the recurrent solution X(t) = u(z, wg, x(0)) of (6.4), and
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note that X(¢) solves the equation (6.6); corresponding to (wg, X(0)) € M for all A € R. It is easy
to check that the function g of (6.7), is C 02(M x R, R), (Co) and (SDC), and the Sacker and
Sell spectrum of g, on the corresponding minimal set M x {0} coincides with that of f, on M,
which we represent by [—A4, —A_].

To begin with, we assume that the bifurcation diagram for (6.7), around M x {0} is that
of a generalized transcritical bifurcation described by Theorem 6.4. Then, X(¢) is hyperbolic
attractive for (6.6); if A < A_, nonhyperbolic if A € [A_,A;] and hyperbolic repelling for
A > Ay; and, as A crosses A, from the left (resp. A_ from the right), the solution X(z) “bi-
furcates” in two solutions of (6.6); corresponding to (wg, X(0)): X(¢) and a new hyperbolic
attractive (resp. repelling) recurrent solution X (z), which persists for all A > A4 (resp. in a
bounded interval (Ao, A—)). In general, we cannot assure that limy_.,, X (t) = X(¢) for all
t € R, but there is a certain type of approaching which we describe in what follows for A;.
Let M; = {(w,z,%.(®,2)) | (w,z) € M} be the hull of the graph of Xj for A > A,. Then,
there exists the pointwise limit k3, (@, z) = lim; };, K. (w, z), and k;, is one of the two delim-
iter equilibria of the global attractor for all A > A ; and hence, due to the collision properties
explained in Theorem 6.4, &;_, (w, z) = z for all (w, z) in a T-invariant residual subset R of M.
This means that lim;, |, X, () = X(¢) for all # € R in the case that (wp, x(0)) € R, which we
cannot a priori know. What we can assert in all the cases is that X, (r) = lim; ,, X;.(¢) is a
bounded globally defined solution of the equation (6.6),_ corresponding to (wg, ¥(0)), and that
liminf; , +o0 [X)., (1) — X(1)| = 0. Similar limiting properties (and restrictions) can be described
for A 1 A_.

If the bifurcation diagram is that of Theorem 6.3(iii), with a global pitchfork bifurcation at
A4, then the asymptotic exponential stability of X(¢) for A < A_ is also lost as A crosses A_, and
two hyperbolic attractive recurrent solutions ¥ (¢) and X1 (t) appear for A > A, with limiting
approaching to X(¢) as A | A4 similar to that described above.

The possible dynamical complexity of these cases is due to the possible existence of a pinched
compact invariant set for (6.7),, which is not a copy of the base. Examples of these “far away
from trivial” situations can be found in [29], even in the simplest situation of uniquely ergodic
flow on M.

Data availability
No data was used for the research described in the article.
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