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Disorder-induced phonon self-energy of semiconductors with binary isotopic composition
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~Received 29 May 2001; published 18 January 2002!

Self-energy effects of Raman phonons in isotopically disordered semiconductors are deduced by perturba-
tion theory and compared to experimental data. In contrast to the acoustic frequency region, higher-order terms
contribute significantly to the self-energy at optical phonon frequencies. The asymmetric dependence of the
self-energy of a binary isotope systemm12xMx on the concentration of the heavier isotope massx can be
explained by taking into account second- and third-order perturbation terms. For elemental semiconductors, the
maximum of the self-energy occurs at concentrations with 0.5,x,0.7, depending on the strength of the
third-order term. Reasonable approximations are imposed that allow us to derive explicit expressions for the
ratio of successive perturbation terms of the real and the imaginary part of the self-energy. This basic theoret-
ical approach is compatible with Raman spectroscopic results on diamond and silicon, with calculations based
on the coherent potential approximation, and with theoretical results obtained usingab initio electronic theory.
The extension of the formalism to binary compounds, by taking into account the eigenvectors at the individual
sublattices, is straightforward. In this manner, we interpret recent experimental results on the disorder-induced
broadening of the TO~folded! modes of SiC with a13C-enriched carbon sublattice@S. Rohmfeld, M.
Hundhausen, L. Ley, N. Schulze, and G. Pensl, Mater. Sci. Forum338-342, 579 ~2000!; Phys. Rev. Lett.86,
826 ~2001!#.

DOI: 10.1103/PhysRevB.65.075206 PACS number~s!: 78.30.Ly, 63.20.2e, 63.50.1x
ag

g

f
r

s

dth
-
to

er-
t-

-

I. INTRODUCTION

The mass fluctations~of a single element! induced by iso-
topic disorder can be described by the weightednth moments
of the relative mass differences with respect to the aver
massm̄ of the virtual crystal, defined as

gn5(
i

ciS m̄2mi

m̄
D n

, ~1!

wherei runs over the different isotopes with massesmi and
concentrationsci . The definition of the average massm̄
5( icimi implies thatg150.

For a two-isotope systemm12xMx with M being the
heavy mass andx5cM , Eq. ~1! reads

gn~x!5~12x!S m̄2m

m̄
D n

1xS m̄2M

m̄
D n

. ~2!

Equation ~2! can be rewritten as follows, usin
Dm5M2m

gn~x!5~m/Dm1x!2nx~12x!

3@xn211~21!n~12x!n21#. ~3!

For the elements under consideration here@Dm/m!1,
e.g. (Dm/m)C51/12] we can neglect thex dependence o
the first factor of Eq.~3!, which slightly breaks the odd o
even symmetry ofgn(x) with respect tox50.5. Thus, for
x!m/Dm with 0<x<1 we can write
0163-1829/2002/65~7!/075206~10!/$20.00 65 0752
e

~m/Dm1x!2n.~Dm/m!n. ~4!

The lowest-order moments ofgn thus read~see Fig. 1!:

g2.~Dm/m!2x~12x!, ~5a!

g3.~Dm/m!3x~12x!~2x21!, ~5b!

g4.~Dm/m!4x~12x!@123x~12x!#, ~5c!

g5.~Dm/m!5x~12x!~2x21!@122x~12x!#. ~5d!

Hence, the contribution to the self-energy is even~odd! with
respect tox50.5 for even~odd! values ofn. In particular,g2
represents a parabola with the maximum atx50.5, whileg3
is odd with respect tox50.5, i.e.,g3(0.5)50.

The disorder-induced phonon self-energy is defined a

Pdis~v!5Ddis~v!2 iGdis~v!/2, ~6!

whereDdis denotes the disorder-induced shift, andGdis the
disorder-induced broadening corresponding to the full wi
at half maximum~FWHM!. The self-energy can be decom
posed into individual contributions that are proportional
the various moments ofgn with n52,3,4, . . . ,

Pdis~v!5A2x~12x!1A3x~12x!~2x21!

1A4x~12x!@123x~12x!#1•••. ~7!

In order to estimate the contributions of higher-order p
turbation terms, Eq.~7! is fitted to experimental and theore
ical data of group-IV semiconductors~see Sec. III for dia-
mond, Si, Ge,a-Sn and Sec. IV for SiC!. In Eq. ~7! the fit
parametersAi5Ai ,D1 iAi ,G are complex numbers; in prac
©2002 The American Physical Society06-1
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tice, we perform individual fits toDdis andGdis, thus obtain-
ing the two sets of fit parametersAi ,D andAi ,G . In the fol-
lowing section we show that, in general, the asymmet
with respect tox50.5 are not identical forDdis andGdis.

For a characterization of the contribution of the thir
order perturbation term with respect to the second-or
term, we define the ratio

r s5
A3,s

A2,s
~8!

with s5D,G. For the maximum self-energyxmax,s we find

xmax,s5
1

2
6

1

6 SA31
1

r s
2
2

1

ur su
D , ~9!

where the positive ~negative! sign corresponds to
r .0 (r ,0).

II. PERTURBATION THEORY

In this section, explicit expressions for the disord
induced self-energies of a two-isotope elemental crystal
derived by perturbation theory. For the calculations we
Pdis5P5D1 iG with D5D21D31•••5Ddis and G5G2
1G31•••52Gdis/2. The zero-temperature phono
propagator1 D(v,v i) for an isotopically pure crystal is th
sum of the propagatorsD1(v,v i) andD2(v,v i) for posi-
tive and negative frequencies, respectively,

FIG. 1. Mass fluctuationsgn(x) for variousnth moments@Eq.
~5!# of an elemental, i.e., monoatomic, crystal~or each sublattice of
a compound! containing a binary isotope system.x denotes the
concentration of the heavier mass isotope.
07520
s

r

-
re
e

D5D1~v,v i !1D2~v,v i ! ~10a!

5
1

v2v i2 ig
1

1

2v2v i2 ig
~10b!

5
2v i

v22v i
22 i2v ig

, ~10c!

where g→0 if anharmonicity is neglected.v i denotes the
absolute value of the phonon frequency. Since we are in
ested in the self-energy of the Raman mode, to which
largest contributions stem from close-lying optic phon
states, the propagatorD2 can be neglected becaus
uRe$D2%u!uRe$D1%u and uIm$D2%u!uIm$D1%u. In the fol-
lowing we thus setD5D1 with

D1~v,v i !5
1

v2v i2 ig
~11a!

5
v2v i

~v2v i !
21g2

1 i
g

~v2v i !
21g2

~11b!

5Pi~v!1 iL i~v!. ~11c!

D1(v,v i) consists ofPi(v), with a pole atv i , and a
LorentzianLi(v). For the complex self-energy of the Rama
phonon of a semiconductor with diamond structu
nth-order perturbation theory yields2

Pn~v,x!5
gn~x!

2n
vS 1

6Nc
D n21

3 (
i 1 ,i 2 , . . . ,i n21

v i 1
Di 1

•v i 2
Di 2

•••v i n21
Di n21

~12a!

5
gn~x!

2n
vS 1

6Nc
(

i
v iDi D n21

~12b!

with Di5D(v,v i) and Nc the number of unit cells. Note
that a factor of (21)n is found in the corresponding equatio
of the self-energy in Ref. 2. We believe that this fact
should not be there when the definition ofgn given in Ref. 2
@the same as our Eq.~1!# is used. The factor appears only
mi2m̄ is written instead ofm̄2mi inside the brackets of Eq
~1!. It is easy to convince oneself of this fact by compari
the real part of the third-order self-energy with the stand
expression from static perturbation theory which can
found in Ref. 3.

The second-order term (n52) of the self-energy

P2~v,x!5
g2~x!

4
vS 1

6Nc
(

i
v i~Pi1 iL i ! D ~13a!

contains the real part
6-2
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DISORDER-INDUCED PHONON SELF-ENERGY OF . . . PHYSICAL REVIEW B 65 075206
D2~v,x!5
g2~x!

4
vS 1

6Nc
(

i
v i

v2v i

~v2v i !
21g2D

~13b!

and the imaginary part

G2~v,x!5
g2~x!

4
vS 1

6Nc
(

i
v i

g

~v2v i !
21g2D .

~13c!

For g→0, Eq.~13c! simplifies to a sum overd-functions,
which represents the one-phonon density of states~DOS!
r1(v),

2G2~v,x!5
g2~x!

4
v2S 1

6Nc
(

i
pd~v2v i ! D ~13d!

5
p

24
g2~x!v2r1~v!. ~13e!

If D2(v) andG2(v) do not depend strongly onv near the
Raman phonon atv0, then2G2(v0) of Eq. ~13e! represents
the half width at half maximum~HWHM! of the disorder-
induced broadening.

The third-order self-energy can be written as

P3~v,x!5
g3~x!

8
vS 1

6Nc
D 2

(
i , j

v iv j~Pi1 iL i !~Pj1 iL j !,

~14a!

yielding the following real and imaginary parts:

D3~v,x!5
g3~x!

8
vS 1

6Nc
D 2

(
i , j

v iv j~Pi Pj2LiL j !,

~14b!

G3~v,x!5
g3~x!

4
vS 1

6Nc
D 2

(
i , j

v iv j PiL j . ~14c!

The corresponding fourth-order terms read

D4~v,x!5
g4~x!

16
vS 1

6Nc
D 3

3(
i , j ,k

v iv jvk~Pi Pj Pk23LiL j Pk!, ~15a!

G4~v,x!5
g4~x!

16
vS 1

6Nc
D 3

3(
i , j ,k

v iv jvk~3Pi PjLk2LiL jLk!. ~15b!

The ratios of the third-order to the second-order perturba
terms for the real and imaginary part of the self-energy
07520
n
s

simply related to the disorder-induced shiftD2 and broaden-
ing G2:

D3

D2
5

g3~x!

2g2~x!

1

6Nc

S (
i

v i Pi D 2

2S (
i

v iL i D 2

(
i

v i Pi

52
g3~x!

g2~x!

1

v FD2
22G2

2

g2D2
G

x5x0

, ~16a!

G3

G2
5

g3~x!

g2~x!

1

6Nc
(

i
v i Pi

54
g3~x!

g2~x!

1

v FD2

g2
G

x5x0

. ~16b!

The ratiosr s @Eq. ~8!# for a certain phonon mode atv0
can be determined from the dilute limitsx→$0,1% and the
experimental shifts and broadenings forx050.5. Under the
approximation of Eq.~4!, the expressions of Eqs.~16a! and
~16b! simplify to

r D.8
m

Dm

1

v FD2
22G2

2

D2
G

x050.5

, ~17a!

r G.16
m

Dm

1

v
@D2#x050.5. ~17b!

For phonons of crystals whoseuD2(v0 ,x0)u anduG2(v0 ,x0)u
are comparable, such as for the Raman mode of diamon
the TO Raman modes of SiC, the asymmetry ofD(v0 ,x)
also depends onG2(v0 ,x0) and r G /r D}2D2

2/(D2
22G2

2)
(r G /r D'8/3 for the Raman mode of diamond!.

For phonons withuG2(v0)u!uD2(v0)u, such as the Ra-
man modes of Si, Ge, anda-Sn, Eq.~17a! can be further
simplified. In these cases,r D}D2 and r G /r D.2. The fact
that, generally, the contributions of higher-order terms to
self-energy are not equally distributed among the real and
imaginary part (r DÞr G) means, that the asymmetries
D(v0 ,x) andG(v0 ,x) have different shapes resulting in di
ferent concentrations at the maximum self-energies (xmax,D
Þxmax,G). The ratios of the next successive-order terms re

A4,G

A3,G
5

3

4

A3,G

A2,G
5

3

2

A4,D

A3,D
5

3

2

A3,D

A2,D
. ~18!

Figure 2 shows the dependence onr s of the concentration
xmax, at which the self-energy has a maximum, ifuG2(v0)u
!uD2(v0)u ~valid for Si, Ge, anda-Sn!.

General expressions for the ratios of successive-order
turbation terms for phonons withuG2(v0)u!uD2(v0)u can be
easily found using

S (
i

v iDi D n

5S (
i

v i Pi1 i(
i

v iL i D n

5hneinu

5hn@cos~nu!1 i sin~nu!#.hn~11 inu!,

~19!
6-3
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whereh5u( iv iDi u andu5Arg$( iv iDi%. They are

Dn11

Dn
5

gn11

2gn
S 1

6Nc
(

i
v i Pi D ~20a!

Gn11

Gn
5

gn11

2gn

n

n21 S 1

6Nc
(

i
v i Pi D ~20b!

5
n

n21

Dn11

Dn
. ~20c!

According to Eq.~17a!, negative values forr D are possible if
uG2u exceedsuD2u, but this does not occur for the Rama
phonons of elemental semiconductors. One could also ob
r G,0 @Eq. ~17b!# for phonons withqÞ0 that exhibit a nega-
tive disorder-induced shift.4 The latter originates from the
fact that the shift is related to the Kramers-Kronig transf
mation of the broadening, which displays a change of sign
Ddis(v) near maxima ofGdis(v). In such a case the asym
metry would be flipped with respect tox50.5, i.e., the maxi-
mum of the self-energy would occur at a concentrat
xmax,0.5.

III. COMPARISON WITH EXPERIMENTAL AND
THEORETICAL RESULTS

In this section, we display a compilation of the disord
induced self-energies for the Raman phonons of eleme
crystals~diamond, Si, Ge,a-Sn! which have been obtaine
either by Raman spectroscopy or from theoretical calcu
tions by several research groups during the past decade

FIG. 2. Dependence of the value ofxmax at which the maximum
of D andG is found, including second-order and third-order pert
bation terms~solid line! and also fourth-order terms~dashed and
dotted lines!.
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man studies that address the variation of the self-energy
the isotopic composition have been conducted
diamond5–10 and Si.11 The coherent potential approximatio
~CPA! has been employed for diamond6–8 and Si,11 while ab
initio electronic structure based calculations have been
formed for diamond and Ge.12,13All sets of data are analyze
with respect to the asymmetries of the self-energies and c
pared to the results we obtain by perturbation theory.

Figure 3 displays the Raman frequencies of diamond v
sus the13C concentration. The points~open symbols! repre-
sent experimental values. The dashed curve represents
approximately linear dependence expected in the VCA. T
upward curvature of the experimental data~with respect to
the VCA line! clearly demonstrates the existence of
isotopic-disorder-induced self-energy as emphasized by
solid line, which is a fit with Eq.~7! for n52,3. The prefac-
tors A2 and A3 contain all factors independent ofx. The
ratios r s5A3 /A2 of the fitted values of these prefactors a
listed in Table I under ‘‘Raman experiments.’’ Note that tw
points, which are represented by dashed triangles, have
been included in the fit since they deviate unreasonably fr
the other data.

It is difficult to see with the naked eye in Fig. 3 the asym
metric behavior versusx, which may arise from third-orde
perturbation terms. The asymmetry appears, however, ra
clearly when the difference between the measured~or the
calculated! behavior and the VCA line is plotted, as shown
Fig. 4. In this figure, the solid line also represents the fit
all experimental data~except the dotted triangles!, the dot-

-

FIG. 3. Raman shift of isotopically disordered diamond. T
open symbols represent experimental values~Refs. 5–10!. The
dashed line indicates the harmonic scaling of the phonon freque

within the VCA (v}m̄21/2). The solid line corresponds to a fit with
Eq. ~7! for n52,3 to all experimental data, added to the VCA sc
ing. The two experimental data points atx50.1 andx51, repre-
sented as dotted symbols, were excluded from this fit.
6-4
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TABLE I. Characterization of the asymmetry of the phonon self-energy with respect tox50.5 through the
ratio r s5A3,s /A2,s and the concentrationxmax,s with s5D,G. These quantities are displayed for each elem
tal crystal that is realized as a binary isotopic systemm12xMx , with separate rows for the corresponding re
and imaginary part. The Raman data are compared with theoretical results that are derived from pertu
theory~PTh, this work!, the coherent potential approximation~CPA!, andab initio calculations. The values o
the self-energies (D2 ,G2) are forx50.5.

Raman experiments PTh CPA ab initio e

D2 (cm21) r D xmax,D r D xmax,D r D xmax,D r D xmax,D

m12xMx 2G2 (cm21) r G xmax,G r G xmax,G r G xmax,G r G xmax,G

12C12x
13Cx

'6a

'3a
0.31
0.61

0.57
0.62

0.33
0.88

0.58
0.66

0.35
0.66

0.58
0.63

0.22
0.53

0.55
0.61

28Si12x
30Six

1.18b

0.03b
'0
0.53

0.50
0.61

0.26
0.52

0.56
0.61

0.25
0.64

0.56
0.63

70Ge12x
76Gex

1.06c

0.03c
0.33
0.66

0.58
0.63

0.30
0.74

0.57
0.64

112Sn12x
124Snx

1.8d

0.02d
0.67
'1

0.63
'0.67

116Sn12x
124Snx

0.7d

0.02d
0.41
0.82

0.59
0.65

aValues taken as average from Refs. 5–10.
bReference 11.
cReference 14.
dReference 15.
eReferences 12,13.
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dashed line represents CPA calculations while the dotted
is a fit to the asterisks which indicate points obtained in
ab initio calculations.12,13 All data in Fig. 4 show a similar
asymmetric behavior, with a maximum ofDdis(x) at x'0.6.
This figure allows us to conclude that the real part of
self-energy due to isotopic disorder is well understood
diamond, including the superposition of second-order a
third-order perturbation terms.

Similar degree of understanding has been reached
Gdis(x) as shown in Fig. 5. Thex position of the maxima of
Ddis and Gdis determined from the experimental data agr
with those obtained by perturbation theory@Eq. ~9!# and also
with the CPA andab initio calculations~see Table I!. Note
that ther D andr G values under ‘‘PTh’’ are obtained from th
experimental values ofD2 for x50.5. These values are no
affected by the third-order terms, which vanish forx50.5.
Moreover, the small anharmonic self-energies do not sign
cantly affectD2 since the latter is determined by an integ
over the whole~basically harmonic! DOS.

Concerning the other elemental semiconductors, deta
experimental results with sufficient values ofx to reach
quantitative conclusions of the type found for diamond,
only available for Si.11 These data for Si are shown in Figs.
and 7~filled circles! together with the results of CPA calcu
lations ~filled squares!. The latter show forDdis(x) a clear
asymmetry with a maximum atxmax,D'0.56. The quality and
the number of the experimental points are not sufficien
conclude that an asymmetry exists but they cannot exclud
either. The measured absolute values ofDdis(x) almost~not
07520
e
e

e
r
d

or

e

-
l

d

e

o
it

quite! agree within error bars with the calculated ones.
The corresponding experimental values ofGdis(x) ~see

Fig. 7! are about a factor of 2 lower than the calculated on
although both show the asymmetric behavior (xmax,G
'0.62) predicted by Eq.~17b!. The reason for the discrep
ancy between the calculated and measuredGdis is to be
sought in the mechanism responsible for it in Si.11 Within the
harmonic approximationGdis50 for Si, Ge, anda-Sn, be-
cause the Raman frequency is at the maximum of the s
trum and thus corresponds to zero density of one-pho
states. The rather small, but non-negligible, observed va
of Gdis results from the DOS induced at theG point by the
anharmonic interactions responsible for the linewidth of
isotopically pure crystals. Thus, the widths observed for
as well as for Ge anda-Sn, correspond to fourth-order~twice
disorder and twice anharmonicity! and higher-order terms
Under these conditions, we have no guarantee that the te
included in an anharmonic CPA calculation suffice to d
scribe the experimental data, and agreement within a fa
of two between theory and the small experimental values
Gdis is to be regarded as satisfactory at this point. Using t
argument too, similar values ofDdis are to be expected fo
these elemental crystals.

Although isotopic-disorder-induced effects have not be
studied so extensively in Ge anda-Sn, there are some ex
perimental results available forx50.5 ~Refs. 14,15! that can
be compared with perturbation calculations. The latter, o
contrasted with the measurements forx50.5, provide reli-
able predictions for future experiments. The correspond
6-5
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F. WIDULLE, J. SERRANO, AND M. CARDONA PHYSICAL REVIEW B65 075206
data are displayed in Table I, where we compared them
the case of Ge, with those obtained byab initio
calculations.12,13 We should add that theab initio values of
Ddis for Ge calculated by Vast and Baroni12,13 agree with the
CPA calculation on Si and also represent the available
perimental data rather well (Dab initio(x50.5)51.14 cm21

compared to 1.18 and 1.06 cm21 obtained experimentally
for D2 in Si and Ge, respectively!. Theab initio calculations
of Gdis for Ge, however, give values which are an order
magnitude larger than the experimental ones, a fact that
be attributed to numerical errors in the calculated DOS n
the van Hove singularity which is found at the Raman f
quency.

According to the values listed in Table I one can clea
distinguish between two different behaviors in the mag
tudes of D2 and G2. Diamond exhibits a relatively large
disorder-induced shiftD2, whereas the other elemental cry
tals have much smaller values. This largely reflects the fa
of v in Eq. ~13b!. The difference is even more striking fo
G2, which nearly vanishes for Si, Ge, anda-Sn. This can be
explained also by the different orders of perturbation the
coming into play. The overbending of the phonon dispers
of diamond introduces large~second-order! isotopic disorder
effects which are not present in the case of Si, Ge, anda-Sn
because of their vanishing DOS at the frequency of the
man phonon. Such overbending of the phonon dispersio
also encountered in SiC and will be discussed in Sec. IV

FIG. 4. Disorder-induced shift of the Raman phonon of diamo
as a function of the13C concentration. The open symbols are R
man experimental data~Refs. 5–10! whereas the asterisks corre
spond toab initio calculations~Refs. 12,13!. The solid line is a fit
with Eq. ~7! for n52,3 to all experimental data except for the tw
points atx50.1 andx51 indicated as dotted symbols. The dott
and dot-dashed lines represent the fits to theoretical values obta
from ab initio and CPA calculations, respectively.
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We also observe a slight but systematic upwards shif
xmax,G of the CPA values for Si, compared to those obtain
by perturbation theory. The points of the CPA calculatio
which includes higher-order perturbation terms, are fit
with Eq. ~7! for n52,3 that only contains the second-ord
and third-order terms. As shown in Fig. 1, the higher-ord
terms~such as, e.g.,g5) emphasize even more the asymm
ric appearance of the self-energy, provided that the prefac
Ai are all positive. A fit with Eq.~7! for n52,3,4 to the CPA
values for the disorder-induced broadening of Si can
found in Ref. 11.

IV. EXTENSION FOR BINARY COMPOUNDS

The total isotopic-disorder-induced self-energy for a ph
non of a binary compound16 can be expressed as a sum of t
self-energy contributions of the individual sublatticesk

d
-

ed

FIG. 5. Disorder-induced broadening of the Raman phonon
diamond as a function of the13C concentration. The filled circles
have been obtained from the Raman data of Refs. 5–9 by ta
into account the corresponding instrumental resolutions and
tracting the anharmonic broadeningGanh'2 cm21 ~FWHM!. The
solid line is a fit with Eq.~7! for n52,3 to these points. The dotte
and dot-dashed lines are the corresponding fits to the values
tained fromab initio ~Refs. 12,13! and CPA~Refs. 6,7! calculations,
respectively. Note that the scatter of the experimental points aro
the fitted curve is considerably smaller than in Fig. 4. This is pr
ably due to the fact that the widths measured for x around 0.5
largely generated by the isotopic disorder while the disord
induced shifts are a small addition to the VCA dependence onx ~see
Fig. 3!.
6-6
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Pn~v,x!5(
k

gn
k~x!

2n
vuek~v!u2

3S 1

3Nc
(

i
v iD~v,v i !uek~v i !u2D n21

,

~21!

whereueku2 denotes the square of the eigenvector, avera
over allq’s corresponding to a given frequency. The seco
order self-energy can be described in a way similar to t
used for monoatomic semiconductors

D2~v,x!5(
k

g2
k~x!

4
vuek~v!u2

3S 1

3Nc
(

i
v i uek~v i !u2

v2v i

~v2v i !
21g2D ,

~22a!

G2~v,x!5(
k

g2
k~x!

4
vuek~v!u2

3S 1

3Nc
(

i
v i uek~v i !u2

g

~v2v i !
21g2D .

~22b!

For g→0, Eq. ~22b! simplifies to

FIG. 6. Disorder-induced shift of the Raman phonon of Si a
function of the 30Si concentration~Ref. 11!. The solid line is a fit
with Eq. ~7! for n52,3 to the experimental data. The dot-dash
line represents the corresponding fit to the values obtained f
CPA calculations.
07520
d
-
t

2G2~v,x!5(
k

g2
k~x!

4
vuek~v!u2

3S 1

3Nc
(

i
v i uek~v i !u2pd~v2v i ! D

5(
k

p

12
g2

k~x!v2uek~v!u2r1
k~v!, ~22c!

where r1
k(v) corresponds to the one-phonon partial DO

projected on the sublatticek. Note in Eq.~22c! that for crys-
tals with diamond structure Eq.~13e! is recovered by setting
uek(v)u251/2.

The general expression forr s can be quite complicated fo
binary compounds when both sublattices contain isoto
disorder. However, if there is only one isotopically diso
dered sublattice, the sum overk is replaced by a single term
In this case, it is straightforward to derive expressions sim
to Eqs.~17a! and ~17b!,

r D.8
m

Dm

1

vue~v!u2
FD2

22G2
2

D2
G

x50.5

, ~23a!

r G.16
m

Dm

1

vue~v!u2
@D2#x50.5, ~23b!

wheree(v) is the eigenvector component at the disorde
sublattice for the phonon under consideration~e.g., a Raman

FIG. 7. Disorder-induced broadening of the Raman phonon o
as a function of the30Si concentration~Ref. 11!. The solid line is a
fit with Eq. ~7! for n52,3 to the experimental data. The dot-dash
line represents the corresponding fit to the values obtained f
CPA calculations.
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phonon!. Thus, the isotopic effects of a disordered sublatt
in a compound is different from that for the correspondi
monoatomic crystal.

We apply Eqs.~23a! and ~23b! to the Raman spectro
scopic results on a variety ofnatSi12C12x

13Cx polytypes, re-
cently reported by Rohmfeldet al.17 We have performed a fi
with Eq. ~7! for n52,3 to the linewidth of the transvers
optic ~TO! modes of the 6H-SiC polytype measured in R
17 for 13C concentrations ranging fromx50.15 tox50.40.
These experimental results are displayed together with
fits in Fig. 8. The fit performed in Ref. 17 was based on
asymmetric curve obtained by CPA calculations
diamond.7 This curve was first fitted to the data points of t
TO~2/6! mode and further adjusted to the TO~0! and TO~6/6!
modes by multiplication with the constant scaling fac
v2r1(v) assuming constant eigenvectors@see Eq.~22c!#. In-
stead, we have considered each TO mode separately and
formed fits with Eq.~7! for n52,3 in the same manner as fo
the elemental semiconductors in Sec. III. We used, howe
parameters appropriate to SiC, not to diamond. In this w
we rigorously conclude that the behavior ofGdis versusx is
asymmetric. This fact cannot be derived from the data in F
3 of Ref. 17 which were obtained only for 0.15,x,0.40.
The latter can be fitted equally with either a symmetric or
asymmetric curve.

Using Eq. ~22c! for a single disordered sublattice, to
gether with the assumption of a constant eigenvec
ueTO

C (q)u50.84,18–21 we have calculated the imaginary pa
G2(v) for 6H-SiC and 3C-SiC using the DOS of Hofmannet
al.19 The corresponding real partD2(v) is obtained by the

FIG. 8. Disorder-induced broadening of the TO Raman mo
of the 6H-SiC polytype versus the13C concentration of the carbo
sublattice. The data are taken from Ref. 17. The solid lines repre
fits with Eq. ~7! for n52,3 to the data points that correspond to t
TO~0!, TO~2/6!, and TO~6/6! phonon modes.
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Kramers-Kronig relations. The frequency dependence ofD2
andG2 for 6H-SiC, as well asG2 for zinc blende SiC~3C-
SiC! is shown in Fig. 9 for the region of the TO modes. T
three parallel lines cut thex axis at the frequencies of th
TO~0!, TO~2/6!, and TO~6/6! phonons, and the crossing wit
D2(6H) gives the~approximate! disorder-induced shift of
the corresponding Raman peak.

Raman experimental results extracted from Fig. 8
compared in Table II with those found by the perturbati
scheme of Eqs.~23a! and~23b!. The fit to the TO~0! mode is
symmetric, but the large scattering of data points still allo
reasonable asymmetric fits with similar curvature than
the other two modes. The two numbers given for the ratior D

of the TO~0! mode represent maximum and minimum valu
and correspond to 6H-SiC and 3C-SiC, respectively. For
cubic polytype the DOS vanishes at the Raman frequen
in the harmonic approximation. Therefore, we performed
convolution of the imaginary part with the anharmon
broadeningGanh51.4 cm21 ~Ref. 22! in order to estimate
the finite value. Note that the phonon dispersion of the h
agonal polytypes, calculated in Ref. 19, exhibits an ov
bending of the TO branches, which mainly occurs around
K point of the Brillouin zone. The relatively large value o
G2 observed for the TO~0! mode compared to those of S
Ge, anda-Sn ~see Table I! provides evidence of a nonvan
ishing DOS caused by an overbending of the phonon dis
sion. The experimental results from Ref. 17 support theref
the DOS calculated with the bond charge model by Hofma
et al.19.

The striking feature in Table II, which is added to th
general behavior of the Raman phonons of elemental c

s

nt

FIG. 9. Disorder-induced shiftD2(v) and broadeningG2(v) for
3C-SiC and 6H-SiC. We obtainG2(v) from the DOS that has bee
calculated by Hofmannet al. ~Ref. 19! using the bond-charge
model.D2(v) is determined by a Kramers-Kronig transformatio
6-8
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TABLE II. Asymmetry of the phonon self-energies of isotopically disordered SiC, characterized b
ratio r s5A3,s /A2,s and the concentrationxmax,s . Experimental results from Raman spectroscopy of
TO-phonons of 6H-SiC~Ref. 17! are compared with calculations using perturbation theory~PTh, this work!.
The values of the self-energies (D2 ,G2) are forx50.5.

Raman experiment PTha

D2 (cm21) r D xmax,D D2 (cm21) r D xmax,D
natSi12C12x

13Cx 2G2 (cm21) r G xmax,G 2G2 (cm21) r G xmax,G

1.7 0.28–0.21 0.57
TO~0! '0.55 '0 '0.5 0.12–0.90 0.58 0.62

2.2 20.75 0.36
TO~2/6! '3.8 0.71 0.64 3.8 0.76 0.64

1.5 26.0
TO~6/6! '9.7 0.66 0.63 7.3 0.53 0.61

aNote that for negative values the asymmetry is flipped with respect tox50.5, i.e. the maximum of the
self-energy occurs atx,0.5.
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tals, is the negative values ofr D obtained for the TO~2/6! and
TO~6/6! phonons. This change of sign implies a revers
asymmetry, i.e., the maximum is now shifted to lower co
centrations of the heavier isotope (x,0.5). Since in Ref. 17
the phonon frequency was used for the determination of
13C concentration, no experimental information can be
tracted about the disorder-induced shift. Within our interp
tation, however, a negativer D has been already observe
indirectly for a two-phonon combination in isotopically ta
lored diamond by cathodoluminescence.23 The fact that some
absolute values ofr D,G are much larger than unity is cause
by a strong difference in magnitude betweenD2 andG2 or by
a vanishingD2 @see Eqs.~23a! and ~23b!#. The latter occurs
at frequencies near the maximum of the phonon DOS wh
D(v) changes sign.

V. CONCLUSIONS

General analytic expressions are given which allow
calculation of the real and imaginary parts of the self-ene
of phonons due to isotopic disorder in elemental crys
~e.g., diamond-type semiconductors! to various orders of per
r

r,

r,

. F
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turbation theory. The results are used to analyze the as
metric behavior of these self-energies versus the isoto
concentration in crystals containing two different isotop
The asymmetry is found to originate primarily from a com
bination of second-order and third-order contributions to
phonon self-energies and can be determined from
second-order perturbation terms without the need of ad
tional parameters. These results are extended to binary c
tals ~e.g., zinc blende or wurtzite-type semiconductors! and
used to interpret quantitatively recent experimental data
SiC versus the isotopic composition of the carbon com
nent. The possible asymmetric behavior of the self-energ
this material, which contrary to the statement in Ref. 17 d
not follow from the available data for 0.15,x,0.40 only, is
clarified on the basis of our analytical expressions.
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