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Abstract

This paper concerns the design of a Fourier based pseudospectral nu-
merical method for the model of European option pricing with transaction
costs under exponential utility derived by Davis, Panas and Zariphopoulou
in [7]. Computing the option price involves solving two stochastic optimal
control problems. With an exponential utility function, the dimension of
the problem can be reduced, but one has to deal with high absolute val-
ues in the objective function. We propose two changes of variables that
reduce the impact of the exponential growth and a Fourier pseudospectral
method to solve the resulting non linear equation. Numerical analysis of
the stability, consistency, convergence and localization error of the method
are included. Numerical experiments support the theoretical results and
the effect of incorporating transaction costs is also studied.

Keywords: Option pricing, exponential utility, transaction costs,
spectral method.

1 Introduction

This paper concerns the design of a pseudospectral numerical method for
the model of European option pricing with transaction costs under exponential
utility derived by Davis et al. in [7]. Let us consider a market formed by a
risky stock and a riskless bank account (or bond). When transaction costs are
considered, the Black-Scholes strategy of a replicating portfolio, [1], is unfeasible
because it requires a continuous portfolio rebalancing with unbounded costs.

From the point of view of the seller, we can price the option using a technique
referred as “Indifference Pricing”, [5] or [7]. We define an adequate function
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(strictly increasing and concave), which allows us to measure the utility of the
wealth. For a fixed initial amount of money, we build two scenarios. In the
first one, only the stock and the bond are considered and we solve an Optimal
Investment problem under transaction costs. In the second one, we receive a
certain amount p,, for selling an option and, with the new total amount of
money, we solve again the Optimal Investment problem including this time the
obligation acquired when selling the option. The quantity p, that equals the
expected terminal utility of both scenarios will be the price of the contract. The
technique also reflects the no-linearity of the price in relation with the number
of contracts negotiated, in contrast to the Black-Scholes model [5].

Proportional transaction costs were first introduced in [14]. In [7], authors
price European options with transaction costs under exponential utility. This
utility function gives tractable equations and it allows to reduce one of the
dimensions of the problem, but it may give numerical difficulties in lognormal
models due to the growth of the utility function. In the present paper, we
propose two changes of variables to reduce the impact of the exponential growth.
In spite of being non-linear, the resulting equation can be numerically solved
efficiently with a Fourier pseudospectral method.

As it is well known, spectral methods (see [4]), are a class of spatial dis-
cretizations for partial differential equations with an order of convergence that
depends only on the regularity of the function to be approximated. Several pa-
pers have used spectral methods for problems in Finance with good results. For
instance, in [6] a Fourier-Hermite procedure to the valuation of American op-
tions is presented. In [12] a dynamic Chebyshev method is employed for pricing
American options. Chebyshev interpolation is also employed for option pricing
in both [10] and [11]. In [18] a very efficient procedure for Asian options defined
on arithmetic averages has been proposed and in [15] a Fourier cosine method
is employed to solve backward stochastic differential equations. Other examples
are [9] or [16]. In all cases, the spectral-based methods have been proved to be
competitive with other alternatives in terms of precision versus computing time.

The outline of the paper is as follows. In Section 2 a description of the model
as it can be found in [7] is presented. In Section 3, the problem is equivalently
reformulated for technical reasons. Section 4 is devoted to the two changes of
variables and the development of a Fourier pseudospectral method to solve the
non-linear partial differential equation. A theoretical analysis of the stability,
consistency, convergence and localization error of the pseudospectral method is
included. Section 5 is devoted to the numerical analysis to check the precision
and efficiency of the pseudospectral method. The effect of incorporating trans-
action costs will also be studied. In order to not overload the paper, the proofs
of all the theoretical results are included in the appendix.

2 The model

We consider the European option pricing problem with transaction costs [7].
Let (92, F, P) be a filtered probability space. Let us consider an investor who



holds amount X (¢) in the bank account and 7(t) shares of a certain stock S(t).
The dynamics of the processes are

dX(t) =rX(t)dt — (1 + N\)SE)dL(t) + (1 — u)S(t)dM (),
dy(t) = dL(t) — dM(t), (1)
dS(t) = S(t)adt + S(t)odz,

where r is the constant risk-free rate, « is the constant expected rate of return
of the stock, o > 0 is the constant volatility of the stock and z; is a standard
Brownian motion such that #7 C .# where #7 is the natural filtration induced
by z;. We suppose that L(t) and M (t) are adapted, right-continuous, nonnega-
tive and nondecreasing processes representing the cumulative number of shares
bought and sold respectively. A > 0 and 0 < p < 1, represent the constant
proportional transaction costs incurred on the purchase or sale of the stock.

The investor may borrow from the bank at interest rate r and y € R, so long
and short positions are both accepted. The liquidated cash value of a portfolio,
denoted by c(y,.S), is given by:

2
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Let T be a fixed maturity, when the investor has to liquidate the portfolio.
We consider [7], two different scenarios.

In Scenario j = 1, the investor has not sold an option and holds the money
in the bank account and in shares. At maturity, the net wealth W7 (T) is:

WA(T) = X(T) + c(y(T), S(T)). (3)

In Scenario j = w, prior to enter into the market, the investor has sold a
European option with strike K and maturity 7. The net wealth W,,(T) is:

X(T) + e(y(T), S(T)), if S(T) < K,

X(T)+ K + ¢(y(T) —1,5(T)), if S(T) > K, )

Ww(T) = {

which corresponds to the net value of the portfolio if the option is not exercised
or the net value minus one share plus the strike value if the option is exercised.
Given an election of a utility function U(-), that is a continuous, strictly

increasing and concave function, and for a position (X (¢),g(t)) = (X,y), the
optimal value function is given by:

Vit X,9,8) = sup E{TWD)|(X®),5(0).50) = (X.3.9)}. ()
meT(X,y)
where (t,X,y,5) € [0,7] x R x R x R* and j € {1,w}.
From now on, we assume, [7], that U(-) is the exponential utility function

U(z) =1 — exp(—z). (6)



U (z)
CU()’
is independent of the investor’s wealth. Set 7(X,y) corresponds to the set of
admissible trading strategies and it is defined at the end of the Section.

The optimal investment problems V;, j € {l,w} can be solved for any
initial position but, for simplicity, we assume as in [7] that prior to enter into
the market, the position of an investor is always a certain amount of money in
the bank account X (¢~) = X and no holdings in the stock 7(¢t~) = 0.

The indifferent price p,, (X, t,S) of one European option for an investor with
an initial position (X (¢7),%(t7)) = (X,0) is the price which leaves him indif-
ferent between not selling an option (j = 1) or selling one option (j = w) for an
amount p, (X, t,5), i.e. the quantity which equals

for some v > 0 and where we note that v = the index of risk aversion,

Vi(t, X,0,8) = Vi (t, X + pu(X,t,5),0,5) . (7)

After obtaining the Hamilton-Jacobi-Bellman equations (see [7]) associated
with the two stochastic control problems j € {1,w}, the results suggest that
the optimization problem is a free boundary problem given by

ovV; oVv; A% oV
1 ZJ _ (1= —7
max{ 2% —( +/\)SaX (53/ ( ,u)SaX> N
ov; v Wi 1 550V
8t+X8X+S€)S+ S 52 =0

where (¢, X, y, 5) € [0, T]xRxRxR* and subject to V;(T, X, y, S) = U (W;(T)).
Under the exponential utility, it can be proved (see [7]) that the value func-
tion given by (5) can be rewritten as:

X
(t, X =1- ) Q;(t
VX 8) = 1 o (<157 ) Qoltn ), )
where @); is a convex nonincreasing continuous function in y and S given by
Qj(tvyvs):]'_‘/j(t?oayvs)' (10)

This result has a very important interpretation: “The amount invested in
the risky asset is independent of the total wealth.”

With (9), the indifferent price p,(X,t,S) given by (7) can be computed
5(T,t) (Qw (t,0,5) >
w(X,t,8) = log 11
pu(X..8) = oy (GBS (1)
and note that it is independent of the initial wealth p,,(X,t,S) = pw (¢, S).

t
Substituting (9) into the partial differential equation (8), we obtain:
win {200 20ENS G (30, 501050,

oy T o(T, t) 2y 12
0Q, 0Q; 1 2 20Q; | _
TR T + S o520



defined in [0, 7] x R x R*. The terminal conditions are given by:

Ql(T7 Y, S) = exp(—'yc(y, S))7 (13)
and
o exXp (_76(y75))7 S < K,
Qullo5) = { ep(—y -1+, s=k Y

We conjecture, as in [7], that the space is divided by (12) in three regions:
1. The buying region (BR), where the value function satisfies

0Q;  11+NS o
oy T ey @0 1)
2. The selling region (SR), where the value function satisfies
0Q; y(1—ps 1\ _
( By + 5(T, 1) Q;) =0, (16)

3. The no transactions region (NT), where the value function is the solution of
the following partial differential equation:

0Q; 0Q; 1 5 20Q;
ot T9%s 7275 g
The BR and SR do not intersect, since it is not optimal to buy and sell
shares at the same time. The NT region lays between them. The buying (resp.
selling) frontier is denoted by y}-@(t, S) (resp. yfﬁ(t, S)), j € {1,w}.
Inside the buying (resp. selling) region, the optimal trading strategy is to
buy (resp. sell) shares until reaching the buying (resp. selling) frontier.
If the buying y]g8 (t,S) and selling y]y (t,S) frontiers are known, we can com-
pute the value function Q;(t,y,S), j € {1, w} explicitly by a simple integration
of equations (15) and (16) respectively. If y < yj‘f@(t7 S),

=0. (17)

y14+MN)S

Qj(t’y’ S) = Qj(tayj"%(ta 5)75) exp ( 6(T t)

b)), 0s)
and if y > yjy(t, S)

Q0.5 = Qe )9 (ST 07 05 ). (o)

where Q,(t,y,5), j € {1,w} is determined in BR (resp. SR) upon the knowledge
of Qj (t» y]@(tv S)? S) (resp. Qj (t» yjjﬁ(h S)v S))

Finally, let ¢ € [to,T]. The set of admissible strategies 7z(Xy,, yi,) consists
of the two dimensional, right-continuous, measurable processes (X7 (t),y™(t))
which are the solution of (1), corresponding to some pair of right-continuous,

measurable F;-adapted, increasing processes (L(t), M(t)) such that

{ X(ty) = Xy, U(ty) = o,

(X7(),y"(t),S(t)) € &6, Vi€ [to, T]



where E > 0 is a constant which may depend on the policy 7 and

Ep = {(X,y,S) ERXxRxRY:(z+c(y—1,8)e’T D> _F te [tO,T]} .
(20)
By convention, L(ty) = M(t, ) = 0 but L(ty) or M(ty) may be positive.
&g was originally defined as &4 by [7, (4.6)]. Our definition does not alter
the results from [7], but we have been a bit more restrictive (&g C &p).
For (¢t,X,y,S) € [0,T] X &g, we define the value function as:

VIR X,y,8) = sup E{OW,()| (X(0),5(6),50) = (X,4.9)}
T€TE(X,Y)
(21)

In [7] it is proved that for (¢, X, y,.S) € [0, T] x &g, (21) is the unique viscosity
solution of (8). We assume, as in [7], that fixed an initial position (t9, Xo, Y0, So),
the value of VfE (to, Xo,Yo0,S0) does not depend on the particular choice of E
for E > Ej big enough.

Under this assumption, for £ > Ej big enough, V;(t, X,y, S) could be un-
ambiguously defined for any (¢, X,y, S) € [to, T] xR xR xR". Based on this, for
simplicity in the numerical scheme, we drop the dependance on &% in definition
(5), although for the theoretical results we need to employ (21).

3 Restatement of the problem: Bankruptcy state

In order to analyze the localization error of the pseudospectral method that
we are going to propose, we need functions VfE, J € {1,w} to be defined in
[0,7] x R x R x RT. In order to achieve this, we restate the problem, but in a
way which preserves the original development.

When a European option is signed (or other derivative), the market (Clearing
House), acts as a central counterparty which mediates between the seller and
the buyer of the option. The Clearing House checks if the seller of the option
can afford all the potential losses that he might have incurred between [0, ],
even if the European option cannot be exercised prior to time 7. If the seller
has gone into theoretical bankruptcy at any time ¢ € [0, T], the Clearing House
can confiscate his goods and expel him from the market (see, for example, [2]).

Simplifying the situation, constraint &g could be understood as a bankruptcy
constraint. We allow any trading strategy to the seller of the option but, if at
any time t his strategy has led him outside &g, he is automatically expelled
from the market, not allowing him to return, and he remains with a residual
bankruptcy utility forever. Retaining the previous definitions, we introduce two
new value functions.

Let E>0,t€[0,7] and j € {1,w}. The value functions are given by

VPE(t X,y,8) = S )E{U(Wj(T)I (X(®),5(1),9(1) = (X,y,9)}, (22)
T Y

if (X,y,S) € &g and by
B
Vet Xy, 5) =1 —exp(vE), (23)



otherwise. Set 7(X,y) denotes that we allow any trading strategy. These new
value functions are defined in [0,7] x R x R x Rt and they do not alter the
model thanks to the following result (the proofs are in the appendix).

Proposition 3.1. If (¢, X,y,S) € [0,T] X &g, it holds that
B _ &
‘/j E(t,X7y,S)—‘/jE(t,X,y,S).

Thanks to Proposition 3.1, we inherit all the existence and uniqueness results
of the original development of the model in [7]. We mention that the state space
which corresponds to (22)-(23) is divided in four regions, not in three as in [7].
The forth state corresponds to the bankruptcy state, where the investor has
been expelled from the market and no trading strategy has to be obtained.

Similar to the model presented in [7], we are interested in the limit value of
the functions when F — oo. Again, thanks to Proposition 3.1, we can make the
same assumption as before, i.e. that the value of the objective functions does
not depend of E for E > FE, big enough.

Since the option price is independent of the initial wealth, we will work
numerically with a function Q;(¢,y,S) derived of formula (9) from V; = ngE =

VjBE, j € {1,w}, when E is considered big enough. Let us fix X = X;. We
apply formula (9) to functions VjB E in order to obtain functions that we will

denote by QfE’XO. It is clear that Q; = QfE*XO = QfE’XO, j € {l,w} when E
is considered big enough. The following result will be employed in the analysis

of the localization error in Subsection 4.5.

Proposition 3.2. For X = Xy and F = Ey fized, it exists a value ¥ =
U(Xo, Ep) > 0 such that ¥(t,y,S),€ [0,T] x R x RT it holds

0<Q™™ <, je{luw

4 Numerical Method

The procedure is as follows: First, we perform two changes of variables and
compute the corresponding equations. The second step is the localization of the
problem. We fix a finite domain and perform an odd-even extension, imposing
periodic boundary conditions. Finally, we propose a Fourier Pseudospectral
method to solve the partial differential equation. All the steps are summarized in
the numerical algorithm in Subsection 4.4. For finishing, we include a theoretical
analysis of the stability and convergence of the pseudospectral method as well
as an analysis of the localization error.

4.1 Change of variables.

First, we change the stock price to logarithmic scale.

Z = log(S). (24)



and then consider a new function H;(¢,y, &) defined by:

Hj(tvya*%) = log (Qj(t,y,ﬁf)), JE€ {1,10}, (25)

which is admissible after Proposition 3.2.
In the buying region, y < y?(t, %), equation (15) becomes

v(1+ X\) exp(Z)

R y2ean). o

Hj(t,y, &) = H;(t,y(t.%),2) + (—
and in the selling region, y > yf (t,2), equation (16) becomes

Hyto.8) = (e (. 20,8) + (OSSR 7 0,) - ) 1

Equation (17), which corresponds to not performing transactions, has to be
numerically solved and is given by

OH, o2\ 0H: 1 ,9°H; 1 , [0H;\? .
atj+<a2> 0 a7 a@2j+202<8§j> —0 Jettul 9

The value function at maturity is given by

HI(T>y7‘i‘) = —'yc(y,exp(fﬁ)), (29)
and
) —ely exp(2)), exp(#) < K
HulTy ) = { ey - Lexp@) + K], eopl@) > K. OO
Hy(T,y,&) (T, y,&)

& = log(5) e Number of Shares

Figure 1: Graph of Hy(T,y, ) (left) and H,(T,y,Z) (right), & € [-5,5], y €
[0,2], A = p =0.002, v = 1, log(Strike) = 3.

We remark that function H,(T,y,Z) takes much smaller values (absolute
value) than function Q. (T,y,x) = exp(H, (T, y,exp(Z))). In Figure 1 we plot
the values of function H; (T, y, ) (left) and function H, (T, y, ) (right) for & €
[-5,5], y € [0,2], A = = 0.002, v = 1 and log(Strike) = 3.



4.2 Localization of the problem

The localization procedure of the problem is similar to the one in [3].

We denote by [Lmin, Lmax] C R the approzimation domain, which is a finite
interval large enough to cover the relevant logarithmic stock prices.

We denote by [£min, Zmax] C R the computational domain, which is a finite
interval such that Ly, > Tmin and Loy < Tmax-

The convergence in [Lmin, Lmax] C R of computed prices to their exact value
is obtained by taking Zyi, — —00 and Tyax — 0.

We define the intervals

j1 = [-’f;mina -i'max]a j2 = [-%max; 2£max - -’%min}a

(31)

j3 = [Zt%max - ‘%mina 4‘%max - 3i’min}a J= [fi'min; 433'max - 3i’min]»

where we note that J = J; UJo U J3.
We define function Hf(t,y,%), j € {1,w} as the odd-even extension of Hj,

H;(t,y,&), itz €7y,
2H;(t,y, Tmax) — Hj(t, y, 28 max — &), if & € Tg,

HS(t,y, ) = . . A 32

i (4 2) Hi(t,y, (4%max — 28min) — 2), if & € T3, (32)
Hi(t,y,z), if & ¢ 3.

where z = =2 + Zmin + k(4% max — 4Zmin) and k € Z 50 2 € [Zmin, 4¥max — 3Zmin]-

H\(T,y, &) Hy(T,y, &)

100 -
-400 -
200 -

600 - 2
i L 400 A -
20 e T R e T

i =log($) 2070 Number of Shares & log(8) 0 070 Numberof Shares

Figure 2: Graph of H{(T,y,%) (left) and HS(T,y, &) (right), & € [-5,35],
y €10,2], A = p=0.002, v = 1, log(Strike) = 3.

In Figure 2 we plot function H{(T,y,Z) (left) and function HE(T,y, )
(right). Functions H$(T,y,#), j € {1,w} correspond to those of Figure 1 after
the odd-even extension defined by (32).

The proposed truncation of the domain, extension of the function and the
imposition of periodic boundary conditions (the original function is not periodic)
induce the so called localization error. In Subsection 4.5.3, we will prove that the
localization error can be made arbitrary small in a fixed approximation domain
[Limin, Lmax] taking the computational domain large enough.



Several boundary conditions and extensions were tested. Taking into ac-
count numerical errors and the impact of the Gibbs effect, the proposed odd-
even extension was the one with the best performance comparing errors vs
computational cost.

Fix a grid £ = {t,}Y o, 0=t0 < ... <ty <tmy1 < .. <ty =T.

For t € [tm,tm+t1], T € [min, 48 max — 3Zmin], We define an approximate
function H]P , J € {1,w} as the solution of equation (28) supplemented with
periodic boundary conditions:

ij(ta Y, i‘min) = ij(t) Y, 4i‘max - 3j3min)a

OHY ) OHY
oy by den) =5
and with the final condition H} (tyy1,y,%) = Hf(tm1,Y, 2).

The value function H;(tm41,Y, &), & € [Zmin, Tmax] employed in (32) is sub-
stituted by an approximation computed in the previous step of the numerical
procedure (see Subsection 4.4). Finally, and for notational convenience, we
change the spatial domain to z € [0, 2x] defining:

(t, Y, 4-’imax - Si'min)a

4Amax - 4Amin
uj (t7 y7 LC) = Hf (ta ya ‘%min + 1‘2ﬂ_$x> . (33)
Therefore, equation (28) becomes
ou; ou; 0%u,; ou; \? .
8—5+Aa—;+38x2] +C(axj> =0, je{l,w} (34)

supplemented with periodic boundary conditions u(0,t) = u(27,t), u,(0,t) =
uz(2m,t) and where

27 o? 27 2
A — PR — B = C = _—_— - 2. 35
<4jmax - 4imin) (a 2 ) ’ (4jmax - 422:min> 20 ( )

4.3 A Pseudospectral method.

For N € N, let Sy be the space of trigonometric polynomials
Sj\f:spaun{e““c | —NSkSN—l}. (36)

Let u(x,t) defined in [0, 27] x [0, T] be a continuous function. We define the
set of nodes {xj}ﬁﬁo—l by

a;j:j%, j=0,1,..,2N —1, (37)

The Discrete Fourier Transform (DFT) coefficients {ﬁk(t)}]k\;—fN are

1 2N—-1 )
w(t) = 55 > uwj,t)e ™, k=-N,.,N -1 (38)
7=0

10



and the trigonometric interpolant of function u(z,t) at {x; }fﬁg 1is given by

N-1

In(u(z, 1) = 3 an(t)e™ (39)

k=—N

where the {ﬁk(t)}g:_fN are given by (38).
Let vV € Sy. The polynomial 4V is unambiguously defined by its values at
the nodes {z; }?fo—l given by (37). We denote

T

UN = [’U,N(l‘o), ...,UN(.IQN,l)] (40)

The Discrete Fourier Transform (DFT) is an invertible, linear transformation
Fn o C2N — C2NV. We define

Un = [0y, ..,ad .., a¥_ ] =FnUn, (41)
The spectral derivative, [4], is given by:
DyUy =3y AnvSnUn  (recursively Dy = F3' A% y),

where Ay is a diagonal matrix given by Ay = diag(in: —N <n < N —1).

For the rest of the work, given a complex function u(z,t) defined in [0, 27] x
[0, T], the notation wu(t) refers to a function u(-,t) € L? ([0, 27],C).

Let ur(x) be a given function. The Fourier collocation method, [4], for
equation (34) supplemented with periodic boundary conditions and subject to
u(x,T) = ur(z) consists in finding a trigonometric polynomial v’V () € Sy such
that Vj = 0,1, ..., 2N — 1:

auN(:Ej,t) auN(:L'j,t) 32uN(xj,t) 3uN(:17j,t) 2
o AT TPz +C< 0z )

uN (25, T) = up(x;).

The partial differential equation can be written as

ou
TtN + ADNUy + BD3Uy + C (DyUy 0o DyU i) = 0,
where o denotes the Hadamard (entrywise) product.
Alternatively, using that U y = §yUn,
8UN -~ 2 F -1 > -1 2 _
5 T AANUN + BARU N + CFn (SN ANUnoFy ANUN) =0, (43)

which is condensed as
—agtN — Lin (U N) + NLin (f] N) , (44)

11



where R R
Lin (Ux) = - [AAy + BAY] Uy,

NLin (Un) = ~C8n (33" AnUn 053/ AnUx ).

Expression (44) is equivalent to the collocation equation (42). For recovering
the function values at the nodes, we apply the inverse operator Uy = Sx,lff N-

The numerical solution of (34) subject to u(x,T) = ur(x) is the polynomial
uN (z,t) such that

(45)

Un(t) = [uM (@0, t), 0 ™ (wan—1,6)] ", (46)
which satisfies
VN _ Lin (UN) + NLin (UN) :

Un(T) = [ur(zo), ... ur(zan—1)]"

(47)

4.4 Numerical algorithm

Suppose that we want to compute option prices for Z in the approzximation
domain, & € [Lmin, Lmax)-
Therefore, we want to obtain a numerical solution for:

Hj(tuyv‘fj) : [OaT} X [yminaymax] X [i'minafi'max] — R

where Ymin, Ymaxs Tmin and Tmax are chosen to be big enough. We refer to
Section 5 for the empirical error analysis (localization error/number of shares).

Definition 4.1. Given N = (N;, Ny, Nz) € N®, we define:

Ymax Ymin o jjmax jmin T
Ay="—7"—-—"—  Ad=—7-—"— At=— 48
Y N, = - Ny N,’ (48)

and the sets of points

N'U
{wihZos v = Ymin + 1Ay,

{#6}n20s Tk = Bmin + kAT, (49)
{tm N, t = mAL.

For the localization procedure, we define two auxiliary sets of points.

Definition 4.2. We define N, = 4N; and denote N. = (Ny, N, N;) € N3,
We define:

4% max — 3%min 2m

A7 = ~ = (A;ﬁ)v Ar = —, (50)
and the sets of points
{ig}i\r:zm T = Tmin + SAZC,

o1
{w e, x4 = sAx. (&1)

12



We note that &, = &, kK =0,1,..., N;. The set of spatial nodes {ii}i\go is
needed in order to define the odd-even extension given by (32).
The numerical solution is denoted by H}Y, j € {1,w}. This solution is

only computed for the discrete values included in {yl}f\iyo and {t,,}N .

We remark that H jN , 7 € {l,w} is the numerical approximation to the
function value just in [Zmin, max] but, for a particular choice of y;, and ¢y,
the functions HN (tm,y1,, %), j € {1,w} are a N, = 4N; degree trigonomet-
ric polynomial defined in [Zmin, 4%max — 3%&min] by its values at {55;}5;0 after
performing the odd-even extension given in (32).

The algorithm is:

Step 0: Set m = Ny (ty, =T). Foreachy; € {yl}lN:yO and for each iy, € {10,
compute

HyN(Ta ylv‘ik) = Hj(Tv Yi, i‘k)v JE {1’ w}
with formulas (29)-(30).
Step 1: With intervals J1,J9,73,7 given by (31), for each y; € {yl}f\;yo ex-
tend, as in Subsection 4.2, the function HJN(tm, y1, &) defined in [Zmin, Tmax] to
HNe (tm,yi, &), the trigonometric polynomials defined in [#min, 4Zmax — 3Zmin]-

J
For each y; € {yl}f\go and for s =0,1,...,4N; — 1 define

HY (ty, g1, %), if &5 € 34,
2H3N(tmaylvjmax> - HjN(tmaylij:max - 'CEZ), if jz € Jg,
Hj (tmvyla (4§7max - 2:%min) - i'(;l)v 1f ﬁji S 337

H?I(tm,yl,z), if 2¢¢73,

H}\Ie (tmv Yi, §3§) =

where z = —Z¢ 4+ Zmin + k(48 max — 4% min) and k € Z 80 2 € [Zmin, 48 max — 3 min]-
For each y; € {yl}fiyo and each z, € {z,} N7, write

4-Tmax - 4xmin )
5 Zs

,UéVT (tma ths) = H?e <tm7yl7f%min + o0

to obtain trigonometric polynomials defined for = € [0, 27]. Set:

T
U?]J\;l - U;VT (tma Y, :EO)u U;VT (tm7 Yi, 371), ceey ’UI;VT (tmu Yi, $NI,1):| .
With constants A, B, C' given by formula (35), for each y;, € {yl};\i’o com-
pute the approximated no transactions function value ujv *(tm-1,Yy1,x) as the
numerical solution of the Fourier pseudospectral method:

%—Itj + AAU + BAU + CF (;rlAU ° g*lAU) —0,

U(tm) =3 (ué'v(tmayl,)z)) >

where U = l}%w, AU = ANIIA]?JJ\Z,I, F=3n, and x = {zp 10

13



For each y; € {yl}i\iyo, and each & € {21,}17, define

HY (b1, 91, &%) = U} (tm—1, Y1, Tk,

which corresponds to the function values if no transactions are realized. We
remark that &5 € [Zmin, Tmax), the values of the computational domain.

Step 2: Search the location of the buying/selling frontiers for each &y, € {:Ek}kN‘:iO
at t = tmfl.

The location of the frontiers is done through the discrete counterpart of
equation (12) after the changes (24)-(25). We search the biggest/smallest value
for which it is not optimal to respectively buy/sell shares. The numerical ap-
proximation to the buying frontier is y‘? (tm—1,3%) =

{ (1 + X) exp(2x)
(T, tm—1)

min
N,
ve{ui}, 2

Ay + Hf(tmfbyl + Ay7 ik) - Hf(t’m*hyhik) > O} 5

and to the selling frontier is yfﬂ (tma1, k) =

- R
max —wm + H? (b1, y1 — Ay, &%) — H? (b1, 91, 3%) > 0 5 .
N 5(T trm 1) i i
ve{wi}, 2,

With this definition, the discrete frontier is a point of the mesh {yl}lN:’yO, SO
that the time evolution is piecewise constant.
Step 3: Obtain, for each @ € {#x}n?, and each y; € {yl};\é’o the value of

H]N(tm_l, Y1, &1) employing the explicit formulas (26) and (27).

In the buying region (yl < y;’gN (tm—1, :%k)), function HJN(tm,l, Y, ) =

B ¥(1+ ) exp(Z)
5T tm—1)

H (b1, 4 (t 0 88 + ( (0t — 42 (s, >>) ,

In the no transactions (y?”eN (tm—1,Z) <y < yij (tm—1, ik))

HY (tm—1,y1, &) = HY (tm—1, 91, 1),

In the selling region (yl > yfﬂN (tm—1, ik)), function H]N(tm,l, Y, ) =

p # 2N YA — p)exp(dx) o .

HE (t—1,97 N (bm—1, &k, ), T1) + ( STt 1) (Y7 N (tm—1,%%,) —y) | -
Step 4: If t,,,_1 = 0 end. Otherwise, m = m — 1 and proceed to Step 1.

For each y; € {yl}lN:yO and each t,, € {t,,}V*_,, redefine HY (tm,y1, &) as the
trigonometric polynomial defined [Zmin, 4Zmax — 3Zmin] by 1ts values at £¢ €
{3} N+, with the odd-even extension given by (32).

The numerical approximation to the option price Vi € [Zmin, Zmax] and for
each t,, € {t,n} is computed through

o o1t . .
N (ts 3) = (7’") (HN (tn, 0, &) — HN(t,,0, 7)) . (52)
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4.5 Stability, consistency and convergence. Localization
error.

Remark 4.1. The convergence and the localization error analysis are totally
independent. In the convergence analysis we will prove that the numerical
solution converges to the exact solution of the periodic problem.

In the localization error analysis we will prove that the exact solution of the
periodic problem converges to the exact solution of the original problem on the
approximation domain for increasing size of the computational domain.

We will follow the lines presented in [8] to study the stability and convergence
of the Fourier pseudospectral method. Since partial differential equation (34) is
solved backwards, for simplicity, we perform the change of variable 7 = T — ¢,
so that we deal with the non-linear periodic problem:

ou 0%u ou ou\>
ar :A8x2+B8x+C<8x> !

w(0,7) = u(2m,7), ug(0,7)=u,(2m, 1),
u(z,0) = up(x)

where ug(x) is given and constants A, B, C' are the same as in (35).

For the analysis, we assume certain regularity upon the functions involved
in the different Theorems and Propositions. The analysis if this conditions are
fulfilled in this particular financial problem is done in Subsection 4.5.2.

Let L? = L?(0,27) denote the space of the Lebesgue-measurable functions
u: (0,27) — C. We denote by |.|| the usual L? norm [4, (2.1.11)].

We define the norm ||u||s (see [4, 5.1.3]) by ||u|lec = sup |u(z)].

0<z<

2m

For any function u(r) € L%([0,27]), let Pyu(r) € Sy be the orthogonal
projection [4, (2.1.8)] of u(7) over Sy.

For u € Sy, we denote by ||u||y the usual discrete norm [4, (2.1.34)]. We
note that if u € Sy, it holds |ju||x = ||u|| (see [4, (2.1.33)]).

Let H® = H*(0,27) denote the usual Sobolev space of order s and ||.|| g+ its
norm [4, A.11]. We consider [4] the subspace H,; C H® defined by H,(0,27) =
2 . . de .
{v € L7(0,2m) : for 0 < k < s, the derivative Tk in the

sense of periodic distributions belongs to L?(0, 2m)} .

4.5.1 Stability, consistency and convergence.

We recall that in the proposed collocation method, we search for a function
uN () € Sy such that Vj =0,... ,2N — 1

ouN 0?uN ouN ouN ?
W(xj’T) = AW(IJ’T) + B%(.’EJ,T) + C (ax(xj,T)> s

uN(O,T) = uN(Qﬂ',T),

uN (25,0) = uo(z;).

(54)
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Fix T>0. Let V(z,7), W(x,7) be two 2m-periodic and smooth functions
defined in [0, 27] x [0, T]. These functions will be seen as perturbed solutions
of equation (53).

Let VN(1) = In(V(7)) and WN (1) = Iy(W(7)). We define the residuals
FN(z,7), GN(z,7) € Sy, as the trigonometric polynomials such that for j =
0,... ,2N — 1 satisfy:

vl 8*v N vl

N, . _ ) ) v N _ 2
F (33;77')—?(%77)—Aw(%ﬁ)—BW(%J)—C W(ﬂf;ﬂ') )

ownN PWN owN owN 2
G’N(xj,r) = ?($j7t) — AW(:&J-,T) — BaT(:cj,T) - C (W(xj,r)) .

Theorem 4.1. (Stability) Let T>0 be fized and VN, WN, FN GV defined

above.
Let M > 0 such that threshold condition (justified in Proposition 4.3) holds:
IV alloos IW )zl < M, 7 € [0,T]. (55)

Then, it exists a constant R = R (M) such that
0<7<T 2

N 2 A 4 N 2 N 2 T N 2
max_[e™ (7)]" + /0 [[(e™)a ()l dTSR<IIe O +/0 [ ()l d7>,

where €N (1) = VN (1) = WN(7) and JV (1) = FN(7) — GN (7).

Proposition 4.1. Let u(t) € H3t", 5,7 > 1 for 7 € [0, T] continuous.

. i s+1
Then 1t exists a constant M = M <0max H%

<r<T
N € N, it holds:
H 0Py (u(7))

) > 0 such that for any

8 I (u)

_— <M 0,7].
s <M, 7€l0,T]

oo

<M
oot = |

Proposition 4.2. (Consistency) Let u(z,T) be the solution of equation (53).
Suppose that V7 € [0,T], function u(t) € H5*? and u. () € Hj.
Define FN () € Sy, Y7 €[0,T] and j =0, ... ,2N —1 by

CoIn(w) P In(u) L OIn(u) lIn(u)\?
R e e R Gl

’ ‘

max ||FY| < MN~%.
0<7<T

(QJJ' )T)
(56)

Then it exists a constant

o5ty
v (e {5

o5 t2y
8.%‘3""2

0% u,
" || Oxs

)

such that
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Proposition 4.3. Fiz T>0. Let u be the solution of equation (53). Suppose
that Y7 € [0,T), functions u(r) and u.(7) are in H3*? and HS respectively.
Then, it exists a constant M and Ny € N, such that VN > Ny it holds:

1(u™)a(7) e < M, 7€ [0,T). (57)

Theorem 4.2. (Convergence)

Let u(T) be the solution of (53). Suppose that u(t), u.(T) are respectively
functions in H5™ and HY and continuous with respect 7 € [0,T].

Then, if uN(x,7) is the approzvimation obtained by the collocation method

(54), it exists a constant

max {|lu(r) —u™(7)||} < MN~°.

0<r<T

o512y
astrZ

o5ty
M=M (OrgnTang{H ]

and Ng € N such that VN > Ny it holds

oxs

HasuT

4.5.2 Comments about threshold condition in our financial problem.

In the previous Subsection we have given general regularity conditions that
guarantee the results of stability, consistency and convergence. We study now
the regularity of this particular financial problem.

Note that u(0) = ug is explicitly given. This is relevant in Proposition 4.3
(threshold condition)

(™) 2(0) oo = 1(In (u0))al oo < M

where M is independent of N. In Theorem 4.2 (Convergence), we have to
check:
N —s
— < MN~?%.
max {lu(r) - ¥ ()]} <
which implies that we have to study ||u(0) — u™ (0)|| = |lug — In (o).
In our problem, we invoke the pseudospectral method in different time steps
(see Subsection 4.4). We solve equation (53) with different initial conditions
which correspond to a certain function

Ug = uj(tmvykax)v J € {Lw}v

where t,, and y,, are values from the time and number of shares meshes respec-
tively and functions u;(t,y,x), j € {1, w} were defined in (33).

Functions u;(t, y,z), j € {1, w} were constructed from H;(t,y, £),j € {1,w}
after performing the odd-even extension, imposing periodic boundary conditions
and a change of variable to [0, 27].

For t,,, = T', function H,,(T, yk, x) is continuous but not differentiable and, in
general, the odd-even extension procedure does not give differentiable functions,
even when applied to differentiable functions.
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1. Cases ug = uj(tm, yx,x), j € {1,w}, t,m # 7T and ug = w1 (T, yi, x):
For t,, € [0,T), j € {1,w}, the conditions

luo — In(uo)| < MN72,  ||(In(uo))elloo < M (58)
have a justification based in the following result.

Proposition 4.4. Let f(z), = € (07 %) be a twice differential function such
that f'(07) =0 and f’ (%), Fror), (%) exist.
Let fe(x) be the function which corresponds to the odd-even extension given
by (32).
It holds that:
[f© = IN(F)I S KiNT, s =2,

Up to the change of variable

oA 4i‘max - 4i‘min
T=2Tmin+ ———— 7,
27

note that for t¢,, # T, function H;(tm,yr, &), j € {1,w} defined in & €
[£min, £max] plays the role of f(x) and w;(tm, Yk, z) = Hj(tm,yk73%) plays the
role of f¢(x) of the previous Proposition.

The result has to be applied in the limit £, —+ —oo and for H; regular
enough. For the case when there are no transaction costs, the regularity and
that

_oH, o
ﬁ:glzloo o (tmaykwr) *07

can be explicitly checked. We conjecture that the conditions hold when trans-
action costs appear.
For function ug = u1 (T, yi, ) the same argument can be applied.

2. Case ug = uy (T, yr, x):
This initial condition has to be studied independently.
Proposition 4.5. For ug = w (T, yx, ), it holds that
(I (u0))alloo < KN |[In(u0) = o] + C

Therefore, the only thing that remains to check is the behaviour of || I (uo) —
ug||. We empirically study the L? interpolation error. We compute, for N =
{128,256, 512, 1024, 2048},

||U1(T7 ykax) - IN(ul(Ta Yk, (E))”, HUM(T, ykax) - IN(UUJ(T7 ykax))”

with the Matlab routine quad. The empirical orders of convergence of the error
are -2.95 for uy and —1.85 for w,,. This implies that the regularity condition for
uo in Proposition 4.3 is fulfilled for j € {1,w} and suggest that the expected
convergence rate of the numerical solution H ]N ,7 € {1,w} of our problem is

|y — Hy || <ONT2,||Hy = H'| <CN %, s > 2

in the spatial variable.
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4.5.3 Localization error

At each time step, when we extend the function twice and we impose periodic
boundary conditions, we are modifying the real conditions of the partial differ-
ential equation associated with the No Transaction region and we are inducing
a numerical error, called the localization error.

If the spatial variable is not bounded, a way of studying the effect of the
localization error in a fixed domain D (approximation domain) is given in [3].
The procedure would be to check that the difference of the exact solution of
the periodic problem and the exact solution of the real problem on D converges
to 0 as we increase the limits of the spatial variable before proceeding to the
periodic extension.

The analysis will be performed over the partial differential equation

an + (a 0'2> 8Q] + 1 262Qj

ot 2

0z 27 9a2

=0, je{l,w}, (59)

which corresponds to equation (28) where H;(t,y, &) = log (Q;(t,y,£)), Jj €
{1, w} or, equivalently, to equation (17) after the change & = log(S).
We recall the bankruptcy function introduced in Subsection 3. For a fixed
E = Fy, X = Xy, we are going to work with functions QfEO‘XO, Jj e {l,w}.
We also recall Proposition 3.2 which stated that it exists ¥ = ¥(Xo, Ey) > 0
such that
0< Q™™ <, je{luw)

Equation (59) has to be solved for each value of y, so let y = yo and t = ¢ €

[0,T]. We define ¢(z) = QfE“’X" (to,yo, &), where j=1orj=w.

Definition 4.3. For a fixed L > 0, we define the approximation domain [—L, L].
Let &* > 0 be such that [—L, L] C [-2*,%*]. We define the function

¢(x) if & € [=27, 27,
et e et i —a) i d e 3,
P D= 45 6 — ) if & € [33%,747],

(3 mod (-3, 72%))) i & ¢ 38", 74"

Theorem 4.3. Let R;f*(i,t) and R(&,t) be the solutions of

0, (o 2) 02 100G

ot 2

ox

o2
subject to RE (&,t0) = ¢% () and R(&,t0) = ¢(&).
Let L > 0 andt < tyg. Then, for any e > 0 it exists T > 0 such that Vi* > Z.

it holds that .
‘R;j (1) — R(ae,t)j <e, del-LL.

A numerical example of this result is presented in Subsection 5.1.4.
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5 Numerical results

Several temporal implementations for the Fourier method were tested. We
chose the linearly implicit midpoint rule because it gave the best results when
we compared the error vs computational cost. This implementation is given by:

Un+1 _ Un ] U’n—i—l + Un ) 3 o 1 -
T—Lm (2 + NLin <2U _§U )

Prior to the analysis of the error convergence, we make some remarks. When
there are no transaction costs (A = p = 0), we can explicitly check (see [7]) that
as S — 0, it holds that y]y — 00.

In our numerical method, we need to employ quite small values for the
logarithmic stock price. Therefore, up to a certain level, the numerical approxi-
mation of the buying/selling frontiers may reach the limit of the computational
domain of the number of shares and we will have to truncate.

A numerical error is generated in steps 2-4 of the algorithm of Section 4.4,
where we have to find the optimal trading strategy and recompute H ]N, j €
{1, w} in the buying/selling regions. This error affects the left side of the stock
price domain and it can be controlled (or even removed) just increasing the
domain of the number of shares, something that progressively moves this error
to the left of the domain of the stock. Numerical experiments show that for
Ymax covering all the values which correspond to the approximation domain,
this error has no perceptible effects in the option price.

We also mention that for ¢ = T, function H,,(T,y,z) is continuous but not
differentiable. When approximating the function by trigonometric polynomials,
this causes some oscillations, known that the Gibbs phenomena. The regu-
larization effect of the partial differential equation smoothes out the possible
singularities very fast, so the true value of function H,, (and the corresponding
optimal trading strategies) can be rapidly approximated by its truncated Fourier
series. This could be expected from the results of [4]. Numerical experiments
suggest that the smoothing velocity depends on At and Az.

5.1 Error convergence and localization error

When no transaction costs are present (A = p = 0), the problem is explicitly
solvable (see [7]). The objective functions and the optimal trading strategies
are explicitly computable and p,,(t,.5) is indeed the Black-Scholes price of the
option. Therefore, we can check the error behaviour of the numerical method.

Definition 5.1. Let [Lin, Limax] be a fixed approzimation domain. We define

the set of test points {ip};\[:po,

Lm X Lmin
ip:Lmin—FpaT, p=0,1,2,..,N,. (60)
p

Let f(t,y, &) denote the exact value of a function which can either be H;, j €
{1, w}, the option price p,, or the optimal trading strategies y}-@, y‘jy, j e {1, w}.
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For a computational domain [Zmin, Tmax), let N denote the numerical ap-
prozimation subject to N = (N, Ny, Nz), which were given in Definition 4.1.

We globally define the mean square error of the numerical approximation of
function N as

NP
RMSE(fN) = \| 55 S () = /()" (61)
2 =0

We fix the parameter values 0=0.1, «=0.1 and r=0.085. The strike is Zx = 2
and maturity is T = 0.5 (years).

For clarifying purposes, we point that this corresponds to an option with
strike K = 7.389 (dollars) and that we compute functions for stock prices S, =
e®» which vary from 2.718 to 20.085. For the number of shares, we set y € [0, 2].

Unless explicitly mentioned (Subsection 5.1.4), we take [Lmin, Imax] = [1, 3]
and [Zmin, £max] = [—5,5]. The limits of the computational domain have been
taken big enough in order to minimize the effect of the localization error.

5.1.1 Spatial Error convergence

We take Ay = 2.5-1073, At = 5-107°. We compute the RMSE for
N, = {50,100, 200,400, 800,1600} and a fixed N, = 10. We restrict to the
functions employed to compute the option price for a maturity of 0.5 years.

In Figure 3 we represent the values in logarithmic scale of RMSE of the
numerical approximation to the value function H}\, j € {1,w} (left) and to the
value of the buying/selling frontiers (y]% = yjy, j € {1,w}) (right). We plot
j =1 (solid-red) and j = w (solid-blue).

Function Value . Trading Strategies

—<H
—H, (N =800)
102 -% H (N =1600)

—-H_ (N =800)
- H (N =1600)
—H, (N, =800)
-% H (N, =1600)

- X=X

10 10% 10° 10 10 10% 10° 10
Number of Nodes: NX Number of Nodes: NX

Figure 3: Spatial error convergence of functions HN (left-red), HN (left-blue),
y? (right-red) and yZ (right-blue) in logarithmic scale.

In the left side, the slope of the regression lines (solid) are —2.004 for H,,
and —4.397 for Hy (3 first points). We made another experiment halving Ay
(dashed-red) to check that the lowest error value reached by Hj (solid-red) was
given by the value of Ay. The error behaviour of H; and H,, is consistent with
the bounds of the error convergence rate mentioned in Subsection 4.5.2.
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In the right side, the slope of the regression line of ¥ (solid-blue) is —1.87.
We carry out a second experiment halving Ay (dashed-blue, dashed-red) to
check that the lowest error reached is marked by the size of the mesh of y.

Concerning the option price, given by (52), the error of function value of H,,
is much bigger than that of Hy, so the error convergence of RMSE(pY) is the
same of function value H,, (left-blue) in Figure 3.

Finally, for N, = 1600 and S = K = 7.389 dollars, the contract value
is 0.3936 and the absolute error has been 1.09-10=%. We also mention that
for S € [0.0067,4.08], the real option prices are 0 ~ 10716 (dollars) and the
numerical method gives ~ 10711, For S > 9.025 (option prices bigger than 1.9
dollars), the absolute errors are below 107°.

5.1.2 Temporal Error convergence

In this experiment, we fix AZ = 6.25-1073 (INz = 1600) and Ay = 2.5-1073.

Let Ny = {1,2,4,8,16,25, 50,100, 200, 400, 800, 1600, 3200, 10000}. We em-
ploy big values for At because the size of the temporal error in this model is
very small. For the set of test points, we fix N, = 320.

Figure 4 shows in logarithmic scale the number of temporal nodes versus the
RMSE for functions HJN, Jj € {1,w} (left) and the optimal trading strategies
(right).

Function Value . Trading Strategies
107
. —<H (N =1600) —H_ (N =800)
10 -% H (N =3200) s Hw(Nyz 1600 )
e H, (N, =800) 02 e H, (N =800)
-% H (N_=1600
. * H (N ) - - H| (N =1600)
7} * %) y
z ; Z
=X
Nl s
. x 10
10 %
X2 e d A 22—
X ok TV -
10% 10
10 107 10* 10° 10 10*
Number of Time Steps: Nl Number of Time Steps: N‘

Figure 4: Temporal error convergence of functions HN (left-red), HX (left-blue),
y{ (right-red) and y (right-blue) in logarithmic scale.

In the left side, the slopes of the regression lines are —2.27 for Hj(solid-red)
and —1.26 for H, (solid-blue). For function H,, and N; small, we may not wipe
out completely the Gibbs effect and, for bigger values of N, we reach very soon
the error limit marked by AZ. We carry out a second experiment halving the
value of Ay for H; (dashed-red) and the value of Az for H,, (dashed-blue) to
check that the lowest error values were respectively given by the size of the
meshes of the other two variables.

In the right side, the slope of the regression line of the optimal trading
strategy of H,, is —1.23(solid-blue). The lowest value reached by the error is
given by the size of Ay in both cases as it can be checked in the experiment
where we halve the value of Ay (dashed-blue/red).
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5.1.3 Number of shares Error convergence

We fix Az = 6.25-1072 (N;z = 1600), At =5-107° and set N, = 320.

We are going to compute RMSE for N, = {8, 16, 32, 64, 128,256, 512}. Fig-
ure 5 shows the log-log of functions H;, j € 1,w (left side) and the optimal
trading strategies (right side).

Value Function 7 Trading Strategies

10 m
v [22] 2
s S0
&S ~
—-H,, (N, =1600) e H,
ool H_ (N, =3200) H,
-x—Hl
107 107
10° 10! 10° 10° 10° 10! 10° 10°
Number of Nodes: Ny Number of Nodes: Nv

Figure 5: Number of shares error convergence of the value functions HN (left-
red), HY (left-blue), y{? (right-red) and y (right-blue) in logarithmic scale.

The slope of the regression lines is —2.11 in the case of functions H;(left)
and —1.01 in the case of the optimal trading strategies (right). The lowest error
value reached by function H,, (solid-blue) is given by the size of AZ.

Empirically, the behaviour of the computational cost has been checked to be
linear in the number of time steps (V) and in the number of shares (N,) and
almost linear in the number of spatial nodes (theoretically &'(N;log(N;z))).

5.1.4 Localization Error

We fix the same model parameters of the previous analysis and the same
approximation domain [Lmin, Imax] = [1,3]. For studying the convergence of
the localization error, we propose the following experiment.

The computational domain is defined by [Zmin, Zmax] = [Lmin—M, Lmax+M]
for M > 0 and we define the proportion
Lmax + M — (Lmin - M)

Lmax - Lmin )

With the same values for Az, Ay, At, we compute the RMSE for increasing
values of M. Figure 6 shows the logarithm of P(M) versus the logarithm of
RMSE for the function values and the optimal trading strategies. As it can be
checked, as M grows, the size of the localization error decreases as it could be
expected from results of Subsection 4.5. The lowest error value is marked by
the size of Az, Ay and At.

To finish this Subsection, we recall that there was a scaling problem with the
original variables. This problem has been greatly reduced with our numerical
method and we can work with very big values for the stock and the strike
(S, K > 10%) and also compute options very deep in the money.

P(M) =
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Figure 6: Localization Error convergence of the value functions HYN (left-red),
HN (left-blue), y¥ (right-red) and yZ (right-blue) in logarithmic scale.

5.2 Numerical examples with transaction costs

We check now the effects of incorporating transaction costs to the pricing
model. We repeat the experiments realized in |7, Fig. 1]. Figure 7 shows the
difference between the option price with transaction costs and the Black-Scholes
price for all maturities between T € [0, 3].

Price Difference
0.045 T

0,04
0.035 -
0.03F

R 005t
‘Qg 0.021
0015
001

0.005 -

0

. . . . .
0 05 1 1.5 2 25 3
Time

Figure 7: Price difference obtained with the Pseudospectral method. The results
coincide with the numerical experiment in [7].

We can observe that as T' — oo, the price difference at ¢ = 0 approximates
to AS, the additional amount of money that is needed to purchase one share.
This is empirically justified in [7] with a very natural interpretation: if maturity
is big enough, it will be more likely that the option finishes In The money and
it is exercised, so the seller will need to have one share.

This behaviour should repeat if we fix a maturity and compute option prices
for the same strike but bigger stock prices. As we can compute now options as
In The money as we want, this is also numerically checked in Figure 8.

Other experiments were realized in [7] related with the “overshoot” ratio
(OR), which is given by

(pw _BS> —AS

OR = \S

(62)
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as,

Some (empirical) properties of the overshoot ratio were conjectured in [7]
for example, that the OR is linear increasing in function of log(y). Figure 8

represents the OR in function of log(y) and S (left) and in function of S (right).

Overshoot Ratio
Overshoot Ratio
g

log(7)

Figure 8: Overshoot ratio dependance of log(y) (left) and S (right).

Concerning optimal trading strategies, it was conjectured in [7] that there

exist two surfaces, which depend on ¢t and S, that lay up and below the opti-
mal trading strategy when there were no transaction costs present. Numerical
experiments seem to support this conjecture.
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Appendices

Proof of Proposition 3.1.
By the definition of &g, we know that the trading strategies

y™ =0,
y* =1,

are admissible in 75(X, y), so they are in 7(X, y).

1

J=1
J=w,
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Under these strategies, the final wealth satisfies
Wj((TvXﬂ-S(T)ayﬂ-s(T)vg(T)) >—-F, j€ {1,1[)}

Any trading strategy m € 7 that lies outside & for any t € [0,7], leads
automatically to the residual utility 1 — exp(yE), which is always suboptimal.
Therefore, the optimal trading strategy must belong to 75(X, y), so

B 8
‘/j E(t,X,y,S)—V;E(t,X,y,S)
O

Proof of Proposition 3.2.
It is easy to check that functions VjBE, j € {1,w} satisfy for t € [0,T] that:

VPE(t, X,y,8) > 1 —exp(yE), (X,y,5) € &g,
VPE(t X,y,S) =1—exp(7E), (X,y,5) ¢ &,

where the first inequality is obtained by a suboptimality argument employing
strategy 7° of the previous proof and the second one comes from the definition
of function VjBE, je{1,w}.

The upper bound of Proposition 3.2 is a consequence of formula (9) and
the previous inequalities. By construction (see [7, (4.22) and (4.25)]), function

Q;.BEO’X°7 j € {1, w} is strictly positive.

O

Proof of Theorem 4.1.
By definition, we have for 7 =0,1,...,2N — 1,

avyN 2y N avyN avN S

5 (wjvT)—Aw(ﬂfjvT)JrBW(xj»T)JrC(W(%‘J)) + F (x4, 7),
owN PwN owN owN 2

O wsem) = A% @y, + BE (@) + 0 (=) )+ 6™ 7).

Subtracting both expressions, we obtain for j = 0,... ,2N—1 and V7 € [0, T]:

(%) - <83V2N<xj>)2]

eN 8%l e

877(%) :Aw(%‘) + B@(%‘) +C

+(F¥ @) - V().

where eV = VN — W, Equivalently,
N 2 N N N\ 2 NN 2
Oe :Aae +Bae voliy oV B ow
or Ox

or Ox? Ox
since, by definition, eV, FN, GV € Sy.

>+&WGM,
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For ¢ € Sy, taking the scalar product with respect to ¢, we obtain:
e 0%eN e
(5 o) = (G o)+ (5 ¢)
ovN 2 rowN ? NN
+C (IN (87(%')) - (W(l’j» ] ; ¢> + (F -G ,¢)-

Taking ¢ = e and noting that the periodic boundary conditions imply that
eV -0 d N\ _ _ [8eN 8eN t:
oz 0 € an 82’6 = oz 0 oz ) We gel:

LN @I + Al ()2 =C (zN (aavf)— (agVN)] eN>

+(FY -GV N

1d
2dr

Since for any pair of functions u,v € Sy, it holds (u,v)y = (u,v), where
(u,v)n denotes the usual discrete scalar product (see [4, (2.1.33)]), we have

(= |C5) - (5] 2)

poi {(%V;(m)z - (%@(mﬂ (@)

N {(%V:@j)f - (%@(x»ﬂ

. Z (%) + (% )| () - (%)
bl ;) ‘eN(x

<oM Z ‘(eN

where, from the hypothesis of the theorem, we have employed:

[ ()

‘GN(%')‘

< 2M||(eM)zllwlle™ v = 2MII(e™)all ™I,

5)

<2M,

(“)x+ ox

o+ o= L e

Therefore, we can bound

e (w3 (2] )

Using Cauchy Schwartz’s inequality to bound (FN — GV, eV), we get

< 2M|C1||(e™)alllle™ -

1d

571" I+ AllEeM)o(MI* <2M[ClI(™)a ()] le™(7)]]

+HEY (1) =GN ()]l ()]
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We apply inequality ab < (ea2 + ibz) , a,b> 0, to both terms on the right

side, using respectively ¢ =

IM|C

A

and € = 1.

1d 9 2 A 5  2M3C? 5
Sl (I + AN I <N I+ 2 N ()
FIFY () = GY @I + 1N (DI,

2M3C?

so that, taking K = =5

+ i, it holds

1d A
Sl NP+ §H(€N)z(7)||2 < K[eM ()2 + [|1FY (r) = GV ()%,
Using Gronwall’s lemma (see [4, A.15]), with R = exp(KT),
me ¥ )17+ [ N )aiar < 7 (YO + [ 170 - 0¥ @l
0<r<T 2 /o ¥ = o '
O
Proof of Proposition 4.1.
For any 7 € [0, 7], we decompose:
PPx()| _ |[0°Py(w)
oz ||~ Ox* azs 8%5 ’
(63)
O In(u O Iy(u)  O%u
< +
eI o dxs Oz 6xs
Inequality [4, (A.12)] implies that
du oty
< e
B,
0° Py (u u SO16PN(U)—6U 7
Cdrs 8:103 ox*® oz
O*In(u o%u §C1 8‘IN(u)_8‘u
C Qxs Qxs Oxs 0x® || ;1

Applying [4, (5.1.5)] (Bernstem s inequality), standard approximation re-

sults of projection [4,

(5.1.18)], if w € Hy™™, r > 1 we can bound

6SPN (u) _
oxs

0%u
oxs

S KlNl—T‘
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(5.1.10)] and aliasing error (||In(u)

0%ty

axs+r

— Pn(u)]|z2) result [4,

)
L2




and

OIn(u)  Ou < 0*In(u) O°Pn(u) 0°Py(u)  O°u
oxs 0z || g1 — oxs oxs 1 oxs 0z || 1
< NI (w) = P (w) s + KN | 2
S Al N{Wlla + K1 Dz || 2
< NI () — Par()]| o + Ko NV || 2
= oz ||,
S+r s+r
S KINI—T 8 +K1N1—T 8 u
8ms+7‘ 2 6$s+r 12
s+r
Y o¥ Al ANCY B
8xs+r 12
The choice of M = (2K; + Cl)orgnrang HW completes the proof. O

Proof of Proposition 4.2.
Let us define the function:

2N _ 6IN(u(9:,7')) 3211\/( (z, T))_B[)IN(U(:E,T
o or 0x2 oz

) o

and note that J*V € Syn and FN = Iy (J2V).
The function u(z, 7) satisfies:

ou(z, 1) Ou(z, ) ou(zx,T) ou(zx, 1) 2
0= or -4 Ox? -5 Ox Cl(@x) ] ' (65)

Subtracting (64) and (65):

TN = 2N AN — BN — CJN,
with, for all 7 € [0,T],

J2N _ OIn(u(z, 7))  Ou(z,T) J2N _ OIn(u(z, 7))  Ou(z,7)
! or or 3 oz or

J2N _ Iy (u(z, 7)) B 0%u(x,T) 2N _ OIn(u(z,7))\> ~ (Ou(z,T) 2
2 Ox? ox2 v Ox Ox '

The no linear term J2V is bounded by:
am» 2 du
ox

From Proposition 4.1, it exists a constant M; = M; ( max

0<7<T ’
that Ol (u) 5
N U
e
30

ox ox

< HaIN(U) n Ou

8IN( ) Ju
o or Oz

Ox2

> such




The second term is bounded by

O tu(x, 7)

[|uz — (INU):I?||L2 <SKN”? s+l

)

L2

due to approximation result [4, (5.1.20)]. Therefore, term J7 is bounded by

3]1\/ 2_ ou 2
Ox

Obviously, term J2V can also be bounded by [4, (5.1.20)]:

05ty
Oxstl

< KiMN~*

05ty
Oxstl

1757 < B

Using again approximation result [4, (5.1. 94{ Bernstein’s inequality [4, (5.1.5)]
and aliasing error result [4, (5.1.18)], term JZV can be bounded by

12N < 9 In(u) _ 92 Pn (u) n 9? Py (u(z,t)) _ 0?u(z, )
2= Ox? Ox? Ox?
< N? |y (u) = Py (u)]| + || Px (uae) — tael|
_s 6 Uz 85’&3;1 o —s 8Suzz
< KiN s +K1N e =2K1N s
For the last term, using [4, (5.1.16)]:
ou(z,T) ou(z, T) _s || O%ur
IV = |1 ) - < KNTE
I H N ( or > or = Oxs ||’

since interpolation commutes with derivation with respect the temporal variable.

95ty 9513y O°u,
Thus, depending on OI<nTa<xT {’ St T2 P

stant My > 0, such that ||J?V| < MaN~%.
Finally, using again Bernstein’s inequality [4, (5.1.5)] and the approximation
result [4, (5.1.16)], since J2V € San we can bound

)

}, there exists a con-

&< e = e = o (2) =2 ]
N S
< (K- 2° +1) ‘ J2NH < MN™,
where M = (K;2° + 1) Ms. O
Proof of Proposition 4.3.
Let
My = max [[(Ivu(7))e |l -

0<r<T

which exists from Proposition 4.1 under the regularity hypothesis of w.
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For 7 = 0 we have that [|(u");(0)||ec = [[(INu(0))z], < M.
By a continuity argument, it must exist ¢ > 0 and N7 big enough such that
VN > Nj it holds that

[ul (7)o < 2Mi, t € [0,6]. (66)
We argue by contradiction. For any N € N, we define:

ev =sup {0 <7 <T:[Jul (s)]|oo < 2My, s€[0,7]}.

where it holds that ex > 0 because u” is the solution of an ODE system.
If (66) does not hold, we can find a strictly increasing sequence Ny, No, ... —
oo and a strictly decreasing sequence ey, , €n,... = 0 such that

lim  max |Jul"(7)|e = 2M;. (67)

n—oo 0<7<en,,

Applying Nicholsky and Bernstein inequalities,

lug™ () lso < lluz™ (7) = (In (u(7))), oo + | (v, 1), (7)1
< KN (o (7) = Lo, u(m) | + 1 (), (7)o
< KN |[u (r) = In,u(r)|| + M.
By construction, |[ul«(7)|| < 2M;, T € [0,€n, ], therefore, employing the

arguments used in the proof of the stability Theorem 4.1 with V™» = Iy u and
WNn = 4Nn it holds:

mas [[u (7) ~ I, u(r)|| < R (wan () O + [ <T>||2d7) :

OSTSENn

where Iy, (u(0)) — u™"(0)||> = 0 by definition of the collocation method and
term ||[FN»(7)| is given by (56).

Term ||FN=(7)|| can be globally bounded in [0, T]. Therefore in [0, ¢y, ], by
Proposition 4.2 and the regularity hypothesis over u

IFN(7)|| < M2N,* < MaN, 2,

This implies, rearranging terms, that for any 7 € [0, en,, ]

_1
max [[ul"(7)]|co < KNp 2 + Mj, (68)
0<7<en,

where K is a constant that depends on Ms and R. This is a contradiction with
(67) since
lim  max |Jul"(7)|le < My < 2M. (69)

n—oo 0<7<en,,

Now, let €* > 0 be the maximum value for which it exists a value Ny big
enough such that VN > Ny it holds that

[ul (1)l < 2My, 7€ [0,€"].
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Suppose €* < T. We argue as before, so that
3
HUiV(T)Hoo < Ki1N;2 HuN"(T) — INnu(T)H + M.
and noting that VIV > Ny, by Stability Theorem 4.1 on [0, €*]

max
0<7<e*

ud (7)o < KNT2 4 My, (70)

Again, by a continuity argument, there must exist €; > ¢* and a value Ng* >
big enough, such that VN > N§ it holds that [|(u™).]e < 2M;, 7 € [0,€].
Otherwise we could find a strictly increasing sequence Nf* , Nﬁ*, ... > oo and a
strictly decreasing sequence € Ne o ENgT e €* such that

.
lim  max Huivf1 (T)]|oo = 2Mn,
n—oo OSTS&N;L*

which would lead to a contradiction with (70) with same arguments as before.
O

Proof of Theorem 4.2.
We decompose:
lu(r) = u™ ()] < flu(r) = In(u(r)[| + [ In (u(r)) = u™ (7)]-
The term ||u(7) — In(u(7)|| is bounded by the estimate [4, (5.1.16)]

We apply Theorem 4.1 to the second term ||Iy(u(7)) —u™ (7)|, taking VV =
In(u) and WY = uN. Note that the definition of the collocation method (42)
implies that GV = 0 and that the threshold condition (55) holds for N > Ny
big enough from Proposition 4.3. Therefore,

o°u

oxs ()

max [Ju(r) = I (u(r)| £ KaN ™ max

max [|In (u(r)) —u" (7)|* < R (IIIN(U(O)) —u™(0)]” +/O HFN(T)HQdT) :

0<7<T

We apply Proposition 4.2 to bound ||FN (7)|| < My N .
For completing the proof, note that in the collocation method u™¥(0) =
In(ug). Therefore, we can bound

o0%u
s ()

max_{|[lu(r) — uN(T)||} < KlN_SOmax +VRM;N~*,

0<7<T <7<T

by the regularity hypothesis over u.
O

Proof of Proposition 4.4.

By construction, function f¢ admits a classical derivative in (0,27) because
F07) = 0= (f)(m— ) = —(f)(x+ — ) = 0.

It also admits a second derivative (in distributional sense) defined everywhere
but for x = {%,w, 37’7} Therefore, f€ € Hg and the standard approximation
result for interpolation and Proposition 4.1 can be applied. O
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Proof of Proposition 4.5.

For wy = (T, yi, x) it is easy to check that ug € H;, so let us study ug -
Function g, is of finite variation, derivable everywhere except at two points
where it presents two jump discontinuities and which correspond to the strike
value up to the odd-even extension and the change of variable.

In this case, we know that the truncated Fourier series Py (ug,) converges

- +
pointwise to (@ )Hu0s@7) " Pherefore, it exists C, independent of N, such

that || Pn(u0.2)|lec < C (see analysis of the Gibbs effect in [4]).

We perform the decomposition

[(In (10))alloe < [[(In(10))a = (Prv(t0))zllso + [1(Pn(u0))ello
< K1N2 [[In(uo) — Prv(uo) | + | P (0.0 oo,
where we have used Bernstein and Nicholsky inequalities and the fact that
truncation does permute with differentiation.

Now, since ug € H,) it holds that |[Inx(uo) — P (uo)|| < Kal[In(uo) — uol|.
Therefore, we can bound

I(In(u0))alloo < ENZ||In(ug) — uol| + C.

Proof of Theorem 4.8.
Note that it holds VZ € [—L, L]

*

RE (#,t) — R(#,1) :/OO ( (&) —¢(£’)) O, &, t,to)dd,

_ [i'f(iJr(af%) (toft))] 2)

1
o /2mt 1) P 202 (1)

This function can be split in :

where O(&', &,t,t9) =

Ry (5.0)-R(2.0) = [ OO (677 @)~ o) as'+ [ (o3 @) - o(a") @0’

because, by construction, gbzf*(:i”’) = ¢(&), &' € [—&*, 2]

By Proposition 3.2, 0 < ¢(2') < ¥, and this implies, by construction, 0 <
qbf,*(;%’) < 2W. Therefore, we can bound
7‘%*

odi’ + 3\1// Odz’.

f*

’Rg* (1) — R(i,t)‘ - 3\11/

— 00

The result of the theorem is now straightforward since

/ Ods — 0, / Qdz’ — 0.

—Apx _ Sk
oo T*——o00 T*—00
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