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ABSTRACT. In this note we extend the Lie inner ideal structure of simple Artinian
rings with involution, initiated by Benkart and completed by Benkart and Fernandez
Lopez, to centrally closed prime rings with involution of characteristic not 2, 3 or 5.
New Lie inner ideals (which we call special) occur when making this extension. We
also give a purely algebraic description of the so-called Clifford inner ideals, which had

only been described in geometric terms.

1. INTRODUCTION

Inner ideals of Lie algebras are the analogues of one-sided ideals in associative rings
and of inner ideals in Jordan algebras ([9], [15]). They are ®-submodules B of a Lie
algebra L (over a ring of scalars ®) such that [[B, L], B] C B. An abelian inner ideal
of L is an inner ideal B which is also an abelian subalgebra, i.e., such that [B, B] = 0.
Since their introduction over 40 years ago ([7],[4]), abelian inner ideals have proved to be
a useful tool for classifying both finite-dimensional and infinite-dimensional simple Lie
algebras. Premet ([16],[17]) showed that every finite-dimensional simple Lie algebra over
an algebraically closed field of characteristic not 2 or 3 must contain one-dimensional
inner ideals. Moreover, it follows from ([4],[18]) (see also [6]) that when the field is
algebraically closed of characteristic p > 5, the classical Lie algebras (modular versions
of the complex finite-dimensional simple Lie algebras) can be characterized as the finite-

dimensional simple Lie algebras satisfying the following two equivalent conditions:

(i) They are generated by one-dimensional inner ideals.

2000 Mathematics Subject Classification. Primary 17B60; Secondary 16W10, 17C50.
1 Supported by the Spanish MEC through the FPU grant AP2009-4848.

2 Supported by the Spanish MEC and Fondos FEDER, MTM2010-19482.
3 Supported by the Spanish MEC and Fondos FEDER, MTM2010-19482, and by the Junta de
Andalucia FQM264.



2 JOSE BROX, ANTONIO FERNANDEZ LOPEZ, AND MIGUEL GOMEZ LOZANO

(ii) They are nondegenerate, that is, they have no nonzero absolute zero divisors
(where by an absolute zero divisor or sandwich element we mean an element x
such that [z, [z, L]] = 0).

Further evidence of the usefulness of inner ideals comes from [11], where it is shown
that an abelian inner ideal B of finite length in a nondegenerate Lie algebra L over
a ring of scalars ® such that 2 and 3 are invertible gives rise to a finite Z-grading
L=L,®  -&®Ly® &L, with B=L,. Zelmanov in [21] described the simple
Lie algebras over fields of characteristic 0 or p > 4n + 1 with such gradings in terms
of finite Z-gradings of simple associative rings with involution. A description of these
associative rings and their gradings was later provided by Smirnov in [19],[20]. As a
result, any nondegenerate simple Lie algebra with a nonzero abelian inner ideal of finite
length comes either from a simple associative ring with a finite Z-grading by taking the
Lie commutator, from the skew-symmetric elements of such a simple associative ring
with involution or from the Tits-Kantor-Koecher construction of a Jordan algebra of
Clifford type, or it is of exceptional type Eg, E;, Eg, F4 or Go.

In this paper we extend the Lie inner ideal structure of simple Artinian rings with
involution ([3], [5]) to centrally closed prime rings with involution.

Let R be a centrally closed prime ring of characteristic not 2, 3 or 5 with an involution
x, and let K be the Lie algebra of the skew elements of R. We prove that there
are at most four types of abelian inner ideals in K. Abelian inner ideals of the first
type, called isotropic inner ideals, consist only of elements of zero square and are the
cornerstone of the classification. Abelian inner ideals of the second type, called standard
inner ideals, are of the form V @ Skew(Z(R),*), where V is an isotropic inner ideal
of K and Skew(Z(R),*) is the set of skew elements of the centre of R (notice that
Skew(Z(R),*) # 0 if and only if R is unital and the involution * is of the second kind).
The third type of abelian inner ideals is the most exotic. These abelian inner ideals,
called special inner ideals, only occur when R is unital, the involution x* is of the second
kind and K contains elements of zero square which are not von Neumann regular (this is
the reason why these inner ideals do not appear in the Artinian case). Finally, abelian
inner ideals of the fourth type, Clifford inner ideals, only occur in prime rings with

nonzero socle and involution of orthogonal type.

2. PRELIMINARIES

Throughout this section we will be dealing with a non-necessarily unital associative
algebra A with product xy, a Lie algebra L with [z, y] denoting the Lie bracket and ad,
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the adjoint map determined by z, and a Jordan triple system 7" ([13]) with quadratic
Jordan operator P, and triple product {x,y, z}, all over a (commutative and unital) ring
of scalars ®. Since 2P,y = {x,y, x}, if % € ® then only the triple product is required to
define a Jordan triple system over ®. Eventually we also consider linear Jordan pairs
(see [13, Notes in page 55| for the definition); in this case, é € ® will be required.

2.1. Assume that A has a ®-linear involution * and denote by Skew(A, x) the set of
skew elements of A. Then:
(i) Skew(A, x) is a Lie algebra (over ®) with Lie bracket given by [z,y] := zy — yz.
(ii) Skew(A,*)is also a Jordan triple system (over ®) with P,y := zyz and {x,y, 2} :=
TYZ + 2Yx.

2.2. Let R be an (associative) ring such that aR =0 = a=0,a € R (e.g., Ris a
semiprime ring). Then its centroid I' := I'(R) is a commutative unital ring and R can
be regarded as an associative ['-algebra. Moreover, any involution * of R induces an
involution in I, also denoted by #*, and K := Skew(R, ) is then both a Lie algebra and
a Jordan triple system over the ring of scalars Sym(T’, ), the symmetric elements of T

2.3. Suppose that % € ®. An inner ideal of a Jordan triple system T is a ®-submodule

B of T such that {B,T, B} C B. Similarly, an inner ideal of a Lie algebra L is a ®-
submodule B of L such that [[B, L], B] C B. An abelian inner ideal of L is an inner
ideal B which is also an abelian subalgebra, i.e., such that [B, B] = 0.

2.4. To avoid confusion, an abelian inner ideal of the Lie algebra K will be called a
Lie inner ideal of K, while an inner ideal of the Jordan triple system K will be called
a Jordan inner ideal of K.

2.5. Let B be an abelian inner ideal of a Lie algebra L over a ring of scalars ¢ in which

6 is invertible.
(i) The kernel of B is the set ker;, B := {a € L : [B,[B,al]] = 0}.
(ii) The pair of ®-modules Sub;, B := (B, L/ ker;, B) with the triple products given
by
{b,Z,c} = [[b,z],c] forevery b ce Bandz€ L,
{z,b,5} = [[z,b],y] foreverybe B and z,y € L,

where T denotes the coset of x relative to the submodule kery B, is a Jordan pair
called the subquotient of B ([11, Lemma 3.2]). Due to this notion, we can define
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a relation between abelian inner ideals of Lie algebras: if B and B’ are abelian
inner ideals of Lie algebras L and L’ respectively, then B and B’ are said to be
Jordan-isomorphic if Suby, B and Sub;, B’ are isomorphic as Jordan pairs.

3. STANDARD INNER IDEALS

Throughout this section R will denote a semiprime ring with an involution * and
with 2idg being invertible in the centroid I' := T'(R). Since we do not assume R to
be unital, its centre Z := Z(R) may be equal to zero. As noted previously, I is a
commutative unital ring with involution, also denoted by *, and K := Skew(R, %) is

both a Lie algebra and a Jordan triple system over the ring of scalars ® := Sym(T, x).

3.1. Let V be ®-submodule of K such that VV = 0. Then V is a Jordan inner ideal
of K if and only if it is a Lie inner ideal: V is clearly abelian and for w,v € V and
x € K, VV =0 implies [[u, z],v] = uxv +vru = {u,z,v}. In this case, V will be called
an isotropic inner ideal of K.

Note that any Lie inner ideal B of K such that b*> = 0 for all b € B is isotropic: for
any b,c € B, 0= (b+ c¢)? = 2bc implies bc = 0, since % c o.

It is also clear that if V' is an isotropic inner ideal of K and 2 is a ®-submodule of
Skew(Z, %), then B = V + Q is a Lie inner ideal of K. Moreover, the sum V + Q is
direct since Z does not contain nonzero nilpotent elements by semiprimeness of R.

Definition 3.2. A Lie inner ideal B of K will be called standard if B =V & 2, where
V' is an isotropic inner ideal of K and €2 is a ®-submodule of Skew(Z, ).

3.3. Given a Lie inner ideal B of K, we denote by Vg the subset of all zero square
elements of the abelian subalgebra B + Skew(Z,*) of K.

Lemma 3.4. Let B be a Lie inner ideal of K such that B C Vg @ Skew(Z, x). Then:
(i) Vi is an isotropic inner ideal of K satisfying [[B, K], B] C {Vg, K,Vp} C B.
(i) Ifin addition Vg C B, then B is standard. In particular, this is so if Skew(Z, *) C
B or if every v € Vg is von Neumann regular.
Proof. (i) Since B + Skew(Z, ) is a ®-submodule of K,
Vi 4+ Vg C B+ Skew(Z, x) C Vg @ Skew(Z, *).

Thus for any u, v € Vp there exists w € Vg and z € Skew(Z, %) such that u+v = w+ z,
with z = 0 since u+v—w is a nilpotent central element and R is semiprime. This proves

that Vg + Vg C Vp, and since Vg is clearly invariant under ®, Vp is a ®-submodule
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of K. Then, for any u,v € Vg, 2uv = (u + v)* = 0 implies uv = 0. Hence, for any
r € K, {u,z,v} = uzv +vau = [[u,z],v] € [[B+ Z,K|,B+ Z]| = [[B,K],B] C B,
with {u,z,v}? = 0. This proves that Vp is an isotropic inner ideal of K satisfying
{Vg,K,Vg} C B. Note also that [[B, K|, B] C {Vp,K,Vg} C Vg .

(ii) Suppose in addition that Vz C B. By the Modular Law we have

B = BN (Vg ® Skew(Z, %)) = Vg & (Skew(Z, ) N B),

so B is standard. Note finally that if Skew(Z, x) C B, then Vg C B + Skew(Z, %) C B;
the same holds if every v € Vg is von Neumann regular, since then Vg = {Vp, K, Vz} C
B by (i). This completes the proof. O

Theorem 3.5. A Lie inner ideal B of K is standard if and only if the following
condition holds:
Ve CBC Vg SkeW(Z, *) (ST)

Proof. By Lemma 3.4, condition (ST) is sufficient for B to be standard. Suppose then
that B is standard, i.e., B =V @ (), where V is an isotropic inner ideal of K and € is
a ®-submodule of Skew(Z, *). Clearly V' C Vg and, by the Modular Law,

VB = VB N (B + SkeW(Z, *)) = VB N (V ) SkeW(Z, *)) = ‘/,

since Z does not contain nonzero nilpotent elements. Thus B = Vi @ () and therefore
it satisfies (ST). O

4. SPECIAL INNER IDEALS

Throughout this section R will denote a unital semiprime ring with an involution
which does not act as the identity on the centre Z := Z(R) of R. We will also assume
that Z is a field of characteristic not 2. Then K := Skew(R, *) is both a Lie algebra
and a Jordan triple system over the field F := Sym(Z, ).

Theorem 4.1. Let V be a nonzero isotropic inner ideal of K and let f : V —
Skew(Z, %) be a nonzero F-linear map with [[V,K],V] C ker f. Then Inn(V, f) :=
{v+ f(v):v eV} is a Lie inner ideal of K which is not standard.

Proof. Set B := Inn(V, f). Then:

(1) B is a Lie inner ideal of K.
Indeed, [[B,K],B] = [[V,K],V] C ker f C B since v = v + f(v) € B for every
v €ker f, and [B,B] =[V,V] =0.
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(2) VN B =kerf.
As noted in (1), ker f C V' N B. Conversely, let v € VN B. Then v = u + f(u) for
some u € V. But then v —u = f(u) e VNZ=0,s0v=u € ker f.

(3) Vp=V.
By definition of B, V' C B + Skew(Z, %), and since VV =0, V C V. Conversely, let
r=>b+z € Vg, with b =v+ f(v) for some v € V and z € Skew(Z, *). Then

0=2%=(b+2)" = (v+(f(v) +2)" =2(f(v) + 2)v + (f(v) +2)°
implies f(v) + z = 0 since the sum V + Z is direct; so z = v € V.

(4) B is not standard.
By Theorem 3.5 and (3), it is enough to see that V' is not contained in B. Suppose
otherwise that V' C B. Then, by (2), V =V N B = ker f yields a contradiction. OJ

Definition 4.2. A Lie inner ideal B of K is called special if B = Inn(V, f) for some
isotropic inner ideal V' of K and some nonzero F-linear map f : V — Skew(Z, %) as in
the theorem above.

Proposition 4.3. K contains a special inner ideal if and only if there exists v € K

such that 2> = 0 and x is not von Neumann reqular.

Proof. Let B = Inn(V, f) be a special inner ideal of K. It follows from (3) of the proof of
Theorem 4.1 and Lemma 3.4(i) that {V, K,V} = [[V, K],V] C ker f. Hence V' contains
an element which is not von Neumann regular, since otherwise V = {V, K,V } = ker f,
which is a contradiction. Note also that any v € V' is of zero square.

Suppose conversely that there exists € K such that 22 = 0 and z is not von
Neumann regular. Then the sum Fx + xKx is direct and it is easily checked that
V = Fx @& 2Kz is an isotropic inner ideal of K. Given a nonzero skew-symmetric
element z € Z (which exists because * does not act as the identity in Z by assumption),
define a F-linear map f : V' — Skew(Z, *) by f(zKz) = 0 and f(z) = z. Then Inn(V, f)
is a special inner ideal of K since [[V, K|,V]| = xKx = ker f. O

In spite of what we have proved in Theorem 4.1, isotropic inner ideals and special
inner ideals are the same kind of thing from the Jordan point of view:

Proposition 4.4. Let V be a nonzero isotropic inner ideal of K and let f : V —
Skew(Z, %) be a nonzero F-linear map such that [[V, K],V] C ker f. Then the inner
ideals V' and Inn(V, f) are Jordan-isomorphic.
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Proof. Clearly, kery B = ker;, V. Then K := K/ker; B = K/ker, V, SubgV = (V, K)
and SubgB = (B, K). We claim that the pair of linear maps (i, id%) : SubgV —
Subg B is an isomorphism of Jordan pairs, where ¢(v) = v + f(v) and idg is the
identity on K. Clearly ¢ : V — B is a linear isomorphism, and for u,v € V and
x,y € K, we have

90({“7571)}) = [[U’v CL’], U]+f([[uv CL’], UD = Hu’ :L‘],U] = [[u—i_f(u)?x]??j—'_f(v)] = {(p(u),ﬁ gp(v)}
since [[V, K], V] C ker f and f(V) C Skew(Z, %); and

{z, 0,7} = [[z,v],y] = [[z, 0(0)], 4] = {7, ¢(v), T},
which completes the proof. O

5. CLIFFORD INNER IDEALS

Throughout this section F will denote a field of characteristic not 2 and X a vector

space of dimension greater than 2 over F with a nondegenerate symmetric bilinear form

denoted by (-, -).

5.1. Denote by £x(X) the associative F-algebra of linear maps a : X — X having
a (unique) adjoint a* : X — X, that is, such that (ax,y) = (x,a*y) for all z,y € X.
Then:

(i) £Lx(X) is a prime (in fact primitive) algebra (|2, Theorem 4.3.8(ii)]) with invo-
lution * (the adjoint), whose socle is the ideal Fx(X) of all a € Lx(X) having
finite rank ([2, Theorem 4.3.8(iv)]).

(ii) Skew(Lx(X),*) is the orthogonal algebra o(X) and Skew (Fx (X)), *) is the fini-
tary orthogonal algebra fo(X) ([1]).

(iii) (bz,z) =0 for every b € o(X) and z € X.

5.2. Given z,y € X, write y*z to denote the linear map on X defined by y*z(2') :=
(@, y)x, 2 € X. We also set [z,y] := z*y—y*z for all 2,y € X. The following identities
(which can be easily checked) will be used in what follows without further mention:

(i) (y*z)* = a*y and therefore y*z € Fx(X). In fact, Fx(X) is the additive span
of these rank-one linear maps ([2, Theorem 4.3.2]).
(i) a(y*z) = y*azr and (y*z)b = (b*y)*x for all x,y € X, any linear map a on X and
any b € Lx(X).
(iii) (y*x)(z*v) = (v,y)z*x, z,y,z,v € X.
(iv) [z,y] € fo(X), z,y € X. In fact, fo(X) = [X, X], the additive span of all [z, y].
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5.3. By a hyperbolic pair we mean a pair (z,y) of isotropic vectors of X such that
(x,y) = 1, i.e., such that H = Fz & Fy is a hyperbolic plane of X. The following
assertions are immediate:

(i) Any nonzero isotropic vector z € X can be extended to a unique hyperbolic pair
(z,y).
(ii) X = H @ H* for any hyperbolic plane of X, where H+ = {2z € X : (2, H) = 0}.

5.4. An idempotent e € Lx(X) is said to be *-orthogonal if ee* = 0 = e*e. Note
that e is a rank-one *-orthogonal idempotent if and only if e = z*y, where (z,y) is a
hyperbolic pair.

Proposition 5.5. Set B := [z, H']| = {[x,2] : 2 € H'}, where H is a hyperbolic plane
of X and x is a nonzero isotropic vector of H. Then:
(i) B is a Lie inner ideal of 0(X) contained in fo(X), with b> = 0 for every b € B
and b3 # 0 for some by € B. Hence B is neither standard nor special.

(ii) B coincides with its centralizer in o(X) and hence it is a mazimal Lie inner
ideal of o(X).

Proof. (i) By [10, Lemma 3.7(i)], B is a Lie inner ideal of o(X) contained in fo(X),
and by [10, Lemma 3.7(ii)], b* = 0 for every b = [z, z] € B, with §? = 0 if and only if
2z € H*' is isotropic. Since dimg X > 2, H* must contain some anisotropic vector, so
there exists by € B such that b2 # 0. This implies that B is not standard. Since the
adjoint involution * of L£x (X)) is of the first kind, B is not special either.

(ii) Let a € o(X) be such that

a(x*z — 2*x) = (2*2 — 2*x)a, 2 € H*. (1)

The proof will be complete if we prove that, for the isotropic vector y € H such that
(z,y) = 1, we have ay € H+ and a = [z, ay].
Since a* = —a, equation (1) can be written as

r*az — 2*ax = (az)*r — (ax)*z, 2 € HT, (2)
which evaluated in y yields
az = (y,az)r — (y,ar)z, z € H . (3)

Take z € H* anisotropic in (3), which is possible because dimg X > 2, and consider

(z,az). Since (az, z) = 0 because a = —a*, we get (y,azx) = 0. Thus

az = (y,az)x, » € H*. (4)
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Evaluating (2) in z and applying (4), we get that for any z € H,
—(z,2)ar = —(z,ax)z = (az,x)z = ((y,az)x,x)z = 0.

Taking z anisotropic we get

ax = 0. (5)
Then {(ay,z) = —(y,ax) = 0, and since {ay,y) = 0, we get that ay € H+. Using the
decomposition X = H® H+ = Fo @ Fy® H* we will prove that a = [x, ay] to complete

the proof.
() [ ayle = (&, 2hay — {z, ayye = 0 = az by (5),
(ii) [z, ayly = (y,2)ay — (y,ay)x = ay, and for z € H*,
(iil) [z,aylz = (z,z)ay — (z,ay)x = —(z,ay)x = {(az,y)x = az, by (4).

g

Definition 5.6. Let L be a subalgebra of o(X) containing fo(X). An abelian inner
ideal B of L is called Clifford if B = [x, H*], where H is a hyperbolic plane of X and
x € H is a nonzero isotropic vector. This terminology is motivated by the fact that the
subquotient of B is the Clifford Jordan pair (H+, H) (see [5, Proposition 4.4(i)]).

The following proposition is the converse of the statement (i) of Proposition 5.5.

Proposition 5.7. Let L be a subalgebra of o(X) containing fo(X) and let B be an
abelian inner ideal of L. If B contains an element b such that b> = 0 and b* has rank
one, then B is Clifford.

Proof. Since b? is symmetric and of rank one, we have that b*> = ax*x, where both o € F
and x € X are nonzero. Now b® = 0 implies by 5.2(iii) that 0 = 0*0* = o?(z, z)z*x, s0
x is isotropic. Extend z to the hyperbolic pair (z,y) and set H := Fx & Fy. We have
the following identities:
(i) b’y = (az*2)y = aly,2)r = az,
(i) (by,by) = —(y,b*y) = —a, so by is anisotropic,
(iii) by € H*, since (by,y) = 0 and (by, ) = (by, a~'b%y) = (b*y, a~1y) = 0.

Let w € H* and set a := [y, w]. Then:
(iv) az = (z,y)w — (z, w)y = w,
(v) b*a = a(z*r)a = —a(az)*r = —aw*r,
(vi) ab® = aa(z*r) = ar*ar = ax*w,
(vii) bab = b(y*w — w*y)b = (bw)*by — (by)*bw = [bw, by], and
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(viii) adia = b%a + ab® — 2bab = afz, w] — 2[bw, by].
Taking w = by in (viii), we get by (i) that
adily, by] = oz, by] — 2[b*y, by] = oz, by],

so [z,by] € B. Since by is anisotropic, by [10, Lemma 3.7(iii)] we have [z, H] =
adfvay]fo(X ) € B, and hence B = [z, H}] since [z, H'| is maximal by Proposition
5.5(ii). This proves that B is Clifford. O

We describe Clifford inner ideals in algebraic terms. To this end we introduce the

following notation, which makes sense for any subset S of a ring R with involution:

k(S):={a—a*:a € S}.

Proposition 5.8. Let L be a subalgebra of o(X) containing fo(X). An abelian inner
ideal B of L is Clifford if and only if B = k((1 — e)Re), where R is any x-subalgebra of
Lx(X) containing L such that Fx(X) C R, and e is a rank-one x-orthogonal idempo-

tent.

Proof. As previously noted in (5.4), e = z*y, where (z,y) is a hyperbolic pair. Let
H = Fx & Fy be the associated hyperbolic plane and set f := e + e*. Then

Re = R(z"y) = "Ry = =" X, (1)
and since 1 — f is the orthogonal projection on H*, we have by (1) that
(1—flRe=(1—-flz*X =a2*(1 — /)X = 2*H" . (2)
Since (by,y) = 0 for every b € o(X),
e"be = (¢"y)"b(z"y) = (y"2)b(z"y) = (y"z)(«"by) = (by, y)a"z = 0. (3)
Hence, for every a € R,
k(1 — fae) = k((1 — e)ae — e*ae) = K((1 — e)ae) — e*k(a)e = K((1 — e)ae).  (4)
Then, by (2) and (4), [z, H'] = k(z*H*) = ((1 — f)Re) = r((1 — e)Re). O
6. CENTRALLY CLOSED PRIME RINGS WITH INVOLUTION

In this section R will be a prime ring. The extended centroid € := C(R) of R (see [2,
2.3] or [12, 14C] for the definition and basic results) is a field containing the centroid
I' :==T(R) of R, and the central closure CR of R is a prime associative algebra over C.
A prime ring R is said to be centrally closed if it is its own central closure, equivalently,

if G(R) = I'(R). The central closure of a prime ring is centrally closed and so is any
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simple ring. Moreover, it follows from [2, Theorem 4.3.7(ix)] that rings of the form
Lx(X) asin (5.1) are also centrally closed.

Any involution * of R induces an involution in C, also denoted by *, and therefore it
can be extended to an involution of CR. The involution * of R is said to be of the first
kind if it acts as the identity on €, otherwise * is said to be of the second kind.

We set R := € ®¢ CR, with € denoting the algebraic closure of the field €, and
K := Skew(R, *). Recall that K is both a Lie algebra and a Jordan triple system over
the ring of scalars Sym(T", ).

Proposition 6.1. Let R be a prime ring of characteristic not 2 with an involution * of
the first kind and let (K) be the subring of R generated by K.

(i) If the Lie algebra K is not abelian, then (K) is prime with C({K)) = C(R).
(i) If K is abelian, then K =0 or R = M(€).

Proof. (i) Taking U = K in [2, Theorem 9.1.13(d)], we have that [K, K] # 0 implies
[K,K]? # 0. Let I be the ideal of R generated by [K, K]?. By [2, Lemma 9.1.4],
0 # I C (K) and hence it follows from [12, Theorem 14.14 and subsequent Remark]
that (K) is prime with C((K)) = C(R).

(ii) Take U = K in [2, Theorem 9.1.13(a)]. O

Proposition 6.2. Let R be a centrally closed prime ring of characteristic not 2,3 or 5
with an involution * of the first kind such that [K, K| # 0. If B is a Lie inner ideal of
K, then (i) b® = 0 for every b € B. Moreover, if b* # 0 for some b € B, then (i) K is
a subalgebra of o(X) containing fo(X), where X is a vector space of dimension greater
than 2 with a nondegenerate symmetric bilinear form over the field C, and (iii) B is a
Clifford inner ideal of K.

Proof. (i) By Proposition 6.1(i), (K) is a centrally closed prime ring of characteristic
not 2,3 or 5 with €((K)) = C(R). For any b € B, ad; K € [B,[B,[B, K]]] C [B,B] =0,
and since (K) is spanned by the elements of K and their squares (|2, Lemma 9.1.5]), we
have (using the Leibniz rule) that ady(K) = 0. Then it follows from [14, Corollary 1]
that (b — )3 = 0 for some «a € € (the formula making sense in the unitization of (K)).
But as observed in the proof of [3, Lemma 4.22], the involution * being of the first kind
forces o = 0. Thus b* = 0 for every b € B.

(ii) Suppose that there exists b € B such that b*> # 0. Then ad]K = 0, and since
b? = 0, we have 0 = ad; K = 6b°Kb?, which implies b*Kb*> = 0 because char(R) # 2, 3.
Put ¢ := b € Sym(R, ). For every z € R we have c¢(x — 2*)c = 0, and hence, for all
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r,y € R,

(cxc)ye = c(xey)c = c(xey)* e = cy*cx’c = cycre = cy(cxe).
Then we have by [2, Theorem 2.3.4] that for every xz € R there exists A\, € € such that
crc = Az, which proves that cRc = Cc, since cRc # 0 by primeness of R. This implies
that cR is a minimal right ideal of R, so R has nonzero socle. Let cR = eR where

e = ca is a minimal idempotent of R (]2, Proposition 4.3.3]). We have
eRe = cRe = (cRc)a = Cca = Ce,

which proves that C itself is the division ring of R. Now it follows from Kaplansky’s
Theorem ([2, Theorem 4.6.8]) that the involution % of R is either of transpose type
or of symplectic type; but the latter cannot occur because ¢ is a symmetric rank-
one element, so x is of transpose type. Since x is of the first kind by hypothesis, we
have (again by Kaplansky’s Theorem) that it is actually of orthogonal type, i.e., * is
the adjoint involution coming from a nondegenerate symmetric bilinear form (-, -) of a
vector space X over the field C, R is a C-subalgebra of £x(X) containing Fx(X), and
K is a subalgebra of o(X) containing fo(X), with dime X > 2 since [K, K] # 0.

(iii) It follows from Proposition 5.7. O

Theorem 6.3 (Main Theorem). Let R be a centrally closed prime ring of characteristic
not 2,3 or 5 with an involution x, let C be the algebraic closure of the extended centroid
C of R, and suppose that € ®¢ R is not the full matriz algebra My(€) with the transpose
wvolution. If B is a Lie inner ideal of K, then either
(i) B =V is an isotropic inner ideal,
(ii) B =V @ Skew(Z(R), *) is a standard inner ideal,
(i) B = Inn(V, f) is special, or
(iv) B = k((1 — e)Re) is Clifford.
Moreover, in cases (ii) and (iii) R is unital and * is of the second kind, while in case

(iv) R has nonzero socle and x is of orthogonal type.

Proof. Suppose first that x is of the second kind and let £ be a nonzero skew-symmetric
element of €. Then R = K ® (K. Set C := B @ £B. It is straightforward to see
that C' is an abelian inner ideal of the Lie algebra R~. By [8, Theorem 5.4], either (i)
C = U, where U is an inner ideal of R~ with UU = 0; or R is unital and either (ii)
C=U@® Z(R), where U is as in (i); or (iii) C' = {u+ g(u) : u € U}, where U is as in
(i) and g : U — Z(R) is a nonzero linear form such that [[U, R],U] C kerg. If C =U
as in (i), then B = Skew(U, ) is an isotropic inner ideal of K (see. 3.1). Suppose then
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that C' is as in (ii) or (iii). In both cases U is *-invariant: U* C C* = C C U & Z(R)
and hence [U*,U] = 0 since UU = 0. Thus for any v € U, u* = v + z where u,v € U
and z € Z(R). Since u* — v is nilpotent, u* — v = 0, so u* = v € U as claimed. If
(ii), then B = Skew(U, *) & Skew(Z(R), *), with Skew(U, *) being an isotropic inner
ideal of K; if (iii), then B = {v + f(v) : v € V'}, where V = Skew(U, %) is an isotropic
inner ideal of K and f : V — Skew(Z(R), %) is the restriction of g to V| which satisfies
[V, K], V] Cker f.

Suppose now that the involution = is of the first kind. If b?> = 0 for every b € B, then
B is an isotropic inner ideal. Thus we may assume that b3 # 0 for some by € B. Then
we have by Proposition 6.2 that B is a Clifford inner ideal. U

Remarks 6.4. (1) The Lie algebra Skew(M;(F), %), where F is a field of characteristic
not 2 and * is the transpose involution, is an abelian inner ideal in itself which does not
lie in any of the four cases of the theorem above. Thus the exception in the statement
is not superfluous.

(2) Let B be a Lie inner ideal of K = Skew(R, *), where R is still prime but non-
necessarily centrally closed. Then Sym(C, x)B is a Lie inner ideal of Skew(CR, *) and
therefore one of those described in Theorem 6.3.

Acknowledgements. We are indebted to Esther Garcia for the careful reading of our

manuscript.

REFERENCES

[1] A.A. Baranov, Finitary simple Lie algebras, J. Algebra 219 (1999), 299-329.

[2] K.I. Beidar, W.S. Martindale and A.V. Mikhalev, Rings with Generalized Identities. Pure and
Applied Mathematics; Marcel Dekker, Inc., New York, Basel, Hong Kong, 1995.

[3] G. Benkart, The Lie inner ideal structure of associative rings, J. Algebra 43 (1976), 561-584.

[4] G. Benkart, On inner ideals and ad-nilpotent elements of Lie algebras, Trans. Amer. Math. Soc.
232 (1977), 61-81.

[5] G. Benkart and A. Ferndndez Lépez, The Lie inner ideal structure of associative rings revisited,
Comm. Algebra 37 (2009), 3833-3850.

[6] A. Cohen, G. Ivanyos and D. Roozemond, Simple Lie algebras having extremal elements, Indag.
Math. (N. S.) 19 (2008), 177-188.

[7] J.R. Faulkner, On the geometry of inner ideals, J. Algebra 26 (1973), 1-9.

[8] A. Fernéndez Lépez, Lie inner ideals are nearly Jordan inner ideals, Proc. Amer. Math. Soc. 142
(2014), 795-804.

[9] A.Fernindez Lépez and E. Garcia Rus, Inner ideals in quadratic Jordan algebras of infinite capacity,
Int. J. Math. Game Theory Algebra 9 (1999), 35-54.



14 JOSE BROX, ANTONIO FERNANDEZ LOPEZ, AND MIGUEL GOMEZ LOZANO

[10] A. Ferndndez Lépez, E. Garcia and M. Gémez Lozano, Inner ideals of finitary simple Lie algebras,
J. Lie Theory 16 (2006), 97-114.

[11] A. Ferndndez Lépez, E. Garcia, M. Gémez Lozano and E. Neher, A construction of gradings of
Lie algebras, Int. Math. Res. Not. 16 (2007), doi:10.1093/imrn/rmn051.

[12] T. Y. Lam, Lectures on modules and rings, Graduate Texts in Mathematics, vol. 189, Springer-
Verlag, New York, 1999.

[13] O. Loos, Jordan pairs. Lecture Notes in Math., vol. 460, Springer-Verlag, New York, 1975.

[14] W.S. Martindale III and C. Robert Miers, On the iterates of derivations of prime rings, Pac. J.
Math. 104 (1983), 179-190.

[15] K. McCrimmon, Inner ideals in quadratic Jordan algebras, Trans. Amer. Math. Soc. 159 (1971),
445-468.

[16] A.A. Premet, Lie algebras without strong degeneration, Mat. Sb. 129 (1986), 140-153, translated
in Math. USSR Sbornik 57 (1987), 151-164.

[17] A.A. Premet, Inner ideals in modular Lie algebras, Vestsi Akad. Navuk BSSR Ser. Foz.-Mat.
Navuk 5 (1986), 1115.

[18] A.A. Premet and H. Strade, Simple Lie algebras of small characteristic: I. Sandwich elements, J.
Algebra 189 (1997), 419-480.

[19] O.N. Smirnov, Simple associative algebras with finite Z-grading, J. Algebra 196 (1997), 171-184.
[20] O.N. Smirnov, Finite Z-gradings of Lie algebras and symplectic involutions, J. Algebra 218 (1999),
246-275.

[21] E. Zelmanov, Lie algebras with finite grading, Math. USSR Sbornik 52 (1985), 347-385.

DEPARTAMENTO DE ALGEBRA, GEOMETRIA Y TOPOLOGIA, UNIVERSIDAD DE MALAGA, 29071,
MALAGA, SPAIN

E-mail address: brox@agt.cie.uma.es’

E-mail address: emalferQuma.es?

E-mail address: magomez@agt.cie.uma.es?



