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Abstract

Let £ be an analytic vector field in R3 with an isolated singularity at the origin and having only hyperbolic
singular points after a reduction of singularities 7 : M — RR3. The union of the images by 7 of the local
invariant manifolds at those hyperbolic points, denoted by A, is composed of trajectories of £ accumulating
to 0 € R3. Assuming that there are no cycles nor polycycles on the divisor of 7, together with a Morse-
Smale type property and a non-resonance condition on the eigenvalues at these points, in this paper we
prove the existence of a fundamental system {V},} of neighborhoods well adapted for the description of the
local dynamics of &: the frontier Fr(Vj) is everywhere tangent to & except around Fr(V,) N A, where
transversality is mandatory.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

This is the first of two papers dedicated to investigating the structure of the trajectory space of
a real analytic vector field & in a neighborhood of an isolated singular point 0 € R3. In our study,
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we impose some non-degeneracy conditions that can be read after reduction of singularities of &
(in the sense of Panazzolo [17]). In fact, under such conditions, our results also apply to a singular
one-dimensional oriented foliation £ defined in an analytic three-dimensional manifold M with
boundary and corners such that 9 M is homeomorphic to the sphere, regardless of whether L is
the pull-back of a local vector field at the origin of R?.

Roughly, our aim is to establish a theorem of stratification of the dynamics of & that gener-
alizes to dimension three the classical one, coming from Poincaré [19], of decomposition of a
planar analytic vector field dynamics into parabolic, elliptic or hyperbolic invariant sectors (see
[1D. In a second forthcoming paper we will provide a precise statement and proof of this result.

In the text at hand, we establish the existence of a fundamental system of compact neighbor-
hoods which are specially adapted to the flow of & in order to provide such a stratified structure.
Those neighborhoods, called fitting domains, have the important property that their boundary
is everywhere tangent to the flow, except for compulsorily controlled zones: near those points
where the boundary crosses the local invariant manifolds associated with singular points after
reduction of singularities. Apart from providing the technical preparation for our stratification
theorem, we are convinced that the construction of fitting domains has interest in itself. They
certainly provide good representatives for the “germ of the space of leaves” of the foliation gen-
erated by &, and they may be useful to undertake further studies of the local three-dimensional
dynamics. Namely, classification under topological equivalence (this topic is treated by Alonso-
Gonzélez, Camacho and Cano in [2,3], references which constitute partially the motivation for
this text); establishment and study of the partial “Dulac’s transition maps” between transversal
zones on the boundary (these maps have been extensively studied for planar vector fields, see for
instance some recent references [12,13,7,14], but not yet for three-dimensional vector fields, as
far as we know); suitable generalizations of the A-lemma result for non-hyperbolic singularities;
pieces for a “surgery” construction of global line foliations in three-dimensional spaces with cer-
tain prescribed local behavior at singular points, etc. Let us justify this conviction by motivating
and describing more precisely the steps of our construction.

Consider first an analytic vector field & with a hyperbolic singularity at 0 € R”. By Hartmann-
Grobman’s Theorem, the germ of any trajectory of £ accumulating to the origin is contained
in the union W* U W* of the stable and unstable manifolds. To be able to properly state that
W* U W¥ is equal to the union of such “genuine” trajectories (not just germs) in a given fixed
neighborhood U, one needs to require transversality conditions to the boundary of U. Typically,
we impose that the frontier Fr(U) is transversal to £ only along sufficiently small neighborhoods
T° and T" of W N 9oU and W* N AU, respectively. Then the whole space of trajectories of £ in
U can be described easily: each of them is either contained in (W* U W*) N U and accumulates
to 0 or it is a segment from a point of 7% \ W* to a point of T \ W* and does not accumulate at 0.
Such a neighborhood, called below of chimney type, is the simplest example of a fitting domain.

It is quite manifest that the above considerations can also be carried out for a generic non-
hyperbolic planar vector field £ by virtue of the Seidenberg’s reduction of singularities [20].
To be more precise, using a real version of such a reduction of singularities by Dumortier in
[8], there is a proper morphism = : (M, D) — (R2, 0), where M is an analytic surface with
boundary and corners with 9M = D ~ S! such that the pull-back 7*(& IR2\(0)) extends to an
analytic foliation £ on M with only finitely many singularities on D, all of them with non-
nilpotent linear part. Assuming the generic conditions that all the singularities are hyperbolic,
that D is invariant by £, and that D is not a polycycle of £ (in other words, that the vector field
is not of the center-focus type), we can “connect” the chimney-type neighborhoods at the singular
points by means of flow-boxes in order to obtain a neighborhoods basis {17,1},1 of D in M with
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the following properties (see Fig. 1): for any singular point p € D, fixed a realization W (p) of
the local invariant manifold of £ at p being transversal to D, the frontier F'r(Uy) is tangent to £
except on small neighborhoods T, ,, of Fr(U,) N W(p) in Fr(U,) for each p.

U

Fig. 1. A generalized chimney-type neighborhood in dimension two.

We get a basis {U, = n(ﬁn)}n of “generalized chimney-type” neighborhoods (fitting do-
mains) of the origin where the space of trajectories of £ has a simple description: each trajectory
either escapes in finite time (negative, positive or both) crossing the controlled transversal zone
LAY p Tp.n), or it remains in U, for t — 400, and accumulates asymptotically to the origin
in both senses. It is worth noting that the (subanalytic) invariant set A = 7 (| » W(p)) \ {0} is
formed by and contains any germ of a trajectory of £ accumulating at the origin (the so called
characteristic orbits in Dumortier’s terminology [8]), thus being a realization of such family of
germs. The transversal parts _J p» Tp.n in the above statement can be chosen to be contained in a
given fixed basis of neighborhoods of A.

The central objective in the current paper is to generalize the previous construction to dimen-
sion 3. To this end, we use the reduction of singularities developed by Panazzolo in [17]. So we
have that there exists a real analytic proper morphism 7 : (M, D) — (R3,0), where M is a real
analytic manifold with boundary and corners with 9 M = D, which restricts to an isomorphism
outside the divisor D and such that the foliation generated by 7*(§|g3\ (o;) extends to an analytic
foliation £ in M having only elementary singularities, that is, the linear part of a local generator
at any p € Sing(£) is non-nilpotent. Assuming that O is an isolated singularity of &£, we have, in
addition, that D is homeomorphic to S? and Sing(£) C D (notice that in Panazzolo’s procedure
we just blow up along centers contained in the singular locus of the intermediate transformed
foliations).

Our object of study is then a triple M = (M, D, L), coming or not from a reduction of
singularities of a local vector field, where M is a real analytic manifold with boundary and
corners, D = 3 M is a normal crossings divisor homeomorphic to S? and £ is a one-dimensional
orientable singular foliation over M such that Sing(£) C D. We impose the following non-
degeneracy conditions:

(1) Non-dicriticalness.- Every component of D is invariant by L.
(2) Hyperbolicity.- All singularities are hyperbolic (therefore Sing(L) is a finite set).
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(3) Acyclicity.- The restriction L£|p has neither closed regular orbits nor polycycles.

(4) Morse-Smale condition.- There are no leaves connecting two-dimensional saddle points of
the restriction £|p and contained in the regular locus of the divisor.

(5) No saddle-resonances.- A condition that avoids certain specific resonances of the eigenvalues
at the singular points appearing in a multiple saddle connection.

The first two conditions are generic and commonly assumed. The third condition is essential
for our study. It corresponds to the center-focus exclusion for planar vector fields. The last
two conditions are more specific and deserve to be commented. They appear in precedent pa-
pers, for instance those already mentioned by Alonso-Gonzélez et al. [2,3]. In general, once we
are in a scenario where all the singularities are already hyperbolic, the “classical Morse-Smale
condition” means that two saddle singularities can never be connected along the correspond-
ing invariant stable-unstable manifolds (see for instance [16]). The fourth condition above is an
adaptation of such a property to the consideration of the divisor, where we only permit saddle
connections along the skeleton, that is, the set of points where at least two components of D
intersect. Morally a two-dimensional saddle connection outside the skeleton can be avoided by
“perturbation” whereas, those in the skeleton persist unless we completely break the divisor.

The fifth condition is more involved and it is described in detail in Section 3. To have an
idea of its meaning, consider the situation of a single connection between two saddle points p, g
along their common one-dimensional invariant manifolds, contained in the skeleton. The non
s-resonance condition in this case is expressed saying that the quotients between the two (nec-
essarily real) eigenvalues of the same sign at p and at ¢ do not coincide with. Dynamically, it
prevents the situation depicted in Fig. 2, where the flow saturation of a small curve that accumu-
lates in the “middle” of the two-dimensional invariant manifold at p goes to the “middle” of the
corresponding one at g.

Fig. 2. A resonant saddle-connection.

By means of the first and second condition, if p is a singular point of £, between the two
local stable and unstable manifolds of L at p, either both are contained in D, or one of them is
contained in D and the other one, denoted by W (p), is transversal to (and not contained in) D. In
the first case, p is called a tangential saddle point. Points p € Sing(L) for which dim W (p) =2
will play a special role in what follows and will be called transversal saddle points.

As a matter of notation, if A C M, we denote by A~ the set of points where A is locally
invariant by £, that is, a € A~ if and only if a € A and there exists a neighborhood U, of M at
a such that any leaf of L], through a point in U, N A is contained in A. Points of A~ where A
is a smooth submanifold not belonging to Sing(L) are, of course, points of tangency between £
and A™.

The main result in this paper is the following.
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Theorem 1. Assume that M = (M, D, L) satisfies conditions (1)-(5). Denote by H the set of
singular points of L that are not tangential saddles and fix realizations of the local invariant
manifolds W (p), for any p € H. Then, given a neighborhood V of D in M and neighborhoods
Vo of W(p) NV in M, for any p € H, such that V,, NV, =@ if p # q, there exists a compact
semianalytic neighborhood U C V of D in M and compact semianalytic discs T, C Fr(U)NV,,
for each p € H, satisfying the following:

(i) The frontier Fr(U) is a topological, piecewise smooth surface given by the disjoint union

FrU)y=FrU)~u | T,.
peH

(ii) Each disc T, contains Fr(U) N\ W(p) and, in turn, it is contained in a smooth surface of
V), everywhere transversal to L.

A neighborhood U as in the previous statement will be called a fitting domain for M (see
Picture 3). The subset Fr(U)™ is called the tangential frontier of U while Fr(U YN .= Fr(U) \
Fr(U)™ is called the transversal frontier. Roughly speaking, the result says that there exists
a basis {U,} of fitting domains such that the sequence of their transversal frontiers {F r(Un)m}
“approximate”, when n — 0o, the germ of the analytic invariant set A =U,cy W(p) (in a sense
that can be made precise). Notice that A \ D realizes the family of germs at p of leaves of L
that accumulate at D (the “characteristic orbits” in analogy with the planar situation). Any such
germ of a leaf enters ultimately in the fitting domain, which justifies that the transversal discs 7},
contain the corresponding sets Fr(U) N W(p).

Fig. 3. A fitting domain in dimension three.

At this point, it is worth to remark that, although we have called transversal frontier to the
union of the discs 7, only the points in the interior of those discs are “properly” transversal
points. On the contrary, a point x in the boundary of T, may not be smooth for Fr(U) and it
is a transversal point only in a weak sense: one of the two sides of the leaf through x may be
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contained in Fr(U)™~, while the other one escapes or enters the neighborhood U. In Theorem 50
below we will detail more in precise the relative position of Fr(U) with respect to £ along the
points in d7,. The description is relatively simple if p is not a transversal saddle: namely, if
dim W(p) =3, then T, = W(p) N Fr(U) and L traverses from inside to outside (or vice versa)
at any point of T); if dim W (p) = 1 then T, N W(p) is a singleton and £ passes from Fr(U) to
the exterior of U (or vice versa) through any point of d7),. But, if dim W(p) = 2, then there is a
finite set Z,, C 07}, (in fact Z, has four points) such that the leaf through a point z € Z,, stays
locally inside F'r(U) while, through any point of a connected component / of 9T, \ Z,, the leaf
has one side contained in Fr(U) and the other one is contained either in the interior or in the
exterior of U. As we can see, the description of the frontier of a fitting domain is more intricate
around transversal saddles.

On the other hand, when M comes from a morphism 7 : M — R3 of reduction of singularities
of a vector field & at 0 € R3, the image of a basis of fitting domains of M by 7 provides a basis
of fitting neighborhoods of the origin for &, i.e., their frontiers satisfy the same properties of
Theorem 1 with respect to the foliation generated by the vector field &. Under this point of view,
the fitting domains provided by Theorem 1 can be considered as “generalized chimney-type”
neighborhoods for non-hyperbolic singularities of three-dimensional vector fields.

The paper is structured as follows. In Section 2 we review some properties of the foliation
L that can be derived from conditions (1)-(3). Besides, we describe a planar directed graph €,
supported in D, which schematizes the dynamics inside the divisor D and that will be our main
combinatorial tool in the rest of the article. Its set of vertices is precisely Sing(£) and its edges
are regular leaves, either contained in the skeleton of D or those containing the local unstable
or stable curves at saddle two-dimensional points of the restriction of £ to D. The acyclicity
condition assures the €2 has no cycles as a directed graph. In particular, we can assign a length to
any vertex p as the maximal number of edges of paths of edges starting at p.

In Section 3, we discuss conditions (4) and (5) and results that can be obtained from them. The
principal one is Theorem 15. It asserts that, generalizing the concept of point-path introduced in
[2], we can associate a path of edges ®(v) of Q with any three-dimensional saddle p € Sing(£)
and with any (local) side v with respect to the two-dimensional invariant manifold at p, denoted
as W[%, such that the saturation by £ of any small curve J,, contained in v and cutting transversally

W[%, produces an invariant topological surface which accumulates to the divisor D just along the
support of ®(v). In this way, we have a control over the saturations of such small curves J,
and also over the saturation of the two-dimensional local invariant surface W(p) = WI% in the
important case where p is a transversal saddle. These last saturations have the role of “new” two-
dimensional components of the divisor, locally defined along D, that separate the dynamics of £
(separant surfaces). In particular, we prove that the family composed of those separant surfaces,
together with any finite family of saturations of curves J,, as above, is a family of pairwise
disjoint elements, as long as we take a sufficiently small neighborhood of D. Besides facilitating
the proof of Theorem I, these results will be crucial in our second forthcoming paper.

The core of Theorem 1 proof is found in Sections 4, 5 and 6. Following the general ideas in
the two-dimensional situation, fitting domains U are obtained as follows: first we consider small
chimney-type neighborhoods at singular points (where the transversal frontier of U will concen-
trate); next, we extend these neighborhoods adding flow-boxes (with appearance of tubes) along
the edges of the graph €2; finally, we add new flow-boxes covering the connected components of
the complement of the graph in D (with appearance of plateaux). Nevertheless, it is clear that
the proof is considerably much more complicated here than in dimension two since we have
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to match perfectly all the added flow-boxes in such a way that the frontier of U is everywhere
tangent outside the chimney-type local neighborhoods already considered. In the one hand, by
using recurrence with respect to the maximal length of the vertices of €2, the tubes can be glued
with the chimney-type neighborhoods after convenient refinements of the latter, creating a com-
pact neighborhood K of the support of the graph that we call a distinguished fattening. This is
the content of Section 4. After that, when we try to glue perfectly also the plateaux “closing”
the remaining transversal parts of Fr(K) (called free doors of K), we are led, a priori, to refine
once more time chimneys and tubes. In order to avoid an endless sequence of refinements, in
Section 5 we establish a result asserting that the distinguished fattening K can be assumed to
have the property that the flow saturations of different free doors do not intersect (the so called
property of good saturations). For this purpose, we make use of the results in Section 3 about the
flow saturations of the aforementioned curves J, since the boundary of a free door is an example
of such a curve. At the same time, the separant surfaces generated at transversal saddle points
turn into play and we need to control as well their behavior inside the fattening support. Finally,
in Section 6, we show that a fattening with the property of good saturations can be completed,
up to trimming the free doors, to a fitting domain by adding convenient plateau blow-boxes. This
will conclude the proof of the main theorem.

All in all, Sections 4 and 5 are the longest and more technical ones. However, we believe
that our constructions are flexible and versatile enough to be used to get fitting domains with
further interesting properties. Also, the construction could be carried out in much more general
situations in which not all hypotheses (1)-(5) are necessarily fulfilled.

2. Hyperbolic acyclic spherical foliations
2.1. Generadlities on line foliations over manifolds with boundary

Let M be a three-dimensional real analytic manifold with boundary and corners. This means
that, for any a € M, there exists an open neighborhood V, of a, a value e = e(a) € {0, 1, 2, 3}, and
a homeomorphism ¢, : V, = (R>0)¢ x R3¢ with ¢q(a) = 0 such that, whenever V, NV}, #£ 7,
the map ¢, o ¢ Uis analytic. As usual, such a map ¢, is called a chart and its components are
called analytic coordinates at a. The number e(a) does not depend on the chosen chart. The point
a € M will be called an interior, trace, angle or corner point if e(a) is equal to either 0, 1, 2 or 3,
respectively. Notice that M is a topological manifold with boundary and the point a belongs to
oM iff e(a) > 0. In addition, the boundary d M is a normal crossings divisor. We use the notation
D = 0M and just say that D is the divisor in M. The set of points where e(a) > 1 is called the
skeleton of D and it is denoted by Sk(D).

The connected components of the fibers of the map e : M — {0, 1,2, 3} are the strata of a
locally finite stratification of M into smooth analytic subvarieties, called the standard stratifica-
tion, that we will denote by S7(M). An stratum contained in the fiber e~ (k) has codimension
equal to k in M. The closure of a two-dimensional stratum, that is, of a connected component of
D\ Sk(D), is called a component of D. Any component E of D is a two-dimensional analytic
manifold with boundary and corners satisfying 0 E = E N Sk(D). Also, for any a € M, the value
e(a) is precisely the number of components of D containing a.

An important example of manifold with boundary and corners is the ambient space obtained
after a sequence of real blow-ups starting from an open set My of R3 (for detailed definitions,
see [15], for instance). More precisely, consider a finite composition
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where, forany j =1, 2, ..., 7, the map 7; is the blow-up with a non-singular closed center Y;_1 C
M ;| having normal crossings with the “intermediate divisor” DUV = (110 -- orrj_l)_1 Yo),
with D© = ¢. Thus, M is a real analytic manifold with boundary and corners with divisor
D =3dM =~ (Yp). Notice that, in the sequence above, if the first center is a point Yo = {po},
and for any j > 1 the center Y;_; of 7 is contained in DU then D is homeomorphic to the
sphere S2.

Let £ be an analytic oriented one-dimensional singular foliation over M (just called a fo-
liation, for short). This means that for every a € M, there exists an analytic vector field &,
defined in a neighborhood of a such that, for any pair of points a,b € M, the vector fields
&4, &p are positively proportional along the intersection of their domains of definition. Any
such a vector field &, is called a local generator of L at a. The singular locus of L is the set
Sing(L)={peM :&,(p)=0}.

From now on, we will always assume that L is tangent to D = M, that is, for any a € D any
local generator &, is tangent to any component of D through a. This condition is also sometimes
called non-dicriticalness.

A leaf (of £ in M) is a maximal connected subset £ of M with the following property: for
any a € ¢, if &, is a local generator of £ at a and y : (—e, &) — M is the integral curve of &,
with y (0) = a, then there exists 0 < ¢ < ¢ and some neighborhood U, of a in M such that
y ((—¢’, ")) is equal to the connected component of £ N U, containing a. For any a € M, there
is exactly one leaf containing a, denoted by ¢, and called the leaf at a, so that the family of
leaves gives a partition of M. Given a leaf £, there are two possibilities: either £ = £, = {p}
for some p € Sing(L) (a singular leaf), or £ = y(J), where J is an open interval in R and
y : J — M is an injective immersion (a non-singular leaf, and y is called a parametrization of
£). Any non-singular leaf £ will always be considered with the natural orientation induced by L,
i.e., we choose a parametrization y : J — M so that the tangent vector at each point is a positive
multiple of the corresponding local generator. With such a parametrization, if a = y () € £, we
put the sets Zj{ =y(J N[t 00)), L; =y(J N(=00,t]), and call them the positive and negative
leaf through a, respectively. Besides, we define the o and the w-limit set of £ in M as

a)= () y{@.0). o= () v n). (1)

Hn<t<ty Hn<t<ty

where int(J) = (1, 2). As usual, we write «(£) = p when «(£) = {p}, and so on.

Given a subset A C M, an given a € A, the restricted leaf in A at a (or simply the A-leaf at
a) is the connected component of £, N A containing a. We define similarly the positive A-leaf
and the negative A-leaf at a by using €] and ¢, instead of ¢,, respectively. If A is open in
M, the A-leaves are the leaves of the restricted foliation L|4. If B C A C M, we say that B is
saturated in A if, for any b € B, the A-leaf at b is contained in B. When A = M, we simply say
that B is saturated. For instance, D is saturated by the assumed condition that £ is tangent to D.
Finally, if B C A C M, the saturation of B in A, denoted by Sat4 (B), is the minimal subset of
A containing B that is saturated in A. It consists of the union of all the A-leaves at points of B.
We also define the positive saturation (resp. negative saturation) of B in A, denoted by Satjg(B)
(resp. Sat, (B)) as the union of positive A-leaves (resp. of negative A-leaves) at points of B.
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Let A be a compact semianalytic subset of M with non-empty interior. Let a € Fr(A) and
assume that a ¢ Sing(L). Taking into account that Fr(A) is also semianalytic, and due to the
analytic nature of the foliation £, we have that each one of the two local components of ¢, \ {a}
at a is entirely contained either in the interior int(A), or in the exterior ext(A) = M \ A, or in
the frontier Fr(A). Let us now denote by Y., ¥, such local components, where Y5 C £ for € €
{+, —}, and consider the map o : {i, e, t} — {int(A), ext(A), Fr(A)} defined by o (i) = int (A),
o(e)=ext(A),o(t)=Fr(A).Ifu,v e {i, e, t}, we will say that a is of type u-v with respect to
Aincase Y, Co(u)and Y} Co(v).

As said in the introduction, the tangential frontier of A, denoted by Fr(A)™~, is the set of
points in Fr(A) having a neighborhood in Fr(A) composed of points of type t-t. Hence, the
tangential frontier is open and coincides with the set of points where Fr(A) is locally saturated
for L. For the points a € Fr(A)™~ such that Fr(A) is a smooth submanifold at a, the foliation £
is tangent to Fr(A) in a neighborhood of a.

As a matter of notation, we set F r(A)m := Fr(A)\ Fr(A)~ and call it the transversal frontier
of A. By definition, it is a closed subset of Fr(A). Notice also that Fr(A)™ contains any point in
Fr(A) which is not of type t-t. Nevertheless, it might also contain points of type t-t or even points
where Fr(A) is smooth and tangent to £ (it will not be the case for fitting domains). Of course,
points of type either i-e or e-i, that is, points having a genuine property of “transversality”, are
included in Fr (A)m. To end this subsection, we define the inner frontier Fr(A)" and the outer
frontier Fr(A)°"" of A, as the respective closures of the sets of points in Fr(A) of type e-i or
of type i-e. Hence, we clearly have that Fr(A)" U Fr(A)*" C Fr(A)m, although, in general,
equality may not be satisfied. We will see that it always holds for fitting domains.

2.2. Hyperbolic acyclic spherical foliations

Let us assume certain conditions on the topology of M as well as on the nature of the singu-
larities of the foliation in order to have a reasonable control of the asymptotic behavior of the
leaves near D.

Definition 2. A hyperbolic acyclic foliated variety with spherical divisor (from now on a
HAFVSD, for short) is a triple M = (M, D, L) where M is a real analytic manifold with bound-
ary and corners, D = dM, and L is an analytic foliation over M such that £ is tangent to D,
Sing(£) C D, and

e Each p € Sing(£) is a hyperbolic singular point.
e The foliation £ does not have cycles or polycycles contained in D.
e The divisor D is homeomorphic to the sphere S.

Recall that a singular point p is hyperbolic if all the eigenvalues of the linear part of one (thus,
of any) local generator of £ at p have non-zero real part. On the other hand, a cycle is a non-
singular leaf homeomorphic to S and a polycycle is a union of a finite number of non-singular
leaves £1, ..., £, and a finite number of singular points py, ..., p, such that pj 1 =a(f;y1) =
w(j), for j=1,...,n—1,and p; =a(l1) = w({,).

The condition of D being tangent (also called sometimes non-dicriticalness) implies that D
is saturated for £ and, in fact, that any stratum of Stz(M) contained in D is also saturated. In
particular, every corner point is singular and, if H is a 1-dimensional stratum, the connected
components of H \ Sing(L) are non-singular leaves of £. We consider the restriction L|p as a
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continuous one-dimensional foliation in D, analytic on each component of D. As already pointed
out above, we have that any leaf in M is parameterized by an open interval and the singular leaves
correspond exactly to the singular points.

By the hyperbolicity condition, the singular locus Sing(£) is finite. At any p € Sing(L), we
consider the associated local stable and local unstable manifolds, denoted by W*(p) and W*(p),
respectively. They are analytic manifolds with boundary and corners, saturated in a neighborhood
of p and uniquely determined as germs at p (for further information on such manifolds, see for
instance [11] and [6]). When the singularity p is a three-dimensional saddle point, that is, both
stable and unstable manifolds have positive dimension, we denote by Wll7 and W[% the elements

of dimension 1 and dimension 2 in the set {W*(p), W"(p)}, respectively. It holds W,l c D, if
e(p) =2,and W2 C D, if e(p) =3.

A
/

Fig. 4. Transversal saddles (above) and tangential saddles (below).

Let us introduce the following terminology. Given p € Sing(L), we say that p is a D-saddle
if there is at least one component D; of D at p such that p is a two-dimensional saddle point for
the restriction L|p,. Otherwise, we say that p is a D-node. A D-node can be a D-attractor or a
D-repeller if the restriction of £ to each component of D at p is respectively a two-dimensional
attractor (both eigenvalues with negative real part) or a repeller (both eigenvalues with positive
real part). We denote by S, N¢ and N” the sets of D-saddles, D-attractors and D-repellers,
respectively. Notice that a D-saddle point is a three dimensional saddle, whereas a D-node can
be a three dimensional saddle (in which case e(p) = 1 and WI% C D) or a three dimensional
attractor or repeller (the three eigenvalues have real part with the same sign). A D-saddle point
p is called a transversal saddle point if WI% ¢ D or a tangential saddle point if W; C D. In the
last case, W; coincides with one of the components of D, as germs at p. Notice that a transversal
saddle is either an angle or a trace point, whereas a tangential saddle is either an angle or a corner
point (see Fig. 4). In the remain of the paper we denote by S;- C S the set of transversal saddle
points and by S;, C S the set of tangential saddle points.

Remark 3. Concerning the leaves asymptotic behavior, observe that, using the acyclicity condi-
tion and the Poincaré-Bendixson Theorem on the sphere (see for instance [16,18]), for any leaf
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£ C D, the sets a(£) and w(£) are singletons and they do not coincide. On the other side, in
light of the Hartman-Grobman’s Theorem (see [10,9]) at hyperbolic points, we can extend this
property in a sufficiently small open neighborhood U of D: the «-limit set (and also the w-limit
set) of an U-leaf is either a singular point in D or an empty set.

2.3. The associated graph

Let M = (M, D, L) be a HAFVSD. We consider the directed planar graph 2 = Q54 defined
in the following way:

e The set of vertices of Q is V(2) := Sing(L).
e The set of edges of €2, denoted by E(S2), consists of the non-singular leaves o of L|p
satisfying one of the following (non-exclusive) properties:

(a) either o is contained in the skeleton,

(b) or o is contained in a component D; of D for which at least one of the limit points
p € {a(o), w(o)} is a two-dimensional saddle point of the restriction £|p, (hence, at
any such limit point p the germ of o coincides with one of the local invariant one-
dimensional manifolds of L|p, at p).

e Anedge o is adjacent to a vertex p if p =€(0) fore =a or € = .
e The orientation of the edges of 2 is the one induced by the one of L.

By Remark 3, adjacency in €2 is well defined and any edge o is adjacent to exactly two distinct
vertices, its « and w-limit points. Notice also that both V(£2) and E(£2) are finite sets. We put
o =[p,qlif p=a(o) and ¢ = w (o) and use expressions of the form “o starts at p and ends
at ¢”. An edge contained in Sk(D) is called a skeleton edge, otherwise is called a trace edge.
As usual, a path of edges is a sequence of edges y = (o1, ..., 0;) such that a(0;41) = w(o;) for
j=1,...,r —1 and we say that y starts at «(o1) and ends at w (o). A path of edges starting
and ending at the same vertex is called a cycle. We want to emphasize the following important
property of the graph € which is a consequence of the acyclicity condition in Definition 2:

The oriented graph Q2 has no cycles.

We will adopt the usual terminology for graphs. For instance: a subgraph of 2 is a directed
graph G for which V(G) C V(Q2) and E(G) C E(R2) (we write G < Q2); the subgraph generated
by a subset of vertices W C V(2) is the subgraph G = G(W) < Q such that V(G) = W and
o € E(G) if, and only if, the vertices adjacent to ¢ belong to W; the subgraph generated by
a subset of edges F C E(£2) is the subgraph G = G(F) < Q such that E(G) = F and V(G)
is the set of vertices adjacent to some o € F; the edge-complement of a subgraph G in Q2 is
the subgraph, denoted by G¢, generated by the set of edges that do not belong to E(G), that is
G =G(E(R2 \ E(G)). For instance, if y = (071, ..., 0y,) is a path of edges, we see y also as the
subgraph generated by the set of edges {071, ..., 0,}. If G < Q is a subgraph, the support of G is
the compact subset of D defined by

Gl=vG)u | o

oceE(G)
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A face of Q is a connected component of D \ [€2]. It is an open subset of D, saturated by L
and contained in a unique component of D. In addition, €2 induces a stratification on D, denoted
by Stq (D), where faces, edges and vertices are the strata of dimension 2, 1 and 0, respectively.
Due to the possible presence of trace edges, such a stratification is finer than the stratification
St(M)|p induced by the standard stratification in M.

We summarize some of the properties satisfied by €2 in the following result.

Lemma 4. Let Q2 be the graph associated to a HAFVSD M. Then it holds:

(i) Forany p € S there exist at least a path of edges y passing through p such that «(y) € N”
and w(y) € N°.

(ii) We have #N — #S;, = 2. In particular N # {. Moreover, N® = ) and N" # .

(iii) A vertex p € V() is a transversal saddle point if, and only if, there are exactly four edges
adjacent to p such that two of them start at p and the other two end at p.

(iv) If there exists a vertex p which is isolated in 2 (no edge is adjacent to p), then V(2) =
{p,q}, where p, q are two different D-nodes, and E (2) = (0.

(v) For any face I of Q2 there exist two different vertices p,q € V (S2) such that any leaf £ in I'
satisfies a(£) = p and w(£) = q. (We write p = a(I") and g = w(I")). Moreover, either we
are in the situation of item (iv), that is, ' = D \ {p, q}, or the topological frontier of T in
D is the support of a subgraph F(I') < Q consisting of exactly two paths of edges from p
to g (which may share some edges but only in an initial and/or final segment of the path).

Proof. (i) Let D; be a component of D for which £|p, has a two-dimensional saddle at p. The
stable and unstable manifolds of £|p, at p are contained in respective edges o, T of €2 such that
w(o) =p and a(r) = p. If a(0) is a D-node, this is a starting point for the required path y.
Otherwise, we restart the same argument for the D-saddle point «(o). Doing analogously with
the point w(7) and using the acyclicity condition, the result follows.

(ii) Following the ideas of Brunella in [5], it is possible to assign a Poincaré index to the
restricted (continuous) foliation £|p at any singularity p € V(£2). It is easy to check that this
index is equal to 1, O or -1 when p is a D-node, a tangential saddle or a transversal saddle
point, respectively. Thus, the formula is a consequence of the Theorem of Poincaré-Hopf in the
sphere (see [18] for differentiable vector fields, although it also works for continuous vector
fields with isolated singularities). To show the last claim, assume that p is a D-node and p € N¢,
for instance. We take a leaf £ of £ contained in D such that w(£) = p and we conclude that
a(l) = g € Sing(L), where ¢ is either a D-saddle or a D-repeller point. In the second case, we
are done. In the first case, we use item (i).

(iii) Consider p € Sing(L). If p is a D-node, then either any edge adjacent to p starts at p
(when p € N”) or any edge adjacent to p ends at p (when p € N%). On the other hand, suppose
that p is a tangential saddle and assume, for instance, that W; is the stable manifold at p. Then
there is a unique edge o that starts at p. Indeed, if D; is a component of D at p not containing
Wl%, then L|p ; has a two-dimensional saddle point at p and hence its unstable manifold, equal

to Wll,, is a curve and Wzlv \ {p} is contained in an edge o (notice also that WII, has only one
side in this case, since it is transversal to D). Finally, suppose that p € S;,. If for instance Wﬁ is
stable, then the two connected components of Wl% N D\ {p} are contained in corresponding edges

ending at p, whereas the two connected components of W; \ {p} are contained in corresponding
edges starting at p.
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(iv) If p is an isolated vertex, then p is a D-node by item (i). Moreover, there is a unique
component, say Dy, of D at p (i.e., e(p) = 1). Assume, for instance, that p € N". Let B be a
compact neighborhood of p in D, homeomorphic to a disc, whose boundary 9 B is smooth and
transversal to £. We have that any nonsingular leave of £|p issued at a point in B cuts 0B at
a single point. In fact, we may identify 0 B with the set H of non-singular leaves ¢ in D with
«(€) = p, so that we equip H with the topology of d B. Using Remark 3, for any £ € H we must
have w(£) = q¢, where g, # p. It remains to show that g, does not depend on ¢. Let g be the
w-limit point of a fixed element £y of H and let us show thattheset H, ={{ € H : w({) =q}is
open and closed in H. To see that H; is open in H, notice that if £ € H,, then the germ of £ at g
is contained in the stable manifold of £ at g. Moreover, if £ is contained in a component D; of
D, then g must be a two-dimensional attractor of £|p, (otherwise, £ would be contained in qu

and £ would be an edge adjacent to p). Similarly, we show that H, is closed in H: given £ € Fq
and taking g¢ = w({), we have that £ € H;, and we have shown above that H,, is open. Hence
any ¢’ € H in a neighborhood of £ would satisfy @ (£') = g. In particular, if we take such £’ in
H, we have g = gy, which shows that £ € H,;.

We can see that |H| := ey € 18 a face of Q: it is connected, open inside Dy, disjoint with
|€2| and closed inside the two-dimensional stratum of S¢(M) contained in Dg (using similar
arguments as above).

Let us show that g is also an isolated vertex. Notice that ¢ € Dy, since £o C Dg. Moreover, the
germ of any element £ € H at g is contained in the stable manifold W¥(gq). Since H is infinite,
W9 (q) must be of dimension at least 2 and must contain the germ of Dy at ¢. If ¢ is not an
isolated vertex, we must have an edge o1 ending at ¢ which is contained in the closure of |H|
(if there are edges adjacent to g not in Dy we must have e(g) > 1 so that necessarily there are
such edges contained in Dy). Let g1 = a(0o1). We have that g1 # p because p is an isolated
vertex. Moreover, since ¢ is in the closure of |H|, we could not have that g; is a repeller point
of the restriction Lp, (since, otherwise, we would have o({) = g1 for several £ € H, contrary to
q1 # p). Thus, g is a two-dimensional saddle point of £Lp, and we obtain an edge o, ending at
¢1 and contained in the closure of |H|. Repeating the argument, we find a sequence of vertices
4,491, 42, ..., all saddle points of the restriction £Lp,, contradicting the acyclicity condition.

We conclude that Dy is the unique component of D at ¢ and that g € N“. As we have shown
above, H is the family of leaves ¢ satisfying both «(£) = p and w(£) = g. Taking a compact
neighborhood B’ of ¢ in Dy whose boundary cuts exactly once each element £ € H, the flow
establishes a homeomorphism d B — 9B’ given by a — £, N 3 B’. By standard arguments, one
proves that the subset {p, g} U|J,cy £ of D is homeomorphic to S? and then it is equal to D,
which gives the result.

(v) Notice that the face I' is saturated by £ and contained in a single component of the divisor.
Denote such component by Dr. If £ is a leaf contained in I', then the limits p = «(¢) and
q = w(¥) are different singular points that belong to Dr. Let us see that they do not depend on £.
We have that p and g are nodes (repeller and attractor, respectively) of the restriction £|p,.: for
instance, if p is a saddle of £|p,, its invariant stable and unstable manifolds, being both disjoint
with £, would be contained in «(£), which is not possible. Similarly to the item (iv), we obtain
that the subset R C I" defined by the union of leaves inside I" with limits at p and ¢, is open and
closed in I'. Hence, R =T, as wanted. The second part of statement (v) is a general result in the
theory of planar graphs (Fig. 5). O

The acyclicity condition permits us to state the following definition.
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Fig. 5. A graph Q2 with three components. Points 3, 4 are transversal saddles, 1 is a tangential saddle whereas 2, 5, 6 and
7 are nodes.

Definition 5. For any vertex p € V(2) we define the length of p, and denote it by /(p), as the
maximal number of edges in a path of edges starting at p. The value /(2) = max{/(p) : p €
V(2)} is called the length of 2.

Put l‘ :=1(R). For j =0,1,...,1, we denote by Q/ the subgraph of €2 whose set of vertices
is V(R/) = {p e V() : I(p) = j} and whose set of edges is the set of edges of 2 starting at a
point in V (27). We have the following filtration of €2, which will be very useful in what follows:

Q< <... <@ <. )

Notice that we have V(Q/) \ V(Q/~) ={p e V(Q) : I(p) = j}, for j =1, ...,1. Concerning
the edges, we have E () = and, for j > 1,

E@H\E@Q@ )= U o 3)

PEV(QN\V(Q/T])

Notice also that V (Q0) = N¢, except for the exceptional case described in Lemma 4 item (iv), in
which Q¥ = Q consists of two isolated vertices (by the way, the unique case where €2 has length
equal to zero).

2.4. The local s-components

From now on, it will be convenient to consider separately the two sides in which the two-
dimensional invariant manifold divides a neighborhood at a transversal saddle point. To unify
notation, we define such “sides” at any singular point p € Sing(L). More precisely, take an
analytic chart (U, Xx) at p where the domain U, is small enough so that, when p is a three-
dimensional saddle, the two-dimensional invariant manifold WI% is well defined in U, and given
by a plane coordinate in the x variables. In this case, D p=DNUpU WI% is a normal crossing
divisor, contained in the union of the plane coordinates of the chart. When p is not a three-
dimensional saddle point, we simply put l~)p = D N U, and require the condition of U, \ D »
being connected.
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Definition 6. The germ at p of a connected component of U, \ D p does not depend on the chart
(Up, x) and will be called a local saddle-component (or just a local s-component for short) at p.

By definition, if p is a D-node or a tangential saddle point then there is exactly one local
s-component at p. On the contrary, if p is a transversal saddle point, then there are two local
s-components at p.

We use the generic letters v, n, etc. either to denote local s-component at some point or rep-
resentatives of them. In this way, the notation v refers, either to the germ of the closure of a
representative of v or to a representative of it. Besides, if p is a D-node or a tangential saddle
point, we denote v = v, the unique local s-component at p. If p is a transversal saddle point,
we denote by v;, v, the two local s-components at p. Denote also by V(£2) the set of all local
s-components at singular points. More generally, if G < €2 is a subgraph, we denote by V(G) the
set of local s-components at points in V(G).

We consider a partial ordering in the set V(2) of local s-components by putting v < p if,
and only if, either v = w or there exists a path of edges (o1, ..., 0,-) such that o1 NV # @ and
or N #A.

Finally, we extend the notions of « and w-limits of edges stated in (1) as follows: given an
edge o € E(R2) and v € V(R2), we say that v is an a-limit (respectively a w-limit) of o, if the germ
of o at «(0) (respectively at w (o)) is contained in V. We consider then &, @ as correspondences
from E($2) to V() so that we use, for instance, the notation o € @1 (v) to indicate that v is an
a-limit of o. In addition, if T" is a face of 2, we put @(I") and &(I") to denote the unique local
s-component at the vertex «(I") and w (I"), respectively.

3. Morse-Smale non-resonant foliations

Let M = (M, D, L) be a HAFVSD and  its associated graph. An edge o = [p, q] of Q is
called a saddle connection if there exists a component D; of D such that ¢ C D; and p, g are
both two-dimensional saddles of the restriction £|p,. In this situation, notice that ¢ is locally
contained in the unstable manifold (respectively stable manifold) of L|p, at p (respectively at
q). A multiple saddle connection is a path of edges y = (o1, ..., 0,) such that each o; is a saddle
connection.

Definition 7. The HAFVSD M is said to be of Morse-Smale type if any saddle connection is a
skeleton edge.

The Morse-Smale condition implies, in particular, that if o is a trace edge of €2 and D; is the
(unique) component of D containing o, then one of the extremities of o is a saddle and the other
one is a node of the restricted foliation L] p,. More precisely, being o = [p, g1, we must have:

- If p is a saddle point of L|p,, then ¢ can be either a D-node or a tangential saddle for which
L|p, has anode at g. Notice that in this last case, g is either an angle or a corner point.

- If p is node point of L|p,, then g is a saddle point of L|p, (in this case g cannot be a corner
point).

As discussed in the introduction, we impose also a requirement concerning a “non-resonance”
condition of multiple saddle connections. The rest of this section is devoted to explain what is
behind this condition and to establish some relevant consequences for the dynamics. Let us men-
tion that such condition was introduced for the first time in Alonso-Gonzalez et al. [2,3], where
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it was stated as the absence of “infinitesimal saddle connections” in the context of a topological
classification of vector fields with Morse-Smale type reduction of singularities.

3.1. Trace marks

First, we define what we call trace marks, curves attached to points in the “middle” of the two
dimensional invariant manifold at a saddle point.

If p € Sing(L) is a three dimensional saddle point, we denote by D the germ at p (or a rep-
resentant of it) of DU W2, a normal crossing divisor extending D. N0t1ce that D coincides with

the germ of D at p if p is a tangential saddle point. Denote by Sk(D ») the union of intersections
of pairs of components of D), (in particular Sk(D) C Sk(D))).

Definition 8. Let p € Sing(L) be a three-dimensional saddle point and let v be a local s-
component at p. A trace mark on v is the image T = B([0, 00)) of an injective analytic parame-
terized curve B : [0, 00) — v such that there exists b := lim;_, o, B(¢) with b € W[% \ Sk(B,,). If
we need to specify the limit point, we will say that T is a trace mark attached to b.

Remark 9. Suppose that p is a three-dimensional saddle point, that v is a local s-component
and that T is the image of an injective analytic curve contained in v such that 7 N Wﬁ is a
single point b with b # p (a trace mark on v, for instance, although more generally we may have
b € Sk(Dp)). By means of the Hartman-Grobman’s Theorem, if b is close enough to p and V is
a sufficiently small neighborhood of p containing b, we have:

(Saty (T)NV)\ Saty(T) = (£p U (W; nv)Nnv

where £, is the leaf of £ at b (so that £, NV is contained in Wﬁ if V is small enough). Notice
that, if p is a D-saddle point, there is a unique edge o adjacent to p such that o Nv # J and such
o contains W; N v. On the contrary, if p is a D-node, then W; N v does not intersect the divisor
D.

3.2. Angle marks

Next, we describe the curves attached to points in the (extended) skeleton that we will con-
sider. They have some explicit “tangency order” with respect to the components of the divisor.
We start with the following definition, that adapts the one that already appears in Section 6 of
[4].

Definition 10. Let ¢ : [0, 0c0) — R2>0 be an injective analytic parameterized curve such that

lim;—, 00 c(?) = (0, 0). Write c(¢) = (c1(¢), c2(¢)) in the cartesian coordinates. We say that ¢ has
a quasi-order if there exist p > 0, o > 0 and constants k1, k> with 0 < k; < k» < oo such that

kici(®)? < ca(t) < kac1(8)” for any ¢ > 1y.
In this case, the univocally determined value p is called the quasi-order of ¢ (with respect to
the x-axis). A subset C C R2>0 is said to be a curve with quasi-order p if C is the support of a

parameterized analytic real curve ¢ with quasi-order p.
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Notice that if C C R2>0 has quasi-order p then p does not depend on the parametrization c.
Moreover, given v : R2>0 — Rio an analytic isomorphism, a subset C C R2>o has quasi-order
if, and only if, ¥ (C) also does. If p is the quasi-order of C, then the quasi-order of ¥/ (C) is
p, in case ¥ preserves each coordinate axis, or 1/p, when v inverts them. In particular, the
quasi-orders of a curve with respect to the x and the y-axis are mutually inverse.

Let a € D be a non-singular point of L. A planar section at a is a germ of two-dimensional
analytic submanifold A of M passing through a and everywhere transversal to the foliation
L. We recall that the word “submanifold” is taken with the meaning of analytic manifold with
boundary and corners. In particular, 9A = AN D and (A, a) is either isomorphic to a closed half
space (R x Rx>0, 0) if e(a) =1, or to a quadrant (Rio, 0), if e(a) =2.

Definition 11. Let o be a skeleton edge and let a € 0. An angle mark at a is a subset X of a
planar section A at a such that there exists an analytic chart ¢y : A — R2>0 so that Y (X) is a curve
with quasi-order. In this case, if Dy, D; are the two components of D such that o C D; N D,
then, for i = 1, 2, the quasi-order of X with respect to D; (or D;-quasi-order) is the quasi-order
pi of (%) with respect to the coordinate axis ¢ (A N D;) (and thus p;py = 1).

Notice that if A’ is a planar section at a different point @’ € o and ¢ : A — A’ is the analytic
isomorphism induced by the foliation £, then X C A is an angle mark at a iff ¢ (X) C A’ is an
angle mark at a’ with the same quasi-order. Any such curve ¢ (X) will be said to be an angle
mark associated to o without explicit mention of the point a’.

3.3. Transition of trace and angle marks

Denote by S” C S the set of D-saddle points for which the one-dimensional invariant manifold
is contained in the skeleton. In other words, the set S’ is composed of the tangential saddle corner
points and the transversal saddle angle points. In the following two propositions, we adapt a
couple of results that appear in [2], in order to describe the transition of trace and angle marks
through a saddle point p € §’. Roughly speaking, the saturation of a trace mark near a point
p € S’ produces an angle mark associated to the skeleton edge that supports W;.

Given p € §',if D;, D ; are the two components of D such that Wll, C D; N Dj and Ay is the

eigenvalue of a local generator of £ at p associated to the invariant curve Dy N W2, fork =i, J,
we define the D;-weight of p (respectively the D j-weight of p) as the value

wp; (p) = Aj/A; (respectively wp;, (p) =Ai/Aj).

Observe that the weights are independent of the chosen local generator and that they are mutually
inverse positive real numbers.

Proposition 12. Let p € S” and let v be a local s-component at p. Denote by o the edge contain-
ing W; Nv and by D;, D; the components of D suchthat o C D; N D;. Let T be a trace mark on
v. Then, in a sufficiently small neighborhood V of p, if A is a planar section at somea € c NV,
the curve ¥. = A N Saty (T) is an angle mark at a with Dy-quasi-order equal to wp, (p), for
k=i,j.

Proof. Let (V, (x,y,z)) be achart at p suchthat D; NV ={z=0}, D; NV ={y =0}, WI% =
{x =0} and v = {x > 0}. For any given p > 0, the p-weighted blow-up with center Y = D; N
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D;NV isthe map 7, : M — V, where M is the analytic manifold with boundary and corners
constructed from two charts (M;, (x;, yi, zi)), i = 1,2, by identifying points in M; \ {z; = 0}
with points in M> \ {y, = 0} so that 7, is well defined by the respective expressions
x=xi,y=y,z=2y0; x=xny=m5" =2

(see [17] or [15] for intrinsic definitions). The map 7, is a continuous proper surjection and
restricts to an analytic isomorphism outside the exceptional divisor H = np’l (Y) (given by equa-
tions {y; = 0} and {z> = 0} in M| and M>, respectively). Notice that, given the planar section
A, ={x =x(a)} at some a € o and the image ¥ C A, \ {a} of a parameterized analytic injective
curve, ¥ is an angle mark with D;-quasi-order equal to p if, and only if, 7 1(2) accumu-
lates on the fiber T, 1(a) along a subset contained in a segment inside M| N M» of the form
vi=0,x=x(a),k1 <z1 < k2~}, where 0 < k| < k».

The transformed foliation £ =77 L]y on M \ H extends continuously to H leaving H in-
variant. More precisely, consider an analytic local generator & of £ at p written as

E=x(a+ A)dx +y(Qi + B)dy +2(2; + C)d;

with aA; <0, A;A; > 0and A(0) = B(0) = C(0) = 0. The transformed vector field E = n/’)“é isa
generator of LonM \ H. We have that £ = §| M, 1s written as:

g1 =x1(@+Aomp)dy +y1(hi + Bomyp)dy +21 (A — pri) +(C—pB)omy)d; (4

(and a similar expression for & = §| M,)- The two vector fields &1, &, extend continuously to H
and, in fact, these extensions are of class C! at any point of M{ N M, N H, independently of p.
When p < 1 (respectively p > 1), it is possible that £ (respectively &) is not of class C! at the
origin of M (respectively of M>). If this is the case for instance for &1, we can make a change of
variables y; ~» yl1 /P (valid in M| \ H) so that & transforms into a vector field written similarly
as in equation (4) but replacing A; with A;p and A o 7, with pA(x1, yll/'o, Z1Y1), etc. This new
vector field is then of class C! also at the origin of M.

Consider the special weight p = wp, (p). Taking into account the expression (4), we have the
following properties:

(a) The leaves of ZlH are given by the lines {y; = 0,21 = c¢}¢er., in M1 N H (or by {z2 =
0, y2 =c}cer., in Mo N H).

(b) The fiber n;li(O) = er_l (WI%) N H is composed of singular points of L.

(c) Atany pointt € np_] (0) N M1 N M>, the linear part of &1 (or &) has one positive, one negative
and one null eigenvalue. Moreover, the fiber np_l (0) is the (unique) center manifold W¢(z) of

L at t, whereas the center-unstable and center-stable manifolds satisfy {W(¢), W (¢)} =
{H, 7, ' (W)

(d) Up to making a ramification of the variable y; (or of the variable z,) as mentioned above,
we have the same conclusion as in item (c) for &; at the origin of M (or for &, at the origin
of M>).

Using the properties (b-d) above and applying the Theorem of Reduction to the Center Man-
ifold of vector fields of class C! (see [11], for instance), we show that for a sufficiently small
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Fig. 6. Transition of a trace mark.

neighborhood V of rrp_l (0) and for any point ¢ € 7 ; 1(0), there is exactly one non-singular leave
of Zl; contained in 7T, 1 (WI%) and accumulating to 7.

Now, suppose that T is a trace mark attached to a point b. Notice that by definition of a
trace mark we have b € W]% \(D;iUDj). Let ¢, NV C W,% be the leaf of L|y through b and
Oy = T, 'ty N'V). If V is sufficiently small, as we have said, £, accumulates to a single point
tp of the fiber np’l (0). Necessarily, #5 is not the origin of none of the charts M, M> (because
b ¢ D; U D; and only the transforms by 7, of the two edges intersecting W2 N D; or W2 ND;
accumulate to those origin points). Again by the Theorem of Reduction to the Center Mamfold
applied to &; at ¢, if we put T= n_l(T) and V = 7r_1 (V), we have that,

(Satg(?) \Satg(f)) NV =0ufnur,

where £’ is a non-singular leave of L | a7 that accumulates to 1, (see Fig. 6). By the property
(a), £’ cuts any transversal section of the form T, 1 ({x = x(a)}) with a € o in a unique point
with coordinates (x1, y1,z1) = (a, 0, z1(#p)). Since z1(#5) # 0, the observation above proves that
¥ = Saty(T) N {x = x(a)} is an angle mark. This ends the proof. O

The converse of Proposition 12 is not necessarily true: from the proof just discussed, one can
construct an angle mark ¥ whose saturation may accumulate to a set with non-empty interior in-
side WZ. However, if the angle mark X has Dy-quasi-order different from wp, (p), its saturation
will accumulate to an edge adjacent to p contained in Wg and produce angle marks associated
to that edge. In the following proposition we make this result precise.

With the previous notation, take p € S’ and o an edge intersecting WI], witho C D; N D;. Let
7;, T; be the two edges adjacent to p and containing D; N Wﬁ, D;nN Wﬁ, respectively. Finally,
let o, A;, A ; be the eigenvalues of a generator of £ at p associated to the directions of o, 7;, 7},
respectively.

Proposition 13. Let X be an angle mark associated to o with Dy-quasi-order equal to py for
k=1, j. Assume that p; # wp,(p) (thus also p; # wp; (p)). Define € € {i, j} as the unique index
satisfying pe > wp, (p). Then, in a sufficiently small nelghborhood V of p, we have

Saty (X)NDNV=(cU{plUt)NV. 5)
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Moreover, if p is a corner saddle point (so that T;, T; are skeleton edges) then, for any planar
section A at some point in T NV, we have that ¥ = Saty (X) N A is an angle mark associated
to t. with D¢-quasi-order equal to

- At — A
b= LTl here (e, €'Y = (i, j). (6)
o

Conversely, when p is a corner saddle point, if S isan angle mark associated to t; (respectively
to ;) with D;-quasi-order (respectively D j-quasi-order) equal to p, then, for any planar section

A at some point in o NV, Saty (i) N A is an angle mark with D;-quasi-order equal to i—’ - ,3%

(respectively with D j-quasi-order equal to i‘—; -0 f‘—l ).

Proof. Assume that p; > A;/A; (ie., € =i). Let (V,(x,y,z)) be a chart at p with the same
properties as in Proposition 12, and consider the p;-weighted blow-up w =, : M — V with
center Y = o N V. Keeping the same notations as in the proof of Proposition 12, we have that
Y' =7~ (1;) is the y;-axis of the first chart M; of 7. The transformed foliation £ = 7*£ has
a local generator &1 in M7 given by the expression in (4), where p is replaced with p;. As we
have already pointed out, this vector field is not necessarily of class C! at the origin of Mj.
However, up to performing a ramification of the variable y;, we obtain a vector field £; of class
C' on M; which is topologically equivalent to & and has a similar expression as (4), although
the eigenvalue A; may be replaced with p; ;. In particular, taking into account that p; > wp, (p),
the point p; is a hyperbolic saddle point of &, for which the divisor H = 7 ~!(¥) is the two-
dimensional invariant manifold, and the y;-axis is the one-dimensional invariant manifold.

Assume that the angle mark ¥ is contained in a transversal section at some a € o of the form
Ay = {x =x(a)}. Since ¥ has D; quasi-order equal to p;, we have that 7 ~! () is contained in
a compact subset of M of the form

K={x1=x(a), ki <z1 <ky, 0 <y <¢},

where 0 < k1 < k. The saturation of K in M by £ can be computed by using the vector field &,
since K C M and M is saturated for £. Applying Hartman-Grobman’s Theorem to £; at p; as
in Remark 9, we conclude that Saty; (K) N 7w ~1(D) is contained in H U ¥’ and contains ¥’ (see
Fig. 7). This proves the required property (5).

Fig. 7. Transition of an angle mark.
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In order to prove (6), we notice first that the eigenvalues of the linear part of & |y at p;
are a, A — p;A; (both of the same sign), associated to the directions of the x; and z;-axis,
respectively. Thus, any trajectory of & |y in a neighborhood of py, except for those two axis, has
quasi-order equal to p; with respect to the x;-axis (identifying HNM; = {y; =0, x; > 0,z; > 0}
with the quadrant R2>o by means of the coordinates (x1, z1)). In particular, Saty,(K) N H is
enclosed by two such trajectories. We perform a new p;-weighted blow-up 7’ =75, : M' — M,
with center Y’ = {x; = z; = 0}, written in the two charts (M1, (x{, ¥}, 2})), (M}, (x3, ¥5.25))
defining M’ as

/ / AV R 1o IN\1/p; / /
x1=x1, )’1:)’1» lezl(x])pls xlzxz(zz) /,01, )’1:)’2, ZIZZQ'

A computation as in the proof of Proposition 12 shows that & = 7’ *£] is a vector field of class
C' on M| N M}, for which any point ¢ € 7' ~!(p1) N M| N M} is a singular point with eigenvalues
a, A, 0 (independent of the point r). At any such point ¢, the fiber 7’ ~!(p1) is the center man-
ifold of &{ (unique in this case), whereas the center-unstable and center-stable manifolds satisfy
(We(q), WS (q)} = {n'~"(H), H'}, where H' =7’ ~1(Y’) is the divisor of 77’. We obtain that
trajectories of 1|z outside {x;z; = 0} are lifted by 7’ to curves accumulating to a single point
of 7' ~1(p1) N M| N M}. Also, the leaves of & |y are the lines {x] =0, z| = c}¢>0. Using these
observations and the same arguments as in the proof of Proposition 12, we conclude that the
saturation 3 of (7 o 7/) (X)) by & is contained in a region of the form {k} < 7} <k} for some
constants 0 < k| < kj. Thus, for u > 0 sufficiently small, we have 7 o /(X N {y] = u}) is an
angle mark associated to t; inside the transversal section A, = {y = u} with quasi-order equal
to p; with respect to D; = {z = 0}. This proves the second assertion of the proposition. The rest
of the statement concerning the transition of angle marks associated to 7; or 7; to an angle mark
associated to o can be proved analogously. O

With the notations of Proposition 13, when p is a corner saddle point, the map p. — P
defined by (6) for € € {i, j} will be called the transition from o to t. and denoted by T, ..,
whereas its inverse will be called the transition from 1. to o and denoted by T7, . Notice that
T5 -, defines an affine bijection from the interval (wp, (p), +00) into the interval (0, 4-00).

3.4. Saddle-resonance

Now we can introduce the main definitions of this section.
Definition 14. (Resonant s-connections) Let p, g € S’ with p # g and let y = (09, 01, ..., 0,) be
a multiple saddle connection from p to g. We say that y is saddle-resonant (or s-resonant for

short) if the following conditions are satisfied:

e Each edge o; is a skeleton edge.
e The first edge oy (respectively the last edge o,,) intersects W]i (respectively qu ).

e Fori=0,...,n — 1, let D; be the component of D which contains o; and o;41. Take pg =
wp, (p). Then pg belongs to the domain of Ty, . By defining recursively, fori =1,...,n—
1, the value

oi = { To,-,l,(r,‘(pifl)s if Di*l = Di
" YTs, 6 (pic1), if Dioy # Dy,
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we have that p; belongs to the domain of T, when i <n.

e Itholds T, .0, (pn—1) =wp,_,(q)-

i,0i+1

The HAFVSD M will be called s-resonant if it has any s-resonant multiple saddle connection.
3.5. Saturation of trace marks

Now we state the main result in this section. Roughly speaking, under the conditions of Morse-
Smale and not s-resonance, the saturation of a given trace mark near a point p € S will be a
surface accumulating along the support of a path of edges that does not depend on the trace
mark. As a consequence, the saturation of the two-dimensional invariant manifold at any p € S,
shares an analogous property.

In the following statement, we fix realizations of the invariant manifolds Wl% for any p € Sy
and denote

N _ 2
D=DU U W
PES:

Notice that, according to the notation already introduced before Definition 8, the germ of D at
any p € S; is equal to D,

Theorem 15. Let M = (M, D, L) be a HAFVSD and assume that it is not s-resonant and of
Morse-Smale type. Consider a D-saddle point p € S and a local s-component v at p. Then there
exists a unique path of edges ©(v) with extremities at p and another point ¢ = q(v), which is a

D-node, satisfying the following property: for any sufficiently small neighborhood U of D in M,
and for any trace mark T on v contained in U, we have

Satg,(T)N D = £, U|0()], (7

where € = + (respectively € = —) in case Wll7 is the unstable (respectively stable) manifold at p
and b e W[% is the point where T is attached.

Proof. Assume for instance that Wll, = W"(p). We proceed by induction on the length I(p) (cf.
Section 2). Let o1 = [p, p1] be the edge starting at p which contains W;7 Nv. Take T a trace
mark on v attached to a point b € Wg \ Sk(lN)p) sufficiently near to p. Using Remark 9, in a

small open neighborhood V;) of p we have

SatJ‘ZO(T)ﬂﬁﬂVoz(ﬁl'fu{p}Um)ﬂVo (®)

Put 77 = Sat™(T) N Ay, where A is a transversal section at some point a; € o N Vp. From (8),
if U is a sufficiently small neighborhood of D, we obtain that

Satf,(T)N D =£ U{p}Uo U (Sat;;(T])mB). 9)
Now, we have several possibilities:

61



C. Alonso-Gonzdlez and F. Sanz Sdnchez Journal of Differential Equations 361 (2023) 40-96

(a-1) The point p; is a D-node. Hence, necessarily p; € N%. We put ©(v) = (o1). As in
Remark 9, the result follows from equation (9) by applying Hartman-Grobman’s Theorem at the
point pp. This situation occurs when /(p) = 1, so we can start our induction argument with this
case (a-1).

(b-1) The point p; is a D-saddle point and the edge o is a trace edge. In this case, by
the Morse-Smale condition, the component of D which contains o coincides with the two-
dimensional invariant manifold W1%| locally at py, that is, p1 € S;g. Thus, by using the flow, we
can see the curve 77 as a trace mark on the (unique) local s-component at p;, denoted by v;. Us-
ing the induction hypothesis, we consider the path of edges ®(v) starting at p; and satisfying
(7) for vi and T7. By means of (9), the path ®(v) = (o1, ®(v1)) satisfies the requirements of the
theorem.

(c-1) The point p; is a D-saddle point and the edge o is a skeleton edge. Let D1, D; be the
two components of D such that oy C D1 N D;. By Proposition 12, the curve T7 is an angle mark
associated to o1 with D;-quasi-order equal to wp, (p), for i =1, 2. It turns out that there exists
a unique edge o2 = [p1, p2] such that, in a small enough neighborhood V; of pj, and assuming
that a is sufficiently close to p;, we have

Saty, (T])ﬂﬁﬂV] =Saty (T1)NDNVi=(o1U{p1}Ua) N V. (10)

Indeed, if o} is contained in ng locally at pp (that is, either ng C D or WI%I C D) then
(10) holds with o5 the edge intersecting Wll, o by Remark 9. On the other hand, if o intersects
W;l then, by the non-resonance hypothesis, we have that wp, (p) # wp, (p1), fori =1,2, and
equation (10) holds as a consequence of Proposition 13. Put 7, = Sat™(T7) N A,, where A; is a
transversal section at some point a; € o;. Using equations (9) and (10), we obtain that if U is a
small enough neighborhood of D then

Satf,(T)N D = £} U{p}Uo Uoy U (Sat;;(Tz)mB).

Take o2 = [p1, p2]. Now, we have the same three possibilities for the extremity p; as those we
had for pj, namely:

(a-2) The point p, € N¢. We finish by taking ® = (o1, 02).

(b-2) The point p, belongs to S;, and o7 is a trace edge (thus intersecting W,%z C D). Taking
ay sufficiently near to p,, we have that 7, is a trace mark at p;. By induction hypothesis on
I(p2) < I(p), we finish by taking ® = (o1, 02, ©®(v2)) where v; is the local s-component at ps
containing 7.

(c-2) The point p> belongs to S and o7 is a skeleton edge. Applying Proposition 13 to p; and
T1, we have that 7> is an angle mark associated to o».

Since the graph 2 is finite and has no cycles, by repeating the arguments, we obtain a path
(o1, ..., 0.) with the following properties:

e The path (o1, ..., 0,_1) is a multiple saddle connection.
e For je{2,...,r}, define T; = Sat+(Tj_1) N A, where A; is a transversal section at some

pointa; € ;. Then T} is an angle mark for j < r and, if U is a sufficiently small neighbor-
hood of D, we have

Sat;,(T)ND =€ U{p}Ua Uquu-uG,U(Sat;(T,)mﬁ).
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e The extremity p, = w(o,) is either in the situation (a-r), i.e. p, € N¢, or in the situation
(b-r),i.e., pr € S;¢ and o, is a trace edge intersecting W;r cD.

If p, € N¢, we put ®(v) = (o1, ..., 0,) and the result follows. In the situation (b-r), we may
assume that 7, is a trace mark on v,, the (unique) local s-component at p,. By induction hypoth-
esis, we get a path ®(v,) satisfying (7) for v, and 7. Finally, the path ® (v) = (o1, ..., 07, ©(v;))
satisfies the required property for v and 7. This ends the proof. O

Remark 16. From the construction of the path ®(v) in Theorem 15, it follows that there is no
trace edge in ®(v) which ends (resp. starts) at a transversal saddle point if W; is the unstable
manifold (resp. the stable manifold) at p.

Corollary 17. With the same conditions as above, given a transversal saddle point p € Sy, there
are two paths of edges 1!, H% starting (resp. ending) at p and ending (resp. starting) at some D-
node point when W127 is unstable (resp. stable), such that for any sufficiently small neighborhood
U of D in M we have

Saty(W2)ND=W2NU U|T}|U|TT3|. a1

As a consequence, two different elements in the family {SatU(Wg)} pes,, are always mutually
disjoint, for U small enough.

Proof. Assume, for instance, that W]% is the unstable manifold. In light of Lemma 4, there are
exactly two edges starting at p, say o; = [p, p;], i = 1, 2. Moreover, they are trace edges and
satisfy W,% N D C o1 Uoy U {p}. By the Morse-Smale condition, the extremity p;, fori =1, 2,
is either a D-node or a tangential saddle point, and hence, there is a unique local s-component
v; at p;. Consider a neighborhood U; of o; and a transversal section A; at some point in o; N v;,
both sufficiently small to guarantee that 7; = Sat+ (W2) N A; is a trace mark on v;. Put 1'[’

(o7, ©(v;)), i =1,2. Property (11) follows by applylng Theorem 15 to the local s- components
v1, vz and the trace marks T, T, respectively. Now, notice that if p’ € Sy and p’ # p, then (11)
implies that SatU(WI%) N WZ, C D. On the other hand, we have SatU(WI%) ND={p}UociUos,
where o1, 02 are as above. These two observations prove the last claim in the corollary, taking
into account that none of those two edges cuts Wg,, by virtue of the Morse-Smale condition. O

Note that the paths in Corollary 17 associated to different transversal saddle points may share
common edges. This means that, although the saturations of the two-dimensional invariant man-
ifolds at different transversal saddle do not intersect, their closures in M could.

Remark 18. The disjointness property of the family of sets in the last part of Corollary 17 can be
extended to saturations of trace marks. More in precise: assume that for each v € V() we take
a (possibly empty) family {Tv], ..., T;"} of mutually disjoint trace marks in v, attached to points
not in |€2|. Then, for a sufficiently small neighborhood U of D in M, the elements of the family

F = {Saty (W)} pes,, U {Saty (T hev@), j=1....s,

are pairwise disjoint. To see this, notice that if v is associated to a transversal saddle, then equa-
tion (7) is true for any 7/ (deleting the exponent € € {+, —} that indicates the sense of the flow).
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On the contrary, if v is not associated to a transversal saddle and Tuj is attached to a’, 'then
a’ € D for jell,...,s}. By pushing T/ by the flow, we get two trace marks T (+), TJ (-)
on the local s-components w(€,;) and a(£,;,), respectively, and we have

Saty(T)YN D = (SatzL,(ijH-)) N 5) Ut,, U (Sata(ij(—)) n 5) .

The fact that two different elements of F do not intersect follows, as in Corollary 17, from these
observations along with the corresponding properties (7) and (11) applied to those elements.

4. Distinguished neighborhoods from chimneys

Let M = (M, L, D) be a non s-resonant of Morse-Smale type HAFVSD. In this section we
construct a convenient base of neighborhoods of the support |2| by using the so-called distin-
guished fattenings that we define below. These fattenings will constitute the first pieces in order
to get the fitting domains announced in Theorem 1. Each one of them will be constructed by
considering small local neighborhoods at points of Sing(£) of chimney-shape connected along
the edges of the graph in such a way we control perfectly the transversal frontier of the resulting
neighborhood. The constructions in this section are inspired in those ones presented by Alonso-
Gonzalez, Cano and Camacho in [2,3].

For ease of its reading, since we introduce a considerable amount of notation and intermediate
technical results, we organize this section in several subsections.

Notation.- In what follows, a subset / C M will be called an (open or closed) interval if 1
is homeomorphic to an (open or closed) interval of R and its closure I is homeomorphic to
a compact interval [a, b] C R. In this case, the points a’, b’ of T corresponding to a, b by an
homeomorphism are called the extremities of I, while we use the notation I=1 \{a’,b’}. An
interval I will be called non-trivial if it is non-empty and not reduced to a single point. On the
other hand, a subset of M homeomorphic to a (open or closed) two-dimensional disc will be
also called a (open or closed) disc. In this situation, expressions of the type “boundary” of a disc
T C M, etc., refer to the subset of T which corresponds to the boundary of the genuine disc by
a homeomorphism.

4.1. Chimney-shape neighborhoods at singular points

Let p € Sing(£) be a singular point and assume that p is a three-dimensional saddle. Let
(V,x=(x,y,2)) be an analytic chart of M at p such that the local invariant manifolds at p are
analytic submanifolds of V given by

WanV={z=0}, WpnV={x=y=0}.

The coordinate z can take values either on R (when p € N U S;¢) or on R (when p € §;,).
For convenience, we use the notation € = + in the first case and € € {+, —} in the second one.
According to the definition in Section 2, the local s-components at p are the germs at p of the
open sets {€z > 0}, denoted by v7,, where € is chosen with that convention. For any such € and
any § > 0, we consider the closed cylinder B = Bg = {x2 + y2 < 4,0 < ez <8} and distinguish
the followings three components on its boundary:
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b(B) = {x*+y*<8,2=0},
t(B)={x%2+y*<6,z=¢€6},
w(B)={x2+y2=5,0<ez <6},

called, respectively, the base, the fop and the wall of B. Notice that b(B) = BN W; and that
t(B) cuts transversally W; at a unique point. The base and the top are closed discs, whereas

the wall is either a disc or homeomorphic to the cylinder S! x [0, 1], the latter case occurring
if and only if p € N. When w(B) is a disc, its boundary is the union of four closed intervals:
w(B) Nt(B), w(B) Nb(B) and the two connected components of D; Nw(B), where D;‘, is the

union of components of D containing Wli.

We will always assume that § is sufficiently small so that p is the only singular point of
L in B and £ is transversal to the top and to the wall. By means of the Hartman-Grobman
Theorem, this implies that, for any a € w(B) \ b(B), the leaf ¢, of L|p through a cuts 7 (B) \ Wll,
at a single point, thus establishing a homeomorphism w(B) \ b(B) ~¢(B) \ Wll,. Moreover, if
a € b(B) \ {p}, then £, N B is a B-leaf, completely contained in W2, that cuts once w(B) and
accumulates to p.

Definition 19. Given B = B as above, a fence in B is a semi-analytic subset F C w(B) which
is homeomorphic to the wall w(B) and satisfies (see Fig. 8)

() FNt(B)=4a.

(2) Thesetb(F)=F N W;, called the base of F,is equal to b(B) N w(B).

(3) If w(B) is a disc and J is a connected component of D; Nw(B), then J = J N Fisanon
trivial closed interval. Any such J is called a doorjamb of the fence.

Recall that either F' is homeomorphic to S! x [0, 1] or F is a closed disc. In the first case
F has no doorjambs, while in the second case it has two doorjambs, denoted by Ji, J>. In both
cases, the fence F is a topological surface with boundary, and its boundary 0 F contains the
base b(F) and the doorjambs of F (if they exist). The handrail of the fence F is defined as
h(F):=0F\ (b(F)U JyUJ), (and hence 0F =b(F)U J1 U J, Uh(F), where J1 = J, =@ if
F has no doorjambs). The handrail of F' does not intersect the base b(F'). It is homeomorphic to
Stif F ~S! x [0, 1] or a closed interval if F is a disc. Moreover, in this latter case, the handrail
h(F) cuts each doorjamb just in a single point, which is a common extremity of both.

Definition 20. Let v be a local s-component at p. A chimney neighborhood (or a c-nbhd for
short) in v, is a set of the form C = Cp r = Satg(F) N B, where F is a fence in a cylinder
B = Bj such that v C B (see Fig. 8). We say that F is the fence of C, and denote it by F¢, if
we want to emphasize that it is associated to C. A refinement of C = Cp, r is another c-nbhd of
the form C' = Cp g/, where F’ is a fence in B contained in F¢. We will use the notation C’ < C.
(Notice that the cylinder frame B is the same for C and for any of its refinements).

A c-nbhd C is a compact three dimensional topological manifold with boundary and a semi-
analytic set of M. Notice that its boundary dC contains the topological frontier Fr(C) inside
M, but that the equality does not hold (unless p € S;,) since we are working in M, having
itself a boundary. More precisely, dC \ Fr(C) is equal to the interior inside dC of dC N D, a set
which is locally invariant by £. Therefore, there is no ambiguity in adopting, from now on, the
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b(F)

Fig. 8. Chimney with elements.

notation dC™ := Fr(C)™ for the transversal frontier of C (according to the definitions introduced
in Section 2). Observe that 3C™ consists of two connected components: the fence F = F¢ of C
and the set L = L¢ :=C Nt(B), called the lid of C. The lid is a closed disc, independently of
the topology of the fence. More precisely, we have {3C", 3C®'} = {F¢, L¢}, where 3C" = F¢
(resp. aCi" = L¢) if, and only fif, Wf, is the stable (resp. unstable) manifold. Considered as
manifolds with boundary, points in the interior of dC”* (resp. dC°*) are of type e-i (resp. i-e),
relatively to C, while points in the boundary of dC™"* (resp. dC°"“') are of type e-t (resp. t-¢).

Notice that, if p is a tangential saddle or a D-node point, and v, is the unique local s-
component at p, then a c-nbhd in v, is actually a neighborhood of p in M. On the contrary,
if p is a transversal saddle point, the union of the respective chimney neighborhoods C*,C™ in
the two local s-components v;, v, at p, is a neighborhood of p.

So far, we have constructed chimney neighborhoods for three-dimensional saddles. In order
to unify notation, if p € Sing(£) is not a three-dimensional saddle point and v = v, is the unique
local s-component at p, a chimney neighborhood (or a c-nbhd for short) in v is a pair (C, F) of
sets where:

-C = {x?+ y?> 4 z? < 8} C v in some analytic coordinates X = (x, y, z) at p such that 8C \ D
is everywhere transversal to £;

- F is a subset of 3C"(:= Fr(C)" =9C \ D) which is the image of a one-to-one continuous
map ¢ : (CN D) x [0, 1] — dC™ such that ¢(z, 0) = 1 for any t € C N D.

For the sake of simplicity, we just say that C is a c-nbhd and that F = F¢ is the fence of C.
The set b(F) := dC N D is called the base of the fence F and the set A(F) := ¢ ((0C N D) x {1})
is called the handrail of the fence F; both are semi-analytic curves homeomorphic to S!. As
in the case of a three-dimensional saddle D-node, there are no doorjambs of F. Finally, the
set L =dC™M\ F is called the lid of the c-nbhd C. It is a semi-analytic closed disc, satisfying
oL =h(F).

4.2. Doors and pre-doors of a chimney neighborhood

Definition 21. Let C be a c-nbhd in some v € V(2) with fence F = Fg and lid L = L¢. A
pre-door of C is a semi-analytic disc D C dC™, either contained in F or in L, such that:
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(i) D contains at most one point of the set dC N |€2]. If such a point exists, it is called the center
of D.
(i) If D C L, then Satg (D) is a refinement of C. The set b(D) := D N D is called the base of
D in this case.
(iii) If D C F, the set b(D) := D N b(F), called the base of D, is a non-trivial closed interval
(necessarily contained in 9D).
@iv) If D C F and F has doorjambs Ji, J>, then at most one of the two sets J1 "D, /b N D is
non empty and, if J; N D # @ fori € {1, 2}, then J; N D is a non-trivial closed interval with
one extremity in b(D). If J; N D # @ then J; N D is called the fixed doorjamb of D.
(v) If a is the center of D, then a is an interior point of b(D) U J, where J is the fixed doorjamb
of D or J =@ if D has no fixed doorjamb (for instance, when D C L).

h(F)

Fig. 9. Predoors Dy, D, and doors D3, Dy, all of them with their doorjambs in bold line.

Given a pre-door D in C, a framing of D is the choice of a non-trivial closed interval #(D) C
dD, called a handrail of D, which satisfies the following rules (see Fig. 9):

e The interior h(D) of h(D) does not intersect D U Wg.

e If D is contained in the lid of C then 2(D) = 9D \ b(D).

e If D is contained in the fence F¢ then (D) contains D N h(F¢) and 9D \ (b(b) U h(D)) =
J U J’, where J, J' are two nontrivial closed disjoint intervals such that one of them is the
fixed doorjamb of D if D has a fixed doorjamb.

Once we have assigned a handrail to D, we will say that D is a framed pre-door. Notice
that there is only a possible frame in case D is contained in the lid. Moreover, in this case,
Sate (h(D)) N Fg is the handrail of the fence of the refinement Satg (D) < C. On the contrary, if
D C Fg, the two intervals J, J' in the definition of frame are called the doorjambs of the framed
pre-door D. One of them coincides with the fixed doorjamb of D, in case it exists (hence, it does
not depend on the chosen frame). A doorjamb of D that is not equal to the fixed doorjamb is
called an unfixed doorjamb of D.

Two pre-doors Dy, D, in C will be said compatible if either Dy N D, = @ or if there exist
respective frames such that Dy N D, is a common doorjamb of both of them (necessarily a
common unfixed doorjamb).
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Definition 22. A door of the c-nbdd C with fence F' and lid L is a framed pre-door D in C such
that:

G fDcCL,thenD=L.
@ii) If D C F, then the handrail of D is equal to #(D) =D N h(F).
(iii) If D C F and D has a fixed doorjamb J, then J is also a doorjamb of F.

We will also say that D is an in-door or an out-door if it is contained either in aC" or in C°M!
respectively.

4.3. Distinguished fattenings of the graph

We use the notations introduced in Section 2. In particular, recall that if G < €2, then V(G)
denotes the family of local s-components at vertices of G.

Definition 23. Let G < 2 be a subgraph of Q. A fattening of G is a map K from V(G) U E(G)
into the family of compact subsets of M satisfying:

(i) For each v € V(G), the set X(v) is a c-nbdh in v.

(ii) For each edge o = [p, q] € E(G), there are points aj,ay € o and respective transversal
sections ¥; at a;, for i = 1,2, both compact discs, such that (o) is a flow box, with
respect to the foliation £, from X to X.

(iii) The set

Ki= |J ko u | Ko,

veV(G) 0€E(G)
is a neighborhood of |G| in M. It is called the support of K.

The elements K (o) for o € E(G) are also called fubes. Notice that the transversal sections
Y1, ¥, in Definition 23 are the inner and outer frontier of the tube }C(o'), denoted by K (o)™,
K (o), respectively. N _

Given a fattening KC of G, a refinement of K is a fattening K of G such that £(v) isa reﬁnement
of c-nbhd of IC(v) for any v € V(G), and such that IC(o) satisfies 8IC(0)”’ Cc K (o))" a
BIC(U)O’” C K (o)°", for any o € E(G) (we just say that IC(J) is a refinement of the tube
K (0)). Notice that a refinement IC(G) is completely determined by either its inner or its outer
frontier. On the other hand, if K is a fattening of G and G’ < G is a subgraph, we denote by K|¢’
the fattening of G’ given by the restriction of X to V(G') U E(G").

Definition 24. Let K be a fattening of a subgraph G < Q. Given p € V(G), we will say that
is pre-distinguished at p if the following properties hold:

(a) If o, T are different edges of G adjacent to p, then (o) N (7)) =
(b) If p € S and v;, v, are the two local s-components at p, then the c-nbhs IC(v;{) and IC(v;)
have equal base.
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(c) For any edge o € E(G) starting at p and for any v € @(o), the set K (0)" NK(v) is a
door of KC(v), and we have 3K (o)™ = UUE&(G) 3K (o)™ N K(v). Moreover, if p € S;, and
on W; # @, then the two doors /(o) N IC(v;), € € {+, —}, have equal base.

(d) For any edge o € E(G) ending at p and for any v € w (o), the set IK(0)° N K(v) is a
pre-door of C(v), and we have 0K (o) = Uveé((,) K (0)°"" N K(v). Moreover, if p € S,
and o N Wg # (J then the two pre-doors 9K (a)°% N IC(v;), € € {+, —}, have equal base.

The fattening X will be called distinguished at p (or also distinguished at v if v is a local
s-component at p) if X is pre-distinguished at p and in item (d) we may replace “pre-door” with
“door”. Finally, /C is said to be pre-distinguished (resp. distinguished) if it is pre-distinguished
(resp. distinguished) at every p € V(G) (Fig. 10).

Fig. 10. Distinguished fattening.

Notice that being distinguished is the same thing as being pre-distinguished both for £ and
for the reverse foliation —L.

Definition 25. Let K be a pre-distinguished fattening of the whole graph €2 and let v be a local
s-component at some p € V(2). Assume that K is distinguished at p € V() or that d/C(v)°4! =
Fic(vy. In this case, an unfree K-door at v (or in K(v)) is any of the sets of the form Fyc(,) NK(0),
where o is an edge satisfying o NV # @. Also, a free KC-door at v (or in IC(v)) is the closure of
a connected component of Fic(,y \ H, where H is the union of the unfree K-doors at v.

Notice that both the unfree or free C-doors at v are actually doors of the c-nbhd /C(v). Besides,
a free KC-door does not cut the support of the graph 2. When K is distinguished, given a face I"
of €, there are exactly two free K-doors intersecting I and we say that they are associated to T.
One of them, denoted by D",C"”r, is an out-door of /C(@(I")) and the other one, denoted by D%,r’
is an in-door at KC(@(TI")). On the other hand, if p is a transversal saddle and K is distinguished
at p then there is a unique free /C-door at any of the two local s-components v;:, v, and none of
them cuts the divisor. We say also that they are associated to p. Notice that any free KC-door is

either associated to a face or associated to a transversal saddle point.

In the following statement we summarize the structure of the points on the frontier of a dis-
tinguished fattening support according to the definitions in Section 2 (see Fig. 11). The proof
follows straightforwardly by construction.
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Fig. 11. Different type points.

Proposition 26. Let IC be a distinguished fattening of Q and F the family of all free K-doors.
Then, the transversal frontier of |K| is equal to

Frakn™= |J P u | Liw,

DeF geN

and this set does not contain points of type e-e nor i-i (relatively to |K|). Consider now p € V(£2),
v a local s-component at p and D a free K-door in K(v). Assume for instance that D C 3KC(v)".
Let Jy, Jy be the doorjambs of D with extremities h(J;) := J; N h(D), b(J;) := J; N b(D), for
i = 1,2. Then we have the following types, relatively to |KC|, of points in Fr(kKpm:

(i) If p €S, then
int(D)Ub(D), h(D), i UL U b, b)), (h(J), h(])
are, respectively, the sets of points in D of type e-i, e-t, t-i and t-t.
(ii) If p € N and p is a three-dimensional saddle, then the interior (resp. the boundary) of
Lic vy is the set of points in Ly of type i-e (resp. t-e).

(iii) If p € N and p is not a three-dimensional saddle, then any point of int (L)) is of type
i-e whereas the sets

D\ (1UJ2), 1V,
are, respectively, the sets of points in D of type e-i and t-i.
The situation in completely analogous in case D C K (v)°!.
4.4. Obtaining distinguished fattenings
It is clear that the family of supports of fattenings of 2 forms a base of neighborhoods of |€2|.
Our main objective in this subsection is to prove that this is also true for the family of supports

of distinguished fattenings. Let us first introduce a definition and a lemma whose proof is direct.
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Definition 27. Let v € V(R2) and let C be a c-nbhd in v. A system of entrances (resp. sources) of
C is a finite collection £ = {Dy, ..., D,} of mutually compatible framed pre-doors in dC"* (resp.
aC°""). The system & will be called complete if the set C' = Satc (| ;_, D;) is a refinement of C.
In this last case, we say that C’ is the c-nbhd associated to the complete system .

Notice that, if some D € £ is contained in L¢, then £ = {D} and £ is complete. On the other
hand, if £ ={Dy, ..., D,} and any D; C Fg, then £ is complete if, and only if, | J;_, b(D;) =
b(C). Finally, if £ is a complete system of entrances and C’ is the associated c-nbhd, then each
element of £ is a door of C’.

Lemma 28. Any system of entrances E={Dy,..., Dy} of a c-nbhd C can be extended to a
complete one £ D E. As a consequence, there exists a refinement C' < C for which any D; is a
door of C'.

Theorem 29. Let M = (M, D, L) be a non s-resonant of Morse-Smale type HAFVSD and 2 its
associated graph. Then given any fattening K of Q, there exists a distinguished fattening IC of Q
such that |K| C |K]|.

In the proof of Theorem 29, we proceed recursively on the components of the filtration (2) of
the graph Q defined in Section 2. Let us notice that we may assume that /C satisfies that for any
p € S, the two c-nbds K(U;) and IC(vlj) have the same base.

First step.- Getting pre-distinguished fattenings. We first show that the set of pre-distinguished
fattenings is a base of neighborhoods of |Q2|. More precisely, given a fattening /C of €2, there exists
a pre-distinguished fattening K’ such that |/C’| C |K|. To do this, we use the filtration (2), where
1 :=1(2) is the length of €2, and we construct, by recurrence on j =0, ...,/ a pre-distinguished
fattening K/ of ©/ such that |[K/| C [Klqil. At the end, the desired pre-distinguished fattening
is given by K’ := K.

For j =0 we just take K% = C| 0.

Assume that K7~ is constructed for j > 0. Given anedge o € E(Q/)\ E(/~!), we consider
a tube 7, C K(o) from a disc A(o) to a disc B(o) such that, if o = [p, g], they satisfy the
following conditions:

(i) If @(o) = {v}, then A(o) is a pre-door of K(v) contained in dK(v)°*' with center the point
KW No.

(i) If pe S, and a(o) = {v;‘, v;}, then A(o) is the union of two pre-doors with equal base,
one of them in 8/C(v;‘)"“’ and the other one in BIC(v;)”“’, both with equal center (at
8/C(v;;)0’” No).

(iii) If @(o) = w then B(o) is a pre-door of K () contained in d/C(w)"".

(iv) If g € S, and @(0) = {v;, v, }, then B(o) is the union of two pre-doors with equal base
and equal center, one of them in 8]C(v;‘)i” and the other one in BIC(vq_ yin,

Notice that, in the situation (ii) (resp. in (iv)) we just have to guarantee that the boundary of A(c)
(resp. B(o)) cuts only once WI% (resp. qu). Observe also that both (ii), (iv) do not occur simul-
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taneously by the Morse-Smale condition.! Moreover, the tubes T, for o € E(Q/) \ E (€71
should be chosen small enough to be mutually disjoint. We put X/ ~! (') := 7, for any such o.

Now, if v e V(Q/) \ V(Q/™1), the family £, = {A(6) N K(v) : v € &(0)} is a system of
sources of /C(v). Applying Lemma 28, there exists a refinement C,, < K(v) such that each el-
ement of &£, is a door of C,. Put }C/ (v) := C,. Summarizing, we have defined K/ at the local
s-components at vertices of 2/ that are not in /7!, and at the edges starting at them. We extend
these values to Q/~! < Q/ by putting K/|g,-1 = IC/ ! 5o that we get a fattening on Q/, using
(3). By construction and recurrence, K/ is pre-distinguished and |KC/| C IKlqjl, as wanted.

Second step.- Getting distinguished fattenings. To finish the proof of Theorem 29, it is enough
to prove that any pre-distinguished fattening has a distinguished refinement. This will be a con-
sequence of the following more general result, which will be useful to us later. It is stated for
subgraphs of 2 and asserts that the refinement K can be chosen to preserve some prescribed
systems of entrances.

Proposition 30. Let G be a subgraph of Q2 and let KC be a pre-distinguished fattening of G.
Suppose that for any v € V(G) there exists a (possible empty) system of entrances &, of K(v)
satisfying the following property

DNAK(@)™ =0 forany D € &, and for any o € E(G)N&~ ' (v). (12)

Then there exists a distinguished refinement K of K such that, for any v € V(G) and for any
Deé&,, Disadoor of C(v).

Proof. Let g = g(G) be the maximal length of the vertices of G. Notice that the filtration (2)
induces a filtration

G'<G'<...<G8=G%*'=...=G' =,

where, for any j, the graph G/ is the intersection of Q/ and G, thatis, V(G/) = V(Q/) N V(G)
and E(G/) = E(Q/) N E(G). The proof goes by induction under g.

If g =0, then G = G° consists only of finitely many D-nodes (all of them attractors, ex-
cept, possibly, for the exceptional case described in Lemme 4, (iv)) and contains no edges. The
proposition follows by applying Lemma 28 to every element of V(G).

Suppose that g > 0 and assume that the result holds for any subgraph G’ < Q with g(G’) <
g. Let v e V(G) \ V(G5~1). First, we apply Lemma 28 to the system &,, so that we obtain a
refinement C, < IC(v) for which any D € &, is a door of C,. Now, for any given o € @~ ! (v),
we can take a refinement 7, < /(o) determined by an inner transversal part 87:,”’ C K (o)™ in
such a way that, being {c,} = o N dLC(v), the following conditions are satisfied:

(a) If (o) = {v} and @(c) = {n} are both singletons, then we choose BT(,"” to be a door of C,
contained in dC$*" and centered at ¢, (hence, 37" is a pre-door in A (m)i™).

(b) If (o) = {v} and &(o) = {vq , Vg } with g € S, then we choose dT" to be a door in
dCo"" centered at ¢, and such that the resulting outer part 372" is the union of a pre-door in
K (v)™ and a pre-door in 9K (v, )™, both sharing their base.

'y any case, there is no particular problem here to guarantee both conditions (ii) and (iv), because WIZ,, qu are
analytic manifolds.
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(c) If v is associated to some p € Sy, and @ (o) = {v;‘, v;} = {v, V'}, then we choose 87;”’ =
AU A’, where A is a door in 3C9"" and A’ is a door in 863,’”, both centered at ¢, with equal
base. Notice that the Morse-Smale hypothesis implies that in this case @(o) is a singleton. We
conclude, as in case (a), that 372" is a pre-door in 8K(vq)”’.

To see that there exists such a tube 7, (determined by its inner frontier) with the above
properties, only the case (b) deserves a comment: in this case, the Morse-Smale hypothesis
implies that o crosses the boundary of C, necessarily through the fence, thus equal to dCS"'.
This is enough to guarantee that the door 872” can be chosen so that its boundary cuts the an-
alytic curve Sat, ;q(qu) N 3K (v)?" only at ¢, and at another point belonging to the handrail
h(87:,i") C h(Fg,) (see Fig. 12). As a consequence, 37" intersects qu along a closed interval
and hence it holds the required property stated in (b).

Fig. 12. Getting distinguished neighborhoods.

Now we consider for any u € V(G8~!) the following family of pre-doors of K (i) in d/C(p)":
guzﬁu U{aﬁ“fnan(u)”’ :0 € E(G) with ped(o), @) N V(G =@). (13)

Using (12) for &, and the construction of the tubes 7, above, we have that the family SM is a
system of entrances of the c-nbhd KC(u) for any € V(G#~ 1. Moreover, the collection {E,) still
satisfies (12) when we replace G by G8~ I (notice that 5 only differs from &, if u € V(G8~ Hy
V(G$72), and there are no edges of the graph G&~! endmg at those local s- components) By the
induction hypothesis, there exists a dlst1ngu1shed refinement K' of Kl ge-1 such that for any u €
V(GS™ 1Y and for any D € 5’”, D is a door of K! (u). Let K be the fattening of G = G¢ defined
by ICl(;g = K! and also by putting IC(v) C, and IC(G) T5, for any v € V(G) \ (G5~ 1
and any o € E(G) \ E(G%~1). By construction, we have that Kisa distinguished refinement of
IC satisfying the desired requirements. 0O

Proof of Theorem 29. In light of the first step above described, we may assume that the initial
fattening K is pre-distinguished. Applying Proposition 30 to G = €2 and taking &, = # for any
v € V(R2), we have that there is a distinguished refinement C < /C, and we are done. O

Scholium 31. It is clear that the distinguished refinements construction given in the proof of
Proposition 30 is by no means unique, so it can be adapted to many different situations. We
take advantage of this adaptability along the rest of the paper in order to construct distinguished
fattenings with additional properties. To systematize the arguments and notations in such con-
structions, let us summarize the proof of Proposition 30 in the following way:
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The resulting distinguished refinement K < K is constructed recursively as a final step in a
sequence

K=Ng+1>./\fg>~~->/\/1>/\f0=l€ (14)

of predistinguished fattenings of G such that, for j € {0, 1,..., g}, N only differs from ;4
on the local s-components at points of V(G/) \ V(G/~!) and also on the edges starting at them
(with V(G~1) = #). In other words, for any such index j (and putting Gstl = G), we have

Nijlgi-1 =Klgi-1, 15)

N}'|(G/'+l)cmc =/\[j+1 |(Gf+1)ﬁ‘ﬁGv
where (G*)¢ N G is the complement of G* in G, i.e., the subgraph of G generated by the edges
of E(G) \ E(G*) (cf. Section 2). In particular, \/; is distinguished at any v € V(G) \ V(G/71),
for any j.

5. Good saturations

As mentioned in the introduction, the fitting neighborhoods we are looking for are obtained
by extending the support of an appropriate distinguished fattening. To this end, we adapt the
construction in Proposition 30 in order to get distinguished fattenings with controlled free doors
saturations (the good saturations property). Recall that these free doors form essentially the
transversal frontier of the fattening (Proposition 26) and those associated to faces of the graph
must be “closed” to the purpose of getting fitting domains.

We fix again a non s-resonant of Morse-Smale type HAFVSD M = (M, D, ).

5.1. Definitions and statements

Let IC be a pre-distinguished fattening of Q2. Given p € S;,, a fixed mark (of IKC) at p is the
intersection of WI% with the boundary of a tube (o), where o is adjacent to p and intersects

Wl%. If v is a s-component at p, we say also that we have a fixed mark (of /) at v. Since there
are two of those edges o, there are also two fixed marks at p. If we need to distinguish them, we
just say that the fixed mark is associated to the edge o . Notice that a fixed mark associated to o
provides, by saturation, a trace mark in the local s-component at the extremity of ¢ that is not p
(cf. proof of Corollary 17).

Definition 32. Let C be a distinguished fattening of 2. We say that X has

e Good saturations for fixed marks (gsfm) if given p,q € S; with p # g and fixed marks
I, 1, of K at p and ¢, respectively, we have

Sat|]C|(Ip) n Sat‘}c‘ (Iq) =0.

o Good saturations for free doors (gsfd) if for any pair of different free K-doors D, D’ which
are not associated to the same face of 2, we have

Sat|;c|(D) N Sat|]C|(D/) =.
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o Good saturations for fixed marks with respect to free doors (gsfmfd) if for any fixed mark 7,
at some p € S, and any free KC-door D at v € V(L2) such that v ¢ {v;‘, v;}, we have

Sat‘]q(lp) ND=4¢.
We say that K has good saturations if the three conditions above hold.

The main result in this section is that any distinguished fattening has a refinement with the
property of good saturations. More in precise:

Theorem 33. Assume that M = (M, L, D) is non s-resonant and of Morse-Smale type. Given a
distinguished fattening KC over 2, there exists a refinement IC of IC which is distinguished and
has good saturations.

Remark 34. Notice that the germ along the divisor of a fixed mark does not depend on the con-
sidered fattening and that, using Corollary 17, we could assume that our given distinguished
fattening K already has good saturations for fixed marks (gsfm). Moreover, such property is
preserved by refinements. On the contrary, this is not the case for conditions (gsfd) and (gsfmfd)
given that they involve free doors and these elements strongly depend on KC. This fact explains the
technical difficulties to prove the existence of neighborhoods with the good saturations property:
reasoning by recurrence on the length of subgraphs in the filtration (2), as done in Theorem 29,
eventually at some stage we are forced to impose proper refinements of tubes that, in turn, pro-
voke modifications of the free doors where the good saturations condition must be reconsidered.

5.2. The stains

In a first step towards the proof of Theorem 33, we show that good saturations can be obtained
by dealing just with fixed marks and free doors doorjambs saturations. Let us introduce some
related notation.

Definition 35. Let R be a pre-distinguished fattening over 2. Take v € V(2) and C a refinement
of R(v).

o A fixed stain (of R) in C is a non-empty subset of F¢ of the form A = Satjg|(/ \{b(1)}) N F¢,
where [ is a fixed mark of R at some p € S;, such that v ¢ {v;;, v,}and b(I) =1ND. We
say that A is generated at p (or also at v;,“ orat v, ) and that I is the generating mark of A.

Denote by szz the family of fixed stains of R in C.

o A mobile stain (of R) in C is a non-empty subset of F of the form A = Satjz|(J \ {b(J/)PD N
Fe, where J is a doorjamb of a free R-door at some p € V(2) at which R is distinguished
(see Definition 25) and b(J) = J N b(R(w)). We will say that A is generated at | and that
J is the generating mark of A. Denote by A? the family of mobile stains of R in C.

Remark 36. Notice that, if there exists a fixed or mobile stain A in C < R(v) generated at
© € V(R2), then v is related to u with respect to the partial ordering on V(2) established in
Section 2. Moreover, if for instance u < v and J is the generating mark of A, then we have
A= Satr;zl (J\ b(J)) N FRr, (that is, only the saturation in one sense suffices to create a stain).
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For convenience, if ¥ € {<, <, >, >, #}, we will denote by Az,z('() C Az,z the family of mobile

stains in C generated at a local s-component p satisfying wxv. We use also the notation T§(>)

(resp. T§(<)) for the family of fixed stains in C generated at some u with & < v (resp. u > v).
Let us start with a lemma that provides a first description of the stains in a general fattening.

Lemma 37. Assume that R is distinguished. Fix v € V(2) and consider A a fixed or mobile stain
of R in R(v). Then the closure A has a finite number of connected components and intersects
D U b(R(v)) along a finite (possibly empty) set of points. Moreover, if a € AN (D U b(R(v)),
then the germ of A\ {a} at a is non-empty and one of the following possibilities holds (see
Fig. 13):

(a) The point a belongs to Fr,) N |L2|. In this case, some representant of the germ of A\ {a} at
a has finitely many connected components, all of them being intervals. Moreover, given such
an interval Y, there is a local s-component vy with iy < v and a trace mark Ty in [y such
that a € |®(uy)| and Y is contained in Sat™ (Ty).

(b) The point a belongs to b(R(v)) \ |2|. In this case, As semi-analytic at a. In case v is not
associated to a transversal saddle (i.e., b(R(v)) C D) then the germ of A at a coincides with
the germ of a doorjamb of a free R-door in R(v).

(c) The point a € D \ b(R(v)). In this case a is an extremity of the handrail h(FR(,)) and the
germ of A at a coincides with the germ of h(Frw))-

Proof. If A is a stain generated at v itself, then it is a doorjamb of a free door, that is, a mobile
stain, and it satisfies (b) straightforwardly. Also, if A is a fixed stain generated at some v’ imme-
diately preceding or immediately succeeding v then A is a semianalytic interval satisfying (a).
From these two starting situations, by a natural recurrence, using Remark 36 (and up to replace
L with — L) it will be sufficient to prove the following claim:

Claim. Let wu, u' € V() be two local s-components connected by an edge o going from u to
w. Let A€ ng;) U A%Ej)) and assume that A satisfies all the statement properties for v = (.
Then the subset of Fr, given by

I qagt
A" = Satp R ) UR ) (A) N FRw)

also satisfies the statement properties for v = u’.

To be convinced why this claim ends the proof of Lemma 37, we point out two facts about
the set A’. In the one hand, 44’ is contained in a stain A (with the same generating mark as A),
but it may occur that A’ # A; in fact, the stain A is the union of several subsets of the form A’
corresponding to different edges ending at u’. On the other hand, A’ is semi-analytic at any point
of A’ except possibly at points of A’N|€2|, where A’ and the whole stain A locally coincide (using
(b) or (c) for A). This will shgw that the closure of A has finitely many connected components.
The rest of the statement for A will be deduced by the claim.

To prove the claim we distinguish two cases:
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free doors \

/" 7

/\\\AZ
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A“ AC ’\A‘s \Ae

v A

Fig. 13. Stains in a fence. A1, Ap, A3 and A4 are in situation a). As, Ag are in situation b) and A7 in situation c).

Case I: R ()" = LR(y). Being R distinguished, we could have R (¢')**" = L), only
if o is skeletical, by the Morse-Smale condition. Otherwise, 3R (0)°*! must be an unfree R-door
contained in FR(,. Putting H = Fr,) \ b(R(1')) in the first situation and H = 9R(0)*" \
b(dR(0)°"") in the second one, the flow defines an analytic isomorphism

Vi PRy \b(R(w) — H

sending A to A’. We conclude that A’ has finitely many connected components. We need to show
that A’ N (D Ub(R( ))) is finite and that the germ of A’ at each point of that set is in one of the
situations (a)-(c). To do this, if a € AN (D U b(R(u))) and B is a sufficiently small representant
of the germ of A \ {a} at a, it suffices to prove that B’ = v (B) accumulates to a single point in
D Ub(R (1)) where (a), (b) or (c) holds.

- Suppose that B satisfies (a) at a. Let Y be a connected component of B and uy < v, Ty as
stated in item (a). Observe that v cannot be associated to a transversal saddle point in this case;
otherwise the edge containing the point @ must be an element of the path ®(uy) and also end g at
v, contradicting Remark 16). In particular, Y is either a trace mark (if e(a) = 1) or an angle mark
(if e(a) = 2). Denote Y’ = ¥ (Y), a connected component of B'. If 3R () C Fr,, then
Y’ accumulates to a’ = o N Fru (using Remark 9). On the contrary, if IR (0)M = Lry,
by the observation above asserting that Y is a trace or an angle mark and taking into account
that o C Sk(D), we have that Y’ accumulates to a single point a’ € |Q| N Fr(,) (using the
non s-resonant condition along with Propositions 12 and 13). In both cases, the hypothesis ¥ C
Sat* (Ty) implies that a’ € o C |®@(uy)| and Y’ C Sat* (Ty) too. This proves that B’ satisfies (a)
at the point a’.

- If B satisfies (b) at a, then B is connected and it is itself a trace mark in v. We prove as in the
case above that B” accumulates to a point a’ € Fr,) N |€2|. Since B’ C Sat™(B) by definition,
B’ satisfies again (a) at the point a’.

- If B satisfies (c) at a, then a belongs to the domain of ¥ and hence, being a’ = ¥ (a) (a
point in the leaf through a, thus contained in D), we have that B’ \ B’ = {a’}. By the definition
of distinguished fattening, we have that, if 3R (c)°*' C Fr, then B " is contained either in an
unfixed doorjamb or in the handrail of the door R (c)?*'. Hence, B’ is in one of the situations
(b) or (c) at a’. Otherwise, if 3R (0)**" = L), then B’ is in the situation (c) at a’.

Case II: 9R(u)™" = FRr(y). Denote P = dR(0)", P' = IR (0)* and ¢ : P — P’ the
analytic isomorphism given by the flow of £. Notice that A NP is semi-analytic at any of its
points, except possibly at the center cp =P N, if cp € A. In this last case, A satisfies the
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properties of item (a) at cp. In any case, the set A NP has finitely many connected components
and we have

r__ +
A = SatR(G)U'R(M’) (A N 7)) N FR(M)'

We distinguish several subcases:

-If OR ()™ = FRr(u and ' is not associated to a transversal saddle, then P’ C Fr(,) and
¢ sends A NP to A’. The claim follows easily given that ¢ sends cp to the center of P’ as well
as the germs of the handrail and the unfixed doorjambs of P (at the points where they cut D) to
the germs of the handrail and the unfixed doorjambs of P’, respectively.

SIf AR = FRr(u) and " is associated to some g € S;,, then P’ % P' N Fr(,y and Alis
the image by g of ANP N~ L(P' N FRru)). We conclude as in the previous subcase provided
that we can ensure that there are representants of the germs of A and Satg () (qu) NFr atcp
that are mutually disjoint. Since A is contained either in the saturation of W2, with some p € S;,
different from g, or in the saturation of a trace mark attached to a point not in the support of €2,
this is guaranteed by Remark 18.

-If P’ =Ly, then A’ = Sat%(u,) (qb (AN 73)) N Fr(un and the claim can be proved as in
Case L. Notice that in this case, u is not associated to a transversal saddle point (by the Morse-
Smale condition). Moreover, if o is a trace edge, then A NP is not in the situation (a) at the point
cp (since o cannot belong to the path of some pq with u; < ). O

Remarks 38. Going over the proof of Lemma 37, one can point out the following:

(38-1) If A is a stain in R(v) in situation (a), it is possible that the point a € A N (b(R(v)) N
|€2]) is not unique or that there is more than one local component Y at such a. However, if
Sat|R|(A) does not cut any fixed mark of R (except the one that generates A, in case A is a fixed
stain), then A =Y has a unique local connected component at a and p4 and the trace mark T4
stated in item (a) does not depend on v, but only on the generating mark of A. In fact, if A is a
fixed stain generated at some v;“, then w4 is a local s-component immediately connected to vl‘f
and Ty = Sat(W[%) N FR(u,)s if A is a mobile stain generated at some vy with generating mark
J, then either vi = s and T4 = J, or {vy, ua} = {a(@), @)} for I" a face of . In this case
T4 is the image of J by the flow of L.

(38-2) If A is either a stain in R(v) in situation (b) with »(R(v)) C D or in situation (c), then
A is a mobile stain generated at some v’ such that v, V" are associated to points in the boundary
subgraph dT" of a face T of 2. In fact, in the situation (b), either v = v’ or {v, v'} = {&(T"), @(T")}.

(38-3) Note that Lemma 37 also holds for a pre-distinguished fattening R if, being v; a lo-
cal s-component where the stain is generated, we assume that R is distinguished at any vertex
belonging to any path of edges with extremities at v and v;. This slightly weakening of the
statement hypothesis will be useful in the next paragraph.

According to Lemma 37, the family of stains of a general distinguished fattening may present
a really complicated behavior, especially those whose saturation cuts either some fixed mark or
some free door doorjamb, different from the one that generates them. The following definition
captures a situation where we have a nicer “picture” for the stains behavior.
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Definition 39. Let R be a distinguished fattening. We say that R has the property of disjoint
stains ((DS) for short) if given v € V(£2) and given different stains A, A" € T%(U) U A%(U), we
have AN A" ={.

Remark 40. By means of Remark 18, in general (with or without the (DS) condition), two stains
A, A’ of R in R(v) with different generating marks can only intersect in a finite number of
points, except in the case where A, A’ are mobile stains with respective generating doorjambs
J, J'" of free R-doors associated to the same face of 2, and such that their germs at the base
points b(J), b(J') are connected by the flow. In this exceptional case, if A N A’ is infinite, then
A, A’ accumulate to the same point of b(R(v)) U D and they share a common germ at that point.
Notice that, in this situation, the condition (DS) would imply that A = A’, even if J # J'.

Our purpose is to prove that to get good saturations it is enough to have the (DS) property. To
this end, we introduce the following definition and state a very helpful lemma.

Definition 41. Let R be a distinguished fattening at some v € V(2). An interval Y contained
in Fr(, will be called a well-positioned curve (relatively to R at v) if there exists an unfree
‘R-door P in Fr,) such that Y is a closed non-trivial interval contained in P with:

e Y does not intersect neither the base nor the doorjambs of P.

e The set of extremities of Y is {cp, h(Y)}, where cp is the center of P and h(Y) is a point in
the interior /1(P) of the handrail of P.

e Y =Y\ {cp} (thus Y is a half-open interval containing the extremity /4 (Y)).

We also say that Y is well-positioned inside P.

Lemma 42. Assume that R is a distinguished fattening with the (DS) property. Let A be a stain
of R in R(u) for some u € V(R2).

(a) If A is a fixed stain generated at p € S;,, then | belongs to the path H}, U Hi (cf. Corol-
lary 17)) and A is a well-positioned curve.

(b) If A is a mobile stain generated at v, where v < u and Fr(,) C AR(v)™, then u belongs to
the path ©(v) (cf. Theorem 15) and A is a well-positioned curve.

(c) If A is a mobile stain generated at v with v < u and Fr,) C OR(v)°", then A is contained
in an unfree R-door P4 in R(). Moreover, either A is a well-positioned curve, in case it
intersects the interior of Pa, or A is the unfixed doorjamb of Py, in case it cuts an unfixed
doorjamb of Py, or A is contained in h(P,), in other case.

Items (b) and (c) also hold if we replace v < p with v > u and we interchange the superscripts
“in” and “out”.

Proof. Put A = Sat;g|(J) N Fr(,), where J is either the generating fixed mark at p, in case (a),
or a free door doorjamb in R(v), in cases (b) or (c).

Let us prove (a) and (b) jointly, since the proof is the same. Notice that the hypothesis in (b)
implies that A = Satl';zl(.l ) N FR(y. Without lost of generality, we suppose that in case (a) we

have that Wﬁ is the unstable manifold at p.
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First, we show that if v" > v and P is a R-door (free or unfree) at V', then the set
Bp={xeJ: L NIR|cuts P}

is open and closed in J, thus either empty or equal to J. To see that Bp is closed, suppose that
x € J is the limit point of a sequence {x,} C Bp.If y, € Ejﬂ N |R| NP, by compactness of P,
we may assume that there exists y = lim, y, € P. By continuity of the flow, we have y € ¢,
which shows that x € Bp. On the other side, to show that Bp is open, let us take x € Bp and put
€ NP = {y}. Now, given that points in an interval of £} to the right of x are of type i-i (J is
contained in the interior of R in the case (a), and by the hypothesis Fr ) C IR (v)'™ in the case
(b)), we have that the point y must be of type i-i or i-e relatively to |R|. This is consequence of
the fact that, by the (DS) property, the type can not switch to i-t along the open segment between
x and y in £} (recall that, by Proposition 26, the points of type i-t are contained in doorjambs of
free R-doors). We conclude that y belongs to P\ 3P, an open subset of Fr(,. This proves that
x is an interior point of Bp using again the continuity of the flow. Notice that we have shown
that Satr;al(j) NP C(P\aP).

The proof of statements (a) and (b) can be deduced now from Theorem 15 as follows. In
case (b), we have that J is a trace mark in v at its base point b(J). In case (a), the positive
saturation of J produces, in turn, a trace mark in an immediate successor of p in 1'[1 U 1'[2
(cf. proof of Corollary 17). In both cases, for Ve V(Q) Theorem 15 guarantees that there 1s
a subinterval J C J with extremity b(J) satisfying Sathl(J ) N Frayy # 9 if, and only if, v/

belongs to the path ®(v), in case (b), or to the path H}, U 1'[%,, in case (a). Moreover, in this
situation, Satr;z‘ (Hn Fr () is an interval accumulating at the center of an R-unfree door P,/
at v’ and, by the property just proved, we must have Bp , = J. In this way, we put J = J and
Satl‘%l(j ) N Fr(yy is an interval contained in P, \ 877”/? Applied to v/ = u, we deduce that A

is a well positioned curve inside P, : the extremity of A different from the center of Py cannot
belong to an unfixed doorjamb of P, (by means of the (DS) property since this doorjamb is itself
a mobile stain), nor to a fixed doorjamb contained in D. This proves (a) and (b).

Let us prove (c). First, we show that A is contained in the union of unfree R-doors in R(i).
Reasoning by contradiction, suppose that there exists some x € J such that £} N |R| cuts the
fence Fr(,) at some y € A which does not belong to any unfree R-door. Using that the union of
unfree R-doors at y is closed in Fg(,), we may assume that x € J. By hypothesis, the point x
is of type i-t relatively to |R|, and all the points in an open subinterval of £} to the right of x are
of type t-t. Also, the point y can not be of type t-t, because y does not belong to any unfree door
(the set of points of type t-t in F/R(,) is equal to the union of the handrails of unfree doors, by
Proposition 26)). Consequently, there is a first point z # x in the segment of the leaf £ between
x and y where the type has switched to t-i or to t-e. Let us see that this is not possible.

Suppose that the point z is of type t-i. Then z is in J’, where J’ is an unfixed doorjamb of
a free R-door at some v’ € V(£2). Moreover, z # y since J' is also a doorjamb of an unfree
R-door at v'. Hence v <1’ < . On the other hand, necessarily Fr () C AR (V)" thus we are
in the situation of item (b) for the mobile stain Sat;z|(J"\ {b(J')}) N Fr(,) generated at v'. As a
consequence, the leaf €1 N |R| can only intersect FR(, inside an unfree door. This contradicts
the existence of y.

Assume now that the point z is of type t-e. This implies that z = y and that £ N |R] is just
the segment from x to y in the leaf £,. Notice that y is an interior point (not an extremity) of the
handrail 2 (D) of a free R-door D at . In other words, x belongs to the set
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K={acJ:tfn|R|cuts h(D)},

which is open in J (using similar arguments as those we have used for the set Bp in items (a),
(b) above). If K = J then the base point b(J) of J is an accumulation point of K and hence the
positive leaf E;'( 7 either ends in a singular point (placed between v and ) or it cuts (D). In the

first case we would find some x” € J whose positive E;“, has points of type t-i, contrary to what we
have proved above. In the second case we have also a contradiction: if v is a local s-component
associated to a transversal saddle g € S;,, then b(J) is in a fixed mark at ¢ and then 2 (D) (hence
D) will cut the saturation of a fixed stain, i.e., some fixed stain, against statement (a); if v is not
associated to a transversal saddle, then b(J )€ D, so that €57y C D, whereas h(D) N D ={. On
the other hand, if K is a proper subset of J, there is some w € J \ K in the frontier of K in J.

By the flow continuity, the leaf ¢;; cuts the handrail #(D) in an extremity point w’, since w is
not in K. Hence, w’ belongs to the intersection of A with a doorjamb of D, which gives also a
contradiction with the (DS) hypothesis.

Thus, we can assure that A C UPEQ ‘P, where Q is the family of unfree R-doors at p. Let us
finish proving that there is one single P4 € Q such that A C P4 and that the last sentence in (c)
holds. We have different cases.

- If there exists some P € Q and some y € A Nint(P) with y € Ej, X e j, then, being x of
type i-t and y of type i-i with respect to |R|, there must be some z of type t-i in the piece of leaf
between x and y. That is, z belongs to a doorjamb J’ of some free R-door in R(v') for some v’ €
V() with v < V' < . By the (DS) property, we have that Sat;z|(J \ b(J)) N Frny = J'\b(J")
and hence A is a mobile stain in R(u) generated by J'. We conclude that A is well-positioned
inside P by item (b). Put P4 := P and we conclude (c) in this case.

- If A intersects the unfixed doorjamb L of some P € Q, being L also a stain in R(u), then
A coincides with L \ b(L), by the (DS) property. We conclude again by putting P4 := P.

- In the remaining case, we have A C UPeQ h(P). By using similar arguments as above, for
each P € Q, the set {x € J : €5 N |R| cuts h(P)} is open and closed in J. We deduce that there
is a single P € Q such that A NP # @ and, for this P(=: P4) we have A C h(75A), concluding
also (c) in this case. O

In light of the Lemma 42 we prove that, to get good saturations, it is enough to have the (DS)
property.

Proposition 43. Let R be a distinguished fattening. If R has the property of disjoint stains, then
‘R has good saturations.

Proof. To prove we have the condition (gsfm), suppose that there are fixed marks /,, I, at dif-
ferent transversal saddle points p, g € Sy, and that there exists some x € Satjg () NSat;R)({y).
Being x in |R|, the |R|-leaf through x cuts the c-nbhd R(v) for some v € V(R2), then it cuts also
the fence Fr(,). Hence, the fixed stains at v with generating marks 1, and I, share some point,
in contradiction with the (DS) property.

The condition (gsfmfd) is a direct consequence of item (a) in Lemma 42, which asserts, in
particular, that a fixed stain cannot cut a free R-door.

To finish, let us prove that R satisfies the condition (gsfd). Suppose, by contradiction, that
there are free R-doors D C Fr(y) and D’ C Fr ) not associated to the same face of 2 together
with some x € D such that £, N |R| cuts D at some point z. Assume, for instance, that v' > v,
so the orientation of L in the leaf £, goes from x to z. We have several possibilities:
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e D C AR(V)™ and D’ C IR (V). We have that x cannot belong to any of the doorjambs of
D, by Lemma 42, (b). Also, z cannot belong to any of the doorjambs of D’; otherwise, x would
be in an unfree R-door by the last sentence in Lemma 42 concerning item (c) with v := " and
W := v (incompatible with the fact that x does not belong to a doorjamb of D). As a consequence,
z is of type e-i or e-t relatively to |R|, so that the negative leaf £ scapes from |R|, contradicting
the existence of z.

e D CAR(V)" and D' C IR (V). As above, x does not belong to any of the doorjambs of
D and z does not belong to any of the doorjambs of D’. Using similar arguments as in the proof
of Lemma 42, one can see that, if x € h(D) (resp. if x € (D\ 0D)), then Z;r, N|R| cuts D’ for any
x' € h(D) (resp. for any x’ € (D \ 9D)). By continuity, this last property must be also true for
points in the closure of h(D) (resp. D \ aD), thus for some points in the doorjambs of D. This is
a contradiction with Lemma 42, (b).

e D C IRV and D' C 9R(V')™. The point x belongs to one of the doorjambs of D;
otherwise, x would be of type t-e or i-e relatively to |R| and the positive leaf £} would scape
from |R|. By the same reason, z belongs to one of the doorjambs of D’. Notice, moreover, that
x € D if, and only if, z € D. This is the forbidden situation in which D and D’ are associated to
the same face of €2. The case where x and z belong to doorjambs of the respective free doors D
and D', but x, z ¢ D, gives also a contradiction with the (DS) property.

e D CARW)™ and D' C IR(V)°. As in the precedent case, x belongs to one of the
doorjambs of D and hence, by Lemma 42, (c), z belongs to some unfree R-door of Fr,
thus in one of the doorjambs of D’. This gives again a contradiction with the last sentence of
Lemma 42 concerning (b) with v:=V', u:=v. O

5.3. Proof of the good saturations property
The following result along with Proposition 43, gives the proof of Theorem 33.

Theorem 33'. Assume that M = (M, L, D) is not s-resonant and of Morse-Smale type. Given a
distinguished fattening IC over 2, there exists a distinguished refinement IC < IC that satisfies the

(DS) property.

The strategy is to obtain the refinement K after applying Proposition 30 to the initial fattening
KC by imposing convenient systems of entrances at the graph sources, i.e., the repeller D-node
points. The systems of entrances will be chosen so that the stains at those points are disjoint, and
so that this property is susceptible to be propagated “along” the graph. To do this, we introduce
an auxiliary definition that highlights the intermediate steps in the recursive procedure towards
the (DS) property.

Definition 44. Let R be a predistinguished fattening of €2 and let v € V(G). Assume that R is
distinguished at the vertex corresponding to v.

(DS) We say that R has the Property (DS)=" if any pair of distinct stains A, A’ € T;%(v) U
R(=)
A

R(v)
(qDS) We say that R has the Property (g DS)~" if, given A € T%U) U A%Ej)), we have that:

-If J is a doorjamb of a free R-door at v, then either AN J = ¢ or the germs of A and J
at b(J) coincide.

are mutually disjoint.
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-IfANDL(R®Y)) # () then any connected component Y of A satisfies also Y Nb(R(v)) #0
and, either Y does not intersect the interior of an unfree R-door or Y is a well-positioned
curve on it. Moreover, in this last situation, if A’ is another stain A’ of R in R(v) and
YNA #£@,thenY C A'.

Proof of Theorem 33’. We may assume that K, hence any pre-distinguished refinement of K,
already satisfies the property of good saturations for fixed marks (gsfm) (cf. Remark 34). Thus,
any two different fixed stains of a refinement of X do not intersect.

Consider now refinements C;, < K(v,) for any ¢ € N” in such a way that, being

A= | A4

Aequ urgl
the union of all stains of R in Cq, then it holds:

(i) Any connected component Y of A, is an interval whose closure is a closed interval with
extremities b(Y), h(Y), where b(Y) € b(C;) and h(Y) € h(ch).

(ii) If Y, Y’ are two connected components of .4, then either the intersection Y NY’ is empty
or it contains just the common extremity b(Y) = b(Y").

Such refinements C, (see Fig. 14) can be obtained by means of Lemma 37, to guarantee item (i),
and Remark 18 to get item (ii). ~

The distinguished refinement K required in Theorem 33’ is obtained by applying Proposi-
tion 30 to the whole graph G =  together with the collection {£,}, ¢y (q) of systems of entrances
of IC, where £, =0, if v ¢ N”, and 5,,q = {ch}, if g € N" (thus 5,,q is a complete system of en-
trances of XC(v,) and the corresponding refinement obtained from it is precisely C,).

As we know, if we apply Proposition 30, we can get many possible resulting refinements as
application. To get one of them, say /C, having the (DS) property, we need to control the process
according to what was discussed in Scholium 3 1. To be more precise, if I = [(£2) is the length of
the graph €2, the refinement K will be the last of a sequence of pre-distinguished refinements

K=Nit1> N> >N >Ny =K, (16)
satisfying the conditions in (15). Theorem 33’ will be a consequence of the following claim.

Claim. Refinements in (16) can be performed so that, given j, the fattening Nj satisfies Property
(DS)=Y, for any v € V() \V(Q/_l), and Property (qDS)™ !, for any u € V(2/) \ V(Q/h.

The claim proof goes by inverse recursion for j =1,/ — 1, ..., 0. Although a priori it seems
that only condition (DS)=" counts to get Theorem 33’, we are led to consider also condition
(g DS) for the recurrence to work, as we will see next.

Let us start by constructing N;. Notice that, if v € V() \ V(QI1), then v = v, is the unique
local s-component associated to a D-repeller point g € N". For any such ¢, we have fixed the
value NV;(vy) :=C,4, a refinement of K(v,). Let T be an edge starting at ¢ and let P; = A (T)in
be the unfree C-door at ¢ with center at ¢;, where {c;} = F Ky NT. Taking into account the
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Fig. 14. Refinement of KC(vg) to get the (DS) property.

properties imposed to C,, we may consider a refinement 7; < K(t) defined by setting its inner
part equal to 37" = P., where P, C Intgy,,,(Pr) N Fe, is a door in F¢, (in particular, the
doorjambs of P, do not intersect the ones of P;) with center at ¢; and so that, if Y is a connected
component of A4, then Y N P, # @ if, and only if, Y has one extremity at ¢; and, in this case, Y
is contained in PP, and does not intersect the doorjambs of P, (see Fig. 14).

Now, let \; be the fattening over Q defined by N;(v,) :=C,4 and N;(t) := T, for any g €
V(Q)\ V(Ql_l) andany 7 € ol (¢), and by putting A; = K elsewhere. By construction, A is a
pre-distinguished refinement of X and it is distinguished at any ¢ € V() \ V(Q/~!). Moreover,
the fattening A has the property (DS)=" for any g € V(2) \ V(@1 (observe that Y‘gf = qu

Ni(=q)
q

and that A, consists only on the family of subsets of the form J \ {b(J)}, where J is an

unfixed doorjamb of a door P, with t € a~1(g)). Finally, we check that ] satisfies the property

(gDS)”"4 for any g € V() \ V(Ql_l). Let Ae T//\\//;(V ) U Aj\\/—/jg)). In the case that A is a new
q q

stain not existing for R = A4 (that is, A is mobile generated at an immediate successor v' of
vy, only in case that A is distinguished also at the point corresponding to v’), we have that A is
contained in the boundary of a door of the form P, and its germ at ANbW (vg)) coincides with
that of a doorjamb of P,. Otherwise, A coincides with some element of Y Nivy) UA Nivg) and it

is contained in the union of the doors P., where t runs over a~!(¢). By construction, we show
the required properties for (¢ DS)~" in both cases.

Assume that for some k <[ we have already constructed a subsequence A > Nj_; > --- >
N of (16) such that any of its terms satisfies the claim. We build the next fattening A;_1 in three
steps:

(1) We determine certain refinements C,, < N (i) and T; < Ni(7), for any pn € V(QF1)\
V(Q2F2) and any T €@ ().

(2) We define Ni_; by setting Nx—1(u) :=C, and Nj—1(v) := T for u, v asin 1), and Nj—; :=
N elsewhere.

(3) We check that Nj_ is distinguished at any u € V(QF1)\ V(£2¥~2) and satisfies the claim
forindex j:=k — 1.
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A pertinent remark should be made about the last step: in order to check that Nj_; satisfies
the claim, we just need to show that it satisfies properties (DS)=H and (¢ DS)>* for any pu €
V(QK—1) \ V(QF~2). In turn, by virtue of Remark 36, these properties depend exclusively on
the modifications of N, performed at i, that is, the values Cyand T; for v € a! (). In other
words, we check properties (DS)=* and (¢ DS)”* while we build the refinements C,,, T, even
if we are not completely done with the first step yet.

We distinguish several situations according to the possibilities for i € V(K1) \ V(QK2).

(s0) The local s-component |1 = v, is associated to a D-repeller ¢ € N". In this case, we just
put C,, = Cy, where this last c-nbhd is the refinement of KC(v,) (= Nk (vy)) fixed at the beginning
of the proof. For any 7 € @' (1), we determine a refinement 7; < N (t) by setting 87?” =P,
where P, is a door in F¢, with the same properties as stated for j = /. Analogously to that case,
we conclude that AV is distinguished at x and satisfies properties (DS)=* and (g DS)~*.

(s1) The lid L pj; () of Ni(w) coincides with 9N} ()", and we are not in the situation (s0).
In this case, there is a single edge o ending at . Besides, by the Morse-Smale condition, there
is a unique local s-component v where o starts. Since N, is pre-distinguished, dN (c)°* is a
predoor of Ly, () and we put C,, to be the refinement of Ny (1) for which Le, = N (6)°" (in
fact, this is the unique way to assign a value ANV;_1(u) := C,, in order that Nj_1 in the sequence
(16) is distinguished at 1). Also, since N is distinguished at v, the inner part P, = d/N} (o)™ is
either equal to the lid L () or to an unfree Nj-door in the fence Fjz, (). We show first that the
following property is satisfied:

(Py) Given A € Y‘é\i" U A/C\Z" accumulating in the base b(C, ), then A is a union of finitely

many mutually disjoint intervals whose closure has one extremity in b(C,,) and the other one
in h(Fe,).

To do that, noFice that. Aq = Satjns | (A) N Far ) € Tj/://t(u) U Aﬁ[/i(u)' In case Ps C Fnrw) we
have that Ay is contained in P, an unfree Ay-door, and accumulates to its center. Also, if
{J, J'} is the family of unfixed doorjambs of P, (it may hold J = J’), then h(P,) U J U J’
is sent homeomorphically to h(F¢,) by the flow. Property (DS)=Y for N along Lemma 42,

. Ne(2) . k Ni(>)
in case A € A/\/k(v) , or Property (gAS)>" for N, in case A; € Tﬁffk(v) U ANk(v) , make that

any connected component of A is a well-positioned curve inside P, and hence property (P;)
follows for A. In the case Py = Lz, (1), We have that A| accumulates to some point of b(Ng(v)).
If A € A%Ef)) then, again by (DS)=", each connected component of A; is an interval with

one extremity in b(N(v)) and the other one in i (Fpj (). If Ay € Y‘//t//’;(v) U A/\/I;(u) , the same

happens, in virtue of (¢ DS)”" and taking into account that in this situation each connected
component of A; accumulates to some point in b(Fy, ) N |2]. The required property (P;) for
A follows as above since h(Fj (1)) is sent homeomorphically to 2 (Fg,) in this case.

As a consequence of property (P;), any doorjamb of a free X-door in Fg,) cuts only once
the handrail ~(Fg¢, ). Hence, if 7 is an edge starting at u, the set Pr := dK(7)"" N Fg, is a door
in Fg,. More generally, any connected component of a stain B of N in C,, that accumulates
to b(Cy,) \ 12| also cuts once the handrail h(Fg,). Notice that such stain B different from a
doorjamb of some door P; may appear only if u is associated to a transversal saddle and B is
generated at some u’ > . In particular, such B cannot cut any other stain A’ of Ny in C,, (if
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such intersection occurs, Satjn;|(B) N Fa/, »y) would be contained in a stain in Ny (v) generated
at some v’ > v, contradicting the hypothesis (g DS)>" for N.

/1

Fig. 15. Refinement of unfree doors in N} (u) in situation (s1).

Taking these remarks into account, we can consider a refined door P, = P, (u) < P, (see
Fig. 15) such that:

) & Ni

Fjr any A € Y‘é\i U AC,L

or, if ANP, # @, then ANP, is a finite union of mutually disjoint well-positioned curves inside
PL. In particular, P, does not cut any unfixed doorjamb of P;.

- The unfixed doorjamb of P, does not intersect any A € T‘é\f‘ U AJC\,Ck'

- If s associated to some g € Sy, (so that pu € {;7, ju.}), then the two doors P; (),

P} (11;]) have equal bases (notice that both 17, 1, belong to V(QF1\ V(©2¢~2) and are in the
situation (s1), in this case).

that accumulates in b(Cy,), either A NP, =@ for any T € &' (n)

Remark 45. It is worth noticing that if we do not assume property (P;), or similar, we could not
obtain a door P, with the above properties, as Fig. 16 suggests. This important remark justifies
the introduction of the (¢ DS) condition, an essential tool in the proof of property (P).

The refinement 77 of the tube /C(7) to be considered for any 7 € @~ (w) is the one determined
by setting 8’7;”’ = P!, in case that p is associated to some vertex g ¢ Sy, or the union of the two
doors P; (M;)’ € = =%, if u is associated to some g € S;,. In this way, since 73; is a door in Fcﬂ
for any such t, we guarantee that the fattening Nj_|

Let us check that AVj_; satisfies the property (DS)=* as follows. Take A, A’ € Tgﬁ‘_l U

AJC\Z’“](S) with A # A’. If both A, A’ are fixed doorjambs, we know already that they do not

intersect, since NV;_ satisfies (gsfm). If some of them is a doorjamb of a free Nj_-door (i.e., an
unfixed doorjamb of P, for some edge t starting at 1), then by construction A N A’ = ¢. Other-
wise, the sets Sat|p;,_,|(A) N Faj ) and Satjp;,_,|(A") N Fg (v are contained (equal in this case)
in respective elements A, A’1 of Y‘//t//; ) U A%Ef)) with Aj # A’1 (unless one of them, say A, is
fixed and generated at v, in which case A is a fixed mark). In any case, we have A} N A/1 =0
since N} satisfies property (DS)=". We deduce that AN A’ = .
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Fig. 16. Situation where the refinement of the unfree door associated to t is not possible.

Finally, we check that Ny_; satisfies property (g DS)™". Let A € Tj\\//;’: 4o Y Aﬁ/ﬁ;:}g;; IFA
is a “new” stain of N;_ appearing from the modification of some of the tubes 7; (that is, A =
Sating_y | (J \ b(J)) U F¢,, where J is an unfixed doorjamb of T2 N Fi_, () for n’ € (),
and in the case where this last disc is a door in Fy;_,(.)), then A coincides with a doorjamb
J of some P,, as germs at b(J). Moreover, A is an interval and does not intersect the interior
of any unfree N;_i-door. This proves (g DS)>* for this situation. Otherwise, A is contained in

some B € T‘é\f‘ U AJC\,Ck (recall that Ng_1 (i) = C,,). By construction B does not cut any doorjamb

of a door P/, which shows the first part of property (¢DS)>* for A. Assume now that A N
b(Nx_1(n)) # ¥. By property (Py), we have that each connected component Y of B is an interval
with extremities b(Y) € b(Ny_1(n)) and h(Y) € h(Fn,_ (w)- Moreover, b(Y) € |2| for any
such Y, so that, Y is a well-positioned curve inside one of the doors ’P; (by construction, Y does
not intersect the doorjambs of such P,). But, being ¥ C P,, we have that Y is also a connected
component of A. This proves the first part of (g DS)>*. Now, if A’ is another stain of Nj_; in
Ni—1(n) that intersects Y, by construction, A" cannot be one of the unfixed doorjambs of the
doors P, (the “new” stains in Ny_;) and then A’ is contained in some stain B” of N} in C,,.
Take Satjn;,_,1(A) N Faq ) and Satjp;,_ | (BHhYNF ‘N, (v)» Which are contained in respective stains
Ay, B} of Ny in Ny (v). Moreover, Y1 = Sat|n;_,|(Y) N Fj/ () is connected and contained in Aj.
Since ¥ N A" # ¥ by hypothesis, we have Y| N B| # @. Using that N} satisfies (¢DS)~", we
must have Y1 C Bj, and hence also Y C A’. This proves the second part of (¢ DS)># for Nj_;.

(s2) The inner part INi ()" coincides with the fence Fqu)- Let & '(w)={o1,...,0,} be
the family of edges ending at u and ¢; the point defined by o; N Faz () = {ci}, fori=1,...,7.
Since N is pre-distinguished, the intersection D; := 9N (07)° N Fpy; () is a predoor in Fj, ()
and we have D; N D; =, if i # j. Using that Ny is distinguished at any p € V(Qk\ V@,
it holds one of the following possibilities for each T; = 9N} (07)™" (see Fig. 17):

(a) @(o;) ={v;} and T; is the lid of Vi (v;);

(b) a(o;) ={v;} and T; is a door in Ff (1,);

() a(o;) = {vl.+, v, } and T; is the union of two doors Ti+, T, ,in F./\fk(v;f) and FNk(v,-‘)’ respec-
tively, with equal base.
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To cover all cases, we write vf, Tf, etc., with € € {4, —} if #(a(0;)) = 2, or € does not appear
otherwise.

Fig. 17. Situation (s2) with p corresponding to a tangential saddle.

Let us prove first that the following property is satisfied:

(Py) Let A e A%’ZE;)) U Nf(u) and let Y be a connected component of A accumulating in

b(Ni(w)). Then we have Y N b(Ni(n)) = {c;} for some i € {I,...,r} and ¥ N'D; is an
interval with a extremity at ¢; and the other one in Fr(D;) \ (b(Nx(w)) U D).

Proof of (P2).- If A is fixed and generated at some v; (case (c)), then (P;) is true (with a single
component Y) provided that Ny is pre-distinguished. If A is fixed but generated at some v <
with v #£ vj for any j, e, then Satjp; (A) N Fpnof) # () for at least one index i (and some
€ € {+, —} if D; is in case (c)). Any such non-empty intersection is contained in a fixed stain
A with the same generating mark as A. In the light of Lemma 42 (notice that we have the
condition (DS§)=" by hypothesis), the indices i, € are unique and A; is a well-positioned curve
relatively to an unfree N-door Pa, in F, Nes)- More precisely, P4, = Tf in cases (b) or (c),
whereas int(Py4,) and h(P4,) are sent by the flow, respectively, into int(7;) and 97;, in case
(a). We deduce that A = Satjn; (A1) N Fjs () is connected and contained in D; and that (P2)
is satisfied. Finally, suppose that A is either mobile or fixed but generated at some v > p and
let Y be a connected component of A accumulating in b(Ny(w)). Applying Lemma 37 and
Theorem 15 we get Y Nb(Ni () = {c;}, for some i € {1, ..., r}. Thus, Satjz; (AND;) N Fri )
is non-empty (for X/Q{n(;, € € {4+, —}, if D; is in case (c)) and hence contained in some stain
k >

k(>) . . .
Al € T‘kffk( ) UA Ne()* Moreover, as above, A intersects the interior of some unfree N-

door Py, and accumulates in b(Ni(vf)). Using that Ny already satisfies (qDS)>”i€ , we get
that A1 NPy, is a union of mutually disjoint well-positioned curves inside Py4,, one of them
containing necessarily Sat|a;, | (¥ N'D;) NPy, . Since Py, is mapped by the flow into D;, property
(P») holds for Y as in the previous situation.
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Now, for each i € {1, ..., r}, we consider a framing of the pre-door D; by distinguishing two
cases as follows:

(C1) The s-component [ is not associated to a transversal saddle.- (see Fig. 17) In this case,
the base b(D;) has one or two extremities in D \ |2|. For any such extremity a, we have to
choose an unfixed doorjamb J, of D; with base point at a. Being I', the face of 2 contain-

ing a, we have that a is an accumulation point of a mobile stain A, € A%‘{E:)) , generated at

w1 :=a(ly), and that the germs of ‘A, and 3D; at a coincide. We claim that A, does not in-
tersect any stain B € T/J\\;],Z w Y A%(u) unless the germs of B and A, at a are equal. To prove
this claim, suppose otherwise that those germs are different and that A, N B # #. Being J; the
generating mark of A, (a doorjamb of a free Nj-door at p1) and Iy =I(u;) the length of 11,
we would have that Sath1 |(B) N FNG, (u) is contained in some stain By of A}, in NV, (111) that
intersects Jp, but the germs of By and Jj at b(J;) do not coincide. This contradicts the recur-
rence hypothesis that NV, satisfies (¢ DS)~*! (notice that /; > k). We notice also that A, C dD;
(using for instance Lemma 42 and taking into account that N satisfies property (DS)=" for any
ne V() \ V@),

If A, does not intersect h(Fps () then we set J, := A,. But it is possible that A, cuts this
handrail, in which case, the whole stain A, could not be chosen as the doorjamb J, of a new free
Nj_1-door. Instead, we take J,, to be a closed interval inside A, with set of extremities equal to
{a, b} and which does not intersect 1 (Fay, (). Without any further modification, this would be
an inconvenience for having the property (DS)=* (since A, and J, would be two different stains
that intersect). We propose to reconsider a new sequence of refinements R = /\/I’Jrl >N/ > >
N, ,é such that |./\/]/.| = |Nj|\ Sat;z|(Q) where Q is a closed disc inside D; whose boundary is the
union of two intervals (see Figure 18): one is given by L := A, \ J, and the other one is an
interval L’ going from b to the extremity of L different from b, entirely contained in int(D;)
(except for its extremities) and such that Q cuts no stain of A in R(u) for any j, except A,
(this is possible since A, cuts no other stain of A).
isfy the properties (15) in the schema proposed in the Scolium and moreover, they satisfy the
corresponding recurrence properties (DS)=" and (¢ DS)>" stated in the Claim. With this modi-
fication, J, is a mobile stain of AV} in A} (1), with generating mark at 11 equal to a subinterval
Jl/ C Ji (concretely Ji \ Satjn; (L)), whereas the other boundary interval Sat NH(L’ ) becomes
part of the handrail of the unfree \V}-door having J{ as a doorjamb. In other words, we rename
again N} := N, ,é and we assume that we are in the precedent case; that is, that J, := A, is equal
to the mobile stain with generating mark Jj.

D

Fig. 18. Situation where we have to remove a disc Q from D;.
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(C2) The s-component . is associated to a transversal saddle q.- In this case, we have r =2
and, by the Morse-Smale condition, &(o;) = {v;} and Fas(,) = ONL (V)" for i =1,2. Put
Y = Sath‘(Wq2 N Faqwy \ 01) N Faq ), @ = 1,2, the fixed stain of N at v; generated at g.
They are connected and well-positioned inside the door T;, because N, is pre-distinguished. In
particular, Y; cuts the handrail ~(7;) in a single point b; which does not belong to any of the
doorjambs of T; (see Fig. 19).

Fig. 19. Situation (s2) with p corresponding to a transversal saddle.

Notice that the flow sends b; to one extremity a; of b(D;) (C Wq2), the one that does not
belong to D, and sends one of the two local connected components of 4(7;) \ {b;} at b;, say H;,
into aD; \ qu. We choose the unfixed doorjamb J,, of D; at a; to be the image of H; with the
requirement that H; is sufficiently small so that it does not intersect any stain (fixed or mobile)

of Ny in Ny (v;). This is possible thanks to the fact that Ay satisfies (DS)=" and (g DS)>". As

: : k Ni ()
a consequence, J,;; does not intersect any stain B € T//:/fk(u) UA N

In both cases (C1), (C2), we obtain a system of entrances £, = {Dj,...,D,} in Ni(w). By
Lemma 28 along with the choice of framings for D; just made, we can extend &, to a complete

system &, in such a way that no new added door D € £, \ £, intersects with any element of

T N];: w Y A’/X/—[’;Ei)) . We set then C, to be the refinement of N (i) given by the complete system

&,. On the other hand, in this situation (s2), there is a unique edge t starting at . Thus, we
consider the refinement 7; of the tube N (7) as the one determined by 37" = Lc, . In this way,
we guarantee that the next fattening Ny_; with values Ni_1(n) =C, and Ny_1(7) = T, will
be distinguished at u.

Ne-1(=2)

Let us show that NV;_ satisfies (DS)=*. Let A, A’ be two elements of Y‘é\i"‘l U AC/

and suppose that they have non-empty intersection. By construction, both A, A" are contained
in the union of the Nj_;-doors D; and hence we can assume that A N A’ N D; # B, for some
fixed index i. Hence the sets A = Satjp;(A) N Fpr ) and A = Satjp (AN Fp, (vf) have non-
empty intersection inside 7}, for a convenient choice of € if necessary. These sets are contained
in respective stains Aj, A/1 of Ny in /\/'k(vf ) if both A, A are either fixed or generated at some
local s-component strictly smaller than . By the recurrence hypothesis that N satisfies (DS)="
for any v < u, we get that Aj = A} which gives also A = A’. If for instance A = J, is one of
the doorjambs of a new free N} _-door constructed above in case (C1), since A = J, is also a
mobile stain generated at some @1 < p, as we have already discussed, A is also a stain of N
in Fjy vy with the same generating mark. We conclude as well A = A’. Finally, if for instance
A =J,, or A= J,, in case (C2) above, then A cannot cut any other stain of NV in Ni ().
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To finish, we show that NV;_ satisfies the property (g DS)>#. Consider a stain A € N];:: w U

/\/k 1(>) . : : ; : k Ne(>) :
Ny AT Then, A is contained in a stain B in T‘//t//k Y A Ne(o) with the same generating mark

as A By construction, B does not intersect any of the new doorjambs in Fj;_, () and hence so
does A. This shows the first part of (g DS)>*. Now, assume that A accumulates in b(Ng_1(w)),
necessarily only along the points {c;} by property (P2). Let Y be a connected component of A
and take an index i such that ¥ C D;. We would have that Sat|x;,|(A) N F, Ni () is contained in
some stain A; of Ny in J\/k(ve) which, moreover, accumulates to b(J\fk(v ) and which contains
the connected non-empty set Y = Sat|pr (Y) N F/\/k(uf) Using that N satisfies (qDS)>” we

have that Y is contained in some connected component Y of A; which is a well-positioned curve
inside Tf. Since Y| C Tf, this shows that ¥ = ¥; and that Y is a well-positioned curve inside D;.
Take now another stain A" of Nj_1 in Nj_1(n) with Y N A" # . Then Saty;_, (A") N FAL )
is contained in some stain A} of Ny in NV (vf) such that Y1 N A # ). Again, since N satisfies
(gDSs )>" we must have that Y| C A’ which shows as above that ¥ C A’. This gives the second
part of (g DS)”*.

Summarizing, once we have analyzed the different situations (s0), (s1), (s2) above, we have
constructed a pre-distinguished refinement AV;_; < N that is, in particular, distinguished at
and satisfies (DS)=* and (g DS)>*, for any € V(K1) \ V(Q¥~2). On the other hand, N _;
coincides with Ny at any v € V() with [(v) # k — 2. Hence Nj_ continues the sequence (14)
according to Scholium (15) and, by the recurrence hypothesis, the claim to be proved holds for
the value k — 1. This ends the proof of Theorem 33’. O

6. Extendable fattenings. Proof of the main theorem

In this section, we gather all the results showed so far in order to give a proof of Theorem I.
As mentioned in the introduction, fitting domains will be built from convenient fattenings. Apart
from being distinguished and with the property of good saturations, we need an additional feature
that permit to close up the free doors associated to faces of the graph.

Definition 46. Let K be a distinguished fattening of €2 and let U be a neighborhood of D con-
taining |/C|. Given a face I" of €2, we say that /K is extendable on T inside U if the following
conditions hold:

(i) For any x € D;’é”r, the positive U-leaf through x cuts K(w(I")) and the first intersection
point, denoted by ¢ (x), belongs to D}é’ r

(ii) The map ¢ : DR*1. — D’” is bijective (thus a homeomorphism) and preserves the respec-
tive doorjambs and handralls

(iii) Given x € DIC > if kx denotes the piece of U-leaf from x to ¢ (x), we have that «, cuts |K|
if, and only if, x belongs to one of the doorjambs of D"’” In this case, k, is contained in
Fr(KlarD.

The fattening KC is called extendable inside U if it is so on any face of the graph. It is called
extendable if it is extendable inside U for some U.
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Assume that K is distinguished and extendable inside some neighborhood U of D. Hence,
given a face I of 2, there is a flow-box Kr, formed by the union of pieces «, of U-leaves as
defined in item (iii) above where x runs over D"’” Define the extended support of K as the set

=Klu J Kr.

I" a face

Notice that K does not depend on U, as long as [ is extendable inside U'. In this situation, using
Proposition 26, we can prove the following lemma that describes the type of any point in the
frontier of K.

Lemma 47. The extended support Kisa compact semianalytic neighborhood of D. Moreover,
Fr(K) is a topological, piecewise smooth surface whose transversal frontier F r()™ ( cf. Sec-
tion 2) is the union of the following discs:

(a) The lids of the c-nbhds K(v,), where g € N.
(b) The free K-doors of F;C(V;), where p € Sy and € € {+, —}.

More precisely, if H is one of the discs as in (a) or (b) then, always relatively to K, int(H) is
formed of points of type i-e or e-i. Moreover,

-If H = Lk v,) and q is not a three dimensional saddle, then all the points of 9H are of type
e-i or i-e.

-If H = Lk, and q is a three dimensional saddle, then all the points of dH are of type e-t
or t-e (as in case (ii) of Proposition 26).

-If H is a free KC-door then the type of the different points in d H is exactly the one described
in case (i) of Proposition 26 taking H in the role of D.

Proposition 48. Let M be a non s-resonant and of Morse-Smale type HAFVSD. Let K be a
distinguished fattening over Q having the property (DS). Then there exists a refinement K of K
which is distinguished, extendable and has also the property (DS).

Proof. Given a face I" of €, let us denote Df = D”’” and Df = D’” the respective free K-
doors at @(I") and o(I") corresponding to the face F Smce IC is dlstlngmshed we can consider
a neighborhood U of D in M and pre-doors D"‘ C Df and D‘” C Dy for any I such that:

(i) Foru € {a, w}, we have b(D ) =b(Dp).
(ii) For any point x € DY, the positive U-leaf starting at x cuts a first time D“’ at a point ¢r(x)
so that ¢r : D"‘ — Dr is a homeomorphism.
(iii) Foru € {a, a)} there is a framing of D” whose set of doorjambs {Jl’f 1 J’lf ,} satisfies J’lf =

D“ NJp ;. fori=1,2, where {Jp I Jr o} is the set of doorjambs of Df.. Moreover, ¢r maps

the handrail and the doorjambs of DO‘ to the handrail and the doorjambs of De, respectively.
@v) Ifx € 1nt(D ), then the U -leaf frorn x to ¢r(x) does not intersect |K].

In particular, if u € {«, w}, the framed predoor 5’11 is compatible with any other free or unfree
KC-door at u(I") different from Df..
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For any face I' of €2, we consider the subsets of || (see Fig. 20):

Ef = Satc; (Intey ), (DF \Dp). Ef = SatTI_C\ (Intey 5y, (D \ D).

Fig. 20. Extending K to the component I".

and put E = J Ef U EQ. Define the map

by

K:V(QUE®) — PWU)

setting IE(,O) =K(p) ,\v (ENX(p)), where p is either a local s-component or an edge of the

graph 2. We claim that /C is a distinguished refinement of /C satisfying the required properties.

To

(a)

(b)

(©)

(d

check this, let us point out the following observations, valid for any v € V(R2):

By means of Lemma 42, given I" a face of €, the set E} cuts Fi(,) only if v is in the path
©(a(I")) (cf. Theorem 15). In this case, the set Ef N Fi(,) is contained in the interior, with
respect to Fic(,), of an unfree K-door. In fact, EX N Fx(, is contained in the “wedge” domain
bounded by the two mobile stains Sat|7<j|(]ia) N Fxcy, i =1, 2, both being well-positioned
curves inside such a door.

The set C(v) is a c-nbhd at v and also refinement of IC(v). Its fence is obtained by removing
from Fic(,) the subsets of the form Fjc(,) N ET, where I" runs over the set of faces. If E}.
cuts the fence Fi(v), the handrail 4 (fC(v)) differs from h(/C(v)) precisely along the frontier
of Ficvy N ET. inside Fic(y), as depicted in Figure 21. In particular, J; \ fﬁ‘l is a segment
of the handrail 0~f FIE(&(F))'

Fixed stains in X coincide with those in the fattening /C thanks to property (DS). Moreover,
if v belongs to the path ®(a(I")) for some face I' such that v # &(I'), in light of Lemma 42,

. . - Su » K . . .
the mobile stains of the form Satlla (eri) N FIC(u) S Aﬁ(u)’ for i =1, 2, are contained in the

corresponding elements of A%(V) which, in addition, are well-positioned inside an unfree
K-door. In fact, those mobile staiils of K are contained in an unfree K-door at v and do not
intersect any doorjamb of a free K-door.

The same properties (a), (b), (c) above hold if we replace « with w and Sat™ with Sat™.
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Fig. 21. The new handrail A(K(v)).

In sum, the fattening K is an extendable distinguished refinement of K. Moreover, K and K
have equal fixed stains, the free KC-doors and the free KC-doors at local s-components associated
to transversal saddle points coincide, and the free K-doors associated to faces of the graph are
contained in the corresponding free X-doors. Moreover, the doorjambs of these last free K-doors
are contained in the corresponding doorjambs of free C-doors and the doorjambs of the K-doors
Dy, Dy associated to the same face I" are mapped one to the other by the flow. This proves that
IC has the property (DS) and we are done. 0O

Remark 49. In the statement of Proposition 48, we may replace the hypothesis that K satisfies
the (DS) condition by the slightly weaker hypothesis that C has good saturations. In fact, in the
items (a)-(c) considered in the proof above we simply use that XC has the property (DS)=" (cf.
Definition 44) for v equal to the @-limit of a face of the graph. This last property can be obtained
as a consequence of having good saturations.

We end by proving Theorem 1, the main result of the paper. Let us restate it here in slightly
more precise terms.

Let M = (M, D, L) be a non s-resonant of More-Smale type HAFVSD. For any p € N U S,
(i.e., any singular point which is not a tangential saddle point) fix a realization W (p) of the local
invariant manifold which is transversal to D. More precisely, W(p) is a neighborhood of p, if
p € N is not a three-dimensional saddle, W (p) = Wll,, if p € N is a three-dimensional saddle and
W(p) = W;, if p is a transversal saddle point. Moreover, we tacitly assume that the boundary
of W(p), as a topological manifold with boundary, satisfies that dW (p) N D is a disc (resp. an
interval) when p € N is not a three-dimensional saddle (resp. when p € S;,) and that dW (p) \ D
is everywhere transversal to L.

Theorem 50. Let V be a neighborhood of D in M and V), neighborhoods of W(p) NV in M
forany p € NUS,, such that V, NV, =0, if p # q. Then there exist a compact semianalytic
neighborhood U C 'V of D in M and compact semianalytic discs T, C Fr(U) NV, for any
p € NUS;,, satisfying the following:
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(i) The frontier Fr(U) is a topological, piecewise smooth surface given by the disjoint union

Friy=Fr0)~ |J Tp.
peNUS;,

(ii) Each disc T, contains Fr(U) N W(p) and, in turn, it is contained in a smooth analytic
surface in V), everywhere transversal to L. Moreover, W (p) N T, is equal to: Ty, when
dim W (p) = 3; a singleton in in.t(TI,), when dim W (p) = 1; a closed interval I, with
extremities in T, and such that I, C int(T)), when dim W (p) = 2.

Furthermore, the type of points in T), relatively to Fr(U) is given by (assuming for instance that
W (p) is the stable manifold, otherwise change each type a-b with b-a):

Points of int(T)) are of type e-i.

If dim W (p) = 3, points in 0T, are of type e-i.

If dim W (p) = 1, points in 0T, are of type e-t.

If dim W (p) = 2, then there are exactly four points in 3T, of type t-t, none of them in I,.
Besides, among the four intervals in which these points divide 0T, there are two of them,
say L},, L%, intersecting I, and formed by points of type t-i, while the other two do not
intersect 1, and are formed by points of type e-t.

In addition, we may assume that the elements in the family

{Saty (W ()} pes,, U {Saty (L} \ 1,). Saty (L2 \ 1))} pes,, a7
are mutually disjoint subsets of U.

Proof. Arguing as in the construction of pre-distinguished fattenings in the proof of Theorem 29,
we consider first a pre-distinguished fattening Ko over €2 satisfying

(a) If p € N and dim W (p) = 3, then Ko(v,) = W(p).

(b) If p € N and dim W (p) = 1, then Ko(v,) C V and Ly, CVp.

(¢) If p € S;r, then b(lCo(v;;)) =b(Ko(v,)) = W(p) and FICO(v,f) U F,C()(U;) cV,.

(d) For any g € S;; we have Ko(vy) C V and for any edge o € E(2) we have Ko(o) C V.

By virtue of Theorem 29, there is a distinguished refinement K < K.

Now Theorem 33 along with Proposition 48 allows us to consider an extendable distinguished
refinement K < K. Being K, a refinement of Ky, it necessarily satisfies the same properties
(a), (b), (c), (d) above.

We may assume that the extended support I@ of |/C;] is contained in V, except for the c-nbhds
of /Cp at points p in the situations (a) or (c¢), since our transversal manifolds W (p) are fixed a
priori and not contained in V. We modify I’ at those points as follows. In the case (a), we take
a c-nbhd C,, C K2(v)) = W(p), with the same fence as K2(v)) and such that C,, C V. In the
case (c), we take c-nbhds CU; C Kz(v;) for € € {+, —}, with equal bases, contained in V and
such that the unfree doors of K, at v; are doors of C"f»'

We consider the fattening K, which coincides with IC, except for the values IC(v) :=C,, when
v = v, with p in the situation (a) or v = v}, with p in the situation (c). By construction, K is
distinguished and extendable inside V. Taking U := K, we may check, using Lemma 47, that U
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satisfies the requirements of Theorem 50. More precisely, the disc 7), in the statement is given by
Ty =Lk, if dimW(p) € {1,3}, and by T, = DIC,uf; U DIC,V;’ where DK,,,; is the (unique)
free KC-door at v;, for € € {4+, —}, if dim W(p) = 2. Finally, in light of Proposition 48, the sets
in the family (17) are mutually disjoint since /C has the property (DS). O

Data availability
No data was used for the research described in the article.
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