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TRAJECTORIES IN INTERLACED INTEGRAL PENCILS OF
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OLIVIER LE GAL, FERNANDO SANZ, AND PATRICK SPEISSEGGER

ABSTRACT. Let £ be an analytic vector field at (]R37 0) and Z be an analytically
non-oscillatory integral pencil of &; i.e., Z is a maximal family of analytically
non-oscillatory trajectories of £ at 0 all sharing the same iterated tangents.
We prove that if 7 is interlaced, then for any trajectory I' € Z, the expansion
Ran,r of the structure Ran by I' is model-complete, o-minimal and polynomially
bounded.

1. INTRODUCTION

We fix a real analytic vector field £ in a neighborhood U of the origin 0 € R”,
with n > 2, and suppose that £(0) = 0. We are interested in the geometry of integral
curves of £ accumulating at the origin; i.e., of solutions « : [a,00) — U of £ such
that w(7y) := lim;e0 y(t) = 0. Indeed, we are not interested in any particular
parametrization of such a solution v but only in its image |y| := {y(¢) : t > a},
which we will simply call a trajectory of £ at the origin. As in our more elementary
paper [10], we are interested in the following vague questions:

(a) What is the relative behavior between distinct trajectories of £ at the origin?
(b) What finiteness properties, relative to a given family of sets, do trajectories
of £ at the origin have?

To make these questions precise in the cases considered here and to state our
theorem, we need to recall, in the next two paragraphs, some terminology and
results from Cano, Moussu and Sanz [3, 4]. We assume the reader to be familiar
with semianalytic and subanalytic sets (see for instance Bierstone and Milman [1]).
Let 7 : [a,00) — R™ be a differentiable curve; for b > a, we set |v|, := {y(¢) :

t > b}. We call v and its image |y| analytically non-oscillatory if, for every
semianalytic A C R™, there exists b > a such that either |v|, € A or [y[, N A = 0.
Thus, one way to make question (b) precise is to ask, as done in [3], whether a
given trajectory of £ at the origin is analytically non-oscillatory (simply called “non
oscillante” there). In [3], the notion of analytical non-oscillation is compared to the
following: let v; := wfl o+ be the lifting of v via the blowing-up 71 : M7 — R" with
center the origin pg = 0. If 41 has a single limit point p; € 7y *(po) as t — oo, we
say that v has tangent p; at the origin. We say that v has iterated tangents
at the origin if, for k£ € N, there are differentiable curves v : [a,00) — M}, and
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points px, € M}, such that My = R", 79 =, po = 0 and, for k > 0, 4 is the lifting
of y;—1 via the blowing-up 7y, : My — Mj_1 with center {px_1} and accumulates
at pr. In this situation, the sequence of iterated tangents (py)ren thus obtained
is uniquely determined by the image |y|. By [3, Section 1.2], if |y| is analytically
non-oscillatory, then v has iterated tangents; the converse is false in general, even
if n =3 and |y is a trajectory of £ at the origin [3, Théoreme 1].

The notions of the previous paragraph make sense for any n > 2. To make
sense of question (a) in the case n = 3, we recall the following definitions from [4]:
let v,7" : [a,00) — R3 be two analytically non-oscillatory, differentiable curves
such that |y| N |y/| = 0. We say that they are interlaced if, for some system
(z,y, z) of analytic coordinates at the origin, there are b,b" > a, ¢ > 0 and differ-
entiable functions u,v,u’,v’ : (0,e] — R such that |v|, = {(z,u(z),v(z)) : 0 <
z < e} and ||, = {(z,v/(x),v'(z)) : 0 < 2 < e}, and such that the vector
(u(x) — /' (z),v(x) — v'(x)) € R? spirals around the origin as z — 0*. We say
that |v|,|7'| are subanalytically separated if there exists a subanalytic map o
from a neighborhood of |y| U |y/| into R? such that o(|y|) N o(|y']) is a finite set of
points. The main result of [4] relates these two notions in the following situation:
an integral pencil of ¢ at the origin is a maximal collection of trajectories of £
at the origin all having the same sequence of iterated tangents. We call an integral
pencil 7 of £ at the origin analytically non-oscillatory if every trajectory of
7 is analytically non-oscillatory. In [4, Théoréme 1] it is proved that, if Z is an
analytically non-oscillatory integral pencil of £ at the origin, then either every pair
of disjoint trajectories in Z is interlaced, in which case we call Z an interlaced
pencil, or every pair of disjoint trajectories in Z is subanalytically separated, in
which case we call Z a subanalytically separated pencil.

For our theorem, we assume the reader to be familiar with the basics of o-minimal
structures (see van den Dries and Miller [7]); in particular, we will be working with
the o-minimal structure R,,, whose definable sets are the globally subanalytic sets.
For a trajectory I' of £ at the origin, we let R,, r be the expansion of R,, by I'.
Clearly, the o-minimality of R,, r implies that I" is analytically non-oscillatory. The
converse is not true in general: while Rolin, Sanz and Schéfke [13] give, in any di-
mension n, criteria for (and specific examples of) £ and analytically non-oscillatory
trajectories I' of £ at the origin that imply the o-minimality of R,, r, they also
exhibit a particular £ in R® with an analytically non-oscillatory trajectory I' at the
origin such that R, r is not o-minimal. The question of whether counterexamples
of the latter kind exist in R® or R* remains open, and our main theorem can be
viewed as a partial result towards showing that no such counterexamples exist in
R3:

Main Theorem. Let 7 be an interlaced, analytically non-oscillatory integral pencil
of an analytic vector field & at 0 € R®, and let T be a trajectory of I. Then

the expansion Ran 1 of Ran by I' is model complete, o-minimal and polynomially
bounded.

Let Z be an analytically non-oscillatory integral pencil of & at the origin. An
even stronger criterion than o-minimality of R,y r, for individual trajectories I' € Z,
is that of o-minimality of the expansion R,, 7 of R,y by all trajectories in Z. For
instance, if n = 2, then R,y 7 is o-minimal, because non-oscillatory trajectories of &
at the origin are pfaffian sets in this case, see Lion and Rolin [9] or Speissegger [14,
Example 1.3]. If n = 3, however, the o-minimality of R,y z and [4, Théoréme 1]
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imply that Z is subanalytically separated since, by its very definition, two interlaced
trajectories cannot be definable in the same o-minimal structure. Thus, the Main
Theorem above is the best we can hope for if Z is interlaced.

If 7 is subanalytically separated, we do not know what happens in general. For
the record, in [10] we consider this problem in the case where & arises from a system
of two linear ODEs with meromorphic coefficients

Yy = A(z)y + B(z), y= (y1,v2)

In this situation, we obtain from [10, Theorem 4] that if Z is a subanalytically
separated integral pencil at 0, then the expansion of R,, by all trajectories in Z is
o-minimal.

The proof of the Main Theorem goes as follows: in Section 2, we use a result in
[4] to reduce to the situation where the vector field & arises from a two-dimensional
system of differential equations in final form. Basic ODE theory then gives the exis-
tence of a formal power series solution H (X)) of this system to which the trajectories
I" we are interested in are asymptotic. In this situation, a result of Rolin, Sanz and
Schéfke [13] states that R,y r is o-minimal provided H(X) satisfies the so-called
SAT property (see Section 3). Thus, similar to [13], it remains to establish this
SAT property of H(X). In [13], this was achieved under the additional assumption
that ¢ has sufficiently many independent (over the non-flat germs) components of
Stokes phenomena (see Sections 4 and 5 for definitions). The main contribution of
this paper is the independence proof of the components of the Stokes phenomena in
the situation considered here, from which we then obtain the SAT property along
the lines of [13], carried out in Section 6. This independence proof, in turn, is based
on a further reduction to what we call “interlaced final form” (Proposition 4), as
well as on multisummability theory, see Example 17 and Proposition 21.

2. REDUCTION TO INTERLACED FINAL FORM

Systems of ODEs. To describe the first reduction in the proof of our Main Theo-
rem, we work in the following setting: we fix ¢ € N and nonzero n € N and consider
an n-dimensional system of ordinary differential equations of the form

(1) 2y () = O(z, y(@)),

where y € R™ and © : V — R" is real analytic in some neighbourhood V' of
0 € R'™™. A solution at 0 of (1) is a differentiable map y : (0,¢] — R™, for
some € > 0, such that gry C V and y satisfies (1) for 0 < z < e. A formal
solution at 0 of (1) is an n-tuple H € R[X]" such that (0, H(0)) € V and

X H'(X) = (T(0,1(0)©)(X, H(X) — H(0)),
where T,© € R[X, Y] denotes the Taylor seriesof @ at a € V and Y = (Y1,...,Ys).

Remark. The integer ¢ is equal to the Poincaré rank of system (1) if T{o r(0))© is
not divisible by X in R[X,Y].

Let n = —29719, — O(z,y) - 9, be the real analytic vector field, defined in a
neighbourhood of 0 € R™*™, associated to system (1), where 9, = (9y,,...,0,, ).
Then the graph of any solution h at 0 of system (1) is a trajectory I of 1.

Remark. This I is not necessarily a trajectory at 0 of n; indeed, the graph of h is
a trajectory at 0 of n if and only if lim,_,o+ h(t) = 0.
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Thus, we call a solution & at 0 of system (1) analytically non-oscillatory if its
graph gr h is analytically non-oscillatory. In addition, if n = 2, we call a pair (g, h)
of solutions at 0 of system (1) subanalytically separated (respectively, inter-
laced) if the pair of graphs (grg,grh) is subanalytically separated (respectively,
interlaced).

Remark 1. Assume that system (1) has a formal solution H at 0. We set H® := H,
po = H(0) € R" and HY(X) := (H(X)—po)/X € R[X]". Iterating this procedure
we obtain, by induction on k € N, points p;, € R™ and tuples H* € R[X]" such
that p, = H"(0) and H*"'(X) = (H*(X) —pi) /X. If h is a solution at 0 of
system (1) with asymptotic expansion H at 0, then this computation corresponds
to the computation of the iterated tangents of the graph of h in suitable charts at
each stage of blowing up. Therefore, a solution h at 0 of system (1) has asymptotic
expansion H at 0 if and only if the graph of h has iterated tangents at 0 determined
by H through the above computation.

Thus, we call integral pencil at 0 of system (1) any maximal collection of
solutions at 0 of system (1) all having the same asymptotic expansion at 0. In
particular, if the system (1) has a formal solution H at 0, we denote by Z(H) the
integral pencil of system (1) consisting of all solutions at 0 of (1) asymptotic to H.

In addition, if n = 2, we call an integral pencil Z at 0 of system (1) analytically
non-oscillatory if every solution in 7 is analytically non-oscillatory, and we call
7 subanalytically separated (respectively, interlaced) if every pair of distinct
solutions in Z is subanalytically separated (respectively, interlaced).

Remark. It follows from Remark 1 that, if h is a solution at 0 of system (1) with
asymptotic expansion H and Z is the integral pencil containing h, then Z = Z(H).

The reduction. We assume for the remainder of this section that n = 2. Following
[3, Définition 4.2], we say that system (1) is in final form if ¢ > 1 and

(2) O(z,y) = (a(2)I +2"J(2))y + 2T g(z,y),

where 0 < r < ¢ + 1 (this r corresponds to the “indice de radialité” k(X) in [4,
Définition 4.2]), g is real analytic in some neighbourhood of 0, a(x) is a polynomial
of degree at most r—1 (with a(x) = 0 if r = 0), I is the identity matrix, and J(z) is
a matrix of polynomials of degree at most ¢ — r (with J(z) = 0 if » > ¢), such that
the matrix A(x) := a(z)l + 2" J(x) has at least one nonzero eigenvalue at z = 0
and J(0) has two distinct eigenvalues if r < q.

Assume that system (1) is in final form (2). The hypothesis on the eigenvalues of
A(z) at x = 0 then imply (by a routine calculation as found, for instance, in Chow
and Hale [5, Chapter 12, Theorem 3.7]) that there exists a unique formal solution H
at 0 of system (1) such that H(0) = 0. Moreover, by Bonckaert and Dumortier [2,
Theorem 2.1}, there exists a solution h at 0 of system (1) with asymptotic expansion
H at 0; in particular, Z(H) is nonempty.

Fact 2 ([4], Théoremes 4.3 and 4.5). Assume that system (1) is in final form (2),
and let H be its unique formal solution at 0 satisfying H(0) = 0. Then Z(H) is
analytically non-oscillatory and interlaced if and only if the following holds:

J(0) has non-real eigenvalues,
(3) trace A(z) = az' + O(z'*1) for some | < q and a > 0,

and H is divergent.
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Moreover, in this situation, the integral pencil Z(H) consists of all solutions h at 0
satisfying lim,_,o+ h(z) = 0.

To see how this fact is used towards the proof of our Main Theorem, let Z be an
interlaced, analytically non-oscillatory integral pencil at 0 of £&. By [3, Proposition
5.1], there exists a polynomial map o : R® — R3 fixing the origin (obtained by a
finite composition of local blowings-up and ramifications), and there exists a system
(1) in final form, with unique formal solution H at 0 satisfying H(0) = 0, such that
every trajectory |y| in Z is the image under o of the graph of some solution in the
pencil Z(H) of this system (1). Since the map o is polynomial, it follows from [3,
Proposition 1.13] that Z(H) is non-oscillatory and interlaced.

Moreover, if H is a formal solution at 0 of a system (1) in final form satisfying
(3), a routine linear change of variables y — Ry, where R € Ms(R), shows that
RH is a formal solution at 0 of a system (1) in final form (2) satisfying (3) and the
following additional condition:

(4) J(0) = <E _ab> , where a, b are real and b # 0.
These observations lead us to the following definition: we say that system (1) is
in interlaced final form if ¢ > 1, r < ¢ and

(5) O(z,y) = (a(@)I + z"b(x)J)y + z7 g(z,y) + c(z),

where a(x) = ap + - - - + a4z? is a polynomial of degree at most ¢ satisfying ag > 0,
b(z) =bo+---+by—rx9" is a polynomial of degree at most ¢ — r satisfying by # 0,
¢(z) is a tuple of polynomials of degree at most ¢ satisfying ¢(0) = 0, g is real
analytic in some neighbourhood of 0 and J = (g _01>

Remark 3. The explanation for the additional term c¢(z) is deferred to Remark
10. A system (1) in interlaced final form (5) with ¢(z) = 0 is in final form (2)
and satisfies conditions (3) and (4). Moreover, the arguments given before Fact
2 also apply to any system (1) in interlaced final form, i.e., for any such system,
there exists a unique formal solution H at 0 such that H(0) = 0, and there exists
a solution h at 0 with asymptotic expansion H at 0, so that Z(H) is nonempty.

Proposition 4. Assume that system (1) is in final form (2) and satisfies conditions
(3) and (4). Then there exist T1,...,T, € Ma(R) such that, with

T(x):=1+2aTh + -+ 2Ty,
the pullback of system (1) wvia the change of variables y = Tz, for z € R?, is in

interlaced final form.

Proof. Set again A(x) := a(z)l +2"J(x), and assume A satisfies conditions (3) and
(4). If a matrix T as required exists, then there exists a real analytic gr, defined
on a neighbourhood of 0 and depending on 7', such that A is a solution at 0 of our
system (1) if and only if 77 is a solution at 0 of the system

2 =T (AT — 297" 2 + 2% gp (2, 2).
Thus, it suffices to find 7" and matrices D, E € My(R)[x] of degree at most ¢ such
that

(6) AT —TD — 27T = 297 E
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(7) D(z) = a(x)I + 2" N(x),
where N(z) = Ng + 2Ny + - -+ + 297 "N,_,, with each N; € M3(R) of the form

% _bj) and by # 0. To do so, we write J(z) = Jo+xJ1 + -+ - + J,—, with each

bj ay
J; € M2(R). Plugging into (6) yields
I E =2"(JT —TN) — z97’
ZZET(JQ - No)

+ 2" (JoTy — Ty Ny + J1 — Ny)

qg—r—1
+ Z (Jqufrfj - TQ*T*ij) + Jg—r — Ng—r
§=0

+ z9TLP,
where P € M3(R)[z] is of degree at most ¢ and depends on T" and N. This shows
that we can take Ny := Jy, which works because of our hypotheses. Working

by induction on k& = 0,...,q — r, we therefore assume k > 0 and having found
Ty,...,Tx_1 and Ny,..., Nip_1 with the required properties such that

-1
> (JTij =T jNj) +Ji = Ny =0, forl=0,....k—1
§=0

we then need to find T}, such that

k—1
Ny, := Ji + (JoT — TuNo) + > _(JiTx—j — Ti— jN;)

j=1
also has the required properties. Since the matrix
o B k—1
<7 5) = Ji + ;(Jqu—r—j = Tq—r—jNj)
J:
is already determined, direct computation shows that
T, = i - — B oa—0
T ap\a—56 48
does the job. Finally, with T and N determined in this way, both P and gp are
determined as well, and we take F := P. O

Thus, the Main Theorem is implied by the following particular case:

Theorem 5. Assume that system (1) is in interlaced final form (5), and let H
be its unique formal solution at 0 satisfying H(0) = 0. Then, for h € T(H), the
structure Ray 95 model complete, o-minimal and polynomially bounded.
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3. REDUCTION TO ESTABLISHING SAT

To explain our variation of the approach in [13], we need to recall some definitions
and facts. First, recall that a tuple F' = (F},..., F;) € R[X] such that F(0) = 0
is analytically transcendental if, for every convergent G € R[X, Z] such that
G(0)=0and Z = (Zy,...,7;), the condition G(X, F(X)) = 0 implies G = 0.

For the remainder of this section, we work with system (1) and assume that it
has a formal solution H at 0. For k € N, we associate the point py € R™ and the
tuple H* to H as in Remark 1, and we set

RyH(X) = (ReH1(X),..., ReHn (X)) := H*(X) — py.
Note that R H(0) = 0 for each k.

Definition 6. Let ¢ be as in system (1).

(1) We call a polynomial P € R[X] positive if P(xz) > 0 for all sufficiently
small z > 0, and we call P g-short if deg P < (¢ + 1) ord P.

(2) The formal solution H is strongly analytically transcendental, or SAT
for short (pronounced “sat”), if for any integers k > 0 and [ > 1 and any
I-tuple P = (P, ..., P,) of distinct g-short positive polynomials, the tuple

RkHOP = (RkHl 9 P17. .. ,Ran o Pl,RkHl o PQ,. . 7Ran OPk,)
is analytically transcendental.

Fact 7 (Lemma 4.1 and Theorem 2.2 of [13]). Assume that system (1) has a SAT
formal solution H at 0. Then for every h € Z(H), the structure Ray p is model-
complete, o-minimal and polynomially bounded.

Thus, to prove Theorem 5 (and hence the Main Theorem), it suffices to establish
the following:

Theorem 8. Assume that system (1) is in interlaced final form (5), and let H be
its unique formal solution at 0 satisfying H(0) = 0. Then H is SAT.

Let us point out that, in the situation of Theorem 8 with » = 0 in (5), system
(1) also satisfies the hypotheses in [13, Theorem 2.4’], thus implying Theorem 8
for this case. In general, however, we allow the linear part of (5) to have two real
eigenvalues (whenever r > 0), a case to which [13, Theorem 2.4’] does not apply.
As our proof would not be different for the case r = 0, we shall focus on the case
r > 0, which allows us to somewhat lighten notations.

The reason for the term ¢(x) in the definition of “interlaced final form” is that
it suffices to establish the following weakening of SAT:

Definition 9. Let ¢ be as in system (1). The formal solution H is 0-SAT if
for any integer I > 1 and any l-tuple P = (P,..., P,) of distinct g-short positive
polynomials, the tuple RgH o P is analytically transcendental.

Remark 10. It suffices to prove Theorem 8 with “0-SAT” in place of “SAT”.
To see this, assume that Theorem 8 holds with “0-SAT” in place of “SAT”, and
assume that system (1) is in interlaced final form (5), and let H be its unique formal
solution at 0 satisfying H(0) = 0. Then

(8) X H = TyA-H + X7 Tyg(X, H) + Toc,
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where A(z) := a(z) + 2"b(x)J. Since RiH(X) = HY(X) —p = H(X)/X — p,
where p := H'(0), it follows that

XY RIH) = (A— XU)H' + X9-Tog(X, H) + Toc/X
= (A - X9)R H + X' Tyh(X, R H) + Tod,
where h(z,y) := (T(O p)G) (z,y) with G(z,y) := (9(z,zy) — g(0,0))/z and
d(z) = c(z)/z + x%(0,0) + (A(x) — 291)p.

Note that degd < ¢; dividing (8) by X and setting X = 0, we get that d(0) =
Thus, Ry H is the unique formal solution at 0, with Ry H(0) = 0, of another system
(1) in interlaced final form (5). Since Ry41H = R1(RiH) for k € N, we obtain, by
iterating this procedure and applying the hypothesis, that H is SAT.

4. SUMMABILITY

We recall, in this and the next section, the basics of multisummability as de-
scribed by Malgrange and Ramis [11], with notations adapted to our situation.
Thus, we set C* := C\ {0}, R* := R\ {0}, Ry := [0, +00), R} := R* N R, and let
S! be the unit circle in R?. We identify S! with the interval [0, 27) via the standard
argument map, and we equip S' in this way with addition @ and subtraction ©
obtained from the corresponding operations modulo 27 on [0, 27). We also identify
C* with R% x S! via the usual covering map p : (r,0) € Ry x St s re®.

Thus, we associate to any subset X of S! the set Vx of all open neighbourhoods
of {0} x X in C*. For any X C S', we let O(X) be the algebra of all germs at 0 of
analytic functions f : U — C with U € Vx; then O := {O(U) : U C S! open} is
a sheaf on S'.

The reason for introducing sheaf terminology is that it provides a convenient
setting in which to define multisummability; we refer the reader to Hartshorne [8,
Section II.1] for details on sheaves. Thus, we let A be the subsheaf of O whose
stalk Ay, for § € S', consists of all f € Oy that have an asymptotic expansion
Tof(X) => ap, X" € C[X] at 0, that is, there exist a representative f : V — C,
with V' € V(gy, and constants ¢, € R depending on V, for n € N, such that

) |f<z> ~Ya
n=0

If C is the sheaf on S* whose section, for open U C S', consists of all locally constant
maps F : U — C[X], we call Taylor map the morphism 7 : A — C of sheaves
induced by the maps Ty.

2" < eplz|™, for z €V and m € N.

Remark. If U C S! is connected, then T'| A(u) takes values in C[X]. It follows from
basic complex analysis that if f € A(S'), then Tf converges.

Next, we define the subsheaf A° of flat functions as the kernel of T and, for
k > 0, we let A be the subsheaf of A° whose stalk A%, for § € S!, consists of all
f € Ay that are exponentially flat of order at least k, that is, there exist a
representative f : V' — C, with V' € Vyg), and constants A,b > 0 depending on V'
such that

1f(2)] < Ae 1" for 2 eV
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Fact 11 (Watson’s Lemma, statement before Définition 1.5 in [11]). Let!' k > 1/2
and I C S be a closed interval of length |I| > w/k. Then A*(I) = {0}.

Gevrey asymptotics. Let s > 0. We let C[X]; be the ring of all Gevrey series of
order s, that is, all F(X) =3 ja,X" € C[X] such that the series Y~ g X"
converges. We also let A, be the subsheaf of A whose stalk A; g, for 6 € S*, consists
of all f € Ay for which there exist a representative f : V — C, with V' € Vg,
and a constant ¢ > 0 depending on V such that (9) holds with ¢, = ¢"I'(ns). Note

that, for connected U C S', we have T'(As(U)) C C[X]s.

Fact 12 (1.3 and 1.4 of [11]). Let k > 1/2 and I C S! be an interval.
(1) A () 1A(D) = AX(D).
2) If I is closed and of length less than w/k, then T 4., (1) is surjective onto
Ay (l)
CIXT1 k-
(3) Quasi-analyticity: if I is closed and of length at least w/k, then T 4, ,, (1)
18 1njective.

One of the key concepts needed is that of quotient sheaf. In our situation, we
have the following: if B is a subsheaf of A and I is a subinterval of S!, then every
element of (A/B)(I) is represented by a (finite if I is closed, possibly infinite if I
is not closed) tuple of elements f; € A(U;), such that each U; is an open interval,
I €, U; and, for all i, j, we have (f; — f;) lv,nu, € B(U; N U;).

Since A is the kernel of T and A is a subsheaf of A°, for k > 0, the Taylor map
induces a morphism 7}, : A/A¥ — C of sheaves; we usually omit the subscript k.
Moreover, we have

Corollary 13. The map T : (A/A*) (S') — C[X]1x is an isomorphism.

Proof. By [11, Théoreme 1.6], we have (A/A*) (S') = (A1/x/A*) (S'); the corol-
lary then follows from Fact 12. ([

Summability. To describe what we use from summability theory, we need the
following notations: for distinct 6,¢ € S! and k > 1, we set

d(6,¢) :==min{0 © (,( © 6} € [0,7]

and

VO, k) = (9@%,9@2%);

so V(0,k) is a proper subinterval of S!, and we denote its topological closure in
St by 1(0,k). If d(6,¢) < 7, we let U(6, () be the unique open interval in S! with
endpoints 6 and 7 and of length equal to d(6,n). If d(0,¢) < w, we set

Uu®.¢k = |J Viek);
$€U(0,¢)

note that, under these assumptions, U (6, (, k) is a proper subinterval of S of length
greater than m/k.

Let k£ > 1 and F € C[X];/x. Recall [11, Définition 1.5] that, if I C S' is a
closed interval of length at least 7/k, then F' is k-summable on I if there exists

If one replaces S! by its universal covering space R, all definitions and facts stated in this
section are easily adapted to all £k > 0. Since we only consider integer £ > 0 in this paper, the
present setting suffices for our purposes.
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[ € Ay (I) such that T'f = F. By quasianalyticity, if such an f exists, it is unique;
we call it the k-sum of F' on [ and denote it by Sy F.

Definition 14. (1) The series F is k-summable in the direction 6 € S if
F is k-summable on I(0, k).

(2) The series F' is k-summable if it is k-summable in all but finitely many
directions; in this situation, the directions in which F' is not k-summable
are called the singular directions of F'.

(3) If Fis k-summable and &, ¢ € S* are such that d(, ¢) < 7, and if the interval
U(&,¢) contains no singular directions of F' then, by analytic extension,
there exists a unique f € Ay, (U(§,(, k)) such that flro,m= Si,kF, for
0 € U(,C). We call this f the k-sum of F on U(¢,() and denote it by
SecF.

Next, let S C S! be finite; for § € St, we let 6+(S) be the first element of
S U {0 @ m/2}, distinct from 6, that lies on S' after § in the positive sense and,
similarly, we let ~(S) be the first element of S U {6 & /2}, distinct from 6, that
lies on S! after 6 in the negative sense. Note that, for § € S! and * € {+, -}, we
have d(0,6*(S)) < 7 and

V(0,k) =U(0,0(S),k)NU(H,07(S), k),

independent of S.

Assume now that F' is k-summable with its singular directions in S. By def-
inition, for § € S* and * € {+, —}, the interval U(6,6*(S)) contains no singular
directions of F, so the k-sum Sy g-(5)F' is well defined. The difference

AQF = 8979+(S)F - 89797(5)}7

is defined on V' (0, k), independent of S and called the Stokes phenomenon of F’
in the direction 0. Note that AgF' = 0 whenever 6 ¢ S.

The tuples (8979+(S)F)9e51 and (8979’(3)}7)0681 are uniquely determined by F
and S. Moreover, by Fact 12(1), each AyF belongs to A*(V(6,k)). It follows
that the tuple (89}9+(3)F)9681 represents an element in (Al/k/Ak) (Sl), which we
denote by SF and call the k-sum of F. Note that SF' depends only on F' but not
on S.

Finally, for the purposes of this paper, F' is called summable if there exists
k > 1 such that F' is k-summable.

Remarks 15. Assume that k£ > 1 and F' is k-summable with its singular directions
in S and adopt the corresponding notations above.
(1) It follows from Fact 12(2) and basic complex analysis that F' converges if
and only if F' is summable and has no singular directions. In this situation,
we identify SF' with the germ at 0 of the analytic function defined by F.
(2) Let G € C[X] be convergent and of order v > 0. Using Corollary 13, we
obtain (we leave the details to the reader) that the series
(Fo@G)(X):=F(G(X))
belongs to C[X];,,x. Moreover, the singular directions of F' o G' belong to
S = J"Zo(S + 2mp) /v, and the corresponding sums and Stokes phenom-

pn=0
ena, for § € St and * € {+, —}, are

So.0-(s51)(F 0 G) = Sug,w0)=(5)F 0 SG
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and
AQ(F o G) = AVQF 0 SG.

The next computation (Example 17 below) is a crucial ingredient in our proof
of Theorem 8. Here and in Section 6, we shall use the following:

Remark 16. Let X = (X3,...,X;n), Y =M,...,Y,) and Z = (Z4,...,Z,), and
let F € R[X,Y]. Then there are By, ..., B, € R[X,Y, Z] such that

F(X,Y)-F(X,2) =) Bi(X,Y,Z)(Y; — Z);
i=1
moreover, we have

oF
Bi(X,V,)Y)=—(X,Y).
(XLY.Y) = G (XY)
The case n = 1 follows from the binomial formula; for n > 1, proceed by induction

on n (simultaneously for all m), using the equality
F(X,)Y)-F(X,Z)=F(X,Y"Y,) - F(X,Y' Z,)
+F(X,Y', Z,) - F(X,Z', Zy,),
where Y’ := (Y1,...,Y,—1) and Z' := (Z3,...,Z,—1). It follows, moreover, that
the B; are convergent whenever F is.

Example 17 (Stokes phenomena for H). Assume that system (1) is in interlaced
final form (5), with » > 0, and let H be its unique formal solution at 0 satisfying
H(0) = 0. As before, we set

A(z) == a(x)] + 2"b(x)J,

and we also write g(x,y) = Y o, gi(z)y’. Following [12], each component of H is
g-summable with singular directions among the directions of the gth roots of the
eigenvalues of A(0). Since r > 0, we have A(0) = a(0)I; moreover, by assumption,
a(0) > 0. Hence the possible singular directions are the gth roots of unity,

2
S::{m: p:O,...,q}.
q

We refer to Definition 14 for the corresponding sums
Sp.0=(s)H = (Sp,0+ () H1, Sp,0+(5)H2)
and Stokes phenomena
AgH = (AgH;y, AgHs),
for € S* and * € {+,—}. Below, we set Y := (Y1,Y2) and Z := (Z,Z,). By
Remark 16, there is a convergent B € My(R[[X,Y, Z]]) such that
B(X,Y,Z)(Y - Z) = TO(X,Y) — TO(X, Z).

Again by [12], Sy g-(s)H is a solution of system (1) on U(,0*,q); so AgH is a
solution of the system
(10) ey = fo(z) -y
onV (0, q), where fo(x) := SB (1‘789,9+(S)H(1‘), 89’9—(S)H($)) is a matrix in Mo (A;/4(V (0, q))).
Thus, for

1 [ag ai Ag—2 42 -1
Qa(@ixq(quq_lir'“JquIq +ag_1 2!
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and v € A(V(0,q))?, we have that w := exp(Q,()) - z% - v is a solution of system
(10) on V (0, q) if and only if v is a solution on V (6, q) of the system

(11) xq—r+1y/ _ fG(-T) — a’(x) -y

:L.T
Note that T((fg—a)/2")(X) = b(X)J + X "1 L(X), where L € R[[X]]; in partic-
ular, the linear part of (fy —a)/z" has two distinct eigenvalues. It follows from [17,
Theorem 12.2] that the system (11) can be diagonalized on V(0,q —r) D V (0, q):

there exists a holomorphic linear change of variables v = Cy(z)u, where Cyp €
M3 (A(V(8,q))), such that v € A(V (0, q))? satisfies (11) if and only if

(12) "y = Ny(x)u,

where Ny € M2(A(V(6,q))) is diagonal. Moreover, from the Taylor expansion of
(fo —a)/x", we see that

Cola) = (—li 1) + 01
and
No(z) = b(z) (é Oi) + Oz,
Setting

q—r

Qp(x) := _mqt"' ( = q—brl—lx +ot bqfrflxqﬂ’*l> if r < gq,
0 if r =g,

the nonzero solutions of (12) are of the form u = pp - E, where pp = diag(pe.1, f10,2)

with g ; € A(V(6,9))\ A°(V(0,q)) and E = (Z;) with

e1(x) := exp (in(JL‘)) g and es(x) :=1/eq(x),
defined using the main branch of log on the sector
{z€C: |z| >0, argz € V(0,q)}.

With these notations in place, we have shown that the Stokes phenomenon AyH
on V(,q), for singular § € S, is of the form

(13) ApH = (expoQ,) -z - Cp - g - E,

with Qq, aq and E depending only on the system (1) in interlaced final form (5),
but not on the particular § € S!.

5. MULTISUMMABILITY

What happens if series of various summability orders are added or multiplied?
In general, the resulting series are not k-summable for any k; what happens instead
is based on the “relative Watson Lemma”:

Fact 18 (Proposition 2.1 of [11]). Let 1/2 < k1 < ko, and let I C S be an interval
containing a closed interval of length w/ky. Then (A" /A*2) (I) = {0}.
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To define multisummability, we use the following notation: let J C I C S' be
open intervals and B C C be two sheaves on S'. For g € C(I), we denote by
gl the restriction of g to J, and by [g]s the element of (C/B)(I) represented by g.
Moreover, if D is a third sheaf on S* such that B C D C C, we identify (C/B)/(D/B)
with C/D in the usual way (see [8]).

Let 1 <k < --- <k, and F € C[X], and set k := (k1,...,k,). Recall [11,
Définition 2.2] that, if Iy D Iy D ---I, are closed intervals on S' such that each
I has length at least 7w/ky and I := (I1,...,1,), then F is k-summable on I
if F € C[X]1/k, and there exist f € (A/A"+1) (1), for A =1,...,p— 1, and
fu € A(I,) such that, if fo is the unique (see Corollary 13) element of (A/A*1) (S)
with T fo = F', we have

Foaln = ] ginjaias 1SN <p,
S /PO

In this situation, it follows from Fact 18 that the tuple f := (f1,..., fu) is uniquely
determined (quasianalyticity). Thus, we call f the k-sum of F on I and, in
particular, we set S;F := f, € A(I,).

Definition 19. (1) Let 6 € S' and set
I(0,k) :== (I(0,k1),...,1(0,kp.)).

Then F is k-summable in the direction 6 if F' is k-summable on I(6, k).

(2) The series F' is k-summable if it is k-summable in all but finitely many
directions; in this situation, the directions in which F' is not k-summable
are called the singular directions of F'.

(3) If Fis k-summable and &, ¢ € S! are such that d(, () < m, and if the interval
U(&,¢) contains no singular directions of F' then, by analytic extension,
there exists a unique f € A(U(,(, ky)) such that flr k)= Si(g,r)F, for
0 € U(&,¢). We call this f the k-sum of F' on U(£, () and denote it by
SecF.

Let S C S be finite, and ssume that F is k-summable with its singular directions
in S. As in the case of simple summability, for § € S' and * € {+, -}, we define
the Stokes phenomenon of F' in the direction 6 as

AgF = 39,o+(s)F - S@,O—(S)F

Note again that ApF' is independent of S, and that AgF = 0 whenever 6 ¢ S.

By quasianalyticity, the tuples (Sg' F ) est and (Se_ F )9 cgr are uniquely deter-
mined by F and S. Moreover, by definition, each Ay F belongs to A" (V (0, k,,)). It
follows that the tuple (S;’ F )0 cs represents and element in (A/ Akl) (Sl), which
we denote by SF and call the k-sum of F'. Note that SF' depends on F' but not
on S.

Finally, for the purposes of this paper?, I is multisummable if there exists a
tuple k as above such that F'is k-summable.

Remark 20. It follows from quasianalyticity and basic complex analysis that F
converges if and only if F' is multisummable and has no singular directions.

21f one replaces S! by its universal covering space R, all definitions and facts stated in this
section are easily adapted to all tuples k satisfying k1 > 0; see [11, Section 2].
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The collection of all multisummable series (as defined here) forms a subalgebra of
C[X] containing all summable series [11, Section 2]. Moreover, by [11, Proposition
2.3], this algebra is stable under composition on the left with convergent power
series. In a particular situation, as described next, we need a more precise statement
of this kind.

Composition of convergent with multisummable series. Let m,n € N and
F eC[X, X11,.--X1n, X21,. .., Xmn] be convergent; we abbreviate

F(X,{Xi5}) = F(X, X1, ., Xin, Xo1, -+, X)),
where i =1,...,m and j = 1,...,n. Given H;; € C[X] with H;;(0) = 0, for each
pair (i,7), we set

(Fo{Hi;})(X) := F(X, {H;(X)}) € C[X].

In this situation, if J C S' is an interval and h;; € A(J) are such that each
hi;(0) = 0, we write SF o {h;;} for the element f € A(J) represented by the
function z — SF(z,{hi;(2)}) : V — C, for some appropriate V' € V;.

Similarly, we need to define composition of SF with elements of (A/.A") (S'):
for [ > 1/2, open intervals J,J' CS', 0 € JNJ' and a € A(J) and 8 € A(J'), note
that

(I8la)g = ([a]a1) if and only if (8 —a)g € (A"),.
Thus, given ! > 1/2 and g;; € (A/Al) (St), for 1 <i<mand 1< j < n, we define
the composition SF o {g;;} € (A/A") (S') by setting, for 6 € S!,

(SEo{gij})g = [SFo{au}] 4 »
where each «;; € Ag represents (g;;)¢. This composition is well defined: if 3;; € Ag

also represents (g;;)g, then the polynomial growth of SF implies that (SF o {f;;} — SF o {a;}), €

(A o » a8 required.

For the next proposition, we let { > 1 and Hy, ..., H, € C[X] be l-summable,
with corresponding sets S; C S* of singular directions and satisfying H;(0) = 0. Let
also Py, ..., P, € C[X] be polynomials satisfying P;(0) = 0. We set v; := ord(P;) >
0 and denote by 1 < ky < kg < --- < k, the elements of the set {v;l: j=1,...,n}.

By Remark 15(2), each H; o P; is k(i, j)-summable for some unique k(i,j) €
{ki,...,k,} and S(H; o P;) € (A/AFED) (S1), s0 that

[S(H; o Pj)]Akl/Aw,j) € (A/Akl) (Sh).

We set k := (k1,...,k,) and let S’ C S* be the union of all directions associated
to each H; o P; as in Remark 15(2) from the set S Note that, for € S' and
i=1,...,m, we have 61(S;) >¢9+(S’) and 67 (5;) < 07 (S5"); setting

(8
0(5")
below, it follows that U(6,0*,k,) C U(0 0*( i)

k(i,7)) and the restriction
So.0+(H; © Pj)lu,6+ k)€ AU

(0,0%,k,))
is well defined.

Proposition 21. For 0 € S' and x € {+, —}, the series Fo{H;oP;} is k-summable
in every direction contained in U(0,0%) and satisfies

Sp o+ (Fo{H; o P;j}) = SF 0 {Spg-(H;i o P;)[u(9,0- k) } ;
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in particular, the series Fo{H;oP;} is k-summable with singular directions among
those in S'.

Proof. We fix 0, x and ¢ € U(6,0*). For i <m, j <n and A < p, we define a sum
hf‘j of H; o P; on the interval I(¢,kx) € U(6,0*,ky) such that hfj € A(I(o,kp))
and b}y € (A/AR+1) (I(¢, k) for A < p, as follows:

So.0+(Hi © Pj)l1(,k,.) if A= p,
hyy = < [Sp.0+ (H; © Pj)] grass 106 k) if A\ < g and k(i,5) < kap1s
[S(Hz' o Pj)]AkHl/Ak(i,j) rl(qb,kk) if k(la]) > kA+1-

Then, for 1 < A < u, we set f) :=SF o {h;\J}, in particular,

fu=8F o {Soe-(H;o Pj)l1(gk,)}

by definition. It is straightforward from this definition that F o {H; o P;} is k-
summable in the direction ¢ with k-sum (f1,..., fu) on I(¢, k). The proposition
now follows, since Sy(g ) (F o {H; o P;}) = f, in this case. O

6. PUTTING IT ALL TOGETHER

This section is devoted to the proof of Theorem 8; so we assume that system
(1) is in interlaced final form (5), and we let H be its unique formal solution at
0 satistying H(0) = 0. By Remark 10, it suffices to show that H is 0-SAT. As
justified after the statement of Theorem 8, we shall assume throughout this proof
that » > 0. We adopt all the notations introduced in Example 17.

Wenow let n € N, F' € R[X, Z] be nonzero and convergent, with Z = (Z;;)1<i<2,1<j<ns
and let Pi,..., P, € R[X] be positive and g-short of orders v4,...,v, > 0, respec-
tively, and we adopt all corresponding notations introduced for Proposition 21 (with
m = 2, [ there equal to g here and S; there equal to S here) and Definition 19. We
assume, for a contradiction, that

(14) Fo{H;oP;}=0.

In this situation, we chose F' as follows: we let Ap C {1,2} x {1,...,n} be the
set of all indices (4,j) such that F' depends on Z;;, that is, the series obtained
from F' by replacing the indeterminate Z;; with 0 is different from F'. Replacing
F if necessary, we may assume the cardinal |Ap| is minimal among all non-zero
convergent F satisfying (14), and we let F be the set of all nonzero convergent
power series G(X, Z) such that Go {H; o P;} =0 and |Ag| = |[Ap|.

The following lemma also appears on p. 437 of the proof of [13, Theorem 4.4];
we include its proof here for completeness’ sake.

Lemma 22. Let (ig,jo) € Ap. There exists G € F such that
(0G[0Z;yj,) o {H; 0 Pj} # 0.

Proof. Let (i, jo) € Ar, and let H;,;, be the tuple obtained from the tuple { H;0P; }
after replacing the entry H;, o P;, by the indeterminate Z;;,; in particular, H;,;, €
R[X, Zij,]*". We claim that there exists d > 1 such that (9*F/0Z¢ ; )o{HioP;} #

0Jo
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0: otherwise, by Taylor expansion, the power series

1 omF -
Z m! dZm, ° {Hi ° Pj} ' ((Hio © PJD) - Ziojo)
m>0 0o

-S4,

k>0

FOHi

0jo =

in R[X, Z;,;,] is identically zero; in particular, each G} € R[X] is zero. On the
other hand, writing Z' := {Z;; : (i,j) # (i0,Jo)}, H;p;, = {Hio Pj : (i,7) #
(iOajO)} and
F(X,2)=) Fu(X,Z')- 2},
k>0
we see that 0 = G, = F), o H{Ojo for each k. Since each Fy, converges and |Ap, | <
|Ap|, the minimality of |Ap| implies that F, = 0 for every k, hence F' = 0, a

contradiction.
Finally, we chose d minimal such that (9?F/0Z ) o {H;o P;} # 0, and we take

G =9 1F/9z0 1 O

tojo
The rest of the proof is based on the following observation: recall that, for # € S!,
% € {+,—} and each (4, j), the series H; o P; is k(i, j)-summable in every direction

contained in U(6, 6*) and that

V(0,k,) CV(0,k(i,5) =U(0,0",k(i,5)) NU 0,0, k(i,7)).

Claim. There exist 8 € S' and G € F such that

SG o {Sp o+ (Hio Py)lvok,)t —SGo{Spo-(Hio Pj)lvek,)}t #0.

Assuming this claim holds, we finish the proof of Theorem 8 as follows: by
Proposition 21, the series G o {H; o P;} is multisummable and satisfies

AQ(G o {H’L e} Pj}) =
SG o {Sy o+ (Hio Pj)lvok,)} —SGo{Sse-(Hio Pj)lvr,)}
for @ € S'. Thus, the claim implies that G o {H; o P;} has at least one singular

direction, so by Remark 20, the series G o {H; o P;} is divergent, which contradicts
the assumption that it is zero; this then proves the theorem.

Proof of the claim. Let Y = {Y};}, for (¢,7) € {1,2} x {1,...,n}; by Remark 16,
there are convergent F;; € R[X,Y, Z] such that

F(X,)Y)-F(X,2)=)Y F;(X,Y,Z)- (Yyj - Zij).
(i)
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Therefore, for § € S!, we get from Remark 15(2) that
SF o {Sp g+ (Hio Pj)lvor,)t —SFo{Spe-(Hio Pj)lvor,)}

= Z Dijo - (So,0+ (Hi o P)lv(o,k,) — So.0- (Hi 0 Pi)lv(ak,))
(4,5)
(15) = Dijo- Do(Hio P))lvoun,)
(4,9)
= Z Dijo - (Av0Hio Pj)lvok,)
(i,9)
where Djj g € Ay /i, (V(0,k,)) has asymptotic expansion (see Remark 16)

oF

(16) TDije = Fij(X,{H; o Pj},{H;o P;}) = 7
ij

(X, {H; o P;}),
independent of . We now chose 6 € S such that v;0 is a singular direction of H
for at least one j € {1,...,n}; since H is divergent, such # and j exist by Remark
15(1). Setting

Q:={j : v;0 is a singular direction of H},

we obtain from (13) that, in restriction to V(0, k),

(17) > Dijo- (AyeHio P))
(4.5)
=Y exp(QoP)))- P{" - (Dijp Dajo)-(CooP;)-(ugoPy)- (EoP),
=

where we write Q := Q,.

To finish the proof of the claim, it suffices to find ¢ € V/(0,k,) such that, after
replacing F' by a suitable G € F, the restriction of any representative of (17) to the
ray Ry := {re'* : r > 0} is not zero. From the fact that the P; are distinct g-short

real polynomials, we obtain the following (compare with p. 441 of the proof of [13,
Theorem 4.4]):

Subclaim. For distinct j1, j2 € 2, the meromorphic function Q o P;, —Q o P;, has
nonzero principal part at 0.

Proof. We write i instead of j; (for readability) and Pi(z) = c,, 2" + -+ + cq,2%
such that v;(¢ + 1) > d; and ¢,, > 0, for i = 1,2; in particular, v; > 0. Then
(QoP)(z) = —a—fzﬂ’iq + higher order terms,

Vi

so the subclaim follows if vy # v, or if 1 = v and ¢,, # ¢,,. So we assume from
now on that v := 11 = 1 and ¢,, = ¢,,; then there exist ¢ # 0 and v < u < v(q+1)
such that P := P, — P; satisfies

P(z) = cz" + higher order terms.

Therefore,

P P,
P—papP—p (14 2)= D
2T 1(+P1> 1+ P
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with P € C[X] of order p—v € (0,vq). Setting Q(z) := —29Q(z) € R][z], we obtain

—
Q
Y
O
[e]
.
+
S
N
5
N
A
N

Now note that the term (q]5 (Qo Pl)) /P{ belongs to C(X)) and has order u —
v — vq < 0, which finishes the proof of the subclaim. O

By the subclaim, there exists ¢ € V(6,k,) such that the germ at 0 of the
restriction gj, ;, of the real part of QoP;, —QoP;, to R, satisfies lim,_,o |g;, ,(2)] =
oo, for distinct jq, jo € Q. Thus, there is a unique jo € 2 such that lim. .o g; ;,(2) =

—oo for all j € Q\ {jo}; in particular, the germ at 0 of the restriction of %
Jo

to Ry is exponentially flat for each such j. Therefore, dividing (17) by exp(Qo P},),
we see that it now suffices to prove, after replacing F' by a suitable G € F, that
the germ at 0 of the factor

(18) (D1jo.o Dajon) - (Coo Pjy) - (e o Pj,) - (E o Pj,)

is not zero (since, in this case, the germ at 0 of this restriction is of polynomial
growth, as shown in Example 17).

By Lemma 22 and (16), after replacing F by a suitable G € F, there exists
m € N such that

TD;j,.0 = a; X™ + higher order terms, for i = 1,2,

and a7 and as are real and not both 0. Similarly, by Example 17, there exists
m’ € N such that

Tue,;o P, = BZ-X’", + higher order terms, for i = 1,2,

and (1, B2 € C are such that 5,82 # 0. Taking into account the form of the matrix
Cy(0) in Example 17, the factor (18) is therefore equal to (61  d2) - (Eo Pj,), where

(51 — 61 (al + iag)m’”“’b' + €1

(19) /

0o = 52(011 — ia2)$m+m + €2

with ¢; € A(V(6,k,)) such that ¢ = o(z™"™) as & — 0, for i = 1,2. Since
ea = 1/e; and by # 0 in the definition of e;, we get (working in the stalk over
9, say) that (61 &2) - (E o Pj,) = 0 if and only if (e; o Pj,)? = —85/61, which is
impossible by (19). O
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