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We are going to recall some results from classical complex variables, which may be used sometimes in
the notes. They can be found in any textbook in complex analysis.

Theorem 0.0.1 — Argument principle. Let U C C be a domain, f € &/(U), not identically zero, and
Y [a,b] = U\ Z(f) aloop, 0-homologous on U. Then,

n(fo%o) = Z 77(772) ‘m(f,Z)-
2€Z(f)

Here, and throughout the text, n(7,z) will denote the index of y around the point z and m(f,z) the
multiplicity of z as a zero of f.

Proof.
R O SR S A G 1 Q) A S €9
0= 5 = am  w)  a), Fa
= Y n(v.z)Res(f'/f:2).
zeU\y
A simple computation shows that Res(f'/f;z) = m(f,z). [

Theorem 0.0.2 — Rouché. Let f, g € O(U), U a domain, not identically zero, and ¥ a loop on U,
0-homologous on U. Assume that |f(z) — g(z)| < |f(z)| on y. Then,

Z n(y.z)-m(f,z) = Z n(Y,z) -m(g,z).

2€Z(f) 7€Z(g)

Proof. Let us observe that neither f(z) nor g(z) have zeros on y*. Then, on ¥* we have |1 — @ <1.

f(2)
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g(y(1))
f(y(r))

So, the loop I'(¢) = is totally contained on D(1;1). Hence,

(8D 0 peor.0)—n(fo
0—n<f(y),0> n(go7v,0) =n(fov,0),

and the result follows from Argument Principle 0.0.1. |

Corollary 0.0.3 In the particular case that Y is a simple closed path, we deduce that f and g have the
same number of zeros inside 7y.

= Example 0.1 Take f(z) = z* +6z+ 3. All its zeros are in |z| < 2, and three of them in 1 < |z| < 2.
Indeed, if g(z) = z*, and h(z) = 6z, we have that | f(z) — g(z)| =62+ 3| < 15 < 16 = |z*| on |z| =2, and
|f(z) —h(z)| = |z*+3| <4 <6 =16z on |z| = 1. .

Some consequences of these results are the following ones.

Proposition 0.0.4 Let U be a domain, f € ¢(U) non constant, zo € U, f(z9) = wo. Assume that f
takes at zg the value wy with multiplicity £ > 1. Then, there exists neighbourhoods V of zo, W of wy,
such that if w € W\ {wy}, f takes on V the value w exactly k times, all of them with multiplicity 1.

Proof. There exists g € O(U), g(z0) # 0, such that f(z) = wo + (z —20)*g(z). As f(z) —wo, f'(z) are
not zero, there exists r > 0 such that D(zo;7) C U, and such that f(z) —wo and f’(z) have no zeros on
D(z0;r) \ {zo0}- Let 7y be the boundary of this disk, and & = fo7. o is a loop and wy is not on a*. Let W
be the connected component of C\ @* containing wo and V = f~!(W) N D(zo;r), a neighbourhood of z.
By Argument Principle we have

k=n(foy,wo) =n(foy,w)=n((f—w)o7,0)

= Z n('}/az)m(f_ sz) = Z m(f_ W7Z)‘
fz)=w f@)=w
eV
Then, f(z) takes the value w in k points of V, counted with multiplicities. As f/(z) # 0 away from z, all
these multiplicities are 1, and so, these k points are different. |

Corollary 0.0.5 — Open Mapping Theorem. If U is a domain, and f € &'(U) is not constant, then
f is open.

Theorem 0.0.6 — Hurwitz. Let {f,},_; € &(U) be a sequence of functions converging uniformly
on compact sets to f € O(U). Let zo € U, D(zp;r) C U, and let us assume that f does not vanish on
|z— 20| = r. Then, there exists N € N such that if n > N, f, and f have the same number of zeroes on
D(z0;7)-

Proof. Let m = min{|f(z)| | |z—z0| =r} > 0. There exists N € N such that if n > N, then, on the
compact set C(zo;r) we have

HE@-1@I<F <IfE.

We conclude using Rouché’s Theorem 0.0.2. |
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Theorem 0.0.7 Let U be a domain, f, € 0(U), converging uniformly in compact sets to f € (U). If
the f,, don’t vanish, then, either f does not vanish, or it is identically zero.

Proof. Let zg € U be an isolated zero of f and D(zO;r) C U a disk without further zeros. By Hurwitz
Theorem 0.0.6, f,, must have some zero on D(zo;r), for some n > N. [ |

Theorem 0.0.8 Under previous conditions, if all f; are injective, then either f is injective or it is
constant.

Proof. Leta # b, such that f(a) = f(b). The sequence of functions f,(z) — f,(a) converges to f(z) — f(a)
onV =U\{a}. As f,(z) — fu(a) has no zeros on V, then Theorem 0.0.7 allows to conclude that, as
f(b)—f(a) =0, f(z) — f(a) must be identically zero. [ ]






1.1

The main objective of this chapter will be the study of the biholomorphic maps f : U — U, where U is an
open set, either of C or of the Riemann Sphere. We will be mainly interested in the case where U is simply
connected. In order to consider the point at infinity, we shall introduce first the stereographic projection.

Stereographic projection

Let S* C R? be the unit sphere, defined by the real equation x7 +x3 + x5 = 1. The North Pole will be
the point N = (0,0, 1). We shall project S>\ {N} over the plane x3 = 0, which we shall identify with the
complex plane C as z = xj + ixp.

Let P = (x1,x2,x3) € S?\ {N}. The straight line through P and N is parameterized as (tx;,tx2, 1+
t(xz—1)). Itcuts C where 1 +¢(x3—1) =0, i.e.,t = ll—xa The intersection will be

1—7){:3 (XI + ix2) .
Let us denote 7 : S?>\ {N} — C the map previously defined, which will be called stereographic
projection. From z = x+ iy € C, we can find its inverse image , that will be the point

1

—1 2

' (z2) = ——(2x,2y,|2|" — 1).
|z]*+1

The map 7 defines a homeomorphism between S\ {N} and C. It allows to consider a new point, called
infinity (e0), that will be added to C, and define T(N) = oo. The resulting space will be denoted as
C = CU{e}. A topology is defined on C making it homeomorphic to S*>. We shall call C the Riemann
Sphere.

p) The space C is in fact the Alexandroff compactification of the plane C. In geometric terms, it is the
complex projective line IP’(IC.
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It is often convenient to consider the point oo at the origin, which can be achieved by means of the
transformation J : C\ {0} — C\ {0} defined by J(z) = % Over S?%, J can be seen as J(x1,x2,x3) =
(x1, —x2,—x3), and this map verifies Jo T = woJ. Let us remark that J(N) = (0,0, —1) =: S, where S is
the South Pole of the sphere. So, J can be extended as a homeomorphism of the Riemann Sphere, that we
continue denoting % We can write, then, that é — oo and é =0.

If U C C is an open set containing e, a map f defined on U will be called holomorphic at infinity if
fo)=f (i) is holomorphic at 0. We also have that

lim £(2) = lim 7).

Automorphisms of C. Mébius transformations.

We shall start our study of biholomorphic maps with the Riemann Sphere C. A holomorphic map C — C
is, precisely, a meromorphic map on C, having also (perhaps) a pole at infinity.

Proposition 1.2.1 Every meromorphic function on C is rational.

Proof. Let z1,22,...,25 be the poles, with multiplicities o, 0p,..., 0. Let g(z) = (z—z1)% -+ (z—
z5)% f(z) be an entire function with a pole at infinity, so g (%) has a pole at 0. There exists a polynomial
P(z), with P(0) = 0, such that g (1) — P (1) is entire. We have that

lim g <1> _p <1) —limg(z) - P(z) — g(0).

So, g(z) = P(z) + C, for some constant C, and
P(z)+C

f(Z) - (Z_Z])on "‘(Z—ZS)O‘S'
|
If f(z) = g((?), call d = max{deg(P),deg(Q)} the degree of f. f(z) takes the value oo in deg(Q)

complex points. Moreover, if d = deg(P),

ANELO
4 <z> N Zd*deg(Q)Zdeg(Q)Q(l)'

Z

So 0 is a pole of order d — deg(Q) for f (%), which means that f(z) takes the value oo d times.
If wy € C, the rational function
1 0(z)

8a) = f@—wo  P(x)—woQ()

has degree d and takes the value c where f(z) takes the value wy. As a consequence, f(z) takes each
complex value exactly d times, counting multiplicities.
So, if f(z) is an automorphism of C, it turns out that d = 1, and so,

az+b
) = cz+d’

a b
D—det<c d> #0.

with
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Definition 1.2.1 A Mobius transformation, linear transformation, or homography, is a rational map

az+b
= ith ad — bc # 0.
f(2) g Viha c#
Mobius transformations form a group under composition.
. sy . . » . . Aaz+Ab
The coefficients of a Mobius transformation are “almost” determined: if A # 0, the map TeetAd
cz

represents the same transformation. We can always choose A in such a way as 1 = A?D, and suppose that
D = 1: this is the normal form of the Mobius transformation, determined modulo sign. The map

GL(2,C) -% Au(T)
a b . az+b
c d cz+d

is a surjective group morphism: 6(A-B) = 6(A) o 6(B). So we have that Aut(C) = GL(2,C)/ker8,

where ker 0 is the subgroup of scalar matrices (g 2) , isomorphic to C*.

The group of Mobius transformations is, then, the group of projective linear transformations, PGL(1,C),
group of Staudt projectivities of the complex projective line, PL, with the identity as field automorphism.
If SL(2,C) is the special linear group, elements of GL(2,C) with determinant equal to 1, and H = {I, -1},
we also have

SL(2,C)/H = PGL(1,C) = Aut(C).

This group can be generated by simple transformations:

Proposition 1.2.2 Aut(2,C) is generated by:
1. Translations T,(z) = z+ b, where b € C.
2. Homotheties H,(z) = az, where a € C*.

3. Inversion J(z) = %

Proof. If f(eo) = oo, f(z) = az+b =Hy0 Ty, If f(z0) = o, g(z) = foT, 0J sends = to o, and
f=goJoT . n

Fixed points of a Mdbius transformation. Transitivity

We are goint to study the set Fix(T) of fixed points of a Mobius transformation 7'(z) = ?;Idb different
from identity. The point at infinity is fixed if and only if ¢ = 0. Moreover,

az+b

cotd z implies that ¢z* + (d —a)z —b = 0.

Two cases may appear:

Case 1.- If ¢ # 0, there are two complex fixed points, counted with multiplicity. They coincide if and
only if (d —a)?+4bc = 0.

Case 2.- If ¢ = 0, there is one complex fixed point when d — a # 0. If d — a = 0, the point at infinity
is a double fixed point.

In any of the previous cases, (d — a)? +4bc = 0 is the condition that must be satisfied in order to have
only one fixed point. This condition can be written as tr(A)? —4det(A) = 0. If T(z) is in normal form,
there is only one fixed point if and only if tr(A) = £2.

Mobius transformations are 3-transitive. This means:
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Proposition 1.2.3 Given three different points {z1,22,23} C C, there exists only one 7'(z) € Aut(2,C)
such that T'(z;) =0, T(z2) = 1, T(z3) = oo.

Proof. The map

i—12

z2—z
T =52

2—13

verifies the statement. If 77, 7> are two such Mdobius transformations, Tz_1 o T fixes 3 points, so it is the
identity map. u

Corollary 1.2.4 Given two triples {z1,22,23}, {w1,w2,w3} of points of C, there exists a unique

T(z) € Aut(C) with T(z;) = w;.
Proof. Inmediate composing two transformations as in the previous proposition. |

Circles

A circle € on the unit sphere S? is the intersection of the sphere with a plane. We will study the
stereographic projection 7(%) of a circle. If ¥ = S> N1, where IT = ax; + Bx; + yx3 = §, a point
7z =x+ iy belongs to (%) if and only if

2
W(Zx,Zy, ‘Z’ — 1) & Cg,

ie.,if

2ax+2By+ (|2l — 1)
2> +1

This is equivalent to
alz]* + 0z + @z +c =0, (1.1)
where a =y— 98, ® = a+if3, c = —(y+ ). Note that the plane IT cuts the sphere in a “true” circle if
and only if 82 < a® + B2+ 92, i.e. if |w|* > ac.
We may consider two cases:

Case 1.- a = 0. This occurs if N € I1. The projection 7(%) is a straight line.
Case 2.- a # 0. Equation (1.1) can be written as

o2 B\* |o*—ac
a a a

From this equation it is easy to show:

Proposition 1.2.5 A Mobius transformation sends circles into circles.
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Proof. Ttis clear for translations and homotheties. For the inversion J(z) = %, applied to (1.1) we obtain

1 0w @
0'72+T+*+C:0.
|z| Z Z

So the image is the circle

a+oz+ @7+ clz* =0.

Cross-ratio

The notion of cross-ratio we shall introduce here allows to study some properties of circles. Given
21,22,23,24 points in C, consider T'(z) the unique Mébius transformation such that T'(z;) =0, T(z3) = 1,
T (z4) = oo, which exists by Proposition 1.2.3. The cross-ratio of z;,z,23,z4 Will be defined as T'(z;). It
will be denoted by [z1,22,23,24]. We have that

(Z] —Zz)(Z3 —Z4)
(Z] —Z4)(Z3 —Zz)'

[21712713714] =

If S is another M&bius transformation, 7 oS! sends S(z2), S(z3), S(z4) in 0, 1, oo, and so,
[S(z1),8(22),5(23),S(z4)] = T oS~ (S(z1)) = T(z1) = [z1,22, 23, 24]-

Cross-ratio is preserved under Mobius transformations.

Proposition 1.2.6 Four points {z;,z2,23,24} lie on a circle if and only if [z1,22,23,24] € RU{e0}.

Proof. Four points lie on a circle if and only if there exists a Mobius transformation such that their images
are on a real projective line, for instance, on RU {eo}. Its cross-ratio is then real. n

Inversion

Given is 4 = %€ (p,R), circumference centered at p with radius R. We define the inversion of a point g # p
with respect to % as follows: consider the half-line with origin at p, passing through g. Over this half-line,
we can choose a unique point ¢’ such that |¢’ — p| |g — p| = R?. We define the inversion as I (q) = ¢. In
coordinates,

R2

I¢(q) = p+——=.
q—p

Inversion is a transformation very useful in classical geometry, as it has very interesting properties:
it transforms circles into circles, and it conserves angles. In fact, if we consider the circumference

27 .
a|z]* + 074 @z + ¢ = 0, centered at — % and with radius Viofac ¢ q = z we then have

a

lo|* —ac
0]} 2 wZ+c
Io(z) = —— a___ — .
w()=—_+ ., 0 ait @
a

If a = 0, previous expression reduces to

wzZ+c
Ip(z) = — 5
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A simple computation shows in this case that

Ig(z) —q| =|z—q| ifg€ €.

The transformation is the symmetry with respect to the straight line @z + ®z+c = 0.

The inversion is not a M&bius transformation, as it is anti-holomorphic. But Mobius transformations
preserve the inversion. In fact, if T is a Mobius transformation such that 7(%7) = %, with €, %, circles
in C, the composition T oI, o T~ ! oIy, is a Mbius transformation fixing every point in %2, so it is the
identity map. If Iy, (z) = 2, I, T(2) = T ol (z) = T(Z'). So, Mébius transformations send inverse points
on inverse points.

This fact can be shown geometrically. Two points z;,z, are symmetric with respect to a straight line L
if and only if every circle through them cuts the straight line orthogonally. Take a M6bius transformation
T which transforms L in a circle ¢, and denote w; = T(z;), i = 1,2. Every circle through w; and wy
comes from a circle trough z; and 7z, and thanks to the conformality of Mdobius transformations, it
mus cut orthogonally 7(%). If T(%) is a straight line, this means that wy, wy are symmetric. If it is a
circumference, the points are inverse each other with respect to 7(%).

Dynamics of Mobius transformations

Consider T € Aut(C), and its matrix <j Z) in normal form. We will say that two M&bius transfor-

mations 7j, 7> are conjugated if there exists another S € Aut(C) such that So 7 0 S~! = T5. In this case,
tr(71) = tr(T2). Also, it this is the case, and p is a fixed point for 71, ¢ = S(p) is a fixed point for 7. We
shall call parabolic the Mobius transformations with a unique fixed point, i.e., such that tr(T)? = 4.

Given a parabolic Mobius transformation, let us conjugate it through S, to another M&bius transforma-
tion with oo as the only fixed point, obtaining 7>(z) = z+ a. A new conjugation through the homotethy H,
gives

HyoTroH, '(z) = z+ab.

Choosing b = 1/a, we see that every parabolic transformation is conjugated to the translation 7'(z) = z+ 1.
We see that 7" (z) = z+n, so lim,,_,. 7" (z) = . This means that by iteration, every point tends to the
fixed point, which is an attractor.

If T has two fixed points, we can send them by a conjugation to 0, o, and we then have T = H),

AeC\{0,1}.

1
and so tr(T)? = A+ — +2.

tr(T) = VA + 1

1
VA

1 1 1
The equality A + T +2=u+ m + 2 implies that, either A = L or A = m so H; and H /, are the unique

conjugated homotheties.

As a conclusion, two Mobius transformations in normal form are conjugated if and only if tr(7;)? =
tr(7>)?. We shall study now the dynamics of Hj. If |A| # 1, consider zo € C\ {0}, and distinguish two
cases:

o If |A] > 1, lim,, e H} (20) = o°.

o If [A| < 1, lim, e H} (z0) = 0.

One of the two fixed points is an attractor, and the other, a repulsor. When |A| = 1, 2 = ¢/, and

l+%+2:2(1+cose) €10,4).
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Conversely, if A + % +2=re€]0,4), from the equality

A

we deduce that, either A € Ror A = /—li, and then |A| = 1.
In the former case, s = A + % € [—2,2). But from the AM-GM inequality,

A+1+2:Z+%+2

1

1
‘x+‘>z A-s =2,

A A
which can only occur if A = —1. In the latter case, the Mobius transformation is called elliptic. As
H} = Hj, it is periodic if and only if A is a root of unity.

Rotations

If T € Aut(C), and 7 : S> — C is the stereographic projection, the composition 77! o T o7 is a
homeomorphism of S?. Let us study which Mobius transformation correspond to direct rigid motions, i.e.,
with rotations of the sphere. They will contitute a group, denoted Rot(C)

If P € S?, let us denote P its antipodal point. If 7(P) = z, then 7(P) = —%. As rotations preserve

antipodal points, if T'(z) = ?;iz € Rot(C), we have

<1> 1 —£4+b  Z+d
T(—<)=—==,5s0— 1T i
Z T(z) —=+ az+b
So, there exists A € C* such that

b —a —c —d
(=)= 7))
Assuming ad — bc = 1, we obtain that A2 = 1. If A = —1, we would have that — |d|* — |c|* = 1, which is

impossible. So, A = 1, and then,
az+b
T(x)=—=

—bz+a’
The group of rotations agrees with PSU (2, C), unitary matrices of determinant 1. Indeed, if T € PSU(2,C),
and b = 0 (T (0) = 0), the map is T(z) = a’z, |a| = 1, a rotation. In the general case, compose with a
rotation R such that Ro 7'(0) = 0 to conclude.

with |a|*+ |b]* = 1.

Automorphisms of C

Once we have introduced Mobius transformations as the only automorphisms of the Riemann Sphere C,
we study the group of automorphisms of the complex plane C. If f : C — C is such an automorphism,
let us consider the singularity at oo, If it is an essential singularity, the set

f{zeCllz] > 1})

must be dense in C, and then

f{zeCllz[ > 1})Nf(D0: 1)) # 0,

which is impossible. So, co must be at most a pole for f, and then, f(z) is a polynomial of degree d. The
equation f(z) = wo has generically d different solutions, so d = 1 and f(z) = az +b.

As a conclusion, Aut(C) < Aut(C) is the subgroup of Mobius transformation having the point at
infinity as a fixed point.
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1.6 Automorphisms of the unit disk
In this section, D will denote the unit disk D(0;1). A very useful result is:

Theorem 1.6.1 — Schwarz’s Lemma. Let f : D — D be a holomorphic function, such that £(0) = 0.
Then, Vz € D, | f(z)| < |z] and |f'(0)| < 1.
Moreover, if for some point z # 0 we have that | f(z)| = |z|, orif | f'(0)| = 1, f(z) = az with |a| = 1.

Proof. The function h(z) = @ extends to 0 as a holomorphic function, with 2(0) = f'(0). If |z] = r < 1,
1 1
|f(z)] < —. By maximum modulus principle, |h(z)| < — if |z| <r. When r — 17, we conclude that
r
|h(z)| <1, as requested.
If for some point |h(zp)| = 1, h(z) would be a constant a, and necessarily,

al=1. |

We want to study the group Aut(D). Given a € D, the holomorphic function:

Z—a

is an element of Aut(D) that sends a to 0. To see this, let us note that if |z| = 1,

0@ =i | = |o=g| = 77| = !
Z)| = = = = 1.
b l—az| |zZ—az| |z(z—a)
Some properties of this function are:
Lo '=0. .
1 —|a] 2
2 o) = 2 o g(0) =1~ lal? and l(a) = — .
(Pa(z) (1 _az)z S (pa( ) |a’ an (pa(a) 1— ‘0’2
Let f(z) € Aut(D), such that f(a) = b. The composite function
g§=@ofop,
is an element of Aut(D) sending O to 0. By Schwarz’s Lemma 1.6.1, |g(z)| < |z, and then,
f(z) = f(a) z—a
b0 f(2)] < [@a(2)], or = < —|.
000 /I < 03] or | B < | 2

This last inequality is often known as Schwarz-Pick’s Lemma.
Moreover, as |g'(0)| <1,

2 2
1—
=————f'(a), and then |f'(a)| < M.
1 —lal
If equality holds for some point, g(z) = Az, with |A| = 1, and then

f(2) = o(A9a(2)).
If f(z) € Aut(D), with f(a) = 0, we have that
1

‘f’(a)] < 1 ]a|2'
As f~1 e Aut(D), [(f 1) (0)] < 1—lal*. So,
=@ (O] £ (1 —la) =1

We deduce that f(z) = A@,(z), for some a € D and |A| = 1. Every element of Aut(D) is also a Mobius
transformation.
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Automorphisms of the upper half plane

Denote H the open upper half plane. We are going to study, using previous results, the set Aut(H). The
transformation ¢ : HH — D defined by

ozl

Tzt

is called Cayley transformation. As it is a Mobius transformation defining a biholomorphic mapping

between H and D, we deduce from Section 1.6 that Aut(H) is a subgroup of Aut(C). The inverse of the
Cayley transformation is
14z

‘P_I(Z):l'li_z-

?(2)

Let f : H — D be a biholomorphic function. As fo @~ € Aut(D), we have that
foo™(2) =A9u(2),

for some @ € D and |A| = 1, and then

- 14a

l—a z2—11= z—a
-2 -2 . l—a _ ’
f2)=A¢aop(z) =A— Y —
for some |i| = 1 and o verifying
.1+a> 1—laf
Im(o) =Im (i = > 0.
@ <l—a 1—al’

Conversely, every Mobius transformation of this form defines a biholomorphism between H and D.
Now, let f(z) € Aut(H). If f(c0) = oo, f(z) = az+b, with a, b € R, a > 0. In the general case,
g = ¢ o f must be of the form

I—«

8@)=n_—7

as stated. So,

which in matrix form is

(i(1+u> —i<d+ua)>N< ! iﬁ‘f) € GL(2,R)
l-p  —(a—pa) —irh i T
with determinant
4Im()
1+ uf?

> 0.

Conversely, every matrix (Z Z) € GL(2,R) with positive determinant defines an automorphism of H.

So, Aut(H) = GL, (2,R).
Alternatively, using the results stated in 1.2.4, if a Mobius transformation 7 sends R on R, it must

- ) _ _ aztb
verify T(Z) = T (z). If T (o) = a € R, we have that T'(z) = <7 and

ai+b ai+b
Z+d  z+d’
We conclude that b, d € R, and ad — b > 0 (evaluating in i).
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1.8 Riemannian geometry and Schwarz Lemmma

The introduction of a metric in the complex plane allows to understand in a different way some of the
results of the previous sections. Let us sketch this fact in this section, ending with a generalization due to
Ahlfors of Schwarz Lemma.
Definition 1.8.1 Let U C C be an open set. A (hermitian) metric on U is a €>—function p : U —
R, strictly positive. Sometimes it will be allowed that p vanishes in a discrete set. We will call
pseudometric to such p.

= Example 1.1 1. p(z) =1 on C. This is the Euclidean matric.
2. 0(z) =
©=-

on the unit disk D. It defines Poincaré metric. Let us note that the metric becomes

2
Z
bigger when approaching the boundary of D.
n
Given a metric p on U, and z9 € U, the norm at zg of a vector § € T;,U will be ||S]|, ., = p(z0) [E]. If
y: [a,b] — U is a continuous path, piecewise C!, we define its length as
b b
b = [ YOl ydi= [ p0re) [y )] d.
a a

= Example 1.2 On the unit disk D provided with Poincaré metric o, the length of the segment joining 0
with b € (0,1) is

b b1 1 1+b\ p—1-
1 dt = dt = argth(b) = <1 —— | — oo,
[ g = [ s =) = S1og (175 ) 4+

Let us consider another path joining 0 and b, y(t) = x(t) +iy(t). ot(t) = x(t) also defines a path with same
end points, and

1 x/ 1
umzﬂl_gywsﬁlfzmm:un

As a consequence, a shortest distance path between these two points is real. If x(¢) is not monotonic,
there will be a shortest path after eliminating some parts of the path. Then, the shortest path is real and
increasing: it is the segment [0, b]. .

Let f: U — U’ be analytic and conformal (f’(z) # 0 for every z € U). If p is a metric on U’, the
pull-back of p is defined as the following metric on U':

(f'P)(2) = p(f(2)-|f'(2)]-

Analogously, the pull-back can be defined if f is differentiable and ’3—’2‘ #%0on U. If yis a path between
zo and z; on U, we have

o) = [ RO o) Y 0]

= [ oo Lirono|ar=tprom,

So, the image f oy of a path ¥ is another path of same length.
Given an open set U and a metric p on U, the distance between two points P and Q is

dp(P,Q) =inf{l(y) | 7:[0,1] — U is a C! path from P to 0}.
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Previous computations show that if f: U — U’ is C! and p is a metric on U’, given points P, Q € U, we
have

dp(f(P), f(Q)) < dyp(P.Q)-

Equality is not guaranteed as not every path on U’ from f(P) to f(Q) is the image of path on U.
If (Uy,p;1) and (Uy, p2) are two open sets provided with metrics, a map f : Uy — U, is an isometry
if it is C', bijective, and preserves distances. This happens, for instance, when f*p, = p;.

Proposition 1.8.1 Every element of Aut(D) is an isometry taking Poincaré metric.

Proof. By Schwarz-Pick’s Lemma, such an automorphisms verifies

‘f,(zﬂ _ 1— ’f(Z)‘

L=z

SO,

L)
O T -

»=0(f(2)|f ()]
n

As a consequence, Aut(D) preserves Poincaré distance. This fact allows to compute easily the distance
from P to Q. Assume P = (. After a rotation we can assume that Q is real positive. Then,

1 1+10|
ds(0,0) =ds(0 =—-1 .
In general, the Mobius transformation @p(z) = f:gz sends P to 0. Then,

[P0l
Q=P _ 1 (T
1-PQ)

de(.0) = do(0.90(0)) = do (0 371oe | i

[1-PQ|

Another consequence is that geodesics in D are arcs meeting S! orthogonally.

Proposition 1.8.2 The topology induced on the unit disk D by the Poincaré metric is the usual Euclidean
topology. D turns out to be a complete metric space.

Proof. As every point can be taken to O by a Mobius transformation, preserving o, it is enough to verify
that the neighbourhoods of 0 agree in both topologies. Let us observe that

e —1

le + 1 ’

1+ 7|
1 -]

1
ds(z,0) < r<= =log (

5 ><r<:>!z|<

s0 B5(0: r) is an open set in the usual metric. Analogously,

1 1
|z| < r implies that ds(0,2) < = log tr ,
2 1—r
which proves the first statement.

If {z,},_, is a Cauchy sequence on D for the metric o, it is bounded. There exists R > 0 such that
2R _
ds(0,z,) <R, or equivalently, |z,| < emﬁ =R’ < 1. Then, {z,},_, is a sequence on the compact set
e

D(0,R’), having then a convergent subsequence. As the original sequence is Cauchy, then it converges. W
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Poincaré metric plays an important role in the study of the self-mappings of the unit disk. There is a
converse of Proposition 1.8.1:

Proposition 1.8.3 Let f : D — D be an isometry for the Poincaré metric 0. Then, either f(z) or f(z)
belongs to Aut(D).

Proof. Take g € Aut(D) such that (go f)(0) = 0. As go f sends the circles |z| = r into themshelves, we
can assume, after a rotation, that (go f)(1/2) = 1/2. Isometries preserve geodesics, so all points of the
interval (—1,1) are now fixed by go f.

The points i/2 and —i/2 are equidistant from 1/2 and —1/2, and are the only ones at these distances
of these two points. Hence, (go f)(i/2) = £i/2. After a conjugation, assume that (go f)(i/2) =i/2. A
similar argument considering distances show that, in this situation, g o f is the identity map, which ends
the proof. |

Let us consider now a holomorphic function f : D — D. By Schwarz-Pick’s Lemma we know that

L-IfQP

@<= e

This means that f*c < o: f is distance decreasing. From this fact, other results can be obtained.

Definition 1.8.2 Let p(z) be a metric on U. The curvature of p is

__Alog(p(2)))
KP7U (Z) - P(Z)2 5
2 2 2
where Af = a—f + a—f =4 J f_ is the Laplacian.
dy? 9297

Proposition 1.8.4 The curvature is preserved under conformal holomorphic functions. That is, if
f:U — U’ is such a map, and p is a metric on U’, then

Krep(2) = Kp (f(2)).

Proof. If f : U — U’ be holomorphic, and i : U’ — R is C2, we have that A(ho f) = (Aho f) - | f'(z)[*.
Indeed,

0 oh of af (oh of

gz e f@) = (az f> aﬁ(aZ f)'az—(az f) EE

o (d 9%h of 9%h of of ([ 9%h N

az(az(hof)( )> [(az f)'&z*(aza f) ] e <8z8z f) F@l
Hence,

_Allog((po £ If'(2)) _ _ Allog((pof)

(PoN@II@P  (poN@?If

_ (A(logp)o f)(z)- \f’(Z)\z _ A(logp)(z) . B
T e r@f | plr TOTRUED)

~ [~
a\l
N—
~—
~—
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» Example 1.3 Let us compute the curvature of Poincaré metric:

—A(logo(z)):A(log(l—zz)):4.§z( 2 >:_( 4

-2 1=z

4

C(—P2 (1=[2P)? = —4.

The notion of curvature allows to rewrite Schwarz Lemma, as follows:

Theorem 1.8.5 — Ahlfors-Schwarz Lemma. Let f: D — U be a holomorphic function, p a metric
on U with curvature k,(z) < —4,Vz € U. Then (f*p)(z) < o(z) on D.

Proof. Let0 <r <1, and 1, : D(0;r) — D(0; 1) the biholomorphism 7,(z) = £. A simple computation
shows that

Let us denote o, this metric on D(0;r), with curvature —4 by Proposition 1.8.4. On D(0;r), let us denote

A C)

The numerator, being continuous, is bounded on D(0;r), and so, lim|_,,- 1,(z) = 0. Let zo € D(0;r) be a
local maximum for 1,(z). If 1,(z0) = 0, the result is obvious. Assume 1,(z9) > 0. It is a local maximum
for log 1, so A(log(7n,))(z0) < 0. We have:

0 > A(log(n,))(z0) = A(log(f*p))(z0) — A(log(o}))(z0)
= —Kpep(20) - (f*P)(Zo)2 + Ko, (20) - Gr(Zo)2
> 4(f*p)(20)* —40,(20)* = 4((f*P)(20)* — 6/(20)%)-

Hence, (f*p)(z0)* < 0,(20)%. So, N,(z0) < 1 and by the maximum property of zg, ,(z) < 1 for every
z € D(0;r). Taking limits when r — 17, 1,(z) < 1. [

Corollary 1.8.6 If p is a metric on U with k,(z) < —A <0, and f : D(0;7) — U is a holomorphic
function, then

2r 1
(P& £ = 5——-
VA r2—|g?
. _ Kp (z) . VA _
Proof. Note thatif 1 >0, k;,(z) = 2 o taking A = 5 we have that k; ,(z) < —4. Denote p;(z) =

@ -p(z). Consider now «, : D(0;1) — D(0;r) defined by ,(z) = rz. Applying Ahlfors-Schwarz
Lemma 1.8.5, (foa,)*(p1)(z) = o (f*p1)(z) < o(z) on D(0; 1). This means that (f*p;)(rz) - r < ——

= 1—|Z|2 ’
A

. 1
OYT'(f p)(rz) < 1_’Z|2-

Replacing z by z/r, we obtain

1 2 2r 1

VA VA 2
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as stated.
[ |

Many consequences may be obtained from previous result. Let us mention a couple of them:
1. Schwarz Lemma follows from Ahlfors-Schwarz Lemma: If f: D(0;1) — D(0;1) sends O to a,
taking p = o we have

(ffo)(z) <o (2),
which implies &(f(z)) - |f'(z)] < 6(z). In particular, |f'(0)] < 1—|a|* < 1.
2. Let U C C be an open set and p(z) a metric on U with curvature k,(z) < —A < 0. Let f: C — U
be holomorphic. If > 0 f |p(g.s): D(0;r) — U verifies

< 2r 1

VA R

Taking limits when r — oo, (f*p)(z) — 0, and then, (f*p)(z) = 0. This implies that f’(z) =0
for every z and so, f is constant. So, Liouville’s Theorem turns out to be a consequence of

Ahlfors-Schwarz Lemma, taking as U a disk on C.
Some other consequences, regarding the behaviour of entire functions, shall be stated in Chapter 4.

(fp)(2)

1.9 Families of analytic functions. Montel’s Theorem

In this Section we shall study the spaces of holomorphic functions defined on an open set U C C. The

main result of this section is Montel’s Theorem, that provides a characterization of the compact families

of analytic functions, and will be used in the proof of Riemann mapping Theorem in Section 1.10.2.
The first result will be the construction of a topology on &'(U).

Proposition 1.9.1 There exists a sequence of compact sets {K,,}:’Zl, K,, C U, such that:
1. Kn C f(nJrl'

Proof. Define K, = D(0;n) N{z € C|d(z,C\U) > 1}. K, is compact, as it is closed and bounded.
Moreover

1
K, CD(0;n+1)N{z€C|d(z,C\U) > pait

the latter being an open set contained in K, 1. So, K,, C K,.,1. From the construction, it becomes clear
that ;> K, =U. u

R) A sequence of compacts as in Proposition 1.9.1 is called an exhaustion of U. Given such an
exhaustion, and a compact K C U, as {K,};,_; is an open covering of K, it turns out that for some
ny €N, K C Kyy C Ky,

Given an exhaustion {K,};>_, of U, and f € €' (U), denoting

|1f|lg = sup{|f(2)||z € K},
we can define, for f, g € €(U)

et sl
A= X T =gl
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Proposition 1.9.2 d is a distance in €' (U).

S

Proof. The only non trivial property to prove is the triangular inequality. If 0 <7 <, IL—H < T+s So,
given f, g, h € € (U), from the inequality
1F =gl <11~ llg, +11h—gll,
we obtain that
1/ —sllk, . _[f—hllg, + =gk, _ _[lf Al h—gllg,
L+|[f=gllg, ~ T+ =hllg, +l1h=gllg, — 1+I1f=hllg,  1+[h—gllk,
The inequality d(f,g) < d(f,h)+d(h,g) follows easily. |

The topology defined by the previous distance is independent of the exhaustion chosen. In fact:

Proposition 1.9.3 The sequence {f,};_; C € (U) converges to a function f in the distance d if and
only if it converges uniformly in compact sets to f.

Proof. If lim,_.. f, = f ind, given € > 0 and a compact set K C U, take nyp € N such that K C K, , and
S
Jo € Nsuch that if j > jo, d(f, fj) < TR We then have

1 ||f = fi]
20 1+||f - fi)

Ky,

Ky € Hf_fj" Ky

< g0
= Sng0 S0 1+Hf—fj| Ky

Therefore,

< S
Ky = 1—¢’

1= Fillx <117 = 1il

. 1 - €
Conversely, given € > 0 and m € N such that om = ) I % < 5 we have

1 5= rillg = 1 ||f=fllg
Lo Tl T T g,
e e mt lFflle e
[ L L. S T o e
L a2 ST T g, 2
Hf_f.iHK,,,

S
< — T om 4 _f.
STl sll, T2 =V

£
Km+§‘

£
For some jy € N, if j > jo, f—fj‘ ‘K < > and this ends the proof. |
Relatively compact families
The objective of this section will be to state and prove Montel’s Theorem about relatively compact families
of holomorphic functions. This result is strongly based on Arzela-Ascoli Theorem, a result from function
theory which will be established here in a more general way that we need. So, let us consider a metric
space (E,d) and a Banach space (F, ||-]|).
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Definition 1.9.1 Let % C € (E,F).
1. % is pointwise bounded if, for every zy € E, the set

{f(z0) | f €7}

is relatively compact.
2. .7 is equicontinuous at a point zg € E if, Ve > 0, there exists § > 0 such that if f € .% and
d(z,20) < 8, then [|f(z) — f(20)|[ < &.
Assume that the metric space E has the following property:

There exists a sequence {K, };~_, of compact sets such that K, C K,41 and > K, = E.

In particular, E turns out to be a separable space, and locally compact. Let D C E be a countable
dense subset of E. In order to state Arzela-Ascoli Thorem, we will establish first a series of Lemmas.

Lemma 1.9.4 Assume that {f,}~_ | C ¢ (E,F) is a pointwise bounded sequence of functions. There
exists a subsequence that converges in the points of D.

Proof. D = {z}7_,- As {fu(z1)};r_, is relatively compact, it has a convergent subsequence { fi,(z1)};_;.
The sequence { f1,(z2) };-_, is relatively compact, so it has again a convergent subsequence { f2,(z2) }or_;.
Recursively we construct subsequences { fiu, }5-_;, Which are convergent in {z1,z2,...,zs}. Denote
gn = fun- It is the subsequence we are looking for.

|

Lemma 1.9.5 Assume that {f,,}~_, € € (E,F) is a sequence of functions, equicontinuous at every
point of E, that converges in a countable and dense subset D of E. Then, it converges in every point of
E.

Proof. Let z € E. Our goal will be to show that { f,(z) };~_, is a Cauchy sequence. Take € >0, and 6 > 0
satisfying the equicontinuity condition: if d(x,z) < 6 and n € N, then ||f,(x) — f,(2)|| < €.
Take x € B(z,0) ND, and ny € N such that if n, m > ny, then ||f,,(x) — fn(x)|| < €, which is possible

as { fu(x)}>_, is a Cauchy sequence. Then,

[1fn(2) = (@] < [1fa(2) = fa @+ [1fa (%) = fin )+ [[fn(x) = fn(2)]| < €+ £+ € = 3e.
So, {fu(z)};>_, is Cauchy, hence convergent. [ ]

Lemma 1.9.6 Assume that {f,}," | is a equicontinuous sequence of functions in € (E, F') converging
pointwise to a function f. Then, it converges uniformly in the compact sets of E.

Proof. Let K C E be a compact set, and € > 0. If z € K, there exists &, > 0 such that if d(x,z) < J;, then
|/ (x) — fu(2)]] < €, and taking limits, || f(x) — f(z)|| < €.

The family {B(z,6;) | z€ K} covers K, so there exists a finite subcovering K C B(z;,6;,)U---U
B(zm, 6.,). Let ng € N be such that if n > ng and i € {1,2,...,m} then ||f,(z;) — f(z:)|| < €. Take now
z€ K, n>npand i such that z € B(z;, 8,,). So,

1fn(2) = F@I < N1£a(2) = Fulz) |+ [1fa(zi) = f (2| + [1f (z0) = F2)]] < 3e.

First and third inequalities stem from equicontinuity condition, and the second one from the choice of z;.
Previous bound is independent of z € K, and so, the result follows. |

Now, we are in the conditions to prove:
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Theorem 1.9.7 — Arzela-Ascoli. Under previous conditions on E and F, let .# C ¢(E,F). The
following are equivalent:

1. .7 is relatively compact.

2. % is equicontinuous in each point, and pointwise bounded.

Proof. (1) = (2). Take z9 € E. The hypothesis on E imply that E is locally compact So, consider
K = B(z0;R) a compact neighbourhood of zy. By restriction, .% induces a family % C ¢'(K,F) (abuse of
notation), again relatively compact.

As arelatively compact space is precompact, given € > 0, there exists a finite family {f1, f2,...,fm} C
F suchthatif f € 7, ||f — fillx <€/3,forsomeic {1,2,...,m}. Take 0 < § < R such thatif d(z,zo) < &
then || fi(z) — fi(z0)|| < €/3 for every i. If f € %, we have:

1/ (@) = f o)l < 11 (2) = fi) + [1fi(2) = fi(20) | + [ fi(20) = f(20)[| < €/3+€/3+€/3 = €.

So, equicontinuity of .% follows.

Take again z9 € E. To show that { f(z0) | f € .-# } is relatively compact, consider again a compact
neighbourhood K of zg, and a finite number of functions {f1, f2, ..., fm} such thatif f € .7, ||f — fil|x <
€/3 for some i. In particular, ||f(z0) — fi(z0)||x < €/3. and so, {f(z0) | f € %} is precompact, then
relatively compact, F' being complete.

(2) = (1). Take f1, f2,...,f» a sequence of elements of €' (E,F). As E is separable, there exists a
countable dense set D C E. A subsequence of f1, f>,..., f, converges on D (Lemma 1.9.4), hence on E
(Lemma 1.9.5). The convergence is uniform in compact sets (Lemma 1.9.6), which ends the proof. M

R) A subset A of a metric space E is called precompact if, for every € > 0, there exists a finite family of
elements {a,az,...,a,} C A such that if a € A, there exists i with d(a,a;) < €. A relatively compact
set is precompact, and in a complete metric space, both notions are equivalent. For a metric space E,
compactness is equivalent to be precompact and complete. The interested reader is invited to go to
[9] for further information.
In this text, and in frequent applications, F' is either C or R. Here, to be precompact, or relatively
compact, is the same that to be bounded, thanks to Bolzano-Weierstrass Theorem. Most previous
statements may be simplified.

We come back to holomorphic functions.

Definition 1.9.2 A family .% C % (E,C) is locally bounded if, for every compact set K C E, the set

Al [ £ e}

is relatively compact (i.e., bounded).

Theorem 1.9.8 If . C 0(U) is locally bounded, it is equicontinuous at every point zg € U.

Proof. Letzg € U, and D(zp;r) CU. If |z—2z9| <r/2and f € F

1£2) (e}l = m/(ﬁf’i—gﬂ“’;)dm’: e W s

(0 —z)(@0—2z0)
|Z 20| 2
/2 7M7’Z ZO‘

where 7 is the circle with center zo and radius r, and M, a bound of the elements of .% on ¥. So, .7 is
equicontinuous at zo. |

1
S My2mr
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Theorem 1.9.9 — Montel’s Theorem. If .% C 0(U) is locally bounded, it is relatively compact.

Proof. By 1.9.8, .% is equicontinuous. By 1.9.7, it is relatively compact. |

Let us state some consequences of Montel’s Theorem.

Theorem 1.9.10 — Vitali. Let U be a domain, and { f,(z) }nen a sequence of holomorphic functions on
U, uniformly bounded in compact sets. Assume that this sequence converges in every point of S C U, S
being a set having at least an accumulation point on U. Then, the sequence converges uniformly in the
compact sets of U.

Proof. 1f the assertion is false, there exists a compact set K C U such that { f,(z) } is not a Cauchy sequence
for the topology of the uniform convergence on K. There exists € > 0 and two interwinned sequences
ni <my <ny <mp < --- of natural numbers such that || fy,, — fu, || > €. Take subsequences { £, }, {fu, }
converging to f(z), g(z) respectively. As f(z) and g(z) coincide in S, they coincide everywhere in U, and
this is a contradiction because we must have || f(z) — g(z)|[x > €. [

Theorem 1.9.11 — Osgood. Assume that the sequence {f,},_; € €/(U) converges pointwise to f.
There exists a dense open set V C U such that f,, converges uniformly in the compact sets of V to f.

Proof. Denote
Ap={zeU|VkeN, [fi(z)| <n}.

As for every z € U, the set { fy(z) };-_, is bounded, we have that U;__; A, = U. By Baire Category Theorem,
at least one A, has non empty interior, so a disk D exists such that D C A,. Over D, by Vitali’s Theorem
1.9.10, the sequence f, converges uniformly in the compacts. Let V be the union of all those disks D: V is
dense as for any open set W C U, the same argument applies to find adisk D C V. |

Riemann conformal mapping Theorem

In this section we will prove one of most important and striking results of the theory of holomorphic
functions in one variable, that is Riemann’s Theorem. It states that every simply connected open set of
C, different from C itself, is biholomorphic to the unit disk D. As holomorphic functions are quite rigid,
such a general result is surprising. It has implications even of topological nature: every simply connecetd
open subset of R? is homeomorphic to a disk.

To prove it, we will use the fact that in a simply connected open subset of C, every zero-free
holomorphic function has a holomorphic square root. In fact, we will show that if an open set U # C has
this property (which we will call square root property), it is biholomorphic to D.

Lemma 1.10.1 If U C C is an open subset with the square root property, there exists f: U — D
holomorphic and injective.

Proof. Take a € C\ U, and h(z) € O(U) such that h(z)?> = z — a. We have:
1. h(z) is injective.

2. 0¢ h(U).
3. h(U) and —h(U) are disjoint open sets.
1
Take D(w;r) C —h(U). As h(U)ND(w;r) = 0, the function f(z) = e —w €O0U)and |f(z)| <1
7) —
The function rf(z) verifies the statement. [
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Theorem 1.10.2 — Riemann. Let U C C be an open subset with the square root property. There exists
a biholomorphic f: U — D(0;1).

Proof. Take an injective map fy : U — D (which exists by Lemma 1.10.1), and zo € U. Let us consider
F ={f:U — Dinjective | | f'(z0)| > | fo(z0)| } -

F #0,as fo € .Z, and it is locally bounded. If {f,} ., is a sequence in .% that converges uniformly
in compact sets to f, then | f'(z0)| > | f}(z0)| > 0. So, f is not constant, and so, it is itself injective: f € .Z,
hence .% is closed, and by 1.9.7, it is compact. The map

F — C

[ — |f(z0)]

takes a maximum, say at g € .%. Hence, |g'(z0)| > |f'(z0)|, for every f € .Z. If g is not surjective, there

exists a € D(0;1)\ g(U), If @4(z) = lz_fl , ¢q © g has no zeros in U, so there exists /(z) € 0'(U) such
—az
that 1(z)? = @, 0 g(z), and A is injective. If h(zg) = b, take f(z) = @, 0 h(z), f(z0) = O.
8(z) = (¢_q09?,) 0 f(z), and then g'(z0) = (¢_s 0 9*,)'(0)f (z0). As ¢_,0¢*, : D —> D is not
injective, it is a consequence of the properties that follow Schwarz’s Lemma 1.6.1 that ‘ (p_q00? ») (0) ‘ <

1—|@_q092,(0) }2, and so, |g'(z0)| < |f'(z0)|, in contradiction with the hypothesis. [ |

p) This proof is not constructive. A somewhat more constructive proof may be read in [11].

The map given by Riemann’s Theorem 1.10.2 is not unique. Nevertheless something can be said.
1. Given biholomorphisms f,g: U — D with f(z9) = g(z0) and f"(z0) = &' (z0), then f = g.

Proof. Indeed, if f(z0) = g(z0) = 0, then go f~! : D — D is such that (go f~!)(0) = 0 and
biholomorphic. So g(z) = A f(z) for some [A| = 1. As g'(z0) = Af(z0), then A = 1. If f(z9) =
g(z0) = a # 0, consider @, o f(z) and @, 0g. [

2. The function g(z) given in the proof of Riemann’s Theorem sends zj to 0. Indeed, if g(z9) = a # 0,

h(z) = @,08(z) : U — D sends zo to 0 and ' (z9) = g’ (20), so we arrive to the contradiction

1—laf?
that |7’ (z0)| > |g'(z0)]-

3. Given a holomorphic function f: U — D with f(z9) = 0, then | f'(z0)| < |¢'(z0)|. Equality holds
if and only if f(z) = Ag(z) for some |A| = 1.

1

18 (20)
Equality holds exactly when f(z) = Ag(z) for some |A| = 1. [ |

Proof. fog~!':D — D sends 0 to 0, so, by Schwarz’s Lemma 1.6.1, |f(z0)| -

<1.

4. There exists a unique g : U — D biholomorphic such that g(z9) = 0, g'(z0) € R.,.
5. Given two simply connected open sets Uj, U, different from C, and z; € U;, there exists a unique
biholomorphism f : U} — U, with f(z1) =z, and f'(z;) € R,
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1.11 Exercises

Some of the exercises listed here are related with the previous results stated in Chapter 0.

1.

10.

11.

12.
13.

14.

Let U be an open set, and D C U. Assume that f € O(U) verifies that f(D) C D. How many
solutions has the equation z = f(z)?

Will the solution be different if we only assume that f(D) C D ?

Let f(z), g(z) be entire functions such that | f(z)| < |g(z)| for every z € C. What can be said about
them?

Using the properties of the inversion, construct a Mobius transformation which transforms the upper
half plane in the interior of the circle |z| = R, and takes a point ¢ into 0.

. Show that it doesn’t exist a holomorphic and injective function f : D(0;1) — C such that

£(D(0;1)) = C. .

1
. Show that the map f(z) = z+ — defines a biholomorphism between D(0;1) \ {0} and C\ [-2,2].
<

Let € be a circle on C, and I be the inversion with respect to €. Let 71,272,273 be diferent points on
% . Show that Ix(z) = w if and only if

21,22,23, W] = [21,22,23,2).

Let T, S be two Mdbius transformations with the same fixed points. Show that 7S = ST.

. Suppose that T is an analytic function from the unit disk D(0; 1) to itself, that is not the identity

map. Show that 7" has at most one fixed point.
Let f : H — C be a holomorphic function such that | f(z)| < 1 and f(i) = 0. Show that

z—1i

1f(2)] < oy

Let f: D(0;1) — D(0; 1) be a holomorphic function such that £(0) = f'(0) = --- = f"=1(0) =0,
f(0) # 0. Show that |f(z)| < |2"| and | " (0)] < n!.
(Gauss-Lucas Theorem)
(a) Let P(z) be a degree n polynomial, with roots @y, @, ..., ®,. Assume that Re(w;) > 0, for
every i. Show that, if zg is a root of P'(z), then Re(z) > 0.
(b) Do the same with any closed half plane: if P(z) has all its roots in a half plane Re(cw) > 0,
all the roots of P'(z) are in the sane half plane.
(c) Conclude that any root of P'(z) is contained in the convex hull of the roots of P(z).
Let f € 0(D(0;1)) such that f(0) =1, f’(0) = 2i and Re f(z) > 0 for every z. Determine f.
Let .# C 0(D(0;1)). Show that .# is relatively compact if and only if there exists a sequence of

"(0)
n!

positive numbers {M,,}~_, such that limsup,_ ., M,i/ " <1 and for every f € .Z, <M,.

Let # C 0(D(0;1)). Assume that the set %' = {f'(z)| f € F } is relatively compact, and that the
set {f(0)| f € .Z } is bounded. Show that .7 is relatively compact.



2.1 Infinite products of complex numbers

The so called Basel’s Problem asked to evaluate the sum of the series
i 1
n=1 n’ '

This value was computed first by L. Euler, who showed that it equals %z. Different ways exist today to
make this computation. The most popular, that can be read in virtually any book in Complex Analysis,
uses Residue Theorem. The objective is to compute the integral

Tcotm
/ O, 2.1
Cv <

where Cy is the square whose vertices are (N + %) (£1+1). Poles of the integrand inside Cy are located
in

{neZ| —-N<n<N}.

At those points, the value of the residues are:

e Ifn#0,
. TTCOSTZ 1
lim(z —n) 287 _
Zgr%(z n) 2sinmz  n?
e Ifn=0,
R otz 0 2
es| ——:0 ) = —=.
Z2 3
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Taking limits when N tends to infinity, the integral (2.1) tends to 0. As
X
——4+2) - —0siN—o
3 + r; 2 si ,

it follows that

1 2
2

T
=

. . . . . . sing
Euler did not compute this sum in this way. Instead, he considered the function ——, and treated

b4
it as if it were a polynomial. Let us observe that a polynomial P(z) with P(0) = 1 and non-zero roots
ap,0p,...,04 can be written as

P(z):ilj(l—;).

More generally every polynomial P(z) € C[z] is

Euler, with an apparent lack of rigor, assumed that a similar expression could be valid for any entire
function, and so he wrote

< keZ k=1
k0
. sinzg . . . .
As lim,_,o — =1, ¢ = 1 in previous expression. After some computation,
<
ﬁ<1_12> —1— ii 24+ Z; A
But Slzﬂ =1- %zz + %Z“ + ---. So, identifying coefficients,
1 | = 1w
——=-) ——,hence } —=—.
6 = k2n? =k 6
In the same way, as
y L Eal
= 2j2 120’
we obtain
wt =1\ =1 1
To(rs) =Y i+2Y o
36 (k—l k2> Sk i<j 2
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and consequently,

i I AR AR
Skt 360 60 90

Euler succeeded in this way in computing the values {(2n), when n € N, {(z) being Riemann’s zeta
function

that will be extensively treated in Section 3.3 The objective of this chapter will be to justify previous
computations, as the expression obtained by Euler of sz as an infinite product. First, we shall study

the basic theory of infinite products of complex numbers, [];,_; z,, where z,, € C. The possible definition
of [Tz as limy_e HQ’ZI zn 1s not fully satisfactory, because if some factor z; vanishes, the infinite
product would vanish, despite any condition of, for instance, growth of the terms. This would made rather
unnatural to state convergence results. Moreover, it may happen that z,, # 0, but

N
lim 7, =0.
NﬁoonI;Il "

If we admit this definition, this would lead us to lose some of the basic properties that we would like a
product to have: if a product vanishes, at least one factor does.
Due to previous considerations, we shall adopt the following definition:

Definition 2.1.1 1. Let {z, }nen be a sequence of non-zero complex numbers. We will say that the
infinite product [, z, converges to a limit / # 0, if and only if the following limit exists

N
lim Z
N%oonl;ll "

and takes the value /.

2. Let {z,}uen be a sequence of complex numbers, with a finite number of zeros. We shall say
that the infinite product [];_, z, converges to 0 if, given ng € N such that Vn > ng, z, # 0, the
infinite product

1=

n=ng

converges in the sense of previous item.

1. The second definition is independent of the chosen number ng.
2. Some texts, as [4] or [7] give a slightly different definition. [6] gives the definition we have
followed here.

In the sequel, we shall assume that Vn € N, z,, # 0.
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Lemma 2.1.1 If ], z, is convergent, then lim,_,e 2, = 1.

Proof. Indeed, forn > 1,

n
13k oo |
Y

- -1
HZ:l <k !

Zn

It is often convenient to write an infinite product as [T, (1 +z,). With this notation, a necessary (and not
sufficient) condition for the convergence would be lim,,_,.. 2, = 0.

ad 1
= Example 2.1 1. The infinite product H nrl does not converge. Indeed,
. n

n=

N 1 23 N+1
| EREEE TN e
ilon 12 N
2.
1 -1 1 N+1 1
(1) =Tl Mot
o n ptc) n N—oo 2N 2
3.

Tl 3  \_yptbets)
nlj]<1 (n+2)(n+4)> H(n+2)(n+4)'

It follows that

ﬁ(l (—1)"> {szl if N is odd,
SEDY
n

o 3 if N is even,

the value of the infinite product is %
|

We shall study now absolute convergence. Again, a straightforward modification of the usual definition
of absolute convergence for series is not a good idea. For instance, if z, = —1 we have that the infinite
product

H |7n| =
n=1

converges, while

N
HZ" - (_1)N7
n=1

does not converge. We will adopt the following definition:

1=1
1

oo

n
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n=1 n=1

I Definition 2.1.2 The infinite product H(l + z,,) converges absolutely if H(l +|z4]) converges.

Lemma 2.1.2 Let

N

N
pn =[] +z), H 1+ |z4]).

n=1
Then:

1. py <exp(lz1|+ -+ |zn]).
2. |pyv—1<py— L

Proof. 1. Recall that 1 +x < ¢* if x € R. Hence, 1+ |z| < ¢l*l, and the first inequality follows.
2. We shall use induction. |p; — 1| = |z1| = pj — 1. If the inequality is correct up to N,
[pv1 =1 = [pn(1+2n41) = 1 = [(py = D(1+2v41) +2n41]
< (Pv = DI+ lzvri]) + lavil = Py = 1= lava [+ lavia | = pygg — 1

[
The following result relates the convergence of an infinite product with convergence of a numerical

series. Let us denote Logz the principal branch of the logarithm, i.e., that branch taking arguments in
[, 7). Let us assume that Vn € N, z,, # 1.

Proposition 2.1.3 The following are equivalent:

1. The infinite product H(l +zn) converges.

n=1

2. The series Z Log(1+z,) converges.

n=1

Proof. We shall denote

N N
Sy =Y Log(1+2z), H (1+42,).

n=1

As e5¥ = Py, if the series Z Log(1+z,) converges to S = limy_,. Sy, then limy_,o. Py = 5 # 0.

n=1

Conversely, asssume that H(l + z,) converges to P # 0. Take a continuous logarithm log z, defined
n=1
in a neighbourhood of P. As limy_. Py = P, then limy_... log Py = log P. Now, as eV = Py, we will
have Sy = log Py + 2mily, for some Iy € Z.

. N—oo
Sn+1— Sy =log(Py41) —log(Py) +27i(Iy+1 — Iy) = Log(1 +zy11) — 0,
because lim;, 0.z, = 0. As

Al/im log(Py+1) —log(Py) =logP —logP =0,
—00

we deduce that [y, — [y tends to 0. As a consequence, there exists a natural number ny such that if n > ny,
I, =1€Z, fixed: Sy =log(Py)+ 2mil tends to log P+ 2mil. [ |
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Proposition 2.1.4 1If, for every n € N, a, > 0 (a, € R), then

oo oo

H (1+a,) converges if and only if Z a, converges.

n=1 n=1

Proof. It becomes clear from the estimates
1+ai+--+ay < [[(1+an) <explai +---+an),
n=1

and from the fact that, in the conditions of the statement, the sequences {Sy }yen ¥ {Pv } nen are mono-
tonically increasing. n

Proposition 2.1.5 If [T, (1 +z,) converges absolutely, then it converges.

Proof. If it converges absolutely, we have that Y, |z,| < +oo, by Proposition 2.1.4. Let us assume, then,
that |z,| < 1. If |z] < 1, then Log(1 4+ z) = zh(z), for certain A(z) with lim,_,oh(z) = 1. It follows that

P P
<Y laalliz) <MYzl

n=m n=m

i Log(1+2z,)

n=m

If m € N is big enough, given € > 0 we have that Y7 |z,| < €. By Cauchy convergence criterium,
Y~ Log(1+z,) converges. Hence, the infinite product [T, (1 +z,) is also convergent. |

Without additional hypotheses, it is not true that the convergence of the infinite product [T, (1 +z,)
is related with the convergence of the series ) ,-_; z,. Let us see a criterium relating both convergences in
a particular case.

Lemma 2.1.6 If |x| < 1, then —In(1 —x) = x + g(x)x?, where g(x) verifies that lim,_,0g(x) = .
Consequently, if a, € R, and the series Y, a, converges, we have that [T, (1 — a,) converges if and
only if the series Y, a2 converges.

Proof. Tt is left as an exercise to the reader. |

—1)"

= Example 2.2 1. Take the infinite product [T, (l — (_1>n). The series Z ( converges, but
n=1

Jn
=) 1 .
Z — diverges, so

n=1

(1 C2) isaveren

n=1
2. [21, p. 17, Example (v)]. Define
1 1 L 1 n 1
ay, | = ———; a, = .
2 vn+1 Tkl on+l (n+1)vn+1

Firstly, we will see that the series Y'°°_, a, diverges. Indeed, the partial sum Y2V, takes the value

”Mz

N
1
;‘”"*“Laz" Z(k+1 k+1)\/k+1>’



2.2 Infinite products of holomorphic functions 37

and is, then, divergent. On the other hand,

1 vn+l1-1 n
Vitl  Varl (Wt l+D)yn+1
(n+1)vn+l4+n+1+vn+1+1  (n+2)(Vn+141)

I+ay—1=1~-

I+ax, =

(n+1)vVn+1 (Va1
Thus
2N N N
k k+2)(Vk+1+1
H(1+azk (1 +ax) = A I )
=1 k=l it (VE+HT+DVE+T  (k+1)VE+1
Nok(k+2) N42 Nowl
= = —

e (k12 T 2(N+1) 2
In addition,

2N N+1 N N+1 Nﬁml
H(1+an): ”
Pl 2N (/N+1+1)y/N+1 (N+1+\/N+ )

We conclude that [T, (1 +a,) converges, while )", a, does not converge.

Infinite products of holomorphic functions
Let U C C be an open set, and { f,,(z) }neny € O(U). We are going to study the infinite product

[0+ 4.

n=1

Theorem 2.2.1 If the functions f,(z) are bounded in S C C, and the series Y., | f4(z)| converges
uniformly to u(z) in S, the the infinite product [T, (1 + f,.(z)) converges uniformly to a function f(z)
in S. As aresult, f(z9) = 0 if and only if there exists np € N such that 1 + f,,(z9) = 0.

In particular, if the series of functions Y7, | f»(z)| converges uniformly in the compact sets of U,
the infinite product [T, (1 + f,(z)) converges uniformly in the compact sets of U to f(z) € O(U), and
we have the equality

oo

Z

f(2) Z1+fn

Proof. Every function |f,(z)| is bounded in S by a certain constant M,, and the series Y, |/4(2)|
converges uniformly in S. As a result, the limit u(z) is bounded on S. Indeed, there exists ny € N such that

|| <1ins§,

- Z 5

and then

Ju( |<1+Z|fn |<1+ZM,,—L
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Let us recall here that it is a general fact that if all the functions in a sequence are bounded, and they
converge uniformly, the limit is itself bounded.

Let us now denote py(z) = [I"_; (1 + f.(z)). As the series Yoo, | f.(z)| converges, the infinite product
[T;-; (14 fu(z)) converges absolutely, and then it converges in S. Let us remark that, if N € N,

N
|PN H +|fn < ezilv:l‘fn(z)‘ < eL - M.
n=1
If N >N,
: N
pe@=pv@I=Ipv@1| TT 0+£E@) =1 < lpv@1| [T 0415
- =N+

e <p<§ e ) )

Let € > 0. Take N € N such that Y'3° y |fx(z)| < €. Thus, |py(z) — pn(z)] < M(ef —1). As this last
expression tends to 0 when € tends to 0, we obtain that the sequence of functions {py(z)} is a uniform
Cauchy sequence in S, and then, it converges uniformly.

As aresult, if Y, | fu(z)| converges uniformly in the compact sets of U, using the fact that every
function |fy(z)| is locally bounded, we have that the infinite product [T, (1+ f,,(z)) converges uniformly
in compact sets to a function f(z) € (U). We then get that the sequence of the derivatives {p}(z)} also
converges uniformly in compact sets to f(z).

Now, let K C U be a compact set. There exists ny € N such that if n > no, | f,,(z)| < % in K, and then
|1+ fu(z)] > 1. In particular, 1 + f,(z) # 0. The zeros of f,(z) in K are, then, the union of the zeros of
the functions 1 + f1(2),...,1 4 fu,—1(z). For N > ny we can write

N

Py(z) = (1+f1(2)) - (1 + fay-1(2) [T (1 + fu(2))-

n=ny

Denote Py (z) the infinite product of the last term of previous formula. As ®y(z) does not vanish in K, the
infinite product ®(z) = [T,_,, (1 + fu(z)) neither does. If m = min{|®(z)|, | z € K}, |Py| > 5 for N big
enough. As a consequence, given that limy_,.. Py(z) = ®(z) and limy_,.. P)(z) = D' (z), we obtain that

o PvE) _ ()
noe @y (z) - B(2)

uniformly in compact sets.

In other words, we have the identity

As a result,
(Z no—1 Z oo
f(2) Z 1 —I—fn d(z) Z 1 —l—fn

The same arguments shows that if K C U\ f~!(0) is compact, the convergence of previous series is
uniform in K. |
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Weierstrass factorization

As we have said in the introduction of this chapter, we want to represent an entire function as a product of
certain elementary factors, in a similar way as we normally do with polynomials. With this objective in
mind, define

These functions are called Weierstrass’ elementary factors. They own the following properties:

Lemma 2.3.1 1. For every p, E,(0) = 1.
2. |1-E,(z)| < ‘ZPH‘, when |z] < 1.

Proof. Indeed, if p > 0, then —E},(z) = 2 exp (z—|— % +...+ %’) As —E,(z) has an order p zero at 0,

1 — E,(z) has a zero of order p+ 1. The expansion in power series at the origin is

I_EP(Z) - n
ZPT = ngoanz s where ay > 0.
Then, if |z| <1,
1—-Ep(z)

Theorem 2.3.2 Let {z,},_, be a sequence of non-zero complex numbers, with lim,, ;. z, = co. Let
Pn € Np be such that for every r > 0,

oo e 1+pn
£G) <

n=1 \'n

where we have denoted r, = |z,|. Then the infinite product [T, E,, (Zi) converges, defining an entire

function with zeros precisely at the points z,,.

Proof. . Fix r > 0. There exists ny € N such that if n > ng, r,, > r. Hence, if |z| < r,

Pntl pntl
r
1-E, () <& <(Z) .
Zn Zn rl’l
. putl . . . .
As Y, <rL) < +oo, we have uniform convergence in D(0;1). As a result, the infinite product
converges uniformly in the compact sets of C. |

Corollary 2.3.3 If p,, = n— 1, we are under previous conditions. Thus, the infinite product

= Z
E7 —
M- ()
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I converges.
Proof. Let us consider the series
oo n
n=1 \'n

From the fact that

n
. r . r
limy/|— ) =lim— =0,
n—sco . n—eo

we deduce the convergence of the series. |

n=1 7y,

I Corollary 2.3.4 If Y=, L < 40, we can take p, = 0 in previous expression.

Proof.

oo oo 1

Z§2w2—<w

n=1""1 n=1"n

Theorem 2.3.5 — Weierstrass’ Factorization Theorem. Let f(z) € 0(C), with f(0) # 0, and zeros
in {z,},_,, repeated as many times as its multiplicity. There exists another entire function g(z) such
that

Proof. Consider the function

f(z)

M (2)

i

whose singularities are removable, and then, defines a zero-free entire function. So, there exists g(z) €
0(C) such that F(z) = $®). |

Corollary 2.3.6 If f(z) € 0(C) has a zero of order m at 0, there exists g(z) € ¢(C) such that

s = [TE,, (£).
n=1

Zn

f(2)

Proof. It is enough to apply 2.3.5 to Fr |

Weierstrass’ elementary factors are also useful in order to constract entire functions with prescribed
zeros. Ths only restriction on the zeros will be that they don’t have cluster points, as if it were the case,
the holomorphic function might be identically zero. More precisely,
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Theorem 2.3.7 Let U C C be an open set, A = {z,}_; C U a set without cluster points in U, and
{m,},_; € N. There exists f(z) € 0(U) with zeros exactly on A, with multiplicities {m,}, ;.

Proof. Assume that o € U \ A (after a Mespacio vectorialobius transformation we can always assume
that this is the case).

If U = C, A must be finite, A = {z1,22,..,2x}. We can construct a meromorphic function on U, that
must have at least one pole (or being constant). If we accept that the point at infinity is the only pole, the
holomorphic function

f(Z) = (Z — Zl)ml .. (Z— Zn)m,,

verifies the statement.
If U # C but A is still finite, take b € C\ U, and consider the function

(Z o Zl)ml . (Z—Zn)m"
(Z_b)ml-i--"-&-m,l

f(2)=

Let us now deal with the general case, assuming that A is an infinite set. Consider, for every n € N,
wy, € C\ U such that |z, —w,| = d(z,,C \ U). With this choice, lim, . |z, —w,| = 0. If not, there exists
€ > 0 and a subsequence {z,, };-, such that ‘an - wnq’ > €. Taking, if necessary, a subsequence, we can
assume that {z,, }7>, converges to a € U, which is not possible.

Next, define
- Zn — Wn
2)=||E .
= Te (25

Take K C U compact, and r = d(K,C\ U). There exists ny € N such that if n > n, |z, —w,| < r/2. Thus,

=Wl 121k

72— Wy r 2
As aresult,

in — Wn
Z_Wn

n+1 n+1
-a (25| < <(3)
Z— Wy 2

on K, if n > ny, so f(z) defines a holomorphic function on U, with the prescribed zeros.
W0, hence E,(0) = 1. So, f() = 1. m

Finally, let us observe that if z — oo, then
— Wn

m Example 2.3 Let us develop here an important example, that will be revisited several times throughout
these notes. The function

Sz f 750,
— z
1) {1 ifz=0

has zeros in k7, where k € Z\ {0}. As

|
<

22 S
i— ke
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42
we can take p, = 1, according to 2.3.2 If z; = k=,
2
b4 Z Z Z Z z Z
()8 (£) - 0-2) (e (Eor(£) -1
: (zk> ! <z_k> krm * k) P\ ) P\ ke k>m?
Hence, we can represent
. o 2
sinz Z
o) =T eg(Z)kI;Il (1 B k2ﬂ2,> 2.2)

for some entire function g(z), that we shall determine in the sequel. For this, let us observe that

f/(Z> . 1 o - 2z
o) —cotz—g—g(z)—l—];izz_kznz.

We need to represent the cotangent function as an infinite sum. Let us consider

cotmz

Fe =0

where @ € C\ Z. It has poles in the points z, = n € Z, and in £ ®. The residues are:

1 1
Res(F(z2)in) = - ———,
es(Flim =+
cotmww
Res (F(z); W) = .
es (F(o)iEw) = -

Let ¥, be a rectangular path, with vertices in (n + %) (£1+1i), where n > |w|. We have that

1 cotmz I & 1 1
— | 5——=dz=— ——— + —cot(nrw).
27[i/yn 22— nk;nkZ—w2+ o (m®)
Letting n — oo, it is not difficult to verify that the integral tends to zero. Indeed, in vertical sides
+ (n+ 1) +iy we have
e —e W

ew e W

— )

|cot z| =

while in the horizontal sides x £ i (n + %),

1+e—27‘c(n+%) 2
|cotmz| < —~ < :
7672ﬂ(n+§) 1]—e T

So, cot rz is bounded on 7, by a constant M independent of n. So, on ¥,

M
T (n+) ol

cotmz
ZZ — w2

27

which proves the statement.
So we have

1 & 1
En;mnz—a)z

1
+ —cot(rw) =0,
®
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and then,
Il & 2w
weot(tw) = — —. 23
cormo) = o+ ¥ @)
From (2.2), replacing z by nz and taking logarithmic derivatives, we have
1 oo
meot(mz) — —
cot(mz) o= ; —n2

Comparing this with (2.3), g (Jrz) =0, so g(z) is a constant C, and

smz e
H <1 B n2ﬂ2>

n=1

Taking z = 0, it turns out that ¢€ = 1, and then,

Z2
San—ZH (1—’1271:2)

n=1

Mittag-Leffler Theorem

Several consequences of previous results can be deduced. Particularly we are going to construct holomor-
phic and meromorphic functions satisfying certain properties.

Theorem 2.4.1 — Mittag-Leffler. Let {z,}, _, be a sequence of complex numbers, with lim,,_..z, = c.
For every n € N, let m,, € N, and let us define

m
A Cnv

Qn(Z) == = m

Then, there exists f(z) a meromorphic function on C, with poles at the points z,, such that the principal
parts in every pole are g,(z).

Proof. Reordering the poles, if necessary, we can assume that for every n € N, |z,| < |z,+1]- Let us also
assume that z, # 0. So, ¢,(z) € O(D(0;|z,|)), and it admits a power series expansion at the origin

7)) = i an". (2.4)
k=0

Take 1/2 < g < 1: on the closed disk K, = D(0;q|z,|), the series (2.4) converges uniformly, so there
exists v, € N such that if P,(z) = ¥} a2, then |g,(z) — Pu(2)| < 57 on K,,.
Consider the series

oo

f@) =Y. (n(2) = Pa(2))-

n=1

If K C Cis a compact, K C D(0;R) for some R > 0. Take ng € N such that |z,| > 2R if n > ngy. On K,

Y @) -B@I< L 5

n>ng n>ng

so this series converges uniformly. Then, f(z) defines a meromorphic function on D(0;R), with poles
on the set {z1,...,2,, }. As R can be taken arbitrarily large, f(z) defines a meromorphic function on C
satisfying the statement. |
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The above result allows to construct meromorphic functions defined on C with fixed poles and

principal parts. We shall adapt it in order to construct such a meromorphic function on an arbitrary open
set U C C.

Theorem 2.4.2 Let U C C be an open set, A = {z, |n € N} C U a set without cluster points on U.
Define, for every n € N,

m
o Cnv

qn(z) = (2.5)

=g

There exists f € .# (U), with poles on A with principal parts ¢,(z), and without other poles.

Proof. Assume again that oo € U \ A, and take @, € C\U such that d, = |@, — 24| = d(z,;C\U). Develop
gn(z) as a Laurent series on the annulus C\ D(®,;d,), the convergence being uniform in compact sets:
there exists &V,, € N such that if

Ny
P()=Y Lk’
=1 (z—ay)

then |g,(z) — Py(z)| < 5 on C\ D(w,;2d,).
Consider, as before, the sum

f(0) = i]m(z) _P2).

If zo € U \ A, there exists r > 0 such that D(zo;r) CU\ A, and ng € N such that if n > ny, 2d, <
d(D(zo;r),C\U). We have D(z¢;r) C C\ D(®,;2d,). Using the same arguments than in Theorem 2.4.1,
the series

Y 1gn(z) = Pu(2)]

nzngp

converges uniformly in D(zo;r). A similar argument works in appropriate disks D(zj;r) CU \ (A '\
{zn},_,)- Finally we obtain a function on U with poles and principal parts as stated. [ |

A combination of Weierstrass and Mittag-Leffler Theorems give:

Theorem 2.4.3 Let U C C be an open set, A = {zn}:: 1 € U without cluster points. For every n € N,
let us consider

P2 = 3" elz—z) € Clz—z].
k=1

Then, there exists f(z) € €' (U) such that the Taylor expansion of order m,, of f(z) atz, is T, (f(2);20) =
P, (2).

Proof. Take g(z) € 0(U) with a zero of order m,, + 1 in z,,. Let us write

P(z)

8(z)
where Q,(z) is the principal part of this quotient around z,,, and g, (z) is a holomorphic function at z,,. Using
Theorem 2.4.2, construct h(z) € .# (U) having Q,(z) as principal part at z,. Then P,(z) =g - Q,+g-gn =
g-h+g-(Qn—h)+g-gn The function g(z) - h(z) satisfies the statement, as g-h =P, + g (h— Qn — gn),
and tle second term has a zero of order m,, + 1 at z,. |

= 0n(2) +8&n(2),
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“Practical” application of Mittag-Leffler's Theorem

Let {z,},_, € C\ {0} be a sequence of complex numbers, with lim, e |z,| = eo. Let us construct
a function f(z) € .#(C), with simple poles in each z, and fixed residues o;,. Following previous
constructions, if the principal part at z,, is =, the expansion of this fraction at 0 is

- k
CTRCTR o (R
= Zn | =0 \Zn Zn n—2Z

So, the previous construction asks to guarantee the convergence of

Z*m- g
n=1 n

on C.
Proposition 2.4.4 If

m

Iy N
n

Z_Zn

3
Il
—_

defines a holomorphic function on C\ {z,}:_,, with simple poles on each z, and residues a,,.

n=1>

Proof. Indeed, if R > 0, there exists np € N such that if n > n, then |z,| > 2R. We have, then,

S Y s S e
n=n Zn n=ng ’Z’l ‘Z Zn | n=ny ‘Zn‘
where () is due to the fact that |z — z,| > |z, — |2] > |za| — @ = @ [ ]

Corollary 2.4.5 If f(z) € .#(C), with simple poles on {z,}, _; and residues {,}, _,, such that
Z m+1 %

then there exists /(z) € €(C) such that

(2.6)

Q=Y 5 % i he).

Z_Zn

» Example 2.4 Let us consider again the function f(z) = wcot nz— 2, with Res(f(z);n) = 1ifn € Z\ {0}.

1
As Z — < eo, We can take m =1 in (2.6). So,
n#0

= Z

1 (o]
+ -
| —n z+n

— Z 1 — Z 2n
i—n = Zn( —n z—i—n)_zn %2 —n? Zz—n2
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As a result, there exists (z) € €/(C) such that

1 & 2z
Teotmwz = — + —— +h(2).
z ,;z2—n2 @)

Let us determine /(z) in previous example. We shall make use of the following result:

Theorem 2.4.6 — Cauchy simple fractions Theorem. Let f(z) € .# (C) be a meromorphic function
with simple poles on {z,},_,, z, # 0. Assume the poles ordered in such a way as |z,| < |z,41|, and
limy,—se0 |24 = 0. Let o, = Res(f(2);z,). Let us assume that a sequence of closed and simple curves C,
exist such that

1. Gy {za}, =0.

2. 0is in the bounded connected component of the complement C\ C;.

3. If R,, = d(0,C},), then there exists K > 0 such that the length of C,,, denoted /(C,,), is bounded

above by KR,,.
4.

i Wl
n—soo jo‘

for some p € N.
Then,

Zm an ( z p+l1
n=1 z—zp

in

Proof. Let us compute the integral

1 f(w)
o /C T 2.7)

The integrand has poles at 0, z, and at some of the points z,. Residues are:
1. AtO,

! <f(0) L F0) f<”)(0)> |
Z

7 l!zP*I—}_”'—i_ o

f(2)

T

(04
3. Atz,, ———.
. (za—2)
The integral (2.7) can be bounded as

1 I 1 I KRy, ! S
2 - HC) < — —_—— = AL

2. Atz,

The curves ultimately encircle all points z,,, and so we obtain

1 (f(())+ £'(0) +m+f(”)(0)>+f(z)+i &,

1.p—1 ! +1
z\ z» 1z p! g n=12n  (2n—2)
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Solving for f(z) we end at

v /M0, ¥
k! Z+Zanzfl’“z—zn_z k! Z”+n;oc,, Z—2n znkz’

Corollary 2.4.7 If f(z) is uniformly bounded on C;, we can take p = 0 and then

+Zan< — zln)

1
» Example 2.5 Let us complete Example 2.4, where f(z) = wcot(nz) — —, and let C,, be the square of
z

vertices (n + %) (+1=+1i). We know from Example 2.3 that a constant K > 0 independent of m exists such
that |cotmz| < K on Cy,. As R, =m+ %, we can take m = 0 in Theorem 2.4.6, according to Corollary

2.4.7. Consequently,
1 = 1 1 i 1 1 = 2z
+ —— | = + = )
> ,,z_:l<z—n n) nz_:l(z—n z—i—n) z:“lzz—n2

1
ncotn’z—f: + E <
n

so we arrive at the (already known) formula

ncotnz—7+
z Z 2_n2

Complement: Wallis’ formula

From the expressions

1 = 2z
ncotﬂz:f%—z o
T ;T n
oo 2
z
sinz = 1—
(1)

T
which have been obtained using several methods, other formulas can be deduced. As an example, if z = 5

in second formula, we have

= (2n—1)2n+1) 133557
—H< 4nz> NGy =33335s @8)

n=1

which is known as Wallis’ formula. Let us note that this formula can also been obtained using “elementary”
methods. Indeed, following [8], set

/2
I, = / sin” xdx.
0

—1
Integration by parts give I,, = = w2ifn>2. Asly= 7 and I; = 1, we have
n

B 2.2.4.4-6-6---2m-2m by,
2 1-3-3:55---2m—1)2m—1)2m+1) Dbyt

S
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Using the inequalities

Sin2m+1 1

x < sin?x < sin®" ' x,

we have

1< 12m <12m_1:2m+1

NS R P 2m

I
and then, lim 2m

n—= [om41

= 1. This gives the formula.

2.5 Exercises

1. Compute the value of the following infinite products:

[ 1 nz
(a) nr:[ze (1—,12> )

(b) §<1— (_n1)">.

2. Consider the infinite product

= (n—ay)---(n—a,)
rg (n—by)---(n—by)’

where ay,...,a,,b1,...,bs are complex numbers. Show that it converges if and only if r = s and
a1++ar:bl++bs

3. Show that if |x| < 1, —In(1 —x) = x + g(x)x?, where g(x) =9 1/2. Conclude that if {a,}, ,
is a sequence of real numbers such that )" | a, converges, then the infinite product H(l —ay)

n=1
converges if and only if ¥°_, a? converges.

4. Determine in which domain the following infinite products represent holomorphic functions in z:

ﬁ(l—e‘”z); ﬁ 1 —n®)

n=1 n=1

5. (a) Show that, if £ 0,

ﬁcos (i) B sin2z
n=0 2" 2z '

HINT: Use convenient trigonometrical identities.
(b) Compute the value of Vieta’s product:

\f 1 /1
22* 555*55'“
6. Show that every meromorphic function f(z) in C can be written as g/h, where g,h € 0(C).
7. Let U C C be a domain, and I an ideal of the ring €'(U).
(a) Show that if / is finitely generated, then [ is principal.
(b) Show an example of a non principal ideal I C &'(C).

HINT: Investigate about ideals of holomorphic functions, for instance in the textbooks of Ash [4] or
Rudin [18].
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Euler Gamma function

The tradicional definition of Gamma function for real values is as follows:
I(z) = / e ds. (3.1
0

This integral converges when Re(z) > 0. Indeed, split the integral as

l (oo}
/ e ldr + / e tdr. (3.2)
0 1
When ¢ > 1 we have bounds

)

‘tz—le—t‘ _ tRe(z)—le—t _ tRe(z)+le—tt—2 < M2

where M is a constant bounding rR¢(+1e~! whose existence is guaranteed due to

limRe@+1~ =,
[—o0

Assume ¢ € [0,1]. When Re(z) > 1, the function inside the integral is continuous at 0, so there is no
problem regarding convergence. If 0 < Re(z) < 1, take o < 1 such that Re(z) — 1 + o > 0. We have

_ Re(@)- 1+t L

‘tRe(z)Jrleft ’
tOC

which integral clearly converges at 0.
Assume K is a compact set contained in the open right half plane, and 0 < C; < C; such that
C) <Re(z) < G, if z € K. The second integral in (3.2) can be bounded by

/ e ds,
1
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and is, then uniformly convergent. The first integral, as before, can be bounded by

1 1 1
/ tC]*lefl‘dt — / tC|*l+(Xefl‘7dt’
0 0 %

again convergent. This implies continuity of I'(z) in the right half plane U. Derivating the integrand with
respect to z we are led to consider the integral

/ r(logt)e 'dt,
0

which converges uniformly in the compact sets of the right half plane U using the same arguments as
before. As a consequence, I'(z) € O(U).
Integrating by parts,

[(z+1) :/0 rfe ldt = —zze"|(°)°+z/0 e dt = 710(2).

Moreover, a simple computation shows that I'(1) = 1. Consequently:
. T(n+1)=n!ifneN.
2. T(z+n)=(z+n—1)(z+n—-2)---z2I'(z) if Re(z) > 0.
3. Define, inspired by previous equality, a function

I'(z+n)

I Z) = )
(2 (z+n—1)(z+n—-2)--z
meromorphic when Re(z) > —n, with poles in 0, —1,...,—(n— 1). The function I',(z) agrees with
I'(z) on U, so it provides a meromorphic extension to this bigger set. Poles anr simple and

() _ (=

Res(Iy(2);—(n—1)) = COln—1)! (-0

As this can be performed for every n we have found that I'(z) can be meromorphically continued to
C, with simple poles over Z \ N and residues as before.
Let us propose an alternative definition of Gamma function, using the results about infinite products
we have stated in Chapter 2. Poles of I'(z) are in the non positive integers, and they are simple, so its
inverse, ﬁ must have simple zeros in these points. As

L () <=
n=1 "
using Weierstrass’ elementary factors with p = 1 we can define the entire function

HG) =[] <1 + %) e,
n=1

A simple computation shows that

oo 2
< Z .
H(z)H(—z) = —z2H <1 — 2) = ——sinnz.
=l n T

Also,

M=

logH(1) = li
ogH(1) = Jim

n=1

1 . N o1
<10g(n+1)—logn—n> = lim <log(N+1)— ) ) ==
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where 7 is Euler’s constant. So, H(1) = e~ 7. Define

AQR) = eFH(D) = ¥ | (1 + %) e~ A1) = 1.

n=1

This is the Weierstrass’ A function. Let us deduce some of its properties.
1. From the expression for H(z) we have that

:hmz(z#—l)--'(z—i—n). . (_ " 1)
H(z) exp Zk;lk

n—yeo n!
_ o2zt (z4n) S R N ¢ R S )
_31_5130 o -exp | z logn’;; =e ’}E}; _p ,
and then
-
A(Z):hmz(z—i—) (z+n)‘

n—yoo n!n?
A simple computation shows that

D(z+2)-- 1) 1 1) 11
At 1) = fim ETDEFD - Gbnt ) 1 2(atl) - (atn) s4ntl
n—oo n'netl 7 n—seo PP I’l 2

So, A(z) = zA(z+ 1).
2. A(R)A(1 —2) = A(z)- 252 = Lingy

Z

Let us define I'(z) =
r(1)=1.

F) = ,}g&t 2(z+1)---(z+n)
[(z+1) =2z(z).

——. Previous properties can be written as:

Sl

T

Fri-2= sinzz’

(3.3)

oo

5. I(z) = le_yZI_I (1 + E>7lez/”.

z n=1
I'z+n+1) . (—=1)"
6. As (z+n)I'(z) = , we have that lim (z+n)I'(z) = .
( ) Z(z+1)---(z+n—1) z%fn( )TG) n!
7. The logarithmic derivative of Gamma function is

M _ 1 oyl 1N_ 1 v 2z
I'z) =z Y+Z<n n+z>_ z Y+,;n(n+z)'

n=1

Taking derivatives again we obtain

'@\ 1 > 1
(logI'(z))" = (F(z)) — 2t Loy Zb(n+z)2'

z n=1

In particular, for real values of z, logI'(z) is a convex function.

8. (1)’ =-—" L5 T(1/2) = V7.

sm7t/2
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9. Let us consider the functions I'(2z) and I'(z)I"(z + 1 /2), both with simples poles in 0, —1,—2,...,

—%, —%, .... Its quotient is an entire function. Let us compute it:

'Y (Tez+1/2)\ & 1 > 1 - 1 (T2
(F(z)) +(F(z+1/2)> _E(Hz)”,;)(nﬂ%)z_4,;)(2z+n>2_2<F(2z)> '

As a consequence, there exists a constant A such that

@), Det1/2) T2

I " Te+1/2)  T(2)

+A,

and another constant B giving the equality

logI'(2z) = log (F(z)F <z—|— ;)) —Az—B, or[(27)e™™ =T(z)T <z—|— ;) .

Giving values z = 1 and z = 1 /2 we can compute the values of A and B: A = —2log2, B=10og(2\/T).
Then,

[(2z)v/m =2%"'T'(z)T (z - ;) (3.4)

This is known as Lagrange’s duplication formula.
We shall see now that Gamma function, defined as ﬁz), agrees with the function I'(z) defined by (3.1)
over the right half plane. It is enough to show that both expressions agree for x € R, x > 1, by Identity
principle. Let us define

0 ift > n.

SR A L n
fn(t):{t (1-5)" ifr €[0,n],

t n

Denoting ®,(1) = <1 - 7) , let us show that ®,(r) < &, (r) on [0,n], using Bernoulli inequality.
n

Indeed,

S - (<,i”i1§<;?’;)"“ =" <” <n+1>t<n—z>>n+l = (”nt—r> -t

So {f.(t)}:2, is an increasing sequence of functions, and lim f, () = #*~'e™* on R. Monotone conver-
n—oo

gence Theorem implies that

n*n!

oo n t n 1
/ #~le~'dt = lim (1—7) f‘*ldtzhmnX/ (1—s)"s"'ds = lim
0 n—oo J n n—yo0 0 n—>oox(x+l)---(x+n)

=T(x).

Stirling’s formula

One of the most interesting results related with Gamma function is Stirling’s formula, which describes the
asymptotic behaviour at infinity of factorial numbers and Gamma function. We shall propose here several
different approaches to this result.
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Stirling’s formula for factorial numbers

The approach we follow here uses a simplified version of Euler-MacLaurin’s summation formula, that we
shall develop later for a general case. If k > 1 we have

k kot—k+1 1 ko {1} -1
7/ ——2dt = —(log(k— 1) +logk) — {r} 2 dt,
k-1 k=11 2 -1t

k 1
/ logtdt = (thr) logt?
k—1 2 _

where {t} denotes the fractional part of the real number ¢. Denote ¢ (x) = (x> —x) on (0, 1), extended to
R by periodicity. We have ¢'(x) = {x} — J if x ¢ Z. Then,

k —1/2 k
/ Mdf = ﬂ2t)dt, and so
k=1t k-1 t

k 1 k

k-l 2 k-1 12

Summing from k = 2 to k = n we obtain
1 "t n{t}—1/2
nlogn—n+ 1+ —logn = logn! —/ mdt = logn! —/ udt.
2 12 1 t
As ¢(x) is bounded, the last integral converges, so it can be written as
n oo oo
o), _ / o) . _/ o) 4
11 S n 12
hence
1 = Q(t
logn! — <n+ 2> logn+n=a —/n (pt(z)dt,
where
<t <t oo
a=1+ [ o) gy, and | 1) gy,
1! n 1
Let us determine the constant ¢ with the help of Wallis’ formula (2.8). Setting

n!
Xn = nht1/2p0—nea’

we have that

X2 (n)22% V2 e V27W
TR Yoy =1,
xon  (2n)l/n e e%

so e* = /27 and then

n! ~n" Y 2e /27,

Moreover, we obtain that

/1°° {t}_tl/zd;:/lm (pt(zt)dtzlog(\/?r)—l. (3.5)
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3.2.2 Stirling’s formula for real values

Let us propose here a different proof, valid in the real case. The objective will be to show that

Cx+1
fim L&+ D

——Z =1.
x—00 @ XxX\/DTTX

A change of variable ¢ = x+ 54/x in the expression
C(x+1)= / e tdt
0
leads to

F(x—i—l):/j[(x—ks\f) ~OHVD Jsds = xe” x\f/ <1—|—\[> e~ Vds.

Take an increasing sequence {x,} _,, with lim,_,. x,, = +oo, and consider

n=1->

fuls) = exp <—s\/x7 +x,log <1 + \/}>) Xyt

Write
s S/ udu
Ky xn—xnlog<1+\/fn) :xn/o T
If s >0,
xn/“/\/x»" udu an/S/m udu 52 > 52 ,
o 1+4u o l+= 2(”%) 2(1+s)

when x,, > 1. The integral

/ B ex s ds converges
— s .
o P\ 2011y &

When s € [—/x,,,0],

S/ udu O —udu 0 52
xn/ :xn/ an/ —udu = —,
0 I+u s/ 1+u N 2

and exp(—s?/2) is integrable in (—oo,0].
Using dominated convergence theorem,

lim [ fu(s)ds = / " lim fu(s)ds = / T e g — V2,

n—eo | _o o0 I—>00

and the result follows.
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Stirling’s formula in the complex case. Bernoulli polynomials

n!
Let z ¢ R_, and denote I',,(z) = n* . We have that
? () 2(z+1)--(z+n)

1 k
log” =7zl —1 1 — .
ogl,(z) = zlogn ogz—i—k;1 og <z+k>

We want to estimate the last sum. Let us suppose that f : [0,00) — C is a "' —function. We have that

k+1 k+1 1
—/ (t—k—) f(t)dt
k k 2

= 5w )= [ (ke 3) rwar

k+1

k

oy = 0) 1~k 3

Let us denote B (r) the function defined as t —k — 1 = {¢t} — J on [k,k+ 1) (i.e. it is the function f — 1 on
[0, 1), extended by 1-periodicity). We have

[ £ = (704 50 = S0 +50) = [ B0 . (36

Let us apply (3.6) to f(¢) = log (Z’?) We have:

/lnlog <zt+t> dt =nlogn— (z+n)log(z+n)+ (z+1)log(z+ 1),
F()+ f(n) = —log(z+1) +logn—log(z+n).
Consequently,
logl,(z) = zlogn —logz+nlogn — (z+n)log(z+n) + (z+ 1)log(z+1)

1 1 1 n
- Elog(z—i- 1)+ Elogn - Elog(z—l—n) —i—/] By (t)f'(t)dt

= <Z+n+;) log <Zin> —log(z) + <z+;> 10g(Z+1)+/lnBl(t) <1 - ZL) dr.

When #n tends to infinity, we obtain

* By (t)
2+t

dt

logI'(z) = —z—logz+ <z+ ;) log(z+1) +log(v2m) — 1 —/1
=—z+ <z— ;) logz+log(V/27) —/Ooo Bl(t)dt,

Z+t

as

lBl(l‘) 1 d
dt =1 =1 — .
/0 z+t +<Z+2> Og<z+1>

Denoting by ¢(¢) the function on [0, 1) defined by %(t2 —1), extended to R by periodicity, we have

“Bi(t) [ _9@)
/o zl—i—tdt_/o (Z—I—t)zdt'
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Assume now that z = |z et? ¢ R_. Then, if t > 0,

lz+1)* = (|z|cos O +1)% + (|z]sin 0)% = |z|* + 21 |z| cos 6 + 1
= (|z| +1)% —4t|z|sin® 0/2 = (|z]| +1)*cos? 0 /24 (|z| —1)*sin® 6/2 > (|z] +1)* cos? 02,

and, hence, if argz € [-m+ 6,7 — 8],

= t M | M 1
(/ o0 4l < ! /1 st = —5
0o (z+71) sin“8/2 Jo (|z]+1) sin®3/2 |z
Consequently, this integral tends to zero uniformly in the abovementioned sector, and then

[@) ko
efzzzfl/z‘ /2

uniformly. This is the simplest version of complex Stirling’s formula.

These asymptotics may be improved by means of the so-called Euler-McLaurin formula, that we
shall explain here at least in the case we will need. Before developing it, we need to introduce Bernoulli
numbers and polynomials. Expand

eZ—l _Z

The coefficients By are called Bernoulli numbers. From the identity

~(z20) (28)

we deduce that

1 1 n—1
By=1; B = —=; B = —, and the relation Z " B, =0ifn>2,
2 6 = \k

which allows to compute these numbers by recurrence. As

Z z z e+1

e—1 2 2 e—1

is an even function, we deduce that By, =0if k > 1.

oo

1
As an application, we can compute the values Z —; = §(2k). Indeed,
n

n=1

= B
1+ ];2 k—l;(27riz)k = mzcotmz.

272
ﬂzcotﬂz—lJrZ 5
n= IZ

_1722n2 ank lgg’(zk)gk

we deduce that

By
(2k)!

—28(2k) = S
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and hence

C(2k> ( )k+122k 12k Bk

(2k)1°
For instance, as B4 = 30, and Bg = 42, we have
2 4 6
T T I/
2)=—;C4)=—; C(6) = —.
C@) =" L) =25 6(6) = o

Define now Bernoulli polynomials by

We collect in the sequel some of the properties of these polynomials that are relevant for us. As
P(0,z) = il’ we have that B;(0) = By. In particular, By;1(0) = 0 if kK > 1. Derivating we can see
ot —
that By, | (x) = (k4 1)Bi(x). As @(1 —x,z) = P(x, —z) we obtain By(1) = B,(0) if k > 2. Hence

0=Bi(1)—Bx(0) = /OIB;{(t)dt —k/olBk_l(t)dt,

SO
1
/ Bi(t)dt =0if k> 1.
0

B, (x) can be written explicitely as B, (x) = Y (})Bex"*. It is monic, and characterized by previous
properties.

We shall denote in the sequel as By(x) the function defined as the corresponding Bernoulli polynomial
on [0, 1), extended periodically to R. Observe that By (x) is continuous if k > 2 and in fact, Bx(x) is a
€*~2—function.

Using these polynomial functions, for any infinitely differentiable function f(¢) we have that

[ B0 i =250~ ()= 5 [ Bale) 00 =
= 3 B ) 500+ )Y B s
= " NN '

Replacing in (3.6) and using that By, = 0, we finally get

N—-1 Boy

B ORI

F) oot g = [ e+ S0+ f)+

k=1

B Bon) SV (1)dr.
~ G, B0 =B 20
Let us apply previous formula to the function f(x) = logx, to obtain

1 B 1
logn! =nlogn — n+1+§logn—i— Z 2k(2k—l) L% i ] 2N/ (Bon(t BgN)tz—th. 3.7
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°° 1
As By (t) — By, are bounded, the integral / (Bi(t) — By) - t—kdt converges absolutely when k > 2 and we
1
can rewrite (3.7) as follows:

logn! — (n+ 1 ) logn+ Nf B
ogn.— | n = ogn-rn—
s 2) % A 2k(2k— 1) n2k

N—1 o
Boy 1/32N(t)—BzN
S P . SR A
[ Lokk—1) TN T

Denote Cy the number in brackets, and a,, the last term (the remainder). It is clear that there exists bounds

1 * 1
- — Bon(t) — Boy ) ——dt.
o | Bl = Bav)

la,| < My a constant.

2N 1’

Concerning Cy, compute the difference

Bav / Bon2(t) — Bon2 / Bon(t) — Bay
Ce1 =G dt — .
N+1—Cn = “2N(2N — 1) 2N_|_ 2 (2N +2 N N
B B
2N / IZZICI NG ]2VN_ 0’ and integrating by parts twice,
2N t2N (2N+2)(2N+1) TNt t2N+2 5

we get that Cy; —Cy =0, so Cy = C, constant, for N > 1. In fact, when N = 1 we have, by (3.5),

2/ Bz = log(V27).

Collecting everything together, we get the following improved version of Stirling’s formula:

1 — 1 1
logn!<n+2>logn+nlog ; 2k—1 K an:0(nz]v1>.

As an example, when N = 4 this formula gives

| 't 111 !
lognt = {n+5 Jlogn=n+1og(Vam) + 50 = 3655 * 120w 7O\ )
ogn <n+ 2) ogn —n-+1og(V2m) + 35— 3655+ Tagg s <n7>

As a final remark, this formula can be adapted to fit in the complex case, as we did for standard
Stirling’s formula, and get an asymptotic expression for the complex Gamma function.

3.3 Riemann’s zeta function

Let us define Riemann’s zeta function by the sum

for those values of z such that previous series converges. If K C C is a compact set such that there exists

1 1
6 > 1 with Re(z) > 8 in K, we have bounds < and previous sum converges uniformly in K. So,
n?

5’
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it defines a holomorphic function on H = {z € C| Re(z) > 1}. We shall continue analytically this function
to C. To get this continuation, let us relate {(z) and I'(z) using the integral
1

1 oo 5]
—T()=—= | £ ledt= / w e du.
nt n* Jo 0

We want to compute the sum Z / t“~le™dt. Let us observe that
0
n

oo tzfl

-1 _—nt
e = ——.
Z el —1

n=1

This function is integrable in (0, 40) if Re(z) > 1. Indeed,

. tZ*let/z

lim =0,
t—oo ol —

z—1
so a constant C > 0 exists such that <Ce?on [1,400). As
! t 5 R t
= 72 = ——Re@=2 and lim =1
e —1 e —1 el —1 1—0 el — ’

the function is integrable at O provided that Re(z) —2 > —1. So, the series of positive terms

i —1 7m‘

Re(z)—1

converges to the integrable function 1 and monotone convergence theorem allows to exchange sum
e —_
and integral, and then

z— 1 —nt ﬂil
Z/t dt = /0 ef—ldt

Consequently,

o 47—1 oo
[ ia=Y T =t@re.
0 € n=1"

Our next goal will be to extend this integral, in order to find an analytic continuation of {(z). The
problem is in the integral near 0, so we will avoid the origin, considering the integral

Z»Z*l
H, = dt
(2) /y e

where 0 < € < 27, and the path is as in Figure 3.1.
The integral is divided in three. Let logs be a determination of the logarithm in C\ R, where
arg(t) € (0,27). We have:

& tZ 1
h=[ 4
e —1
/ exp((z— 1)10gt+271'i)
K= 1
p, —
2n—0 _ 2T—8 o2 )
12:/6 exp((z 1)(10g8+19 cic® 10 — / etexp(if(z— >)ie’9d9.

i0 i0
e’ _ e€e” — 1

dt,
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>

Figure 3.1: Path of integration.
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Figure 3.2: Path ¥ ¢'.

We can bound the integral of I, as

ge'? 1

Tl . T . gzeieze—iel-eie
e —

gelf R 1 271 e—=0
S Tl - € e(x)- e [Im(2)| — 0if RC(Z) > 1.
e _

On the other hand, if both €, €' are small enough, we have

e
He(z)—He/(z>=/y i =0,

where ¥ ¢ s a path as in Figure 3.2, which does not encircle any singularity of the integrand.
As aresult, we have

ezmz _ l)tz—l

HE) = Hed) = limHe(e) = [~ i = (@ - 10)¢@r).

The function H(z) being an entire function allows us to define

(6 = )

on C. It is a meromorphic function eventually with order one poles over the integers. When k =

0,-1,-2,..., m has an order one zero, so there is no singularity in these points. We already know that
z
{(z) is well defined on k = 2,3, .... So, the only possible singularity remaining is z = 1. As
dt ) [ . .oz—1 1
H(l) = Hg(l) = /,ye o —1 = 2miRes <et 1 ,O> = 27'”, and }E}l}ezmi_l == Tm,

we can conclude that

1
lim(z— 1 — 12mi=1
Zgl}(z )C(Z)Zm. mi=1,

and {(z) has a pole of order 1 in z = 1 such that Res({(z);1) = 1.
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Cn

Figure 3.3: Path I},.

p) For many applications, it is not necessary to have an extension of {(z) to the whole complex plane,
but only for some half-plane bigger that Re(z) > 1. For instance, if Re(z) > 1, integrating by parts

we get
n+11 n+1 t
A L
n tZ n ZZ'H
and so,
N NZb el 1 1 1 {t}
—dt = / —dt=——+(1— — / dt.
‘/1 1z ”;1." 1z Z_1< Nz~ 1) 2+ + + 1 tZ-‘rl
We deduce that

1 {1} z 1o
1 — dt = — .
+2Z+ + 2 T2 /1 retl z—1 z—1N#1

Taking limits when N — oo, we get the formula

L) = g [T

Z_l 1 tZ+l

As last integral converges when Re(z) > 0, it provides an analytic expression of the continuation of
{(z) to this half-plane. It also shows that it has a pole at z = 1 and that Res ({(z);1) = 1.

Functional equation for {(z) and I'(z)
Let us establish an important relation between I'(z) and {(z). To do this, let us consider the path C, defined

as follows: C, comes from infinity, through the positive real line, to the point (2n+ 1), then follows
counterclockwise the square centered at the origin with vertices (2n+ 1)m(+1 =), and then, returns to
z—1 z—1
infinity. Denote I,(z) = / . ldt. The difference I,(z) — H(z) is equal to the integral dt,
C, ¢ —
where I, is a path as in Figure 3.3. By Residue Theorem, we have that

r,e —1

Li(z)—H(z)=27m ) Res <:I 2km>

—n<k<n -
k#0
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where
Z»Z—l 1 T
Res (ef—l;ka) = (2km)* “exp (iE(Z_ 1)) ,
=1 3n
Res —2kmi | = (2kn)* lexp (i==(z—1) ).
el —1 2

Summing everything,

RS z—1 jin(z— T
In(z)—H(Z):ank;@kn) Lot 1)2cos(§(z—1)).

1
On the square C,,, ] is bounded. Indeed, on the vertical right side we have
el —

|eZ—1‘ > ‘ez‘—lze(2n+l)n—1263”—l

and similarly on the left one. On horizontal sides,
et — 1| =eRe@ 11> 1.

On the other hand, [*~! ‘ = 0(|t\Re(Z)71). So, on C, the integral I, is 0(|t|Re(Z)), which tends to zero when
Re(z) < 0. On this set we have, taking limits, that

H(2) = (2~ 1)T(2)¢ () = ~2mie™ 2sin (7TF) 27y (1-2).

§(2)l(z/2)
7'[Z/2
&(z) = &(1 —z). This is the functional equation relating Gamma and zeta functions.

After some computation, using formulas (3.3) and (3.4), defining &(z) = , we obtain that

The Prime Number Theorem

The objective of this section is the study of some properties regarding the distribution of primes, and the
mail goal will be to prove Prime Number Theorem, that asserts, roughly, that for big values of N, the

number 7(N) of primes not greater than N is asymptotically 0aN" The main tool will be the fact that

{(z) does not have zeros on the line Re(z) = 1. We have to connect primes with {(z).

Theorem 3.5.1 — Euler. If Re(z) > 1, we have the identity

(=TI (==)- (38)

n=1 l_p’zz

where {p, }_, is the sequence of prime numbers.

1
Proof. IfRe(z) > 1, |p, | < — < 1, and then,
p

n

1 - —kz
— = Pn
1—pu’ l;) !
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the convergence being uniform in the compacts contained in the halfplane Re(z) > 1. Denote

Pm(Z):lm_I 1 ﬁ<1+lz+12Z+---).

nzll_pgz_n:l Pn pn

The convergence being absolute, we can compute the Cauchy product of the series and write P,(z) =

1
Yoco, — where we have denoted
n

Pn={1}U{n € N| the only prime factors of n are p;,p2,...,pm}-

We have
[T = tim Pu(0) = £(2)
a1 — pn®  moeo mn

I Corollary 3.5.2 {(z) #0if Re(z) > 1.

From Euler’s identity (3.8) we can deduce that the series of the inverses of the primes diverges:

Theorem 3.5.3 Let {p,},_, be the sequence of primes. Then

(=9

1
Z — diverges.

n=1Pn

~1
Proof. If s € R, s > 1, and m € N, denote, as in Euler’s Theorem 3.5.1, B, (s) = [/, ( — p%) . From
Theorem 3.8, we know that lim,, . By (s) = £ (s).

1 > 11 21 &1
log Pu(s) = — log<1—>— - < —+) =
" ; P} n;k;kpﬁs ; P} kg‘zpﬁ‘
mor 1 } mopomo
< — 4+ - < —+ -
,,; [p,’, pu(ps—1) ; j24 ; (py—1)?

So,
1 m
logPy(s) =log| Y — | <)
ne,, n =
and this inequality also holds for s = 1. Taking limits when m — o we get

w(£1) <5 Lo

1
n=1 n=1 Pn n=1 (p”_l)z’

|
and hence, Z — diverges. |

n=1Pn

There are many different proofs of this beautiful result. Let us collect here some of them.
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| 1 1
Proof taken from [3]. Assume Z — < oo, and let N € N be such that Z — < 5 Denote Q = p;--- pn-

n=1 Dn n>N Pn
For every n € N, none of the primes p1,..., py appear as factors of 1 +nQ. Then,
i : Si Zi —i§<°°»
a1 100~ S\ S Pr =1
. . - 1 .
which contradicts the fact that Z —— diverges. |
14+nQ

/
1
Proof from 1. Niven [15]. Denote Z % the sum of the inverses of the square-free natural numbers. As

(£)(L )= £

1 |
then Z % diverges. If Z — converges to a limit /, and N € N, we have
n=1

n

el>exp<n ) Hel/pn>n<1+ ) YL

pa<N Pn pn<N pn<N k<N
which is absurd. |
1
Proof from Erdos [2]. Assume that our series converges, and let m € N be such that Z — < —. Call
n>m Pn
P1,---,Pm small primes, and big primes the others. Let us observe that for every N € N,
n;n Pn
Define

N, =#{n € N|n <N and n has some big prime factor}
Ny =#{n € N|n <N and n all prime factors of N are small }.

We have that

Nb<2[ ] g

n>m

If N has only small prime factors, and we decompose 1 = a,b2, where a, has no multiple prime factors,
a, can take at most 2" possible different values, and b, no more than v/N. Then,

N
N, <2"\/N < S ifN> 22m+2

and we would have N; + N, < N, which is impossible.
|

The key fact to show Prime Number Theorem will be the non existence of zeros of {(z) on the line
Re(z) = 1. We shall show it now.
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Proposition 3.5.4 {(z) does not vanish on the line Re(z) = 1.

Proof. Fix y € R\ {0}, and define, for x > 1,

h(x) = §(x)*C(x+iy)*§ (x +2iy).
We have

log\C(z)]:—ilog‘l—ij = (i l—pj ) Re(ili

n=1

Sl

log[h(x)| = 3log|C (x)| +4log |¢ (x+ iy)| +log |C (x+ 2iy)]

I

%
>
Ms T

_ 4R Tnx— iny R - fnx—Zmy
] _1n >+ C(ZIZ >+ e(;;np]
J=1n= J n= J=1ln=
— Z Z ;p] ane(3+4pJ tny+p] tnY)
j=ln=1
oo () 1
= Z Z Ep;"x -(344cos(nylogp;)+cos(2nylogp;)).
j=ln=1

As 3+4c0s0 +cos20 =2(1+cos0)? >0, log|h(x)| > 0, and so, |h(x)| > 1. If x> 1,
|2(x)]

x—1

1
x—1

(4
i R

=[(x=1¢)
When x — 17, assuming that (1 +iy) = 0, last expression takes the value

e+ [f g2y
which is absurd. This gives the result. |

In the theory of numbers, arithmetical functions are very often used. An arithmetic function is no
more than a sequence, while sometimes we will use the notation f(n), (n) . instead of fn»> &n- Given an
arithmetic function f(n), its sum F : [1,+e0) — R will be the function F (x Z f(n). Itis a piecewise

n<x
constant function, with discontinuities at (some of the) the natural numbers. An example of arithmetic

functions we will use is Mangoldt function, defined as

logp ifn=p™, paprime number,
A(n) = .
0 otherwise.

Its sum is known as Chebyshev function,
logx
=) An)= [ ] log p < 7(x)logx, (3.9)
Ek ,;c logp

where

m(x) =#{p prime | p < x}.
Let us observe that 7(x) is also the sum of the arithmetic function that takes the value 1 when 7 is a prime
and O otherwise.

Arithmetic functions and their sums satisfy a relation that we will call Abel summation formula, which
reminds also integration by parts.
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Theorem 3.5.5 — Abel summation. Let f(n) be an arithmetic function, F(x) its sum and ¢(x) €
%€'([1,+)). Then

Y. fn)o(n) = Fx)o(x) — [ F)g'(t)ds

n<x

Proof.

¥ £m(o() ~ o) = X £ [ ¢')as

n<x

D [0t r@) [ gt (D) [ oo

2 3 x—1 X
=FQ) [P @) oWt P 1) [ @Ot F() [ ¢/war
_ / F () (1)dt
1
Theorem 3.5.6 If Re(z) > 1,
¢'(2) /“’ 21
— =z | W) dr.
@ h Y
Proof. From the identity (3.8) we have
¢'(2) log p p~logp _
2 — lo Jz
o e B Z L
~Y X togpp s ZA
j=1p prime
As
M M
Y A= =W (M)M - / P(t )t N = (M)M_Z—i—z/ W(t) < dr.
n=1 1

If M — 4o and Re(z) > 1,

MlogM
= MRe(?)

— 0,

i

and the result follows.

Lemma 3.5.7 The following are equivalent:
1. Prime Number Theorem, i.e.,

m 7(x)logx

X—ro0 X

=1.
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2. limy e

Proof. From (3.9) we obtain the inequality

Y(x) < m(x)logx
x x
Ifl<y<uy,
1 Y(x)
)+ I<n(y y)+— () —¥) <y+_——.
y<§§x y<§<x logy logy logy
X
Take y = :
Y Tlogx)?
X Y(x)
<
) < (logx)? + logx —2loglogx’
and then,
m(x)logx < 1 Y(x) logx
X ~ logx x logx—2loglogx’

and the result follows taking limits, as

1 Y Y 1
lim sup ﬂ(x)g < liminf Flx) < limsup Fx) < liminf n(x)g.
X X x X
|
g
Lemma 3.5.8 ﬁ is bounded above.
x

Proof. 1f p € (n,2n], p a prime number, p divides ( ) Then, we have that
[T r< (2”) <™,
n<p<2n n

and then,

Y logp <2nlog2.

n<p<2n

As a consequence,

Z logp = Z ( Z 10gp> < i2klog2§2m+llog2.
k=1

p<om 2=l p<ok

1
When [logx] > 2, p < y/x. The contribution of these terms to the sum defining ¥(x) is
ogp

) [llog ] log p < 7(v/x)logx.
P<Vx ogp
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1
For the rest of the terms, [ng} = 1. Then,
logp

P =) [logx] logp < m(vx)logx+ ) logp

p<x log p pSZerl

< w(v/x)logx +2"21og2 < m(+/x)logx+4xlog2 < v/xlogx +4xlog2,

having chosen m € N such that 2" < x < 2!, Dividing by x, we obtain

Y(x) logx
< =
X T W +
which is bounded. u

4log?2,

The following is a general result concerning Laplace transforms that will allow, applied to the integral
representation of Theorem (3.5.6) to show the Prime Number Theorem.

Proposition 3.5.9 Let f: [0,+e0) — C be be a bounded, piecewise continuous function. Assume that
the function

Glz) = /0 " f(r)et2dr

can be analytically continued to a holomorphic function on an open set U containing the line Re(z) = 0.
Then, the integral

/wa(t)dt

exists and takes the value G(0).

A
Proof. LetA >0, and G (z) = / f(t)e “dt. Assume that | f(r)| < M. We must show that %im G, (0)=
0 —yoo

G(0). Denote Yz (R > 0) the path of the Figure 3.4, where the vertical segment is on the line Re(z) =
—8(R), and totally contained in U. Denote 3 the portion of Y contained in the halfplane Re(z) > 0, and
Yz the rest. Write

= Zlm/YR(G(z) — G (2))e* <l + RZZ> dz.

1 z 2Re(z
2] =R -+ 5 = ()

G(0) = Ga(0)

RZ
If Re(z) > 0,
oo —ARe(z)
- < [ Me®Q@gr < M€ .
GO~ Gr(a)| < [ Me ™ <
Then, on yl}",
1z e ARed) 2Re(z) 2M
G _ G Az _ -~ ARC(Z) = __.
‘( (&)= Ga(2)e <Z+R2>‘_ Re(z) © R R
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%

)

Figure 3.4: Path of integration g

So, the first piece of the integral can be bounded by

< | Rm¢ M
W=o2""rR ~ R

To study the left hand side, let us divide the integral in two:

1 w1z 1 w1l z
h(R) ==— | G@)e* (=45 )dz IR:—/ -t )d

For I;(R), as the integrand is an entire function, change the path of integration by the left half circle of
radius R:

22| < ARe( 1Re( ARe(s) 1 — € MR
G : o M ~tRe(z M
‘ 1(g)e™| < —¢ Re(z)
lRe _ 1— lRe() M
—mE Ly .
Re(Z) Re(z)| ~ [Re(2)]
Then,
1 M 2|Re(z)] M
I < |— G — d — TR . = —.
L&) < ‘ )., Gt () < R R = R

For I, (R), choose a bound C(R) of G(z) on ¥, and 0 < 6; < 8(R). Consider the integral along the
part of ¥, that verifies Re(z) < —0;. This integral is bounded by

1 s 1 1
—C(R "| =<+ =]|~nR 3.10
which tends to 0 as A tends to infinity (with R and J; fixed). Along the remaining part of the path, a bound

is

26; )]
EC(R) R 2R arcsin ( R > . (3.11)
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aM £ £ £
Now, fixing € > 0, take R = - so |I4] < T | < T Take also 6; such that (3.11) is < T Finally,

€
take Ay such that if A > A, (3.10) is also < 7 The result follows. |

Corollary 3.5.10 Let f: [1,00) — [0,0) be a piecewise continuous increasing function, such that
f(x) = O(x). Then,

© 1
2) :z/] f(x)ﬁdx

defines a holomorphic function on Re(z) > 1. If there exists ¢ > 0 such that the function g(z) — < 1
Z —_—
extends to a neighbourhood of Re(z) = 1, then we have lim @ =c.
X—3o0 X

Proof. There exists K € R such that f(x) < Kx. Then,
8@ <[l [ Kx R,
1

integral uniformly convergent in the compacts of the halfplane Re(z) > 1. Let us define F (1) = e~ " f(e') —
on [0,00). As |F(t)| < K+|c|, F(t) satisfies the hypothesis of Proposition 3.5.9 and then we may consider

G(2) = /OMF(t)e‘Z’dt,

which exists on Re(z) > 0
e fx) = flx = 1
G(Z)—/1 < . 1 x2+2dx—c/ x2+1dx
> fx ) < (z+1) c 1 c
= g b NS
I Ry ~|—1( g+1) z )

which can be extended by hypothesis to an open set containing Re(z) > 0. As a consequence, the integral
/ = (fx) dx
S )2
1 X X

exists. This implies the result. Indeed, let € > 0 be given. If there exists xy € R such that

flxo)

X0

—c>2¢€,as

c+2¢
c+e’

f is increasing, for any x > xp we have f(x) > f(xo) > xo(c+2€) > x(c+€), whenever xo < x < x
Then

X ngs XLC+28£
/O ’ (f(x)_c>dx2/0 B 8dx—z—:log<c+28>.
X0 X X X0 c+ €

But convergence of the integral implies that

X +2¢
/0L+ <f<x>—c>dx<slog<c+2£>
X0 X X c+E&

for xp big enough.
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Then, we have shown that %;0) — ¢ < 2¢ for xg big. On the other hand, if %);0) —c < —=2¢,and x < xo,
we have f(x) < f(x0) < xo(c—2¢&) < x(c— &) if x9<=2 < x < xo. Then,

c—€&

X X —
/0 (ﬂx)—c)de/O —gdx:slog(c 28).
xS X X X2 X c—&

c—¢&

As before, the absolute value of this integral can be bounded above by

el c—2¢ el c—¢&
0 =¢clo
£ c—¢& £ c—2¢

for xp big enough.
Collecting everything, it has been shown that, for big enough values of xy we have that

flxo)

X0

—2e< —c <2,

and consequently, lgn @ =c. |
x—o0 X

Theorem 3.5.11 — Prime Number Theorem.

X

Proof. Take f(x) = ¥(x) in Corollary 3.5.10. As

¢'(2) / * 1
- =z Y(x)x “ dx,
6(2) !
'z 1 - g
and — 20 — 1 extends to an open set containing Re(z) = 1 (by Proposition (3.5.4)!), the result can
) 71—
) . P(x) )
be applied and lim = 1, which concludes the Theorem. |
X—o0 X

3.5.1 Complement: Bertrand’s postulate

Ths distribution of Prime Numbers in the real line is a subject of great interest. For instance, it is easy
to find gaps (intervals on the natural numbers) without primes, as big as we want: none of the numbers
n!4+2,n!4+3,...,n!+nis prime. It is unknown, however, if there are infinitely many twin primes (pairs
of primes p, p+2).

As a complement, we will show here the following result:

Theorem 3.5.12 — Bertrand’s postulate. If n € N, there is always a prime p with n < p < 2n (of
course, the last inequality is strict if n £ 1).

Proof. We follow here the Erdos proof in [2]. For every x € R, we have the inequality H p <4 dtis
P<x
enough to check it for prime x. When x = 2, the inequality reads 2 < 4. For a prime 2m + 1,

- ' 2m+1 dm 42
[T r=11p, I p§4'"< . >§4’"2'"—4”.

p<2m+1 p<m+1 m+1<p<2m+1
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2
The binomial number < n> contains the prime factor p exactly
n

y ([Zf] -2 [;D times. (3.12)
k>1

2n n 2n n
— | =2 |— <—2<—1>:2,
[p"] [p"] Pt pk

each summand is at most 1. So, the number given by (3.12) is at most log,2n. In fact, no prime p

with 27” < p < n may divide (2:), as 3p > 2n implies that the only multiples of p that may appear in the

numerator are p and 2p, and p must appear twice in the denominator.
n

4 2
By induction it is easy to see that o < ( n) . So, if P(n) is the number of primes between n and 2n,
n n

we have
’ 2 Van  42n/3 P(n)
m=la)s [T22 - JI »p [ p<@n)V? 4>/ (2n)"".
p<V2n Van<p<Z  n<p<n

by the bound on (3.12)

Then, 4"/3 < (2n)m+1+P(”), and so,

S 2n
3log,(2n)

2n—1 2n—1
—(V2n+1) > — .
( ) 3log,(2n)  V2n—1

In order to see that this is strictly positive, it is enough to see that 3log,(2n) < v2n— 1. As 31 > 30, this
holds for n = 2°. Comparing the derivatives of \/x — 1 and 3log, x, we see that the inequality is true for
n>2"=512.

It is now enough to verify it for n < 511, and for this, it is enough to check that the numbers
2,3,5,7,13,23,43,83,163,317,521 are primes.

P(n)

3.6 Exercises
1. Show that

ﬁ n(n+a+b) F(a+1)l“(b+l).

(n+a)(n+b) Ia+b+1)

n=1
2. Compute
lim l—i—l—i— + ! 110
i 4ot ———logn|.
e\ T3 m—1 2%

3. Show the following formulas:
(a) IfzeC, T'(2) =T(2).

b) Ify € R, [T(iy)|* = .
(b) Ity ’ (ly)’ ysinh Ty

1 2

(c) If yeR,

T . L.
= ~osh - Deduce that }gl}or <2 + ly) =0.
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(d) Forall x, y € R, we have that |T'(x+iy)| < |['(x)].

. Prove the following equalities:
- 4(n)

(@) {(z)* = Z —_—, where d(n) denotes the number of divisors of n.
n=1 n
) £(2)8(z—1) = Z G(n), where o (n) is the sum of all divisors of 7.

. ) , where @ denotes Euler’s phi function, defined as the cardinal of invert-
n

© =D _ i (
n=1

£(2)
ible elements in the ring Z/(n).
. Use the change of variables s = fu to show that

F(X)F(y):/() /0 9 et drds

is equal to I'(x+y)B(x,y), where B(x,y) is Euler’s Beta Function, defined as
1
B(x,y) = / 1 =y dr.
0

1
. Evaluate / (1— tz)x_ldt in two different ways to give an alternative proof of Lagrange Duplication

1
Formula (3.4).

. Let a > 1. Show that, for n big enough, there always exists at least one prime number p between n
and an.



4.1

In this chapter, the main properties of entire functions, regarding their growth, will be explained.

Growth of Entire Functions

Let f € 0(C). Let us denote M(f,r) = max{|f(z)| | |z| = r}. We will say that f(z) has growth order less
or equal than p if there exists C,C, > 0 such that

M(f,r) < Crexp(CorP).

Equivalently, there exists ro > 0 such that if r > ro, M(f,r) < exp(Cor”). Indeed, there exists some
A > 0 such that C; exp(Cor?) = exp(A + CaorP) < exp(2Car?), whenever A < Cor”, and this happens if
A 1/p
r>| —
2o
Conversely, if M(f,r) < exp(Cor”) when r > ry, taking

M = max{1} U{|f ()| | |z <ro},

we have that M(f,r) < Mexp(Car?) for every r > 0.
Definition 4.1.1 The growth order of f(z) € €(C) is defined as

ord(f) =inf{p | f(z) has growth order smaller or equal than p}.

= Example 4.1 1. f(z) = e°. We have that |e?| = eR®(0) < ¢" if |z| = r. Moreover, the bound is reached
when z = r. So M(f,r) = ¢ and ord(f) = 1.

1z _ ,—1Z r r e*r _er
2. f(z)=sinz= %. As [sin(z)| < etre e’ then M(f,r) <e". But|sin(ir)| = |——| >
r

2i 2 2i
er

-1 "—1
7 > 5 If we had that My(r) < exp(CrP) for certain p < 1, then eT <eC if r > 1y,
which is impossible. So, ord(f) = 1.

e —e
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The growth order may be computed using the following result.

Proposition 4.1.1

logloge M
ord(f) = limsup 28 108M (1)
e logr

Proof. Indeed, if ord(f) < p, M¢(r) < exp(Cr?) for r big enough. Then,

loglogM(f,r) < logC+plogr %

logr - logr ’
loglogM
and consequently, limsup M < ord(f).
F—soo logr
loglogM(r)

Conversely, denote p’ = limsup and assume p’ < ord(f). If € > 0 is such that p’ <

oo logr
ord(f) — €, then we have that

loglogM(f,r)

<ord(f)—¢, forr > ry.
logr

This implies that M( f,r) < exp(r°(/)=¢), which is a contradiction. [ |

» Example 4.2 Let f1, f» € 0(C), with orders p;, p, respectively.

1. ord(f1 + f2) < max{ord(f1),ord(f2)}, and ord(f; - f>) < max{ord(f;),ord(f2)}. Indeed, if p :=
max{ord(f;),ord(f2)}, we have bounds M (f;,r) < exp(c;r°*¢), for r big enough. If C = max{C;,C»},
it is clear that

M(fi+ fa,r) < 2exp(CrP*e), and
M(fif>,r) < exp(2CrPTE),

2. If p1 < p2, then p = ord(f1 + f2) = p2. Forif p < pa, as fo = (fi + f2) — f» we would have
ord(f2) < p2.

The growth order may also be computed from the Taylor expansion.

Proposition 4.1.2 Let f(z) = Y, _oca2" € O(C). Then, ord(f) < p if and only if |c,| < (%)n/p for
some C > 0.

Proof. As f(z) is an entire function, we have that lim,_,. {/|c,| = 0.
Assume that M(f,r) < Kexp(Ar?). By Cauchy inequalities, we have that
0
< K exp’EAr )

lea] <

= Kexp(Ar? —nlogr).
.

1/p
Denote ¢(r) = ArP —nlogr. It has a minimum at ro = ( Anp> , which verifies Aprf) = n. At this point

n n n
we have that ¢(rg) = — — —log <), which implies
(ro) p P Ap

len] < Kexp@(ro) :K<
n



4,1 Growth of Entire Functions 77

Assuming K > 1, we have that

lea| < eKPAp\"/?
n| = n .

n/p
Conversely, assume that |c,| < () . The we have
n

roial+ 5 ()" r —|co|+Z< ) —tal+ ¥ 5 (#75)

. 1 . Ar . (Ar)P
with A = 2C"/P. The function ¢(x) = xlog “ip has a maximum when xo = ——, and then
X e
= ar\"
M(f,r) < |co| +exp(@(xo)) Z o =|co| + ( 1/p> = |co| —l—eKrp7
for K = %%AP. As aresult, ord(f) < p. |

Corollary 4.1.3

1
ord(f) = limsup&.

(If ¢, = 0, we take 0 as the value in the sequence).

Proof. If the growth order is smaller or equal than p, then |c,| < ( ) n/p for some C > 0. So, log ( ‘) >
5 log (n/C), and then

nlogn plogn ;e

log <‘ n|) ~ log(n/c)

So we deduce the inequality

) nlogn
limsup ———— <p
n—yoo log (ﬁ)
Conversely, assume that

. nlogn
Wi=limsup ——— <
If € > 0 verifies u < p — &, then there exists ny € N such that if n > ng we have

nlogn

After a small computation we obtain that

__n 1\re
leal <n p—s:<n> )

which implies that ord(f) < p — &, which is a contradiction. [

<p-—¢.
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m Example 4.3 It is easy, using Corollary 4.1.3, to construct entire functions with prescribed growth

order. For instance, taking ¢, = n~"/P, the growth order is p. The choice of ¢, = — gives a growth

(logn)

order of oo, and if ¢, = e, it would be 0. .

The following result will allow us to bound the modulus of a holomorphic function from a bound of
its real part.

Theorem 4.1.4 — Borel-Carathéodory. Let f(z) = 0(D(0;R)) N6 (D(0;R)). Denote, if f(z) =
u(z) +iv(z), A(f,r) = max{u(z)| |z| = r}. Then, for r <R,

R+r
R—r

M(f.) < o AR+ 2t [£(0)].

R
In particular, if r < 5 M(f,r) <2A(f,R)+3|f(0)|.

Proof. If f(z) is a constant ¢ = a + ib, then M(f,r) = |c| and A(f,r) = a. Then,

2r R+r 2ra+ (R+r)|c| _ (R+7)|c|—2r|c|
L AGR) 4 AT gy = O RE DI (R 22kl

Assume now f non constant, but f(0) = 0. As A(f,0) =0, then A(f,r) > 0 if r > 0. Denote

d(z) = M(]ﬂ];Q()Z)—]‘(z) It is well defined, as Re(2A(f,R) — f(z))) =2A(f,R) —Re(f(z)) > A(f,R) > 0.

If f(z) = u(z) +iv(z), then

u(z)? +v(z)?
(2A(f,R) —u(2))* +v(2)?

() = <1,

because, as u(z) < 2A(f,R) —u(z) and A(f,R) > 0, we have
u(z) = 2A(f,R) < u(z) < 2A(f,R) — u(z), hence, u(z)* < (2A(f,R) — u(z))*.

Zl

By Schwarz’s Lemma 1.6.1, |®(z)| < %, which implies that

2A(F,R)E 24(f,R) |2
1—E T R—g

2A(f,R)P(z)
1+®(2)

@)=|

2A(f,R
and then, M(f,R) < ]gjir)r

Consider now the general case, and let g(z) = f(z) — f(0). Using previous case, we have bounds

2rA(g,R)

1) - FO)] < T8

and then

R+r
R—r

7@ < 1)+ LALRETOD_ 27y

NI

as stated. [ |
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s Example 44 1. Assume that f(z) € ¢(C) and |f(z)| < |z|*, for certain u > 0. Let us write the

Taylor expansion of f(z) = Z cnZ", where, by Cauchy inequalities, |c,| < w <t Ifn>u,

n=1
making r — oo we deduce that ¢, = 0. So, f(z) is a polynomial.

2. Let P(z) = a,2" + - - +ap € C[z] be a degree n polynomial, and f(z) = e”?). We have

a1 1 ao 1
ReP(z)| < |P(z gaz"[1+ i ]
’ ( )‘ ’ ( )| | n | R ’Z| a, |Zn’
. . . ap—1 1 ao 1
Given € > 0, there exists Ry > 0 such that if |z| > Ry, then 1 + m +e = & <l+e.
n < nl| |I<
Then, |f(z)| < eRePE) < elanl(1+8)E" and ord(f(z)) < n.
Now, write a; = |a;| %, and
ReP(z) =Re \an\ei(9"+"9)r”+ |an_1\e"(e""ﬂ”*l)e)r"*1 +---+ \ao\eieo} )
. 0,
Choose z with 8 = ——, so we have
n
ReP(z) = |an| " + |an_1|cos(8,_1 + (n— 1)0)" L +--- +|ag| cos(6p)
|an,1\ 1 |aQ| 1
= "1 —cos(6,_ —1)6)+--- cos(6y)—
|an|r [ + ] (61 +(n—1)0)+---+ @] ( o)rn

> |a,| (1 —¢€), for r big enough.

Hence, M(f,r) > exp(|a,| (1 —€)), and we deduce that n = ord(f(z)).
3. Let f(z) € 0(C) with u(z) < |z]*, so A(f,r) < r*. Then,

M(f.r) <2A(f,2r) +3|f(0)] < 2*"1H 43| £(0)].

As aresult, f(z) turns out to be a polynomial of degree at most L.
4. Assume that f(z) = e#(%) is an entire function of finite order. Then,

1f(2)| = eRE@) <A™ for r big enough.

AsRe(g(z)) < Ar*, g(z) is a polynomial of degree at most .

From previous examples, we can obtain some results regarding entire functions of finite order.

Theorem 4.1.5 Let f(z) be an entire function of finite order, which doesn’t take the value a. Then,
there exists a polynomial P(z) with f(z) = a+ ",
Consequently, if ord(f(z)) ¢ N, then f(C) =C.

Proof. Write f(z) = a+ e%®, for some g(z) € ¢(C). Using Example 4.4, g(z) must be a polynomial of
degree n, and then, ord(f(z)) =n € N. [ |

Assume now that, f(z) being of finite order, f(z) does not take the values a and b. Then, f(z) =
a+ e"®) = b has no solutions. This implies that P(z) does not take the value log(h — a), so P(z) must be
constant. We have shown:
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Theorem 4.1.6 — Little Picard Theorem, finite order case. A non-constant entire function of finite
order takes all complex values with at most one exception.

Even more, we have:

Theorem 4.1.7 If f(z) is an entire function of finite order, and takes the value a a finite number of
times, then f(z) = a+ Q(z)e"9, with P(z), O(z) polynomials.

Proof. 1f f~!(a) = {z1,22,-,2.} and Q(2) = (z—21)" -+ (z— 2,)"", Where k; = V(f(z) — a,Z;), then, an
entire function g(z) exists such that f(z) = a+ Q(z)e$@. As

U@+
lz—z1]" |z —

‘eg(a

o SI@I+lal, i fof > T+max{|z] | i=1,....n},

| n
%) has finite order, and then, g(z) € C[z]. [ |

Consider now the situation in which f(z) takes two values a and b a finite number of times.

Lemnma 4.1.8 Let Pi(z), P»(z), Q1(z), Q2(z) be polynomials with

Py (Z)te(Z) - Pz(z)eQz(z) = C # 0, constant. 4.1

Then, Q;(z) and Q»(z) are constants.

Proof. Derivating, (Pl (z) + Pi(2)Q} (2))e?'@ = (Py(z) + Pa(z) Q4 (2))e>?). If Qy, Q5 are not constants,
Pl(z) + Pi(2)Q)(z) # 0 and Pj(z) + P2(2)05(z) # 0, so €22()=1(2) must be a rational function. This
implies that 0»(z) = Q1 (z) + k, for certain k € C. Replacing in (4.1), ¢2' @) (P (z) — P»(z)eX) = C #0, so
01(z) and consequently, Q>(z), must be constants. [

Theorem 4.1.9 Si f(z) € ¢(C) has finite order, and takes two complex values a # b a finite number of
times, then f(z) is a polynomial.

Proof. Indeed, f(z) = a+ Q1(2)e"@) = b+ 01(z)e™9, and Pi(z), P>(z) must be constants, so f(z) €
Clz). [ |

Relation between growth and zeros of the entire functions

In this section, we will state some results relating the growth order of an entire function f(z) and the
location of its zeros, if any. We shall begin with a technical result, Jensen’s Theorem, which we will use
in the sequel.

Assume that f(z) is a holomorphic function defined on a open set containing the closed disk D(0; r).
If f(z) does not vanish, log|f(z)| is a harmonic function, so it verifies the mean value property and then,

1 2 .
log|/(0)| = 5 [~ tog|(re") ar

:2717

Jensen’s Theorem provides an expression for log | f(0)| valid when f(z) vanishes at some points.
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Theorem 4.2.1 — Jensen’s Theorem. Let f(z) € O(D(0;R)),0 <r <R, and z1,22,...,zy the zeros
of f(z) on D(0;r), repeated according their multiplicities. If f(0) # 0, we have

N 1 27 )
log]f(0)|+logn<r> :—/0 log | f(re")|dt.
n=1

|zn| 27

Proof. Ttis clear that, if the result is true for two functions fi, f, in the conditions of the statement, it is
also true for fi fo. We can write f(z) = (z—z1) -~ (2 —2n)g(z), where g(z) does not vanish. As the result
is true for g(z), it is enough to verify it for z —a, where 0 < |a| < r.

So, we must show that

r 1 [2m ~
log|a| + log <> = E/o log|re" —aldt,

jal
which is equivalent to

1 21 .
0= —/ log}e” —a}dt, forevery 0 < |a| < 1.
27 Jo

If [a| < 1, take F(z) = 1 —az = ¢ on D(0,1). We have that log|1 — az| = Re(G(z)) is harmonic, and
then,

0_1/27r1 I i’dt—/znl i dt—/znl " adt
=57 ) log —ae"| =/ ogle " —a =/ ogle" —ald.

Assume now |a| = 1. The result will be complete if we show that
2 .
/ log|1—¢"|dt = 0.
0
If 7y is the unit circle, this will be shown if we verify that

log(1 — 2n .
Oz/og(z)dz:i/ log(1 —¢')dt,
Y Z 0

where log(1 — z) is a branch of the logarithm on D(0, 1) such that log(1) = 0. Take a path "= y; + » as
in Figure 4.1. Over p5(1) = 1— 8¢, 1 € (-5 +€,5 —¢€), we have

log(1—2z)| [log(8e")| _[|logd|+73
F4 | 1= et 1-6
o)
log(1 — logd|+Z%

/ og( Z)dz‘§| go| 27135190'

log(1—7z) o .
As [ ———=dz =0, this implies the result, making 6 — 0. |

r z

Consider now a sequence {z,},._, of non-zero complex numbers, with |z,| < |z,+1

,and r, = |z,

o pn+1
We know (Corollary 2.3.3) that, for conveniently chosen {p,},._,, we have that the series Z <>

n=1-°
n=1 \Tn

e = z . . . . o
converges, so the infinite product | I E,, () defines an entire function with zeros at the points {z,},_,.
_ Z
n=1 n

We want to optimise the value of p,,.
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N

Figure 4.1: Path of integration I'.

Definition 4.2.1 Let

S:{7L>O\le<+oo}.
rn

n=1
Define
o infS if S #0,
oo if $=0.

This number ¢ will be called the exponent of convergence of the sequence {z,}._,. If f € 0(C),
f # 0, the exponent of convergence of f will be the exponent of convergence of its set of zeros, and
will be denoted o(f), or ¢ if no confusion arises.

Proposition 4.2.2

logn

o = limsu .
n_mp logr,

Proof. Let us observe that, as the sequence {r,},_, tends to infinity, the expression in the limit of the
statement make sense at least for n big enough. Denote o the value of the limit of the statement. For

1 I
8% < a+¢, which implies that — < ——. If
r

I'n n no+e

positive &, there exists ng € N such that if n > ny,

A > o+ €, the series Z — converges, which means that ¢ < A. As this happens for every € >0, 0 < .
—1 I

1 . . . n
Conversely, take A € S. As {)L} is a decreasing sequence, we have' that lim,,_,.. — =0, and so,
"' ) nen Fa

log

<A, <A, and then, o < ©. [ |
logr,

for big enough n, n < r,’,L. So,

if {an},_, is a decreasing sequence, and the series Y _, a, is convergent, then lim,_,. na, = 0.
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Denote now, for f(z) € ¢(C) and r > 0,

ny(r) =#(f~1(0)ND(0:1)),

each zero of f being counted according its multiplicity.

Theorem 4.2.3 If f(z) € €(C) and f(0) # 0, then, for r > 0,

togl @)1+ [ Dar < 10gm(s,n).

Proof. After Jensen’s Theorem 4.2.1,

2r .
log|f(0 |—|—10§ngH —/ log| f(re")|dt

where z,22,...,zy are the zeros of f in D(0;r), and N = ny(r).

2| |z Jzal? |z V! ™
logH|n| [ . 5 - T — <

|z1] |22] |Z3| lzv—1] ‘ZN|

= log |2 +- —I—(N—l)log

+210g
21

‘ +Nlog|—

<2 IN

22| 1 23] 1 ro1
= —dr+2 —dt+---+N *dl:/ nft()dt.
0

[z ¢ |22 |on|

Hence,

gl 7O + [ " tr <1ogm(r.).

| Corollary 4.2.4 If a > 1, log| £(0)| +log(a)n/(r) < logM(f,ar).

Proof.

log|f(0) H—/ ny(t dt—l—/ dt<logM(f,ar)

and

/ar nf(t)dt > ng(r) /ar 1alt =ny(r)log(a).
rot rot
Then, log |f(0)|+log(a)ny(r) <logM(f,ar).
As aresult, if M(f,r) < Cexp(ArP), taking a = e then
log|f(0)| +ns(r) <logM(f,er) <logC+AelrP.
Then, for certain constant K > 0, n¢(r) < KrP. If we define
=inf{A|ns(r) < Kr*},

then p' < p, and hence, p’ < ord(f).
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Theorem 4.2.5 — Hadamard. o(f) < ord(f).

A/B

K 1

Proof. If r> 0 and B > ord(f), then n < ny(r,) < Krf. So, — <=. 121> B. = < (> , and
r n rh n

|
then, Z’] — converges.
n—= n

Then, 0 < A, so 0 < B, and finally, o < ord(f). [ |

p) Previous inequality may be strict, as shown by the function e°.

Canonical products and Hadamard Factorization Theorem

Let {z,},_, be a sequence in C\ {0}, with lim, .z, = oo, and |z,| < |z,41|. Let o be the exponent of
convergence of this sequence, as defined in 4.2.1. Define an integer p as follows:

(o] ifo¢?Z,
p=<0—1 ifoe€Zand})

n=1 Izn\" < oo, “4.2)
o ifo€Zand ), a ‘G:oo.

1
So, p is the smallest integer such that Z ——— < oo. Moreover, p < ¢ < p+ 1. Under previous
Z

n
conditions, the infinite product

s (2)

defines an entire function f(z) with zeros at the points of the sequence {z,} .

.—1- called canonical product
of the sequence.

Proposition 4.3.1 ord(f(z)) = 0 = o(f).

Proof. We have the following bounds:
1 If |z < 1, |Ep(2)] < 14 [zt <exp(|z]”).
2. If ] > 1,

2| |z|?
|Ep(z)] < (1+]z])exp |Z|+7+"'+7

1 1
<expl)exp (I (145 -+ + ) ) <exn(C, P
where C), = 1+1+l+ +l
1
Let A € [0, p+ 1] be such that Z —_ < oo, Using previous bounds, as |2/’ < |z|* for |z| < 1 and

n= I‘Zn
|2|P < |z|* for |z] > 1, we have |E,(2)| < exp(C, |z/*). Then,

M1 (2) < Row(0f:] ) ool () )

and ord(f) < A. By the choice of A, ord(f) < o, and the result follows from Theorem 4.2.5. [
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Take now any entire function f(z) of finite order ord(f), with zeros at the points {z,} 1, |za| < |znt1]s
and let o(f) < ord(f) be the exponent of convergence of its zeros. Assume f(0) # 0. Defining p as in
(4.2), we know from Theorem 2.3.5 that there exists g(z) € ¢/(C) such that

f(z) = &8 f[E,, <Z> . (4.3)

We want to see that g(z) € C[z] and to bound its degree. The following Lemma will allow us to bound
from below Weierstrass’ elementary factors.

1
lemma4.3.2 1. If|z] < > then |E, (z)| > exp(—2]z["™).
2. If |z] > 2, then |E,(z)| > exp(—2[z|P).

Proof. If |z] < 1, we have
[Ep(2)l = 1+ (Ep(e) = 1) = 1= [2)""! = exp(=2[e]""), (44)

because | —x > e X ifx € [0, %]
If |z] > 2, we have

Theorem 4.3.3 — Hadamard’s Factorization Theorem. In the expression (4.3), g(z) is a polynomial
of degree g < [ord(f)].

Proof. We have to bound e8 (¢). Take R > 0 and denote

Fr@z)= ] E <Z> Gr(z)= [] E» (Z)

2| <2R Zn 20| >2R Zn

Take z such that |z| = R. Using Lemma 4.3.2,

p+1 R p+1
=exp| —2 Z <> .
2| >2R 2]

is an entire function without zeros in |z| < 2R. If |z| =R,

IGr(z)] > [] exp (2

|zn]>2R

<
<n
fz)
FR (Z)

f(z)
FR (Z)

Now,

4.5)

SO | ) MUAAR) _ Cexp(A4R)P)
Sma"{’&(z)"‘z"‘m}Sm(FRAR)S (e dR)
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where p = ord(f), € > 0 and
m(Fi,4R) = min{|Fr(z)| | |z| = 4R}.

When |z| = 4R,
|Fr(z)| = H E, (Z> > H exp <—2‘Z P> = exp (—2 Z <4R>p> :
el <2k \En 2l <2R Zn BN
Then, (4.5) reads
f(z) Cexp(A(4R)PT¢)
Fr(z)

exp <—22|z,,|§2R (%Y) |
(z) _ f(Z) 1 If |z|

- Fr(z2) Ggr(z)

4R\ " R\
<Cexp |A(4RPT+2 ) <> +2 ) (> :
edzor \ 2l a2k Ml

Choosing, as before, A € [0, p+ 1], we have that

R 1 R\ /RN
If |z,| > 2R, then — < — and <> < <> ,

Now, write 8 =R,

‘ 8

|za] 2 |2 |zl
A A
R 4R 4R
If |z,| < 2R, then — > 2 and <> < ( > )
|Z"| ‘Zn‘ |Zn’

So,

8 ‘ < exp(A|RPT® —i—Ale), for certain constants Ay, A,.

So, g(z) turns out to be a polynomial of degree ¢ < max{ord(f)-+€,A}. As & > 0 is arbitrary and
A € [0, p+ 1], we obtain that ¢ < max{ord(f),c} = ord(f). As a consequence, ord(f) < max{q,c} <
ord(f), and then, ord(f) = max{q,c}. [ |

In a general situation, if f(z) € ¢/(C) has finite order, we can always express f(z) as

f(z) =22 ﬁ E, <ZZ> :
n=1 n
where p < ord(f) and deg Q(z) < ord(f).

I Corollary 4.3.4 1 ord(f(2)) ¢ Z, then & = ord(f).

m Example 4.5 Let f(z) = smjiir\}fz)’ ord(f) = 1/2, with zeros on {n*}*°_,. So, 0 = 1/2, p=0 and we
z
can write
= z
f(z)zH(l—n—z).

n=1

|
= Example 4.6 If f(z) has order p ¢ Z, we already know that f(z) must take every complex value a.

Under these conditions, the exponent of convergence of the zeros of f, ¢, coincides with the order of
convergence of its a—values, 0,. Indeed, 6 = ord(f) = ord(f — a) = o,. ]

Another consequence of Hadamard Factorization Theorem 4.3.3 is an improvement of the bound on
the order of the product, stated in Example 4.2.
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Proposition 4.3.5 Let f(z), g(z) € 0(C) be of finite order, with p(f) # p(g). Then, p(f-g) =
max{p(f),p(g)}-

Proof. Assume that p(f) > p(g) and p(f-g) < p(f). Write the canonical decomposition of both
functions as

f2) =2, (2);  g(z) = eIy (2),

with Py, P, polynomials, I, IT, canonical products. As 6(f) < o(f-g) <p(f-g) <p(f), it turns out
that p(f) = degPy(z) € Z, and deg P, (z) < p(g) < p(f) = degP¢(z). We have

fg(Z) — th-‘rhgepf-‘rPng X Hg'
IT; -1, is not a canonical product, but o(IT; - IL,) = o (f-g) < p(f) and p(I1;-II,) <max{c(f),0(g)} <
p(f). We can decompose

M4 (z) - Ty (2) = <@ 14(2), and p(T1;-TL,) = max{deg(Pr.;), o (f - &)}
Then, deg(Py.,) < deg Py and

f g( ) hf-‘rhgepf-‘rp +Pfgn

is the canonical decomposition of f-g. So, p(f-g) = max{deg(Ps+ P, + Pr.¢),0(f-8)} = p(f), in
contradiction with the assumptions. Hence, p(f-g) = max{p(f),p(g)}- |

4.4 Picard’s Theorem

We have shown (Theorem 4.1.6) that every non constant entire function of finite order avoids at most one
complex value. We want to extend this result to a general entire function, without the restriction of being
of finite order. There are different proofs of this result available in the literature. The most geometric one
uses the construction of the universal covering of the open set C\ {0, 1}. It will be sketched in Section 4.5.
A direct proof uses Bloch’s Theorem, and will not be treated here. A third proof relies on the properties of
hermitian metrics, as stated in Section 1.8. We will show it in this section.

The main result will be:

Theorem 4.4.1 The map

1/3y1/2
u( = | Q) ]

‘Z’5/6 ‘Z_ 1‘5/6

(1+\z1\1/3>1/2]

defines a metric on C\ {0, 1}, whose curvature verifies x; (z) < —B < 0.

(1427312

Proof. Denote g(z) = Hf/é’ so that i(z) = g(z)g(z—1).
z
log 11(z) = logg(z) +logg(z— 1), and log g(z) = 3 log(1+ |z\1/3) — 2log(z]). As log|z| is harmonic,
A(logg(z)) = <log<1 +12l")).
p) 3 1 o=5/651/6
R Lo
5o st E = i

ig(H_’Z|1/3)Z—5/6Z—5/6_% ~5/621/6,1/6--5/6 _i M
12 (1—0—]2]1/3)2 72 (1+’Z’1/3)2‘

2% 1 13
3792 [210g(1+]2| )}—
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So,
1 |Z|75/3
~Aflogg(e)) = g
18 (1472
Then,
CAQlogg(@) 1 [P PP
w18 (g PR (L )1+ = 1)
1 z—1)3 e
- T To = K1(Z).
18 (1 PP (14 =117
1
Note that x;(z) <0, and lim k(z) = —=—, lim k;(z) = 0, and lim K (z) = —eo.
z—0 36 1 7300
Similarly,
_Alloglgz=1)) 1 P ()
ui)? 18 (14 = 1] (14 ') |
. . L. : .
and ll_rf(l) K(z) =0, lgrll K(z) = 36 Zlglglq K2(z) = —eo. As aresult, k(z) <0, lg% Ku(z) = lgrll Ku(z) =
|- . .
~36 Zh_)rg Ky (z) = —oo, which concludes the computation.

Theorem 4.4.2 — Picard’s Theorem, general case. Let f € &(C) a function avoiding at least two
values a,b. Then, f is constant.

Proof. Defining g(z) = féz)—a we can assume that f avoids {0,1}. Consequence 2 after Corollary
—a

1.8.6 gives the result. |

Construction of a modular function. Picard’s Theorem revisited

In this section we will provide (sometimes only sketched) a different proof of Picard’s Theorem, con-
structing a universal covering of C\ {0, 1}. This will be done using what is called a modular function.
We shall follow mainly [19] in this Section. For the construction of this object, we need to make use of
Schwarz Reflection Principle:

Theorem 4.5.1 — Schwarz Reflection Principle. Let Ut C H be a domain, I an open interval on
R such that for every xo € I, there exists r(xg) > 0 with D(xo;r(x9)) NH C U™ (in particular, I is
contained in the boundary of U™). Let f € €(U™), continuous on U™ U/, and taking real values on I.
Let U~ be the symmetric of UT (U~ ={z€ C|ze U"}),and U =U" UIUU". Then, there exists
F € 0(U) with F|y+ = f, i.e., f can be analytically continued to U.

Sketch of proof. Define F(z) as f(z) on U UI and f(Z) on U~. It is continuous on U, holomorphic on
Ut UU. You can easily check that if T is a triangle contained in U, / Fdz=0,so0 F is analytic. W
aT
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This result can be generalized to a reflection on a circle. Recall from Section 1.2.4 that if € is a circle
and T a Mobius transformation, I 4) o T (z) = T ol (z), Iy denoting the inversion with respect to €.
So, assume that U is a domain “on one side” of €’ (i.e., contained in one connected component H of
C\ %), I an open set on &, such that for every xo € I, D(xp;r(x0)) NHT C U™, for some r(xo) > 0. Let
U =Ig(U'),U=U"UIUU". Any function f € O(U"T)N€(U" UI), taking real values on I, can be
analytically extended to U, by symmetry on €.

Denote now

> 1}.

Q={zeH|0<Re(z) <1, 5

73

|

It is a simply connected set, so there is a conformal map A : Q — H. It can be shown that A can be
extended continuously to the simple points of the boundary, i.e., to the points of dQ\ {0, 1}, and that it
takes real values there?. Consider the corners of the boundary of Q, 0, 1, oo, and take F(z) = — cosnz,
which is a homeomorphism between the closed band

B={Im(z) >0, 0 <Re(z) <1}

_ 1
and H, and a biholomorphism between the interiors of these sets. As Z@n F(z) =, G(z) = m

z€B
sends o to 0, and the vertical lines Rez = 0, 1 onto the intervals [—1,0) and (0, 1]. A conformal map &

between G(Q) and H is continuous at 0, 0 being a simple point of the boundary. As A is a composition

& oG, A turns out to be continuous at o. The map is an automorphism of Q sending {0, 1,0} to

1 —
{1,00,0}, so, by symmetry, A(z) turns out to be continuéus on {0,1,e}. A can moreover be taken such
that A (e0) =0, A(0) =1, A(1) = oo. So, finally, A : Q\ {0,1} — H\ {0, 1} is a continuous function,
bijective, biholomorphic in the interior (A’(z) # 0), and has analytic continuation through every side of
the boundary, having non-zero derivative there.

Denote now Iy, Iy, I; the inversions through the sides Re(z) =0, |z— ‘ = —, and Re(z) =1,

2 2’
respectively, of Q. Our objective is to extend A to a function on H. Since it is extended to the band BNH,
and is real on the boundary, it can be extended using the reflection /; to {z € H|1 < Re(z) < 2}, and
similarly to the rest of bands filling H. As I; o Iy(z) = z+ 2, this extension turns out to be periodic of
period 2.

So, the objective is to extend A(z) to the band B. Denote Fy = QNH, F; the symmetric of Fy with

respect to Cy, the circle ‘z - %| = % It is a “triangle” with sides the upper part of Cp, and the upper half

7— %‘ = 5' CallC| = Cfl) UC§2) these two sides.

After inversion through C 51) and C 52), Fj is transformed in two new smaller triangles Fz(l) U FZ(Z) =F

circles |Z— H = %,

and four new sides C; = Cél) U Céz) U CS) U C§4). We can continue this way, creating at each step a new
set F,,, union of 2”1 triangles, bounded above by the 2n=1 gides C,_; and below by the 2" sides C,. If
d,—11s the diameter of one of the circles in step n — 1, and d,, of one if its inside circles in step n, after
reflection two new circles appear inside this last one, of diameters

(4.6)

2This result is not shown in these Notes. It can be read in [7, 4, 18], among others
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Figure 4.2: Hyperbolic triangles

_ 2 _ d
Indeed, we have that OC’" - OC = (%") in Figure 4.2. As OC = 3" +d,—1 —d,, this gives

€ N7

S dtd—dy dp—gdy

So,d,, = dj" +0C,d, | = % — OC’, and we get the diameters given by (4.6). The maximal diameter
at step n is % Indeed, if n = 1 we have one half-circle of diameter 1, and if n = 2, two half-circles of
diameters % By induction, if d, = % and d,_1 = ﬁ, formula (4.6) gives dj = #

As aresult, |J_, F,, = B, because {z € B| Im(z) > #} C B\ F,+1. By succesive reflections, we can
extend A to the band B and hence, to H. We have the a holomorphic function A : H — C\ {0, 1}, sending
Fy biholomorphically to H\ {0,1}, F; to —H\ {0,1}, and in general, each Y k=1,2,...,2" Y to
(=1)"H\ {0, 1},

If I is one of the inversions used in the construction, A o I (z) = A(z). Then, if T is a Mobius
transformation which is a product of an even number of such inversions, A o T'(z) = A(z). Denote G the

group of those Mobius transformations: it is a subgroup of Aut(H), so contained in SL(2,R) (see Section
1
1.7). Let us remark, for instance, that if Cgl) is the circle =1 then Cgl) =1I,/2(Re(z) = 0) and

then, / o =lipolyol ). Proceeding this way, every inversion I, turns out to be the composition of an

1
T4

odd number of Iy, 112, I1. Then G is a subgroup generated by

o(z) =lholy(z) =z+2, and 7(z) = I 0 Ip(z) = 2Zi— I

Indeed, it is precisely the group

b
G= {az+ |a,b,c,d € Z, a,b odd,b,c even ,ad — bc = 1},
cz+d
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called the modular group. In [18], more details can be found.
We have then shown:

Theorem 4.5.2 There exists a surjective holomorphic function A : H — C\ {0, 1} such that:
1. A is conformal: A'(z) # 0Vz € H.

2. A is a biholomorphism between each FY and (—1)"H.
3. A(z1) = A(z2) if and only if there exists T € G such that T (z;) = z», where G is the modular
group described above.

Corollary 4.5.3 A : H — C\ {0, 1} is a covering map. In fact, it is the universal covering map of

C\ {0,1}.

With this result in hand, let us provide a different proof of Picard’s Little Theorem:

Theorem 4.5.4 — Picard. If f € ¢(C) avoids two points a, b, then it is constant.

Proof. As before, we can suppose that {a,b} = {0, 1}, so we have an entire function f: C — C\ {0,1}.
There is a lifting f : C — H of f, such that A o f = f. By Liouville’s Theorem, f is constant, so it is

f. ]

Previous construction allows to prove much stronger results.

Definition 4.5.1 A family of holomorphic functions on a open set U is normal if every sequence has,
either a subsequence uniformly convergent in compact sets, or a subsequence converging uniformly to
infinity.

Theorem 4.5.5 — Montel’s Big Theorem. Let .7 be a family of meromorphic functions on a domain
U, which simultaneously avoid 3 points a,b,c. Then, .% is normal.

Proof. 1t is enough to show the result when U is a disk, as every open set is a countable union of disks.
As before, composing with a Mobius transformation, we can suppose that {a,b,c} = {0,1,}. So,
F COU),andif f € .7, f(U) CC\{0,1}. Take a sequence {f,},_, on .#, and consider their liftings
fu:U — H, such that A o f, = f,,. By Montel’s Theorem 1.9.9, there exists a subsequence f:,k converging
uniformly in the compact sets of U to f € &(U). Then, A o ﬂk = fn, converges uniformly in compact sets
tof=2Aof. |

Theorem 4.5.6 — Picard’s Big Theorem. Assume that zy is an essential singularity for a holomorphic
function f. Then, in every neighbourhood of z, f takes every complex value with at most one exception.

Proof. By contradiction, after rescaling we can assume that f € &(D\ {0}), D = D(0;1), 0 is an essential
singularity for f, and f does not take the values 0, 1. Consider the family

(=1 () IneNy

on D\ {0}. By Montel’s Big Theorem 4.5.5, { f,},_, is normal, so it has a subsequence { f;,, };°_,; which,
either converges uniformly in compact sets, or diverges uniformly to infnity.
In the first case, the family {f, };°_, must be bounded in the compact set |z| = 1/2 by a constant M.

1

So |f(z)| <Mif|z] = o By the Maximum Modulus Principle, |f(z)| < M between two such circles,
1y,

so |f(z)] <M on D\ {0}, which is impossible.
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1 1
In the second case, the same argument applied to ? shows that lim,_, m =0, so f(z) must have a
z

pole at 0, and again we have a contradiction. |

4.6 Exercises

1. Find the zeros of the entire function f(z) = e — 1, and compute the exponent of convergence.
2. If a > 1, compute the growth order of

oo

o-f1(+5)

n=1

3. Show that if 4 # 0 and P(z) € C[z], then the equation e** — P(z) = 0 has infinity many zeros.
4. Suppose that f(z), g(z) are entire functions or respective orders p, p’, with p’ < p. Assume that
the zeros of g are also zeros of f. Show that f(z)/g(z) is of order at most p.
5. (a) Let f, g be entire functions of finite order A, and suppose that f(a,) = g(a,) for a sequence
- 1
{Cln}::zl such that Z Hil‘f’g
n=1 |An
(b) Find all entire functions of finite order f such that f(logn) = n.

= oo, for some € > 0. Show that f = g.



5.1

In this chapter we shall give a short introduction to elliptic functions, which turns out to be a subject with
many applications in several branches of mathematics.

Doubly-periodic functions

The main object we shall study is periodic functions. Given a holomorphic or meromorphic function f on
C, a period will be a number @ € C\ {0} such that f(z+ ®) = f(z), for every z € C. Let us denote Q the
set of periods of f, plus 0.

Lemma 5.1.1 Q is a Z—submodule of C.

If Q is not discrete, f must be constant. Indeed, if {@, },_, is a (non constant) sequence in Q which
tends to @y, f must take the same value in each of this points, which implies, by the principle of isolated
zeroes, that f is constant.

Lemma 5.1.2 If Q is discrete, it is a free Z—module of dimension at most two. It is generated by two
R—linearly independent elements.

Proof. Let 0y € Q\ {0} of minimum modulus. If A@w; € Q, A € R, we have that (1 — [A])w; € Q, and
then, by the minimality of |@; |, A € Z. Denote

Q :{na)1 ’I’EGZ} C Q.
If Q) C Q, take @, € Q\ Q; of minimum modulus, and set
Q = {nw +maw, [n,m e Z}.

If Q, C Q, take @ € Q\ Q,, which can be written as @ = ;@) + A, @, A; € R\ {0}. Take n,m € Z such
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1
that ®' = 0 —nw, —mw, = aw; +b € o, with |al, |b| < 7 Then

1
|| < laon|+ |ban| < F(jon| +[@x]) < @],
M

where the strict inequality (1) holds because @; and @, are not aligned. We reach a contradiction. |

(0]
Assume f periodic, with a one-dimensional set of periods generated by w. As f (ﬁ logt> =0(C),
i

we can develop

and then
2min
flz)= che o L,
neZ
This is the Fourier expansion of logz. We will be interested in the case where the dimension is two:
doubly-periodic functions.

Lemma 5.1.3 A doubly-periodic entire function is constant.

Definition 5.1.1 An elliptic function is a doubly-periodic meromorphic function. Given an elliptic
function, with lattice of periods Q =< w;, @, >, a fundamental parallelogram will be any set

Ap ={tw+sm |t,s€[0,1)}.

The set of generators is not unique. Indeed, any other set can be obtained by an invertible Z—linear
map of Q, which is given by

(‘CZ Z) € GLy(Z),

ad — bc = £1. This matrix defines a new set of generators as

O] = aw, +bay
) = cw, +dw.
Take one such system, constructed as before. After a sign change we can suppose that Im <Z))2> > 0.
1
Denote 7 = % In fact, we can suppose that this basis satisfies:
I
1. Im(7) > 0.
2. |t > 1.
1 1
3. —— <Ret< .
4. Ret > 0if 7| = 1.
1
Indeed, from the inequalities |@,| < |®; £ @, | we obtain [Re 7| < 7 IfRet = —%, change @, by @; + @
to have (iii). If |t| = 1, change eventually (®;, @,) by (—w,, @;).

5.2 Liouville’s Theorems
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Theorem 5.2.1 Let f be an elliptic function. The sum of the residues of f in the poles of a fundamental
paralellogram is 0.

Proof. Take a fundamental parallelogram A, assuming that f(z) has no poles on dA;, = C, and let & be
the set of poles of f(z) inside A;,. We have that

Y Res(fizi) = zlm,/cf(z)dz.

i€

Denote C =y + 7 — v3 — 4, ¥ the sides of C taken in counterclockwise order beginning in the vertex zo.
Then

[ f@iz= [ et o= [ fede
Vel n N

Similarly, / f(z2)dz= [ f(2)dz, so the integral vanishes. [
12 )z

I Corollary 5.2.2 The order of an elliptic function is at least two.

Proof. Indeed, if it were one, only a simple pole could exist inside A, with a non-zero residue. |

Theorem 5.2.3 The number of zeros inside a fundamental parallelogram is equal to the number of
poles, counted with multiplicities. In fact, f(z) takes every value ¢ € C the same number of times.

Proof. Apply Theorem 5.2.1 to the function

f
f@)—c

Theorem 5.2.4 Let f(z) be an elliptic function with zeroes o, 0, ..., @y and poles B, B2,...,By ona
fundamental parallelogram. Then,

v v
Z oy — Z ﬁk € Q.
k=1 k=1

Proof. With the same notations as before,

v v B 1 f’(Z)
Zak—Zﬁk—zm,/czf(Z)dz.

k=1 k=1

So, on p» we have

1 ! 1 ! 1 !
'/Zf(Z)dZ:. Ay o L[,
2mi Jy f(2) 2mi Jy f(2) 2mi Jy f(2)
Similarly with the other couple of opposite sides. The proof is finished noticing that
L@,
27 Jy, f (Z)

is the index of the loop f o 4 around 0, which is an integer. |
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5.3 Weierstrass’ p Function

5.3.1

In this section we shall construct an order 2 elliptic function, with fixed lattice period. The function we
are constructing will be “as simple as possible”, and we shall see that, in fact, every other elliptic function
with the same lattice period will be a rational function of this one (and its derivative).

We suppose that our function has only a order 2 pole in a fundamental parallelogram based at 0, that we
shall assume it is the origin. Its principal part, after multiplication by a constant, will be %. If f (z)issucha
function, f(z) — f(—z) will be an entire elliptic function, so a constant. As f (e /2)— f(—®;/2) =0, f(z)
must be an even function. Adding a constant, the Laurent expansion at 0 it, then, Zl +er 4+

The poles being at the points of , Mittag-Leffler’s Theorem suggest to consider
1 / 1 1

L (ar )

where Y’ will denote the sum extended to the elements in Q\ {0}. We need to guarantee the convergence

of this series, so we are going to study the convergence of Z/W, with a > 0. The elements of Q\ {0}

can be ordered in “concentric” layers {Q,},” , around 0. If 6 = d(€,0), then k6 = d(,0), and O
consists in 8k points. Hence,

| = 1 = 8k
T a — < )
L o] k;gzk\wl"‘ k; (k&)«
which converges if and only if & > 2. In particular, if |z| < |(;‘,

1 1 220—2) | _ [z (2|o[+]z)) _ 10
T3 3| = < < ;
(-0)? o’ [(-0) e’ 0\ 12 ol

5 ) ol

so the series converges uniformly in the compact sets to a function, that we shall denote p(z), called
Weierstrass’ p function associated to the lattice Q.

Theorem 5.3.1 Weierstrass’ p function satisfies the following properties:
1. p(z) has simple poles in Q, with residue 0.
2. p is an even function.
3. p(z) is an elliptic function.

Proof. The first two properties are straightforward from the construction, as —Q = Q. As

2 / 1 1
o=y S —ay
3 ) (z— )3 wg’g (z— )3
it becomes clear that p’(z) is doubly periodic with lattice period Q. Taking f(z) = p(z+ @) — p(2),
f(z) ==, so it is constant. As f (—%) =0, it turns out that o; is a period for p. Similarly with @, the
proof is ended. u

Differential equation satisfied by p(z)

1 I & (n+1)
(Z_w)z_ﬁ_z "2

n=1

1
As , from the expansion at the origin p(z) = — + o et +-- we
z

obtain

i1 i1
6‘2:32 prerg C4:5Z p and so on.
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Computation shows that

1
p/(Z)z —4P(Z)3 = —20szf2 —28c4+ -+,

denoting g2 = 20c; = 60Y" =, g3 = 28¢4 = 140Y" . we have th

50, denoting g2 = 20ey = ZR’&— C4= ZE,WG ave that

p'(2)* —4p(2)’ +g2p(2) + 83 =0,

as it is an entire elliptic function which takes the value O at the origin. As a consequence, the map
(p(z),p’(z)) parametrizes the elliptic curve Y2 = 4X> — g, X — g3, which is non singular if and only if
g% — 27g§ 2 0. This is the Weierstrass canonical form of an non-singular cubic curve.

Let us study if the roots of 4X> — goX — g3 are different. As p’(z) is odd, it turns out that

(5) =0 (5) =0 (%) =0
0]

These are the only zeros of p’ on a fundamental parallelogram, as it has order three. Denote e; = p (7)
o
: —2H02 . p takes each value twice, and as at these points they are taken

ezzp(az)z),%zp(

with multiplicity two, it turns out that they are different. In fact, we can write the elliptic curve as
Y2 =4(X —e1)(X —e2)(X — e3), and the differential equation satisfied by p(z) as

P'(2)* = 4(p(2) —e1)(p(z) —e2) (p(2) — e3).

Elliptic functions are rational functions of p(z)

Let f(z) be an elliptic function, with period lattice Q, and let p(z) the Weierstrass’ p function associated
to this lattice.

Theorem 5.3.2 There exists rational functions R (z), R»(z) such that

f(@) =Ri(p(2)) +9'(2)Ra2(p(2))-

Proof. If f(z) is even, and 0 is neither a zero nor a pole of f(z), associated to a zero a; of f(z) on the
fundamental parallelogram A, there is another zero —a;, which corresponds to a unique a; € Ay (a; +da} €

Q). So, zeros appear in couples aj,d],...,ay,a,, and the same happens with poles by,b],...,by,b,,. The
function
7@ Lo =p.)

is elliptic and entire, hence constant. So we have that f(z) = R;(p(z)) in this case.

If f(z) is still even, but with a zero or pole of the origin, of order 2m, m € Z, then f(z)p(z)™ is in the
f2)
p'(2)

f(z) can be decomposed as a sum of an even and an odd function, and the results follows. |

preceding conditions. If f(z) is odd, is even, so f(z) = p’(z)R(p(z)). Finally, in the general case,
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