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ABSTRACT. In this work we study nonuniform exponential dichotomies and
existence of pullback and forward attractors for evolution processes associated
to nonautonomous differential equations. We define a new concept of nonuni-
form exponential dichotomy, for which we provide several examples, study the
relation with the standard notion, and establish a robustness under pertur-
bations. We provide a dynamical interpretation of admissibility pairs related
with exponential dichotomies to obtain existence of pullback and forward at-
tractors. We apply these abstract results for ordinary and parabolic differential
equations.

1. INTRODUCTION

In the past decades the theory of asymptotic behavior for nonautonomous differ-
ential equations has been widely developed, see for instance [I, 2] [, [7], 8], @] 111 [17]
and the references therein. This theory studies the dynamical systems generated
by the solutions of these differential equations. Under sensible conditions, all the
interesting dynamics generated by its solutions are located in a neighborhood of
an attractor, which is a compact object that attracts bounded subsets of the phase
space, see [8, 17, [18]. Another important notion in dynamical systems is hyper-
bolicity which means that there exist two main directions that dictate the dy-
namics: one expanding exponentially and another contracting exponentially, see
[2, [6, [7, 10 01, 19, 20, B7]. One of the reasons that these concepts are impor-
tant is that both are robust under perturbation, see [7, 8 [16] [I5] for attractors
and [2, B [, Bl 24, B2 [34] for hyperbolicity. In this work, we study exponen-
tial dichotomies and provide applications to the study of attractors for nonau-
tonomous dynamical systems. We propose a new concept of nonuniform exponen-
tial dichotomy and study the relation between admissible pairs and the existence
of pullback and forward attractors for nonautonomous differential equations.
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For nonautonomous dynamical systems the appropriated notion of hyperbolicity
is given by an exponential dichotomy. Let A(t) be a time-dependent linear operator
(possibly unbounded), so the differential equation

i = A(t)u (1.1)

is associated with a linear evolution process T = {T'(t,s) : t > s}. We say that
T admits a nonuniform exponential dichotomy if there exists a family of
projections {II*(¢) : t € R} such that T'(¢,s)II%(s) = II“(¢)T'(¢,s) (invariance),
T(t,s): R(II*(s)) — R(II*(¢)) is an isomorphism, and
IT(t, )T () eox) < M(s)e™7), &>,

1.2
[T(t, )T ()| o) < M(s)e* ™), t < s, (12)

where II° := Idy —II* and M : R — [1,400) with some growth of order evl*l,
v > 0. If the function M is bounded, we say that 7 admits an (uniform) exponen-
tial dichotomy, see [, [24] for the uniform case and [4, 9} 37, [39] for the nonuniform.
Many of these works prove that exponential dichotomies are robust under pertur-
bation, the fact that is crucial to study attractors under perturbation, see [7, [8 [15].
In this work we explore another type of application of exponential dichotomies to
the theory of attractors inspired by [28, Section 5].

First, we study a new type of nonuniform exponential dichotomy. We consider
a linear evolution process {T'(t,s) : t > s} satisfying all the conditions to admit a
nonuniform exponential dichotomy except that is modified to

I T(t, $)IT(8)]| cx) SM(E)e =), > s,

1.3
IT(t, )T (8)]| ) <M(E)“E), £ < s, (13)

This means that the bound M depends on the final time ¢ instead of the initial time
s. When the nonuniform hyperbolicity is expressed by we refer to this notion
as nonuniform exponential dichotomy of type II (or simply NEDII), and the
standard one, when holds true, as nonuniform exponential dichotomy of
type I (NEDI). We prove that a NEDII is a different concept of nonuniform hy-
perbolicity. In fact, we provide several examples of evolution processes that admits
NEDII and does not admit any NEDI. We also show that NEDI and NEDII are
complementary notions of nonuniform hyperbolicity, since under certain conditions
it is possible to relate them. For instance, if a linear evolution process admits a
NEDI, it is expected that the dual evolution process admits a NEDII, and vice-
versa. In Barreira and Valls [4], they use this type of relation to obtain results for
NEDI associated with invertible evolution processes. Another relation is that NEDI
and NEDII are complementary in half lines, R* or R™, with one being more general
than the other depending in which half-line they are defined. This simple relation
allows us to determine which nonuniform exponential dichotomy is the “optimal”
one in each half line.

The dual correspondence between NEDI and NEDII allow us to establish a ro-
bustness result for NEDII. Inspired by Caraballo et al. [0 Theorem 3.11], we
provide conditions to obtain that NEDII persists under perturbation. This fact
guarantees that NEDII is a reasonable notion of nonuniform hyperbolicity. Fur-
thermore, the robustness result for NEDII can be applied even in situations where
we do not know if NEDI is robust under perturbation, see Example[2.17] Therefore,
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one of our goals is to show that NEDII is a sensible concept and that the study of
NEDII leads to a better comprehension of the notion of nonuniform hyperbolicity.

On the other hand, we will use the concept of admissible pairs for a non-
homogeneous differential equation,

W= Atyu+b(t), teR, (1.4)

to study existence of attractors for an evolution process {S(¢, s) : t > s} associated
with a nonautonomous differential equations in a Banach space X

= f(t,u), t>s, u(s)=upe€ X. (1.5)

A pair of Banach spaces (2),X) is said to be admissible for if for each b € 9
there is a solution u € X, see [24] 27, 38} [39]. Admissible pairs are strongly related
with exponential dichotomies, very important to characterize existence of exponen-
tial dichotomies, and to prove robustness results, see for instance [2, 24, 27, [38]
39, 37]. Differently of these works, we propose to apply admissible pairs associated
with a nonuniform exponential dichotomy to compute the size of attractors. In [39],
they study families of admissible pairs associated with a real parameter and use
these admissible pairs to study the robustness of exponential dichotomies. Inspired
by [39], we present admissible pairs that relates the non-homogeneous term b in
(1.4) with the size of the attractors of , using a comparison similar to (|1.8)).
For the evolution process S = {S(t,s) : t > s} associated to it is possible
to associate two notions of attraction: pullback and forward. A family of compact
sets A = {A(t) : t € R} is a pullback attractor for S if A is invariant, i.e.,
S(t,7)A(T) = A(t), for t > s, A pullback attracts bounded sets, i.e., for each
bounded set B C X and t € R
lim disty(S(t,s)B, At)) =0, (1.6)
——00

S

where disty is the Hausdorff semi-distance, see [I3} [I7]. Similarly, there is a notion
of forward attraction. Let D = {D(¢) : t € R} be a family of nonempty sets and
B C X, then D forward attracts B if for each s € R, there exists

t_1>i+moo distg(S(t,s)B,D(t)) = 0. (1.7)

Then a forward attractor Ap is a compact set such that is forward attracting,
see [14] [I8] 21]. Moreover, instead of pullback attracting only bounded sets, the
pullback attractor can actually attracts elements of a “larger” class of subsets,
usually called universe, see for instance [10, 13} [I7, [29]. For us, a universe M is
a class of all nonempty family of subsets of X that is closed by inclusion, i.e., if A
and B are families of nonempty subsets of X such that AcCB (inclusion set by
set) and Be M, then A also belongs to M. For instance, a universe can be a class
of functions that grows exponentially, see [23] 22, [40].

A typical condition towards existence of attractors is that the vector field is
dissipative, which means that the solutions will be “absorb” by a bounded set of
the phase space in future time. For instance, if X = R™, a > 0, b is a bounded real
function and f satisfies

2(f(t,u), u)gy < —alu|gy +b(t), ueRY. (1.8)
Note that ((1.8) can be seen as a comparison between (|1.5)) and the scalar ODE & =

—ax + b and this leads towards the existence of attractors for ((1.5). This same ap-
proach can be applied for several differential equations, for instance: Caratheodory
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ODEs [28], Equations with delays [12], Heat equations [1], Navier-Stokes equations
14, 23] 22], and Damped wave equations [10].

In this work we provide conditions inspired in that allow us to obtain the
existence of attractors for nonautonomous ordinary and partial differential equa-
tions. Recently, in [28] the authors provide conditions like to obtain attractors
associated with skew product semi-flows for nonautonomous Caratheodory ODEs.
This is done by estimating the size of the solutions of by the solutions of the
ODE & = a(t)x + b(t), according to and assuming that where the linear part
& = a(t)z admits some exponential decay given by an uniform hyperbolicity. In
this paper we consider the case where this “exponential decay” can be nonuniform
and we compute the size of the solutions of for each possible nonautonomous
term b in . This analysis is inspired by admissibility pairs associated with an
nonuniform exponential dichotomy, see [39].

Consequently, we provide new conditions for existence of forward and pullback
attractors from admissible pairs and nonuniform exponential dichotomies. The
idea is to compare the vector field with , and assume that the linear
part of admits a nonuniform exponential dichotomy of type II with bound
M(t) = Me?ltl and exponent a > 0, and b belongs to a space of continuous functions
with growth e*l*l X € R. Then we prove that for each universe of families that
“grows” with order €7l 4 > 0, there is a pullback attractor {A,(t) : t € R} for
such that A, (t) is contained in a ball centered at 0 with radius R(t) of order
eV Tn particular, if b is exponentially small (A = —1) eIl the corresponding
pullback attractor is uniformly bounded, i.e., Uscr.A,(t) is bounded. And if b is
bounded (A = 0), it is possible see that the size of the pullback attractor grows
as €I, This relation on the admissible pairs (AJ, (A + 1)d) is expected, since the
same type of relation is noticed in the pairs of admissibility of [39] for difference
equations. The same argument is applied to obtain families of compact sets that
forward attracts bounded subsets of X. Then, we apply these results to ODEs
(Section [} and to parabolic PDEs (Section [f)).

In Section [2[ we define nonuniform exponential dichotomies of type II (NEDII)
for evolution processes. We prove a simple result that relates NEDII with the stan-
dard one (NEDI) in each half-line (RT and R™). In Subsection we provide
several examples of scalar ODEs that admits NEDII, some of them do not admit
any NEDI. Later, these examples are going to be used to obtain existence of nonuni-
form exponential dichotomies for parabolic PDEs, see Subsection Finally, we
study nonuniform exponential dichotomies for invertible evolution processes in Sub-
section [2.3] and provide a dual correspondence between NEDI and NEDIL As an
application of this result, we establish a robustness result for NEDII.

In Section [3] we present a preliminary on the the theory of forward and pullback
attractors for evolution processes. The results on existence of attractors rely on
strong conditions which are suitable for our applications. In Subsection [3.1] we
present a result on the existence of forward attractors for evolution processes. In
Subsection 3.2 we recall some important notions of pullback attraction for universes.
We present a theorem on the existence and uniqueness of pullback attractors that
not necessarily belongs to universe that it attracts, which differs from the standard
theory of pullback attractors [I7], see Remark for details.

In Section 4] we study forward and pullback attractors for nonautonomous ODEs.
We apply the admissilibity pair analysis for this case in order to obtain estimates
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for the attractors. All the important ideas are presented in Subsection where
we compare an ODE in RV with an scalar ODE. For each universe we obtain a
corresponding pullback attractor and we also provide conditions to set if they are
equal or not. Then, in Subsection [4.2| we compare our equation with a systems of
cooperative ODES and apply the same techniques of the previous subsection.

Finally, in Section [5| we study the results of the previous sections in an infinite
dimensional setting. The goal is to show how the techniques for ODEs can be
extended to parabolic PDEs with general boundary conditions: Neumann, Dirich-
let and Robin. In Subsection [5.1] we prove existence of pullback attractors and
a uniformly bounded family of compact sets that forward attracts every bounded
subset of the phase space. In Subsection we provide conditions to obtain exam-
ples of evolution processes that admits nonuniform exponential dichotomies. We
consider a skew product semiflow that admits a continuous separation (|30} [33]),
which allows us to transfer information from a 1-dimensional ODE to an infinite
dimensional one. In this way, for each example of Subsection we provide a
parabolic PDE such that the associated evolution process admits the same type of
nonuniform exponential dichotomy of its associated scalar ODE. We conclude with
a correspondence between NEDI and NEDII using a parabolic PDE and its adjoint
problem similar to the invertible case presented in Subsection [2.3

2. NONUNIFORM EXPONENTIAL DICHOTOMIES

In this section we study two definitions of nonuniform exponential dichotomies
for a linear evolution process in a Banach space X. We propose a new type of
nonuniform exponential dichotomy, and study the relations between this new con-
cept and the standard one. We also provide several examples and study robustness
under perturbation.

2.1. Preliminaries. We first recall the definition of evolution process over a metric
space (X,d) with parameters in an interval J = R,J =RT := {t e R: ¢ > 0} or
J=R :={teR:t<0}.

Definition 2.1. Let S = {S(t,s);t > s, t,s € J} be a family of continuous op-
erators in a metric space (X,d). We say that S is an evolution process in X
if
(1) S(t,t) = Idx, for allt € J;
(2) S(t,8)S(s,7) = S(t,7), fort > s > 7;
(3) {(t,s) €J%t > s} x X > (t,s,x) — S(t,s)x € X is continuous.
If additionally, the operator S(t,s) is a homeomorphism for all t > s, then

we say that S is an invertible evolution process. In this situation we write
S={8(t,s) : t,s € I}, where S(s,t) is the inverse of S(t,s), fort > s.

The following definition is the standard nonuniform exponential dichotomy for
linear evolution processes in a Banach space (X, || - || x)-

Definition 2.2. Let S = {S(t,s); t > s} C L(X) be a linear evolution process in
a Banach space (X, | - ||x). We say that S admits nonuniform exponential di-
chotomy of type I on J, or simply NEDI, if there exists a family of continuous
projections {II*(t) ; t € J} such that

(1) TI*(t)S(t,s) = S(t, s)II%(s), for allt > s;
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(2) S(t,s)|raru(s)) 9 an isomorphism for all t > s, and the inverse over
R(I1*(t)) we denote by S(s,t);
(8) there exist M,c, 8 >0, and §,v > 0 such that

1S (t, )T (s)l| o (x) < Melleme(79) ¢ >,
where T1%(s) := (I — I1%(s)) for all s € J and
1S(t, s)IT"(s)|| cex) < MeVlslePt=9) ¢ < .

If v = max{6,v} and w = min{a, B}, then M(t) = Me"!*!l and w > 0 are called
bound and exponent of the NEDI on J, respectively.

We present another notion of nonuniform exponential dichotomy with a modifi-
cation over Item (3) of Definition

Definition 2.3. Let S = {S(t,s);t > s} C L(X) be a linear evolution process
in a Banach space (X, - ||x). We say that S admits nonuniform exponential
dichotomy of type II on J , or stmply NEDII, if there exists a family of
continuous projections {I1"(t); t € J} such that

(1) TI*(t)S(t,s) = S(t, s)II%(s), for all t > s;

(2) S(t,s)|rere(s)) s an isomorphism for allt > s and the inverse over R(I1"(t))

we denote by S(s,t);
(3) there exist M,a, 8 > 0 and v,§ > 0 such that

[1S(t, s)IT* ()|l o (x) < ]\465“‘6_0‘“_5)7 t>s (2.1)
where 11%(s) := (I — I1*(s)) for all s € J and
[1S(t, s)IT“(s) | cexy < MeVIHeft=9) ¢ < (2.2)

In this work we will use the following notations.

Notation 2.4. Let S be an evolution process that admits a nonuniform exponential
dichotomy of type i € {I,I1}, families of projections II{ and II¥. Then we write
(1) the stable set at instant t, X7 (t) := II7(t)X and the unstable set at
the instant t; X} (t) := ¥ (t)X for all t € J;
(2) the stable family X} = {X?(t) : t € J}, and the unstable family X' :=
{X2(t) - t €T}
(3) Xi(a,8) = {XI(t) : t € I} to mean that over stable family the bound is
given by M*(t) = Medltl and the exponent by o > 0, see 23);
(4) X*(B,v) = {X/(t): t € I} to mean that over the unstable family the bound
is given by M*(t) = Me*!" and the exponent by B > 0, see ,

In the case that J = R, the names “stable” and “unstable” in NEDII have the
standard sense of exponential dichotomy, only when o > § and 8 > v. In fact,
at this situation, for every s € R fixed, we see that S(¢, s)II°(s) — 0 as t — +o00
and S(t,s)[I*(s) — 0 as t — —oo. However, there are examples of evolution
processes that admits NEDII with o < § or 5 < v with some interesting properties
to be explored. For instance, even in this “pathological situation”, it is possible to
obtain applications on the asymptotic behavior for evolution processes (Section
and Section .

The following result provides a simpler way to relate both types of nonuniform
exponential dichotomies.
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Theorem 2.5. Let S be an evolution process.
On R*:
(1) there exists a NEDI with X§(«,0), if and only if, there exists a NEDII with
X3 (a+9,0);
(2) there exists a NEDI with X}(8+v,v), if and only if, there exists a NEDII
with X, (B,v).
On R™:
(1) there exists a NEDIT with X§,(«,9), if and only if, there exists a NEDI
with X7 (o +9,9);
(2) there exists a NEDII with X};(8+v,v), if and only if, there exists a NEDI
with X7 (8,v).

Proof. Note that, if t,s € R we have
—a(t—8)+0s=—(a+0)(t—s)+ ot.
Hence, for an evolution process S that admits NEDI with bound on the stable set
M?(s) = Me®ls!, for some M,§ > 0 (the case § = 0 is trivial), and exponent o > 0
we have that
||S(t,S)HS(S)||£(X) < Me—a(t—s)+5\s| — Z\le—(04—0-5)(25—5)+6|15\7
which finishes the proof of Item (1). Similarly, Item (2) follows from the relation
a(t —s)+ 0t = (a+d)(t—s)+4d|s|, t,s€R".
The proof on R~ is similar to the case on RT. [

Next corollary summarize the relations of Theorem [2.5]

Corollary 2.6. Let S be an evolution process in a semi-line, i.e., J = Rt or R™.
If S admits NEDI (NEDII) with bound M(t) = Me*""l and exponent w > v, then
S admits NEDII (NEDI) with bound M (t) = Me"!!l and exponent w — v > 0.

The analysis as in Corollary [2.6]is not optimal, we lose information when unifying
the exponents «, § and the growth of the bound of order e’l!l or e”l*|. Note that
the same problem occurs when we study the exponents on the whole line. Hence,
to provide an “optimal” analysis on the relation of the exponents and the growth
of the bound, we sometimes consider different exponents, even in the half-lines Rt
and R™.

2.2. Examples of NEDII. In this subsection we provide examples of scalar evo-
lution processes that admit nonuniform exponential dichotomies (of type I and II).
Our goal is to guarantee that NEDII is a new concept and explore the differences
with the standard notion. Additionally, each example of this subsection can be used
to provide an example of parabolic PDEs with nonuniform exponential dichotomies,
see Subsection

The following proposition is inspired by Barreira and Valls [4, Proposition 2.3].

Proposition 2.7. Let a,b > 0 and S = {S(t,s) : t > s} be the evolution process
defined by x(t, s;xo) := S(t, 8)xg, where x is the solution for & = —bx — atsin(t)z,
t > s at the initial data x(s) = zo € R. We have that
(1) S admits a NEDII on Rt with X35,(b+ a,2a) and I1“(t) =0 for all t > 0.
(2) S admits a NEDI on R~ with X§(b+ a,2a) and II*(t) =0 for all t > 0.
Additionally, if b > a, then
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(1) S admits a NEDI on RT with X35 (b— a,2a) and II“(t) = 0 for all t > 0.
(2) § admits a NEDII on R~ with X§,;(b— a,2a) and II*(t) =0 for all t > 0.
(3) S admits NEDI and NEDII on R, with X3 (b—a,2a), j = 1,11, and I1*(t) =
0 for allt > 0.
Proof. Note that S(t,s)x = e~b(t=s)tatcos(t)—ascos(s)—asin(t)+asin(s); ¢ s € R and
z € R. Hence
||S(t, S)HE(R) _ S(t, 5) 1= 67(b+a)(tfs)+at(cos(t)+1)7as(cos(s)+1)fa sin(t)+asin(s).
Thus,
S(t,s) 1< €2a7(b+a)(tfs)+2at7 t>s>0,
S(t, S) 1< 62(17(b+a)(tfs)+2a|s\7 s<t<0.

which finishes the prove of the first two items. The proof of the remaining items
follows from Theorem 2.5 [

Remark 2.8. Let S be the evolution process defined in Proposition[2.7 Note that, if
a < b<3a,S admits a NEDII on RY with X§,(aa,d2), where ag := b+a > 2a =: 0y
and a NEDI on Rt with X35(aq,81), and oy :== b —a < 2a =: §;. Hence, in some
situations, it is possible to choose NEDII with “better” relation in the exponents
than NEDI. Of course, an analogous relation its obtained over R™, but S admits
NEDI and NEDII, where NEDI has the “better” relation on the exponents for NEDI

Next, we provide an example of an evolution process that admits NEDII with
two different projections and does not admit any NEDI.
Proposition 2.9. Define fo: R — R by
1 ift >0,

and consider the Caratheodory differential equation

&= fo(t)z, forteR.
Then, the induced evolution process Sop = {So(t,s) : t,s € R} admits a NEDII on
R with two different families of projections, and does not admit any NEDI on R.

Proof. For each t € R define the real function T'(t) : R — R as

etz ift >0,
Tt)z = { etz if t <0,
for each x € R. Note that T'(¢) is an homeomorphism on R and that Sy(t,s) =
T(t)T(s)~! for every t,s € R.
First we show that Sy admits a NEDII with the II*(¢) = 0 for all ¢t € R, i.e., we
prove that Sy satisfies

1So(t, 8)|lcry = So(t, s) 1 < e =2 for all £ > s. (2.4)
Indeed, if s < 0 < t we are able to write So(t, s)1 = 51t = e~ (t=5)+2(t+5)  Now, let
t > s >0 then
t—s< —(t—s)+2t=—(t—s)+2t.
Thus Sy(t,s)1 = et=% < e~ (=92 for t > s > 0. Finally, if s < ¢ < 0 then
So(t,s)1 = e~(=%) and S satisfies (2.4).
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Similarly, it is possible to prove that
So(t,s)1 < et=s+2M ¢ <. (2.5)

Therefore, Sg = {So(t,s) : t > s} admits a NEDII with IT%(-) = 0 and II*(-) = Idg.

Finally, suppose that Sy admits a NEDI on R, then exists {II“(¢) : t € ]R} a
family of projections so that satisfies all the conditions from the Definition [2.2] It
is straightforward to verify that H“( ) must be constant equal to the 1dent1ty map
Idg or the null operator 0. -

Assume that II* = Idg. Then there are M, > 0, and 7 > 0 such that

So(t,s)1 < MePt=)+71sl ¢ < g (2.6)

Then, for each s € R fixed, Sy(t,s)1 — 0 as t — —oo, which is a contradiction.

Similarly, we prove that we can not have II* = 0, and therefore Sy does not
admit any NEDI. |

Proposition 2.10. Let f : R — R be a continuous function such that

(1) Ty oo () = 1

(2) limy_y_oo f(t) = —1.
Then, the evolution process Sy = {Sf(t,s) : t,s € R}, associated to & = f(t)z,
admits a NEDII on R with two different projections. Moreover, Sy does not admits
any NEDI on R.

Proof. Let fo be the function defined in . Note that

r)|dr = 0.

[t— s\—)-&-oo t—

Then, for any € € (0,1), there exists K > 0 such that

/|f r)|dr < K + €|t — s|, for each t,s € R,
which yields to
/t f(r)dr < /t fo(r)dr + K. + €|t — s|, for each t,s € R. (2.7)
Thus ) |
Sp(t,s)1 < M.So(t,s)e =) t > s, (2.8)

where M, = <. Hence, by the proof of Proposition
S¢(t,s)1 < Mee*(lfé)(tfs)”lt‘, t>s.

Therefore, Sy admits a NEDII with projections IT*(¢) = 0 for every t € R.

We now use and Proposition with ¢ > s replaced by t < s, to obtain
that Sy admits a NEDII with projections I1*(t) = Idg, for every ¢t € R.

Let us prove now that Sy does not admit NEDI. Suppose that Sy admits a NEDI
with projections II%(t) for ¢ € R. Then, IT*(¢) must be constant equal to the null

operator or the identity map. First, assume that H“( ) =0, for every ¢ > 0. Thus
there exist M, & > 0 and 6 > 0 such that

Sp(t,s)1 < Me @(=9)F3lsl 4 > g (2.9)
By similar arguments used to prove (2.8)), it is possible to verify that
So(t,s)1 < M.Sy(t,s)e =) t > s. (2.10)
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Then for € € (0, &), inequality implies that Sy admits a NEDI, which is a
contradiction with Proposition 2.9] By a similar analysis, it is possible to see that
if Sy admits a NEDI with projections II%(t) = Idg, for t € R, then S, will also
admits a NEDI, which will be a contradiction with Proposition [2.9] The proof is
complete. O

The next proposition provides an example of an evolution process that admits a
NEDII that does not admit any NEDI over a half-line.

Proposition 2.11. Consider the ordinary differential equation
z = g(t)z, fort>0,
where g is the real function defined as
0 ifte(0,1],
gt)y=¢ 1 ifte (nl,(n+1)!], forn=2k,k=0,1,---,
-n ifte(nl,(n+1)!], forn=2k+1,k=0,1,---.
Then there exists an evolution process Sq = {Sy(t,s) : t,s > 0} such that:

(1) S, admits a NEDII in Rt with X5(1,2) and projection II*(t) = 0, t > 0.
(2) Sy does not admit any NEDI on R .

Proof. Note that
Sy(t,s)1<e™*, t>s>0.

Since t —s < —(t —s) +2t, for t > s > 0, S; admits a NEDII with projection
IT* = 0 and exponents &« = 1 and § = 2.

Now, we prove that S, does not admit any NEDI. Indeed, if S; admits NEDI
with projection IT%(-) constant equal to 0 or Idg. Suppose that II%(¢) = 0, for each
t > 0. This means that there are M, a,d > 0 such that

Sy(t,s)1 < Me®lsl=a(t=9) for all t > s > 0. (2.11)

For n = 2k for some k € N, we choose t,, = (n+1)! and s,, = n!, thus t,, — s, = ns,.

Thus, from (2.11)
Sy(tn,5,) 1= e < MePsn=atn=52)  for all even n.

Hence,
ensn(1+a)=0sn < Af - for all even n € N.

which is a contradiction, because the sequence on the right-hand side is not bounded.
Therefore, S, does not admit NEDI with projection II* = 0.

Now, if we assume that S, admits a NEDI with projection II* := Idg, following
the same line of arguments above we will obtain a contraction. Therefore, S; does
not admit any NEDI and the proof is complete. (Il

2.3. NED for invertible evolution processes. In this subsection we study
nonuniform exponential dichotomies for invertible evolution processes. We pro-
vide a relationship between NEDI and NEDII. As an application we establish a
robustness result of NEDII.

Before proving the next result we recall the concept of dual operator of a linear
operator in a Banach space. For an arbitrary bounded linear functional z* € X*
we write z*(z) := (z,2*) € R.
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Definition 2.12. Let A : D(A) C X — X be a linear operator such that D(A)
is dense in X. The dual operator A* : D(A*) C X* — X* of A is defined by:
D(A*) is the set of x* € X* such that there exists z* € X* such that

(Az,z*) = (x,2"), © € D(A). (2.12)
For z* € X* we define A*x* = z* as the only element of X* that satisfies (2.12]).

For the next result, we only need to consider the dual operator of an bounded
linear operator A € L(X). Of course, in this situation, D(A*) = X* and A* €
L(X™).

The next result provides a fundamental relation between these two notions of
NED for invertible evolution processes.

Theorem 2.13. Let S = {S(t,s) : t,s € J} C L(X) be an invertible evolution
process in a Banach space X. Define the bounded linear operator in the dual space
X*
T(t,s) =[S(s,t)]*, forallt,s € ]J.
Then T :={T(t,s) : t,s € J} defines a invertible evolution process in X*.
Additionally, if S admits a NEDI (NEDII) with bound M (t) = Me ", fort € J,
exponent w > 0, and families of projections II* and 11°, for some M,v > 0. Then
T admits « NEDII (NEDI) with bound M(t) and exponent w > 0, and family of
projections II* = [II*]* and II° = [II%]*, where
[ITF)* = {[IF()]* -t € T}, k=u,s. (2.13)
Proof. Let us first show that 7 defines an evolution process in X*. Let t,s,7 € J
then
T(t,t) =[St )] = [Idx]" = Idx~,
and also
T(t,s)T(s,7) = [S(s,)]"[S(7,9)]" = [S(7,5)5(s,1)]" = T(t,7),

where we use duality properties and that S is an evolution process. Now, let
(tn, Sn, 1) be a sequence in J? x X* such that (t,,s,)z, — (t,s,2*) as n — +o0,
we will prove that T'(t,, s,)x — T(t,s)z* as n — +oo. First, note that

[T (b, sn)zy, = T(t8)" [ px) = S {2, T(tn, sn)xy) — (2, T(L, 5)2™)|
T x=

= sup (S(sus ta)as ) — (S(s, D, 7).
lzllx=1

For any = € X, we have that
[(S(8nstn)z, 27) — (S(s, )z, ™)
< [(Ssnstn)x = S(s, ), ) + [(S(s, )z, 27, — ™)

< gl 15 (sns tn)x = S(s, O] x + [[S(s, )zl x [|z7, — ™[ x-

Since {x7} is a bounded sequence in X*, to obtain that

i IT (b, sn)2s, = T(t )2l exe) = 0.

Therefore, T define an invertible evolution process in X*.
Now, assuming that S admits a NEDI and we claim that 7 admits a NEDII.
Indeed, since S admits a NEDI, there exists a family of projections {II*(¢) : ¢ €
J} such that satisfies the conditions in Definition for S.
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Define II5(t) := [II*(t)]* for all ¢ € J. Then {II*(t) : ¢t € J} is a family of
projections on X* such that

T(t, $)TI*(s) = [S(s,8)]*[IT"(s)]" = [I1"(s)S(s,0)]", (2.14)
Since % (s)S (s, t) = S(s, t)II*(t), we conclude that T'(t, s)II*(s)II*(£)T(t, s).

Moreover,

IT (2, $)TT° (5)l| £y IS (s, T (O] £+
1S (s, T ()| 2 (x)

Melltew =D for ¢ > s,

IN

and, if I1%(t) = Idx- — II*(t), we obtain that

IS (s, T ()] [l £
MeVltle=<(=0  for ¢ < s.

1 T(t, $)IT*(s)]| £(x+)

IN

Then, according to the inequalities above, 7 admits NEDII on J with exponent
w > 0 and bound Me!"l, t € R.

Finally, if S admits a NEDII following the same line of arguments of the above
proof we conclude that 7 admits a NEDI, with the same relations between projec-
tions, bound and exponent. O

As an application of Theorem we provide conditions obtain that NEDII is
stable under perturbation.

First, we borrow a robustness result for NEDI under perturbation, presented in
[9, Theorem 3.11].

Theorem 2.14 (Robustness of NEDI). Let S = {S(t,s) : t > s} be a linear
evolution process which admits a NEDI with bound M(s) = Me!*! and exponent
w >0 for some M >0, and 0 < v < w. Suppose that S satisfies

Ls:= sup {e " M|S(t,5)cx)} < +oo. (2.15)
0<t—s<1

Then there exists € > 0 such that if T = {T'(t,s) : t > s} is another evolution
process such that

sup_ {e"1S(t,5) = T(t5)ll o)} < (2.16)

0<t—s<1

then T admits a NEDI with exponent & := & —w > 0 and bound

]\/4\(5) = M2e% max{L7, L%—} e2vlsl)
where

@ = —In(coshw — [cosh? w — 1 — 2esinh w]'/?),
M = M(1+¢/(1=p)(1 —e®))max{My, M}, and p := (1 +e7*)/(1 —e¥),
My = [1—ee /(1 —e )7, My := [l —ee ?/(1 — e P! and B =
@ + In(1 + 2esinh w).

Now, as a consequence of Theorem [2.14] and Theorem [2.13] we prove a robustness
result for NEDII.
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Theorem 2.15 (Robustness of NEDII). Let S&; = {Si(t,s) : t,s € R} be an
invertible evolution process that admits a NEDII with bound M(t) = Me*"l t € R,
for some M,w > 0, and exponent w > v. Suppose that S1 satisfies

sup {e” vlt| 151 (t, )l £(x)} < +oo. (2.17)
0<t—s<1

Then there exists € > 0 such that if So is another invertible evolution process such
that

sup_ {1 [[S1(t,8) — Sa(t, s)ll )} < e (2.18)

0<t—s<1
Then Tz := {Tg(t s) = [Sa(s,t)]* : t,s € R} admits a NEDI with exponent @ > 0
and bound M provided in Theorem for € small enough.
Additionally, if X is reflexive, then Sy admits a NEDII with the same bound and
exponent of Ta.

Proof. Let Ty = {T\(t,s) : t,s € R} be the evolution process over X* defined by
Ti(t,s) :=[Si(s,t)]* for all t, s € R.

Then, from Theorem 71 admits a NEDI with bound M(t) = Me*!"l and
exponent w > v. From ([2.17)), 7; satisfies

sup_ {6_“‘” ITi(t 8)lccxn} = sup_ {e " S1(s, )2} < +oo.
0<t—s< 0<t—s<1

Therefore, by Theorem [2.14] there exists € > 0 such that if 7 = {T'(t,s) : t,s € R}
is an evolution process over X* such that
sup {e”l* | Th(t,s) — T(t,8)|lc(x-)} < € (2.19)
0<t—s<1

then 7 admits NEDI with exponents & and bound M , given by Theorem m

Let Sz be an evolution process over X such that satisfies equation (2.18]). Hence
To(t,s) := [Sa(s, t)]* defines an evolution process Tz over X* satisfying. Thus
T3 admits a NEDI with exponent & > 0 and bound M , which finishes the first part
of the proof.

Finally, we assume that X is reflexive. Let J : X — X** be the evaluation
map, i.e., J is defined by z — Jr € X**, where (z*, Jz(z**)) = (x,2*), for every
x* € X*. Since X is reflexive, J is an isometric isomorphism, and S, satisfies

So(t,s) = J1[Sa(t,s)]**J, for every t,s € R. (2.20)
Now, from the ﬁrst part of the proof 8§ = {[S2(t, s)]* : t,s € R} admits a NEDI.
Hence Theorem implies that S5* = {[S2(¢, )]*™* : t,s € R} admits a NEDII
with bound M, exponent & > 0, and family of projections {II*(t ) t € R}. Then,

it is straightforward to verify that So admits a NEDII with bound M and exponent
@, and projections IT%(¢) = J~!I1%(¢)J for t € R, and the proof is complete. O

Remark 2.16. There are evolution processes such that has a NEDII with bound
My (t) = Me2 and exponent wo > vy and admits a NEDI bound K, (t) = Mevtl
and exponent wy < wvy. For those it is possible to apply the robustness result of
NEDII, Theorem[2.15, and it is not possible to apply the robustness result of NEDI,
Theorem because of the conditions on the exponents wi < 61, see Example
17

Therefore, we established a robustness result of NEDII that can be applied in a
situation where the robustness of NEDI, namely Theorem can not be applied,
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which reinforces the importance of the nonuniform exponential dichotomy of type
1.

Next, we provide an example of an invertible evolution process in R, with the
proprieties described in Remark

Example 2.17. Let a,b,c,d > 0 with b > a and d > c. Consider the real function

[ —b—atsin(t), ift >0,
ft) = { —d — ctsin(t), ift <O.

Let T = {T(t,s) : t,s € R} be the evolution process induced by x(t) = f(t)z(t).
Then, from Ezample[2.7, it is straightforward to verify that T admits NEDII with
X3 (g, 6) and IIY; =0, and a NEDI with Xj(a1,6), and II} = 0, where

ag =min{b+ a,d — ¢}, a1 = min{b — a,d + ¢} and § = max{2a, 2c}.

In particular, T satisfies condition [2.17

Note that it is possible to choose a,b,c,d such that as > 6 and oy < 6, for
instance: d <1/2,a>1, and b € (a+1,3a). Thus, for these choices, it is possible
to apply the Robustness of NEDII, namely Theorem[2.15, and it is not possible to
apply the Robustness of NEDI, Theorem[2.1] Therefore, in this case, we know for
sure that NEDII is persists under perturbation and we do not know if NEDI does.

Of course, a symmetric claim holds for NEDI: there are a, b, ¢, d such that cc; > §
and ag < . Therefore, together, NEDI and NEDII, provides an completely analysis
of existence of an nonuniform exponential dichotomy for & = f(t)x and whenever
this type of nonuniform hyperbolicity is preserved under perturbation.

In the upcoming sections, we will investigate applications of nonautonomous
differential equations. Specifically, we will discuss ODEs in Section [4] and PDEs
in Section [f] utilizing a nonuniform exponential decay approach. This involves
employing nonuniform exponential dichotomy (types I or II) with a trivial unsta-
ble projection (II* = 0). Before delving into applications, we will establish some
abstract theoretical groundwork. Thus, the subsequent section will revisit key con-
cepts such as pullback and forward attraction for evolution processes in metric
spaces and restudy some results on the existence of attractors to properly fit our
applications.

3. EXISTENCE OF FORWARD AND PULLBACK ATTRACTORS

In this section we study asymptotic behavior for evolution processes in a metric
space (X, d). The goal is to present a self-contained theory that will be appropri-
ated for our applications on ordinary and parabolic differential equations. Hence,
we study forward and pullback attraction and provide some simple results on the
existence of forward attractor and pullback attractors. Our results are inspired by
Chepyzhov and Vishik [I8] and Caraballo et al. [10], for forward attractions, and
by Carvalho et al. [I7] and Marin-Rubio and Real [29], for pullback attraction.

For both senses of attraction, we will need a proper definition of distance, the
Hausdorff semi-distance between sets of X.

Definition 3.1. Let A, B be subsets of X the Hausdorff semi-distance between
A and B is defined as

dist(A, B) = sup inf d(a,b).
ist(A, B) sup inf (a,b)
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3.1. Forward attraction. In this subsection we introduce some notions of forward
attraction and study conditions to obtain the existence of forward attractors for an
evolution process S = {S(t,s) : t > s, t,s € J} in a metric space X, where J is R
or RT.

Definition 3.2. Let S be an evolution process and {D(t) : t € J} a family of
nonempty subsets of X and B a subset of X. We say that {D(t) : t € J} forward
absorbs B, if for any arbitrary T € J there exists a tg = to(7, B) > 7 such that

S(t,7)B C D(t), for everyt > to.

In particular, we say that a set D forward absorbs B C X if the single-point
family {D(t) = D : t € J} forward absorbs B.

A fundamental tool on the existence of forward attractor is the notion of a
forward w-limit set.

Definition 3.3. Let B be a subset of X and 7 € J. The forward w-limit set of
B at 7 is

wp(B,T) = ﬂ U S(t+,7)B.

s>0t>s
Another way to characterize a forward w-limit set is the following.

Remark 3.4. Let B be a subset of X and T € J. The forward w-limit of B at T is

wr(B,T) = {y € X : there are sequences {b, tneny C B and t, > 0 with

tn, — 400 such that y = hIJIrl Sty + 7, T)bn}.
n——+0o

Now, we present the definition of forward attractor for an evolution process S.

Definition 3.5. A compact set A on X is called a forward attractor for S if A
forward attracts any bounded set in X, i.e., for any bounded set B C X and T € J

lim dist(S(t,7)B, A) =0,
t——+oo
and A is the smallest closed set that forward attracts bounded sets.

In Chepyzhov and Vishik [I§] it is discussed the existence of forward attractors
which can be uniform with respect to the initial time 7 (w.r.t. 7). However, in our
applications, it is not expected to obtain this type of uniform attractors, because
of the presence of nonuniform hyperbolicity that we will use in our hypotheses in
the following sections.

Now, we are ready to present our result on the existence of forward attractors.

Theorem 3.6. Let S = {S(¢,s) : t > s, t,s € J} be an evolution process in X.
Suppose that there exists a compact set that forward absorbs every bounded set of
X, then there exists a forward attractor for S.

Proof. Let B be the class of all bounded nonempty set of X and suppose that there
exists a compact set K that absorbs every element of B. Define

A= U U wr(B,T).

BeBrTel]
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Note that, for every B € B and 7 € J we have that wp(B,7) is the smallest

closed set such that
t£+moo dist(S(t + 7,7)B,wr(B, 7)) = 0.

Then, for every bounded set B and 7 € J we have that wp(B,7) C K. Thus, A a
closed set contained in K. Hence A is a compact set which forward attracts B.

Moreover, let D be a closed subset of X that forward attract subset B of X.
Then, for each B and any 7 € J we have that wp(B,7) C D. Thus A C D, which
means that A is the minimal closed set that attracts every element of B. Therefore
A is the forward attractor for S. O

Remark 3.7. Let S = {S(t,s) : t > s, t,s € R} be an evolution process such that
S(0,8)B is a bounded for each bounded set B of X and s < 0. Then the existence
of a forward attractor for S is completely determined by S restricted in RY. In
fact, at this situation, if Sy = {S(t,s) : t > s > 0} has a forward attractor A, then
A is the forward attractor for S.

3.2. Pullback attraction. In this subsection we study pullback asymptotic behav-
ior. Our goal is to provide conditions for the existence of a pullback attractor that
attracts families of nonempty subsets in a universe. For this, we set J as R or R™.

We consider the collection M consisting of all time-dependent families of non-
empty subsets of X, i.e., a typical element of the collection M is a family

D:={D(t): D(t) C X, D(t) # 0 for all t € J}.
For D, B € M, we write D C B to mean that D(t) C B(t) for all t € J.

Definition 3.8. A subcollectwn D of M is said to be an un'we'rse zf it is closed by
inclusions, i.e., if whenever DeD and B € M with B C D then B also belongs
to D.

A usual example of a universe for a metric space X is the collection of bounded
subsets of X. Now, we present a nontrivial example of a universe on a Banach
space (X, || - [|lx).

Example 3.9. For all v > 0 we denote D., a subclass of M that consists of all
nonempty family D~ for which there exists C = C(D~) > 0 such that

sup sup {e M|z x} < C.
tel x,€D,(t)

Note that Dy is the collection of the uniformly bounded families of nonempty subsets
of X.

The subclass D~ defines a universe for each fized v > 0 . In fact, let E, DeM
such that B C D and D € D.,. Since

bup {e It lzllx} < sup {e || x}, for allt €],
r€B

we obtain that B € D,.

Definition 3.10. Let S = {S(¢,s) : t > s} be an evolution process, D is a universe
i X, and B,D € M.
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o We say that B pullback attracts D € M at instant t if
lim dist(S(t,s)D(s), B(t)) = 0.

s——

e We say that B pullback D-attracts if, for every DeDandt € J, B
pullback attracts D € D at instant t.

Definition 3.11. Let D be a universe and S = {S(t,s) : t > s} an evolution

process. A family of compact sets Ap = {Ap(t) : t € J} is said to be a pullback
D-attractor for the evolution process S if

(1) Ap pullback D-attracts;
(2) Ap is invariant, i.e.,
S(t,s)Ap(s) = Ap(t), for allt > s;
(3) Ap is the minimal closed family that pullback D-attracts, i.e., if F = {F(t):
t € J} is a family of closed sets that pullback D-attracts, then A C F.

In some situations the pullback attractor for an evolution process can be uni-
formly bounded.

Definition 3.12. Let D be a universe and S = {S(t,s) : t > s} an evolution

process, and Ap = {Ap(t) : t € J} a pullback D-attractor for S. We say that Ap
is uniformly bounded if Uiy Ap(t) is a bounded subset of X.

Similar to the forward case, we also have the notion of pullback absorption for
family of subsets of X.

Definition 3.13. Let K = {K(t) : t € J} be a famzly of nonempty subsets of
X. We say that K pullback D-absorbs if given DeDandt e the family K
pullback absorbs D in the instant t € I, i.e, there is so = so(t, D) <t such that

S(t,s)D(s) C K(t), for all s < sq.

To prove the existence of pullback attractor it is crucial to consider the pullback
w-limat set.

Definition 3.14. Let D € M and 7 € J. The pullback w-limit set oflA) at T is
7) = (U S 5)D(s)
t<t s<t
The pullback w-limit set can be characterized by sequences.

Remark 3.15. Let B be a subset of X and 7 € J. The forward w-limit of B at T
18

wp(D,7) = {y € X : there exist sequences S, < T, S, — —00,

and by, € D(sy) such that y = lim S(T, sn)bn}.

n—-+o0o

Finally, We state our result on the existence of pullback D-attractors.
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Theorem 3.16. Let S be an evolution process in a metric space X over J and D
be a universe. Suppose thatl there exists a family of compacts sets K = {K(t) :
t € J} that pullback D-absorbs. Then there exists a pullback D-attractor Ap for

the evolution process S. Moreover, the pullback D-attractor is A = {A(t) : t € I},
where

A(t) == U wp(D,t), for eacht € J. (3.1)
DeD
Proof. The proof of Theorem follows the same line of arguments of [I'7, The-
orem 2.12], some details are included for the reader convenience.

Let K = {K(t) : t € J} be the family of compact sets that pullback attracts
every family of sets contained in D. For each ¢ € J define A(t) as in (3.1)).

For cach D € D and t € J we have that wp(D,t) is the minimal closed set
that pullback attracts D at instant ¢. Thus, for each ¢ € J, the pullback w-limit
set wp(ﬁﬂf) is contained in K(t). Therefore, the set A(t) is compact, pullback
attracts every D € D at instant t, and it is the minimal closed family that pullback
D-attracts. Hence, to conclude that A is the pullback D-attractor we only need to
guarantee invariance.

First, let us prove invariance of pullback w-limit sets. Let t > s with ¢,s € J,
then

S(t, s)wp(D, s) = wp(D, t). (3.2)

In fact, from continuity of S(¢, s) we obtain that S(, s)wp(D, s) C wp(D,t), t > s.
Conversely, let x € azp(lA),t)7 then there exist s, — —ooc as n — +oo, with s,, <t
and z,, € D(s,) such that z = lim,—, { o S(¢, $n)Tn. Since K (s) pullback absorbs
D at s and s, — —oo, it is possible to choose ng > 0 such that s, < s and
S(s,sn)xy, € K(s) for every n > ng. Hence y,, := S(s, s, )z, has a convergent
subsequence {y,,} with limit y € K(s), in particular lim;y,, = y € wp(D, s).
Thus, x = S(t, s)y € S(t, s)o.)p(ﬁ7 s) which concludes the proof of (3.2).

Finally, we are ready to prove that S(t,s)A(s) = A(t). By continuity of op-
erator S(t,s) and invariance of the pullback w-limit sets , we obtain that
S(t,s)A(s) C A(t). Reciprocally, let = € A(t), then exist x, € wp(Dy,t) such
that * = lim, 400 . Thanks to invariance of pullback w-limit sets there
exists y, € wp(lA)n,s) such that z, = S(¢,8)y,. Since {yn}nen is contained in
A(s) it is possible to extract a convergent subsequence with limit y € A(s). Thus
x = S(t, s)y and the proof is complete. O

Remark 3.17. Note that Theorem [3.16 provides existence and uniqueness of
pullback D-attractors without the condition that K belongs to D, we also do not
have obtained (necessarily) that A belongs to D. This differs from the typical re-
sults on the existence and uniqueness of pullback D-attractors, see for instance [29)
Theorem 18], [13, Theorem 7] or [I7, Theorem 2.50]. Usually, they suppose that
the evolution process S is pullback D-asymptotically compact and that there exists
B € D such that pullback D-attracts, they conclude the existence of one and only
one pullback D-attractor A that belongs to the universe D.

In our applications, the pullback D-attractor does not necessarily belongs to D,

see Section[], for ODEs and Section[5, for PDEs.
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Remark 3.18. Let S = {S(t,s) : t > s, s € R} is an evolution process such
that S(t, s) is compact for every t > s, then the existence of a pullback D-attractor
for S is completely determined by the existence of a pullback D-attractor for S_ =
{S(t,s):s <t <0}

4. APPLICATIONS IN NONAUTONOMOUS ODES

In this section we consider a nonautonomous differential equation
&= f(tz), x(s)=us, (4.1)

where f : R¥NT! — RY is a continuous function, locally Lipschitz in the second
variable. Then, for each 2o € R and s € R, there exists a solution (-, s; f, zo) :
[s,0(s,20)) = RY of (1)), defined on a maximal interval of existence [s, o (s, z¢))
for some o (s,x9) > s (possibly +00). If o(s,79) = 400, then for each zy € R and
s € R, this solution induces a continuous evolution process {Sf(t,s) : t > s} over
RY defined by S¢(t,s)zo := z(t, s; f, 20)-

4.1. Comparison with a scalar ODE. In this subsection we develop an admis-
sibility theory applied to asymptotic behavior of evolution processes. This is done
by comparison of with an scalar differential equation. We use the ideas of
admissibility for the scalar ODEs to obtain existence of pullback and forward at-
tractors. Thanks to this technique we obtain estimates for the size of the balls that
contains the attractors. The approach provided in this subsection can be employed
in different situations. For instance, in Subsection [{.2] for comparison with sys-
tems of ordinary differential equations, and Subsection for parabolic differential
equations.

The approach of this subsection is inspired by Longo et al. [28], where the authors
use uniform exponential dichotomies and comparison to study asymptotic behavior
for nonautonomous dynamical systems, and by Zhou and Zhang [39], where they
study admissibility pairs for difference equations.

Consider the following assumption:

(A) Assume that there exists a,b: R — R continuous real functions such that

2(f(t,x),x) < a(t)|z]|® +b(t), for all (t,z) € RNFL,
where |z| := \/{z,z), and (-,-) is the inner product on R¥.
From (A), we have that
%|x(t)|2 =2(f(t,x(t)), 2(t)) < a(t)|z(t)]* +b(t), for all t € R.

Then, for each (s,2¢) € R x RY the solution z(¢, s; f, o) is defined for every t > s,
and satisfies

|z (t, 83 f,20)]* < exp{/:a(r)dr}|x0|2 +/: exp{/rta(T)dT}b(r)dr. (4.2)

This leads us consider the scalar nonautonomous equation

Z=ua(t)z+b(t) € R. (4.3)
Let T'(t,s) := exp { f; a(r)dr} for all t,s € J, then T = {T(t,s) : t > s} is the
evolution process such that z(t, s;a,xo) := T(t, )z is the solution of Z = a(t)z

with z(0) = zo.
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For each n € R consider the space

C,(J) ={b:J = R: bis continuous and sup{e~""!|b(r)|} < +o0}.
rel

We study existence of pullback D.-attractors for Sy, by assuming that 7 admits
a NED (of types I or IT). In fact, inspired by possible admissible pairs for , we
will provide explicitly radius of family of balls that contains the pullback attractor
depending of the space that the non-homogeneous function b belongs.

First, we study the existence of pullback attractors for Sy restricted in R™.

Theorem 4.1 (Existence of Pullback D, -Attractors in R™). Suppose that T admits
a NEDII on R™ with X};(c,d) and II* = 0. Let D, be the universe defined in
FEzxzample with J = R, for every 0 < v < a/2.

If A\ < a/é and b € Cys(R™), there exists a pullback D -attractor /TV = {A,(t) :
t <0} for S; = {Sf(t,s): s <t <0}

Moreover, A,(t) C B[0, R(t)], for each t € R™, for some R : R~ — R which
R? € Ciias(R7).

In particular, if A < —1, the pullback D.,-attractor _,Z{,Y is uniformly bounded.

~

Proof. We show the existence of a family of compact sets K = {K(t) : ¢ < 0} that
D, -absorbs for every v € [0,a/2) fixed. Let D € D, b € Cy5(R7), A < /6, and
s <t <0. Since D € D,, there exists C' > 0 such that

|z5]? < Ce®®! for all s € R, and z, € D(s).
From (4.2)), we obtain that
t
155(t, s < T(t, 8) s +/ T(t, 7)b(r)dr.

Since T admits a NEDII with X7;(«,d) and II* = 0, there exist M, > 0 and
6 > 0 such that

t t
I(t,s) :=/ T(t,7)b(r)dr S/ Medltle=2t=p(1)dr
S S

t
< Me‘smefo‘t/ eO‘T+‘”‘|T‘67)‘6”'1)(7')6%'7 s<t<0.

S

Since a — A\J > 0,

M

I(t,s) < bl|xg e A3,

(t.5) < bl
On another hand, for 0 > ¢t > s and z; € D(s) we obtain

IT(t, 5)| |xs]? < Me™(OFteascelsl

< M067(5+a)t6(a72'y)s.

Therefore

M
|Sf(t,s)xs\2 < MCeOtaltlgla=2)s | -

—lBllas XL (4.

Thus, for each ¢t < 0, we consider the compact set

1/2
Ki(t) = B[0, Ry (t)], where Ry (t) = { 1+ (6] x5 €A1 } .

M
a— 0
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Hence as s — —oo in we see that for each ¢t < 0 there exists sg = so(t, M, C, \) <
t such that Sy(t,s)xs € Ki(t) for every s < s and x5 € D(s). Now, since s is
independent of x; we obtain that Sf(t,s)D(s) C Ki(¢) for all s < sg. There-
fore, K; := {K;(t) : t € R~} is a family of compact sets that pullback absorbs
every element of the universe D, and from Theorem [3.16] there exists a pullback
D.,-attractor A, such that ,%TV C 1?1.

Now, note that from we conclude that

K@:BMR@LWMWR@:{QM

1/2
5/\||b||A5 eA+1)3]t] } .t <0,

defines a family of compact sets K := {K(t) : t < 0} such that pullback D.,-
attracts. Since A is the minimal closed family that pullback D-attracts, we have
that A, C K, and the proof is complete. ([

Thanks to Theorem it is possible to analyze existence of pullback attractors
with an input-output analysis, i.e., for each non-homogeneous term b, on the scalar
equation , we obtain a pullback D.-attractor and estimates for the size of it,
which are related with the space that b belongs. Note that the pairs (0A, (A + 1))
are similar to the admissible pairs in [39] in the case of difference equations.

Now, we state a equivalent result of Theorem when the evolution process T
admits a NEDI, instead of a NEDII.

Corollary 4.2. Suppose that T admits a NEDI on R~ with X§(a, ), II* =0, and
a>0d. If A< a/d—1, then the same conclusions of Theorem hold true.

Proof. From Theorem T admits a NEDI with X7 (e, d) with a > § and IT* =0
if and only if 7 admits a NEDII with stable set X§; (o — 0,6) and II* = 0. Then

apply Theorem
|

The following proposition provides a relationship between the pullback attractors
{A, 7 €[0,a/2)} of {S¢(t,s):s <t <0}

Proposition 4.3. Let D, the universe defined in E':mmple@ and Sy be the evolu-
tion process induced by (4.1)). Suppose that T admits NEDII on R~ with X§,(«, 9)
and II* = 0. Define vo := yo(A) :== 2711+ \)6, for each X € [-1, (a—8)/6). Ifb e
Cxs(R™) the pullback D, -attractor A, coincides with A, for every v € (v, /2).
Proof. Theorem implies that for each A € [-1,(a — §)/d) and b € Cys(R™)
there exists a pullback D.-attractor for every 0 < v < a/2. In particular, since
70 € [0, «/2), there exists also A, .
From Theorem for each z; € A,(t) and ¢t € R, we have that
lz:| < R(t) = O(e™!!).

Consequently, uzl\y € D, and .zzl\% pullback attracts ,Zl\,y € D, at instant t € R™.
Hence, by invariance ﬁA, of and compactness of A, (t) for each ¢ > 0, we conclude
that .Zl\v C .ZVO? for every v € [0, a/2).

Reciprocally, let us prove that ./1,0 C ./17 for all v € (0, /2). Note that

D., C D, for every v > 7o.
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Thus -’Zv pullback attracts all the elements of D, , and since JT% is the minimal
closed family with this property we obtain that A,, C A,.
Therefore, A, = A, for all v € (v, a/2). O

From now on, we are going to suppose that 7 admits exponential dichotomies
with different pair of exponents on R* and R™, because when unifying we lose quan-
titative information, as in Corollary when unifying the values of the exponents
of the unstable and stable sets.

Next, we state a result on the forward dynamics of {S¢(t,s) : t > s > 0}.

Theorem 4.4 (Forward Admissibility in R*). Suppose that T admits a NEDII on
R* with bound M(t) = Me"!!l, exponent B > 0, and II*(t) = 0, for t > 0. Let
be Cp(RT), 2o € RN, if

(1) n> —p/v, then
Sy (t, s)wo|® < Mel=Pits g2 +
(2) n=—p3/v, then

1S5 (t, s)xo)? < MeW =P8 |22 4 M||b||,,e” =P, t>s>0. (4.6)
(3) n < —pB/v, then

_ M{[bllvy -
Si(t,s)zo|? < MeV=PItHBs| 12 — ZZ 2N (=Bt gv(ntl)s - > ¢ > (. 4.7

Proof. Let b € Cp,, (RT) and o € RY. From (4.2)) we have that

M
B+vn

[l eIt > s > 0. (4.5)

t
\Sf(t7s)x0\2 < T(t,s)|x0|2 —|—/ T(t,7)|b(7)|dT, for t > s> 0.

Define ,
I(t,s) := / T(t,r)|b(r)|dr, t>s>0.

Since 7 admits NEDII and b € C,,, (R"),

t
I(t,5) < Me Pt ], / B gy (4.8)
Now, the proof follows from the analysis of (4.8) for each n € R. O

Remark 4.5. Note that, Theorem[{.]] includes the case where T admits a NEDI
on RT with bound M(s) = Me’®!, exponent a > 0, and II%(s) = 0, for s > 0, see
Theorem [2.3

Now, we are ready to prove our result on the existence of forward attractors for
Se(t,s):t>s>0}.
f

Theorem 4.6 (Existence of Forward Attractor in RT). Suppose that T admits
NEDI on R* with bound M(t) = MellYl, ¢ > 0, for some M > 0 and § > 0,
ezponent o > 0, and projections II“(s) = 0 for all s > 0. Then, if b € Cy5(RT) and
n < —1, there exists a forward attractor A for {Sy(t,s) : t > s > 0}.

More Precisely, for every n < —1, the set A = {0} is the forward attractor for
{S¢(t,s): t >s >0}, and for b € C_s(R™), or equivalently n = —1,

A C B|0, R], where R = (Ma~Y||b]|_s)"/2.
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Proof. Thanks to Theorem [2.5| we see that 7~ admits a NEDII on R* with X§,(a+
0,0) and IT%(s) = 0. Hence, T satisfies the hypothesis of Theorem with 8 =
a+d0>6=v.

If b € Cy5(RT) with n < —1, from the proof of Theorem it is straightforward
to verify that every neighborhood of {0} forward absorbs every bounded subset
of RY. Hence {0} forward attracts every bounded set. Thus, from Theorem [3.6
there exists a forward attractor A of {S;(¢,s) : t > s > 0}. Moreover, since {0} is a
closed set that forward attracts bounded sets, we conclude that {0} is the forward
attractor of {S¢(t,s):t > s> 0}.

Finally, let b € C_s5(R") (n = —1). From we have that the closed set
K = B[0,R], with R = (Ma~'||b||_s)'/?, forward attracts each bounded set of
RY. Therefore, from Theorem [3.6, there exists a forward attractor A C K, and
the proof is complete. O

Remark 4.7. Under the same conditions, Theoreml[4.6 holds true for Sy = {Sy(t,s) :
t>s, t,s € R}, In fact, since S(t,s) is a compact operator for every t > s, the
forward attractor for Sy is the same forward attractor of {S¢(t,s) :t > s > 0}.

Now, we state a general result about existence of pullback attractors for S¢.

Theorem 4.8 (Existence of Pullback D.-attractor in R). Let D, the universe
defined on Example and Sy = {S¢(t,s) : t > s} be the evolution process induced
by . Suppose that T admits NEDII on R™ with X§{,(«,6), and NEDII on
Rt with X3;(8,v), and both with null unstable sets, i.e., II%(t) = 0 = II“(s) for
t>02>s.

Suppose that X\ < «/d, then for a continuous function b : R — R such that
b™ :=blg- € Cxs(R7) and b := blg+ € Cy,, (RT), there is a pullback D, -attractor
JZW ={A,(t) : t € R} for S, for every v € [0,a/2).

Moreover, A,(t) C B[0, R(t)], for each t € R, for some R : R — R such that
(R‘R—)z € O(1+)\)5(R7) and

(1) If n > —B/v, then (R|R:)2 € Caqnw(RY).

(2) Ifn < —BJv then (Rlg.)? € Cug) (R ).

(3) If n=—pv, then (Rlg-)?* € Cu_p)(R), for every e > 0,
where Ry = RT \ {0}.

Proof. We prove that there is a family of compact sets K such that D.-absorbs
for every v € [0,a/2) fixed. Let D be a family of subsets in D.,, then there exists
C > 0 such that

lzs|2 < Ce?8l for all s € R and z, € D(s).

From (4.2)) we have for all ¢ > s that
t
|Sf(t,s)3vs|2 < T(t, s)|xs|2 +/ T(t, 7)b()dr.

Thanks to Theorem E there exists a pullback D-attractor .,Zl\; ={A7(t): t <0}
such that A7 (t) C B[0, R_(t)], for all ¢ < 0, where R_(t)* = O e+ - for
every t < 0.

Therefore, to guarantee the existence of a pullback D,-attractor for Sy defined
for all £ > 0 it remains to prove the existence of a family of compact sets defined
for each ¢t > 0 that pullback D,-absorbs on X.
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We will prove just the first item, the proof of other items is similar. Suppose
that n > —f/v and let s < 0 < ¢, from the proofs of Theorem and Theorem
we have that

Mb* [l ¢

M[b~[lsx
I(t < I(t I < n+1)vlt]
(t,s) < I(t,0)+1(0,s) < 3w e T

b

Also note that

T(ts)a,2 < T(0)T(0,5)r|?
< Mel/|t|—,8t Measce2'y|s\
—  OM2e—P)t o(a—27)s
Hence,
- - Mo M6~ |lsx
t,8)x,|? < OM2eW=Pt gla=2m)s | 27 v (aywle) | 22N TOA -y
|S¢(t, s)zs|” < CMZe e MR T +— (4.9)
Now, for each ¢t > 0, define the following compact set
Mot | Mo [lsx )"
t):=B )] and Ry (t) i= (22w rnywpel o 2200 Tox 3
0 = B0, R0)] and Ry 1) i= (P Lot 1o

Thus, by similar arguments of the proof of Theorem we see that implies
that {J(t) : ¢ > 0} is a family of compact sets that D.,-absorbs. Thus by Theorem
there is a pullback D-attractor .21\7 = {A,(t) : t € R} such that A, (t) C J(t)
for every t > 0 and A, (t) C B[0,R_(t)] for t < 0. Consequently, we ensure the
existence of a pullback D,-attractor .ZW with A, (t) C BI0, R(t)] for each t € R,
where R : R — R defined as R(t) := Ry (t), for t > 0, and R(t) := R_(t), for
t<O. (]

Remark 4.9. Another idea to prove Theorem [{.0] is to propagate the pullback
attractor { A7 (t) : t < 0} to the entire line by A,(t) = S(t,0).A7(0), for every
t >0, and use Theorem to conclude the above estimates for A(t) fort > 0.

Next, we summarize Theorem [£.6] and Theorem [£.§ with simpler hypotheses on
T={T(ts):t,s R}

Theorem 4.10 (Existence of Pullback and Forward Attractor). Let Sy be the
evolution process induced by and D, the universe defined in Ezample .
Suppose that T admits NEDII on R with X3,;(a,d) and IT*(t) =0, t € R.

For A € (—a/6,a/d) and b € Cys(R) there exists a pullback D~ -attractor _,Zl\,y =
{A,(t) : t € R} for Sy, for every v < a/2. Moreover, A,(t) C B[0, R(t)] for all
t € R, where R? € Ca+x)s(R).

Furthermore, if « > 6 and A € (—a/d, —1], then:

o The pullback D, -attractor .zzl\»y is uniformly bounded.
o There exists a forward attractor Ap for Sy, with

Ar = {0}, for—a/d <A< =1, and
Ar C B|0, RF], for A= -1,

where Rp = [ M||b]|_s/(a — 5) /2.
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Remark 4.11. The admissibility relation is the following: for b(t) growing as eIl
the “square” of the solutions norms will be of order e XTI In particular, when
A =0, b is bounded, it is not expected to obtain a uniformly bounded pullback D. -
attractor. This happens when b is exponentially small, for instance, when A = —1
and b(t) = O(e= M), which is coherent with [39, Theorem 1] for discrete dynamics,
but now the admissible pairs provide a interpretation on the asymptotic behavior of
continuous evolution processes.

4.2. Comparison with a system of linear equations. In this subsection we use
a system of linear differential equations on R” in order to compare with Equation
(4.1), and we obtain similar results to the ones obtained in Subsection

In the following, for every i = 1,--- , N the i-th component of a vector € RY
will be denoted by z;. Moreover, if we write z > 0 we mean that x; > 0 for all
i€ {l,---, N}, whereas x > 0 if all i-th components are positive, i.e., z; > 0. The

subspace Rf will denote all the non-negative vectors of RV, ie., x € Rf if and
only if x > 0.

Also for this subsection we consider the following conditions:

(B1) If x > 0 with 2; = 0 then f;(¢t,2) > 0 for all ¢t € R;

(B2) For all (t,z) € R x (RV)*

f(t,x) < A(t)x + b(t),
where ¢ — A(t) € L(RY) is a continuous function such that A(-) = [a;;(,)] > 0 for
every i # j and b: R — RY is also continuous.
Let 7 := {T(t,s) : t > s} be the linear evolution proess over RY induced by
y=Al)y.
Assumptions (B1) and (B2) imply that for each 2o € RY and s € R the solution
z(t) = x(t, s; f,xo) of (4.1)) is defined for every ¢ > s and satisfies

0<a(t) <y(t), t>s, (4.10)

where y(t) = y(t, s; xo) is the solution of § = A(¢)y+b(t) with initial data y(s) = xq.
Hence

0<z(t) <T(ts)zs + /t T(t,7)b(r)dr, t>s>0. (4.11)

Therefore, the unique solution x(-,s; f,xg) : [s,+00) — RY of Problem , is
globally defined, and it is associated with the evolution process {S;(t,s) : t > s}
over Rf, defined by Sf(t, s)zo := z(¢,s; f,x0) € Rf for each zg € Rf and t > s €
R.

Now, we study the asymptotic behavior of the evolution process Sy := {Sf(¢, s) :
t > s} defined over the metric space (RY, d), where d(z,y) = |z —y|, for z,y € RY,
and |z| = max;—1 ... n{|z;|}. Finally, we write BT[0, R] := RY N B[0, R], for any
R>0.

Define the following space

CU(J,Rf) = {b J =R sgge_"w |b(7‘)|}7

where J = R,R~,R*.
First, we state our result on the existence of Pullback D-attractors.
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Theorem 4.12 (Existence of Pullback D,-attractor). Let Sy and T be the evolu-
tion processes defined above. Suppose that T admits NEDII on R~ with X§,(«,0),
and NEDII on Rt with X35,(8,v), and both with null unstable projections, i.e.,
T4 (t) =0 =1%(s), t > 0 > 5. Consider D, the universe defined on Example
for every v € [0, ).

Suppose that X < «/d, then for a continuous function b : R — R_IX such that
b~ = blg- € Cas(R™,RY) and b* := blg+ € Cy (R, RY), there is a pullback
D, -attractor ./21\7 ={A,(t) : t € R} for Sy, for every v € [0, ).

Moreover, A,(t) C BT[0,R(t)], for each t € R, where R|g- € C(113)5(R7) and

(1) If n > —fB/v, then R\R: € Caqn(RY).
(2) If n < =B/v then Ry € C,—p)(RY).
(3) If n = —Pv, then R|z- € C,—_p)+(Ry), for every e > 0.

Proof. Let D € D,, b € Cxs(R,RY) and s < ¢ < 0. Let x5 € D(s), Since De D,,
there exists C' > 0 such that |z,| < Ce7l*!, for every s € J. Thus, [.11)) yields to

S5(t )z < Tt )| + / (T(¢, 7)) [b(r)ldr

IN

IN

t
CMedltl—atey=a)s 4 predlti—at / e“T|b(7)|dT.

Now, following the same line of arguments of Theorem [4.8] we prove that there
is a family of compact sets K such that D-absorbs for every v € [0, a) fixed. O

Remark 4.13. FEvery result of Subsection could be prove for Sy(t,s) : Rf —
Rf by following the same line of arguments of Theorem .

There are two main differences:

(1) for every v € (0, | there exist a pullback D~y-attractor;

(2) the admissibility A6 to (\+1)d, is provide by b to R on R™, not by b to R?

as in Subsection [{.1}

Remark 4.14. Condition (B2) implies that the systems y = A(t)y + b(t) is quasi
monotone. This hypothesis could be replaced by considering & = f(t,x) as quasi
monotone, i.e.,

fi(t,x) < f;(t, 2), whenever x < z and z; = z.

To finish this subsection, we state a result on the relation between the pullback
attractors {A, : v € [0, )}

Proposition 4.15. Let D, the universe defined in Example and Sy be the
evolution process induced by . Suppose that T admits NEDII on R~ with
X7(a,8) and II* = 0. Define o := vyo(A) := (14+N)d, for each A € [-1, (a—6)/0).
If b € Cxs(R™) the pullback D.,-attractor -’Z'm coincides with ./Z,y for every v €
(70704)'

5. APPLICATIONS IN NONAUTONOMOUS PARABOLIC PDEs

In this section we consider parabolic partial differential equation. We first present
a general setting for reaction-diffusion equation, with Dirichlet, Neumann or Robin
boundary conditions. Then we study asymptotic behavior for these equations via
comparison results, using the same approach of Section[d]for ODEs. Then, we study
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existence of nonuniform exponential dichotomies using the examples of Subsection
Finally, consider the adjoint problem to study the relation between NEDI and
NEDII.

Let us consider a scalar parabolic PDE

v = Av + f(t,x,v), t>s, xe,
v(s) = vo, x €Q, (5.1)
B(v) == a(zx)v+ ﬁg—z =0, t>s, x€0Q,

where Q is a open, bounded, and connected subset of RY (N > 1) with a smooth
boundary 09; A is the Laplacian operator; 9/0n denotes the outward normal
derivative at the boundary; and f satisfies the following conditions:

(H) f: R x QxR — R is continuous; and the mapping R > v — f(t,z,v) is
Lipschitz in bounded sets uniformly for z € Q.

The problem has Dirichlet boundary conditions if k = 0 and a(z) = 1; Neumann
boundary conditions if K = 1 and a = 0; and Robin boundary conditions if x = 1
and « : JQ2 — R is a nonnegative sufficiently regular function.

The case of Neumann or Robin boundary conditions: we consider the
Banach space Y := C(Q) of continuous functions on Q with the sup-norm || - ||y
Let A be the closure of the differential operator Ay : D(Ag) CY — Y, Agu = Au,
defined on

D(Ap) :={u e C*(Q)NC*Q) : Apu € C(R), Bu=0, on 9Q}.

The case of Dirichlet boundary conditions: we consider the Banach space
Co(2) of the continuous maps vanishing on the boundary 92 with the sup-norm
Il - Iy, trying to keep a common notation for all the types of boundary conditions.

Consider the operator Ag : D(Ag) CY — Y, Agu = Au, defined on
D(Ao) = {U S CQ(Q) n Co(ﬁ) : Aou S Co(ﬁ)}
which is closable in Cy(€2), and let A be its closure.

Thus, for all types of boundary conditions describe above, A generates an ana-
lytic semigroup {eA? : ¢ > 0} on Y. Moreover, et is a compact operator for each
t>0.

Define f¢: R xY =Y, (t,u) = f(t,u), f¢(t,u)(z) := f(t, z,u(z)), for each
x € Q, so the regularity conditions (H) on f are transfer to f¢. Then we obtain
an abstract Cauchy problem in X

{ = Au+ fe(t,u), t>s, (5.2)

u(s) = ug.

Hence Problem (5.2)) has a unique mild solution, i.e., for each [s,ug) € R x Y there

exists a unique map u(t) = u(t, s; ug) defined on a maximal interval [s, o), for some
o(s,ug) > s (possibly +00) which satisfies the integral equation

t
u(t) = ey, +/ AT fe(ru(r)) dr, t € [s,0).

Moreover, u(-, s;uq) : (s,0(s,ug)) — Y is continuous, and u(t) — ug, as t — s™ if
and only if ug € D(A), see Lorenzi et al. [20].

Now, define X := D(A) C Y, which is a Banach space with the induced norm
of Y. For Neumann or Robin boundary conditions the phase space is X = C(2) =
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Y, and for Dirichlet boundary conditions we choose X = Cy(2). Then, in both
situations, the mild solution u(-, s;ug) : [s,0(s,ug)) — X is continuous.

Moreover, if a mild solution remains bounded, then it is defined for every ¢ €
[s,400). Then, the mild solution u generates a nonlinear evolution process Sy :=
{Sf(t,s): t > s} over X, defined by S;(t, s)ug = u(t, s;up). Additionally, {S;(t,s) :
t > s} is a family of compact operators over X, see Travis and Webb [36].

5.1. Asymptotic behavior for parabolic PDEs. Following the ideas of Sec-

tion [4 we study pullback and forward dynamics for parabolic partial differential

equations using nonuniform exponential dichotomies and comparison methods.
First, we recall some basic notions of monotone semi-flows.

Definition 5.1. We say that X is a ordered Banach space if there is a closed
convex cone of nonnegative vectors X where an order relation on X is defined by

ulv & u—ve Xy; (5.3)
u<v & u—v€E Xy anduFwv. (5.4)

Next, we need a result that allow us to compare mild solutions.

Theorem 5.2. Suppose that f1 and fo satisfy hypothesis (H) and such that fi <
fa. For each (s,ug) € R x X, denote uy(t,s,ug) and us(t, s,up) the mild solu-
tions of the associated abstract Cauchy problems, respectively. Then, uq (t, s;ug) <
us(t, s;ug) for every t > s, where both solutions are defined.

For the proof of Theorem see Caraballo et al. [1I, Theorem 3.1].

Now we proceed ad the previous sections, first we consider a linear problem that
we are going to compare Problem (5.2).

Let a,b: R x Q — R be continuous functions. We consider a non-homogeneous
PDE

up = Au+at,x)u+bt,z), t>s, €
u(s) = uo, ASEY (5.5)
B(u) =0,

Define g(t,x,u) := a(t,z)u + b(t,z). Then generates an evolution process
Sy = {Sy(t,s) : t > s}. If b= 0, then is associated with an linear evolution
process S, := {S4(t,s) : t > s}.

It is known that, if a, b are locally Lipshitz on ¢, then the evolution process S, is
given by the formula of variation of constants in terms of S, and b¢, see Henry [24]
Theorem 7.1.4]. This fact also holds true under weaker conditions over a and b, as
we show in the following lemma. The proof follows the same line of arguments of
[17, pp. 224-225].

Lemma 5.3. Suppose that a,b are continuous. Then the evolution process S,
associate to (5.5) is given by

S,(t,s) = Salt,s) + / St (r)dr > 5. (5.6)

Proof. Let (s,up) € R x X fixed and define u(t) := S4(¢, s)uo the mild solution of
(5.5) and

v(t) := Su(t, s)up + /t Sa(t,r)b¢(r)dr, t>s.
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We will show that v(t) = u(t), for every ¢t > s. Indeed, note that

v(t) — u(t) :/ A0 (1) S, (1, s)uodr +/ S (t,7)0¢(r)dr

- / e (a8 (rYu(r) + b (r)]dr

t ¢
:/ eA(t_’”)ae(r)Sa(ns)uodr—/ e g (r)u(r)dr

t ot
+/ / eA(th)ae(T)Sa(T,r)be(r)der.

Now, by Fubini’s Theorem

t et ¢ T
//eA(t_T)ae(T)Sa(T,r)be(r)der:/ eA(t_T)ae(T)/ Seo (7, 7)b¢(r)drdr.

S

Therefore,
o(#) — ult) = / A7) e (7 (u(r) — u(r))dr.

By Grownwall’s inequality, we conclude that v(t) = wu(t) for every t > s, and the
proof is complete. U

Now, we are in position to apply the same approach provided for nonautonomous
ODEs, in Section |4 to parabolic nonautonomous PDEs. In this Subsection we
assume that:

(H1) f(t,x,0) >0, for all (¢, x).

(H2) there exist a,b : R x  — R continuous functions such that f(¢,x,u) <
a(t,x)u+ b(t,x), u > 0.

Conditions (H1) and (H2) over f imply that for each (s,ug) € R x X the mild
solution wu(t, s;ug) of is defined for every t > s. Furthermore, by Theorem [5.2
the associated evolution process Sy satisfies

0 < Sy(t, s)up < Sy(t, s)ug, up € X4. (5.7)
Now, we study the asymptotic behavior of the evolution process Sy := {S(t, s) :
t > s} over the metric space (X;,d), where d(u,v) = ||lu — v||x, for u,v € Xj.

Finally, we write B*[0, R] := X N B[0, R], for any R > 0.

From (H1) and (H2), we have b(¢t,z) > 0, (t,2) € R x X, so b°¢ is a function
that take values in Y = C(Q), not necessarily in C(Q). Thus, we define the family
of spaces for non-homogeneous b° as

Cp(R,Y):={b:J =Y :supe ""||b(r)||y}, for each n € R.
rel
For Neumann or Robin boundary conditions X = D(A) =Y. Thus, to fix the
notation, we use the space defined above for any boundary condition, Dirichlet,
Neumann or Robin.

Theorem 5.4 (Existence of Pullback D,-attractor). Let f : Rx QxR — R satisfies
(H), (H1) and (H2) and Sy be the evolution process induced by and D the
universe defined on Ezample[3.9

Assume that S, admits a NEDII on R~ with X§,(a,d) and II* = 0 and NEDIIT
on RT with X§,(B,v) and I (t) = 0 =1I"(s), t > 0 > s.
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Suppose that A < /6, then forb: RxQ — R such that b® = b|p- € O\s(R™,Y)
and b := b°|g+ € Cpy (RT,Y), there is a pullback Dv-attmctorﬁ ={A,(t):teR}
for Sy, for every v € [0, ).

Moreover, A, (t) C B*(0,R(t)], for each t € R, for some R : R — R satisfying
R‘R— S C(H_)\)(;(R*) and

o Ifn>—B/v, then Rlg- € Cryy) (RY).
o Ifn<—B/v then Rlp- € C_p)(RY).
o Ifn=—Pv, then Rlz- € C,_p)4(R), for every e > 0.

Proof. Let b : R x Q — R be a continuous function satisfying hypotheses above,
D ={D(t):t € R} € Dy, and u, € D(s), for each v € [0,) and s < ¢ < 0 fixed.
From (5.7) and Lemma (5.3}

[S5(t, s)uslx < [[Sg(t; s)usllx

t
HSa(t,S)usHXJr/ 1S, )b (r) || x dr.

A

At this point, to deal with the integral above, we split the argument in two cases.
Case I: If X =Y, then

[1Sa(t, $)b(s)x < [[Salts $)llccolb°(s)llx, > s. (5-8)
Case II: If X = Cy(Q). Note that, there exists C' > 0 such that
1Sa(t, m)b¢(r)||x < CMete= =) 1pe(r)|ly, t >, (5.9)
Indeed, for v € Y and € > 0 small,

s+e
1Sa(s + e s)olly <llevlly +/ leACFas (r) Sa(r, 5)ol|ydr
s+e€
<Ce*|vlly +Ce**  sup {Ilae(r)lly}/ 1Sa(r, s)vlly-dr,
s<r<s+1 s

where in the last inequality was used that {e/? : ¢ > 0} is a semigroup on Y, and
hence, there are C,w > 0 such that [|e??||zy) < Ce®*, t > 0. Then

timsup [[|(r -+ €, r)b(r) |x < CI()y-
e—

Thus, will follows from
ISt () < Limsup [1S(¢.7 + ) limsup S+ €.7)b() - (5.10)
Now, following similar ideas of the proof of Theorem we show that exists R
satisfying the properties of the statement such that the family of bounded sets
B:={B"[0,R(t)] : t € R},
pullback absorbs ﬁ, i.e., for each t fixed, there exist sg = so(t, ﬁ) <t such that
St(t,s)D(s) C BT[0, R(t)], for every s > so.

Since {S¢(t,s) : t > s} is a family of compact operators, the sets K(t) :=
S(t,t —1)BT[0, R(t — 1)], define a family of precompact sets K := {K(t) : t € R}
that pullback absorbs every element of D,, for each v € (0, a).
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Therefore, by Theorem there exists a pullback D,-attractor -Zv for the

evolution process Sy. Moreover, by the minimality property, A, C E, and the
proof is complete. O

Remark 5.5. Every result of Subsection[{.9 has a corresponding version for par-
abolic PDFEs.

As a consequence of Theorem [5.4] we state the following result on pullback and
forward attraction.

Theorem 5.6 (Complete Asymptotic Analysis). Let f: R x Q x R — R satisfies
(H), (H1) and (H2) and Sy be the evolution process induced by and D~ the
universe defined on Ezample[3.9

Suppose that S, admits a NEDII on R with X*(«,d) and II* = 0.

For A € (—a/d,a/6) and b € Cys(R), then, for every v € [0,a), there exists a
pullback D, -attractor ./zl\,y = {A,(t) : t € R} for 8f such that A,(t) C BT[0, R(t)]
for allt € R, for some R € C(115)5(R).

Additionally, if &« > 6 and A € (—a/d, —1], then

o There exists a closed, bounded subset B of X1 which forward absorbs every
bounded subset of X .

e There exists a family of compact subsets {K(t) : t € R} of X+ that forward
absorbs bounded subsets of X and Uicr K (t) C B.

o The pullback D -attractor .zzl\»y is uniformly bounded, for every v € [0, «).

Example 5.7. Define a(t) := —c—dtsin(t)Ix where ¢c,d > 0 such that Ag := A—c
has spectrum satisfying o(Ag) C (—oo, —r), for some r > d. Then S, satisfies
hypothesis (H3).

5.2. Existence of nonuniform exponential dichotomies. In this subsection
our goal is to provide examples evolution processes that admits NEDII. We propose
a theory that relates nonuniform exponential dichotomies with continuous separa-
tion for strongly monotone dynamical systems. From these analysis, we provide
examples of evolution processes that admits NEDII, using the examples presented
in Subsection

To obtain a continuous separation we have to consider additional properties for
monotone dynamical systems:

Definition 5.8. Let (X, <) a ordered Banach space with a nonnegative cone X .
We say that X is a strongly ordered Banach space if the interior of the cone
IntX is nonempty and there is a stronger order relation on X is defined by

uLveu—ventX,. (5.11)

Since for Neumann or Robin boundary conditions X = C(f2), the cone of non-
negative vectors is defined by X, 1= {u € X : u(x) > 0, Vz € Q} and its interior
by Int Xy :={u € X :u(z) >0, Vz € Q}.

However, for Dirichlet boundary conditions, since the choice X as Cy(f2) has
a positive cone with an empty interior, we will have to resort to an intermediate
space. Hence we will treat each case of boundary condition separately.
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First, let us consider a linear scalar parabolic PDE with Neumann or Robin
boundary conditions
=Au+h(t,x)u, t>s, x €,
u(s) = up, x €, (5.12)
B(u) =0, x € 018,

where h(t,x) continuous, bounded and uniformly continuous in ¢. The hull of A,
P := Hull(h) is the closure for the compact-open topology of the set of ¢-translates
of h, {h(t+-,-) : t € R}. On the compact metric space P we define the translation
map R x P — P, (t,p) — p-t given by p-t(s,x) = p(s+t,2) (s € R and z € Q) is
a continuous flow over P. We denote by 7 : Rt x P x X — P x X the linear skew
product semi-flow
T()(p,2) = (p- 1, 0(t,p)2),

induced by the mild solutions ¢(t, p)z := S,(t,0)z of the abstract Cauchy problem
associated to . In particular, ¢(¢,p) are bounded linear operators on X which
are compact for ¢ > 0 and satisfy the co-cycle property ¢(t+s,p) = ¢(t,p-s)o(s, p),
t,s > 0, p € P. Moreover, these operators ¢(t, p) are strongly positive in X, i.e.,
forpePandt >0, ¢(t,p)z>0if z > 0.

Therefore, 7 admits a continuous separation (see Poldcik and Terescdk [33]
in the discrete case and Shen and Yi [35] in the continuous case). This means that
there are two families of subspaces { X1 (p) }per and {X2(p)}pep of X which satisfy:

(1) X =Xi(p) ® Xa2(p);

(2) X1(p) = (e(p)). with e(p) > 0 and [le(p)]x = 1 for any p € P;
(3) Xa2(p)N X4 =0, for any p € P;

(4) for any t >0, p € P,

¢(t,p)X1(p) = Xa(p - 1),
¢(t,p) Xa(p) C Xao(p - 1);
(5) there are M,v > 0 such that for any p € P, z € Xa(p) with ||z = 1 and
t > 0 we have

le(t. p)zllx < Me™""[|o(t, p)e(p)| x- (5.13)

In this situation, the 1-dim invariant subbundle
J{p} x Xa(p)
peP

is called the principal bundle.

Let Q;(p) : X — X;(p) be the projection of X onto X;(p), for each p € P
and 7 = 1,2. Since the mapping p — Q;(p) is continuous and P is compact, the
projections are uniformly bounded over P, i.e., there exist C1,Cy > 0 such that

sup [|Qi(p) |l cx) < Ci, i = 1,2. (5.14)
peEP

Remark 5.9. The continuous separation allows to associate to ¢ a 1-dim contin-
uous linear co-cycle c(t,p) > 0, given by

o(t, ple(p) = c(t,pe(p-1t), t >0, p€ P.
For each p € P and t > s, we set

Sp(t,s) = ot —s,p-s),
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then Sy, := {Sp(t,s) : t > s} is an evolution process associated with ¢, and similarly,
we consider a scalar evolution process associated with the scalar co-cycle ¢

sy(t,s) ==c(t—s,p-s).
Therefore,
Sp(t,s)e(p-s) =sp(t,s)e(p-t), t>s, peP. (5.15)
Since (p-s)¢(t — s) = p°(t), t > s, this notation is coherent with this section:

given p € P, for each (s,up) € R x X, the mapping t — Sp(t,s)ug is the mild
solution of the abstract Cauchy problem

up = Au+p(t)u, t>s,
u(s) = ug.

For p = h we obtain the abstract Cauchy problem induced by (5.12)).

Now, we are read to characterized existence of nonuniform exponential dichotomies
for these dynamical systems that admits a continuous separation.

Theorem 5.10. Let p € P, and S, and {s,(t,s) : t > s} the evolution processes
defined above. Then, S, admits a NEDII with II$ = 0 € L(X) if and only if
{sp(t,s) : t > s} admits a NEDII with II¥ =0 € L(R).

Proof. First, assume that S, admits a NEDII with 113 = Idx, there exist M, a >0,
and § > 0 such that
15, (t, 8) || c(xy) < Medltlemat=) ¢ > 5.
To conclude that s, admits a NEDII with II] = Idg, note that
sp(ts5) = ISyt 8)er(p- 8)lx, ¢ > s. (5.16)
Reciprocally, suppose there are M ,a >0, and § > 0 such that
sp(t,s) < Me‘s‘tle*“(tfs), t > s.

Let u € X, then there exists u;(p-s) € X;(p- s), for i = 1,2, such that u =
up(p - s) + ua(p - s). Suppose without loss of generality that ua(p - s) # 0. Thus,
from (5.13), (5.14) and (5.15)), we have that

1Sp(t, s)ullx < [[Sp(ts s)ua(p - s)lx + [[Sp(t; s)ua(p - s)]x

< sp(tys)ur(p-s)llx + Me "5, (8, ) ||uz(p - )| x
< (Cr+ MCoe )5 (8, ) Jul x
< OMMMe= =9 || x, t > s,
where C' = C; + M C5. The proof is complete. ([

Now, we consider the case of Dirichlet boundary condition, i.e., Problem [5.12]
with Bu = wu. To obtain a continuous separation, we introduced the strongly
ordered Banach space E“ defined as follows.

Let us consider the realization of the Laplacian operator on E := LP(Q) for
a fixed p € (N,+00), ie., the operator A, : D(A4,) C L?(2) — LP(N) defined
by Apu = Au (in the weak sense) for u € D(A,). Then —A, is sectorial, densely
defined and 0 € p(A,). Then the fractional power E* = (D(—A%), ||-||o) is a Banach
space with the norm ||ull, = [|(—A,)%u||, and satisfies E* < C1(Q) N Cy(Q) for
a € (1/2+N/(2p),1), see Henry [24) Theorem 1.6.1]. Then the partial strong order



34 J. A. LANGA, R. OBAYA, AND A. N. OLIVEIRA-SOUSA

in the Banach space E“ with the cone of positive elements £¢ = {u € E* : u(z) >
0, for z € Q}, which has a nonempty interior

0
Int ES = {u € EY :u(x) >0, for x € Q and 8—u(:z) =0, for x € 00}.
n
Furthermore, {e4r*t > 0} is a strongly continuous analytic semigroup over E, and
eArt : E — E® is a compact operator, for each t > 0.
Recall that P is the hull of h and consider the linear skew product semiflow
T: Rt xPx E*— P x E*

7(t)(p,2) = (p-t,0(t,p)z), (p,z) € P x E*

induced by the mild solutions ¢(t,p)z := Sp(t,0)z € E of the abstract Cauchy
problem
up = Au+p°(t)u, t>s
{ u(s) = up € E, (5.17)
As in the case of Neumann/Robin boundary conditions, ¢(t, p) is strongly positive
over E°, for each (t,p) € R x E* Hence, 7 admits a continuous separation over
P x E“. Hence, the same analysis for Neumann and Robin boundary conditions in
the phase space X holds true for Dirichlet boundary conditions in E¢.

Now we provide conditions that guarantees that the existence of nonuniform
exponential dichotomies in F* actually implies in X.

Lemma 5.11. Let a : R x Q — R be a bounded continuous real valued function.
Assume that the evolution process Sq = {Sa(t,s) : t > s} associated with (5.5)
with b = 0 admits NEDII on E* with II* = 0. Then S, admits NEDII on X with
n* =o.

Proof. Assume that S, admits a NEDII on E% with II* = 0, i.e., there exist
M, §, o > 0 such that

[1Sa(t,s)|| cemey < Medltle (=9 ¢ > 5. (5.18)
Let u € X with |lul]|x = 1. Since E* < X, there exists C' > 0 such that
1Sa(t, s)ullx < C||Sa(t, s)u||ga, t> s. (5.19)
Now, suppose that ¢t > s+ 1, we have that S,(s+ 1, s)u € E<, and
[1Sa(t, s)ul|ga < Melltlem@=GHNG (s 4+ 1, 8)u|ga, t>s. (5.20)

Note that,
s+1
[1Sa(s + 1, s)ul| g < ||eul|pa —|—/ |eACH= a8 (1) S, (7, s)ul| gadr  (5.21)
S

First, since e! : X — E? is a compact operator and ||ulx = 1, there exists C' > 0
such that ||e#tul|ge < C. Second, the fact that a is bounded sup,.cg ||a(r)|z < C1,
for some C; > 0, and

s+1
1Sa(s + 1, 8)ullme < C + 01/ (541 =) 0Sa(r, $)ulpedr.  (5.22)
S
From a Singular Gronwall’s Lemma [24] Lemma 6.24], we obtain that ||S,(s +

1, s)u||ge < Cj, for some C3 = C3(C, C1, ) > 0. Thus, from (5.19) and (5.20) we
conclude that S, admits NEDII on X with IT* = 0, and the proof is complete. [
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Now, we are ready to state the main result of this subsection. The proof use
similar ideas presented in [IT], page 18].

Theorem 5.12. Let g : R — R be such that the scalar ODE
& =g(t)z, x(s) = zo. (5.23)
is associated with an evolution process T = {T'(t,s) : t > s} over R that admits a
NEDIT with TI% =0 € L(R).
Then, there exists a function a : R x Q@ — R such that the abstract Cauchy
problem
up = Au+a®(t)u, t> s,
u(s) = o,
induces an evolution process S, = {Sa(t,s) : t > s} that admits a NEDII with
II* = 0 over X in the case of Neumann or Robin boundary conditions and over E*
in the case of Dirichlet boundary condition.
Additionally, if g is bounded, then S, = {Sa(t,s) : t > s} admits a NEDII in X,
for any type of boundary condition.

Proof. From Johnson et al. [25, Lemma 3.2], we know that there exists a smooth

cocycle co(t,p) = exp fot d(p - r)dr for some continuous map d : P — R, and a
continuous map f: P — R\ {0} such that

c(t,p) = f(p-t)eo(t,p)f(p)™*, tER, pEP. (5.24)
Consider k,(t) := g(t) — d(p - t) and define
Bo(t, s:p) = colt — s,p-s)els ™t > pep.
Then, for each (s,z0) € R?, the mapping t — 8¢(, s;p)xo is the solution of ([5.23)
and T'(t,s) = So(t,s;p), t > s and p € P. Since 7 admits NEDII with II)} = 0 €

L(R) and f is bounded, from (5.24) we obtain that the scalar evolution process
{5(t, s;p) : t > s} defined by

§(t, 5:p) 1= s(t, sy p)el P, (5.25)

admits a NEDII with IT% = 0 € L(R), where s(¢, s;p) is defined in Remark
Then, by similar arguments to those used in the proof of Theorem [5.10] we obtain
that the evolution process defined by

§(7§7 s;p) = Spl(t, s)efst Fp(Mdr 4> 5 peP,

admits NEDII with IT* = 0 in X in the case of Neumann or Robind boundary
conditions or in £ for Dirichlet boundary conditions.

Let a(t,z) := h(t,x) + kj,(t), then Su(t,s) = S(t, s; h), for t > s.

Finally, if ¢ is bounded then a : R x Q@ — R is bounded and the proof follows

from Lemma [B5.111 U

Thanks to Theorem [5.12] each example from Subsection [2.2] induces a linear
evolution process over X that admits NEDII. For instance:

Corollary 5.13. There exists a : R x  — R such that the associated evolution
process S, over X admits a NEDII on R, and does not admit any NEDI over X.

Proof. Let f be the function satisfying conditions of Proposition [2.10] and apply
Theorem (.12 O
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Remark 5.14. FEvery result of this subsection holds true for any nonuniform ex-
ponential dichotomy of type I and II over any interval R,RT R~

5.3. The adjoint problem. We consider the adjoint problem of a parabolic and
we established a fundamental relation between NEDI and NEDII similar to the
invertible case Subsection 2.3

Now, we consider the adjoint problem of with b = 0, i.e., the backward
parabolic equation

up = —Au—a(t,x)u, t<s, xe€Q,
u(s) = uo, x € Q,
B*(u) =0, x € 0.

Denote S*(t,s) to be the weak solution operator defined for each t < s, for
details we recommend see [24] [31].
The proof of the following proposition can be found in [31], Proposition 2.3.3].

Proposition 5.15. The adjoint operator of S(t, s) is given by
[S(t,s)]" = S*(s,t), for any s < t.
The dual evolution operator of the evolution process S is define as
S(t,s) := S*(—t,—s), for everyt > s.
Thus S := {S(t,s) : t > s} defines the dual evolution process correspondent to
S, and it is associated with the solutions of

up = Au+a(—t,x)u, t>s, x€
B(u) =0, x € 0N,

Similarly as Theorem we have the following result for the adjoint solution
operator.

Theorem 5.16. Suppose that S admits a NEDI (NEDII) with bound M(t) =
Me"!| fort € J, exponent w > 0, and family of projections II*, for some M,v > 0.
Then the dual evolution process S admits a NEDII (NEDI) with bound M (t) and
exponent w > 0, and family of projections

" := {[I1%(—t)]* : t € R}.
Proof. Assume that S admits a NEDI, we will show that the dual evolution process
S admits NEDII. Let {II%(¢) : t € R} be the family of projections that determines

a NEDII for S. Define II%(t) = II%(—t)* and II*(t) = Idyx — II%(¢), t € R. It is
straightforward to verify that

S(t, s)II%(s) = I*(t)S(t, s), t > s.
Note that
ISt )T (5) [ 2y = 1S (=5, =T (—0)]* [ ey < DeMtlemlt=9) 1> 5. (5.26)
It is also straightforward to verify that
S(t, s)I%(s) = I*(t)S(t, s), t > s.

Now, we prove that S(t, s) : R(IT%(s)) — R(II%(t)) is an isomorphism, for every
t > s. Indeed, since S(—s,—t) : R(II*(—t)) — R(II%(—s)) is an isomorphism
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for every t > s, there exists S(—t,—s) € L(R(IT"*(—s)), R(II*(—t)) the inverse of
S(—s,—t). Hence
S(s,t) == [S(—t, —s)]" € LRI (—t))]", [ROT*(—5))]"). (5.27)
Moreover, S (s,t) is the inverse of S(t, s), for every s < ¢, which completes the prove
of the statement.
Finally, similar to the proof of (5.26)), we have that

S t,s % (s ixny < DeVl7te (=5t < g 5.28
(X*)
and the proof of the Theorem is complete. O

Remark 5.17. Note that the if the stable family of S is X], then the stable sets
for S are X7,(t) = [X3(=t)]*, for every t € R.

Therefore if S admits a NEDI with a null unstable family, then S posses a NEDII
with a null unstable family.

6. FINAL REMARKS AND CONCLUSIONS

Instead of standard nonuniform exponential dichotomies, we could consider a p-
NED, where p is an increasing real function such that p(0) = 0, and lim;_, 4 p(t) =
+00. The main difference between a NED and a p-NEDII is in the inequalities that
measure the hyperbolicity:

) L = r B B ) =
IT(t, )T (8)]| £x) < MedlPDlemale®=p() ¢ > ¢
T (¢, )T (s) || o) < MeIPDlehe®=p() ¢ <

Almost every result of this work can be extended for the case of a p-NED. The
only exception is the robustness result for NEDII, Theorem In fact, at this
situation one has to use a robustness result for a p-NED, which can be found in [6].

For the applications on asymptotic behavior, Section 4] and Subsection [5.1] one
has to consider the additional condition that p’ > 0 and in the space of non-
homogeneous functions the derivative of p will appear as an additional weight:

Cpp@)={b:J—=R: sup {eM I/ (r)] 7 b(r)]} < 400}

Then all the results of Section F] and Subsection [5.1] can be extend for the case
p-NEDII, by a change of variables.

In our work, the results when 7 admits uniform exponential dichotomies, the
non-homogeneous function b must be bounded. For this type of analysis we recom-
mend [I7] and [28].
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