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Abstract
We describe combinatorial aspects of classical resolution of singularities that are free of
characteristic and can be applied to singular foliations and vector fields as well as to functions
and varieties. In particular, we give a combinatorial version of Hironaka’s maximal contact
theory in terms of characteristic polyhedra systems and we show the global existence of
maximal contact in this context.
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1 Introduction

We present here a combinatorial formulation for the procedure of reduction of singularities
in terms of polyhedra systems. This combinatorial structure is free of restrictions on the char-
acteristic and provides a combinatorial support for the reduction of singularities of varieties,
foliations, vector fields and differential forms, among other possible objects.

Hironaka’s characteristic polyhedra represent the combinatorial steps in almost any pro-
cedure of reduction of singularities. This is implicit in the formulation of the polyhedra game
[12], solved by Spivakovsky [20], and in many other papers about characteristic polyhedra
[5,6,19–21].

The combinatorial features concerning the problems of reduction of singularities are
reflected in polyhedra systems without loosing the global aspects. In particular, we need
to project the problem over a “Maximal Contact Support Fabric”, that plays the role of a
maximal contact variety [1]. The proof of global existence of combinatorial maximal contact
is also a problem of the same nature as the reduction of singularities. We present here a proof
and it is solved thanks to the induction hypothesis on the dimension.
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Let us remark that in the general problem of reduction of singularities in positive charac-
teristic, maximal contact does not necessarily exist [7–9,16]. Nevertheless, whenwe consider
the combinatorial structure of polyhedra systems, we find a phenomenon that keeps an anal-
ogy with the idea of maximal contact (maximal contact support fabric), that works also in
the cases when the polyhedra system has been produced from functions in zero or positive
characteristic.

The polyhedra systems have evident links with toric varieties and they also provide a
combinatorial global support for the so-called Newton non-degenerate varieties [17]. In
a forthcoming paper we plan to develop these last two aspects also for codimension one
singular foliations.

2 Support fabrics for polyhedra systems

The support fabrics play the role of ambient spaces for supporting polyhedra systems. They
express the stratified structure of the space.

Let I be a non-empty finite set and denote by P(I ) the set of subsets of I . We consider
the Zariski topology on P(I ) whose closed sets are the sets K ⊂ P(I ) having the property:

If J1 ∈ K and J2 ⊃ J1 ⇒ J2 ∈ K.

A subset H ⊂ P(I ) is open if and only if for every J ∈ H we have P(J ) ⊂ H. The closure
of {J } ⊂ P(I ) is the set {J } = {J ′ ⊂ I ; J ′ ⊃ J }.

A support fabric is a pair F = (I ,H) where I is a finite set and H is an open set for the
Zariski topology on P(I ). The elements of H are called strata and I is called the index set.
The dimension dim(F) is defined by dim(F) = max{#J ; J ∈ H}, where #J denotes the
number of elements of J . Note that the strata J ∈ H where the dimension is reached are
closed points in H.

The first example is the local support fabric LI associated to the index set I , defined by
LI = (I ,P(I )). We can obtain other ones as follows:

– The restriction F |U of the support fabric F to an open set U ⊂ H. It is given by
F |U = (I ,U). Note that we always have F = LI |H.

– The reduction RedK(F) of the support fabric F to a closed subset K of H, that is K is
the intersection with H of a closed set of P(I ). We consider the smallest open set HK
that contains K. That is HK = ⋃

J∈K P(J ). Then, we define RedK(F) = F |HK .
– The projection FT from a non-empty stratum T ∈ H. The set

HT = {J\T ; T ⊂ J , J ∈ H}
is open in P(I T ), where I T = I\T . We define FT = (I T ,HT ). Note that
dim(FT ) < dim(F).

Given a support fabric F = (I ,H), the relevant index set IF of F is defined by
IF = ∪J∈H J . We say that two support fabrics F1 = (I1,H1) and F2 = (I2,H2) are
equivalent if there is a bijection φ : IF1 → IF2 such that H2 = {φ(J ); J ∈ H1}. In this
case we say that φ is an equivalence between F1 and F2.

Let us define the blow-up πJ (F) of F centered in a non-empty stratum J ∈ H. Take
I ′ = I ∪ {∞} where ∞ /∈ I . Define H′ = H′

s ∪ H′∞ where H′
s = H\{J } and

H′∞ =
⋃

K∈{J }∩H
H′K∞; where H′K∞ = {(K\J ) ∪ A ∪ {∞}; A � J }.
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We have that H′ is open in P(I ′) and we define πJ (F) = (I ′,H′). Note that for every
K ∈ {J } ∩ H, there is a bijection H′K∞ → P(J )\{J } given by J ′ �→ AJ ′ , where AJ ′ is the
unique subset of J such that

J ′ = (K\J ) ∪ AJ ′ ∪ {∞}.
Remark 1 The dimension of a support fabric F is invariant by blow-ups.

Remark 2 The relevant index sets after the blow-up πJ (F) are given by

IπJ (F) =
{IF ∪ {∞}, if #J ≥ 2;
IF\{ j} ∪ {∞}, if J = { j}.

Moreover, if there is an equivalence φ between two support fabricsF1 andF2, then for every
J ∈ H1, the blow-ups πJ (F1) and πφ(J )(F2) are also equivalent.

There is a surjective map π#
J : H′ → H between the strata sets of πJ (F) and F

respectively, given by π#
J (H′K∞ ) = {K }, for each K ∈ {J } ∩ H and by π#

J (J
′) = J ′, if

J ′ ∈ H′
s = H\{J }.

Proposition 1 The map π#
J : H′ → H is continuous.

Proof Remark that for every J ′ ∈ H′, we have π#
J

(
P(J ′)

)
⊂ P (

π#
J (J

′)
)
. 
�

Corollary 1 Given an open set U ⊂ H, we have πJ (F |U ) = πJ (F)|U ′ , where
U ′ = (π#

J )
−1(U).

Example 1 Consider a pair (M, E), where M is a complex analytic variety and E is a strong
normal crossings divisor of M . That is, E is the union of a finite family {Ei }i∈I of irreducible
smooth hypersurfaces Ei , where we fix an order in the index set I and the next properties
hold:

1. Given a point p ∈ M and the subset Ip = {i ∈ I ; p ∈ Ei }, there is part of a local
coordinate system in p of the form {xi }i∈Ip in such a way that Ei = (xi = 0) locally in
p for each i ∈ Ip (such coordinate systems are called adapted to E).

2. The non-singular closed analytic set EJ = ⋂
j∈J E j is connected for each J ⊂ I .

The pair FM,E = (I ,H) is a support fabric, where H = {J ⊂ I ; EJ �= ∅}. Note that the
dimension of FM,E is not necessarily the dimension of M . Given J ∈ H, we can perform
the usual blow-up

π : (M ′, E ′) → (M, E)

centered in EJ , where E ′ is the total transform of E , that is, E ′ = π−1(E). In this situation
we have πJ (F) = FM ′,E ′ .

3 Polyhedra systems

When we perform a blow-up of the ambient space, it becomes of global nature. Polyhedra
systems provide a way of giving Newton or characteristic polyhedra in a coherent way along
global ambient spaces, represented in our case by the support fabric.
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3.1 Definitions

Given a totally ordered finite set J , we recall that RJ denotes the set of maps σ : J → R.
If J1 ⊂ J2, there is a canonical projection prJ2,J1 : RJ2 → RJ1 given by σ �→ σ|J1 . For a
subset A ⊂ RJ≥0, we define the positive convex hull [[A]] by

[[A]] = Convex hull
(
A + RJ≥0

)
⊂ RJ≥0.

Letd ∈ Z>0 be a positive integer.We say that a subsetΔ ⊂ RJ≥0 is a characteristic polyhedron

with denominator d if there is A ⊂ (1/d)ZJ≥0 such that Δ = [[A]].
Definition 1 A polyhedra system D over a support fabric F = (I ,H) with denominator
d , is a triple D = (F; {ΔJ }J∈H, d), where each ΔJ ⊂ RJ≥0 is a characteristic polyhedron
with denominator d , in such a way that for every J1, J2 ∈ H where J1 ⊂ J2, we have
ΔJ1 = prJ2,J1(ΔJ2). When d = 1, we say that D is a Newton polyhedra system over F . If it
is necessary, we denote by FD the support fabric of D. We define the dimension of D as the
dimension of FD .

We say that two polyhedra systems D1 and D2 are equivalent if there is an equivalence φ

between F1 and F2 such that Δ2
φ(J ) = Δ1

J for all J ∈ H1, where D1 = (F1, {Δ1
J }J∈H1 , d)

and D2 = (F2, {Δ2
J }J∈H2 , d). We also say that φ is an equivalence between D1 and D2.

Given a polyhedra system D = (F, {ΔJ }J∈H, d), there is a Newton polyhedra system
N (D) associated to D, defined by

N (D) = (F; {dΔJ }J∈H, 1).

Conversely, given another positive integer number d ′, we can obtain a new polyhedra system
D/d ′ given by D/d ′ = (F; {(1/d ′)ΔJ }J∈H, dd ′). In particular, we have N (D)/d = D.

Let us see some examples of polyhedra systems:

– Given a characteristic polyhedron Δ ⊂ RI≥0 with denominator d , we define the local
polyhedra system L(Δ, d) by

L(Δ, d) = (LI ; {ΔJ }J∈P(I ), d), where ΔJ = prI J (Δ).

– The restriction D|U of D to an open set U ⊂ H is defined by

D|U = (F |U ; {ΔJ }J∈U , d).

– The reduction RedK(D) of D to a closed set K of H is RedK(D) = D|HK .
– The fitting D̃ of D is given as follows. For a subset A ⊂ RI≥0, we consider the fitting

vector wA ∈ RI≥0 defined by wA( j) = min{σ( j); σ ∈ A} for each j ∈ I . We write
Ã = A − wA and we define D̃ = (F; {Δ̃J }J∈H, d).

Let us consider a polyhedra system D = (F; {ΔJ }J∈H, d) and a stratum T ∈ H. We
introduce now a new polyhedra system DT , using Hironaka’s projection of D from T , that
plays an important role in Sect. 7.3.

Let FT = (I T ,HT ) be the support fabric obtained by projection of F from T . Given
J ∗ ∈ HT , let us take the stratum J = J ∗ ∪ T ∈ H and let us consider the subset MT

J ⊂ RJ

given by MT
J = {σ ∈ RJ ; ∑

j∈T σ( j) < 1}. Hironaka’s projection ∇T
J : MT

J → RJ∗
≥0 is

defined by

∇T
J (σ ) = 1

1 − ∑
j∈T σ( j)

σ|J\T .
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for every σ ∈ MT
J . We define ΔT

J∗ by ΔT
J∗ = ∇T

J (ΔJ ∩ MT
J ) ⊂ RJ∗

≥0. The reader can verify
that

DT =
(
FT ;

{
ΔT

J∗
}

J∗∈HT
, d!d

)
, (1)

is a polyhedra system in lower dimension. It is important to remark that the denominator of
DT is d!d instead of d .

Note that ΔT
J∗ = ∅ if ΔJ = ∅ or

∑
j∈T σ( j) ≥ 1 for all σ ∈ ΔJ . Note also that in a

polyhedra system either all the polyhedra are the empty set or none of them is empty. From
now, we suppose (unless otherwise stated) that all the polyhedra Δ we are working with, are
such that Δ �= ∅.

3.2 Singular locus of polyhedra systems

Let Δ ⊂ RJ≥0 be a characteristic polyhedron with J �= ∅. The contact exponent δ(Δ) is
defined by

δ(Δ) = min {|σ |; σ ∈ Δ} , where |σ | =
∑

j∈J

σ( j).

When J = ∅, there is only one possible polyhedron Δ = {•} ⊂ R∅
≥0. By convention, we

assume δ({•}) = −1.

Remark 3 If Δ = [[A]] with A ⊂ Z≥0 (Newton polyhedron), the contact exponent corre-
sponds to the classical idea of multiplicity.

Now, let D = (F; {ΔJ }J∈H, d) be a polyhedra system. The contact exponent δ(D) is
defined by δ(D) = max{δ(ΔJ ); J ∈ H}. The singular locus Sing(D) is the subset

Sing(D) = {J ∈ H; δ(ΔJ ) ≥ 1} ⊂ H.

We have Sing(D) is a closed set, since the contact exponent gives an upper semicontinuous
function in H. We say that D is singular if Sing(D) �= ∅, otherwise it is non-singular.

3.3 Transforms of polyhedra systems under blow-ups

Let us consider the blow-up πJ (F) = (I ′ = I ∪ {∞},H′ = H′
s ∪ H′∞) of a support fabric

F = (I ,H) centered in a non-empty stratum J ∈ H. Given J ′ ∈ H′∞ and K = π#
J (J

′), we
define λJ ′ : RK → RJ ′

by

λJ ′(σ )( j) = σ( j), j �= ∞; λJ ′(σ )(∞) = |σ|J | =
∑

j∈J

σ( j).

Let us denote by {eI ,i }i∈I the standard basis of RI , that is eI ,i (i ′) = δi,i ′ (Kronecker). If
J ⊂ I and i ∈ I we define eJ ,i ∈ RJ by eJ ,i = prI ,J (eI ,i ).

Definition 2 The total transform Λ0
J (D) of a polyhedra system D = (F; {ΔJ }J∈H, d) cen-

tered in a stratum J ∈ H is the polyhedra system Λ0
J (D) = (πJ (F); {Δ0

J ′ }J ′∈H′ , d), where

Δ0
J ′ = ΔJ ′ , J ′ ∈ H′

s; Δ0
J ′ = [[λJ ′(ΔK )]] , J ′ ∈ H′∞, K = π#

J (J
′).

If J ∈ Sing(D), the characteristic transform ΛJ (D) of D centered in J is defined by the
polyhedra system ΛJ (D) = (πJ (F); {Δ′

J ′ }J ′∈H′ , d), where Δ′
J ′ = Δ0

J ′ − eJ ′,∞ for each
J ′ ∈ H′.
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The characteristic transform ΛJ (D) is a polyhedra system again, because the center of the
blow-up is singular and then δ(Δ0{∞}) ≥ 1.

Let N = (F; {NJ }J∈H, 1) be a Newton polyhedra system and take an integer number
d ≥ 1. Consider the polyhedra system D = N/d and a singular stratum J ∈ Sing(D). The
d-moderated transform Θd

J (N ) of N centered in J is defined by Θd
J (N ) = N (ΛJ (D)).

Note that J ∈ Sing(D) if and only if δ(NJ ) ≥ d .

Remark 4 If there is an equivalence φ between two polyhedra systems D1 and D2, then for
all J ∈ Sing(D1), the characteristic transforms ΛJ (D1) and Λφ(J )(D2) are also equivalent.

4 Reduction of singularities

4.1 Statements

We say that a Newton polyhedra system N = (F; {NJ }J∈H, 1) has normal crossings if the
polyhedron NJ has a single vertex for each J ∈ H.

The property of having normal crossings is stable under blow-ups. A first objective of
reduction of singularities is to get this property.

Theorem 1 (Combinatorial Reduction to Normal Crossings)Given a Newton polyhedra sys-
tem N , there is a finite sequence of total transforms

N → N1 → N2 → · · · → Nk

such that Nk has normal crossings.

We can find proofs of this result in another contexts in [10] and [11]. Anyway, we provide a
complete proof next.

Theorem 2 (Combinatorial Reduction of Singularities) Given a polyhedra system D, there
is a finite sequence of characteristic transforms

D → D1 → D2 → · · · → Dk

such that Sing(Dk) = ∅. We call such a sequence a reduction of singularities of D.

Remark 5 Theorem 2 would be false if we had taken the condition δ(ΔJ ) > 1, instead of
δ(ΔJ ) ≥ 1, for the centers of blow-up. For instance, consider the local polyhedra system
L(Δ, 1) where Δ = [[(1, 1)]] ⊂ R

{1,2}
≥0 . The only possible center would be {1, 2} and the

situation is repeated in each closed strata of the characteristic transform.

Corollary 2 Let N be a Newton polyhedra system and d a positive integer number. There is
a finite sequence of d-moderated transforms

N → N1 → N2 → · · · → Nk

such that δ(Nk) < d.

Taking d = 1, the reader can see that Corollary 2 implies Theorem 1.
The objective now is to provide a proof of Theorem 2. Although this result follows from

general Hironaka’s reduction of singularities, we give a complete combinatorial proof here,
emphasizing the ideas of maximal contact developed by Hironaka, Aroca and Vicente in [1]
as well as the polyhedra control suggested by Spivakosvky in [20].
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4.2 Induction procedure

The proof of Theorem 2 runs essentially by induction on the dimension dim(FD) ofD. More
precisely, let us consider the following statement.

CRS(n): If dim(FD) ≤ n, then D has a reduction of singularities.

The starting step of the induction is given by

Proposition 2 CRS(1) holds.

Proof Choose the invariant I (D) given by I (D) = ∑
J∈H δ(ΔJ ). We have I (D) ≥ −1 and

after a single characteristic transform drops exactly a unit. Thus, in a certain point of the
process, we can no more perform a transform. We are done, since then the singular locus is
empty. 
�

We distinguish three types of singular polyhedra systems D:

1. We say thatD isHironaka quasi-ordinary if each polyhedron over a singular stratum has
a single vertex, that is, ΔJ = [[{σJ }]] for all J ∈ Sing(D).

2. We say that D is special if δ(D) = 1.
3. We say that D is general if δ(D) > 1.

The study of Hironaka quasi-ordinary systems does not require the induction hypothesis
as we see in Sect. 6.

We consider special systems under the induction hypothesis CRS(n − 1). In this case we
reduce the problem to lower dimension projecting over a maximal contact support fabric.
The existence of maximal contact goes as follows:

1. We solve the local problem by considering directrix stratum properties.
2. We eliminate the possible “global incoherence” by invoking the induction hypothesis.

Details are given in Sect. 7.
Finally, for general systems, we define Spivakovsky’s invariant, that “measures” how far

is the system from the quasi-ordinary case. We control the behaviour of this invariant by
means of a special system. Details are given in Sect. 8.

5 Examples

Along this section, we take a pair (M, E), where M is a complex analytic variety and E
is a strong normal crossings divisor. We also consider the support fabric FM,E = (I ,H)

associated to (M, E), as in Example 1. Remark that there is a stratification of M with strata
SJ given by

SJ = EJ\
⋃

i /∈J

Ei ,

where EJ = ⋂
j∈J E j �= ∅, for each J ∈ H.

The followings are examples of polyhedra systems that motivate our definitions.
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5.1 Hypersurfaces

Let H ⊂ M be a closed hypersurface of (M,OM ) given by an invertible coherent ideal sheaf
I ⊂ OM and let us suppose that Ei �⊂ H for all i ∈ I . We say that H is combinatorially
regular for (M, E) if we have the property EJ �⊂ H , for all J ∈ H.

We can attach a polyhedra systemNM,E;H to H as follows. Given J ∈ H, we consider a
point p ∈ SJ and a generator F of Ip . Let us write F in local adapted coordinates at p as

F =
∑

aσ (y)xσ ; with σ ∈ ZJ≥0.

where the coefficients aσ (y) are germs of functions in p defined in an open set of SJ . We
define NJ by

NJ =
[[

{σ ∈ ZJ≥0; aσ (y) �≡ 0}
]]

.

The polyhedron NJ is independent of p, the generator F and the chosen local adapted
coordinates. The independence of the local adapted coordinates and of the generator is
straightforward. Once fixed a local coordinate system, we can move to points p′ close to
p in the same stratum and we obtain the same polyhedron in the translated coordinates.
Finally, thanks to the connectedness of the stratum, we can join two points by a compact path
and repeat finitely many times the above procedure.

This construction is compatible with the projections pJ2 J1 : RJ2 → RJ1 , then we obtain
the Newton polyhedra system NM,E;H .

The following statements are equivalent:

1. The hypersurface H is combinatorially regular for (M, E).
2. The Newton polyhedra system is non-singular, that is δ(NJ ) = 0 for all J ∈ H.

Let νJ (H) be the generic multiplicity of H along EJ . Note that νJ (H) = δ(NJ ). We say
that H is combinatorially equimultiple along EJ if νJ (H) = νK (H) for every K ∈ H such
that EK ⊂ EJ . Now, let us consider J ∈ H such that m = δ(NJ ) is maximal. In particular,
we have H is combinatorially equimultiple along EJ . We can perform the usual blow-up
π : (M ′, E ′) → (M, E) centered in EJ . The Newton polyhedra system attached to the
strict transform H ′ of H is given by the m-moderated transform ofNM,E;H . Then, applying
repeatedly Corollary 2 we obtain a finite sequence of blow-ups centered in combinatorially
equimultiple strata.

(M, E; H) = (M0, E0; H0) ← (M1, E1; H1) ← · · · ← (Mn, En; Hn) = (M ′, E ′; H ′)

so that H ′ is combinatorially regular for (M ′, E ′).
The polyhedra system of this example is particularly useful when we consider Newton

non-degenerate functions as in [14,17].

5.2 Codimension one singular foliations

Let us consider now a singular foliation L of codimension one over M . We know that L
is given by an integrable and invertible coherent OM -submodule of Ω1

M [E], where Ω1
M [E]

denotes the sheaf of meromorphic one-forms having at most simple poles along E (see [3,4]).
Given a point p ∈ SJ ⊂ M , the stalkLp is generated by ameromorphic differential one-form
ω ∈ Ω1

M [E], satisfying the Frobenius integrability condition ω ∧ dω = 0. Let us write ω in
local adapted coordinates at p as
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ω =
∑

σ∈ZJ≥0

ωσ x
σ , with ωσ =

∑

i∈J

aσ,i (y)
dxi
xi

+
∑

bσ,s(y)dys

where the coefficients aσ (y), bσ (y) are germs of functions at p, without common factor,
defined in an open set of SJ . We have that EJ is contained in the adapted singular locus
Sing(L, E) of L when ω0 ≡ 0. On the other hand, we say that L is combinatorially regular
for (M, E) if EJ �⊂ Sing(L, E) for every J ∈ H.

We attach a polyhedra systemNM,E;L to L as follows. Given J ∈ H, take a point p ∈ SJ
and a generator ω of Lp as before. We define NJ by

NJ =
[[

{σ ∈ ZJ≥0; ωσ �≡ 0}
]]

.

The polyhedra NJ only depend on L and SJ , moreover, they are compatible with the projec-
tions pJ2 J1 . We obtain in this way the Newton polyhedra system NM,E;L.

The following statements are equivalent:

1. The foliation L is combinatorially regular for (M, E).
2. The Newton polyhedra system is non-singular, that is δ(NJ ) = 0 for all J ∈ H.

Let νJ (L) be the adapted order of L along EJ (see [3]). Note that

νJ (L) = min
{
νx

(∑
xσaσ,i (y)

)
, νx

(∑
xσ bσ,s(y)

)}

i,s

= min {|σ |; σ ∈ NJ } = δ(NJ ).

As before, we say that L is combinatorially equimultiple along EJ if νJ (L) = νK (L) for
every K ∈ H such that EK ⊂ EJ . Considering J ∈ H such that m = δ(NJ ) is maximal,
we perform the usual blow-up π : (M ′, E ′) → (M, E) centered in EJ and the Newton
polyhedra system attached to the strict transform L′ of L is given by the m-moderated
transform Θm(NM,E;L). As in the preceding example, we obtain a finite sequence of blow-
ups centered in combinatorially equimultiple strata (M ′, E ′;L′) → (M, E;L) such that L′
is combinatorially regular for (M ′, E ′).

Remark 6 Polyhedra systems are a bridge to show that codimension one singular holomor-
phic foliations with combinatorial desingularization are characterized as the ones satisfying
Newton non-degeneracy conditions. These conditions are similar to the ones ofKouchnirenko
and Oka, in the case of functions and complete intersections. In addition, any desingulariza-
tion of the polyhedra system associated to a Newton non-degenerate foliation gives rise to a
desingularization of the foliation (in the usual geometrical sense).

We can obtain an example similar to the preceding one in the case of one-dimensional singular
foliations (see [2,15,18]) that are locally generated by vector fields of the form

χ =
∑

χσ x
σ , with χσ =

∑

i∈J

aσ,i (y)xi
∂

∂xi
+

∑
bσ,s(y)

∂

∂ ys
.

5.3 Monomial ideals

Let I be a monomial ideal of OM adapted to E . Following [11], we define I to be the data
of a finite collection of effective divisors {Ds}s∈S of the form

Ds =
∑

i∈I
nsi Ei .
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We attach a Newton polyhedra system NM,E;I to I as follows. Let σ s : I → Z≥0 be the
map given by σ s(i) = nsi . For each J ∈ H, we define NJ by

NJ = [[{σ s |J ; s ∈ S}]].
Note that NM,E;I is non-singular if and only if I is a principal ideal. Given J ∈ H, we
can perform the usual blow-up π : (M ′, E ′) → (M, E) centered in EJ . The Newton
polyhedra system attached to the total transform I ′ of I is given by the total transform of
NM,E;I . Now, we apply Theorem 1 and, as in [11], we obtain a finite sequence of blow-ups
(M ′, E ′; I ′) → (M, E; I) such that I ′ is a principal ideal.

6 Hironaka quasi-ordinary polyhedra systems

In this section we prove Theorem 2 for Hironaka quasi-ordinary polyhedra systems.
Given a Hironaka quasi-ordinary system D = (F; {ΔJ }J∈H, d) and a singular stratum

J , the transform ΛJ (D) = (πJ (F); {Δ′
J ′ }J ′∈H′ , d) is also Hironaka quasi-ordinary. Indeed,

for every J ′ ∈ H′∞ and K = π#
J (J

′), we have ΔJ ′ = [[{σJ ′ }]], with σJ ′ = λJ ′(σK )− eJ ′,∞.

Lemma 1 The set A of decreasing sequences of natural numbers is well-ordered for the
lexicographical order.

Proof Given a decreasing sequence ϕ1 ≥ ϕ2 ≥ · · · ≥ ϕk ≥ · · · in A, we take k0 = 0 and
ki = min{ j ≥ ki−1; ϕ j ′(i) = ϕ j (i), j ′ ≥ j} < ∞, for each i ≥ 1. Let us consider the
decreasing sequence ϕ : N → N given by ϕ(n) = ϕkn (n). There is a positive number l ∈ N

such that ϕ(n) = ϕ(l), for all n ≥ l. As a consequence we have ϕ j = ϕkl , for all j ≥ kl . 
�

Proposition 3 Every Hironaka quasi-ordinary polyhedra system has reduction of singulari-
ties.

Proof Choose a bijective map sD : {1, 2, . . . , #H} → H such that

δ(ΔsD( j)) ≥ δ(ΔsD( j+1)); j ≥ 1.

Take the decreasing sequence ϕ : N → N given by ϕ( j) = dδ(ΔsD( j)) if j ≤ #H and
ϕ( j) = 0 if j > #H. We choose ϕ as lexicographical invariant. Let us see that after an
appropriate single blow-up the invariant ϕ drops and then we are done by Lemma 1. We
select as center a singular stratum J with the minimum number of elements. Given J ′ ∈ H′∞
and K = π#

J (J
′), we have

δ(Δ′
J ′) = |σJ ′ | = |λJ ′(σK )| − 1 = |σK | + |σAJ ′ | − 1 < δ(ΔK )

and then we obtain ϕ′ < ϕ. 
�

7 Special polyhedra systems

In this section we prove Theorem 2 for the case of special polyhedra systems. More precisely
we proveCRS(n) for special polyhedra systems under the induction hypothesisCRS(n−1).
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7.1 Stability of special systems

A special polyhedra system is either non-singular or special under blow-up. Precisely, we
have

Proposition 4 Let D be a special polyhedra system. Given a singular stratum J , we have
δ(ΛJ (D)) ≤ 1.

Proof Let us denote D = (F; {ΔJ }J∈H, d) and ΛJ (D) = (πJ (F); {Δ′
J ′ }J ′∈H′ , d). Take

J ′ ∈ H′∞ and K = π#
J (J

′). We have to see that δ(Δ′
J ′) ≤ δ(ΔK ) = 1. Given σ ∈ ΔK with

|σ | = 1, we have δ(Δ′
J ′) ≤ |λJ ′(σ ) − eJ ′,∞| = |σ | − 1 + |σ|AJ ′ | ≤ 1. 
�

Remark 7 Let us consider a Newton polyhedra system N and an integer d ≥ 1. A stratum
J ∈ H is d-equimultiple if the polyhedra system Red{J }∩H(N/d) is special. Proposition 4
means in this context that the multiplicity is stable under d-moderated transforms when we
perform blow-ups centered in d-equimultiple strata.

7.2 Directrix strata of polyhedra

Given a characteristic polyhedron Δ ⊂ RI≥0, with δ(Δ) = 1, the directrix stratum T (Δ) of
Δ, is defined by

T (Δ) = { j ∈ I ; ∃ σ ∈ Δ, |σ | = 1, σ ( j) �= 0} ⊂ I .

See [20]. In this section we present stability results concerning the behaviour of the directrix
stratum of a polyhedron in a “horizontal” and a “vertical” way.

Let us consider a special polyhedra system D = (F; {ΔJ }J∈H, d).

Proposition 5 We have T (ΔJ2) ⊂ T (ΔJ1) ⊂ J1, for every J1, J2 ∈ Sing(D) with J1 ⊂ J2.

Proof Given σ ∈ ΔJ2 such that |σ | = 1, the restriction σ|J1 ∈ ΔJ1 also satisfies |σ|J1 | = 1
because δ(ΔJ1) = 1. Then σ( j) = 0 for all j ∈ J2\J1. Thus, we have both T (ΔJ2) ⊂ J1
and T (ΔJ2) ⊂ T (ΔJ1). 
�
Remark 8 In the situation of Proposition 5, we can have T (ΔJ2) �= T (ΔJ1). For instance, let
us consider Δ = [[(0, 0, 1), (1, 1, 0)]] ⊂ R

{1,2,3}
≥0 . In this case, we obtain

{3} = T (Δ) �= T (Δ{2,3}) = {2, 3}.
Consider a singular stratum J ∈ Sing(D) and let us perform the characteristic transform

D′ = ΛJ (D) = (πJ (F); {Δ′
J ′ }J ′∈H′ , d) ofD centered in J . By Proposition 4, we know that

D′ is either non-singular or a special system.

Proposition 6 Consider a singular stratum J ′ = (K\J ) ∪ AJ ′ ∪ {∞} ∈ H′∞ where
K = π#

J (J
′). We have T (ΔK ) ⊂ AJ ′ ⊂ J . Moreover, T (ΔK ) ⊂ T (Δ′

J ′) ⊂ J ′.
Proof Given σ ∈ ΔK with |σ | = 1, we have δ(Δ′

J ′) ≤ |λJ ′(σ ) − eJ ′,∞| = |σ|AJ ′ | ≤ 1. As
a consequence |σ|AJ ′ | = 1 or equivalently T (ΔK ) ⊂ AJ ′ . Now, given j ∈ T (ΔK ) we have
j ∈ AJ ′ . As |σ ′| = 1 and σ ′( j) = σ( j) �= 0, then j ∈ T (Δ′

J ′). 
�
Remark 9 In the problem of reduction of singularities in zero characteristic, there is a feature
that is similar to the property T (ΔK ) ⊂ AJ ′ . It is a classical property that Hironaka’s strict
tangent space, in zero characteristic, points out the possible new bad points after blow-ups.

Corollary 3 Given J ′ ∈ H′∞ and K = π#
J (J

′), if T (ΔK ) = J then J ′ /∈ Sing(D′).
Proof If J ′ ∈ Sing(D′) by Proposition 6, we have T (ΔK ) ⊂ AJ ′ , but AJ ′ � J . 
�
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7.3 Reduction of singularities via maximal contact

In this section we obtain reduction of singularities for special polyhedra systems under the
assumption that there is maximal contact with a given stratum.

Let us consider a special polyhedra system D = (F; {ΔJ }J∈H, d) and a stratum T ∈ H.
We say that T has maximal contact with D if T ⊂ T (ΔJ ), for all J ∈ Sing(D). We say also
that FT is a maximal contact support fabric of D.

Remark 10 Let T ∈ H be a stratum that has maximal contact withD. Recall that Hironaka’s
projection of D over T is given by DT = (FT ; {ΔT

J∗ }J∗∈HT , d!d). Since we are assuming
that the polyhedra of D are non-empty, we have ΔT

J∗ = ∅ for all J ∈ HT if and only if
T ∈ Sing(D). Note that in this case ΛT (D) is non-singular as a consequence of Corollary 3.

Remark 11 For every local polyhedra system D = L(Δ, d), each non-empty stratum
T ⊂ T (Δ) = T (ΔI ) has maximal contact with D. That happens because of the hori-
zontal stability of the directrix stratum stated in Proposition 5. Indeed, for every singular
stratum J ∈ Sing(D), we have J ⊂ I and hence T (ΔI ) ⊂ T (ΔJ ).

Lemma 2 Let us consider the transform ΛJ (D) where J ∈ Sing(D). If T has maximal
contact with D, then T also has maximal contact with ΛJ (D).

Proof Recall that πJ (F) = (I ′,H′ = H′
s ∪ H′∞). Note that T ⊂ J with T �= J and then

T ∈ H′
s . Themaximal contact of T withΛJ (D) is assured by the property of vertical stability

for the directrix stratum given in Proposition 6. 
�
Proposition 7 Let T /∈ Sing(D) be a stratum that has maximal contact with D and let us
consider Hironaka’s projection DT of D from T . If there is a reduction of singularities for
DT , then D also has a reduction of singularities.

Recall that DT = (FT ; {ΔT
J∗ }J∗∈HT , d!d) has been introduced in Eq. (1). We prove of

the proposition in three steps.
Step 1: There is a one-to-one correspondence between Sing(D) and Sing(DT ). Let us

denote by HT the set HT = {J ∈ H; T ⊂ J }. Note that HT is an open set of H. In
fact, is the smallest one containing {T } ∩ H. There is a bijection Ψ : HT → HT given by
Ψ (J ) = J\T . Note that Sing(D) ⊂ HT . We claim that Ψ (Sing(D)) = Sing(DT ). Given
J ∈ Sing(D), we have to prove that |σ ∗| ≥ 1 for all σ ∗ ∈ ΔT

J\T . Given such a σ ∗, there is
σ ∈ ΔJ ∩ MT

J , satisfying

σ ∗ = σ |J\T
1 − |σ |T | .

Note that |σ |T | < 1, since σ ∈ MT
J . Recalling that T ⊂ J , we have

|σ ∗| = |σ|J\T | + |σ |T | − |σ |T |
1 − |σ |T | = |σ | − |σ |T |

1 − |σ |T | . (2)

Then |σ ∗| ≥ 1 since |σ | ≥ 1. As a consequence J\T ∈ Sing(DT ). Conversely, if we take
J ∗ ∈ Sing(DT ), we have to prove that |σ | ≥ 1, for all σ ∈ ΔJ , where J = J ∗ ∪ T . Given
such a σ , we have two possibilities. If |σ|T | ≥ 1 we are done. Otherwise |σ|T | < 1 and then
σ ∈ MT

J . In this case, there is σ ∗ ∈ ΔT
J∗ given by σ ∗ = σ|J\T /(1 − |σ|T |). By Eq. (2), we

have (1 − |σ|T |)|σ ∗| = |σ | − |σ|T |. Moreover 1 − |σ|T | ≤ |σ | − |σ|T | since |σ ∗| ≥ 1. As a
consequence |σ | ≥ 1 and then J ∈ Sing(D).

123



Combinatorial aspects of classical resolution… 3943

Step 2: Commutativity of Hironaka’s projections with the blow-up transforms. We are
going to show that

(ΛJ (D))T = ΛJ\T (DT ).

We verify this commutativity first for the support fabrics and second for each polyhedron.

(a) Commutativity for the support fabrics. Let us see that πJ (F)T = πJ\T (FT ). Denote

πJ (F)T =
(
(I ′)T , (H′)T

)
, πJ\T (FT ) =

(
(I T )′, (HT )′

)
.

The index sets are equal, since (I ′)T = (I ∪ {∞})\T = (I\T ) ∪ {∞} = (I T )′.
Let us see that (H′

s)
T = (HT )′s . Note that K ⊃ J ⇔ K\T ⊃ J\T for every K ∈ H,

because T ⊂ J . Then, for each J ′∗, we have

J ′∗ ∈ (H′
s)

T ⇔ J ′∗ ∪ T ∈ H′
s, J ′∗ ∩ T = ∅ ⇔ J ′∗ ∈ (HT )′s .

Take K ∈ H with K ⊃ J . Let us see that (H′K∞ )T = (HT )
′K\T∞ . For each J ′∗, we have

J ′∗ ∈ (H′K∞ )T ⇒ J ′ = J ′∗ ∪ T ∈ H′K∞ ⇒ T ⊂ AJ ′ � J ⇒
⇒ AJ ′ \T � J\T ⇒ J ′∗ ∈ (HT )

′K\T∞ .

J ′∗ ∈ (HT )
′K\T∞ ⇒ AJ ′∗ � J\T ⇒ A = AJ ′∗ ∪ T � J ⇒

⇒ J ′∗ ∪ T ∈ H′K∞ ⇒ J ′∗ ∈ (HT )
′K\T∞ .

(b) Commutativity for the polyhedra. It is enough to prove that the following diagram com-
mutes

MT
K ∩ RK≥0

f J ′

∇T
K

RJ ′
≥0 ∩ MT

J ′

∇T
J ′

RK\T fJ ′\T
R

J ′\T
≥0

where J ′ ∈ H′∞, K = π#
J (J

′), T ⊂ J ′, T ⊂ K and f J ′(σ ) = λJ ′(σ ) − eJ ′,∞. Note
that f J ′ is well-defined because f J ′(σ )|T = σ|T for all σ ∈ RK≥0.

Given σ ∈ MT
K ∩ RK≥0, we denote

σ ′ = f J ′(σ ), σ T = ∇T
K (σ ), (σ T )′ = f J ′\T (σ T ), (σ ′)T = ∇T

J ′(σ ′).

We conclude that (σ T )′ = (σ ′)T from the following equalities:

(σ ′)T|J ′\(T∪{∞}) = σ|J ′\(T∪{∞})
1 − |σ|T | = (σ T )′|J ′\(T∪{∞};

(σ ′)T (∞) = |σ|J | − 1

1 − |σ|T | = |σ|J\T | + |σ|T | − 1

1 − |σ|T | = |σ|J\T |
1 − |σ|T | − 1 = (σ T )′(∞).

Hence, D has reduction of singularities. This ends the proof of Proposition 7.

7.4 Connected components decomposition of desingularization

The problem of reduction of singularities can be solved by considering one by one each
connected component of the singular locus.
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Proposition 8 Let D be a polyhedra system and Sing(D) = ⋃ Cα the decomposition in
connected components of the singular locus. Assume that there is reduction of singularities
for each RedCα (D). Then there is reduction of singularities for D.

In order to simplify notation, we denoteDα = RedCα (D) andFα the support fabric ofDα . Let
us consider a connected component Cα . By hypothesis, Dα has a reduction of singularities

Dα → D1
α → · · · → Dk

α.

This sequence induces a sequence of characteristic transforms

D → D1 → · · · → Dk,

obtained performing blow-ups in the same centers. Let Fk be the support fabric of Dk . The
polyhedra system Dk satisfies the following properties:

1. For each β �= α, there is an equivalence betweenDβ and RedCβ (Dk) given by IdI , where
I = IFβ = IFk

β
, with Fk

β = RedCβ (Fk).

2. The decomposition of the singular locus Sing(Dk) in connected components is given by
Sing(Dk) = ⋃

β �=α Cβ .

Proof of Proposition 8 is concluded applying the same argument finitely many times.

7.5 Existence of maximal contact

Definition 3 Let D be a special polyhedra system and let Sing(D) = ⋃ Cα be the decompo-
sition of the singular locus in connected components. We say that D is consistent if for each
connected component Cα , there is a stratum Tα that has maximal contact with RedCα (D). By
convention, non-singular polyhedra systems are consistent.

Proposition 9 Under the induction hypothesis CRS(n − 1), every n-dimensional consistent
polyhedra system has reduction of singularities.

Proof Let D be a n-dimensional consistent polyhedra system. Let us consider the decompo-
sition of the singular locus in connected components Sing(D) = ⋃ Cα . In order to simplify
notation, we write Dα = RedCα (D). For each Cα , we have a stratum Tα that has maximal
contact with Dα . If Tα ∈ Sing(D), by Remark 10, Dα has reduction of singularities. Oth-
erwise, since Hironaka’s projection DTα

α has dimension lower than n, there is reduction of
singularities for DTα

α and by Proposition 7 we obtain reduction of singularities for Dα . By
Proposition 8 we conclude the proof. 
�
Remark 12 There exist non-consistent polyhedra systems. For instance, consider the support
fabric F = (I ,H) with I = {1, 2, 3, 4},

H = P(I )\{{1, 4}, {1, 2, 4}, {1, 3, 4}, I}.
Take over it the polyhedra system D = (F; {ΔJ }J∈H, d), given by

Δ{1,2,3} = [[
(0, 0, 1), (1/2, 1, 0)

]]
, Δ{2,3,4} = [[

(1, 0, 0), (0, 1, 1/2)
]]

and all their projections. We have Sing(D) = {{2, 3}, {1, 2, 3}, {2, 3, 4}} is connected. We
have that T (Δ{1,2,3}) = {3} and T (Δ{2,3,4}) = {2}, then there is no stratum T with maximal
contact.
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The following statement says that every non-consistent special system of dimension n can
be transformed in a finite number of steps in a consistent one. More precisely

Proposition 10 Under the induction hypothesis CRS(n−1), for every n-dimensional special
polyhedra system D, there is a finite sequence of characteristic transforms D → D′ such
that D′ is consistent.

Proof The main idea in this proof is to reduce the problem to the case of polyhedra systems
obtained by blow-up of local systems.The existence of maximal contact in those systems is
assured by Remark 11 and by the stability results in Lemma 2.

Let us consider the set K of closed strata in H and the open set U = H\K. Recall that K
is a finite, totally disconnected closed set. We have dim(D|U ) < n, since the dimension is
reached only at closed points. Then D|U has a reduction of singularities

D|U → D1|U → · · · → Dk|U .

This sequence gives rise to a sequence of characteristic transforms

D → D1 → · · · → Dk (3)

obtained performing blow-ups in the same centers. Let us prove that Dk is consistent.
Write Dk|U = (Fk|U , {Δk

J ′ }J ′∈Hk
|U

, d) and Dk = (Fk, {Δk
J ′ }J ′∈Hk , d). By Corollary 1,

we know that Fk|U = Fk |Uk where Uk = (π#
k )−1(U) and π#

k : Hk → H is given by the

sequence of Eq. (3). We have Sing(Dk) ∩ Uk = ∅ since Dk|U is non-singular. Moreover, we

have Hk = Uk ∪ (π#
k )−1(K). As a consequence, the singular locus Sing(Dk) is contained in

(π#
k )−1(K), that we write as

(
π#
k

)−1
(K) =

⋃

J∈K
KJ , where KJ = (

π#
k

)−1
(J ).

Since K is totally disconnected, we have KJ1 ∩KJ2 = ∅ for every J1, J2 ∈ K with J1 �= J2.
We conclude that, given a connected component C of Sing(Dk), there is a unique stratum
J ∈ K such that C ⊂ KJ . On the other hand, we have T (ΔJ ) ⊂ T (Δk

J ′) for every J ′ ∈ C,
because of the vertical stability property of the directrix stratum stated in Proposition 6.
Then the non-empty stratum T (ΔJ ) has maximal contact with RedC(Dk). 
�

Corollary 4 Under the induction hypothesis CRS(n − 1), there is a reduction of singularities
for every n-dimensional special polyhedra system.

8 General polyhedra systems

In this section we consider the case of n-dimensional general polyhedra systems. In order to
prove it, we assume the hypothesis

CRSsp(n): n-dimensional special polyhedra systems have reduction of singularities.

Note that CRS(n − 1) implies CRSsp(n). The main idea is to transform a given general
polyhedra system into a Hironaka quasi-ordinary one, using the hypothesis CRSsp(n) and
many of the ideas in Spivakovsky’s work [20]. Then we are done in view of Proposition 3.
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8.1 Spivakovsky’s invariant

Let D = (F; {ΔJ }J∈H, d) be a polyhedra system. We recall that the fitting of D is given by
D̃ = (F; {Δ̃J }J∈H, d), where Δ̃J = ΔJ − wΔJ . We define Spivakovsky’s invariant SpiD
by

SpiD = max
{
δ(Δ̃J ); J ∈ Sing(D)

}
.

Note that SpiD = 0 if and only if D is a Hironaka quasi-ordinary polyhedra system.
We define the set S(D) by S(D) = {

J ∈ Sing(D); δ(Δ̃J ) = SpiD
}
.

Lemma 3 For every J ∈ S(D), we have SpiΛJ (D) ≤ SpiD .

Proof Let us denote ΛJ (D) = (F ′; {Δ′
J ′ }J ′∈H′ , d) and λ = SpiD . We write for simplicity

wK instead of wΔK . We need to prove that

δ(̃Δ′
J ′) ≤ δ(Δ̃K ); J ′ ∈ H′, K = π#

J (J
′).

Note that δ(Δ̃K ) = δ(ΔK ) − |wK |. If J ′ ∈ H′
s we are done. If J ′ ∈ H′∞, then we have

wJ ′( j) = wK ( j) if j �= ∞ and wJ ′(∞) = δ(ΔJ ) − 1. Moreover, K ∈ S(D), since K ⊃ J .
Take σ ∈ ΔK such that |σ − wK | = δ(Δ̃K ). Then

δ(̃Δ′
J ′ ) ≤ |λJ ′ (σ ) − eJ ′∞ − wJ ′ | = |σ | + |σ|AJ ′ | − 1 − (|w|J ′\{∞}|) + (δ(ΔJ ) − 1)

= δ(Δ̃K ) + |wK | + |σ|AJ ′ | − |w(K\J )∪AJ ′ | − δ(Δ̃J ) − |wJ | = λ + |σ|AJ ′ | − |wAJ ′ | − λ

= |σ|AJ ′ − wAJ ′ | ≤ |σ | = δ(Δ̃K ).


�

8.2 Resolution of general systems

Here we prove that Spivakovsky’s invariant decreases strictly after a “well-chosen” finite
sequence of blow-ups. We do it by means of Spivakovsky’s projection introduced below and
the hypothesis CRSsp(n).

Let D = (F; {ΔJ }J∈H, d) be a singular polyhedra system with SpiD �= 0. We define
Spivakovsky’s projection Dsp by

Dsp = (F; {Δsp
J }J∈H, d2), where Δ

sp
J = [[

Δ̃J /SpiD ∪ ΔJ
]]

.

We have that Dsp is a special polyhedra system and Sing(Dsp) = S(D) since

δ(Δ
sp
J ) = min

{
δ
(
Δ̃J /SpiD

)
, δ(ΔJ )

} ≤ 1.

Proposition 11 Under the hypothesis CRSsp(n), there is a finite sequence of characteristic
transforms

D = D0 → D1 → · · · → Dk

such that SpiDk < SpiD and the center J i of the characteristic transform Di → Di+1

belongs to S(Di ) for each i = 0, 1, . . . , k − 1.

Proof We consider J ∈ S(D) and denote λ = SpiD . We have two situations:

1. SpiΛJ (D) < λ. (In this case, we are done).
2. SpiΛJ (D) = λ.
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Suppose that SpiΛJ (D) = λ. Let us prove the commutativity of Spivakovsky’s projections
with the blow-up transforms. More precisely, given a stratum J ′ ∈ H′∞ and K = π#

J (J
′),

we want to see that
[[

˜[[ f J ′(ΔK )]]/λ ∪ [[ f J ′(ΔK )]]
]]

= [[
f J ′

([[
Δ̃K /λ ∪ ΔK

]])]]
, (4)

where f J ′ : RK≥0 → RJ ′
≥0 is defined by f J ′(σ ) = λJ ′(σ ) − eJ ′,∞. That is, recalling the

definition of λJ ′ , f J ′(σ )( j) = σ( j) if j �= ∞ and f J ′(σ )(∞) = |σ|J | − 1.
It is not difficult to see that, the proof of equality (4) is reduced to prove the equality

˜f J ′(ΔK )/λ = f J ′
(
Δ̃K /λ

)
. That is, we want to show that

(σ ′ − wJ ′)

λ
= f J ′

(
σ − wK

λ

)

, where σ ∈ ΔK , σ ′ = f J ′(σ ).

Note that we have wJ ′( j) = wK ( j) if j �= ∞. Then we just need to see what happens with
j = ∞. Recall that wJ ′(∞) = δ(ΔJ ) − 1, δ(ΔJ ) = δ(Δ̃J ) + |wJ | and δ(Δ̃J ) = λ. Then

(σ ′ − wJ ′)(∞)

λ
= |σ|J | − (s + |wJ |)

λ
= |σ|J − wJ |

λ
− 1 = f J ′

(
σ − wK

λ

)

(∞).

By CRSsp(n), there is a reduction of singularities ofDsp . Then the second situation cannot
be repeated forever and we are done. 
�

Now the proof of Theorem 2 is completed.

Acknowledgements I would like to express my gratitude to Professor Felipe Cano, for all the time devoted to
the supervision of this work. I am also grateful with all the referees suggestions that have improved the text.
The author is partially supported by the Ministerio de Educación, Cultura y Deporte of Spain (FPU14/02653
Grant) and by theMinisterio deEconomía yCompetitividad fromSpain, under theProject “Algebra y geometría
en sistemas dinámicos y foliaciones singulares.” (Ref.: MTM2016-77642-C2-1-P).

References

1. Aroca, J.M., Hironaka, H., Vicente, J.L.: The theory of maximal contact. Mem. Mat. Inst. Jorge Juan
Madrid, vol. 29 (1975) [Second version: Complex Analytic Desingularization. Springer ISBN 978-4-
431-70218-4 (2018)]

2. Cano, F.:DesingularizationStrategies ofThree-DimensionalVector Fields. LectureNotes InMathematics,
vol. 1259. Springer, Berlin (1987)

3. Cano, F.: Reduction of the singularities of codimension one singular foliations in dimension three. Ann.
Math. 160, 907–1011 (2004)

4. Cano, F., Cerveau, D.: Desingularization of nondicritical holomorphic foliations and existence of sepa-
ratrices. Acta Math. 169(1–2), 1–103 (1992)

5. Cossart, V.: Sur le polyèdre caractéristique d’une singularité. Bull. Soc. Math. Fr. 103(1), 13–19 (1975)
6. Cossart, V.: Polyèdre caractéristique et éclatements combinatoires. Rev. Mat. Iberoam. 5(1–2), 67–95

(1989)
7. Cossart, V.: Desingularization: a few bad examples in dimension 3, characteristic p>0. Topics in algebraic

and non-conmutative geometry, pp. 103–108. Contemp.Math., vol. 324. AmericanMathematical Society,
Providence (2003)

8. Cossart, V.: Is there a notion ofweakmaximal contact in characteristic p>0?Asian J.Math. 15(3), 357–368
(2011)

9. Cossart, V., Jannsen, U., Saito, S.: Canonical embedded and non-embedded resolution of singularities for
excellent two-dimensional schemes (2013). arXiv:0905.2191v2

10. Fernández-Duque, M.: Elimination of resonances in codimension one foliations. Publ. Mat. 57(1), 75–97
(2015)

11. Goward Jr., R.A.: A simple algorithm for principalization of monomial ideals. Trans. Am. Math. Soc.
357(12), 4805–4812 (2005)

123

http://arxiv.org/abs/0905.2191v2


3948 B. Molina-Samper

12. Hironaka, H.: Characteristic Polyhedra Singularities. J. Math. Kyoto Univ. 7(3), 251–293 (1967)
13. Hironaka, H.: Additive groups associated with points of a projective space. Ann. Math. (2) 92, 327–334

(1970)
14. Kouchnirenko, A.G.: Polyèdres de Newton et nombres de Milnor. Invent. Math. 32(1), 1–31 (1976)
15. McQuillan, M., Panazzolo, D.: Almost ètale resolution of foliations. J. Differ. Geom. 95(2), 279–319

(2013)
16. Narashiman, R.: Monomial equimultiple curves in positive characteristic. Proc. Am. Math. Soc. 89(3),

402–406 (1983)
17. Oka, M.: Non-degenerate complete intersection singularity. Actualités Mathématiques. Hermann, Paris,

viii+309, p. 220 (1997)
18. Pannazolo, D.: Resolution of singularities of real-analytic vector fields in dimension three. Acta Math.

197(2), 167–289 (2006)
19. Schober, B.: Characteristic polyhedra for idealistic exponents with history, Ph.D. Thesis. University of

Regensburg, Regensburg (2013)
20. Spivakovsky, M.: A solution to Hironaka’s polyhedra game, Arithmetic and Geometry II, Progress in

Mathematics, vol. 36. Birkhauser, Boston, pp. 419–432 (1983)
21. Youssin, B.: Newton polyhedra of ideals. Mem. Am. Math. Soc. 87(433), i–vi, 75–99 (1990)

123


	Combinatorial aspects of classical resolution of singularities
	Abstract
	1 Introduction
	2 Support fabrics for polyhedra systems
	3 Polyhedra systems
	3.1 Definitions
	3.2 Singular locus of polyhedra systems
	3.3 Transforms of polyhedra systems under blow-ups

	4 Reduction of singularities
	4.1 Statements
	4.2 Induction procedure

	5 Examples
	5.1 Hypersurfaces
	5.2 Codimension one singular foliations
	5.3 Monomial ideals

	6 Hironaka quasi-ordinary polyhedra systems
	7 Special polyhedra systems
	7.1 Stability of special systems
	7.2 Directrix strata of polyhedra
	7.3 Reduction of singularities via maximal contact
	7.4 Connected components decomposition of desingularization
	7.5 Existence of maximal contact

	8 General polyhedra systems
	8.1 Spivakovsky's invariant
	8.2 Resolution of general systems

	Acknowledgements
	References




