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Abstract

We describe combinatorial aspects of classical resolution of singularities that are free of
characteristic and can be applied to singular foliations and vector fields as well as to functions
and varieties. In particular, we give a combinatorial version of Hironaka’s maximal contact
theory in terms of characteristic polyhedra systems and we show the global existence of
maximal contact in this context.
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1 Introduction

We present here a combinatorial formulation for the procedure of reduction of singularities
in terms of polyhedra systems. This combinatorial structure is free of restrictions on the char-
acteristic and provides a combinatorial support for the reduction of singularities of varieties,
foliations, vector fields and differential forms, among other possible objects.

Hironaka’s characteristic polyhedra represent the combinatorial steps in almost any pro-
cedure of reduction of singularities. This is implicit in the formulation of the polyhedra game
[12], solved by Spivakovsky [20], and in many other papers about characteristic polyhedra
[5,6,19-21].

The combinatorial features concerning the problems of reduction of singularities are
reflected in polyhedra systems without loosing the global aspects. In particular, we need
to project the problem over a “Maximal Contact Support Fabric”, that plays the role of a
maximal contact variety [1]. The proof of global existence of combinatorial maximal contact
is also a problem of the same nature as the reduction of singularities. We present here a proof
and it is solved thanks to the induction hypothesis on the dimension.
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Let us remark that in the general problem of reduction of singularities in positive charac-
teristic, maximal contact does not necessarily exist [7-9,16]. Nevertheless, when we consider
the combinatorial structure of polyhedra systems, we find a phenomenon that keeps an anal-
ogy with the idea of maximal contact (maximal contact support fabric), that works also in
the cases when the polyhedra system has been produced from functions in zero or positive
characteristic.

The polyhedra systems have evident links with toric varieties and they also provide a
combinatorial global support for the so-called Newton non-degenerate varieties [17]. In
a forthcoming paper we plan to develop these last two aspects also for codimension one
singular foliations.

2 Support fabrics for polyhedra systems

The support fabrics play the role of ambient spaces for supporting polyhedra systems. They
express the stratified structure of the space.

Let I be a non-empty finite set and denote by P (/) the set of subsets of /. We consider
the Zariski topology on P(I) whose closed sets are the sets K C P (/) having the property:

IfJ/i ek and /LD J1 = ek

A subset H C P(I) is open if and only if for every J € H we have P(J) C H. The closure
of {(J} c P(I)istheset {J}={J cI; J DJ}

A support fabric is a pair F = (I, H) where [ is a finite set and H is an open set for the
Zariski topology on P(I). The elements of H are called strata and [ is called the index set.
The dimension dim(F) is defined by dim(F) = max{#J; J € H}, where #J denotes the
number of elements of J. Note that the strata / € H where the dimension is reached are
closed points in H.

The first example is the local support fabric L associated to the index set /, defined by
L7 = (I, P(I)). We can obtain other ones as follows:

— The restriction F|ys of the support fabric F to an open set &/ C H. It is given by
Flu = (I,U). Note that we always have F = L|x.

— The reduction Redx (F) of the support fabric F to a closed subset K of H, that is K is
the intersection with H of a closed set of P (/). We consider the smallest open set Hc
that contains K. Thatis Hx = UJeIC P(J). Then, we define Red (F) = Flpye.

— The projection FT from a non-empty stratum T € H. The set

HT ={(J\T; T CJ,JeH

is open in P(UIT), where IT = I\T. We define 7T = (T, H"). Note that
dim(FT) < dim(F).

Given a support fabric 7 = (I, H), the relevant index set Zr of F is defined by
Ir = UjenJ. We say that two support fabrics 71 = (I1, H1) and F> = (I, Hy) are
equivalent if there is a bijection ¢ : Zr, — Zx, such that Hy = {¢(J); J € H1}. In this
case we say that ¢ is an equivalence between F| and F;.

Let us define the blow-up mwj(F) of F centered in a non-empty stratum J € H. Take
I' = I U {00} where co ¢ I. Define H' = H, U H,, where H, = H\{J} and

Moo= |J HE: where HE = {(K\J)UAU{oc}: A C I}

Ke{JinH
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We have that 1’ is open in P(I) and we define ;(F) = (I', H). Note that for every
K € {J} NH, there is a bijection Holg — P(J)\{J} given by J' +> A, where Ay is the
unique subset of J such that

J = (K\J)U Ay U {oo}.
Remark 1 The dimension of a support fabric F is invariant by blow-ups.

Remark 2 The relevant index sets after the blow-up 77 (F) are given by

I | Zr U {00}, if #J >2;
E) T\ IR\ U (oo}, if T = ().

Moreover, if there is an equivalence ¢ between two support fabrics F; and F,, then for every
J € Hj, the blow-ups 77 (F1) and 77y (F2) are also equivalent.

There is a surjective map nﬁ : H' — H between the strata sets of 7;(F) and F
respectively, given by 7 (H/X) = {K}, for each K € {J} N H and by 7 (J") = J', if
J e H. =H\{J}.

Proposition 1 The map nﬁ :'H' — 'H is continuous.
Proof Remark that for every J' € H’, we have n# (P(J/)) cP (711;(1/)). 0

Corollary 1 Given an open set U C H, we have w;(Fly) = nj(F)ly, where
U =@H=a.

Example 1 Consider a pair (M, E), where M is a complex analytic variety and E is a strong
normal crossings divisor of M. Thatis, E is the union of a finite family { E; };<; of irreducible
smooth hypersurfaces E;, where we fix an order in the index set / and the next properties
hold:

1. Given a point p € M and the subset [, = {i € I; p € E;}, there is part of a local
coordinate system in p of the form {x;};¢c I, in such a way that E; = (x; = 0) locally in
p foreach i € I, (such coordinate systems are called adapted to E).

2. The non-singular closed analytic set E; =) jes Ejis connected for each J C 1.
The pair Fy g = (I, H) is a support fabric, where H = {J C I; E; # }}. Note that the
dimension of F)s g is not necessarily the dimension of M. Given J € H, we can perform
the usual blow-up

7m:(M',EY— (M,E)
centered in E, where E’ is the total transform of E, that is, E’ = 71 (E). In this situation
we have ;(F) = Fy .
3 Polyhedra systems
When we perform a blow-up of the ambient space, it becomes of global nature. Polyhedra

systems provide a way of giving Newton or characteristic polyhedra in a coherent way along
global ambient spaces, represented in our case by the support fabric.

@ Springer



3934 B. Molina-Samper

3.1 Definitions

Given a totally ordered finite set J, we recall that R’ denotes the set of maps o : J — R.
If Ji C Ja, there is a canonical projection prj, ; : R" — R’! given by o > o, . Fora

subset A C R>0’ we define the positive convex hull [[A]] by
[[A]] = Convex hull(A + Réo) c R,

Letd € Z-qbeapositive integer. We say thata subset A C R 20 is a characteristic polyhedron
with denominator d if there is A C (l/d)Z 20 such that A = [[A]].

Definition 1 A polyhedra system D over a support fabric F = (I, H) with denominator
d,is atriple D = (F; {Ajs}jen, d), where each A; C Rio is a characteristic polyhedron
with denominator d, in such a way that for every Ji, J» € H where J; C Jp, we have
Ay = prp, 5 (Ay). Whend = 1, we say that D is a Newton polyhedra system over F. If it
is necessary, we denote by Fp the support fabric of D. We define the dimension of D as the
dimension of Fp.

We say that two polyhedra systems D and D; are equivalent if there is an equivalence ¢
between F; and F, such that Ai(l) = Alj for all J/ € Hy, where D; = (Fy, {A }je’}-[] ,d)

and Dy = (F, {A%}Je’}—[z, d). We also say that ¢ is an equivalence between Dy and D,.
Given a polyhedra system D = (F, {A;}jen, d), there is a Newton polyhedra system
N (D) associated to D, defined by

N(D) = (Fi{dA}sen, D.
Conversely, given another positive integer number d’, we can obtain a new polyhedra system
D/d’ givenby D/d' = (F; {(1/d")A;} e, dd"). In particular, we have N'(D)/d = D.
Let us see some examples of polyhedra systems:

— Given a characteristic polyhedron A C R. >0 With denominator d, we define the local
polyhedra system L(A, d) by

LA, d) = (L1;{As}sepay, d), where Ay = prij(4).
— The restriction D|y; of D to an open set Y C H is defined by

Dly = (Flu; {Astseu. d).

— The reducnon Redy (D) of D to a closed set IC of H is Redyc (D) = Dl
— The fitting Dof Dis given as follows. For a subset A C R>0, we consider the fitting
vector wp € R>0 defined by wa(j) = min{o(j); o € A} foreach j € I. We write
A=A— w4 and we define D = (F; {ZJ}]E’H, d).
Let us consider a polyhedra system D = (F;{Aj}jer,d) and a stratum T € H. We
introduce now a new polyhedra system D7, using Hironaka’s projection of D from T, that
plays an important role in Sect. 7.3.

Let FT = (I7, H") be the support fabric obtained by projection of F from T. Given
J* € HT, let us take the stratum J = J* U T € ‘H and let us consider the subset M1 C R’
given by MT {oc e RY; Z et 0(j) < 1}. Hironaka’s projection VT : MT — RJO is
defined by

VJT(O') = O|J\T-

1
1= 0()
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forevery o € M7 . We define AT, by AT, = VI (A; N MT) c RZ,. The reader can verify
that N

Dl — (ﬂ; [AT*}J*eHT ,d!d), )

is a polyhedra system in lower dimension. It is important to remark that the denominator of
DT is d\d instead of d.

Note that A;* =@if Ay =0@or ZjeT o(j) = 1forall 0 € A;. Note also that in a
polyhedra system either all the polyhedra are the empty set or none of them is empty. From
now, we suppose (unless otherwise stated) that all the polyhedra A we are working with, are
such that A # .

3.2 Singular locus of polyhedra systems

Let A C Rio be a characteristic polyhedron with J # @. The contact exponent 5(A) is

defined by
8(A) =min{lo|; 0 € A}, where|o| =) o(j).
jeJ
When J = , there is only one possible polyhedron A = {e} C Rgo. By convention, we
assume §({e}) = —1. B

Remark 3 If A = [[A]] with A C Zso (Newton polyhedron), the contact exponent corre-
sponds to the classical idea of multiplicity.

Now, let D = (F; {Aj}jen, d) be a polyhedra system. The contact exponent §(D) is
defined by §(D) = max{§(Ay); J € H}. The singular locus Sing(D) is the subset

Sing(D) ={J e H; §(A;) > 1} CH.

We have Sing(D) is a closed set, since the contact exponent gives an upper semicontinuous
function in H. We say that D is singular if Sing(D) # 0, otherwise it is non-singular.

3.3 Transforms of polyhedra systems under blow-ups

Let us consider the blow-up 7;(F) = (I’ = I U {oo}, H' = H, U H/,) of a support fabric
F = (I, H) centered in a non-empty stratum J € H. Given J' € H/oo and K = rrﬁ(]’), we
define A, : RK — RY by

Ap(@)(j)=o0(j), j#o0; Ayp(o)(o0) =loy| = Za(j)-
jeJ
Let us denote by {e; ;}ics the standard basis of R’ that is er.i(i’) = §; i (Kronecker). If
J Clandi el wedefineey; R’ by ey =pr; j(eri).

Definition 2 The fotal transform A(} (D) of a polyhedra system D = (F; {Aj}jen,d) cen-
tered in a stratum J € H is the polyhedra system A(} (D) = (j(F); {Ag/}J/EH’, d), where

A% =2y, T ety AY =1g(AN, T e Ha, K =75,

If J € Sing(D), the characteristic transform A j(D) of D centered in J is defined by the
polyhedra system A (D) = (7 (F); {A)}yer, d), where A}, = A(}, — ey o for each
J eH.
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The characteristic transform A (D) is a polyhedra system again, because the center of the
blow-up is singular and then B(A({)oo}) > 1.

Let NV = (F; {Ns}jen, 1) be a Newton polyhedra system and take an integer number
d > 1. Consider the polyhedra system D = A//d and a singular stratum J € Sing(D). The
d-moderated transform @?(N) of N centered in J is defined by @‘Ji(/\/) = N(Aj(D)).
Note that J € Sing(D) if and only if §(N,) > d.

Remark 4 1f there is an equivalence ¢ between two polyhedra systems D; and D;, then for
all J e Sing(D), the characteristic transforms A ;(D;) and Ay () (D>) are also equivalent.

4 Reduction of singularities
4.1 Statements

We say that a Newton polyhedra system N = (F; {N;}sex, 1) has normal crossings if the
polyhedron N; has a single vertex for each J € H.

The property of having normal crossings is stable under blow-ups. A first objective of
reduction of singularities is to get this property.

Theorem 1 (Combinatorial Reduction to Normal Crossings) Given a Newton polyhedra sys-
tem N, there is a finite sequence of total transforms

NN =M — - = N
such that N has normal crossings.

We can find proofs of this result in another contexts in [10] and [11]. Anyway, we provide a
complete proof next.

Theorem 2 (Combinatorial Reduction of Singularities) Given a polyhedra system D, there
is a finite sequence of characteristic transforms

D—>Dy—>Dy— -+ — Dy
such that Sing(Dy) = @. We call such a sequence a reduction of singularities of D.

Remark 5 Theorem 2 would be false if we had taken the condition §(A ;) > 1, instead of
8(Ay) > 1, for the centers of blow-up. For instance, consider the local polyhedra system
L(A, 1) where A = [[(1, 1)]] C ]Rg(’)z]. The only possible center would be {1, 2} and the
situation is repeated in each closed strata of the characteristic transform.

Corollary 2 Let N be a Newton polyhedra system and d a positive integer number. There is
a finite sequence of d-moderated transforms

N-o>N >N — o> N
such that §(Ny) < d.

Taking d = 1, the reader can see that Corollary 2 implies Theorem 1.

The objective now is to provide a proof of Theorem 2. Although this result follows from
general Hironaka’s reduction of singularities, we give a complete combinatorial proof here,
emphasizing the ideas of maximal contact developed by Hironaka, Aroca and Vicente in [1]
as well as the polyhedra control suggested by Spivakosvky in [20].
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4.2 Induction procedure

The proof of Theorem 2 runs essentially by induction on the dimension dim(Fp) of D. More
precisely, let us consider the following statement.

CRS(n): If dim(Fp) < n, then D has a reduction of singularities.
The starting step of the induction is given by

Proposition 2 CRS(1) holds.

Proof Choose the invariant I (D) given by I(D) = ) Jer 0(Ay). We have I(D) > —1 and
after a single characteristic transform drops exactly a unit. Thus, in a certain point of the
process, we can no more perform a transform. We are done, since then the singular locus is
empty. [m}

We distinguish three types of singular polyhedra systems D:

1. We say that D is Hironaka quasi-ordinary if each polyhedron over a singular stratum has
a single vertex, that is, Ay = [[{o}]] for all J € Sing(D).

2. We say that D is special if 5(D) = 1.

3. We say that D is general if 5(D) > 1.

The study of Hironaka quasi-ordinary systems does not require the induction hypothesis
as we see in Sect. 6.

We consider special systems under the induction hypothesis CRS(n — 1). In this case we
reduce the problem to lower dimension projecting over a maximal contact support fabric.
The existence of maximal contact goes as follows:

1. We solve the local problem by considering directrix stratum properties.
2. We eliminate the possible “global incoherence” by invoking the induction hypothesis.

Details are given in Sect. 7.

Finally, for general systems, we define Spivakovsky’s invariant, that “measures’” how far
is the system from the quasi-ordinary case. We control the behaviour of this invariant by
means of a special system. Details are given in Sect. 8.

5 Examples

Along this section, we take a pair (M, E), where M is a complex analytic variety and E
is a strong normal crossings divisor. We also consider the support fabric Fyr g = (I, H)
associated to (M, E), as in Example 1. Remark that there is a stratification of M with strata
Sy given by

S;=EN|JE:,
i¢J
where E ZﬂngEj # (), for each J € H.

The followings are examples of polyhedra systems that motivate our definitions.
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5.1 Hypersurfaces

Let H C M be aclosed hypersurface of (M, Oyy) given by an invertible coherent ideal sheaf
Z C Op and let us suppose that E; ¢ H for all i € 1. We say that H is combinatorially
regular for (M, E) if we have the property E; ¢ H, forall J € H.

We can attach a polyhedra system Ny g. g to H as follows. Given J € H, we consider a
point p € Sy and a generator F' of 7. Let us write F in local adapted coordinates at p as

F= Zag(X)g"; with o € Zéo.

where the coefficients a, (y) are germs of functions in p defined in an open set of S;. We
define N; by

Ny =[[lo e 2Ly ar») £ 01]].

The polyhedron N, is independent of p, the generator F and the chosen local adapted
coordinates. The independence of the local adapted coordinates and of the generator is
straightforward. Once fixed a local coordinate system, we can move to points p’ close to
p in the same stratum and we obtain the same polyhedron in the translated coordinates.
Finally, thanks to the connectedness of the stratum, we can join two points by a compact path
and repeat finitely many times the above procedure.

This construction is compatible with the projections p, j, : R”2 — R7!, then we obtain
the Newton polyhedra system Ny g.p.

The following statements are equivalent:

1. The hypersurface H is combinatorially regular for (M, E).
2. The Newton polyhedra system is non-singular, that is §(N;) = 0 for all J € H.

Let v;(H) be the generic multiplicity of H along E;. Note that vy (H) = §(Ny). We say
that H is combinatorially equimultiple along Ej if vy (H) = vg (H) for every K € H such
that Ex C Ej. Now, let us consider J € H such that m = §(Ny) is maximal. In particular,
we have H is combinatorially equimultiple along E;. We can perform the usual blow-up
7 : (M ,E) - (M,E) centered in E;. The Newton polyhedra system attached to the
strict transform H' of H is given by the m-moderated transform of Ay g. . Then, applying
repeatedly Corollary 2 we obtain a finite sequence of blow-ups centered in combinatorially
equimultiple strata.

(M, E; H) = (M°, E% H®) < (M',E'; H") « ... < (M", E"; H") = (M, E'; H')

so that H' is combinatorially regular for (M’, E’).
The polyhedra system of this example is particularly useful when we consider Newton
non-degenerate functions as in [14,17].

5.2 Codimension one singular foliations

Let us consider now a singular foliation £ of codimension one over M. We know that £
is given by an integrable and invertible coherent Oys-submodule of 2 111/1[E 1, where £2 1{,1[E ]
denotes the sheaf of meromorphic one-forms having at most simple poles along E (see [3,4]).
Givenapoint p € §; C M, the stalk £, is generated by a meromorphic differential one-form
wE R ]{4 [E], satisfying the Frobenius integrability condition v A dw = 0. Let us write w in
local adapted coordinates at p as
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0= wex° withw, =Y ag;i(y)

oe?, ieJ

dx,-
bos ds
D bos()dy

i

where the coefficients a, (y), by (y) are germs of functions at p, without common factor,
defined in an open set of S;. We have that E; is contained in the adapted singular locus
Sing(L, E) of £ when wg = 0. On the other hand, we say that £ is combinatorially regular
for (M, E)if Ej ¢ Sing(L, E) forevery J € H.

We attach a polyhedra system Ny g. 2 to £ as follows. Given J € H, take a point p € S;
and a generator w of £, as before. We define N; by

Ny = [[{a eZly; w, # 0}]].

The polyhedra N; only depend on £ and S, moreover, they are compatible with the projec-
tions p,s,. We obtain in this way the Newton polyhedra system Ny . ..
The following statements are equivalent:

1. The foliation £ is combinatorially regular for (M, E).
2. The Newton polyhedra system is non-singular, that is §(N;) = 0 for all J € H.

Let vy (£) be the adapted order of £ along E; (see [3]). Note that

vy (L) = min [VL (Z XJﬂa,i(X)) » Vx. (Z X"ba,s(z)) }i’s

=min{|o|; o0 € Ny} =38(Ny).

As before, we say that £ is combinatorially equimultiple along Ej if v; (L) = vg (L) for
every K € H such that Ex C E;. Considering J € H such that m = §(Ny) is maximal,
we perform the usual blow-up 7 : (M’, E’) — (M, E) centered in E; and the Newton
polyhedra system attached to the strict transform £’ of L is given by the m-moderated
transform ©” (N E. ). As in the preceding example, we obtain a finite sequence of blow-
ups centered in combinatorially equimultiple strata (M’, E’; L") — (M, E; L) such that £’
is combinatorially regular for (M’, E').

Remark 6 Polyhedra systems are a bridge to show that codimension one singular holomor-
phic foliations with combinatorial desingularization are characterized as the ones satisfying
Newton non-degeneracy conditions. These conditions are similar to the ones of Kouchnirenko
and Oka, in the case of functions and complete intersections. In addition, any desingulariza-
tion of the polyhedra system associated to a Newton non-degenerate foliation gives rise to a
desingularization of the foliation (in the usual geometrical sense).

We can obtain an example similar to the preceding one in the case of one-dimensional singular
foliations (see [2,15,18]) that are locally generated by vector fields of the form

. 9 d
X =) Kox", With xo =Y agi(y)xio—+ me@g.
ieJ ! §

5.3 Monomial ideals

Let Z be a monomial ideal of Oy, adapted to E. Following [11], we define Z to be the data
of a finite collection of effective divisors { Dy };cs of the form

Dy =Y nE;.

iel
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We attach a Newton polyhedra system Ny g.7 to Z as follows. Let o : I — Zsq be the
map given by o* (i) = nj. For each J € H, we define N, by

Ny =1[l{c’ls; s € SHI.

Note that Ny g.7 is non-singular if and only if 7 is a principal ideal. Given J € H, we
can perform the usual blow-up # : (M’, E’) — (M, E) centered in E;. The Newton
polyhedra system attached to the total transform Z’ of Z is given by the total transform of
Num . g:7. Now, we apply Theorem 1 and, as in [11], we obtain a finite sequence of blow-ups
(M',E";T") - (M, E; T) such that 7' is a principal ideal.

6 Hironaka quasi-ordinary polyhedra systems

In this section we prove Theorem 2 for Hironaka quasi-ordinary polyhedra systems.

Given a Hironaka quasi-ordinary system D = (F; {A}jen, d) and a singular stratum
J, the transform A j (D) = (j(F); {A’J,} J'er > d) is also Hironaka quasi-ordinary. Indeed,
forevery J' € H, and K = 71#;(]’), we have Ay = [[{op}]], withoy = Ay (0k) — €y 0.

Lemma 1 The set A of decreasing sequences of natural numbers is well-ordered for the
lexicographical order.

Proof Given a decreasing sequence ¢; > ¢ > --- > ¢ > --- in A, we take ko = 0 and
ki = min{j > ki_1; ¢y (i) = ¢;@i), j/ = j} < oo, for each i > 1. Let us consider the
decreasing sequence ¢ : N — N given by ¢(n) = ¢, (n). There is a positive number [ € N
such that ¢(n) = ¢(I), for all n > I. As a consequence we have ¢; = ¢y, forall j > k;. O

Proposition 3 Every Hironaka quasi-ordinary polyhedra system has reduction of singulari-
ties.

Proof Choose a bijective map sp : {1, 2, ..., #H} — H such that

8(Asp(j) = 8(Aspj+1)); J =1
Take the decreasing sequence ¢ : N — N given by ¢(j) = d6(Ap(j)) if j < #H and
o(j) = 01if j > #H. We choose ¢ as lexicographical invariant. Let us see that after an
appropriate single blow-up the invariant ¢ drops and then we are done by Lemma 1. We
select as center a singular stratum J with the minimum number of elements. Given J' € H
and K = 71?(]’), we have

8(A}) = oyl = ay(ox)l — 1 = lok|+loa, | =1 < 8(Ak)

and then we obtain ¢’ < @. O

7 Special polyhedra systems

In this section we prove Theorem 2 for the case of special polyhedra systems. More precisely
we prove CRS(n) for special polyhedra systems under the induction hypothesis CRS(n — 1).

@ Springer



Combinatorial aspects of classical resolution... 3941

7.1 Stability of special systems

A special polyhedra system is either non-singular or special under blow-up. Precisely, we
have

Proposition 4 Let D be a special polyhedra system. Given a singular stratum J, we have
8(A;(D)) = L.

Proof Let us denote D = (F; {A;}jer,d) and Aj(D) = (mw;(F); {A",} yrer, d). Take
J' e H and K = nf(]’). We have to see that §(A’,,) < 8(Ag) = 1. Given o € Ag with
lo| =1, we have (A’)) < [A;(0) — ey ool = lo| =1+ |oja, | < 1. o
Remark 7 Let us consider a Newton polyhedra system N and an integer d > 1. A stratum
J € H is d-equimultiple if the polyhedra system RedmmH (N/d) is special. Proposition 4
means in this context that the multiplicity is stable under d-moderated transforms when we
perform blow-ups centered in d-equimultiple strata.

7.2 Directrix strata of polyhedra

Given a characteristic polyhedron A C Rio, with §(A) = 1, the directrix stratum T (A) of
A, is defined by -

TA)={jel, doeA, |o|=1,0(j)#0} CI.

See [20]. In this section we present stability results concerning the behaviour of the directrix
stratum of a polyhedron in a “horizontal” and a “vertical” way.
Let us consider a special polyhedra system D = (F; {Aj}jen, d).

Proposition 5 We have T (Ay,) C T(Ay,) C Ji, for every Ji, Jo € Sing(D) with J1 C Jo.

Proof Given o € Ay, such that |o| = 1, the restriction o1y, € Ay, also satisfies |0y, | = 1
because §(Ay,) = 1. Then o (j) = O for all j € Jo\J;. Thus, we have both T(Ay,) C J;
and T(Ay) C T(Ay). o

Remark 8 In the situation of Proposition 5, we can have T (A ,) # T (Ay,). For instance, let

us consider A = [[(0, 0, 1), (1, 1,0)]] C R§’2’3}. In this case, we obtain

{3} =T(4) #T(Ap3) ={2,3}

Consider a singular stratum J € Sing(D) and let us perform the characteristic transform
D = A;(D) = (ny(F); {A/J,}J/EH/, d) of D centered in J. By Proposition 4, we know that
D’ is either non-singular or a special system.

Proposition 6 Consider a singular stratum J' = (K\J) U Ay U {o0} € HL, where
K = 71#;(]’). We have T(Ag) C Ay C J. Moreover, T(Ag) C T(A',,) C J'.

Proof Given o € Ak with |o| = 1, we have S(A’J,) < |ry(o) —ey ol = loja, | < 1. As
a consequence |o|4,,| = 1 or equivalently T(Ax) C Ay Now, given j € T(Ag) we have
jeAy. Aslo'|=1ando'(j) =0 (j) #0,then j € T(A")). O

Remark 9 1In the problem of reduction of singularities in zero characteristic, there is a feature
that is similar to the property T (Ag) C Ay . Itis a classical property that Hironaka’s strict
tangent space, in zero characteristic, points out the possible new bad points after blow-ups.

Corollary 3 Given J' € H], and K = nf(]’), ifT(Ag) = J then J' ¢ Sing(D').
Proof 1f J' € Sing(D’) by Proposition 6, we have T(Ag) C Ay, but Ay C J. O
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7.3 Reduction of singularities via maximal contact

In this section we obtain reduction of singularities for special polyhedra systems under the
assumption that there is maximal contact with a given stratum.

Let us consider a special polyhedra system D = (F; {A;}jen, d) and a stratum 7 € H.
We say that T has maximal contact with D it T C T(Ay), for all J € Sing(D). We say also
that 7 is a maximal contact support fabric of D.

Remark 10 Let T € H be a stratum that has maximal contact with D. Recall that Hironaka’s
projection of D over T is given by DT = (FT; {AL.} jusyr, d!d). Since we are assuming
that the polyhedra of D are non-empty, we have A§* = ¢ for all J € H” if and only if
T € Sing(D). Note that in this case A7 (D) is non-singular as a consequence of Corollary 3.

Remark 11 For every local polyhedra system D = L(A,d), each non-empty stratum
T C T(A) = T(Ar) has maximal contact with D. That happens because of the hori-
zontal stability of the directrix stratum stated in Proposition 5. Indeed, for every singular
stratum J € Sing(D), we have J C I and hence T (A;) C T(Ay).

Lemma 2 Let us consider the transform Aj(D) where J € Sing(D). If T has maximal
contact with D, then T also has maximal contact with A j(D).

Proof Recall that 7;(F) = (I',’H' = H, UH,,). Note that T C J with T # J and then
T € H,.The maximal contact of T with A ; (D) is assured by the property of vertical stability
for the directrix stratum given in Proposition 6. O

Proposition7 Let T ¢ Sing(D) be a stratum that has maximal contact with D and let us
consider Hironaka’s projection DT of D from T. If there is a reduction of singularities for
DT, then D also has a reduction of singularities.

Recall that DT = (FT; {A§*}J*GHT, d!d) has been introduced in Eq. (1). We prove of
the proposition in three steps.

Step 1: There is a one-to-one correspondence between Sing(D) and Sing(DT). Let us
denote by Hr the set Hr = {J € H; T C J}. Note that H7 is an open set of H. In
fact, is the smallest one containing {T} N H. There is a bijection ¥ : Hr — HT given by
W (J) = J\T. Note that Sing(D) C Hz. We claim that ¥ (Sing(D)) = Sing(DT). Given
J € Sing(D), we have to prove that [o*| > 1 for all 0* € Af\T. Given such a o*, there is
oceAN MJT, satisfying

. _ olnr
1—|olr|

Note that |o|7| < 1, since o € MJT. Recalling that T C J, we have

lopnrl+lolrl—lolrl o]l —lolr|

I —lolr| I—lolr|

Then |0*| > 1 since |o| > 1. As a consequence J\T € Sing(DT). Conversely, if we take
J* e Sing(DT), we have to prove that |o| > 1, forall o0 € Ay, where J = J* U T. Given
such a o, we have two possibilities. If |o|7| > 1 we are done. Otherwise |o|r| < 1 and then
o € M7 . In this case, there is 0* € AL, given by o* = o1;\7/(1 — |oy7]). By Eq. (2), we
have (1 — |oj7)|o*| = |o| — |oy7|. Moreover 1 — |oj7| < |o| — |oy7] since [0 > 1. As a
consequence |o| > 1 and then J € Sing(D).
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Step 2: Commutativity of Hironaka’s projections with the blow-up transforms. We are
going to show that

(A; @) = Anr (D).
We verify this commutativity first for the support fabrics and second for each polyhedron.

(a) Commutativity for the support fabrics. Let us see that 77 (F)" = 7\ 7 (F). Denote
i E = (IO, anrE = (AT, HTY).,

The index sets are equal, since (I")7 = (I U {oo)\T = (I\T) U {00} = (ITY".
Let us see that (H,)T = (HT).. Note that K D J < K\T D J\T forevery K € H,
because T C J. Then, for each J'*, we have

J*e ) « J*UT eH,, J*NT =0 < J* e (H"),.
Take K € H with K D J. Let us see that (Hgg)T = (HT)Z,IO(\T. For each J'*, we have

e sy =yrureHE s TCcA  CU >

= A\T C I\T = J* e (HT)E\T
J e WA 5 Ajn CINT 2 A=A UTC T =
= J*uT ek = 7 e HHEV.
(b) Commutativity for the polyhedra. It is enough to prove that the following diagram com-
mutes

fJ’ ’
T K J T
ML NRE, =Rl M7,

T T
vkl lV,,

RKVT T It
where J' € H., K = 7%(J), T C J',T C K and f;/(6) = A;/(0) — €;/,. Note
that f; is well-defined because fj (0);r = ojr forallo € Rfo.

Giveno € M,{ N R§0, we denote

o' = fr(o), o’ =Vg(@©), (") = finreh), () =V7](0)).

We conclude that (67)’ = (/)T from the following equalities:

T _ OUNTUI) _ T ,

@inauieen = 710 = @ nauie
0y (o0 = =L ol ol =1 _ ol 1y o)
Il 1 —|ojr] 1 —|oyr] .

Hence, D has reduction of singularities. This ends the proof of Proposition 7.

7.4 Connected components decomposition of desingularization

The problem of reduction of singularities can be solved by considering one by one each
connected component of the singular locus.
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Proposition 8 Let D be a polyhedra system and Sing(D) = | JCqy the decomposition in
connected components of the singular locus. Assume that there is reduction of singularities
for each Redc, (D). Then there is reduction of singularities for D.

In order to simplify notation, we denote D, = Redc, (D) and F,, the support fabric of D, . Let
us consider a connected component C,. By hypothesis, D, has a reduction of singularities

1 k
Dy — Dy — -+ — Dy

This sequence induces a sequence of characteristic transforms
D— D' - ~-~—>Dk,

obtained performing blow-ups in the same centers. Let F* be the support fabric of D. The
polyhedra system DF satisfies the following properties:

1. Foreach B # «a, there is an equivalence between Dg and Redc, (D¥) given by Idz, where
T =15, =Ty, with F§ = Redc, (F*).

2. The decomposition of the singular locus Sing(D¥) in connected components is given by
Sing(D*) = gy Cp-

Proof of Proposition 8 is concluded applying the same argument finitely many times.

7.5 Existence of maximal contact

Definition 3 Let D be a special polyhedra system and let Sing(D) = | J Cy be the decompo-
sition of the singular locus in connected components. We say that D is consistent if for each
connected component Cy, there is a stratum 7, that has maximal contact with Redc,, (D). By
convention, non-singular polyhedra systems are consistent.

Proposition 9 Under the induction hypothesis CRS(n — 1), every n-dimensional consistent
polyhedra system has reduction of singularities.

Proof Let D be a n-dimensional consistent polyhedra system. Let us consider the decompo-
sition of the singular locus in connected components Sing(D) = | Cy. In order to simplify
notation, we write D, = Red¢, (D). For each Cy, we have a stratum T, that has maximal
contact with D,,. If T, € Sing(D), by Remark 10, D,, has reduction of singularities. Oth-
erwise, since Hironaka’s projection Dg” has dimension lower than n, there is reduction of
singularities for Dg” and by Proposition 7 we obtain reduction of singularities for D,. By
Proposition 8 we conclude the proof. O

Remark 12 There exist non-consistent polyhedra systems. For instance, consider the support
fabric 7 = (I, H) with I = {1, 2, 3, 4},

H=P(DO\{{1,4}.{1,2,4},{1,3,4}, 1}.
Take over it the polyhedra system D = (F; {Aj}jen, d), given by
Aqi2,3 = [[(0,0,1), (1/2,1,0)]], Ap34 =[[(1,0,0),(0,1,1/2)]]

and all their projections. We have Sing(D) = {{2, 3}, {1, 2, 3}, {2, 3, 4}} is connected. We
have that T (Ay12,3)) = {3} and T (A2,3,4y) = {2}, then there is no stratum 7 with maximal
contact.
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The following statement says that every non-consistent special system of dimension n can
be transformed in a finite number of steps in a consistent one. More precisely

Proposition 10 Under the induction hypothesis CRS(n — 1), for every n-dimensional special
polyhedra system D, there is a finite sequence of characteristic transforms D — D’ such
that D' is consistent.

Proof The main idea in this proof is to reduce the problem to the case of polyhedra systems
obtained by blow-up of local systems.The existence of maximal contact in those systems is
assured by Remark 11 and by the stability results in Lemma 2.

Let us consider the set K of closed strata in H and the open set &/ = H\K. Recall that
is a finite, totally disconnected closed set. We have dim(Dy;s) < n, since the dimension is
reached only at closed points. Then D4 has a reduction of singularities

'D|u—>D‘lu—) —)'leu
This sequence gives rise to a sequence of characteristic transforms
D—D' — ... D 3)
obtained performing blow-ups in the same centers. Let us prove that D¥ is consistent.
Write Dy, = (F,. {44} srerd,»d) and D = (F* {A%)} yrcrpr. d). By Corollary 1,
we know that f(;/{ = }"k|z,{k where Uy = (ﬂf)_l(U) and n,f s HE > His given by the

sequence of Eq. (3). We have Sing(Dk ) N U = @ since D‘Z is non-singular. Moreover, we

have H* = 1 U (nlft)_1 (KC). As a consequence, the singular locus Sing(Dk) is contained in
(71,?)’1 (K), that we write as

) w0 = | Ky, where Ky = (nf) ™ ().
Jek

Since K is totally disconnected, we have K;, N Ky, = @ for every Ji, Jo € K with J1 # J».
We conclude that, given a connected component C of Sing(D¥), there is a unique stratum
J € K such that C C K. On the other hand, we have T(Ay) C T (A%)) for every J' € C,
because of the vertical stability property of the directrix stratum stated in Proposition 6.
Then the non-empty stratum 7' (A ;) has maximal contact with Red¢ (Dx). O

Corollary 4 Under the induction hypothesis CRS(n — 1), there is a reduction of singularities
for every n-dimensional special polyhedra system.

8 General polyhedra systems

In this section we consider the case of n-dimensional general polyhedra systems. In order to
prove it, we assume the hypothesis

CRS*P(n): n-dimensional special polyhedra systems have reduction of singularities.

Note that CRS(n — 1) implies CRS*P(n). The main idea is to transform a given general
polyhedra system into a Hironaka quasi-ordinary one, using the hypothesis CRS*P(n) and
many of the ideas in Spivakovsky’s work [20]. Then we are done in view of Proposition 3.
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8.1 Spivakovsky’s invariant

Let D = (F;{As}ien, d) be a polyhedra system. We recall that the fitting of D is given by
= (F; {AJ}Je’)—{, d), where AJ = Ay — wy,. We define Spivakovsky’s invariant Spip,
by

Spip = max {8(A,); J € Sing(D)}.

Note that Spip, = 0 if and only if D is a Hironaka quasi-ordinary polyhedra system.
We define the set S(D) by S(D) = {J € Sing(D); 8(Ay) = Spip}.

Lemma3 Forevery J € S(D), we have Spi, ,(py < Spip.

Proof Let us denote A;(D) = (F'; {4’} e, d) and o = Spip. We write for simplicity
wg instead of w, . We need to prove that
5(A7) <8(Ag). J eH., K=l

Note that §(Ax) = 8(Ag) — |wk|. If J/ € H), we are done. If J' € H/_, then we have
wy(j) = wg(j)if j # oo and UJJ/(OO)j 8(Ay) — 1. Moreover, K € S(D), since K D J.
Take 0 € Ag such that |0 — wg| = §(Ak). Then

5(A D) = Agp(0) —eyoo —wy|l = ol +loja, | — 1 = (lwingeey) + (6(A) = 1)
= 8(Ax) + lwk | + loja, | — lwk\nua, | —8(A7) —lwsl = A +loja, | — lwa, | —2

= loja,, —wa,| <lo|=38(Ak).
J J

8.2 Resolution of general systems

Here we prove that Spivakovsky’s invariant decreases strictly after a “well-chosen” finite
sequence of blow-ups. We do it by means of Spivakovsky’s projection introduced below and
the hypothesis CRS*P(n).

Let D = (F;{As}sen. d) be a singular polyhedra system with Spip # 0. We define
Spivakovsky’s projection D*P by

D = (Fi (AT} sen. d). where A = [[A;/Spip U A/]].
We have that D? is a special polyhedra system and Sing(D*?) = S(D) since
8(AY) = min {8 (47/Spip) ., 8(A} <1

Proposition 11 Under the hypothesis CRS*(n), there is a finite sequence of characteristic
transforms

D= D' > ... » Dk

such that Spipk < Spip and the center J' of the characteristic transform D' — D't
belongs to S(D') foreachi =0,1, ...,k — 1.

Proof We consider J € S(D) and denote A = Spip. We have two situations:

1. Spiy,(py < A. (In this case, we are done).
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Suppose that Spi 4, (py = A. Let us prove the commutativity of Spivakovsky’s projections

with the blow-up transforms. More precisely, given a stratum J' € M, and K = ¥ (J"),
we want to see that

[[twrr@onmutisaon]] = [ ([Ax/x v ac])]]. @

where f; : Rfo — Rfo is defined by f;/(0) = Ay (0) — ey . That is, recalling the
definition of Ay, f;/(0)(j) =0 (j)if j # oo and fy(c)(00) = |oy| — 1.

/I_t\i/s not difficult to see that, the proof of equality (4) is reduced to prove the equality
fr(A) /A = fr (Z;(/A). That is, we want to show that

’r_ , _
o fr <%) where o0 € Ak, o' = fr(0).

Note that we have w(j) = wg (j) if j # oo. Then we just need to see what happens with
Jj = 00. Recall that wj/(00) =8(Ay) — 1,8(Ay) =8(Ay) + |wy| and §(A;) = A. Then

(0" —wy)(0) _ oyl —(s+lwsD) _loy —wyl o — wg
A - Y Y l_f’( ) >(°°)'

By CRS®P(n), there is a reduction of singularities of D*7. Then the second situation cannot
be repeated forever and we are done. O

Now the proof of Theorem 2 is completed.
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