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ARTICLE INFO ABSTRACT
Keywords: This paper focuses on inventory models with a broad framework for the storage cost and the demand rate.
Inventory The cumulative storage cost is modelled with a power function, depending on both time and stock quantity,

Profitability maximization

Pricing decision

Isoelastic price- and stock-dependent demand
Nonlinear storage cost

by using two elasticity coefficients. Similarly, the demand rate has an isoelastic dependence on sale price and
stock quantity, modelled with another two elasticity coefficients. These four elasticity coefficients allow many
real practical situations to be modelled. A reference price is used to measure the effect of the sale price on
the demand rate. The goal is to maximize the income expense ratio (IER), and the sale price, the order level
and the reorder point are the decision variables. The operating expense ratio (OER) of the system, defined
as the quotient cost/income, is used to solve the problem. The optimum values are obtained with explicit
expressions, which is an interesting result for inventory managers. Under the optimum policy, the reorder
point is always equal to zero and the order quantity depends on the replenishing cost, the purchase price and
the four elasticity coefficients. However, the optimum ordering policy does not depend on the scale parameters
of the storage cost and the demand rate. A complete sensitivity analysis for most of the model parameters is
performed. A numerical example is used to compare the optimum policies for the maximum income expense
ratio and the maximum profit per unit time. Finally, some managerial insights derived from the results are
given.

1. Introduction inventories. Pando et al. (2021a) introduced the name return on in-
ventory management expense (ROIME). The term return on assets
Nowadays, the intense competition and plurality of the markets (ROA) was considered by Bradley and Arntzen (1999) and Patel and

require an adequate diversification of the available resources. Investors Tsionas (2022). More recently, San-José et al. (2022) have defined
prefer to invest their money in products with high profitability. In the term return on inventory investment (ROII). Usually, the terms
this way, a larger overall profit per unit of time would be achieved. profitability index (PI) or income expense ratio (IER) are used in
Indeed, if the inventory manager diversifies the available resources many areas of economic theory (see, for example, Arnold (2008)).

into the most profitable items, instead of using them all in just one
of the items, the sum of the obtained profits per unit time could
increase. For this reason, the number of inventory models focused
on profitability maximization, instead of minimum cost or maximum
profit, is greatly increasing. Recent papers in this research line are the
works of Abdeltawab and Mohamed (2022) and Hussein (2022).

In inventory theory, different profitability measures have been de-
fined, with some differences between them. The residual income (RI)
was proposed by Morse and Scheiner (1979). Later, Otake et al. (1999)
used the return on investment (ROI) in setup operation policies of

Furthermore, Lubbe et al. (1995) proposed the operating expense ratio
(OER) as a profitability measure for life insurance companies.

The role of the sale price of goods in inventory models has been
evolving based on the pursued objectives. When the goal is to maxi-
mize profit or profitability, it is common to assume a price-dependent
demand and to use the sale price as a decision variable. High sale prices
lead to higher revenues but lower sales because demand decreases.
Thus, the inventory manager needs to find the optimum sale price
that maximizes either profit or profitability because both policies are
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different. Although many inventory models consider a price-dependent
demand, some of them do not use the sale price as a decision vari-
able. Avinadav et al. (2014), Cardenas-Barrén et al. (2021), San-José
et al. (2021), Das et al. (2022) and Rahman et al. (2022) consider profit
maximization. Instead, Jaber et al. (2019) and Pando et al. (2021b) use
profitability maximization.

A power function with a negative exponent is the most commonly
used to model the price-dependent demand. It is known as isoelastic
demand because the quotient between the relative changes in the
demand rate and the sale price is a fixed constant named the elasticity
coefficient. Thus, Agrawal and Ferguson (2007), Chang et al. (2010)
and Duary et al. (2022) use this approach. In another way, Khan et al.
(2020) consider a multiplicative dependence of demand concerning
the sale price and the frequency of advertising. Also, Alfares and
Ghaithan (2016) analyse an inventory system with a demand linearly
decreasing with price, time-varying storage cost and quantity discounts.
Other ways to represent the price-dependent demand rate were used,
for example, by San-José et al. (2018, 2020). Macias-Lopez et al.
(2021) define up to six different price-dependent demand functions.
Furthermore, Alfares and Ghaithan (2022) also consider a generalized
production-inventory model with price-dependent demand, variable
production and cost rates.

Another factor that influences demand in inventory models is the
stock quantity. It is a common fact in commercial activity that high
stock quantities lead to higher demand. In these models, the reorder
point when the stock is replenished is also a decision variable, because
restocking increases sales, helps to have an adequate stock of products,
and avoids falling into shortage. There is extensive literature on this
topic. Three recent papers are Barron (2022), Li and Mizuno (2022)
and Shah et al. (2023). Mostly, stock-dependent demand is modelled
by a power function of the inventory level with a positive exponent in
the interval [0, 1). Then, the dependence is also of an isoelastic type,
because the quotient between the relative changes in the demand rate
and the stock quantity is always the fixed exponent. Thus, Cardenas-
Barrén et al. (2020) consider this dependence type for the demand rate,
with trade credit and non-linear stock-dependent storage cost.

Nevertheless, in many real practical situations, the stock level and
the sale price influence the demand rate simultaneously. A higher
stock quantity and a lower sale price together lead to greater customer
demand. This occurs, for example, with sales of style merchandise, such
as women’s dresses or sports clothes. Therefore, it seems very useful to
consider this issue in inventory models. Thus, Pal et al. (2014) proposed
a model where the demand rate depends on both the stock quantity and
the sale price, and the type of this dependence is multiplicative and
isoelastic. Later, Onal et al. (2016) and Feng et al. (2017) also used
this approach. It will also be used in this paper.

The modelling of the storage cost is another topic widely discussed
in inventory theory. The stock level and the storage time are the two
most commonly used factors. Naddor (1982) introduced a model where
the storage cost has a multiplicative and isoelastic dependence of time
and quantity of items (the general system). Since then, Pando et al.
(2013, 2018, 2019) have also considered this approach. It was included
by Alfares and Ghaithan (2018) in their review and classification of
EOQ and EPQ inventory models formulated under the assumption of
variable storage cost.

Specifically, the inventory model to be analysed combines the fol-
lowing features: (i) the demand rate has a multiplicative and isoelastic
dependence of the sale price and the stock quantity; (ii) the storage
cost depends on both the stock quantity and the stocking time, also
with a multiplicative and isoelastic dependence; (iii) the sale price, the
initial stock quantity and the reorder point are the decision variables;
and (iv) the purpose is to maximize profitability, instead of to maximize
profit per unit time. As far as we know, there are no inventory models
in the inventory theory that consider all these properties together,
simultaneously.
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To highlight the contribution of this work, Table 1 collects the most
related papers on EOQ models cited in this introduction, classified by
the demand rate type, the storage cost type, the objective function and
the sale price role (parameter or decision variable). Note that this paper
is the only one that considers profitability maximization with the sale
price as a decision variable, a demand rate dependent on both the sale
price and the stock level, and a storage cost rate dependent on both
time and stock level. This is the gap that this paper aims to fill.

The structure of the paper is as follows. Assumptions and notations
of the model are included in Section 2, along with the expressions
for the demand rate and the storage cost functions. The formulation
of the model, with all involved functions, is introduced in Section 3.
The core theorem of the paper with the solution of the model is
given in Section 4, along with the managerial insights addressed to
the inventory managers. Section 5 includes a sensitivity analysis of
the parameters of the system, based on the partial derivatives of the
optimum values. Computational results are shown in Section 6 and,
finally, Section 7 provides the conclusions and future research lines.

2. Assumptions and notation

The following assumptions are considered for the inventory system:
(i) it refers to a single item and is continuously reviewed, (ii) the
replenishment is instantaneous without lead time, (iii) inventory never
falls into shortage, (iv) the planning horizon is infinite, (v) the unit
purchase price ¢ > 0 is fixed, and (vi) the replenishing cost K > 0 is
also fixed and does not depend on the order quantity.

Regarding the storage cost, a broad framework is considered. Basic
models suppose that the storage cost rate per unit per time is a constant
h > 0, and therefore the cumulative storage cost for x units during
the time 7 is H (t,x) = htx. Nevertheless, in many situations, this cost
is not linear as concerns time or quantity, because the storage cost
speeds up as the quantity of items increases or time extends. Thus, the
model proposed in this paper expresses the cumulative storage cost as
a function of the number x of units stored during the time ¢

H (t,x) = ht"1 x"2 (@)

with y; > 1 and y, > 1. As a consequence, it can be non-linear regarding
time and stock quantity if y; > 1 and y, > 1. The conditions y, > 1 and
7, > 1 punish inventories with a long scheduling period or a large order

quantity. Moreover, the parameters y, and y, satisfy that y, = %
and y, = % Therefore, y, depicts the relative change in the

cumulative storage cost regarding the relative change in time, and y,
depicts the relative change in the cumulative storage cost regarding the
relative change in the stock quantity. As a consequence, if, for example,
v, = 2.5 and y, = 1.5, then the storage cost increases by 2.5% if time in
stock increases by 1% with a fixed quantity of items, and this storage
cost increases 1.5% if the quantity of items increases by 1% with a
fixed time. The parameter 4 = H(1,1) depicts the storage cost for one
single item during a unit of time. Furthermore, with this function, the
storage cost rate per unit per time to calculate the total storage cost

in a scheduling period is % = hy,y,t"~1x271, Note that the three
parameters A, y; and y, let us model a lot of real practical situations for
the storage cost in inventory models, and the basic models are achieved
when y, =y, = 1.

To model the behaviour of the customers, the demand is also con-
sidered with a very broad framework that allows the resulting model
to be adapted to many real situations. Thus, the demand rate depends
on the sale price p (> 0) and the stock quantity x (> 0) according to
the following function

D(p,x) = A(p/m)™" x* )

with the following conditions for the four parameters:
(i) p is the elasticity coefficient of the demand rate with respect
to the number of items in stock, with 0 < g < 1l and g < p,/y;. It
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Table 1
Summary of most related literature cited in this paper.
Paper Sale price Demand rate Storage cost Objective
role: type: rate type: function:
P v P T S T C G R
Baker and Urban (1988) v v
Otake et al. (1999) v v
Chang et al. (2010) v v v v
Pando et al. (2013) v v v v v
Pal et al. (2014) v v 4 v
Onal et al. (2016) v v v v
Alfares and Ghaithan (2016) v v v v
Feng et al. (2017) v v v v
San-José et al. (2018) v v v v v
Pando et al. (2019) v v v v v
San-José et al. (2020) v v v v
Cardenas-Barrén et al. (2020) v v v v
Pando et al. (2020) v v v v
Khan et al. (2020) v v v v
Cardenas-Barrén et al. (2021) v v v v v
Macias-Lopez et al. (2021) v v v v v
Pando et al. (2021a) v v v v
San-José et al. (2021) v v v v
Pando et al. (2021b) v v v v
Duary et al. (2022) v v v
San-José et al. (2022) v v v
This paper v v v v v v
Sale price role: P = parameter, V = decision variable.
Demand rate type: P = price-dependent, S = stock-dependent, T = time-dependent.
Storage cost rate type: S = stock-dependent, T = time-dependent.
Objective function: C = minimum cost, G = maximum gain or profit, R = maximum profitability.
. e 0D(p,x)/dx . .
satisfies that f = Doain and, therefore, depicts the ratio between Table 2 '
the relative change in the demand rate and the relative change in the Inventory model notation.
stock quantity. Then, as # > 0, a high stock quantity leads to a greater ¢ Unit purchase price (c > 0)
. . K Replenishing cost per order (K > 0)
demand rate. For example, if § = 0.2, the demand rate increases by 0.2% n Storage cost for a single item during a unit time period (4 > 0)
as the inventory level increases by 1%. The condition # < 1 ensures that " Elasticity coefficient of the storage cost regarding time (y, > 1)
the demand does not speed up by increasing the stock quantity, and the 2 Elasticity coefficient of the storage cost regarding the stock quantity
condition § < y,/y, is necessary for the model, as will be justified later. (r2 2 1), . . o
.. . .. . A A Population size of the potential customers per unit time (4 > 0)
(ii) « is the elasticity coefficient of the demand rate with respect to . Reference price or production cost of the item (0 < 5 < ¢)
the sale price, with « > 0. By the negative exponent (—a), the demand B Elasticity coefficient of the demand rate regarding the stock quantity
rate is greater with a lower sale price, as seems logical. This coefficient (O<p<landp<n/r)
satisfies that a = — dD(p,x)/dp and, therefore, it depicts the ratio between a Elasticity coefficient o.f the dfemand rate regarding the sale price (a > 0)
. D(p. . . T Length of the scheduling period (T > 0)
the relative change in the demand rate and the relative change in the ‘ Elapsed time in the scheduling period (0 < < T)

sale price. Then, for example, if « = 3, the demand rate decreases by
3% as the sale price increases by 1%.

(iii) n is a reference price used to quantify the elasticity of the
demand rate with respect to the sale price p, with 0 < 5 < ¢, where
¢ is the purchase price. It can be understood as the production cost of
the item, and below such a value the item cannot be sold, or it can be
understood as the factory price. It could perhaps be difficult for the
inventory manager to determine this parameter without information
from the producer. Then, as a starting point, it could be useful to
suppose that n = c.

(iv) A is the scale parameter of the demand rate, with A = D(#, 1).
It can be viewed as the population size of potential customers. This is
because, if only one unit of the item were available, and its sale price
was the lowest possible, all potential customers would be willing to buy
it.

Note that these four parameters for the demand rate let the inven-
tory model include a lot of real practical situations with different sale
prices or stock quantities.

The time spent in the scheduling period is denoted by ¢z, and the
inventory level curve is depicted by I(z). Finally, the decision variables
of the model are: the sale price p (> 0), the order level S (> 0), and the
reorder point r where the inventory level is restored to the initial level,
with 0 < r < S. Although the usual case is that p > ¢ to obtain a profit,
the most general case with p > 0 is considered in the mathematical
problem. With these decision variables, the order quantity is ¢ = S —r,

Inventory level at time 7

x Quantity of items in stock at time 7, that is, x = I(¢)

p Unit sale price, decision variable (p > 0)

S Order level, decision variable (S > 0)

r Reorder point, decision variable (0 < r <.S)

q Order quantity, that is, ¢=.5—r

H Cumulative storage cost for x items during time ¢, with
H(t,x) = ht"x"» >0

D(p, x) Demand rate with sale price p and x items in stock, with
D(p,x) = 2(p/m) ™" x¥
I3 Auxiliary parameter, with £ =(1—- )y, +7, > 1

and the length of the scheduling period T is determined by the three
decision variables, T =T (p, S, r) > 0.
The notation used throughout the paper is collected in Table 2.

3. Model formulation

With the previous assumptions and notation, the differential equa-
tion that defines the inventory level function 7(¢) is

L1w =3/ A0 ®)

with the conditions given by the decision variables S and r, namely,
I1(0) = S and I(T) = r. Solving the differential Eq. (3) and using the
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first boundary condition, the inventory level function is

1/(1-p)

I(0) = (8" = (1 = p) an"p~1) “@

Moreover, by the second boundary condition I(T') = r, the length of
the scheduling period T is
S1=B _ 1=
T=TpSnrn=——7—— 5)
A= pAntp=
The storage cost during a scheduling period is evaluated in the next
lemma.

Lemma 1. Consider an inventory system with the cumulative storage cost
given by (1), the inventory level curve given by (4), and the scheduling period
given by (5). Then, the storage cost during an inventory cycle depends on
the sale price p, the order level S and the reorder point r, and it is given by

S
hr, >/ (510 = x1PY1 7} oty
,

(1= p=! (nepmeyn

HC(p,S,r)= (
(6)

Proof. Please see the proof in Appendix A. []

For each scheduling period, the total expense is the sum of the
purchase cost ¢g = ¢ (S — r), the replenishing cost K, and the storage
cost HC (p, S, r), that is,

TC(p,S,r)=c(S—-r)+ K+ HC(p,S,r) )
The sales income in each scheduling period is
IN(p,S,r)=pg=p(S—r) (8

and the profit obtained during each inventory cycle is IN (p, S,r) —
TC (p,S,r).

The profitability of the inventory system can be measured in three
ways:

(i) The return on inventory management expense (ROIME or ROI). This

is defined as the ratio profit/cost, that is, W (p, S,r) = W.

(ii) The profitability index (PI) or income expense ratio (IER). This is
defined as the ratio income/expense, that is, R(p, S,r) = %.

(iii) The operating expense ratio (OER). This is defined as the ratio ex-
pense/income, that is, O (p, S, r) = %. This index is an efficiency
ratio of the inventory management expense because it quantifies the
necessary expense to enter a currency unit. The lower the OER, the
higher the efficiency, and, as a consequence, the higher the profitabil-
ity. Maximizing the income expense ratio is equivalent to minimizing
the operating expense ratio. For example, if O (p,.S,r) = 0.8 then the
inventory system needs to expend 0.8 currency units for each currency
unit entered, and the income expense ratio is 1/0.8 = 1.25, that is, the
profitability of the inventory system is 25%.

The relation between these three profitability measurements is

-
O, S,r)

and it is clear that maximizing W (p, S,r) is equivalent to maximizing
R(p, S, r), which is equivalent to minimizing O (p, S, r).

Note that, for any fixed sale price p, we can consider the parameter
A = A(p/m)7%, so that the demand rate only depends on the stock
quantity D(t) = A([ (")?. Then the inventory model exactly matches
the system studied by Pando et al. (2019) with 4 = A. That paper,
using the function W (p, S,r) with a fixed p, showed that the reorder
point for the maximum profitability is r* = 0 as long as f < y,/7,
(please see Theorem 2 in that paper). Furthermore, it showed that, if
B > v,/7,, the maximum profitability ratio W (p, S, r) is p/c — 1 (please,
see Theorem 1 in that paper). Then, if p is now a decision variable of the
inventory system and f > y,/y;, the maximum profitability ratio will
be « and it is obtained with p — . This case is not a real practical

W (p,S,r)=R(p,S,r)—1 ©
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situation, because there are no inventories with infinite income expense
ratio. This is why the problem is limited to the case § < y,/y,, and this
assumption has been considered in this section.

As a consequence, if § < y,/7,, for any fixed p the optimum value
for the reorder point is * = 0 and the problem that uses p as a decision
variable can be restricted to the case r = 0. Then the order level .S
equals the order quantity ¢ and the maximizing profitability problem
can be reduced to maximizing the income expense ratio where the
decision variables are now p and g. To solve this problem, we use
the minimization of the operating expense ratio with r = 0. Thus, we
formulate the mathematical problem as

min O (p, 10
oin @9 10)

where
TC(p,q,0) cq+ K+ HC(p,q,0)
IN (p.q,0) pa
and 2 = {(p,q) eR?/p>0,q> 0}.

By Lemma 1, and using the change of variable u = (x/¢)'~”, the
function HC (p, ¢,0) can be evaluated as follows:

q
hy, > / (g = x0)1 7 by
0

HC (p,q,0) =
#a.0 <(1 - pn~t Gmapmayn

hy g1=Pri+n 1 7
= (g 7 A=~ uTF du = Apigf
(L=p" Gnp=" J Jo

O(p.q) = aan

12)
where
B (yy,1 1- h
_nBn1+n/0-p) S0, 13)
(1- ﬂ)}'l Aripen
E=1-Prn+rn>1 14)

and B (a,b) = fol (1 —w)® ' ub=ldy is the beta function with ¢ > 1 and
b>1.
As a consequence, the objective function to minimize is

0G0 =5+ % + Apn=lgE! as)
subject to (p, q) € Q.

4. Solution of the model

Three possible scenarios can be analysed, depending on the relation
between the values ay, and &: (i) ay; < ¢, (ii) ay, = ¢, and (iii) ay, > &.

4.1. Scenario ay, < & (or equivalently « <1 —f+y,/y,)

In this scenario, we can consider a value 6 with % <6< 1and
g = p~? to obtain

lim  O(p,q) = lim <E + K +Apa}’1—l—5(-f—l)> -0
p—o0,g=p~° poo \p o pl-d

Then, the maximal income expense ratio R(p,q,0) = 1/0(p,q)
would be oo, obtained with p infinitely large and g infinitely small. This
case is not a real practical situation, because there are no inventories
with zero order quantity and zero operating cost ratio, that is, with
infinite income expense ratio.

4.2. Scenario ay, = & (or equivalently a =1—f+y,/y,)

In this case the function to minimize is
c K ] e
Op.q) ==+ —+Ap"'¢"!
p pq
For each fixed p, the minimum value of the function

c K 1 e
f@==+—=+Ap""¢"
P pa
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is obtained at the unique positive solution of the equation
S @=-5 +E-nar ¢ =0
pq*

which is given by

PRRNYZ
g ((5*1)14)

P
p
This is due to the fact that lim,_+ f(g) = lim,_,, f(g) = co and

&
2K+ (E-1)(E-2) AP (g )
f/r(qz): (p) _ (K >0

o(a) o(a;)

As a consequence, for fixed p, the minimum value is given by

(€-n/¢
0(,,,q;>:f<q;>:;+< KK)””“<<:-K1>A>
E-DA
€= (&)

Then, as the function O (p, q; is decreasing on p, the minimum
value for O(p, q) is obtained when p — oo, and it is given by

¢K _ eK
e-0(Z5)"] (&

(&-DA
Therefore, the minimum value for the function O (p, q) is obtained with
p infinitely large and ¢ infinitely small, although the minimum value
is not 0 and, therefore, the maximal income expense ratio is finite.
In addition, this scenario is not a real solution, because there are no
inventories with p infinitely large and ¢ infinitely small.

_ EAVEKI-1/E S
)1/5 & - 1)1—1/5

. c
lim | = +
p—>o| p

4.3. Scenario ay, > & (or equivalently a > 1 — f+y,/y,)

Note that, in this case, necessarily « > 1 because g < y,/y;. In
this scenario, the solution of the model can be obtained by closed ex-
pressions for the sale price, the order quantity, the minimum operating
expense ratio, and the maximum income expense ratio. The following
theorem gives the solution and provides the essential results that we
wish to disclose in this paper.

Theorem 1. Consider an inventory system with the cumulative storage
cost function given by (1), the demand rate function given by (2), and the
auxiliary parameters & = (1 — f)y, + vy, and

_nB (r:1+r/A=p)h
- (1= gy Anpen

where B (a,b) = [01 (1 —w)* ' ub~Ydu is the beta function with a > 1 and
b > 1. Suppose that the four elasticity coefficients of the system satisfy the
conditions f < 1, f < y,/y, and ay, > ¢ and that the goal is to maximize
profitability. Then, the following statements are true:

(i) The optimum reorder point is r* = 0.
(ii) The optimum order quantity is equal to the order level, and is given
by
(‘171 -¢ ) K
€-Dec

(iii) The optimum sale price is

.(Kwﬁymm

g =S"= (16)

“\E-n4

1/(ar)
— 1l = pyiancet
:n< €D prane ) a”
(ary =€) 1B (r1. 1+ 72/(1 - B)) K& 1h
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(iv) The minimum operating expense ratio is
o
O*:O(p*,q*):( 41 ><%> (18)
ay; —¢ p’
(v) The maximum income expense ratio is
"
ayy c

( (an = &) & - a - pan )l/(am
(@)™ 71B (1. 1+ 12/(1 = p)) hK&Teen=

19
(vi) The optimum scheduling period is
@ E-1eten s
(A= pyn (ar1 =€) 1B (r. 1+ 1/ = p)) K2"'h
(20)

(vii) For each inventory cycle, the optimum storage cost is equal to 5%
ay K
&1
(viii) The optimum costs follow a proportional distribution for the stor-

age cost, the replenishing cost, and the purchase cost, and these
proportions are, respectively, ﬁ, %, and 1 - %
1 1 1

and the optimum total expense is

Proof. Please see the proof in Appendix A. []

The following managerial insights for the inventory managers are
deduced from the optimum solution of the inventory problem:

(i) To maximize profitability, replenishment should be done when

stock is depleted, that is, the reorder point is equal to zero.

(ii) The optimum order quantity ¢* does not depend on the popula-
tion size of potential customers 4, the reference price of the item
n, or the scale parameter of the storage cost h. Only the elasticity
coefficients of the demand rate and the storage cost influence
the optimum order quantity, along with the unit purchase price
¢ and the replenishing cost K. Even more, the optimum order
quantity is proportional to K and inversely proportional to c.

(iii) The optimum scheduling period T* does not depend on the
population size of potential customers A or the reference price
of the item #. Furthermore, if the storage cost rate per unit per
time is fixed (y; = y, = 1) then the optimum length of the
scheduling period T* is proportional to the purchase price c,
inversely proportional to the storage cost parameter A, and does
not depend on the replenishing cost K.

(iv) The total demand per unit time served with this optimum policy
is

g1 =A=p A /n) " (a°) = 0= P DG".q)

and, therefore, the ratio between the total sales per unit time
and the initial demand rate is equal to 1 — f.

(v) The optimum sale price p* and the maximum income expense
ratio R* are proportional to the reference price 7.

(vi) As the maximum income expense ratio is given by (19) and p*/c
would be the income expense ratio if there are no costs in the
inventory, then the ratio &/(ay,) represents the relative loss of
profitability due to the total expense in the inventory system. As
a particular case, in the basic model where the storage cost rate
per unit per time is fixed (y, = y, = 1) and the demand rate does
not depend on the stock quantity (f = 0), this value is 2/a.

(vii) If the auxiliary parameter ¢ is equal to 2, then the storage cost
per scheduling period is equal to the replenishing cost, as in
Harris’ rule of the basic EOQ model. For example, this occurs if
the storage cost rate per unit per time is fixed (y; =y, = 1) and
the demand rate does not depend on the stock quantity (g = 0).
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Table 3
Profitability thresholds for the parameters K, h,c, 4, and 5 of the inventory system.
Parameter: K < h < c<
, 1/¢-1) , }
. AN AN AN
Threshold: ( s ) T oarE ( KeTh

1/(ar,—€) Kl eun—<p, 1/(ary) Ké-1ean—<p, 1/n
) (=) ()

From these results, the following corollary characterizes, a priori,
profitability as a function of only the initial parameters of the system.

Corollary 1. Consider an inventory system with all the conditions given in
Theorem 1. Then the following statements are true:

(i) The inventory system is profitable (R* > 1) if, and only if, the
parameters satisfy the condition

Ké-1can—¢p,

Aripen @D
where
-1 £—1 1= 8y _ g\
s E-DTa—-pn (ary =€) @2

14l (0’}’1)ayl B (7’1’ L+y,/(0 - ﬂ))

is an auxiliary parameter obtained from the four elasticity coeffi-
cients.
(ii) If the condition (21) is true, then the optimum sale price p* is greater
than the unit purchase price c.
(iii) If the purchase price c satisfies that
(G

1/(ay1=&)
e <—> (3
(ar; —&)* AKe!

then p* < ¢ and the inventory system never makes a profit (R* < 1).

Proof. Please see the proof in Appendix A. []

From (21) and (22), the inventory manager can evaluate the prof-
itability threshold for each parameter of the system, keeping all the
others fixed. Indeed, clearing each parameter in (21), the profitability
thresholds given in Table 3 are obtained, with upper bounds for the cost
parameters K, h, and ¢, and lower bounds for the demand parameters
A and 7.

The inventory manager can also evaluate the total expense and the
total profit per unit time for the solution with maximum profitability.
Indeed, the total cost per unit time C (p, S, r) is given by

C(p’S’r)zTC(p,S,r)=c(S—r)+K+HC(p,S,r) (24)
T (p,S,r) T (p,S,r)

and, for the maximum profitability solution, by statements (vi) and (vii)
of Theorem 1, we have

ay K

C(p.q".0) = gT_i

<a71 (ayl _ 5)” (71)y1+l B (yl’ L+7,/(1 - /3)) Kyl+-,2—1h>l/71

= 1)71+Yz*1 cr

(25)
In a similar way, the profit per unit time G (p, S, r) is given by
IN (p,S,r)=TC(p,S,r)

G50 = T(.5.7)
_ (IN@,S,n)—TC(p,S,r) TC (p,S,r)
h TC (p,S,r) T (p,S,r)

(R, S,n-1HC/S,r)
and, for the maximum profitability solution, we have
G (p*.q",0) = (R* = 1) C (p".¢".0) (26)

where R* is given by (19) and C (p*, g%, 0) is given by (25).
A special case of the inventory model solved with Theorem 1 is
obtained when g = 0 and # = y; = y, = 1. With these values, the storage

cost rate per unit per time is a fixed constant 2 which does not depend
on time or stock quantity. In addition, the demand rate only depends
on the sale price through the function D(p) = Ap~* and does not depend
on the stock quantity. This demand function has already been used in
inventory theory and is known as isoelastic price-dependent demand
(see, for example, Arcelus and Srinivasan (1987)). For this case, & = 2,
B(y.147/0-4) = B(1,2) = 1/2, and, if « > 2, the optimum
solutions given in Theorem 1 are simpler, as shown in Table 4.

This model also makes it possible to find the optimum solution in
the event that the sale price is predetermined in advance, and cannot be
chosen by the inventory manager. Then, the sale price is not a decision
variable in the model, but a fixed parameter that influences the demand
rate. In this case, the operating cost ratio only depends on the order
quantity ¢ through the function

c K 1 e
g8@=0(q ==+—+Ap" ¢!
P pa

whose derivative is
—K+(E-DAp" g
pg?
Then it is easy to prove that the absolute minimum of this function

is obtained at the unique positive solution of the equation g’ (q) = 0,
which is

. K 1/¢
b=\ E=nam

with

g (=

3
L KHE-nE-a () i
g(q,) = 3 = >0
r(5) r(5)
and lim,_+ g(g) = lim,_, g(g) = co. Then, replacing the value of A
given by (13), we have

o= (1-pyr AN K e
P\ E-DnB (1 +r/(-p)h

where A = A(p/n)™". As expected, this expression for the order quantity
agrees with the other one given by Pando et al. (2019) (please see
Theorem 2 in that paper) with A instead of A. Also, evaluating the
minimum operating expense ratio O;‘ =0 (p, q;‘) =g q; , we obtain

27)

¢
ay *
0*—g(q*) = £+—K+Ap l (qp) SO+ S
r ’7p pa; p (&-Dpg;
and, as a consequence, the maximum income expense ratio for each
fixed p is
1 p
4 P
R, = Or ., <K
P ¢-Dag;

(28)

These expressions can be used to evaluate the difference between
the solutions that consider the sale price as a fixed parameter or a de-
cision variable of the system. Note that the expression for the optimum
order quantity is simpler when the sale price is a decision variable
in the model. Furthermore, if the sale price is a fixed parameter, the
optimum order quantity depends on the reference price of the item 7,
but not on the purchase price c. Instead, if the sale price is a decision
variable in the model, the optimum order quantity depends on the
purchase price ¢, but not on the reference price #.
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Optimum solution for the model with p=0and n=y, =y, = 1.

Sale price Order quantity Income expense ratio Scheduling period

(e . @-DK o (2@=2722 Ve o2

Pe\e2tnk = =\ TwKhe “@-on
Table 5

Partial derivatives of p*, ¢*, R* and T* regarding the parameters K, h, 4, ¢, 5, and a.

0q* 0z

OR* 0z aT* [0z

ayy — ¢

(FH)E (57)E)
@)E (ED)
() (G

T*

5. Sensitivity analysis

In this section, the closed expressions obtained in Theorem 1 for the
optimum values of the sale price p*, the order quantity ¢*, the income
expense ratio R*, and the scheduling period T* are used to develop a
sensitivity analysis by calculating the partial derivatives regarding the
parameters K, h, A, ¢, n, and « of the model. The parameters g, y, and
7, have been excluded because the obtained derivatives do not ensure
the behaviour of the optimum values (they can increase or decrease
depending on the values of the other parameters). Furthermore, the
analysis is limited to the case where the inventory is profitable because
only in this case would the model be used in real practical situations.
So, we suppose that the profitability condition established by the
expression (21) is satisfied.

The partial derivatives obtained for the selected parameters are
shown in Table 5, and all the proofs are given in Appendix B.

The sensitivity analysis for the maximum income expense ratio R*
is included in the next proposition.

Proposition 1. Suppose that the inventory system satisfies the conditions
B <1, B<r/r, ay, > & and the profitability condition (21). Then, the
maximum income expense ratio R* given by (19) satisfies that:

(i) R* decreases as the replenishing cost K, the scale parameter of
the storage cost h, the unit purchase price c, or the price elasticity
coefficient of the demand rate a increase.

(ii) R* increases as the population size of potential customers A, or the
reference price of the item n increase.

Proof. Taking into account that ay; > £ > 1 and p* > ¢ > 5 because the
inventory is profitable, the signs of the partial derivatives in the fourth
column of Table 5 prove the proposition. []

In order to analyse which parameters are more influential in the
maximum income expense ratio, it is interesting to evaluate the ratio,
in absolute value, between the relative change on the maximum income

expense ratio and the relative change on each of the parameters, that is,
‘ OR* [dz
R*/z

it is easily seen that

ay, OR* /oK | OR*[oh| _ ay, 0R*/oc
-1 ’R*/K ‘““' R*/h ‘" ay - ¢ ‘R*/c

for each parameter z. Then, from the fourth column in Table 5,

IR* /o
_<aR*/a;1> _a(aR*/a,1> _ ) R*/a -
"\ R ) R /2 ) Wn@*/n)

The following assertions are deduced from the previous equalities:

(i) As R* is linear on # and dR*/on = R* /5, a relative change on
parameter # leads to an equal relative change on the maximum income
expense ratio. That is, an m% -increase in parameter 5 leads to an
m%-increase in R*.

(ii) The relative effect of parameter 7 is greater than that of 4, and
this is greater than or equal to that of A, because ay; > a > 1.

(iii) The relative effect of parameter # is greater than that of ¢, and
also greater than that of K, because a:rlf > 1 and ('TV‘I > 1.

(iv) As a particular case, if the storage cost rate per unit per time
is fixed (y, = y, = 1), then the relative effect of parameter » is greater
than that of 4 or 2 (which are equal except for the sign), and these are
greater than the parameter K. Indeed, if y; =y, = 1, then ¢ =2 — g and
l<a< ﬁ

In a similar way, the sensitivity analysis for the optimum sale price
p* is given in the next proposition.

Proposition 2. Suppose that the inventory system satisfies the conditions
B <1, p<r/r, ar, > & and the profitability condition (21). Then, the
optimum sale price p* given by (17) satisfies that:

(i) p* decreases as the replenishing cost K, the scale parameter of the
storage cost h, or the price elasticity coefficient of the demand rate
a increase.

(ii) p* increases as the population size of potential customers A, the unit
purchase price c, or the reference price of the item 5 increase.

Proof. Taking into account that & > 1 and p* > ¢ > 5 because the
inventory is profitable, the signs of the partial derivatives in the second
column of Table 5 prove the proposition. []

For the relative changes in absolute values we have

< ay, )'61)*/01( — '61)*/01’1' _ <m> <0p*/6c> _ <0p*/611>
¢-1)1 p*/K " pr/n 4 p*/ec P/

ap* /oa
op* /oA r*/a
"N\ ) T e =)
11(1’/71)+0m—7‘f

As a consequence, the following assertions are deduced:

(i) As p* is linear on 5 and dp*/dn = p*/n, a relative change on
parameter 7 leads to an equal relative change on the optimum sale
price. That is, an m%-increase on parameter 5 leads to an m%-increase
on p*.

(ii) The relative effect of parameter 7 is greater than that of 4, and
this is greater than or equal to that of &, because ay; > a > 1.
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(iii) The relative effect of parameter « is greater than that of ¢, and

this is greater than that of K. Indeed, as ay; > & and p* > 7, then
ary > ayy > ar =€

1 £ ¢ In(p* /’7)+"71’5.

(iv) The relative effect of parameter ¢ is greater than that of &, and
it is lower than that of 5, because ay, > LR

(v) As a particular case, if the storage cost rate per unit per time
is fixed (y; = y, = 1) and parameter « is excluded, then parameter
n has the greatest relative effect on the sale price, then parameter c,
then parameters A and s (which are equal except for the sign), and
finally parameter K. Indeed, if y, = y, = 1, then ¢ = 2 — g and
1< n <a< 1—

For the optimum order quantity ¢*, the following proposition pro-
vides the sensitivity analysis regarding the parameters K, h, 4, ¢, 7,
and a.

Proposition 3. Suppose that the inventory system satisfies the conditions
B <1, B<r/r, ay, > & and the profitability condition (21). Then, the
optimum order quantity q* given by (17) satisfies that:

(i) gq* does not depend on the scale parameter of the demand rate h, or
the population size of potential customers A, or the reference price of
the item n.
(ii) q* increases as the replenishing cost K or the price elasticity coeffi-
cient « increase.
(iii) q* decreases as the unit purchase price c increases.

Proof. Taking into account that ay, > ¢&, the signs of the partial
derivatives in the third column of Table 5 prove the proposition. []

The relative changes in absolute values for the three parameters K,
¢, and «a satisfy the equalities
aq* oK ‘04*/06 _ <1_ i) <0q*/aa> -

q*/K q*/c ay; q*/a

Then the following assertions are deduced:

(i) As ¢* is linear on K and dq*/0K = q¢*/K, a relative change
on parameter K leads to an equal relative change on the optimum
order quantity ¢*. That is, an m% -increase on parameter K leads to
an m%-increase in g*.

(ii) As 0q*/oc = —q*/c, a small relative increase on parameter ¢
leads to an equal relative decrease in the optimum order quantity g*.

(iii) The relative effect of parameter « is greater than that of
parameters K or ¢ (which are equal except for the sign), because
ay; > &

Finally, the sensitivity analysis for the scheduling period T* is
provided in the next proposition.

Proposition 4. Suppose that the inventory system satisfies the conditions
B <1, B<r/r, ar, > & and the profitability condition (21). Then, the
optimum scheduling period T* given by (20) satisfies that:

(i) T* does not depend on the population size of potential customers 2,
or the reference price of the item 1.
(ii) T* decreases as the replenishing cost K, or the scale parameter of
the storage cost h, or the price elasticity coefficient a increase.
(iii) T* increases as the unit purchase price c increases.

Proof. As ay, > ¢ and y, > 1, the signs of the partial derivatives in the
last column of Table 5 prove the proposition. []

Note that, if y, = 1, then 0T*/0K = 0 because the optimum
scheduling period T* does not depend on K.
For the relative changes in absolute values we have that, if y, > 1,

" oT* /0K oT*/oh| (v ( 0T*/dc
<7z—l>‘ T*/K T*/h ‘<72>< T*/c )

_ <yl—§/a> ‘67"*/60: _
72 T*/a

=7
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Then the following assertions are deduced:

(1) As ri—e/ax =&/
relative effect then’ the parameter ¢, which is greater than or equal to
that of h, and, if y, > 1, than that of K.

(i) If y, = 1, then the relative effect of the parameters 4 and ¢ are
equal except for the sign.

(iii) If y; = y,, then bZijza = - (d;ijza) = ﬁ and, promptly,
a relative increase on parameter « leads to a relative increase in the
optimum order quantity ¢*, which is equal to the relative decrease in
the optimum scheduling period T*.

:' < min (y, ) the parameter « has the greatest

6. Numerical results

This section illustrates all the obtained results with a double objec-
tive: (i) solving a numerical example that includes a sensitivity analysis
regarding all the initial parameters, and (ii) comparing the maximum
profitabililty policy with the maximum profit per unit time policy. This
comparison is an interesting question taking into account the fact that
both solutions are not always equal, because profit and profitability are
different objectives. The income expense ratio R(p,S,s) used in this
paper is given by

IN (p,S,r)

R(p.S,s) = ———= 29
P S,9) = 7= 0.5.0 29
while the profit per unit time is given by
IN P, S,r-TC®S,r)
G(p,S,r)=
. S,r) To.S.0 (30)

where T (p, S,r), TC (p, S, r), and I N (p, S, r) are those given by (5), (7)
and (8), respectively.

The maximization of the function G (p, S, r) has already been studied
in the inventory theory, and it is known that the optimum solution
can be obtained with r # 0, both when p is a parameter (see, for
example, Baker and Urban (1988)), and when it is a decision variable
(see, for example, Chang et al. (2010)).

As the solution of the model can be obtained directly for any values
of the initial parameters, they will be chosen simply so that they can
be reasonable for a hypothetical situation. Thus, using a week as the
unit time and a euro (€) as the currency unit, let us suppose that
the replenishing cost, the reference price and the purchase price are,
respectively, K = 500€, n = 18€ and ¢ = 20€. Consider that the storage
cost of one item during a week is 7 = 3€, and the population size of
potential consumers for a week is 4 = 800. The elasticity coefficients
for the storage cost are y; = 1.2 and y, = 1.5, that is, the cumulative
storage cost increases 1.2% if the time in stock increases 1%, and it
increases 1.5% if the stock level increases 1%. Regarding the demand
rate, consider that the elasticity coefficients are « =4 and g = 0.2, that
is, a 1% increase in the sale price leads to a 4% decrease in the demand
rate, and a 1% increase in the stock quantity leads to a 0.2% increase
in the demand rate. Finally, let us suppose that the inventory manager
needs to obtain the inventory policy with the maximum income expense
ratio.

With these input data, B (y;,1+y,/(1 — §)) = B(1.2,2.875) = 0.2488
and the values for the parameters A, & and 4 given by (13), (14) and
(22) are, respectively, A = 3.6257-10719, £ = 2.46 and 4 = 0.0175. Then,
the conditions f < 1, g < y,/7,, and ay, > & considered in Section 4.3
are true, and Theorem 1 can be used to obtain the optimum policy.
Then, the optimum order quantity given by (16) is ¢* = 40.07 items, the
optimum sale price given by (17) is p* = 47.14€, and the reorder point
is, as we know, r* = 0. The minimum operating expense ratio given
by (18) is O* = 0.8703, that is, the inventory system needs 0.8703€
for each entered euro. Furthermore, the operating cost of the system
is 87.03% of the income. As a consequence, the maximum income
expense ratio is R* = 1/0* = 1.1490, that is, the profitability of the
inventory system is 14.9%. The optimum scheduling period, given by
(20), is T* = 1.41 weeks (about 10 days).
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Table 6
Profitability thresholds for the parameters of the system.
K h c n A a B 71 72
Actual value 500 3 20 18 800 4 0.2 1.2 1.5
Profitability threshold < 789.5 <58 <265 > 15.7 > 458.9 <48 > 0.02 >1 <18

Table 7

Absolute and relative changes to p*, ¢*, R*, T* regarding K, h, ¢, 4, 1, a.

Actual value K =500 h=3 c=20 n=18 A =800 a=4
z=K z=h z=c z=n z=2 z=a
op* [0z —-0.03 -3.27 1.21 2.62 0.01 -23.74
(0p*/32) / (p*/2) -0.30 -0.21 0.51 1 0.25 -2.01
0q* [0z 0.08 0 —2.00 0 0 20.55
(99" /02) / (q"/2) 1 0 -1 0 0 2.05
OR* [0z —0.0007 —-0.08 -0.03 0.06 0.0004 -0.28
(0R*/0z) / (R*/z) -0.30 -0.21 —-0.49 1 0.25 -0.96
oT* [ox —0.001 -0.39 0.09 0 0 —0.90
(8T*/0z) / (T*/2) —0.42 -0.83 1.25 0 0 -2.56

For this optimum policy, the storage cost in a scheduling period is
K /(& — 1) = 342.47€, and the total expense in a scheduling period is
ay; K /(€—1) = 1643.85€. Then, the costs distribution is 342.47/1643.85 =
20.83% for the storage cost, 500/1643.85 = 30.42% for the replenishing
cost, and the other 48.75% for the purchase cost. The income in a cycle,
given by (8), is I N (47.14,40.07,0) = 1888.89€, and the total expense in
a scheduling period, given by (7), is TC (47.14,40.07,0) = 1643.85€,
which coincides with the previous value given by ay; K/(¢ — 1). The
quotient between these two quantities is the optimum income expense
ratio, that is, R (47.14,40.07,0) = 1.1490, which coincides with the value
given by expression (19). Also, for this optimum solution, the profit per
unit time, given by (26) or (30), is G (47.14,40.1,0) = 174.05€ per week,
and the total cost per unit time, given by (24), is C (47.14,40.07,0) =
1167.55 € per week.

Using the expressions given in Table 3 with 4 = 0.0175, the prof-
itability thresholds for each of the parameters K, A, ¢, 4, and 5, keeping
all the others fixed, have been calculated and included in Table 6. In
addition, the profitability thresholds for the elasticity coefficients of the
model have numerically been evaluated for this example, taking into
account that this inventory system is profitable because condition (21)
is satisfied.

To illustrate the sensitivity analysis, the partial derivatives of the
optimum values for p*, ¢*, R* and T* have been evaluated, in absolute
and relative values, and are included in Table 7.

The optimum sale price p* decreases with parameters K, 4 and «a,
and it increases with parameters c, 7 and 1. Parameter « has the highest
relative effect, then parameter #, then parameter ¢, and parameters K,
4 and h have a lower effect. The optimum order quantity ¢* does not
depend on parameters h, n and J, it increases with K and «, and it
decreases with parameter c. Parameter « also has the highest relative
effect, and parameters K and ¢ have an equal relative effect, but with
the opposite sign. Regarding the maximum income expense ratio R*, it
decreases with parameters K, h, ¢ and «, and increases with parameters
n and A. The highest relative effect is obtained with parameter #, then
parameter a, then parameter ¢, while parameters K, 4 and 4 have
a lower effect. Finally, the optimum scheduling period T* does not
depend on parameters n and 4, it increases with ¢, and decreases with
parameters K, h and a. Also now, the highest relative effect is obtained
for parameter «, then parameter ¢, while parameters K and s have
a lower effect. All these remarks agree with the results obtained in
Section 5.

The sensitivity analysis has been completed solving the model with
percentage changes between —50% and 50% in each of the parameters,
keeping all the others fixed. Then, the percentage changes in the sale
price p*, the order quantity ¢*, the maximum income expense ratio R*,
and the optimum scheduling period T* have been evaluated and plotted
in Fig. 1.

The second objective in this section is the comparison of the opti-
mum solutions to the problems of the maximum income expense ratio
and the maximum profit per unit time for this numerical example.
To do that, for each fixed p € (20,60) with a step of one-hundredth,
the optimum solution for the maximum income expense ratio problem
has been evaluated by using the expressions (27) for the optimum
order quantity 4y and (28) for the maximum income expense ratio
R;. Furthermore, the optimum scheduling period T and the profit per

unit time Glf =G (p, q;,0> for this optimum solution were evaluated
with the expressions (5) and (30), respectively. For the maximum profit
per unit time problem, the algorithm included in Pando Fernandez
(2014) (Algoritmo 2, p. 64) has been used to obtain the optimum order
level Sf, the optimum reorder point rg, the optimum order quantity

qf = Sf - rg, the optimum scheduling period TpG =T (p, Sf,rf),

and the maximum profit per unit time G} = G (p, SI?, rg). The income
expense ratio for this solution R,‘f =R ( D, Sf,rf) was also evaluated

with the expression (29). Then, the point ( p, Spc, rg) with the greatest
value of G* provides the optimum sale price p°, the optimum order
level SY, the optimum reorder point ¢ and the maximum profit per
unit time G*. The order quantity ¢¢ = S¢ — r@, the scheduling period
T =T (p%, 5,r%), and the income expense ratio R® = R (p©, 59, r9)
for this optimum solution were evaluated to compare them with the
optimum values ¢*, T* and R*. The profit per unit time for the max-
imum income expense ratio solution was denoted by Gk = GR =
G (p*, q*,0) = 174.05. All these quantities are included in Table 8.

Both optimum solutions are only near the reorder point r, which is 0
in the maximum profitability problem, and roughly 0 in the maximum
profit per unit time problem. In fact, in this example, for every p €
(20,60) the reorder point rg is roughly 0, although this is not true in
all cases (see for example Pando et al., 2019). The maximum profit per
unit time is obtained with a sale price of p® = 33.82, which is 28%
lower than the optimum sale price with a maximum income expense
ratio, which is p* = 47.14. In addition, the optimum order quantity
for the solution with a maximum profit per unit time is ¢¢ = 79.30,
which is 98% higher than the optimum order quantity ¢* = 40.07 for
the maximum income expense ratio solution. The scheduling period
with a maximum profit per unit time is T¢ = 0.64 weeks, which is
55% lower than the optimum scheduling period with the maximum
income expense ratio, which is 7% = 1.41 weeks. The maximum profit
per unit time is G* = 346.34 €, while the profit per unit time for the
solution with maximum income expense ratio is GR = 174.05€, which is
roughly 50% lower. Note that the total sales with the maximum profit
solution are ¢°/T¢ = 123.9 items per week, while the total sales with
the maximum income expense ratio policy are ¢*/T* = 28.9 items per
week, considerably lower.
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Fig. 1. Percentage changes in p*, ¢*, R* and T* versus percentage changes in each parameter.
Table 8
Optimum solutions for the problems of maximum profitability and maximum profit per week.
Problem P S r q T G R
R(p,S,r) p*=47.14 S§* =40.07 rr=0 q* =40.07 T =141 GR = 174.05 R* =1.1490
G(p,S,r) p¢ =33.82 S§¢ =179.31 r? =0.01 q° =79.30 TC =0.64 G* =346.34 RY = 1.0906

Furthermore, the income expense ratio for the maximum profit
per unit time solution is RY 1.0906 (9.1% profitability), while the
maximum income expense ratio is R* = 1.1490 (14.9% profitability).
Then, the solution with a maximum income expense ratio yields a
profit per unit time 50% lower, but 5.8% more profitability. Conse-
quently, the optimum policy proposed in this paper provides higher
profitability with lower sales but less profit per week. Evaluating the
total expense for the maximum profit per unit time solution we obtain
C (33.82,79.30,0.01) = 3821.06€ per week, with a profit G* = 346.34€
per week. On the other hand, as we said before, the maximum income
expense ratio solution yields a profit of G (47.14,40.1,0) = 174.05€ per
week with a total expense of C (47.14,40.07,0) = 1167.55€ per week.
Then, the difference in total expense, 3821.06—1167.55 = 2653.51€ could
be invested in other items with profitability greater than 9.1%, which
yields the maximum profit per unit time solution. For example, if the
inventory manager markets other items with 14.9% profitability, the
profit per week would reach the value of (3821.06) (0.149) = 569.34€,
which is 64% higher than G* = 346.34 €. Consequently, the inventory
manager might prefer to diversify the monetary resources in the most
profitable items, instead of using all of them in the solution with
the maximum profit per unit time for one of them. In this way, the
inventory manager would increase the total profit per unit with the
sum of the profits from the other items. For this numerical example
the increase could reach 64%, which is a significant amount. However,
if there are no other investment options, the maximum profit per unit
time policy might be a better option. Therefore, both policies may be
necessary depending on each particular case.
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Besides that, this numerical example suggests that, regarding the
solution of maximum profit per unit time, the solution with the max-
imum income expense ratio requires higher values for the sale price
and the scheduling period, and smaller values for the order quantity
and the total cost per unit time in the inventory system. Similar results
were obtained by Pando et al. (2020) when the demand rate depends
exponentially on the sale price, but the storage cost rate per unit per
time is constant.

Finally, for each p € (25,60) with increments of one-hundredth,
Fig. 2 plots the G,-quantities in the left vertical axis, and the Ry-
quantities in the right vertical axis. This plot shows that everything is
right.

7. Conclusions and managerial insights

This paper analyses an inventory system focused on profitability
maximization with two significant characteristics: (i) the demand rate
depends simultaneously and isoelastically on the sale price and the
stock quantity; and (ii) the storage cost is simultaneously non-linear
in time and stock quantity, also with an isoelastic dependence on both
variables. The obtained results lead to the following list of conclusions
which are also managerial implications for the inventory manager:

(a) The optimum reorder point is always equal to zero, that is, the
replenishment should be done when the stock is depleted.

(b) The optimum order quantity is given in a closed form, and it
only depends on the purchase price, the replenishing cost and
the four elasticity coefficients of the model.
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Fig. 2. Maximum profit per unit time and maximum income expense ratio for each p.

(c) The optimum sale price, the maximum income expense ratio,
and the optimum scheduling period are also obtained with ex-
plicit expressions regarding the initial parameters.
The previous statements make the applicability of the model in
a real-life engineering setting does not have any obstacles or
limitations. The inventory manager only needs to evaluate the
closed expressions for the decision variables and the maximum
profitability. However, to implement this solution in practice,
the inventory manager should estimate the four elasticity coef-
ficients of the model as best as possible. It could be done using
data previously obtained during inventory management.
(e) Excluding the elasticity coefficients of the model, we obtain
profitability thresholds for each of the parameters.
(f) The optimum order quantity is proportional to the replenishing
cost and inversely proportional to the unit purchase price.
(g) The optimum sale price increases with the unit purchase price,
the reference price of the item, and the population size of
potential customers. Nevertheless, it decreases with the replen-
ishing cost, the price elasticity of the demand rate and the scale
parameter of the storage cost.
The maximum income expense ratio decreases with the replen-
ishing cost, the unit purchase price, the price elasticity of the
demand rate, and the scale parameter of the storage cost. On
the other hand, it increases with the reference price of the item
and the population size of potential customers.
The optimum scheduling period increases with the unit purchase
price, and decreases with the replenishing cost, the price elastic-
ity of the demand rate, and the scale parameter of the storage
cost. Furthermore, it does not depend on the reference price of
the item or the population size of potential customers.
Numerical results suggest that, regarding the maximum profit
per unit time policy, the optimum policy for profitability max-
imization leads to higher values for the sale price and the
scheduling period, and lower values for the order quantity and
the total sales per unit time.
If the inventory manager diversifies the monetary resources in
items with greater profitability, the total profit per unit time
could be increased with respect to investing all of them in the
maximum profit per unit time policy for one of the items.

@

()

®

-

G

X

Future research topics extending this model could be: (i) to consider
perishable or deteriorating items; (ii) to include a unit purchase price or
a replenishing cost depending on the order quantity; and (iii) to study
inventory systems with multiple items.
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Appendix A

In this appendix, all the proofs for the results given in this paper are
included.

Proof of Lemma 1. As the storage cost rate per unit per time is given
by

iH(z xX)=h 71=1yr2-1

aox nnttox

the storage cost for the region of the (z, x)-plane under the inventory
level curve x = I(¢), with 0 <t < T'(p, S, r), can be evaluated as

T(p,S,r) I(1)
Hew.s.n= / / By dx ) de
0 0

T(p,S.r)
= / hy 1 I @0)2 de
0

S1=p_x1-$
(1=p)An*p=«
using (3), dx = —An®*p~* (I () dt. Then, the storage cost in a scheduling
period is

With the change of variable x = I(r) we have ¢ = and,

hy s (Sl—ﬂ _ xl—ﬂ)71_1 2By
(1 =p=t Gnep=yr ) Jr

and the proof is completed. []

HC(p,S,r):(
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Proof of Theorem 1. For any fixed sale price p, if A = A(p/n)7%, the
inventory model leads to the system studied by Pando et al. (2019)
with 4 = A. Then, using the assumption g < y,/y,, the first statement
is proved by Theorem 2 in that paper.

The function O(p, q) given by (15) is differentiability class C?> and
satisfies that lim,_y+ O(p, g) = lim,_, , O(p, q) = oo for any ¢ > 0, and also
lim,_o+ O(p, ) = lim,_,, O(p, q) = oo for any p > 0. Then the minimum
value of the function O(p,q) in the feasible region Q is necessarily
obtained at a stationary point inside the £ set.

The first partial derivatives of the function O(p, q) are given by

90 ¢ K ey —cq— K+ (ay; —1) Ap*i¢f
5=+ (an 1) AT = ;

ap p* pq p*q

90 -K+E-1Ap"g

K -1 &2
S = G- AP =
oq pg? pg?

Then, the stationary points are given by the solutions of the system
—-cq— K+ (ayl - 1) Ap*gt =0
—K+(E-1)Ap™g- =0

with p > 0 and g > 0.
By the second equation, we have Ap®14° = K /(£ — 1), and substitut-
ing in the first equation, we have

K (ay; — 1
—-cq— K+ % =0
Then the unique solution for g is
. lan-¢9K
€E-De

and, using the second equation, the unique positive solution for p is

)~ 1/

(K@)t

= (29 @D
¢E-DHA

As a consequence, (p*,q*) is the unique stationary point for the

function O (p, q). To prove that it is the minimum we need to calculate

the second-order derivatives, as follows:

9’0 2¢ 2K 3 61
==t (ay = 1) (ay; —2) Ap T3
Pyl i (ary = 1) (ar; —2) Ap™ g
0 2K 1 e
—2=—%+(§_1)(§_2)APW1 1‘153

oq Pq-

9’0 K o e

- = — 4 -1 — 1) Apnt -2

op0d = P (ar; = 1) (€ -1)Ap™1~2q

Then, if % =0, we have 1% + p%q = (ay; — 1) Ap*1~2¢*~!, and also,

if 29 K —1 e ¢ 00 _ 90
if 5, =0, we have 75 = (£~ 1) Ap™1 144-2. Therefore, if L=<,

the second partial derivatives are:

9?0

2 —1) Ap*n 245!
i = )pp T (an = 1) (ar —2) Ap g

=ayy (ar, = 1) Ap71 73"

00 _ 2 =D ApTg
0q* q
=& - DA

+E-DE-2 A"

PO _E-DAPT¢ 2 e
m = é% + (‘1}’1 — 1)(5_ 1) Apnt 2q§ 2

=ay (=D AP

As a consequence, if % = 0 and % = 0, all these second partial
derivatives are strictly positive because ay, > & > 1. Moreover, the
Hessian of the function O(p, q) is

0’0 020 220 2 i ]
("_1’2> (6_q2> - <apaq = ay, (& — 1) A2pPn g2
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X ((05}’| - 1) E—ay (E- 1))
= ay; (&= 1) (ay; — &) A2pP g%

Therefore, the Hessian matrix of the function O(p,q) at the point
(p*,q*) is positive definite, because ay, > £ > 1. This ensures that the
minimum of the function O(p, q) is obtained at the point (p*, ¢*). Then,
the order quantity ¢* is given by the expression (16) in statement (ii).
Moreover, substituting the values for A and ¢* in the expression of p*,
we obtain the expression (17) in statement (iii). To prove statement
(iv), we evaluate the function O(p,q) at the point (p*, ¢*) taking into

account the fact that ﬁ = (- 1) A@*) "~ (g*)¢72. Thus, we get
0* =0 (p*.q") = <4 K +A (p*)"h*l (q*)é—l
’ A A
= i + L + K
J A N (A V)

(&550) () - (@) (7)
=lc+—— )= )=(—— )=

&-Dgqg* ) \p* ayp —&) \p*

Then, statement (iv) is proved. Moreover, using the expression (9),
the maximum income expense ratio will be

o= (1-2) ()
O (p*,q*) ayy c

and, using the expression (17) for p*, we obtain the final expression in
(19) for R*. Then, statement (v) is also proved.
Furthermore, using the expression (5), the optimum scheduling
period is
s \1=f s\a
T*=T(p*,q*,0)=(q) (P)
(1= p)an®
and substituting the values for ¢* and p*, the expression (20) in the
statement (vi) is obtained.
Now, as the storage cost in each cycle is given by (12) and
00 / x _wy _
5 (P*.4") =0, then
K
-1
and the total expense in each scheduling period is the sum of the
storage cost, the replenishing cost and the purchase cost, that is
K (ar, =€) K  anK
—— +K+ecq" = +K+ —F=
E-1 “ -1 &-1
Therefore, statement (vii) is proved. From the previous expression,
the cost proportion of the storage cost on the total expense is ﬁ,
1
‘;‘_

Fl’ and the remaining
1

HC (p*,q*,O) —A (p*)ayl (q*)é _

K
-1

the cost proportion for the replenishing cost is

proportion for the purchase cost is 1 — 5 As a consequence, statement
1

O

(viii) is also proved and the proof of Theorem 1 is completed.

Proof of Corollary 1. For statement (i), the inventory system is
profitable if, and only if, the income expense ratio R* is strictly greater
than 1, that is

ayy

R*>l©<l—i)<i>>l©p*>< )c
ay; c ay; —¢&

Then, using the formula (17) in this expression, the inequality is
equivalent to

(‘171 )Lm ¢

(ary — &)™~ pon

¢-vta-pnane
nB (1, 1+7/(0 = p) KEth

that is,
Ki-lean—ip = DEL A= g (ay, — &)™
Apan " (ayl)ﬂh B (yl’ I+y,/(- ﬁ))

as statement (i) establishes. Even more, if R* > 1, as ay, > &, necessarily
p* > c¢ and statement (ii) is proved. Finally, for statement (iii), as
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ay, > &, if condition (23) is satisfied then

(@n-5)K \~¢ 1/(ar1)
*_<K(q*)‘5)l/(w')_ K( i )
“\¢-D4 | ¢-bna

1/(ary)
-1 ¢
- (&) < (emn=ee) V) _ ¢
(ar, - &)° AKE!
and the inventory system never makes a profit, because
R*=<1—i> <"—><1
ay c
Then, the proof of the corollary is completed. []

Appendix B

The partial derivatives of the optimum order quantity ¢* given by
expression (16) are easily obtained as:

da* — s

¢ _mn-¢_ 4,

oK E-1Dec K

dq* _ dq* _ 9q* -0

oh ~ oA on

agt (e —§K ¢
= = <0

oc (E-1)c? ¢

and

9 _ 71 _ 714 >0

da E-Dec  ay —=¢

because ay, > &.

Now, the derivatives of the optimum sale price p*, given by expres-
sion (17), will be evaluated. For the parameter K, using logarithmic
differentiation, we have

- dln p*
0K

—(¢-1)InK .
_p o(=5mt) Y APH
oK ay, K

In a similar way, for
op* _ . (9lmp*\ .
on P \"on )77
)-r

0
) |2
>:p_>0
n

For the parameter «, we have

, < 1 ) ( E- D - pnane >
Inp*=lnp+| — | In z
an (ary =€) 11 B (r1- 1+ 12/(1 = B)) K&k

and
dlnp* (-_1>1n( E-DT A -pnanet )
Ja oy, (a1, = &) 1B (r1. 1+ 72/ = P)) KETh
L -né )
(o) (275

() (o)

ap*
0K

the parameters A, 4, ¢, and 5, we obtain:

G ()2

op* . (dlnp*
aa P\ Tax

op*  , (0dInp*
dc =F dc

dap* . [ dlnp*
on

— o
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Then, we obtain

op* . (olnp*\ _ . & —p*
= (55) = (e ) (5F) <0

because ay, > £ and, as the inventory is profitable, p* > ¢ > n.

For the maximum income expense ratio R*, given by (19), the
partial derivatives are:
_p*
(%)

() (29)-

(- &)

ayjc

OR*
oK

() ()|
<

OR* _ /oA _| " an | (P _(1\ (R
(M_<1_a_yl>< c >_ c ((M>_(a)<ﬂ>>0
[T A—
L R E A W R
de ay; c2 ay, c2
()
ay, c
£ 1-) (S2)-) () 5
oan ay, c ayy ne n
and
£ () (6)+(-5)(2).
oa a2y, c ayy ¢
_( S N\(P\ _ (an—¢ « ¢ P
- (@) (5)- () (o 255) (%)

ac

Il
S
—_
|

o) () = (5 mr <o

because, as the inventory is profitable, p* > ¢ > #.
Finally, for the optimum scheduling period T* given by (20), we use
similar reasonings as for p* to obtain the following results:

9 ( —(r,-1)InK )
oT* _ o (0WnT*\ _ . " _(r=1\(-T* <0
0K 0K oK 7 K -
—Inh
6T*=T* olnT* . 0( 71 ) _ 1 -T* <0
oh oh oh 71 h
or* _ oT* _
dA on
Ine
oT* oInT* 9 (szﬂc ) % T
=T* =T* LZl=(2)(=)>0
dc ( dc > dc <3’1> < c >
F) ( =12 In(ay;=¢) )
oT* _ o (0WnT*\ _ . " _ ~nT” <0
da da da ay; —¢&

as in Table 4. [
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