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Abstract

This paper focuses on formulas for the e-subdifferential of the optimal value function of
scalar and vector convex optimization problems. These formulas can be applied when the
set of solutions of the problem is empty. In the scalar case, both unconstrained problems and
problems with an inclusion constraint are considered. For the last ones, limiting results are
derived, in such a way that no qualification conditions are required. The main mathematical
tool is a limiting calculus rule for the e-subdifferential of the sum of convex and lower
semicontinuous functions defined on a (non necessarily reflexive) Banach space. In the
vector case, unconstrained problems are studied and exact formulas are derived by linear
scalarizations. These results are based on a concept of infimal set, the notion of cone proper
set and an e-subdifferential for convex vector functions due to Taa.
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1 Introduction

Studying differential stability of optimization problems usually means to study differentia-
bility properties of the optimal value function in parametric mathematical programming.
We referto [1, 2,4, 7, 8, 25-27, 29, 31, 37] and the references therein for some old and new
results in this direction.

Convex optimization is a subfield of mathematical optimization that studies the prob-
lem of minimizing convex functions over convex sets. In the early 1960’s, Moreau and
Rockafellar [31] introduced the concept of subgradient for convex functions, initiating the
developments of theoretical and applied convex analysis. loffe and Tihomirov [21], Hiriart-
Urruty and Lemaréchal [18, 19], Phelps [30], Zélinescu [37] and Borwein and Vanderwerff
[9] presented a beautiful theory about convex sets and convex functions in finite and infi-
nite dimensional spaces with many significant applications in mathematical programming,
classical variational calculus, and optimal control theory.

In 1965, Brgndsted and Rockafellar [11] introduced the concept of approximate subdif-
ferential (also called e-subdifferential) of a convex function. It has become an important tool
for the study of algorithms as well as for theoretical purposes in convex optimization. For
more information, the reader is referred to [14, 17, 20, 28, 37] and the references therein.

This paper concerns with the study of differential stability properties to scalar and vector
convex programming problems.

In the literature on differentiability properties of the optimal value function (also named
efficient value mapping and marginal or perturbation function) of a parametric family of
optimization problems including inclusion constraints, different qualification conditions are
assumed (see the recent papers [1, 2, 4] and the references therein). However, it is well-
known that these regularity conditions are usually difficult to check and they could not
be satisfied. Then, an objective of this paper is to derive limiting versions of these dif-
ferentiability properties where no qualification conditions are required. In addition, lots of
differential stability results of the literature are based on the existence of solutions in the
involved problem. Unfortunately, this assumption is not always satisfied (see [3, 28]). Thus,
a second aim of this work is to derive such differential stability results for problems whose
solution sets could be empty (see [7, 8] and the references therein for a different approach
based on the regularization of the problem).

In vector optimization, additional technical difficulties happen. Namely, the optimal
value mapping is set-valued and involves some concepts of infimal point (see [6, 12, 22, 23,
36]), which are the vector counterpart to the notion of infimum of a set of real numbers. As
a result, differential stability properties in vector optimization problems are formulated in
terms of graphical and epigraphical derivatives and most of the obtained results require the
so-called domination property, which implies the existence of exact solutions of the prob-
lem (see [23, 24, 33, 34, 36]). Again, this paper concerns with differential stability of vector
optimization problems that would not satisfy the domination property (in particular with
empty solution set).

The contents of the paper are as follows. Section 2 collects some basic notations and con-
cepts. In Section 3, a limiting calculus rule for the e-subdifferential of the sum of m proper
lower semicontinuous convex functions on a (non necessarily reflexive) Banach space is
stated without requiring any qualification condition. It is derived by convex analysis tools
and a generalization of the well-known Brgndsted-Rockafellar Theorem. Sections 4 and 5
are devoted to the differential stability of unconstrained and constrained convex optimiza-
tion problems, respectively, whose solution sets can be empty. In Section 5, an inclusion
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constraint is considered and a limiting formula for e-subdifferential of the optimal value
function is obtained. This result is a consequence of both the previous one in Section 4 deal-
ing with unconstrained problems and the limiting sum rule stated in Section 2. It is also
showed that it reduces to an exact formula provided that the so-called Robinson-Rockafellar
condition is satisfied. Section 6 involves the differential stability of convex vector optimiza-
tion problems. In deriving it, a linear scalarization approach is considered. The obtained
differentiability properties are formulated by e-subgradients of the scalarized function and
also by e-subgradients of the optimal value function of the scalarized problems. The main
mathematical tools are an g-subdifferential for vector functions due Taa (see [35]) and a
concept of infimal point (see [6, 12]). As in the previous two sections, the set of solutions of
the problem can be empty. Finally, in Section 7, the conclusions of this work are underlined.

2 Preliminaries and Mathematical Tools

Throughout R stands for the set R U {400}, ]Rﬁ is the nonnegative orthant of R” and R, :=
Rﬂr. Let X be a real locally convex Hausdorff topological linear space. The topological dual
space of X is denoted by X*.

For a set C C X, we denote by int C and cl C the topological interior and the closure of
C, respectively. The core or algebraic interior of C is defined by

core C := {x € C|foreach x € X, 3 > Osuchthatx + ux € C, Yu € [0, i1]}.

Given a function f : X — R, we denote the effective domain and the epigraph of f by
dom f and epi f respectively, i.e.,

dom f := {x € X|f(x) < 400},
epi f == {(x,a) e X xR|f(x) <a}.

One says that f is proper if f(x) > —oo for all x € X and dom f # @. The function f is
called lower-semicontinuous if epi f is closed.

Definition 1 Let f : X — R be a proper convex function and & > 0. The e-subdifferential
(or approximate subdifferential) of f at a point xo € dom f is the set

de f (x0) = {x* € X*[{x*, x —x0) < f(x) — f(x0) +&, Vx € X}

The function f is said to be e-subdifferentiable at x¢ if 9. f (xg) # 0.

Remark 1 Although a nonconvex function could be e-subdifferentiable at some point in
its effective domain, the proper class of functions where that notion has sense is the
class of convex functions. More precisely, it is well-known that if f is a proper lower-
semicontinuous convex function, then f is e-subdifferentiable at every point xo € dom f,
for all ¢ > 0 (see [17]).

The set 0. f (xg) reduces to the subdifferential df (xg) when ¢ = 0, i.e.,, 9f(xg) =
do f (xo). Moreover, d; f (xg) = ﬂ 0y f (x0), for all ¢ > 0, and from the definition it follows

n>e
that 9, f (xo) is a weakly*-closed, convex set.
Given a nonempty subset £2 C X, the indicator function 8¢, of §2 is defined by setting
do(x)=0ifx € 2 and dp(x) = +ooif x ¢ £2.
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896 D.T.V. An, C. Gutie rrez

Definition 2 Let 2 C X be a nonempty convex set. The set Ng(xo, §2) of e-normal
directions of §2 at xo € £2 is defined by

Ne(xo, 2) = {x* € X*|(x*,x —x0) <&, Vx € 2}.

It is easy to see that N.(xg, £2) = 9.8 (xo) for every ¢ > 0. Moreover, when ¢ = 0,
N¢(x0, £2) reduces to the normal cone of £2 at xg, i.e., No(xg, 2) = N (xg, £2). However,
as a general rule, N¢(xo, §2) is not a cone when ¢ > 0.

3 Sum Rules for the Approximate Subdifferential

In this section, X is assumed to be a Banach space with the norm || ||x. The dual space

of X is denoted by X* with the dual norm || |x=. Let fi, f2,..., fin be proper lower-

semicontinuous convex functions on X. The aim of this section is to derive a formula for
m m

the ¢-subdifferential of the sum ) f; at a given point xo € () dom f; without requiring
i=1 i=1

any constraint qualification.

The next result extends [20, Theorem 3.2], which is stated for the case m = 2.

Theorem 1 Let fi : X — R be a proper lower-semicontinuous convex function, i =

m
1,2,...,m, andlet xo € () domf;. Then, for every ¢ > 0, one has
i=1

0, (Zﬁ‘)(xo)=01w* U Dlofico]. (1

i=1 (51.52,....£,n)ERZ'_ i=1

2l si=e

where cly« denotes the closure with respect to the weak™ topology of X*.

Proof Consider the Cartesian product X := X x X x --- x X and the continuous linear
—_———

m

function A : X — f(, A(x) = (x,x,...,x), forall x € X. Define the function f : X - R,
m

n ~
with f(x1,x2,..., %) = Y fi(x;), for all (x1,x2,...,x,) € X. Clearly, f is a proper
i=1

m
lower-semicontinuous convex function, Axp € domf and f o A = Y f;. By applying

[20, Theorem 7.1] to the data A and f we obtain

i=1

0e <Z fi) (x0) = 8 (f 0 A) (x0) = cly» (A*3e f (Ax0)) , 2

i=1

where A* : X* — X* stands for the adjoint operator of A. It follows that

m
AMT x5, LX) =Y xf, Vaf e X* 3)

i=1
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In addition, by [37, Corollary 2.4.5] we see that

m
defax) = (J = X 8 fitxo). @)
(£1:8050m01 em)e]R'ﬁ =
isy6i=e
The result follows as a consequence of statements (2), (3) and (4). O

The next result extends the sequential sum rule in [14, Theorem 3] to more than two
functions defined in a not necessarily reflexive Banach space. Although its proof is similar
to the one in [14, Theorem 3], we include it for the sake of completeness.

Theorem 2 Let fi : X — R be a proper lower-semicontinuous convex function, i =

m m
1,2,...,m, and let xo € (| domf;. Then, x* € 9, (Z fi> (x0) if and only if there exist
i=1 i=1

m m
Il *
gi >0, Y & = ¢ and nets (x;.o)q C domfi, xiq —> X0, (Do C X* > xF, 2 ox*
i=1 ' i=1

such that

x?ja € 0, fi(xia), Vo, )
fiGia) = (X Xiw — Xo) = fi(x0). ©

m
Proof Consider x* € 0, (Z ﬁ) (xp). By formula (1) there exist nets (&;,4)o C Ry and
i=1
m ! m I,U*
(uf )a C X* suchthat Y~ &;4 =&, u, € 8, fi(xo) and ) uf, — x*, for every a. For
’ i=1 ' ' i=1
each i, we have that ¢; , € [0, €], for all . Without restriction of generality, we can assume
m
that ¢; 4 — &, where g; > 0, ) & = &.
i=1
In addition, by applying [14, Proposition 2] to each i and « it follows that there exist nets
(Xi,a)a C domf; and (x} )y C X* satistying

x;‘ja S 86[ﬁ(xi,0t)7

X0 — Xollx < /Gia» 7
Ity — u? e = are,

|fi(xi,oz) - <x;k,a’ Xi,a — x0) — fi(xo)| < 2ai,ou

where a; o = |€;.o —&i|. Clearly, assertions (5), (6) and x; o w> xo are satisfied. In addition,

m *
as ) uf, 2, x*, from the third statement of (7) we deduce
i=1

m m m «
Zx;fa = Z(x;’fa —uj,)+ Zufa Ly x*
i=1 i=1 i=1
and the proof of the necessary condition is complete.
Conversely, assume that there exist &; > 0, % g = &, nets (x;j4)e C domf; and
i=1

m *
(x;’ja)o, C X* satisfying x; 4 M X0, Y. x;, %, x*, conditions (5) and (6). From (5), we
i=1
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898 D.T.V. An, C. Gutie rrez

obtain for each i:

fix) = filxia) — & + (X[ X — Xig), VX eX,

and so

th(x)>Zfz(xla) 8+Z Xiar X — Xiq)
—Z(ﬁ(xm) g Xia = X0)) — €+ (D xfgux —x0), Vx € X.
i=1

m *
By (6) and condition ) x7, s x* it follows that, for each x € X,
i=1
m

Z(fz(xm) X Xi = X0)) = €+ () X[ 4 x —x0) > Y filxo) — &+ (x*, x — x0).
i=1

i=1

Therefore,

Zfi(x) > Zfi(xo) —e+ (x*, x —x9), VxeX.

i=1 i=1

m
In other words, x* € 9, (Z f,-) (x0), and the proof finishes. O
i=l

Remark 2 1t is not hard to check that the next set is convex:

U Do fitxo.

(61.52,;[,.,.Em)ER'_f_ i=1
Yot si=¢

Therefore, if X is a reflexive Banach space, formula (1) can be formulated as follows:

0, (Z ﬁ) (x0) = clj |- U D ofio

i=1 (51,82,;14..,8",)6R$ i=1
Zi:l & =¢
m w*
and then nets in Theorem 2 can be replaced by sequences and the condition ) x, — x*
i=1

H Hx

by the statement Z xjy —> x*, where clj|,. denotes the closure for the strong topology

on X*. In partlcular Theorem 2 reduces to [14, Theorem 3] by considering m = 2 and a
reflexive Banach space X.

4 Differential Stability of Unconstrained Optimization Problems
Let X and Y be real locally convex Hausdorff topological linear spaces. Let ¢ : X x ¥ — R

be an extended real-valued function. Consider the parametric unconstrained optimization
problem

min{p(x, y)|y € Y} (Py)
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depending on the parameter x € X. Function ¢ is called the objective function of problem
(Py). The optimal value function ¢ : X — R of (Py) is

n(x) :=inf{p(x, y)|y € Y}.

For each x € X, the set of approximate solutions of (P,) with error n > 0 is denoted by
M, (x),1ie.,

M,(x) :={y € Y|p(x,y) < u(x) +n}.

Then, M (x) := My(x) is the set of (exact) solutions of problem (Py).

The following result was derived in [28, Corollary 5], [20, Corollary 5.1], [37, Theo-
rem 2.6.2, p. 109] and [3, Theorem 4.1] for the case where ¢ is a convex function. Next
we state it by a proof that makes clear that such a convex assumption is only required to
avoid the nonemptyness of the involved e-subdifferentials (see Remark 1). Particularly, it is
worthy to stress that the proof does not involve the conjugate function of the optimal value
function p. In [37] the reader can find other properties of e-subdifferentials that are stated
without assuming convexity assumptions.

Theorem 3 Suppose that ¢ is convex and p is finite at x € X. For each n > 0, consider a
point y, € My(x). Then, for every ¢ > 0, one has

depn(® = [ [ {x* € X1, 0) € deppo(®, yp)}

n >0y, e My(x)

m {x* € X*|(x*,0) € 38-&-7790(;’ )771)} ®)
n>0

ﬂ U {x* € X*|(x*,0) € deqno(x, »)}.

n>0yeY

Proof Let x* € X*, n > 0and y, € M, (x). From the definition, we have that

x* €0 ux) &= ux)>puE) —e+x*x—x), Vx e X
= o, ) >uE)—e+x*,x—x), Vxe€ X, yeY
= o,y =, ) —(+n+ " x—X), VxeX, yeY
= o, =@ ) -+ + " x—X)+0,y—y), VxeX, yeY
= (X7, 0) € Betyp(X, yp).

Therefore,
dkp@ < () [ {x" e X*G*0) € depmo(®, vy}
n >0y, e My(x)
S [ {x* € X*1(x*. 0) € deqpo (X, )}
n>0
c () U " e X a0 € dpmo@ 0}
n>0yeY
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900 D.T.V. An, C. Gutierrez

Reciprocally, consider x* € X*,§ > 0and y € Y. Then,
(x*,0) € 0¥, y) = ¢(x,v) =@, y) =8+ " x—X), Vxe X, veY (9)
= o, v)>uX) -8+ {x* ,x—x), Vxe X, veY.

Taking infimum on v € Y, we obtain u(x) > u(x) — 8§+ (x*, x — x), Vx € X. This means
that x* € 95 (x). Thus,

N U {x" € X*1(*,0) € 0400, )} S [ Begqia(B) = 0 (%)
n>0yeY n>0
and the proof finishes. O

Remark 3 Notice from (9) that if ¢ is proper, then (x*, 0) € d¢p(x, y) implies u(x) > —oo,
for all x € X. Thus, the inclusion of Theorem 3

(N U {x" € X*1(*, 0) € 00 (%, 1)} C 0epu(®)
n>0yeY

holds true without requiring the assumption u(x) € R.
Corollary 1 Suppose that ¢ is convex and  is finite at x € X and M(x) # (. Then, for

everye > 0andy € M(x), one has

9 (X) = {x* € X*|(x*,0) € 8:9(%, y)} .

Proof Lete > 0and y € M(x). Since M (x) C M, (x), for all > 0, we can apply equality
(8) to ¥, := y and we obtain

0o () = [ {a* € X*|(*,0) € Doy (¥, 1)}
n>0

X e XH|(x*,0) € () derne(E. ¥)
n>0

= {x* € X*|(x*,0) € do00(x, y)}

and the result is proved. O

Let us illustrate with a simple example that Theorem 3 and Corollary 1 also work for a
nonconvex function ¢ (see Remark 1 and the paragraph just before Theorem 3).

Example I Consider the function ¢ : RZ — R, ¢(x, y) = ¢*1?l, forall (x, y) € R2. Clearly,
u(x) =1, forall x > 0 and u(x) = 0 otherwise. Therefore,

{0} if x <0, e>0,
dep(x)=43 ¥ if x>0,0<e <1,
{0} if x>0,¢e>1.

In addition, it is not hard to check that

, | 9 if 0<e<e,
D=1 0.0)) i = e
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Differential stability properties in convex scalar and vector optimization 901

and
R if x=0,n7>0,
M, (x) = (=00, —Inn/x]U[lnn/x,+o00) if x <0,0<n<1,
n R if x<0,n>1,

[—In(1+n)/x,In(1 +n)/x] if x>0,n>0.
Next we derive d. it (x) via formula (8). f x < Oand e > 0,or x > 0 and ¢ > 1, it follows

that

depa(x) = [) {x* € RIG*, 0) € depyplx, yp)}
n>0

= () {x* e RI+*.0) € {(0.0)}}

n>0
= {0}.

For x > 0 and ¢ € [0, 1) notice that 9,4 ,¢(x, y,) =¥ forn = 1%8 Then, we have that

depa(x) = [) {x* € RIG*, 0) € deyyplx, yp)}
n>0

C [x* e R|(x*,0) e 8£+1%gg0(x, ¥}
= 0.

To state 9. 4 (x) via Corollary 1 observe that

¢ if x <O,
Mx)=1{ R if x=0,
{0} if x> 0.

Then, forallx >0,y € M(x) and e > O,

g if 0< 1,
depn(x) = {x* € R|(x",0) € degp(x, y)} = { O if eo 1.

5 Differential Stability of Constrained Convex Optimization Problems

Let (X, || llx) and (Y, || ly) be two Banach spacesand ¢ : X x ¥ — R be an extended real-
valued function. Let G : X =3 Y be a set-valued map. The graph and the domain of G are
given, respectively, by

gph G := {(x,y) € X x Y|y € G(x)},

domG = {x € X|G(x) # @}
If gph G is a closed (respectively convex) subset of X x Y, G is said to be closed (respec-
tively convex). In addition, if dom G # @, G is called proper. Equipping X x Y with the
norm || (x, )l xxy = lIx|lx + |[¥]ly for any (x, y) € X x Y, the product space X x Y is a

Banach space.
Consider the parametric optimization problem under an inclusion constraint

min{g(x, y)|y € G(x)} (PY)
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902 D.T.V. An, C. Gutie'rrez

depending on the parameter x € X. The multifunction G is called constraint multifunction
of (PY). The optimal value function 1 : X — R of (PY) is
p(x) ==inf{p(x, y)|ly € G(x)}.
The usual convention inf J = 400 forces u“(x) = +oo for every x ¢ domG. The solution
map M€ : X =3 Y of (PY) is defined by
M (x) ={y € G)|u(x) = p(x, )}
For each n > 0, the approximate solution map M; : X = Y of (Py) is given by

My (x) = {y € G()lp(x,y) < pu°(x) +n}.

Lemma 1l Let ¢ : X x Y — R be a proper lower-semicontinuous convex function and
G : X = Y a proper closed, convex multifunction. For each (x,y) € domg N gphG
and y > 0 it follows that (x*,y*) € 0,(¢ + 8gpng) (X, y) if and only if there exist

[Hlxxy

Y1, v2 = 0, with y1 + y2 = y and nets ((x1,4, y1,6))a C domg, (X1,4, y1,6) —> (X,),
IHlxxy

((x2,0, ¥2,0))a C gphG, (X204, ¥2,0) —> (x, y), ((xik’as Yik,a))a, ((x;av y;a))a -

X* x Y* (xi"a + xi“,a, yi“ﬁa + yza) 5 (e, y*) such that

(T g V1) € 0 P(X1,005 Y1a)s Y,

(3 4> Y2.0) € Ny, (2,45 ¥2.0), gPhG),  Va,

P 1as V1.a) = (] g0 T 0)s (s Y1) — (X, ) = @(X, §),
(05 g Vi) @2as v2.0) — (%, 5)) = 0.

Proof We apply Theorem 2 to the case f1, f> play the role of the functions ¢ and dgphc.,
respectively. Hence (x*, y*) € 9y, (¢ + dgphg) (X, ¥) if and only if there exist y1, 2 > 0,

Mxxy - -
Vi+ =V and nets ((xl,ou yl,a))oz C dOIl'l(P, (-xl,ot, yl,ot) LJ (x, y)7 ((x2,ota y2,a))oz -
IHlx xy

gPhG, (2.0, y2.0) =3 (B, ) ((F g VT D (65 4 Vi e © X* X Y7, (xf g ¥1 o) +

(X3 5 Y5 0) L, (x*, y*) such that

(T g Vo) € 0 (X105 Y1a)s Y,

(3 4> Y2.0) € 0y 8gphG (X2.05 Y2.0)5  Vat,

P 1as 1.a) = (] g0 ¥ 0)s (s Y1) — (X, ) = @(X, §),

8ephG (2,05 ¥2.0) = ((X3 45 V3 0)s (X205 ¥2,0) — (X, §)) —> Sgphi (X, ¥),

and the result is proved since 9,8¢phG (X2,0> ¥2,0) = Ny, ((x2,05 ¥2,a), gphG) and
8ephG (¥2,05 ¥2,0) = SgphG (X, y) = 0. O

We are now in a position to formulate the main result of this section.

Theorem 4 Assume that ¢ : X x Y — R is proper, lower-semicontinuous convex
and G : X == Y is proper, closed and convex. Suppose that u€ is finite at x € X.
Consider ¢ > 0 and a point y, € Mg()f) for all n > 0. Then, x* € 0.u°(x)
if and only if for each n > 0 there exist y1,v2» > 0, y1 + y» = ¢ + n and

1l x _ o
nets (X140, Y1.a)a C  domg, (X14Via) —> (& 3n) (2.0 ¥2.0))« C gphG,
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Differential stability properties in convex scalar and vector optimization 903

Mxxy - -
(2.0 Y2.0) = @ T (40 VD (540 Vi Dar © X5 X Y5 (6 + 35 40 ¥T g +

V34) % (x*,0) such that

(O g0 ¥ia) € Iy 91 Y1), Ve, (10)
(¥4 Vi) € Ny (x2.04 ¥2.0), 2PDG), Ve, an
O0nas V1) = (T g o)y O Y1a) — (E, Tp)) = 9, i), (12)
(O3 e Vi) (2.0 ¥2.0) — (&, F)) = 0. (13)

Proof Notice that 11 coincides with the optimal value function p given by ¢ + 8¢pnG and
M, coincides in domG with the approximate solution map M, defined by ¢ + 8gph . Then,
we apply Theorem 3 to the case where ¢ plays the role of the function ¢ + 8gph . Hence

Dot () = () {x* € X*|(x*, 0) € By (¢ + Sgpn) (%, 5} -
n>0

Moreover, by Lemma 1, (x*,0) € 0¢yy(¢ + 8gpng) (X, yp) if and only if there exist
IHlx %y

Y, V2 = 0, Yit+y2=¢€+n and (('xl,ota yl,ot))ot C d0m§0, (-xl,ot’yl,ot) — (X, yn),

IIxxy

(2,05 y2,0))a C gPhG, (x20,¥20) —> (X, ¥y), ((X] 4 Y] oD (63 45 ¥5 o C

X*xY*, (x}, +x;a, yi“ya +5 ) = (x*, 0) such that (10)—(13) are satisfied. So we obtain
the statement of the theorem. O

Theorem 4 improves [3, Theorems 4.2 and 4.3] as it does not require any qualification
condition. In fact, it reduces to them when certain qualification conditions are satisfied. This
claim is shown in the next result. For each § > 0 we denote

r©):={n,y) e Ry +y =8

Corollary 2 Let ¢ : X xY — R be a proper lower-semicontinuous convex function and G :
X = Y a proper closed convex multifunction. Suppose that u€ is finite at x € X. Consider
for each n > 0 a point y, € M;(X). Assume that the following Robinson-Rockafellar
condition

(0, 0) € core(domg — gphG) (14)

is satisfied. Then, for all ¢ > 0 one has

dep‘@={x"ex*|*.0e [ U 0@ )+ Ny(E. 5. gphG)
n > 0(y1.y2)el’ (e+n)

Proof Suppose that x* € 9.u°(x) and n > 0. According to Theorem 4 there exist
IMlxxy

(y1,v2) € I'(e + n) and nets ((x1,4, Y1,a))a C dome, (X14,¥Y1,e) — (X, ¥y),
IMxxy

(2,05 y2,0))a C gPhG, (x20,¥20) —> (X, ¥y, ((x] 4 Y] o Das (53 40 ¥3 Do C
X5 Y (xf , + x5 ¥ 0 T Y5 ) %, (x*, 0) such that assertions (10)~(13) hold true.

@ Springer
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We claim that net ((x]’" o yT’ o))a is weak™ bounded. Indeed, consider an arbitrary point
(w1, wp) € X x Y and denote
Mo = @10, Y1.a) = (] 4> Y 0)s (Las Y1.0) — (X, Ip)), (15)
P = (O g Vi o) (K20 Y2.0) — (5, Fp))- (16)
By applying the Robinson-Rockafellar condition there exist ¢ > 0, (11, u2) € domg and
(v1, v2) € gphG such that  (wy, wp) = (uy, uz) — (vy, v2). Thus,
((x;k’av yia)v t(U)], w2)> - ((XT,O[’ yT,a)’ (ulv MZ) - (-xl,ol’ )’l,a)>
O g Vo) Ol 1a) — B 5)) (17)
(g ¥ ) (V1. v2) = (. Ty
Using the definition of approximate subdifferential and (10), (11) (15) and (16) one has

RHSu7) < @i, u2) +y1 —rie — (] 4» Y1 o)s (U1, 02) = (X, )
= @, u2) +y1 —ria — (] 4 + X3 45 ¥ o +354) (V1,02) = (X, 3p))
F((X3 45 ¥3.6) (U1, 02) = (X205 Y2.0)) + 72,0
< @i, u) + Y1 —ria
(T o F X5 g0 Vi T Y200 (01, 02) = (X, 3)) + 2 + 120
By (12) and (13) it follows that r| , — @(x, y,), and r2 o — 0. In addition, (uy, u2) €
domg and

(] g + X3 40 V1o +Y34)s (U1, 02) = (X, Jp)) — (x™, v — X)

since (x}, + x;a, y{‘ya + y;’a) ﬂ (x*, 0). Consequently, (((xf,a, yT,a), t(wy, w2)))g is
bounded. As (w1, wa) € X xY is arbitrary we deduce that ((xf’a, yf’a))a is weak™ bounded.
Thanks to Banach-Steinhaus Theorem it follows that it is bounded and also the sequence
((x; Y3 o))a- By Banach-Alaoglu Theorem we can suppose without loss of generality

that (x:a,yl.’fa) » (xf,y5), i = 1,2. It is clear that, (x}, y]) + (xJ,y}) = (x*,0).
In addition, by [37, Theorem 2.4.2(ix)] one has (x}, y{) € 9y, ¢(%, ¥,;) and (x3,y;) €
N,, ((x, y,), gphG). Therefore, (x*, 0) € 3,,¢(X, y,) + Ny, ((X, ¥,), gphG).

Conversely, let (x*,0) € X* x Y* be such that for each n > 0 there exists (y1, y2) €
I'(s + n) satisfying (x*,0) € 9,,¢(x,¥;) + Ny, ((X,¥), gphG). Thus, there exists

() e X x Y*i=1,2, (xf, y]) + (x5, y3) = (x*, 0) satisfying
P(x,y) = (X, ) —y1 +((x], y)), (x,9) = (X, Jp)),  Y(x,y) € X x Y,
Y2 = <(x;7yik)’ (X»Y)—(?E»yn)% V(x’y)EgPhG

By summing up both inequalities and taking into account that 1 +y> = e+4n and (x}, y])+
(x5, y3) = (x*, 0) we see that

\Y

p(x,y)+n =9, yp) —e+(x",x —x), V(x,y) € gphG.
Therefore, as y, € G(x),
pe@) +n = @, p) — &+ (X, x — )
> puf@x) —e+ (x*,x —x), VxeX.
Since 7 is an arbitrary positive number it follows that
wex) > pu(x)—e+x*,x—x), VxelX,

ie., x* € 9, u°(X), and the proof finishes. O
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We now give the relationship between qualification condition (14) in Corollary 2 and
qualification conditions in [3, Theorem 4.3]. The first assertion is obvious and the second
one follows from [29, Lemma 1.58].

Proposition 1 Consider a proper function ¢ : X x Y — R and a proper multifunction
G : X == Y. Then the qualification condition (0, 0) € int (domg — gphG) implies (14). If,
in addition, ¢ and G are convex, then qualification condition (14) is equivalent to say that
R4 (domg — gphG) = X x Y.

6 Vector Optimization Problems

In this section, differential stability properties of convex vector optimization problems are
obtained. Namely, in unconstrained problems, the e-subdifferential of the infimal value
mapping is characterized in terms of e-subdifferentials of linear scalarizations of the
problem.

Consider the parametric unconstrained vector optimization problem

Min{f(x, y)|ly € Y}, (VP

where X, Y, and Z are real locally convex Hausdorff topological linear spaces, and f :
X x Y — Z is a vector-valued function. The final space Z is ordered by a convex cone D,
which is assumed to be proper (D # Z) and solid (intD # ). We denote

21,22€Z, z21<p22 <<= 22— €D,
71 €p 22 <= 272 — 71 €intD.

In addition, D stands for the (positive) polar cone of D:
Dt :={x € Z*|r(d) = 0,Vd € D).

Consider a nonempty set A C Z and £ € D. A point a € A is said to be a weak
(respectively £-weak) minimal point of A if there is not a point a € A satisfying a <p a
(respectively a <p a — &). The set of all weak (respectively £-weak) minimal points of
A is denoted by WMin(A, D) (respectively WMin(A, D, £)). Clearly, WMin(A, D, 0) =
WMin(A, D). Notice that a point z € Z belongs to WMin(A, D, ) if and only if z € A
and (A — z + &) N (—intD) = @.

We say that a nonempty set A C Z is D-proper if A + D # Z (see [16, Definition
2.15]). This concept defines a really general kind of lower boundedness with respect to the
ordering < p (see [15, Section 3]). Notice that A is D-proper if and only if clA is D-proper.

For convenience, the final space Z is extended to Z := Z U {—oop} U {+ocop}, where
+oop (respectively —oop) stands for the greatest (respectively least) element of Z with
respect to the ordering < p. In addition, we assume —ocop K p 7 Kp +0op and zE+oop =
+oop +z = Foop, forall 7 € Z. As a result, for each nonempty set A C Z and £ € D we
have WMin(A, D, £) = {—oop} whenever —oop € A. Clearly, if WMin(A, D, ) N Z #
#, then —oop ¢ A.

In order to deal with an optimal value function corresponding to problem (V P,) a notion
of infimal point is required. Here we consider a concept linked with D-proper sets, in
the sense that these sets have always infimal points under a cone closedness assumption.
Namely, a nonempty set A C Z is said to be D-closed if A + D is a closed set. For all
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z* € Z* we denote

argmin 4 z* := {a € A|z*(@) < z%(a), Va € A}.

Lemma 2 Consider a nonempty set A C Z. The next properties are true.
(i) IfWMin(clA, D) # @, then A is D-proper;
(i) WMin(clA, D) +intD C A + intD;
(iii) Assume that A is D-proper and clA is D-closed. Then, WMin(clA, D) # ) and
A C WMin(clA, D) + D, (18)
A + intD = WMin(clA, D) + intD. (19)

(iv) Assume that clA is D-closed. Then, WMin(clA, D) # ) if and only if A is D-proper.
(v) Foreacha € WMin(clA, D), g € intD and n > 0,

(A—a)N(=ng +D)N(ng — D) # 9.
(vi) We have that U argming 4A C WMin(clA, D).
reDH\(0}
Proof

(1) Suppose that A is not D-proper. Then, clA is not D-proper. As D +intD = intD, for
each point a € clA we have
CclA—a)N(=intD) =0 < (clA+D —a)N(—intD) =0
<— ZN(—intD) =0
<— intD = 0.
Since D is solid, it follows that (clA — a) N (—intD) # @, for all @ € clA. Thus,
WMin(clA, D) = § and statement (i) is proved.
(i1) It is not hard to check that clA + intD = A + intD. Then, the result follows since
WMin(clA, D) C clA.
(ili) Fix ¢ € intD and an arbitrary point a € A. Define 7 := sup A, where
A:={t>0|a—tq €clA+ D}.
We claim that 7 € R. Indeed, A # @ as 0 € A. Moreover, [0, ] C A whenever
t € A,sinceifr € Aands € [0, 7] one has
a—sq=(a—tqg)+(t—s)qeclA+D+ D=clA+ D.

Thus, the boundedness from above of A is obtained if there exists M > 0 such that
M ¢ A. Reasoning by contradiction, suppose that n € A, for all n € N. Then,

(J@—ng+D)ccdA+D+D=clA+D. (20)

neN

As g € intD, it is easy to check that Z = U (—nq + D). Therefore,
neN

U(a—nq+D)=a+Z=Z,

neN

that is a contradiction, since clA is D-proper.
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By the nonemptyness and boundedness from above of A it follows that 7 € R.
Define 7 := a — tq. Clearly, 7 € clA + D, since clA is D-closed. Thus, 7 = a + d,
for some @ € clA andd € D.

We claim a € WMin(clA, D). Indeed, reasoning by contradiction, suppose that
there exists a’ € clA such that @’ «p a. Then, there exists ¢’ € intD such that
a'=a—q'.Asq :=q +d e intD, there exists « > 0 such that § — g € D. Thus,

a—(f+a)g=7—ag=a+d—aq=d +q'+d—aqg=d +§—aq € clA+D,

i.e., 7+ a € A, that is a contradiction, since # = sup A and a > 0.
Thus, a € WMin(clA, D) and WMin(clA, D) # (. In addition,

a=7+1ig=a+d+1iqg € WMin(clA, D) + D.
As point a € A is arbitrary, we deduce A C WMin(clA, D) + D, and assertion (18)
is proved. Finally, (19) follows by (18) and statement (ii), since D + intD = intD.
(iv) Itis a direct consequence of statements (i) and (iii).
(v) This statement is obvious, since WMin(clA, D) C clA and (—ng + D) N (ng — D)
is a neighborhood of zero, for all > 0 and ¢ € intD.
(vi) Itis a well-known result (see, for instance, [13, Theorem 3.5(ii)]).

O

Remark 4 The cone closedness assumption of Lemma 2(iii) cannot be dropped. Consider,
for instance, the set A = {(x, ¢*) € R? : x € R}. We have that WMin(A, Ri) ={and A

is closed, Ri-proper, but it is not Ri-closed.
The next notion of infimal set is a weak version of the one introduced in [6, 12].

Definition 3 The weak infimal set of a nonempty set A C Z is defined to be

WInf(A, D) 1= { WMin(clA, D) if A is p-proper,
{—ocop} otherwise.

Remark 5 (i) According to Lemma 2(iv), it follows that D-properness is the lower bound-
edness condition that guaranties the existence of infimal points in the class of sets whose
closure is D-closed. Notice that closed sets are D-closed in different settings. For instance,
if Z is finite dimensional, D is closed and Ao N (—D) = {0}, where A, denotes the
asymptotic cone of A (see [5, Definition 2.1.2]), then clA is D-closed (see [5, Corollary
2.3.4)).

(ii) In the literature on differentiability properties of the optimal value function of a para-
metric family of vector optimization problems (see [23, 24, 33, 34, 36] and the references
therein), it is always assumed the domination property: the range of each problem in the
family is included in the conical extension of the set of optimal values. For instance, in the
setting of problem (V Py), where the concept of weak minimality is considered to define its
solutions and optimal values, that assumption is formulated as follows:

f(x,Y) C WMin(f(x,Y), D)+ D, Vx e X. Q1)

Some examples are [24, Theorem 10] and its required domination property, [23, Theo-
rem 3.4], [33, Theorem 5.3] and their K-domination requirement and [34, Theorems 5.1
and 5.2], [36, Theorem 5.1] and their P-minicompleteness assumption.
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908 D.T.V. An, C. Gutie'rrez

Clearly, that assumption implies the existence of the considered solutions, which is a too
strong condition in the study of the optimal value function (see [3, 28]). For instance, in
Example 2 such an assumption is not satisfied as each problem in the parametric family
does not have weak efficient solutions.

The differentiability properties of this paper overcome such a handicap since infimal
solutions are considered. Notice that requirement (21) is replaced with assertion (18), which
involves clA instead of the set A.

By the concept of weak infimal set, we define the weak optimal value mapping M : X =
Z of problem (V Py) as follows:

M(x) = Winf(f(x,Y), D),
where f(x, Y) is the range of f(x,-) : Y — Z. By Lemma 2(iv), if cl f (x, Y) is D-closed,
then § = M (x) C Z whenever f(x, Y) is D-proper, and M (x) = {—oop} otherwise.

The notion of £-weak subdifferential of a set-valued function is required (see [35]) in
order to state differential stability properties of mapping M. Denote by L(X, Z) the set of
all continuous linear functions from X to Z, and consider a set-valued mapping F : X = Z
and points £ € D and (x,z) € gphF, 7z € Z. Wesay that T € L(X, Z) is a £-weak
subgradient for z of F at X, and it is denoted by T € 8‘?] F(x,2z),if

7 —T(%¥) € WMin((F — T)(X), D, &),
where (F—T)(X) = |J (F(x)—T(x)). The set Bg/ F(x, 7) is called £-weak subdifferential
xeX
for 7 of F at x. When £ = 0, it reduces to the subdifferential for 7 of F at x (see [32,
Definition 6.2.8], [34] and [10, Definition 7.4.2(c)]):
AFGE, D) =0 F(x,2) =T € L(X, 2)|Z — T(X) € WMin((F — T)(X), D)}.

Remark 6 1t is not difficult to see that —oop ¢ F(X) whenever F is £-weak subdifferen-
tiable at x € X for a point 7 € Z. Indeed, if —oop € F(X), then WMin((F —T)(X), D) =
{—ocop}andso Y F(x,Z) = ¢, forall (¥,7) € gphF,Z € Z.

Consider a point x € X satisfying M (x) # {—oop}. Foreach z € M(x), g € intD and
n > 0, we denote
My(%,z2,9) :={y € Y|f(x,y) € 2+ (=ng + D) N (ng — D)}.

By Lemma 2(v), we have that M, (x, z, q) # 9.

For each A € Z*, ;o stands for the optimal value function corresponding to the
functionp = A o f.

Recall that a vector function 4 : X — Z is said to be D-convex if for all « € (0, 1) and
x1, x2 € X it follows that

h(axy + (1 —a)(x2)) <p ah(x1) + (1 — a)h(x2).
Theorem 5 Suppose that f is D-convex and clf(x,Y) is D-closed, for all x € X. Let
X € X, M(X) # {—oop}. Consider (x,7) € gphM, € € D, q € intD and y, € M;(X, Z, q),
foralln > 0. If T € BEVM()E, 2), then there exists .. € DT\{0}, A(q) = 1, such that
hoT e[ )ix* € X*|(x*,0) € dyiae) (Ao £E, )}

n>0
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Proof First, notice that 7 € Z, since M(x) # {—oop}. Let T € L(X, Z) be a £-weak
subgradient for z of M at x. By Remark 6 we see that —ocop ¢ M(X) and so f(x,Y) is
D-proper, for all x € X. Thus,

(M —T)(X) = |_J(WInf(f(x,¥), D) = T(x)) C Z.
xeX
By the definition we have that z — T (X) € WMin((M — T)(X), D, ), i.e.,

(U (WInf(f(x,Y), D) —T(x)) — (z —T(x)) + 5) N (—intD) = @.

xeX

By (19), for each x € X one has WInf(f(x, Y), D)+intD = f(x, Y)+intD. Therefore,
as intD + intD = intD it follows that Fr(x, ) N (—intD) = @, where

FrE 2= J @) —Tw+intD) — G- T(®) +&.
xeX
As f is D-convex, we see that Fr (X, z) is convex. Then, by Eidelheit Theorem [37,
Theorem 1.1.3], there exists A € Z*\{0} such that forall x € X,y € Y, d;,d» € D,
(Ao fx,y) = (ko T)(x) + A(d1) —A(@) + (Ao T)(X) + A(E) = —A(da).

As D is a cone, we have —A(dz) < 0, for all d» € D. Therefore, A € DT\{0}. Clearly
A(g) > Oas g € intD, and we can suppose without loss of generality that A(g) = 1. Then,
by taking di = d» = 0 we obtain

Ao X, Y =A@ —AE)+AoT)(x —X%), VxeX,yeY. 22)
Consider n > 0. As y,, € My (x,z,9), A € D% and A(g) = 1 we have that
A(z) = (o )X, yy) — 1. (23)

Therefore, by statements (22) and (23) it follows that
Ao f)x,y) = Qo HE yp) —m+AE))+RoT)(x —X), VxeX,yeY,
ie.,(AoT,0) € dyqie) (Ao f)(x, yy), and the proof finishes. O

Theorem 6 Let x € X, M(X) # {—oop}. Consider (x,7) € gphM, T € L(X, Z), € € D,
q € intD and y, € My(x, z, q), for all n > 0. If there exists A € DT™\{0}, A(g) = 1, such
that

roT e[ )ix* € X*|(x*,0) € dyyae) (ko f)E. vl
n>0

then, T € 3Y M(X, 2).

Proof Assume that there exists A € DT\{0}, A(¢g) = 1, such that (A o T, 0) € 3,42(&)( 0
)X, yy), for all n > 0. Then,

(o Hx,y) = (ho X, yp) =+ AE))+ (AoT)(x —X), VxeX,yeY. (24)

Notice that —ocop ¢ M (X). Indeed, if M(x) = {—oop} for some x € X, then f(x,Y)
is not D-proper. Thus, for all n € N there exist y, € Y and d, € D such that —ng =
f(x, yn) + dy, which implies

(o )X, yu) = =1 = Mdy) —> —00,
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that is contrary to assertion (24).

Reasoning by contradiction, suppose that T ¢ 82’ M(x,z). Thus, z — T(x) ¢
WMin((M — T)(X),D,E). As —oop ¢ M(X) it follows that there exist xg € X,
z € M(xp),z € Z and d € intD such that

7—TX)=2z—T(xp) +d+E. (25)
As y, € My(x, Z, q), there exist dy), e, € D such that

2= f(X, ) +ng —dy = f(x, yy) —ng +ey.
Clearly, 2n = A(dy) + A(ey) and then A(e;) tends to zero when n — 0.
From (25) we deduce

fG,y) —ng+ey—Tx)=z—T(xo) +d+E. (26)

In addition, by Lemma 2(ii) we see that

z+d € WInf(f(xo, Y), D) + intD = f(xo, Y) +intD

and so there exists yp € Y and d’ € intD such that z + d = f(xo, yo) + d’. By (26) we
deduce that

F& yp) —ng+e; — T &) = f(xo, y0) +d —T(x0) + &
and then

(Ao fH(xo0, y0) = (Lo fHE, yp) = (1 +A(E)) + (ko T)(xo — %) + Aley) — M(d)
< (o )X, yp) = (4 A(E)) + (ko T)(xo — X)

for n small enough since —A(d’) < 0. This assertion contradicts (24). Therefore T €
8?’ M (x, z) and the proof is completed. O

In problems where the set clf(x, Y) is D-closed, for all x € X Theorems 5 and 6 allow
us to characterize the £-weak subdifferential of the optimal value function. Next we show
one of this characterizations, which is a direct consequence of the cone closedness criterion
introduced in Remark 5.

Corollary 3 Suppose that Z = RP, D is closed, f is D-convex and f(x,Y)so N (—=D) =
{0}, forall x € X. Let x € X, M(X) # {—oop}. Consider (x,7) € gphM, T € L(X,RP),
£ eD,qeintDandy, € My(x,Z,q), foralln > 0. It follows that T € BEVM()E, 7) ifand
only if there exists .. € DT\{0}, A(g) = 1, such that

AoT e[ )ix* € X*|(x*,0) € dyiae) (Ao FE, yy}-
n>0

Example 2 Let us illustrate Corollary 3 with the problem (V P,) defined by the data X =
Y=R,Z=R? D=R%and f(x,y) = (¢, x + ), forallx,y € R.

Consider x € R. Clearly, f(x, R) is the ray (0, x) 4+ (0, +00){(1, 1)}. Therefore, f(x, R)
is R% -proper, f(x,R)oo = Ry{(1,1)} and f(x,R)eo N (—R%) = {(0,0)}. In addition,
direct calculations from the definitions show that WMin( f (x, R), Ri) =@ and M(x) =
WMin(clf (x, R), R2) = {(0, x)}.

Notice that f is a R%_—convex function, since its components f(x,y) := e and
f2(x,y) := x + e are convex functions. In addition, consider x € R, £ := (d, d>) € R%r
andg :=(1,1) € intR%r. We have M, (x, (0, x), (1, 1)) = (o0, Inn].

@ Springer



Differential stability properties in convex scalar and vector optimization 911

In order to apply Corollary 3 to obtain BEVM(J?, 0, x)), take A, = (A1, A2) € Ri such
that A1 +X1, = 1, T = (a;, a2) € L(R, R?) and yy :=1Inn, forall n > 0. Direct calculations
show that

(AoT,0) € dyaey(Ao X, yy)

e’ +hox = Mk — (Midy + Aadp) + (Ma1 + ha)(x — %), Vx,yeR

(A2 — (Mar + 2a2))x = dox — (Mdy + Aadp) — (Mag + Aaz)x, Vx eR
Aay + Arax = Ap.

Therefore, there exists A € Ri satisfying A(q) = 1 such that (A o T, 0) € 9yyp)(A o
)X, yp) forall n > 0if and only if Aya; 4+ Azax = A2 and so it follows that

3 M(%, (0, %) = {(a1,a2) € R?|a; <0, a2 > 1}U{(a1, a2) € R*|a; > 0,a; < 1}. (27)

Notice that most of the differential stability properties stated in [23, 24, 33, 34, 36] cannot
be applied to this example as WMin( f (x, R), Rﬁ_) = (), for all x € R (see Remark 5(ii)).

Next we relate the differential stability of problem (V P,) with the one of the family of
optimization problems defined from (V Py ) by linear scalarizations:

min{(x o f)(x, y)ly € Y}, (Pr.x)
where A € DT\{0}. We stand the optimal value function of this problem for 1, .

Proposition 2 Suppose that f is D-convex and clf (x,Y) is D-closed, for all x € X.
Let x € X, M(x) # {—oop}. Consider (x,7) € gphM, € € D and q € intD. If T €
8‘Z~VM()?, 2), then there exists . € DT\{0}, A(q) = 1, such that Ao T € (&) Mo £ (X).

Proof In order to apply Theorem 5, notice from Lemma 2(v) that the set M, (%, z, q) is
nonempty, for all n > 0. Then, by considering for each n > 0 a point y, € M, (%, z, q) we
deduce from Theorem 5 that for each 7' € BgvM()?, 7) there exists A € DT\{0}, A(g) = 1,
such that
roT e[ ){x* € X*|(x*,0) € dypae)(h o fHE. ).
n>0
Moreover, by Remark 3, we have

[(x* € X*I(x*,0) € dypaie)(h o IE, i)} C re)aos (F)
n>0

and the result follows. O

Proposition 3 Suppose that X € X, q € intD and . € D\{0} satisfying AM(q) = 1 and

Mo (X) is finite. Consider 7 € argmink, £ € Dand T € L(X, Z). If A oT € dy&)trof (X),
clf(x,Y)

then T € 3Y M(X, 7).

Proof By Lemma 2(vi) we deduce that z € WMin(clf(x,Y), D). Then, Lemma 2(i)
implies that clf(x, Y) is a D-proper set, and so WMin(clf(x,Y), D) = M(x). Thus,
zZ € M(x). Clearly, pyor(X) = A(2).

By Lemma 2(v), the set M, (x, z, g) is nonempty. In addition,

My(x.2,q) C{y € Y|(ho )X, y) < paos(X) +n}.
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Indeed, consider a point y € My(x, z, q). Then, f(x,y) € z+ (—nqg + D) N (ng — D)
and there exists d € D such that f(x,y) =z + nqg — d. Thus,

(Ao /(X y) =A@ +n—Ad) < prof(X) + 1.

Then, for each > 0 take a point y, € M, (x, Z, ¢). By Theorem 3 we have that

e ror (B) = [()x* € X*|(x*, 0) € dyraie)(h o I, yp)
n>0

and the result follows by applying Theorem 6. O

Example 2 (continuation) Let us obtain 82}/ M (x, (0, X)) as a result of Propositions 2 and 3.
Letg = (1,1)and A = (A1, A2) € RZ such that 1| + A, = 1. Notice that

Wio r(x) = 1nf{A((0, x) + €”(1, 1))y € R} = Aox + inf{e” |y € R} = Apx.

Therefore, 0),(g) 1o r(x) = A2, for all x € R and so, by Propositions 2 and 3 we have that
T = (a1,m) € BgVM()E, (0, x)) if and only if there exists A = (A1, X2) € ]Ri satisfying
A1 4+ A2 = 1 such that Aya; + Arar = Ap, i.e., (A1, A2) L (a1, ap — 1). Thus, assertion (27)
is obtained again.

7 Conclusions

In this paper several formulas are stated for computing the approximate subdifferential of
the optimal value function of scalar and vector convex optimization problems whose solu-
tion sets could be empty. Notice that the scalar constrained convex optimization problems
studied here are the same as those analyzed in [3]. However, in this paper we use a limiting
approach to differential stability of those problems. As a result, no regularity conditions are
required.

In vector optimization problems, the optimal value function is set-valued and involve
infimal points. Its differentiability properties involve an e-subdifferential for vector func-
tions introduced by Taa. They are formulated by e-subgradients of linear scalarizations of
the problem and e-subgradients of the optimal value function corresponding to such linear
scalarizations.
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