
2 Zones Thermodynamic Diagnosis model  

NOMENCLATURE 

 Ignition Combustion Engine ܧܥܫ
ܿ specific heat (J/kgK) 
݂ function 
݄ specific enthalpy (J/kg) 
݉ mass (kg) 
 pressure (Pa) ݌
 incoming heat per mass unit (J/kg) ݍ
 incoming heat flow per mass unite ݍ̇

(J/kgs) 
ܳ incoming heat to the system (J) 
ሶܳ  incoming heat flow to the system (J/s) 
ܴ gas ideal constant (J/kgK) 
 time (s) ݐ
ܶ temperature (K) 
 internal específic energy (J/kg) ݑ
ܷ internal energy (J) 
 specific volume (m3/kg) ݒ
ܸ volume (m3) 
ܻ mass fraction (-) 
ܼ number of species 
 

 
Greek letters  
 crankshaft angle (rd) ߙ
 (-) specific heats ratio ߛ
 
Subscripts	 
ܾ burned 
ܾܾ blow by 
݅ number of one burned specie 
݅݊ incoming to the system  
 outgoing from the system ݐݑ݋
 unburned ݑ
 
Superscripts 
* correction considering the species 

dissociation 
 

 

The 2 zones thermodynamic model distinguishes two differentiated zones, one zone of 
the unburned mass ݉௨,	and another zone corresponding to the burned mass ݉௕. 

The hypotheses used to propose the diagnostic model are the following: 

 Uniform pressure in all the combustion chamber, ݌. 

 Uniform temperature in each zone, ௨ܶ y ௕ܶ. 

 Ideal gas behavior depending on the composition of each zone is assumed, so 
the equation ݒ݌ ൌ ܴܶ in each zone is applied. 

 The unburned mass zone composition does not vary with temperature, 
however, in the burned mass zone, the composition change is considered 
because of the displacement of the CO2 dissociation reaction: 

ܱܥ ൅
1
2
ܱଶ ⟺  ଶܱܥ

It is considered that the reaction is in equilibrium since in the moments in which there is 
combustion the temperature of the burned mass is high. The appearance of ܱܥ in the 
burned mass zone makes the chemical energy released in heat is lower. 

 The heat transfer between the two zones does not exist, but there are heat 
transfer between the walls and each zones, ݍ௨ and ݍ௕. 

 Only the closed valves process is taken account and without leakages. 



The model is formulated starting from the energy conservation equation for open 
systems with uniform properties, so that we have: 

ܷ݀
ݐ݀

ൌ െ݌
ܸ݀
ݐ݀

൅ ܳ̇ െ ሶ݉ ௢௨௧	݄௢௨௧ ൅ ሶ݉ ௜௡	݄௜௡ 

The internal energies and the enthalpies include the terms of formation and therefore 
the heat flow corresponds exclusively to the heat transfer. 

Expressing the above equation as a function of the intensive magnitudes, we arrive at 
the following equation: 

ݑ݀
ݐ݀

݉ ൅
݀݉
ݐ݀

ݑ ൌ െ݌ ൬
݀݉
ݐ݀

ݒ ൅
ݒ݀
ݐ݀
݉൰ ൅ ܳ̇ െ ሶ݉ ௢௨௧	݄௢௨௧ ൅ ሶ݉ ௜௡	݄௜௡ 

ݑ݀
ݐ݀

݉ ൌ െ݌
ݒ݀
ݐ݀
݉ ൅ ܳ̇ െ

݀݉
ݐ݀

ሺݑ ൅ ሻݒ݌ െ ሶ݉ ௢௨௧	݄௢௨௧ ൅ ሶ݉ ௜௡	݄௜௡ 

ݑ݀
ݐ݀

݉ ൌ െ݌
ݒ݀
ݐ݀
݉ ൅ ܳ̇ െ

݀݉
ݐ݀

݄ െ ሶ݉ ௢௨௧	݄௢௨௧ ൅ ሶ݉ ௜௡	݄௜௡ 

The specific enthalpy of the mass leaving the system is the same as that of the system, 
݄ ൌ ݄௢௨௧.  

In a system where only mass comes out: ݀݉ ⁄ݐ݀ ൌ െ ሶ݉ ௢௨௧ y ሶ݉ ௜௡ ൌ 0, so that: 

ݑ݀
ݐ݀

݉ ൌ െ݌
ݒ݀
ݐ݀
݉ ൅ ܳ̇ ( 1 ) 

 

In a system where only mass enters: ݀݉ ⁄ݐ݀ ൌ ሶ݉ ௜௡ y ሶ݉ ௢௨௧ ൌ 0: 

ݑ݀
ݐ݀

݉ ൌ െ݌
ݒ݀
ݐ݀
݉ ൅ ܳ̇ ൅

݀݉
ݐ݀

ሺ݄௜௡ െ ݄ሻ 

ݑ݀
ݐ݀

݉ ൌ െ݌
ݒ݀
ݐ݀
݉ ൅ ܳ̇ ൅ ሶ݉ ௜௡ሺ݄௜௡ െ ݄ሻ 

ݑ݀
ݐ݀

ൌ െ݌
ݒ݀
ݐ݀

൅ ݍ̇ ൅
ሶ݉ ௜௡
݉

ሺ݄௜௡ െ ݄ሻ ( 2 ) 

 

In this case, the heat flow ̇ݍ is per unit mass that enters the system. The Eq. ( 1 ) and 
Eq. ( 2 ) will apply to the unburned and burned areas respectively. The additional 
equations used to close the problem are: the ideal gas state equation Eq. ( 3 ), which 
can be applied to each zone: 

ݒ݌ ൌ ܴܶ ( 3 ) 
 

The volume conservation equation, in the case of an ICE, the volume is variable and 
depends on the angle rotated by the crankshaft ߙ: 

ܸ݀
ݐ݀

ൌ ݂ሺߙሻ ( 4 ) 



 

The conservation equation of the total mass: 

݀݉
ݐ݀

ൌ
݀݉௨

ݐ݀
൅
݀݉௕

ݐ݀
ൌ െ ሶ݉ ௕௕ ( 5 ) 

 

where ሶ݉ ௕௕ is the “blow by” flow, i.e. the unburned mass lost from the combustion 
chamber through the piston contour.  

The specific variables internal energies and enthalpies are related to the temperature 
through the thermal equations of the state of each zone, so for each zone, the specific 
volume, the mass and the temperature (or in this case the specific internal energy) are 
unknowns. 

This system of 6 equations can be reduced to a system of only three differential 
equations of the form 

௜ݕ݀
ݐ݀

ൌ ݂ሺݕଵ, ,ଶݕ  ଷሻݕ

in which the rest of the unknowns can be determined algebraically from the variables 
 .௜. In this way the system can be integrated by numerical methodsݕ

The derivatives of the unknowns to be cleared are: the temporal variation of the burned 
mass, ݀݉௕ ⁄ݐ݀ , the internal energy of the burned, ݀ݑ௕ ⁄ݐ݀ , and the internal energy of 
the unburned, ݀ݑ௨ ⁄ݐ݀ . 

Calculation of ܾ݀݉ ⁄ݐ݀  

Applying equations to each system Eq. ( 1 ) and Eq. ( 2 ) 

For the area of unburned products: 

௨ݑ݀
ݐ݀

ൌ െ݌
௨ݒ݀
ݐ݀

൅  ሶ௨ ( 6 )ݍ

For the area of burned products, the incoming mass ሶ݉ ௘ ൌ ܾ݀݉ ⁄ݐ݀  : 

௕ݑ݀
ݐ݀

ൌ െ݌
௕ݒ݀
ݐ݀

൅ ௕ݍ̇ ൅
݀݉௕

ݐ݀

ሺ݄௨ െ ݄௕ሻ

݉௕
 ( 7 ) 

Applying to each system the Eq. ( 3 ) and deriving with respect to time 

݀ܲ
ݐ݀

௨ݒ ൅
௨ݒ݀
ݐ݀

݌ ൌ ܴ௨
݀ ௨ܶ

ݐ݀
 ( 8 ) 

 

݀ܲ
ݐ݀

௕ݒ ൅
௕ݒ݀
ݐ݀

݌ ൌ ܴ௕
݀ ௕ܶ

ݐ݀
 ( 9 ) 

 

The derivatives of the temperature must be replaced by derivatives of the internal 
energy, for which the ideal gas hypothesis is used. The application in the area without 
burning is immediate as the composition does not change, and therefore: 



௨ݑ݀
ݐ݀

ൌ
௨ݑ݀
݀ܶ

݀ ௨ܶ

ݐ݀
ൌ ܿ௩௨

݀ ௨ܶ

ݐ݀
 

However, in the burned area it is necessary to take into account the possibility of 

variation of the composition. To obtain an expression of ݀ ௕ܶ ⁄ݐ݀  as a function of the 

internal energy, where ܼ is the number of species and ௜ܻ the mass fraction of species i, 
the internal energy must be expressed as a function of that of each species and each 
one of them treat it with an ideal gas: 

௕ݑ ൌ ෍ ௕௜ݑ

௜ୀ௓್

௜ୀଵ

௕ܻ௜ 

௕ݑ݀
ݐ݀

ൌ ෍ ൬
௕௜ݑ݀
ݐ݀ ௕ܻ௜ ൅

݀ ௕ܻ௜

ݐ݀
௕௜൰ݑ

௜ୀ௓್

௜ୀଵ

 

௕ݑ݀
ݐ݀

ൌ ෍ ൬
௕௜ݑ݀
݀ ௕ܶ

݀ ௕ܶ

ݐ݀ ௕ܻ௜ ൅
߲ ௕ܻ௜

߲ ௕ܶ

݀ ௕ܶ

ݐ݀
௕௜ݑ ൅

߲ ௕ܻ௜

݌߲
݌݀
ݐ݀
௕௜൰ݑ

௜ୀ௓್

௜ୀଵ

 

௕ݑ݀
ݐ݀

ൌ ෍
݀ ௕ܶ

ݐ݀
൬
௕௜ݑ݀
݀ ௕ܶ

௜ܻ ൅
߲ ௕ܻ௜

߲ ௕ܶ
௕௜൰ݑ

௜ୀ௓್

௜ୀଵ

൅ ෍
߲ ௕ܻ௜

݌߲
݌݀
ݐ݀
௕௜ݑ

௜ୀ௓್

௜ୀଵ

 

௕ݑ݀
ݐ݀

ൌ
݀ ௕ܶ

ݐ݀
෍ ൬

௕௜ݑ݀
݀ ௕ܶ

௕ܻ௜ ൅
߲ ௕ܻ௜

߲ ௕ܶ
௕௜൰ݑ

௜ୀ௓್

௜ୀଵ

൅
݌݀
ݐ݀

෍
߲ ௕ܻ௜

݌߲
௕௜ݑ

௜ୀ௓್

௜ୀଵ

 

Defining 

ܿ௩௕
∗ ൌ ෍ ൬

௕௜ݑ݀
݀ ௕ܶ

௕ܻ௜ ൅
߲ ௕ܻ௜

߲ ௕ܶ
௕௜൰ݑ

௜ୀ௓್

௜ୀଵ

ൌ ܿ௩௕ ൅ ෍
߲ ௕ܻ௜

߲ ௕ܶ
௕௜ݑ

௜ୀ௓್

௜ୀଵ

 

Due to specific internal energies of each species are independent on pressure: 

௕ݑ߲
݌߲

ൌ ෍
߲ܻܾ݅
݌߲

ܾ݅ݑ

݅ൌܼܾ

݅ൌ1

 

௕ݑ݀
ݐ݀

ൌ ܿ௩௕
∗ ݀ ௕ܶ

ݐ݀
൅
ܾݑ߲
݌߲

݌݀
ݐ݀

 

Then: 

݀ ௕ܶ

ݐ݀
ൌ

1
ܿ௩௕
∗
௕ݑ݀
ݐ݀

െ

ܾݑ߲
݌߲
ܿ௩௕
∗
݌݀
ݐ݀

 

Substituting ݀ܶ ⁄ݐ݀  in Eq. ( 8 ) and Eq. ( 9 ): 

݌݀
ݐ݀
௨ݒ ൅

௨ݒ݀
ݐ݀

݌ ൌ
ܴ௨
ܿ௩௨

௨ݑ݀
ݐ݀

 ( 10 ) 

 



݌݀
ݐ݀
௕ݒ ൅

௕ݒ݀
ݐ݀

݌ ൌ
ܴ௕
ܿ௩௕
∗
௕ݑ݀
ݐ݀

െ
ܴ௕

ܾݑ߲
݌߲

ܿ௩௕
∗

݌݀
ݐ݀

 ( 11 ) 

 

Calling: 

௕ߛ
∗ ൌ

ܿ௩௕
∗ ൅ ܴ௕
ܿ௩௕
∗  

 

Then: 

݌݀
ݐ݀
൬ݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲
൰ ൅

௕ݒ݀
ݐ݀

݌ ൌ ሺߛ௕
∗ െ 1ሻ

௕ݑ݀
ݐ݀

 

From the Eq. ( 4 ), separating the total volume ܸ ൌ ௨ܸ ൅ ௕ܸ, and using the specific 

volume ݒ ൌ ܸ/݉: 

݀݉௕

ݐ݀
௕ݒ ൅

௕ݒ݀
ݐ݀

݉௕ ൅
݀݉௨

ݐ݀
௨ݒ ൅

௨ݒ݀
ݐ݀

݉௨ ൌ ݂ሺߙሻ ( 12 ) 

 

Doing the same for Eq. ( 5 ), ݉ ൌ ݉௨ ൅݉௕ െܾܾ݉: 

݀݉௕

ݐ݀
ൌ െ

݀݉௨

ݐ݀
െ ሶ݉ ௕௕ ( 13 ) 

 

Substituting Eq. ( 6 ) in Eq ( 8 ): 

݌݀
ݐ݀
௨ݒ ൅

௨ݒ݀
ݐ݀

݌ ൌ
ܴ௨
ܿ௩௨

൬െ݌
௨ݒ݀
ݐ݀

൅  ሶ௨൰ݍ

௨ݒ݀
ݐ݀

݌ ൬1 ൅
ܴ௨
ܿ௩௨

൰ ൌ
௨ݒ݀
ݐ݀

௨ߛ݌ ൌ െ
݌݀
ݐ݀
௨ݒ ൅

ܴ௨
ܿ௩௨

 ሶ௨ ( 14 )ݍ

 

Substituting Eq. ( 7 ) in Eq. ( 11 ): 

݌݀
ݐ݀
൫ݒ௕ ൅ ௣൯ܭ ൅

௕ݒ݀
ݐ݀

݌ ൌ
ܴ௕
ܿ௩௕
∗ ൬െ݌

௕ݒ݀
ݐ݀

൅ ሶ௕ݍ ൅
݀݉௕

ݐ݀
݄௨ െ ݄௕
݉௕

൰ 

௕ݒ݀
ݐ݀

௕ߛ݌
∗ െ

݀݉௕

ݐ݀
ܴ௕

ܿ௩௕
∗ ݉௕

ሺ݄௨ െ ݄௕ሻ ൌ െ
݌݀
ݐ݀
൬ݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲
൰ ൅

ܴ௕
ܿ௩௕
∗  ሶ௕ݍ

௕ݒ݀
ݐ݀

݉௕ߛ݌௕
∗ െ

݀݉௕

ݐ݀
ܴ௕
ܿ௩௕
∗ ሺ݄௨ െ ݄௕ሻ ൌ െ

݌݀
ݐ݀
݉௕ ൬ݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲
൰ ൅

ܴ௕
ܿ௩௕
∗

ሶܳ௕ ( 15 ) 

 

Substituting Eq. ( 14 ) in Eq. ( 12 ): 

݀݉௕

ݐ݀
௕ݒ ൅

௕ݒ݀
ݐ݀

݉௕ ൅
݀݉௨

ݐ݀
௨ݒ ൅ ݉௨ ൬െ

݌݀
ݐ݀

௨ݒ
௨ߛ	݌

൅
ܴ௨

ܿ௩௨	݌	ߛ௨
ሶ௨൰ݍ ൌ ݂ሺߙሻ 

And applying Eq. ( 13 ): 



݀݉௕

ݐ݀
௕ݒ ൅

௕ݒ݀
ݐ݀

݉௕ െ
݀݉௕

ݐ݀
௨ݒ െ ሶ݉ ܾܾ ൅ ݉௨ ൬െ

݌݀
ݐ݀

௨ݒ
௨ߛ	݌

൅
ܴ௨

ܿ௩௨	݌	ߛ௨
ሶ௨൰ݍ ൌ ݂ሺߙሻ 

݀݉௕

ݐ݀
ሺݒ௕ െ ௨ሻݒ ൅

௕ݒ݀
ݐ݀

݉௕ െ ሶ݉ ܾܾ ൌ ݉௨ ቆ
݌݀
ݐ݀

௨ݒ
௨ߛ	݌

െ
ܴ௨

ܿ௣௨	݌	
ሶ௨ቇݍ ൅ ݂ሺߙሻ 

௕ݒ݀
ݐ݀

݉௕ ൌ ݉௨
݌݀
ݐ݀

௨ݒ
௨ߛ	݌

െ
ܴ௨

ܿ௣௨	݌
ሶܳ௨ െ

݀݉௕

ݐ݀
ሺݒ௕ െ ௨ሻݒ ൅ ݂ሺߙሻ ൅ ሶ݉ ௕௕ ( 16 ) 

 

Substituting Eq. ( 16 ) in Eq. ( 15 ): 

௕ߛ݌
∗ ቆ݉௨

݌݀
ݐ݀

௨ݒ
௨ߛ	݌

െ
ܴ௨

ܿ௣௨	݌	
ሶܳ௨ െ

݀݉௕

ݐ݀
ሺݒ௕ െ ௨ሻݒ ൅ ݂ሺߙሻ ൅ ሶ݉ ܾܾቇ

ൌ
݀݉௕

ݐ݀
ܴ௕
ܿ௩௕
∗ ሺ݄௨ െ ݄௕ሻ െ

݌݀
ݐ݀
݉௕ ൬ݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲
൰ ൅

ܴ௕
ܿ௩௕
∗

ሶܳ௕ 

Clearing ݀݉௕ ⁄ݐ݀  : 

݀݉௕

ݐ݀
൭
ܴ௕
ܿ௩௕
∗ ሺ݄௨ െ ݄௕ሻ ൅ ௕ߛ݌

∗ሺݒ௕ െ ௨ሻ൱ݒ

ൌ ݉௨ݒ௨
௕ߛ
∗

௨ߛ

݌݀
ݐ݀

െ
ܴ௨
ܿ௩௨

௕ߛ
∗

௨ߛ
ሶܳ௨ ൅ ௕ߛ݌

∗ሺ݂ሺߙሻ ൅ ሶ݉ ܾܾሻ ൅
݌݀
ݐ݀
݉௕ ൬ݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲
൰

െ
ܴ௕
ܿ௩௕
∗

ሶܳ௕ 

݀݉௕

ݐ݀
ൌ
݉௨ݒ௨

௕ߛ
∗

௨ߛ
݌݀
ݐ݀ െ

ܴ௨
ܿ௩௨

௕ߛ
∗

௨ߛ
ሶܳ௨ ൅ ௕ߛ݌

∗ሺ݂ሺߙሻ ൅ ሶ݉ ܾܾሻ ൅
݌݀
ݐ݀ ݉௕ ቀݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲ ቁ െ

ܴ௕
ܿ௩௕
∗ ሶܳ௕

ܴ௕
ܿ௩௕
∗ ሺ݄௦ െ ݄௕ሻ ൅ ௕ݒ௕ሺߛ݌ െ ௨ሻݒ

 

 

݀݉௕

ݐ݀
ൌ

݌݀
ݐ݀ ቆ݉௨ݒ௨

௕ߛ
∗

௨ߛ
൅ ݉௕ ቀݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲ ቁቇ		െ ൬

ܴ௨
ܿ௣௨

௕ߛ
∗

௨ߛ
ሶܳ௨ ൅

ܴ௕
ܿ௩௕
∗ ሶܳ௕൰ ൅ ௕ߛ݌

∗ሺ݂ሺߙሻ ൅ ሶ݉ ܾܾሻ

ܴ௕
ܿ௩௕
∗ ሺ݄௨ െ ݄௕ሻ ൅ ௕ߛ݌

∗ሺݒ௕ െ ௨ሻݒ
 

݀݉௕

ݐ݀
ൌ

݌݀
ݐ݀ ቆ݉௨ݒ௨

௕ߛ
∗

௨ߛ
൅ ݉௕ ቀݒ௕ ൅ ൫ܾߛ

∗ െ 1൯
ܾݑ߲
݌߲ ቁቇ െ ൬

௨ߛ െ 1
௨ߛ

௕ߛ
∗ ሶܳ௨ ൅

ܴ௕
ܿ௩௕
∗ ሶܳ௕൰ ൅ ௕ߛ݌

∗ሺ݂ሺߙሻ ൅ ሶ݉ ܾܾሻ

ܴ௕
ܿ௩௕
∗ ሺ݄௨ െ ݄௕ሻ ൅ ௕ߛ݌

∗ሺݒ௕ െ ௨ሻݒ
 ( 17 ) 

 

Using the expression of ߛ௕
∗ 

݀݉௕

ݐ݀
ൌ

݌݀
ݐ݀ ቆ݉௨ݒ௨

௕ߛ
∗

௨ߛ
൅ ݉௕ ൬ݒ௕ ൅ ሺߛ௕

∗ െ 1ሻ
௕ݑ߲
݌߲ ൰ቇ		െ ቀ

௨ߛ െ 1
௨ߛ

௕ߛ
∗ ሶܳ௨ ൅ ሺߛ௕

∗ െ 1ሻ ሶܳ௕ቁ ൅ ௕ߛ݌
∗ ൬
ܸ݀ሺߙሻ
ݐ݀ ൅ ሶ݉ ௕௕൰

௕ߛ
∗ሺݑ௨ െ ௕ሻݑ ൅ ሺ݄௨ െ ݄௕ሻ

 

The denominator of Eq. ( 17 ) does not take values close to zero even if the masses of 

burned or unburned are small or null. This is a great advantage when integrating the 
differential equation in the areas where combustion starts or ends. 

 



Calculation of ݀ݑ௨ ⁄ݐ݀ : 

From Eq. ( 6 ) 

݌
௨ݒ݀
ݐ݀

ൌ െ
௨ݑ݀
ݐ݀

൅ ௨ሶݍ  

And substituting this term in Eq. ( 10 ): 

݌݀
ݐ݀
௨ݒ െ

௨ݑ݀
ݐ݀

൅ ௨ሶݍ ൌ
ܴ௨
ܿ௩௨

௨ݑ݀
ݐ݀

 

Clearing ݀ݑ௨ ⁄ݐ݀ : 

௨ݑ݀
ݐ݀

ൌ ൬
݌݀
ݐ݀
௨ݒ ൅ ௨ሶݍ ൰

1
௨ߛ

 ( 18 ) 

 

Calculation of ݀ݑ௕ ⁄ݐ݀ : 

Case in which ሶ݉ ௕ ≅ 0 

HYPOTHESIS 

When the burned mass is very small, ሶ݉ ௕ ≅ 0, the burned products are at adiabatic 

flame temperature is assumed, so that ݄௨ ൌ ݄௕ 

௨ݑ ൅ ௨ݒ݌ ൌ ௕ݑ ൅  ௕ݒ݌

௨ݑ ൅ ܴ௨ ௨ܶ ൌ ௕ݑ ൅ ܴ௕ ௕ܶ 

௨ݑ݀
ݐ݀

൅
ܴ௨
ܿ௩௨

௨ݑ݀
ݐ݀

ൌ
௕ݑ݀
ݐ݀

൅
ܴ௕
ܿ௩௕
∗
௕ݑ݀
ݐ݀

െ ௣ܭ
݌݀
ݐ݀

 

௕ݑ݀
ݐ݀

ൌ
௨ߛ
௨ݑ݀
ݐ݀ ൅ ௣ܭ

݌݀
ݐ݀

௕ߛ
∗  

So, when ሶ݉ ௕ ≅ 0: 

௕ݑ݀
ݐ݀

ൌ ൬
݌݀
ݐ݀
௨ݒ ൅ ௨ሶݍ ൅ ௣ܭ

݌݀
ݐ݀
൰
1
௕ߛ
∗ 																				 ሶ݉ ௕ ≅ 0 

௕ݑ݀
ݐ݀

ൌ ൬
݌݀
ݐ݀
൫ݒ௨ ൅ ௣൯ܭ ൅ ௨ሶݍ ൰

1
௕ߛ
∗ ሶ݉ ௕ ≅ 0 ( 19 ) 

 

Case in which ሶ݉ ௕ ൐ 0 

In Eq. ( 16 ) clearing: 



௕ݒ݀
ݐ݀

ൌ െ
1
݉௕

ቈ݉௨
݌݀
ݐ݀

௨ݒ
௨ߛ	݌

െ
ܴ௨

ܿ௣௨	݌	
ሶܳ௨ െ

݀݉௕

ݐ݀
ሺݒ௕ െ ௨ሻݒ ൅ ݂ሺߙሻ ൅ ሶ݉ ܾܾ቉ 

And substituting this term in Eq. ( 7 ): 

௕ݑ݀
ݐ݀

ൌ െ
݌
݉௕

ቈ݉௨
݌݀
ݐ݀

௨ݒ
௨ߛ	݌

െ
ܴ௨

ܿ௣௨	݌	
ሶܳ௨ െ

݀݉௕

ݐ݀
ሺݒ௕ െ ௨ሻݒ ൅ ݂ሺߙሻ ൅ ሶ݉ ௕௕቉ ൅ ௕ݍ̇ ൅

݀݉௕

ݐ݀

ሺ݄௨ െ ݄௕ሻ

݉௕
 

௕ݑ݀
ݐ݀

ൌ െ
1
݉௕

ቈ
݌݀
ݐ݀
௨݉௨ݒ

௨ߛ	
െ

ܴ௨
ܿ௣௨		

ሶܳ௨ െ ܳ̇௕ െ
݀݉௕

ݐ݀
ሾ݌ሺݒ௕ െ ௨ሻݒ ൅ ሺ݄௨ െ ݄௕ሻሿ ൅ ሻߙሺ݂ሺ	݌ ൅ ሶ݉ ௕௕ሻ቉ 

 

௕ݑ݀
ݐ݀

ൌ
݀݉௕

ݐ݀

ሺݑ௨ െ ௕ሻݑ

݉௕
െ
݌݀
ݐ݀
௨݉௨ݒ

௨௠್ߛ	

൅
1
݉௕

ቆ
ܴ௨
ܿ௣௨

ሶܳ௨ ൅ ܳ̇௕ቇ ൅
݌
݉௕

൬
ܸ݀ሺߙሻ
ݐ݀

൅ ሶ݉ ௕௕൰ 													 ሶ݉ ௕ ൐ 0 ( 20 ) 

 

 


