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Abstract

This paper studies Abelian and consta-Abelian polyadic codes over rings defined as affine
algebras over chain rings. For this purpose, we use the classical construction via splittings
and multipliers of the underlying Abelian group. We also derive some results on the structure
of the associated polyadic codes and the number of codes under these conditions.
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1 Introduction

Polyadic codes were first introduced in [1]. There is a rich literature on these type of codes,
see for example [2, 10, 12] and the references therein. They generalize quadratic residue
codes, duadic codes, triadic codes and m-adic residue codes. In the case of codes over rings,
in [4] there were considered quadratic residue codes over the non-chain ring I, [u]/(u™ — u)
and, the same authors in [5] considered the case of codes over Fy[u]/{f (1)), where g is a
prime power, and f, is a polynomial which splits into distinct linear factors over ;. In [9],
m-adic residue codes over IF ,[u]/(u? — u) were described using their idempotent generators.
All of these approaches have in common that the base ring is a univariate affine algebra with
a finite field as the coefficient ring. Recently M. Goyal and M. Raka [6, 7] have extended
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some of these ideas to codes over base rings that are multivariate affine algebras with a finite
field as coefficient ring, but in that work the authors assume that the polynomials defining
the algebra completely split into linear factors on the base field.

In this paper, we extend those previous results in a twofold way: first, we answer some
questions settled in [12], namely the generalization of polyadic Abelian codes to the case of
chain rings, and secondly we take as base rings a class of serial rings defined by polynomials
that do not entirely split into linear factors. To our knowledge, serial rings have been con-
sidered only in the case where the defining polynomials split completely into linear factors
over finite fields [6, 7]. Note that general linear codes over this type of rings, namely affine
algebras with a finite commutative chain coefficient ring were already studied in [16] and a
concrete example of those ambient spaces was studied in [8], that is closely related to the
construction in [6, 7]. But in [16] only general linear codes were studied and there was no
advantage taken of the underlying group structure as in the present paper.

The outline of the paper is as follows. In Section 2, we introduce some preliminaries on
finite chain rings and serial polynomial rings over them and their idempotents. Section 3 is
devoted to codes over those types of rings, we will take particular care of the structure of
constacyclic codes and multiconstacyclic codes. In Section 4, we define Abelian and consta-
Abelian polyadic codes over chain rings via splittings and multipliers. Sections 5 and 6 are
the core part of the paper where we study Abelian and consta-Abelian polyadic codes over
affine algebra rings with a finite commutative chain coefficient ring. We finish with some
conclusions in Section 7.

List of Symbols

The following list describes several symbols that will be later used within the body of the
document.

R Finite chain ring with maximal ideal m
IF, Finite field R/m with g elements.
- Natural ring homomorphism from R to IF, givenby r 7 =7 +m
R Serial ring R = R[X{, ..., Xs]/I where I = (t;(X1), ..., (X)), t;(X;) €
R[X;1(i =1, ...,s) are monic polynomials such that each 7; (X;) € F,[X;]1is
a square-free polynomial.
C Cyclotomic classes associated with the ideal 7.
ec, C € C Primitive orthogonal idempotents elements of the ring R.
K Linear code over R
K¢ Projection of the linear code over K provided by the idempotent ec.
A Abelian group A = ]_[f= 1 Zi where, for each i, Z; is a cyclic group and r =
]_[?:1 r; where r; is the size of the cyclic component Z; and gcd(r;, g) = 1 for
eachi =1,...,46.
I Ideal (Y{' —1,...,Y —1) C R[Y1,..., Ys] associated to the abelian group
A.
Ca Set of the cyclotomic classes associated to 4.
A, = (A, x) Group given by the component-wise multiplication * in A derived from the
multiplication in the components Z; >~ Z/Z,, .
A Group of units in A,.
uo, u € AY Foru = (uy,...,us) € A}, it defines an action u, over A given by a =

*?

(ai,...,as) — uy(a) = (uiay, ...,usas) forallain A .
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S For an integer m > 2, the m-splitting S = (S, So, S1, ..., Sm—1) of A.
K; Even like polyadic codes given by the ideals /(s; ns;)c over the chainring R.
K; Even like polyadic codes Is; ns, over the chain ring R.

L; Odd like polyadic codes s ns; over the chain ring R.

0Odd like polyadic codes I(s, ns;)c over the chain ring R.

Ideal K .Is_

; Idempotent generator of K.

E! Idempotent generator of K.

D; Idempotent generator of L;.

D! Idempotent generator of f,

A; The set {A;}" is a partition of the classes in C.

04; Sum of idempotents ec,,. .

D; 0Odd like idempotent gen'erator of polyadic code over serial ring R.
&; Even like idempotent generator of polyadic code over serial ring R.
Pj, P; Odd-like pairs of polyadic code over serial ring R.

Qj, é\j Even-like pairs of polyadic code over serial ring R.

Rep(n) Repetition code of length .

2 Preliminaries

In this section, we will fix our notation and recall some basic facts about finite chain rings
(see for example [17] for a complete account on finite rings) and serial polynomial rings over
a chain ring (see [13]). In this paper, all rings will be associative, commutative, and with
identity. A ring R is called a local ring if it has a unique maximal ideal. A local ring is a
chain ring if its lattice of ideals is a chain under inclusion. In this case, since the ideals are
linearly ordered by inclusion, the ring is also called uniserial. It can be shown [3, Proposition
2.1] that R is a finite commutative chain ring if and only if R is a local ring and its maximal
ideal is principal. We will denote by @ € R a fixed generator of the maximal ideal m, and
let ¢ be its nilpotency index, thus the ideals of R are ml = (ai) fori =0,...,t. Also, we
will denote the residue field of R by F;, = R/m, where ¢ = p!, for a prime number p. We
will denote the polynomial ring in the indeterminates X;, i = 1,...s with coefficients in
R by R[X1, ..., X;]. We can extend the natural ring homomorphism - from R to [, given
by r + 7 = r + m to the polynomial rings R[X{, ..., Xs] and F4[X1, ..., X;] just by
applying - on each coefficient of the polynomial. Let #;(X;) € R[X;] (i = 1,...,s) be
monic polynomials such that each 7; (X;) € Fy[X;] is a square-free polynomial. During this
paper, we are interested in codes over the following alphabet

R = R[X1, ..., Xs]/I where I = (t;(X1), ..., t:(Xy)). (1)

This type of rings include as a particular case the coding alphabet considered in [6-8]. In
[13] the ideals of R have been described explicitly, they have been also studied in [18, 19]
for the case where the ring R is the finite field F,. In the finite field case, the square-free
condition on the polynomials #; (X;) is known as the “semisimple condition” because of the
structure of the ring R (it can be decomposed as a direct sum of simple ideals). In the general
case, the square-free condition on the polynomials #; (X;) leads to a decomposition of the ring
‘R as a direct sum of finite chain rings, and therefore it is a serial ring [19]. In the remaining
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part of the preliminaries, we will follow [13] to explicitly show decomposition in terms of
primitive idempotents.

Let H; withi = 1,...,s be the set of roots of #;(X;) in a suitable extension of F,
where the polynomial splits in linear factors. For each v € H = [[;_; H; we define the

class of v as C(v) = {(vlqj, . v.?'/) | j € N}. We will denote the set of all the classes as
C=C_C(t,...,1), the elements of C form a partition of H and for any ideal / <R /m the set
of the common zeros of the elements in / is a union of classes. Also the size of each class is
given by |[C(v)| = lem.(dy, ..., ds) = [F;(vy, ..., vs) : Fy] where d; is the degree of the
irreducible polynomial of v; over F.

Foralli = 1,...,s and a class C, let pc ;(X;) denote the polynomial Irr(v;, F;) and
1,...,v5) € C . Also, foralli = 2,...,s we consider the polynomials bc ; (X;) =
Irr(ui, Fy (v, ..., vi—1)) € Fy(ur, ..., vi—[X;] and Ec,,-(Xi) = ng((;;; Note that the

polynomials above are independent of which the element v is chosen in each class C for
their definition and that bc ; (X;) and l;c,i(X i) are coprime polynomials. Then, define the
multivariable polynomials wc ; (X1, ..., X;),and ¢ ; (X1, . .., X;) obtained from b¢c ; (X;)
and l;c, i (X;) respectively by substituting v; by X;. One has that

FylX1, ..., Xul/{pc,1, we 2, -y wen) = Fg(ur, ..o, v,),

and we denote the Hensel lifts to R of the polynomials pc i, wc,; and wc; by qc.i, zc,i
and oc,; respectively. If we denote by Ic = (qc.1,2c.2,-..,2c.s) then the ring Tc =
R[X\, ..., Xs]/Ic isachainring with maximal ideal Mt = (a, gc.,1. zc.2, - - -, 2c.s)+1c and
Tc /M =TFy(vy, ..., ) (see [13, Remark 4, & Lemma 3.5]). Now consider the polynomial

s

(X))
he (X1, Xa, oo X9) = [ [ == [T ogp, (Xa. - X0,
o ' ch,i(x,») 1%,
then Ic + I = Ann((he + 1)), (he + 1) = RIX1, ..., X;1/Ic and R = @ ccelhc + 1) (

for a proof see [13, Proposition 3.7, Lemma 3.8 & Theorem 3.9]). This decomposition of the
ring R is equivalent to the existence of primitive orthogonal idempotents elements ec € R
where C € Csuchthat g =3 ~.cec andecR >~ (hc + 1), i.e. there exists a polynomial
gc such that the idempotent ec is the element gchc + I and gchc + Ic = 1+ Ic. Any ideal
of R is principally generated by G + I where G = Zf;(l) a'G; and G; is a sum of primitive
idempotents ec described before (see [13, Corollary 3.12]).

Remark 1 This decomposition includes the cases given in [6, 8]. In [6], R = F, there are
two variables and ¢, #; split completely into linear factors over I, [ X] whereas, in [8] there
is one polynomial in R = I, whose roots are all the elements in the field.

3 Structure of codes over R

A linear code K of length n over the ring R as an R-submodule of R". The Euclidean dual
of K will be denoted by K and it is given by the set {x € R" | x-k = Oforallk € K},
where - is the Euclidean inner product in R”. Note that, since R = ZCEC ecR, for each
x € R" we can define the projection of X by ec’ as X¢» = (x1,¢’, ..., X,,¢c’) € R" where
X, = ZCEC xi.cecandx; c € Rfori =1,...,n. Indeed, xc» = x - ec’ foreach C € C and
for a given linear code C of length n over the ring R we can define the following codes

Ke ={xc |xeK}, ()
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where C ranges in the set of classes in C. It is clear that K¢ is an R-linear code and K =
Dcec Kcec.Moreover, if K = P Kcec then KT = @ ¢ Kiec (note that we slightly
abuse the notation since first orthogonality is in R and the second one in R).

Example 2 (Toy Example) Consider the serial ring defined over Z4 by the ideal I = (xl2 +
X1+ l,xg — Xp) as
R = Zalx1, 21/ (x7 +x1 4+ 1,x3 — x2).

Note that the polynomial x12 + x1 + 1 is irreducible over I, and has three roots over
Fg. The set of these roots is H; = {v, V2, v3} C [Fg. On the other hand, the polynomial
x22 — x» has two roots and the set of roots is Hy = {0, 1} C F,. Thus, the set H = H; x Hy =
{{v, v, V3 x {0}, {v, V2, 3} x{1}} has two classes. If we compute the orthogonal idempotents

associated with each class we have
ec, (x1,x2) = x2, and ecz(x1,xz) =3x + 1.

Itis clear that eé = e, mod [ fori =1, 2, ec,+ec, = 1 mod I and that ec,ec, = Omod /.
In this case, since it is a toy example, this could also be noticed directly from the fact that
Z4[x1]/(x12 + x1 + 1) = GR(4, 3), the Galois ring of characteristic 4 and 43 elements,
therefore R = GR(4, 3)[x21/(x3 — x2).

For example, if we consider a linear code on the module K in R? generated by G = (x| +
xlez, X1 + x2 + 1) then we can decompose G in terms of the idempotents ec;, = x, and
ec, =3xp+1as

((x1 + xDec, + x1ec,, (x1 +2)ec, + (x1 + Dec,).

Henceforth, by the orthogonality of the idempotents we have the decomposition stated in (2).

3.1 Constacyclic codes over R

A A-constacyclic code K of length n over R can be regarded as an ideal of R[x]/{x" — 1)
where A is aunitin R (if . = 1 is called a cyclic code). It is clear that if K is a A-constacyclic
code of length n then Kt is a A~ !-constacyclic code of length n. Note that, as stated above,
A= ZCeC Ac - ec where Ac € R and X is a unit if A¢ is a unit in R for each C € C.
Henceforth, IC is A-constacyclic code of length n in R if K¢ is Ac-constacyclic code of
length n in R for each C € C. Thus the following result can be proven in the same fashion as
[6, Theorem 3].

Proposition 3 If K = @.c Kcec is a h-constacyclic code of length n over R, then Kt
is a » " '-constacyclic code of length n over R where KK+ = Peec ICJC‘ec and AE] = )»JC‘.
Moreover, for K to be self-dual it is necessary that A =y _~.c Lec, i.e. 2= IR.

The following lemma that characterizes constacyclic codes over chain rings, it can be
found in [18] or in a more general way that can be also used for the multivariable case in the
language of Canonical Sets of Generators in [14].

Lemma 4 ([18]) A non-zero ,lc-constacyclic code K¢ over the chain ring R with maximal
ideal m = (a) and nilpotency index t has a generating set in standard form

S ={a"gpy, a" gvy, .. a" g} €)
such that K¢ = (S) < R[X]/{(X" — Ac) and
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1. 0<by<b <...<b, <t,

2. gp,; is a monic polynomial in R[x] fori =0, ..., u,
3. deggp, > deggp, fori=1,...,u—1,

4. 8b,18by 111861 X" — Ac.

Moreover, if d; = deg gy, fori =1,...,u, then |K).| = |R/m|2?=0(s_bi)(d"*‘_di) and the
code is principal as ideal

Ke =(Ge =" a" g ) < RIXI/(X" = 2c).
i=0

Taking into account the previous lemma, one can characterize in a polynomial way the
class of constacyclic codes over R.

Proposition5 Let K = @ ¢ Kcec be a A-constacyclic of length n over R and suppose
that the Ac-constacyclic codes K¢ are generated by G ¢ (x) defined as in the previous Lemma
for each C € C. Then there exists a polynomial

G(X) =" Geec

ceC

in RIX] such that K = (g) ARIX)/(X" = 2), and |K| = [[eec IKcl.

Proof 1t is straightforward from Lemma 4. O

3.2 Consta-Abelian codes over R

Given an Abelian group A of size r, one can write it as A = ]_[?:] Z; where, for each i, Z;
is a cyclic group and r = ]_[?:1 ri, where r; is the size of the cyclic component Z;.

Definition 6 An Abelian code over the ring R with underlying group A = ]_[f: 1 Zi is an
ideal of the ring R[Y1, ..., Y51/1a, where Iy = (Y{' —1,..., Y — 1) C R[Y1,..., Ys].
Consider now the ambient space

Ran =R, ..., Ys1/Iap =RIY1, ..., Ys1/(Y]" — A1, ..., Y5 — As), 4)
where the element ); is an invertible element in R for eachi = 1, ..., 5. Anideal in R4 2
iscalledaX = (A1, ..., As)-consta-Abelian code with underlying group A.

We could state a similar result as Lemma 4 in the case of Abelian codes over finite chain
rings in terms of Canonical Set of Generators [13, 14] but, as it was pointed in [15, Corollary
1], Abelian codes are principal if the length of the code is coprime with the characteristic of
the chain ring, thus we will restrict ourselves to that case stated in [13, Sections 4 and 5].
In the case of consta-Abelian, that is not the general case (see [15, Example 1] where it is
shown that negacyclic codes over Z4 defined by a multiple root polynomial can be seen as
principal ideals). Since our purpose is defining polyadic codes using splittings of the roots
we will restrict our focus on simple root codes. In other words, in both cases (Abelian and
consta-Abelian), we will assume that gcd(r;,q) = 1 foreachi = 1, ..., §. The following
result is a straightforward generalization of Proposition 3.
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Proposition 7 If I = .o Kcec is the decomposition in (2) of a A consta-Abelian code
with underlying group A over R, then K+ isa A~ = (A_l, ey )LS_]) consta-Abelian code
with underlying group A over R, where K+ = @ Kéec and A = (Aflc, e Aglc) =
Aé. Moreover, for K to be self-dual it is necessary that \> = (A2, ..., )\g) = IRM.

A particular version of Theorem 3.13in [13] (and [13, Corollary 3.14] for devising the sizes
of the ideals) suited to our setting provides us the following analogous results to Lemma 4
and Proposition 5.

Lemma 8 A non-zero A¢ consta-Abelian code K¢ over the chain ring R with maximal ideal
m = (a) and nilpotency index s has a generating set in standard form

S = (a"Gypy, a" Gy, ...,a"" Gy} C RIY1, ..., Ys] 5)
such that Kc = (S) <« R[Yq, ..., Ys] and

1. 0<by<by<...<b, <t,
2. Gy, is a monic polynomial in R[Y1, ..., Yslfori =1,..., u.

—1 .
Moreover, || = |R/m|zlt'=0(’_’)N" (where Nj is the number of zeros in Hy X - - - X X H,
of Gyp,;) and the code is principal as ideal

u
Ke=(Ge =Ya" Gy ) <RIt . I/ =, Y =),
=0

Proposition9 Let K = @CEC Kcecbeak = (A1, ..., Ls)-consta-Abelian code of length n
with underlying group A over R and suppose that the Ac-constacyclic code K¢ are generated
by G¢(x) defined in the previous Lemma for each C € C. Then there exists a polynomial

G(X) = Y pee Geec such that K = <g> aRay and |K| = [Teee Kol

4 Polyadic codes over chain ring
4.1 Splittings and multipliers

Let A be a finite Abelian group of size r with the previous decomposition A = ]—If:1 Zi
as a product of cyclic groups, r = ]_[f=l r; where r; = |Z;| and gcd(r;, g) = 1 for each
i=1,...,8 Wewill associate to A theideal 4 = (Y{' —1,...,Y;" —1) C R[Y1, ..., Ys],
and itis clear that R[A] >~ R[Y1, ..., Ys]/14. We will denote by C4 the set of the cyclotomic
classes associated with the ideal /4 as described in Section 2.

Now, we will define a splitting of A following the notation in [12]. For that, we will
consider the commutative group A, = (A, ) given by the component-wise multiplication

in A arising from the multiplication in each of the components Z; >~ Z/Z,,,i = 1,...,6.
A% will denote the group of units of A,. Any u = (uy,...,us) € A¥ defines an action u,
over A givenbya = (ay, ..., as) — us(a) = (u1ay, ..., usas) foralla in A . We can apply

u,(a) to C aunion of cyclotomic classes in C4, defining u, (C) as the union of the exponents
of the images of the elements u,(a) where a € A is associated to an element in C. We call
this application u, a multiplier on the Abelian group A.

Definition 10 For a positive integer m > 2 and a nonempty set Soo C A, an m— splitting of
Aisam-tuple S = (Seo, S0, S1, ---» Sm—1) Which satisfies the following conditions:

@ Springer



896 Cryptography and Communications (2024) 16:889-907

1. Each set Soo, S0, S1, -..» Sm—1 1s @ union of cyclotomic classes in Cy4,
2. The sets Soo, S0, S1, ..., Sm—1 are disjoint and form a partition of C4,
3. Thereexists u € A¥ such that i, (Sec) = Soo and u,(S;) = S;+| where u, is a multiplier.

Note that in the literature, splittings are usually defined over cyclotomic cosets of modular
integers. In our case, there is a one-to-one correspondence between cyclotomic cosets and the
equivalence classes defined over the roots of the polynomials so our definition is equivalent
to the usual one. Note also that it is clear that in a splitting the class given by {0} is contained
in the set Sxo.

Fixed a chain ring R with quotient field [y, for a set S given as a union of cyclo-

tomic classes we will denote the ideal on R[Yy,..., Ys]/I4 by Is the ideal given by
Is = mCeCA.CeS Ic. Note that in the case that R is a finite field, /s denotes the poly-
nomial ideal in R[Y7, ..., Ys]/14 whose elements vanish when evaluated in all the elements
in S.

4.2 Polyadic Abelian codes over chain rings

Definition 11 (Polyadic Abelian codes over a chain ring) Let R be a chain ring and let A be a
finite Abelian group. If S = (S0, S0, S1, .-, Sm—1) is a m-splitting of the cyclotomic classes
Cy associated to 14 and S, = Sxo \ {0}. The ideals (codes)

Ki = s usyes Ki = Iy us; s Li = Isyusis Li = I(s,,u8)¢ (6)

in R[Yq, ..., Ys]/14 are called polyadic codes. K; and 7(\, are called even-like codes and L;,
L; are called odd-like codes.

The following result follows directly from the definition of polyadic codes. The reader
can find in [12, Theorem 2.1] its counterpart for cyclic polyadic codes over finite fields.

Proposition 12 Fori # j,i,j €{0,1,...,m — 1}
e The following identities hold

1. K;NK; =IséofandK0+K1+...+Km_1 = Ijp.
2. k\l-‘rl’(\] :ISéo andk\oﬂk\lﬂ...ﬂfm::ho}c.
3. Li+Lj=Is, and LoNLiN...NLyu—1 ={0}.
4. LiUL;=1IgcandLo+Li+...+ Ly = RIY1,...,Ys5]/14.
o Ki+K; =R[Y\.....Ys)/Ia = L; + L.
e For0 <i <m—1,allthe codes K; are equivalent codes. The same is true for the other
families of codes K;, L;, and L;.

The last fact of the proposition is a straightforward consequence of u..(S;) = S;i+1. Since
each K; is uniquely determined by the m-splitting set S; it can be regarded as a permutation
thus each code K; is equivalent to the other K; .

Proposition 13 For an m-adic code K over a finite chain ring R, let K=K- Is., is anideal
in R[Y1,...,Ys]/1a. Then, foralli € {0,1,...,m — 1} we have

~

Ki:Li and E:E:Li.
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The code K = I S, in the proposition above is called the even-like subcode of K when
Soo = {0} and the codewords in K \ K are called odd-like in that case.
For0 <i <m—1,lete¢; and elf be the even-like idempotent generators of even-like codes

K; and :-Ig: respectively, d; and Jl’ be the odd-like idempotent generators of even-like codes
L; and L; respectively in R[Y1, ..., Ys]/14, given in Section 2.

If we take the element 0 = —1 € A, it is clear that it induces a permutation of the
cyclotomic cosets but it could be the case that it does not induce a permutation on the sets
S0, -+ ., Sm—1 of an m-splitting. The following result follows directly form the finite field
case in [12, Proposition 2.2] and the characterization of the dual of an Abelian code over a
chain ring in [13, Sections 4 & 5].

Proposition 14 Suppose 0.(Se) = Seo and that o is a permutation of So, . . ., Sm—1 such
that 0.(X;) = X5y, fori € {1,...,m — 1}. Then

I(lL = K&(,’) and Lll = L&(i)-

Remark 15 Note that the existence of polyadic Abelian codes over the finite chain ring R
relies on the existence of polyadic Abelian codes over F, = R/m since we used the same
cyclotomic classes. We refer to [12, Section 3] for that study.

4.3 Polyadic Consta-Abelian codes over chain rings

In this section, we will follow mainly the ideas in [11] for describing consta-Abelian serial
codes over a chain ring R. As before, the Abelian group will be A = ]_[f= 1 Zi and A =
(M, ..., xs) € (R*)®. The ambient space for the codes is given by

Rap=R[Y1,....Ys)/Iaa = R[Y1, ..., Ys]/(Y]" — A1, ..., Y5" — Xs).

If we consider the set of roots of the polynomials er VA, Y; ¥ — As in an extension
field of R/m they are given by (ﬂlf{l, e ﬂgé;é) where 8 is a primitive r-th root of Xj,
and &; is a primitive r;j-throot of unity and 0 <i; <n—1forj=1,...,4.

As before, we will consider the commutative group A, = (A, ). For each set S C A one
can define § = {1 +r(s — 1) | s € S}. We say that § C A defines an orbit with respect to
rif Sisa cyclotomic coset of A, in other words, once the root of unity is fixed, the set S
defines the exponents of that root in a cyclotomic class of the associated Abelian code R[A].
We will denote Cy as the class related to S.

Definition 16 Let ® be a union of orbits in A w.r.t. r. For a positive integer m > 2 and a
set Soo C O, an m— splitting of ® w.r.t. r is a m-tuple S = (So0, S0, S1, ---, Sm—1) Which
satisfies the follow conditions:

1. Each set S, So, S1, ..., S;u—1 1s a union of orbits in A w.r.t. r,

2. The sets Soo, S0, S1, ---, Sm—1 are disjoint and form a partition of ®,

3. There exists u € A such that u*(Cgoo) = ng and u*(Cgi) = C§1+1 where u, is a
multiplier.

We say that the splitting is non-trivial if Soo C ©, thatis S; # @ fori =0,...,n — 1.

=

Given a splitting of ® w.r.t. r as stated above, the ideals (codes) given by its defining sets

Ki = lge Ki =I5, Li = I5 s, Li = L5 08¢ )
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defined in R[Y7, ..., Y5]/14 are called polyadic codes. K; and 7(7 are called even-like codes
and L;, I: are called odd-like codes.

Note that in the case of A being a cyclic group and ® = A we are in the case of splittings
for constacyclic codes, moreover in that case if Soo = @ they are called Type I, otherwise
they are called Type II (See for example [2]). Now we have a similar result to Proposition 12
that can be stated for chain rings. The reader can check [11, Theorem 7.2] for a proof in the
finite field case.

Proposition 17 Fori # j,i,j €{0,1,...,m — 1}
e The following identities hold

1. L,‘+Lj=IswandL0ﬂL1ﬂ...ﬂLm_1={0}.
2. LiULj=IscandLo+Li+ ...+ Ly = RIY1, ..., Y51/ Iax.

o R[Yi,....Ys5]/Ian =L; + L.
e ForO0 <i < m — 1, all the codes L; are equivalent codes. The same statement is true
for the family of codes L;.

5 Polyadic Abelian codes over serial rings

In this section, we describe polyadic codes of length n over the ring R expressed as in (1)
by using the primitive idempotents ec of R given in Section 1. Let us divide the classes of
C from {1, ..., |C|} into m disjoint sets denoted as A; fori = 1, ..., m. C can be written as
follows:

C={Cili=1,...,|ICl}=A1U---UA, (8)

Consider the condition that each A; is non-empty set if |C| > m. Moreover, in this case
|Ail =t;, 1 < t; <|C] —m + 1. Otherwise, |C| sets in the partition are non-empty having
only one element, and the remaining m — |C| are the empty set. Thus, |A;| = t; = 1 if
A; is a non-empty set and |A;| = t; = 0 if A; is the empty set. It can be easily seen that
Il = Y0 o

We define 64; = ZC,eA,- ec; foreachi =1, ..., m. Assume that 04, = 0 when A; = 0.
It is easily seen that ) /" | 64, = > ec = 1R, 03"_ =0, and 0p,.04; = O for all i # j.
Also, note that these idempotents in R can be seen as generators corresponding to a disjoint
decomposition of R as a sum of serial codes.

Let E;, E}, D;, D! be the idempotent generators of polyadic codes over R[A] defined as
in the Section 4.1 fori = 1,...,m. E; and El’ ’s are even-like ones, while the others are
odd-like ones.

From now on, we can define the idempotents to obtain polyadic codes over the serial ring
RIA] = R[X1, ..., X5, Y1, ..., Ys]/(I, 14). These idempotents can be written as follows:

Note that the following index number k;; we will use to enumerate all idempotents is the
smallest positive integer which is equivalent to the number i — j +1 (e k;j =i — j + 1
mod (m)) and the structure of the positive integer k;; forces the cyclicity of the mapping u,
over the new idempotents.

e Odd-like idempotent generators over the ring R[A] foreach j =2,...,m

- Dy = >/, 0a,D; where D; is the idempotent generator for L;.
- D/ = M*(D/_]) = 27121 QAI' Dk,‘j
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- D) =Y/, 64, D} where D! is the idempotent generator for L.
- D; = u*(D/j,l) = ZT:] QA,' D]/([./.

e Even-like idempotent generators over the ring R[A] foreach j =2,...,m

- & = Y L, 04, E; where E; is the idempotent generator for K;.
=& =ux(Ej-1) = 2L, 04, Ex, .
- & = >/L, 64, E! where E; is the idempotent generator for K;.
- gj = ”*(5}—1) =104 Ellqb,-
Therefore, we can obtain odd-like (or even-like) polyadic codes over R by using the odd-
like idempotents D; and D/j (or even-like idempotents £; and 8}) forj=1,...,m.Letthe
polyadic codes associated with the idempotents D, D;., &j and 5’1. over R be called as P;,

’ﬁ;, Qj and é\] respectively. So, the desired polyadic codes are generated by the idempotents
such that 73_/' = (Dj), 'Pj = ('D/J), Qj = (5_,') and Qj = (5;)

Example 18 (Continuation of Example 2) Consider R = Z4[x1, xz]/(xl2 +x1+1, x% — x2)
as in Example 2, and consider the ambient space R[y]/(y!’ — 1), ie. we are con-
sidering the cyclic group of order 17. The 2-cyclotomic cosets modulo 17 are {0},
{1,2,4,8,9,13,15,16},and {3, 5, 6,7, 10, 11, 12, 14}. It is well known that, over the field
Fy = Z4/(2), the even-like idempotents are eg(y) = 0, e1(y) = y + y> + y* + 8 +
Y B IS 16 (y) = y3 S 4 yO T pl0 T 12 L 14 g
e3(y) = v+ 32+ 3 H vy O by Ty Sy 10 Il 12 L 13 4 14y 15 4 16
Note that eg(y) generates the space given by 0 and e3(y) generates the whole space.
So the only possible generating idempotents for even-like duadic codes are e;(y) and
ex(y)e1(y) +ea(y) = 1 — j(y), where j(y) is the idempotent associate to the repetition
code. Also, if we apply the multiplier 3, to e;(y) we get e2(y) and applied to ex(y) we
get e1(y). Thus it is a pair of even-like duadic codes of length 17 over F, with associated
odd-like pair having generating idempotents 1 — e (y) and 1 — e2(y). Now one can lift those
idempotents to G R(4,2) and use the decomposition of R in Example 2 to multiply them
by the idempotents in R and provide duadic codes in R[y]/(y'” — 1). From the previous
Example 2, w get 04, = ec;,i.e 04, = ec;, = x2 and 64, = ec, = 3xp + 1. If we denote
by E1, E; the lifted of the idempotents e (y), e2(y) to Z4, the even-like idempotents are
& = Z?:l 04, Ei = 04, E1 + 04,E> and & = 3,(&1) that generate the even like duadic
codes over the serial ring. Odd-like idempotents and associated odd-like duadic codes can
be obtained similarly.

Remark 19 If we fix the partition A; i = 1, ..., m, we get idempotents that define a polyadic
code (odd-like or even-like) and one can easily see that the polyadic codes obtained by taking
the image of these idempotents under the multiplier u, are all equivalent codes. But if we
change our choice for the partition A; we will get a new odd-like (or even-like) polyadic
code that is inequivalent code to the other codes obtained from the previous arrangement.
A counting procedure for the number of inequivalent codes can be found in the following
theorem.

Theorem 20 (Number of polyadic codes) The following statements hold:

1. If |C| = m, then the number of inequivalent odd-like (or even-like) polyadic codes over
the ring R is equal to

ICl=Tn—2—1  |CI-T1—(m—2) |C|—(n—1)

20y Y 3 <|C|)<|C|—T1>.”<ICI—Tmfz)7

tm—1=1 n=1 =1
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where T; = Zj‘:l tj.
2. If |C| < m, then the number of inequivalent odd-like (or even-like) polyadic codes over

the ring R is equal to
*(ICI) ( )
IC]

Proof 1. First, we will tackle the case |C| > m. To count the odd-like polyadic codes
one should compute the number of idempotent generators given by D; = u4(D;_1) =
DI04 Dy; and D = Y1 0a,D; for j =2,..., m. The total number of odd-like
idempotent generators is determined by the number of choices of 64, fori =1, ..., m.
Recall that |64,| = #; and the total number of idempotents of type ec is |C|. 64, can

be chosen in (‘S‘) different ways out of |C| idempotents. 4, can be chosen in (ICIQ—H)
different ways out of |C| — #; remained idempotents. In the same fashion, 6,4, , can be

chosen in (‘C‘ (” +’2+ ~Hin=2)) different ways and finally there is only one choice for 6,

Thus, the total number of odd-like idempotent generators is equal to

ICl=Tp_r—1 Cl-T1—(m—2) |C|—(m—1)
2=l =T (m 'Zm: <|C|> (|C| - Tl) (ICI - Tm72>
tm—1=1 n=1 =1 tl t2 tm_l
Since Dy = Y ;" 04, D; , Dj = ux(Dj—1) = ;" 64, Dy; for j =2,....,m and
the fact that u, only permutes the idempotents D;, the number of idempotent generators

obtained by D; is equal to each other for all j = 1, ..., m. Since there are m D;, only
one D; generates

ICl1=Tu—2—1  |CI=T1—(m—2) |C|—(m~—1)

THD S S S (4 ) BN (i

f—
=1 =1 n=1 m=1

odd-like idempotent generators (i.e. 1/m of the total number) and similarly the number
of idempotent generators generated by D’j. Therefore we get the expression stated in the
theorem.

The same quantity is valid for the number of even-like inequivalent polyadic codes (For
that consider £;’s instead of D). Hence, the number of idempotent generators is obtained
as desired in the first statement of the theorem.

2. Now consider the case |C| < m. Since each non-empty sets of the partition A; has only
one element, the total number of choices A; is equal to ("g) and the number of their
different arrangements is (|C|)!, the total number of odd-like idempotent generators is
(|C|)!(la). The number of inequivalent ones is %GC')!(\%I) by using the same argument
as the previous case. Considering the equality of quantities for each D; and D’j, the

total number of inequivalent odd-like polyadic codes is %(|C |)!(|’g|). The same counting
procedure can be done to compute the number of inequivalent even-like polyadic codes.
O

Definition 21 We will denote by Rep(n) the repetition code of length n, that is, the code
generated by the polynomial ) _; Y* € R[A] (i.e. the polynomial with all ones as coefficients),

and, as usual, the even weight code is just Rep(n)J-.

The following two theorems extend the results given in [7] to affine algebra rings and
Abelian codes.
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Theorem 22 Let B be a subset of {1,2, ..., m} with at least two elements. The following
propositions are satisfied for the polyadic codes P;, Q; over R defined as above.

1. ('L, P; = Rep(n), the repetition code over R.

2. Z:'n=1 Pi= ZjeB Pj.

3. ﬂ?’il Qi = mjeB Q)

4. 3" 9 = Rep(n)*, the even weight code over R.

5. Qi NRep(n) = {0} and P; NRep(n) = Rep(n) for1 <i <m.
6. Pi+ Qi =R[A]land Pi N Q; = {0} for1 <i <m.

Ifwe consider Pi’s and Q; s instead of P;’s and Q;’s respectively, the previous statements
also hold.

Proof For proving the first statement of the theorem, recall that for any pair of Abelian codes
C and D, the defining set of the Abelian code C N D is the union of the defining set of C and
D. So the union of all defining sets of P; generates the repetition code. Recall also that for
any two Abelian codes C and D whose idempotent generators of these codes are £ and E»
respectively, the idempotent generators of C N D and C + D are E1E> and E1 + E> — E1E»
respectively. By generalizing these properties, we can obtain the second statement of the
theorem. By using that the idempotent generators of P; are D; as above if we consider
the basic properties of idempotents and the fact that D; = u(Dj_1) = > ;- 04, Di; ;
(j =2, ...,m), we get the following expression for j = 2

m m m
DDy = D1uw(D1) = Y04, Di Y 04, Dy = Y 04, D Dppi

i=1 i=1 i=1

m

m m m m
:Z QAI-HDJ :<29Ai> HDj ZHDj.
i=1 j=1 i=1 j=1 j=1

Applying a similar reasoning one can obtain the following equality || jesDj = H?:l D;
and therefore 3) is proved. The expression in 4) can easily be obtained by considering 1).

Now, Let the idempotent generator of the Rep(n) be irep. By using that the idempotent
generators of Q; are &; as stated above and the fact that £; -irep = 0, we get that Q; NRep(n) =
0. Now using the equality D; - irep = (1 — &;) - iRep = iRep — &i - iRep and the previous result,
the equality D; - irep = iRep arises. Therefore, P; N Rep(n) = Rep(n). Therefore we have
proven statement 5) in the theorem.

For proving the last properties in the theorem, we will take i = 1 for convenience.
Note that the idempotent generators of the code P; + Q; and P; N Q; can be written as
D1 + & — D1&1 and D&y, respectively. Since D& = Z;"zl 04, DiE; = 0 and D; +
& = sz=1 04, (D; + E;) = sz=1 04, = 1, we get that P; N Q1 = (D;&;) = {0} and
P+ Q1 = (D +& —Di&) = (1). o

Theorem 23 Let B be a subset of {1,2, ..., m} with at least two elements. The following

statements are satisfied by the polyadic codes P; and Q; over R defined as above.

1. Qi +Rep(n) = Pi and Q; + Rep(n) = P;
2. Qi+Qi = Rep(n)* and Q;NQ; = {0}
3~ Pi + Pi = R[A] and 731' N Pi = Rep(n)
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Proof Let &; and igep, be the generator idempotents of Q; and Rep(n) respectively. Then the
idempotent generator of the code Q; + Rep(n) can be written as

m
Ei +irep — & iRep = & +iRep = ZQA/EJ' + iRep
=1

m m
j=1

j=1
m m

=Y 0a,(Ej +irep) = »_0a, D) =D
j=1 j=1

Hence Q; + Rep(n) = P; is satisfied. The remaining parts of the result can be proven
similarly. O

A Linear Complementary Dual (LCD) code is a code whose intersection with its dual
codes is trivial. Consider v = (—1, ..., —1) = —1, then u, givenby a = (ay, ..., as) —
uy(a) = (—ay, ..., —as) for all @ in A and we will denote it by —1,.

Theorem 24 (LCD codes) Let Q; and @ be a pair of even-like polyadic codes with the
associated odd-like polyadic codes P; and P; over the ring R for 1 < i < m. The following
statements hold.

L @t =-1,(P)and O = —1,(P)

2. If -1,(E;) = E; then Qil =P, Ql = 7/5, and Q;, Q\i, Pi, ﬁ, are LCD codes over R,
forl <i <m.

Proof Without loss of generality we will assume that i = 1. The idempotent generator of

QlL is given by

m

L= (=10 €D =) 0a, — (1) [ Y 04,E; | =D [0a,(1 = (1) (E)))]

j=1 j=1 j=1
= (1) [ Y64, D; | = (—1) (D).
j=1

Hence, Q1 = (1—(—1,) (£1)) = ((—1) (D1)) = (—1,) ((D1)) = (—1,) (P1). The equality
@l = —l*(73,~) can be proven in a similar way. For proving the second statement in the
theorem we consider Theorem 22 6) and the equalities there for P; and Q;. If —1,(E;) = E;

then Q; N QF = Q; NP = {0}and O; N O = Qi NPi = {0}. So Q; and Q; are LCD
codes over R, for 1 < i < m. Similarly, the case for P;, P; also holds. O

6 Polyadic consta-Abelian codes over serial rings

In this section, we will take ® = A and we will consider splitting as in Definition 16. Recall
the set S = {1 +r(s — 1)|s € S} Section 4.3 and the associated cyclotomic class Cg. As in
the previous Section 5 we have the partition of the class Cs as

Cs=1{Cili=1,...,|C5l}=A1U---UA, 9)
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We have two different cases depending on whether the |Cs| is greater than m or not. Let
[Ail=t,i=1,..., |C_§|.

o If [Cg| > mforl <t <|Cgl —m+ 1, each A; is non-empty set.
e Otherwise, |Cg| sets in the partition in (9) are non-empty and they have only one element
and the remaining m — |Cy| sets are empty.

It can be easily checked that |Cg| = Y 7" ;. We will represent the idempotents of polyadic
consta-Abelian codes defined on R[A, A] with D;, ﬁi, E; and E In the case of Type I, recall
that there should be only one single idempotent and its pair, say D; and D;. Now we can
define the polyadic consta-Abelian codes over R using polyadic consta-Abelian codes over a
chain ring R Thus we get the following codes (in this case, also, we have Type I codes since
Soo can be the empty set) over R[A,A] = R[Xy, ..., X, Y1, ..., Ys1/{I, Ia).

Definition 25 Let ® = A and S = (So0, S0, S1, ..., Sm—1) be an m— splitting of ® w.r.t. r.
Let k;; be integers such that k;; =i — j + 1 mod (m). Let L;, L;, K; and K; be defined as
in Section 4.3.

1. Type I codes
The idempotent generators of the polyadic codes over the ring R[A, A] for each j =
2,...,m

e Dy =) ", 04,D; where D; is the idempotent generator for L;.
e Dj=uy(Dj_1) = ZT:I 04, Dkij

Let the polyadic consta-Abelian codes associated with the idempotents D; over R[A, A]
be called as P;. So, the desired polyadic consta-Abelian code is generated by the idem-
potent such that P; = (D;).

2. Type II codes

e Odd-like idempotent generators over the ring R[A, A] foreach j =2,...,m
- Dy = Y_i", 64, D; where D; is the idempotent generator for L;.
- Dj = ux(Dj—1) = }i 0, Dy, R
— D) =Y/, 04, D} where D] is the idempotent generator for L;.
- D) =D ) = X, 64,0,
e Even-like idempotent generators over the ring R[A, L] foreach j =2,...,m
- & =Y., 04, E; where E; is the idempotent generator for K;.
- & =ux(Ej-1) = 2 [, 0, Ex, .
- & =1, 04, E] where E; is the idempotent generator for K.
- E/j = ”*(5.//'—1) = Z:?lzl 04 El/fij

Let the polyadic consta-Abelian codes associated with the idempotents D, D’j, &j and
E’j over R[A, A] be called as P}, 73\, , Qj and Q?, respectively. So, the desire/g polyadic
consta-Abelian (i(ides are generated by the idempotents such that P; = (D;), P; = (D’j )s
Q; = (£)) and Q; = (£}).

Itis a straightforward exercise to check that the following results can be proven in the same
fashion as the Abelian case in Section 5 above since they only rely on the decomposition of
the idempotents in the polynomial rings R[X1, ..., X1/(I) and R[Y1, ..., Ys]/{(Ia.1). The
first two theorems are related to Type I codes and the remaining ones to Type II codes.
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Theorem 26 (Number of polyadic consta Abelian codes of Type I) Let R[A, A] be the ring
defined in Definition 25 and | C| be the cyclotomic classes related to a splitting of the abelian
group A as in (9). The following statements hold.

1. If |Cs| = m, then the number of inequivalent polyadic consta Abelian codes of Type I in
RIA, A] is equal to

[Cl=Tm—2—1 |C5|=T1—(m=2) |C5|—(m—1)

% Z Z Z (Iffl)(lcgl—tl)m(lcgl—(Tm72)>

t tin—
tm—1=1 =1 =1 2 m—1

where T; = Zj’:l tj.
2. If|Cg| < m, then the number of inequivalent polyadic consta-Abelian codes of Type I in

RI[A, A] is equal to
: (|C-|>'< " )
m- S7\|Csl

Proof Considering the same counting argument as in Theorem 20, it can be seen that the
number of the polyadic consta-Abelian codes of Type I is equal to half of the number for old
ones since there is only one single idempotent. O

Theorem 27 Let B be a subset of {1,2, ..., m} with at least two elements. The following
propositions are satisfied for polyadic consta-Abelian codes of Type I P; over R[A, A] defined
as above.

1. ﬂzm=1 Pi = mjeB Pj=1{0}
2. Y, P = RIA A

3. T Di =1 Dj = {0}
4.3 D=1

Theorem 28 (Number of polyadic consta-Abelian codes of Type II) Let R[A, L] be the ring
defined in Definition 25 and | C| be the cyclotomic classes related to a splitting of the abelian
group A as in (9). The following statements hold.

1. If |Cg| = m, then the number of inequivalent odd-like (or even-like) polyadic codes of
Type Il in R[A, L] is equal to

[C51=Tn—2—1 |C5|=T1—(m=2) |C5|—(m—1)

2 > Y ) (lCS")(lCS"_Tl)”.('CS‘l_7-;1172),

t tin—
tm—1=1 =1 =1 2 m—1

where T; = Zj’:l 1.

2. If |C5| < m, then the number of inequivalent odd-like (or even-like) polyadic codes of

Type Il in R[A, L] is equal to
2 (|c—|)'< " )
m- SU\|Cs1)

Theorem 29 Let B be a subset of {1,2, ..., m} with at least two elements. The following
propositions are satisfied for polyadic consta-Abelian codes of Type Il P; and Q; over R[A, A]
given in Definition 25.

1. /L, P; = Rep(n), the repetition code over R[A, A]

2.3 P = ZjeB P =TRI[A,A]
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. ﬂ:’nzl Qi = ﬂjeB Qj = {0}.

LY, Qi = Rep(n)*.

. Q; NRep(n) = {0} and P; NRep(n) = Rep(n) for 1 <i < m.

6. Pi+ Qi =R[A, A and PN Q; = {0} for1 <i <m.

If we consider 7/51 s and é\, s instead of 'P;’s and Q;’s respectively, the previous statements
also hold.

b N W

Proof Just follow the proof of Theorem 22 using consta-Abelian polyadic code definition. O

Theorem 30 Let B be a subset of {1,2, ..., m} with at least two elements. The following
statements are satisfied for polyadic consta-Abelian codes of Type Il P; and Q; over R given
in Definition 25.

1. Qi +Rep(n) = Pi and Qi + Rep(n) = P

2. QiNQ; =Rep(n)* and Qi N Q; = {0}

3. Pi+P; = R[A, Al and P; N P; = Rep(n)

In the nega-Abelian case, thatis if A = (—1, ..., —1), an analogous result to Theorem 24

in the previous section can be proven.

Theorem 31 (Nega-Abelian LCD codes) Let Q; and /Q\, be a pair of even-like polyadic
negacyclic codes of Type Il with the associated odd-like polyadic negacyclic codes of Type
11 P; and P; over the ring R[A, L] for 1 <i < m. The following statements hold:

L Qf = -1,(P) and O = ~1,(P,)

2. If —1.(E;) = E; then Qf =P @\il = P; and Q;, O;, Pi, P; are LCD codes over
RIA,A], for1 <i <m.

7 Conclusions

In this paper we have studied polyadic Abelian codes and consta-Abelian codes defined over
some serial rings given by affine algebras of a certain type with a finite commutative chain
coefficient ring. We have completely described them in terms of their generators associated
with the concrete splitting of the Abelian group underlying the structure. As a follow-up
applied work, it will be nice to check if the Gray mappings associated with the idempotent
decomposition of these codes (see [6—8]) provide codes with good properties over the base
chain ring.
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