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1 | INTRODUCTION in [1] is a powerful tool to overthrow these complications.

In this approach, a family of local linear models is associ-
The real world is nonlinear by nature, so the design and  ated with fuzzy membership functions; this is an effective
analysis of systems should take this into account. For =~ method to approximate whichever smooth nonlinear sys-
this, the Takagi-Sugeno (T-S) fuzzy model proposed  tem on a compact set [2-4]. Thus, this method makes the
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nonlinear systems similar to the linear ones in stability
analysis studies and the synthesis of stabilizing control-
lers. Then, nonlinear systems can be successfully
described by a T-S model. Many works have used this
approach (see, for instance, [5-10]), leading to less con-
servative solutions. Then, these recent methods make it
possible to reduce the conservatism inherent in this
approach and thus reduce the weakness for less weak
results. Therefore, an efficient method is studied here for
deriving less conservative results and obtaining good per-
formances that can ensure the asymptotic stability of the
system.

This paper focuses on nonlinear systems with delays,
as delays are inherent to many dynamical systems, such
as chemical, metallurgical, biological, mechanical, and
other areas. It is well known that the delays are a signifi-
cant source to reduce the performances and even lead to
instability. Thus, great efforts are being devoted to the
analysis and synthesis related to time-delay systems. One
of the conclusions is that linear matrix inequalities (LMIs)
are a useful tool for investigating stability conditions.
There are two different approaches in the literature
regarding the stability analysis: (i) delay-independent sta-
bility [11-14] and (ii) delay-dependent stability [15-20].
The first does not take into account the magnitude of the
delay, whereas delay-dependent criteria, as they take into
account the magnitude of the delay, are less conservative
than delay-independent criteria, particularly if the delay
is not big. Therefore, the delay-independent techniques
require more work and effort to get less conservative
results and to ensure finite-time stability and stabilizabil-
ity of systems when delays are considered.

Published works in stability criteria focus on Lyapu-
nov asymptotic stability over an infinite time interval.
When faced with applications in the real world, this is
not enough; there are situations when the state's large
values are unacceptable. So, the finite-time stability (FTS)
stability concept was introduced [21], the time interval is
finite and known, and, given an initial state, the system's
variables must lie within preset bounds. Many results
deal with FTS for delayed systems [22-25], and most of
them work with LMI conditions.

Recently, in [26], the global stabilization over a finite-
time interval is addressed for triangular control systems
described by delayed functional differential equations
and distributed delay feedback. The robust finite-time
control problem for a class of uncertain switched neutral
systems with unknown time-varying disturbance is inves-
tigated in [27]. In [2], the descriptor technique is applied
to sensor fault estimation and finite-time state for T-S
fuzzy systems. Consequently, when regarding this

problem, we find that the aforementioned works still
offer plenty of room for enhancement. However, the
finite-time stability (FTS) stabilization has not been
investigated to nonlinear time-delay systems in [28-30].

In this work, motivated by the above idea, we derive
a new and improved finite-time approach for stability
and stabilization of T-S fuzzy systems with time
varying delay. The sufficient conditions for asymptotic
stability and stabilization analysis are derived by using
a new Lyapunov-Krasovskii functional method, free-
weighting matrices, making use of improved technique,
and using a parallel distributed compensation (PDC)
controller to ensure the finite-time stability (FTS) and
finite-time stabilizability of closed-loop delayed systems
via T-S fuzzy models. Finally, less conservative LMI-
based design conditions are suggested and calculated
using the LMI Toolbox (MATLAB); the computer
results present visually the bonuses and efficacy of the
proposed approach.

The rest of this paper is structured as follows:
Section 2 describes the theory required to understand the
method. Sections 3 and 4 cover the delay-dependent FTS
analysis and the delay-dependent finite-time stabiliza-
tion, respectively. Section 5 deals with the numerical
examples and finally, Section 6 presents the conclusions
of the work.

2 | PRELIMINARIES

This section presents the basic definitions and formula-
tions relevant to the topic of the paper and widely used
by researchers.

Consider the nonlinear time-varying delay system,
described by the T-S fuzzy model:

« Plant from:

R;:IF z; is F} and ... and z,, is F§, THEN
{x(t):Aix(t)+Adix(t_h(t))+Biu(t) .
,i=1,.,r (1)
X(6) = H(1), t€ [~hm,0)

where x(t) € R" is the state vector; u(t) € R™ is the input
vector; A;, Ag;, and B; are appropriate dimensions matri-
ces; F}, F#,..., and F} are fuzzy sets; and r is the number
of IF-THEN rules. The time delay h(¢) is a time-varying
function satisfying

0<h(t) <hp, h(t)<p (2)
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where h, and p are constants. The initial condition ¢(t)
is a continuous vector-valued function of t € [—hy,,0]

Using the center average defuzzifier, the dynamic
model given by (1) will be:

£(0)= 3w {Ax(t) + Aax(t —h(0) + Bu()} ()

i=1

where
12 =2 o) = T[F @), @20, S @ =1
> wi(z) =1 =1

i=1

4)

,
Let X(t)=>_ u;(z)X; for any matrices X;. Then, the

i=1
fuzzy system (31) is reworked:

x(t) = A(t)x(t) +Aa(t)x(t — k(1)) + B(t)u(t)  (5)

Definition 1 [31]: Given R(positive definite
matrix) and ci,¢;, Ty, positive scalars, such
that ¢; < c,. Then, the system given by (5) and
u(t)=0 is said to be finite time stable with
respect to (c1,¢2, Ty, hp, R) if

Sup_p,, <o<ofx (O)Rx(6),x" (O)Rx(0)} <1
=x"(t)Rx(t) <3,V € [0, T]

Definition 2 [28, 30]: Given R (positive defi-
nite matrix) and c;,c;, Ty, positive scalars,
such that c¢; <c,. Then, the time delay fuzzy
system (5) is said to be finite time stabilizable
with respect to (c1,¢2, Ty, hm, R), when there is
a control input u(t) so that:

sup_, <p<o{x" (O)Rx(0),x" (O)RX(0)} <1
=x"(t)Rx(t) <c, Vt € [0,Ty]

Lemma 1 [32]: Let d be the maximum num-
ber of the fuzzy rules are activated simulta-
neously at any instant, where 1 <d <r. Then,
the membership functions of the fuzzy rules
satisfy the inequality:

0<(@- DY K@+ d-3)3 > Kk
i=1 i=1j#Ii
6> > > u@m()u(2)
=1 j>1 k>j

for any z.

3 | DELAY-DEPENDENT FTS
ANALYSIS

In this section, the autonomous T-S fuzzy delayed system
to work with is presented:

x(t) =A()x(t) +Aq(t)x(t — h(t)) (6)

Let us now establish sufficient conditions to analyze
the FTS of (6).

Theorem 1. If there exist symmetric positive
definite matrices P=PT >0, Q(t)=Q"(t)>0,
Si(t) =ST(t)>0, Zi(t)=ZT () >0, i=1,2, pos-
itive semi-definite matrix X(t) =X"(t), appro-
priately sized matrices Ti(t),i=1,2,3,4,5,6,
N;(t),j=1,2,3,4,5, and a scalar a >0 satisfy-
ing these conditions:

Iy (t) To(t) Ths(t) gt
My (t) Tas(t) Thpa(t

(t)

(®) +h,X(t)<0
[33(t) Ma4(2) ’

(t)

II(t) = . i
* * * H44 t
(7)
[ —AT()T5(s) —N1(t) +N5(t) = AT(OTE(s) ]|
—AG (T35 (s) —Na(t) = N5 (1) —Az(1)TE(s)
—X(t)
0 —Ns(t)
Y(t,s) = <0,
T5(s) T (s) = Na(t)
T (S p)uSi(s) — Za(s) 0
L ’ (=1+4p)uS2(s) = Za(s) |
(8)
elXTf

1
<12 + hmeah’"/13 + hfneah’" (},4 +/15) +5hfn(j'6 +/17)> c1<Cy

9)

1

where
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Iy (£) = —T1(0)A(t) — AT ()T

+ hwS1(£) +hwZy () — aP — Ns(t) = NL (1),
Mia(t) = —N1(8) +N; (t) = T1 () Aq(t) — AT (1) T3 (1)

() + N1 () + N7 (£) +Q(t)

+ Ns(t)+N1(1),
Iy3(t) = N3 (£) — AT ()T (1),
Mi(t) = N1 (£) + T2(1) — AT () TS (1) + P,
Mp(t) = —To(t)Aa(t) — Af () T3 (t) — Na(t) — N3 (¢)

— Ns(t) = N5 (1),

Tas(t) = —N3 (t) — Ag () T3 (1),

Ty () = To(t) — N4 (£) = A () T4 (1),
Ils3(t) = —e™™ Q(t — hpy), TMag(t) = T(t),
Tyg () = Ta(t) + T3 (£) +hmSa(t) + mzz<t),

1= min (P), 22 = dmax (P) 73 = Amax (Q(0))
li+3 :)bmax (§1(9)> Jvi+5 :Amax (zl(9>>a
ﬁ:R—l/sz—Uz, é(t) :R‘l/zQ(t)R_l/z,

Si(t) =R™V28;(t)R V2, Zi(t) =R *Z,(t)R /2,

i=1,2
Then, the system (6) is finite time stable with respect
to (Cl,C2,Tf,hm,R).

Proof.
Let us consider the following Lyapunov-Krasovskii
functional (LKF): V(x(t)) =Vi(x(t)) + Va(x(t)) +

V3(x(t)) where

(¢ stT(s)Q(s)x(s)der/[ ()(S*[#»h([))e(lu 9xT (5)S (s)x(s)ds
t—h

+/l (s—t+h(t))e = 9" (5)Sa(s)x(s)dsV3(x(t))

)// At=0x T 9)d9d5+// (=0)x " (0)dods
hy J t+6 t+5

From this LKF, we obtain:

Vi(x(t)) = 2x"(t)Px(t)

Va(x(t)) = xT()QUE)x(t) — e™xT (t — ) Qa(t — By )x(t — h)

+h(Ox (05 (0x(0)+ | fhm (=14 h(0)) " 9xT (5)S) (s)x(s)ds

+ h(0)xT(6)S(e)x (1) + / t ()(71+h(t))e"(["‘)J‘CT(s)Sz(s)jc(s)ds
t—h(t
+ aV,(x(1))
< X" (0)Q(e)x(t) — €™mx" (£ — R ) Qa(t — By )X(t — i)

+ X ()81 (6)x(8) + (—1 +p)/4/tjh(t)x (8)S1(s)x(s)ds

+ hux! (0S2(0)%(8) + (=1 +/))/4/:h(t)5fT(S)Sz(S)X(S)dS

+aV(x(t))

V3(x(t)) = hpxT (£)Z1 (£)x(t) —/t e™=9xT (5)Z, (s)x(s)ds
t—hi

t e I5%T (5)Z5(s)x(s)ds

t—hm

+ hx" () Z(1)%(1) —
+aVs(x(t))
< hyx® (6)Z1(6)x(t) —/ xT(s)Z1(s)x(s)ds
t—hpy,
kT (0)Za(0)%(1) — / T (5)Za(s)k(s)ds
t—h,,
+ aV3(x(t))

where u = Lt h.(t) =<1
e if h(t)>1

Let us consider the Newton-Leibniz formula with the
matrices N;(t),j=1,2,3,4,5, and T;(t),i=1,2,3,4,5,6, the
following relations are true:

0=2 [xT(t)Nl(t) +xT(t—h(£))N(t) +xT (t — hw)N3(2)

+xT(ON4 () + ( /[ 'th([)xr(s)> Ns(t)} {x(t) —x(t—h(1))— /t A[h(t)x(s)ds}

(10)

0=2 [xT(t)Tl(t) +xT(t—h(6))T2(t) + X7 (t— hm) T3 (1)

Jr)'cT(t)T4(t)+ (/l xT(S)Ts(S)dS>
t—h(t)
+ </[ xT(s)T6(s)ds>] lfc(t)—A(t)x(t)
t—h(t)

Ad(t)x(th(t))]
(11)

Then:
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V(x(t)) < x"(t) ( —T1()A(1) —AT()T] (1) + N1 () + Q(¢)

+ 1 (8) + hnZy (£) — aP)x(t)

7 (t = h(0)) (= T2(0)Aa(t) ~ AT TE (1)

— Na(t) = N1(8) )x(t = (1))
+xT(t—hm)(—e“h’”Q(t—h)m)x(t—hm)

+x7(r) (T4(t) + T () + hSa(t)

+ hmZz(t))ic(t) +sym (xT(t) ( — Ny (8)+NT (1)

— Ty(H)Aq() 0 )x(t h(t )

+ sym(xT (t) (NST(t —AT(OTY(6))x(t—h))
+sym (x" (¢) (N5 (£) + T ( ) AT() 4 (D +P)x(1))
—h(t))(-N Ad (T3 (t))x(t—hm))
(6) + A4 (1) T (8))x(1))

+sym / t )'cT(t)(TST(s))x(s)ds>
(—h(t)

+ sym <xT(t — hm)(—N3(t))/t.lh(t)5c(s)ds>

+ sym /’ xT(t)(Tg(s)N4(t))x(s)ds>
t—h(t)
6 T B o -
i (/th(t)x(s)> (=Ns(6)=N5 (1)) (/[hmx(s)>
+ /tjh(,)xT(S)((ﬂ +p)uSy(s) — Z1(s))x(s)ds

+ / )'cT(s)((—l +p)uSa(s) — Za(s))x(s)ds +aV (x(t))
t—h(t)

It is straightforward:

< / x(s)) (—Ns(t)—NsT(t))</ X(s))
Jt—h(t) t—h(t)

{ x(t) H—Nsm—NsT(t) Ns<r>+N§(r)H x(t) }
(

 [x(t—h(e) * —Ns(t) = NT(6) | [x(t—h(1))
(12)

Also, for all positive semi-definite matrices X(t), this
inequality holds:

mdOX(0e(0 - [ Foxwa0aszo 0

where &(t) = [x7(£) xT(t — h(t)) X7 (t — hy) X" ()] .
Taking into account (12) and (13), we obtain:

V(x(t)) < (OT(OE() + /tlhmnT(s, (s, (s, )ds
+aV(x(t))

where I1(t) is given by (7) and ¥(s,t) by (8), and

n(s,6) = [xT(e) xT(¢e—h(t)) x"(t—hn) X" (6) XT(s) %" (5)]

Since the matrices (7) and (8) holds, we have II(t) <0
and P(s,t) <0.
Then, another straightforward conclusion:

V(x(t)) <aV(x(t))

Integrating both sides from 0 to ¢ € [0, Ty
V(x(t)) < eV (x(0)) <e* 'V (x(0))

Also, we have:

V(x(0)) = xT(0)Px(0) + /0 e xT(s)Q(s)x(s)ds
J b
0
+/ (s+h(0))ex" ()5, (s)x(s)ds
h(0)

0
+/ (s+h(0))ex" ()8 (s)x(s)ds
—h(0)

+ / ’ / 0e"”SxT(s)Zl (s)x(s)dsds
—hw)s

+ / ’ / Oe"‘s)'cT(s)Zz(s)X(s)dsdé
w8

< Amax (ﬁ)xT(o)Rx(o)

n <hme”h'“/lmax (6(9)) + 22: (hfne"hmimax (Ei(9)>

i=1

+%h§nim (Z(a)) )) sup {xT(0)Rx(6),x"

~hn<0<0

(O)R%(0) }

1
< (/12 + M€ 2 4 h2 e (g 4 1) +5hfn(,16 +/17)) a

And Ve [0,T7]: V(x(£)) = Amin (ﬁ)xT(t)Rx(t), which
implies that
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[Ty (f) Mya(f) Tis(r) Thia(2) —hnAT () T2 (s) —hmN1(8) +hNT(8) = Ry AT(0)TE(5) T
* () Thas() Thaa(t) —hmAg(1)T5 (s) —hmN2(t) = hmN3 (£) — hmAg (1) Tg (5)
* * Tss(t) Taa(t) 0 —hN3(t)
Mes)=1 .« g BT (s) hnTT (5) — huNa (1) <0
' ' ' © (=14 p)uhmSi(s) — hmZi(s) 0
L ’ ' ' ’ (=14p)uhmSy(s) —hmZr(s)
(15)

T (ORx(t) < e;Tf

1

</12 + hme”h’"/13 + hfne(’h'" (/14 + 15)

1
+ Ehi(/lﬁ +/17)> c1<Cy

and the proof of the theorem has been completed.
To reduce the number of LMIs, variables and remove
the constraint ¥(t,s) <0, we set:

X(t) =—0"(1,5)(Q(s)) "' O(1,5) (14)
where
—AT()TI(s) —Ni(t) +NI(t)—AT(t)TI(s)
o7 (5= | AT —Na() =N —A7(OT() |
0 —N;(1)
TS (s) TT (s) — N4 (t)
Q(s) = (=1+p)uSi(s) = Z1(s) 0

i (—1+4p)uSs(s) = Za(s)

Then, the following proposition is given to assure the
finite-time stability of the system (6).

Proposition 1. If there exist some symmetric
positive  definite  matrices P=PT>0,
Q(t)=Q"(t)>0,  Si(t)=ST(t)>0, and
Zi(t)=ZI(t)>0, i=1,2; appropriately sized

matrices Ti(t),i=1,2,3,4,5,6 and
N;(t),j=1,2,3,4,5,; and a scalar a>0
satisfying:

e(sz
%

1
(ﬂz + hmeah’"/13 + hfne“h”' (24 —‘—/15) +§I’lfn(/16 +/17)> c1<C

(16)

then, the system (6) is finite time stable with regard to
(1,62, Tp,hm,R).

Proof.

To obtain the condition (15), we use the Schur com-
plement and Equations (7) and (14).

From Proposition 1, we can get the following results
that ensure the finite-time stability of system (6):

Theorem 2. If there~ exiftT symmetric positive
definite  matrices P=P >0, Q= QjT >0,
Sj=S;>0, and Zj=Z;>0; appropriately
sized matrices W,Ny;,1=1,2,3,4,5,j=1,2,...,1,
and T; i=1,2,3,4,5,6,j =1,2,...,r; and scalars
a>0,4>0, i=1,2,3,4,5,6,7, satisfying the
following conditions:

0<MI<P<iI (17)
0<Q <Al (18)
0< Sy <Al (19)
0< Sy <AsI (20)
0<Zy <26l (21)
0<Zy <Ml (22)

85U801 SUOWILLIOD 8A 118810 B|qedl [dde Ly Aq peusenob ae o O ‘88N Jo S8|ni o} Akeid8uluO 8|1 UO (SUONIPUOD-pUR-SLUIB)/LIO" AB 1M Ae.q U1 UO//SdNL) SUONIPUOD PUe SWIB | 8U1 88S *[5202/20/.2] Uo Akeidiaulluo /8|Im ‘pliope|eA 8 PepSRAIUN A] 60GE 06R/2Z00T OT/10p/0o" A3 1M A0 Ul UO//SANY WOy papeojuMOd ‘0 ‘€6097E6T



EL FEZAZI ET AL.

WILEY_L_’

I+ (d—1)W<0

Hlle+ (d IIW<O0, i #Aj

M —W<0, i<j<l

ean

1

1
<2.2 + hme"‘hm/13 + ]’lfneahm (/14 +l5) + El’lfn (/16 -+ /17)) c1<Cy

(26)

then, the system (6) is finite time stable with respect to

c1,¢2,Tr,hy, R) and
( f:hm,R)

i bk gk yigbk gLk Lj.Lk ij,lk
[ TEEHe b b bt —h IS —hllg
ik gk il ij.Lk Lj.Lk
Hz"z H2J3 Hz’i —hmlls™ —hnlli
i i ik i,k
* * 1—113’]3’1"C H;‘f{l’k h 135 —hmIl3g
Db * * * ij.Lk ij,lk ijLk ’
I Il Al
* * * % ij,Lk ijLk
hmH hmH56
* * * * % h, Hl,} Lk
L m

T = —TyAi— ATTE A Ny + NG+ Qi+ hnSui+ hinZa

—aP—Ns;—NZ,

54 = —Ny; + N3, — Ty;Aq — AT T+ Nsi+ N1,

Hllélk—NT ATT;;,
P = NT 4+ Ty — Al Ty +P, b — —ATTT,

LjLk _ T TpT
H16 —Nii— Ni*Ai Tsl’

1, k
5 = — Tyl — Agl.TTj —Ny— NI —Ns—NL,

i,j, Lk T T
H23 _N31 Ale

3j»
G5 = Ty — N§ — AL TS, TEEY = —Al T,
MM = =N+ N§ - AL TG,
Hisyéll,k_ athk’ ljlkiT&’ H”lk—O,
ngélk N3l5

T = Ty T 4 honSi + hin Zs, TP =TT,
Mgl =T —Nu,

Hlsélk—( 14 p)phmS1u—hmZy, 11
Mgl = (<14 p)phnSo1 — hmZa,
P=R12pR1/2, 6]_ :R—l/szR—l/z’

g( )—R_1/25-~( )R—l/Z’
Zi(t)=RY?Z;(t) RV, i=1,2,j=1,..,r

l]lk_O
bl

Proof.
Taking into account Lemma 1 and the matrix (15), we
can write:

H(ts) =), 1 (=(6))m (2(0) ) (2(8) ) pie (28 — i ) Wi

k=1 i=1

+3 r r Hi (Z(t)):“j(z(t))nl ij.k
i=1j#i

+6 Z Hi(2(0)p (z(0) (2 ())Hl,)lk}
i=1 j>i I>]

< r uk(z(t—hm)){ r 12 (2(6) (M + (d— )W)

k=1 i=1

133 S RO <)>(nluk+ @3 )}
=1 j#i

If the conditions (23), (24), and (25) are verified, the
condition (15) is, in turn, verified. Thus, the rest of the
proof can be easily deduced.

Remark 1. To the best of our method, there
are no results dealing with finite-time stabili-
zation of T-S fuzzy approach for delayed non-
linear systems. Considering what it has not
been covered by literature research, our
method presents a novel analysis and design
technique to improve the performance over
finite-time intervals with less conservative
results for closed-loop T-S fuzzy delayed
systems.

Remark 2. It should be noted that the
number of LMIs in Theorem 2 is

rr(r—1)+ (ii)r(r—iﬂ)) +1,. In

i=3 j=i
[29, 30, 33], there are r* +2r+ 2 LMIs, which
are larger than in our approach. So, this is a
huge benefit of our work. Moreover, the

total of LMIs number can be reduced to r+

r

> (r—i+1)+1 if we suppose that Q;=Q,

i=2
S$1:=581,8=82,21=21,Z2= 2>, i=
1,2,...,r, and use as slack variables T'5(t), Ts(t)
instead of Ts(s),Ts(s), that is, Ts5;=Ts and
Te1 =T In this case, the fuzzy LKF V(x(t))
is transformed into a single LKF.
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In order to show the effect of LMI reduction, a corol-  TT¥ = —Ty;A; ATTT +N;+NL+Q+hpS) +hnZ, —aP

lary is introduced. r
- NSl NSl’

Corollary 1. If there exist symmetrlc po;mve Hu =—Ny+ sz TyjAg — ATTzT, +Ns+ Nsn
definite matrices P= P >0, Q=Q" >0,
Si=SI'>0,and Z;=ZT >0, i=1,2; appropri-
ately sized matrices W,My, i=1,2,3,4,5,j= H1s— ATTSTl,H;‘é:—Nn—NT AlTL,
1,2,.,r, Ty, i= 1,2,-3,4,5,6,j =1,2,..,1; .and 1'[22 = —TyAa ~ AL zT, — Ny — NI —Ns—NL,
scalars «>0,4,>0, i=1,2,3,4,5,6,7, satisfy- MY — _NT — ATTT 19 — Ty — NT — ATTT
ing the following conditions: 237 s it ap i e T A2l A i 4
_ HLZJS = _Aclii gl’H12J6 =—Ny; +N Adl 6i°
0<MI<P<iyI (27) I, = —e*"Q, 1'[34 =Ty, 1‘[?S =0, 1‘[36 = —Nj;,

T, = Tai+ T+ inSs + hnZo, T =TT, T = TL — Ny,

) =N% - — A T3, 1T, MY, =NL+Ty—ATT Ty+P,

0<Q <Al (28) L = (—1+ p)phuS1 — hnZy, 115, =0,
HG()_( 14 p)phmS2 — hwnZs,
P:R—l/ZPR—l/Z’é:R—I/ZQR—I/Z’
0< 81 <A4l (29) gi(t) :Rfl/zsi(t)Rfl/z’

Zi(t)=RV2Z,(t) R V%,i=1,2.
0<S,<asI (30)

Remark 3. Compared with [30], the steps

0<Z1 <Al (31) presented here provide a systematic method

to ensure the finite-time stability of the

system (6) and lead to more flexible matrices

0<Z, <l (32) by introducing additional variables Ts(t),

Ts(t),S1(¢),S2(t),and Z,(¢), resulting in less

conservatism. Then, these variables are intro-

i+ (d-1)W<0 (33) duced so as to provide additional degrees of

freedom to the resulting optimization problem,

thus assuring the feasibility of the controller. In

fact, the set of slack variables adopted in the

problem formulation is responsible for soften-

ing and limit the existence of open-loop unsta-
ble and integrating modes.

I +11;; — W <0, i<j (34)

ean

1
) <2.2 + hmeah’"ig + hfneah'" (/14 +ﬂs) + Ehfn (/16 -+ /17)) c1<Cy
Remark 4. As a note, reduction refers to apply-

(35) . . . .
ing simple rules to a series of matrices
to change them into a simpler form. Then, any
then, the system (6) is finite time stable with respect to feasible LMI can be reduced by eliminating
(Cl,Cz,Tf, B, R) where implicit equality constraints. Therefore, LMI
reduction techniques aim to reduce problem
_Hif]f 1—[11,]2 Hlf]_?, Hiffl 30 VA compllexny 'and.ca.llculat.loréltlmel: Whlle simulta-
o y y neously maintaining suitable solution accuracy.
©ONg, MG I, eIl hallys
SRR 1N | S P 1
M=\, . i oo | 4 | DELAY-DEPENDENT FINITE-
M hnllis Anllis TIME STABILIZATION
- This section deals with new delay dependent conditions
-0 * hn T | that are developed to ensure the finite-time stabilization
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of the closed-loop system (5) with the memory PDC
controller:

where Kj,j=1,..,r, are the state feedback gain matrices
to be deduced. Using (36), the system (5) can be
reformulated:

x(t) = A(£)x(t) + Ag(0)x(t — h(t)) (37)

where A(f) = A(f) + B()K(t), B(t) = z 1,(z(8))B:

Theorem 3. Given the scalars
1y # 0,1,,n5 #Z 0,1, # 0,15,and 4, the system
(37) is finite time stabilizable with respect to
(c1,¢2, Ty, hm,R), if there exist symmetric
positive  definite  matrices P=P > 0,
Q(1) :GTT(t) >0, S()=5 ()>0, and
Zi(t)=Z, (t)>0, i=1,2; appropriately sized
matrices M;(t), i=1,2,3,4,5; and a scalar
a > 0 satisfying:

A (t) Ap(t) Ap(t) Awu(t) hpAis(t) hpAs(t)
* Azz(t) A23(t) A24(t) hmAZS(t) hmAzﬁ(t)
* o Ass(t) Asa(t) hmAss(t) hmDsg(0)
AOD=1 o o AL hmbas(t) mdu(t)
* * * * hmAss(t) hmAse(t)

<0
(38)

+— <hme"hm/1max<@(6‘)>

12 e (2 max ($1(6) ) + 13 max (5206) ) ) )

+ %hfn <;7;2,1max (21(9)) 713 Pomax <22(9)) ) ) ) eTrey < ¢y A)

where

ﬁ:Rl/Z}_)Rl/2’ a(g) :Rfl/za(e)Rfl/Z’
Si(6) =R™V?5,(0)R V2, Z;(6) =R"*Z,(0)R /2,

A (t) = —mA(t)P—n,PA" (t) + My () + ML () +Q(¢)
+ hS1(t) +hmZ, (1)
Apy(t) = =My (t) +n,M1 (t)

—aP —Ms(t) — ML(t),
—m,Aq(t)P—nPA’ (1)

+mMs () +m,Mj (t),
Aus(t) =M (£) = mnsPA’ (1),
Ava(t) =nsMy (¢ )+WI4P mPA' (t)+1,P,
Ays(t) = *’71’75PA (1),
Ass(t) = —nuMa (1) +1,ME () = mngPA” (1),
Ay (t) = —mAa(t)P =, PAG (1) —15Ma (1) — i5M3 (1)
— m5Ms(t) — ML (1),
Dp3(t) = —n,M3 (£) — o3 PAG (1),
Anu(t) :’7413_ ;72;74Mf(t) - ﬂzPAg(t)’
Ays(t) = _’72’751_3145“)’
Aos(t) = —1y14Ma (£) — nynaME () — nyngPA (¢),
Ags(t) = =€ Q(t — ), Aza(t) =n3msP, Ass() =0,
Aze (1) = —nyM3(1),
Aga(t) = 204P + hinSs(t) + hinZs(t), Aus(t) = nansP,
Ags(t) = nzP — nzMa(1),
Ass(t) = (=1+p)uSi(s) — Z1(s), Ass(t) =0,
Aes(t) = (—1+p)uSz(s) — Za(s).
Proof.
Let Li(t)=T;'(t),Vi=1,2,..,6, the following matri-

ces are defined:

P=L,(t)PLI(¢), Q(t) =L (£)Q(t)LI (1),

Si(t) =L ()S1 (LT (1),

Sy(t) = La(t)Sa(t)Lg (1),

Zy(t) = Li(t)Z1 (t) L1 (1), Za(t) = La() Z2(t) Ly (0),

Then, the condition (38) is obtained pre- and post-
multiplying the matrix TII(t,s) by diag{L:(¢),Lx(t),
,L1(t —hp),La(t),L1(s)La(s)} and its transpose, respec-
tively, and taking the following changes of variables:

Ly(t) =mP, Ly(t) =m,La(t), L3(t) =03 La(t — ), La(t)
=n4L1(t), Ls(t) =n5"'L1(t), Le(t) =ng 'Li(t)

Using the adopted LKF, the condition (39) can be
obtained where:

85U801 SUOWILLIOD 8A 118810 B|qedl [dde Ly Aq peusenob ae o O ‘88N Jo S8|ni o} Akeid8uluO 8|1 UO (SUONIPUOD-pUR-SLUIB)/LIO" AB 1M Ae.q U1 UO//SdNL) SUONIPUOD PUe SWIB | 8U1 88S *[5202/20/.2] Uo Akeidiaulluo /8|Im ‘pliope|eA 8 PepSRAIUN A] 60GE 06R/2Z00T OT/10p/0o" A3 1M A0 Ul UO//SANY WOy papeojuMOd ‘0 ‘€6097E6T



» | WILEY

EL FEZAZI kT AL.

Vi(x(£) =0y T ()P x(t)

vz<<>>fm/[he< T (5P Q)P x(s)ds

-2 / (s—t+h(1)e*)xT(s)P 'Sy (s)P 'x(s)ds

+ 1y / (s—t+h(1)e* X (5)P ' Sy(s)P 'x(s)ds
t—h(t)

0 t
— }7;2/ / ea(lff))xT (9)
—hm J 146
0 t
+ ’7;2/ / e(l(lfg))‘CT(e)
—hm J 146

Also, new delay-dependent sufficient conditions for
the design of a stabilizing finite-time PDC controller (38)
are given by this theorem:

P 'Z1(0)P 'x"(0)dods

P 'Z,(0)P ‘5T (0)dods

Theorem 4. Given scalars #; # 0,1,,1; Z 0,
n4 7 0,n5,and 5, the system (37) is finite time
stabilizable with respect to (c1,c2, Ty, hm,R), if
there exist symmetric positive deﬁnite matri-
ces P=P" >0, QJ Q >0, SU—S >0, and
Zj= Z >0,i=1,2; approprlately sized matri-
ces MU,Yj,andW i=1,2,3,4,5,j=1,...,r; and
a scalar a>0 fulfilling the following

conditions:
Aijik+(d—1)W<0 (40)
Aigjkt3 (d IW <0,i#j (41)
Aijik—W<0,i<j<lI (42)
M 4 — (hmeahm/imax (Q(e))

B (500) e (10)

-2

3 e (20) 0 (20)) ) <y

(43)

The state-feedback gain matrices are given by K; =
YP 1_1,2,...,r. where

M oadglk  aijlk A ijlk A ijlLk Lj.Lk ij,Lk 7
AT AGT AR AR hmAST hmAYg

ijLk s LjLk ij.Lk lJlk ij,Lk
B S T

ijLk ijLk ij.Lk ij.Lk
A ) ' A3‘]3 As‘it hnAss hm Asg
W= . * Wik Lk Wbk |
AL AT hmBgg
ij,Lk ij.Lk
' : * F i AEYE R, AL
* * * %

. Lk
hm A

Si(0) =RV?5,(0)R™V2,Z,(0) =RV*Z,(O)R™V/2,Vi=1,2,
AP =~ AP —nPAT — 1, B,Y; — 0, Y] B + My + M,
+Q; +hinS1i +hmZy; — aP — Ms; — M1,
ABM = =My + My, — AP — 1 PAT — 1, YT B] +1,Ms + M,
Ai‘élk —MT ’Ii’hﬁAiT - '71’73YjTBiT’ Aixﬁl’k = ’l4MIi Jr711’74ﬁ
*ﬂiPAiT - ’71Y'TB'T +’74T)
Ai’é’l'k = —’hﬂspAiT —Ms YTBT Al'] M= = —nMu; +’74M5Ti - ﬂiﬂeFAiT
*’h’leY'TB‘T
Alz’}zl * *ﬂzAdtP WzPAdl ’72MZz M ’12M51 M;,
Alzél x ’72M31 - ﬂz’?sPAdp Az{tl = ’74P - ’72’74M4i - ﬂzPAgi,
Alzdslk ’72’75PAdn A ’72'74M2i ’72'74M5Tz ’72’76PA§1"
A = —emQy, Ay =nsn,P, AL =0, A M= My,
AP — 20, P+ i Soi + hnZoiy, DI = nunsP, ALY = 2P — 2My,
ALY — (14 p)uSy — Zy, AT =0, AT = (—14 p)uSy — Za.

13 1/2PR1/2 a(g)i —1/26(0) —1/2’
)=
k

Proof.
We can prove Theorem 4 in the same way as Theo-
rem 2 by replacing I, by Ajj k.

Remark 5. Theorems 4 and 2 have the same
number of LMIs. Sufficient to say that this
enforce the benefits of our work, because
compared to [29, 30], the approach of
both theorems is less conservative. Then,

the LMI number can be reduced to r+

r

> (r—i+1)+1 and the fuzzy LKF V(x(t)) is
i=2
transformed into a single LKF if we suppose
that aj = 6, gy = Ei, and Zl] = Zl’,
i=1,2,j=1,2,..,r

To show the effect of LMI reduction, the following
corollary is presented:

Corollary 2. For given scalars
ny # 0,115,115 # 0,n4 # 0,55,and 7, the system
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(37) is finite time stabilizable with respect to
(cl,cz, Tf,hm,R), if there exist symmetric posi-
tive definite matrices P=P" >0, Q= GT >0,
S; :§iT >0, and Z; :Z-T >0, i=1,2; appropri-
ately sized matrices M; Yj,and W, i=
1,2,3,4,5, j=1,2,...,r; and a scalar a > 0 satis-
fying the following conditions:

A+ (d-1)W <o, (44)
AiJ+Aj,i7W<0,l'<j, (45)
'’ 1 h A3
Lt 5 (Ane™ 1mex (Q(0))

i (7) (i ()

1 (1 (10) 9570 (540))

(0 (210) 4% (220)) ) e <y

The state-feedback gain matrices are given by K; =

WILEY_L *

A} = -mAP—mPA] —n\BY; — mY[ Bl +My+M{+Q

+ hSy +hmZy — aP — Ms; — ML,

Alf’z =—n,Mii+ '72M2Ti — AP — ’711_JAiT —M YJ-TBiT
+ mMs+n,Ma,

Alf’s = Mst - ’71’73FAiT - ﬂl’?sY]'TBiTj,

Aif{t = ’74Mz{i + 4P — ’hﬁAiT —m YjTBiT +14P,

Alfls = *’71'ISFAiT - 711’75Y]‘TBiT,

AY, = —nyMy; +n,M% —ningPAT —ninY[ B,

AY) = —nyAgP — m,PAL — n3Mo; — iM% — i3Mis; — 2MY5,

Alz‘é = *'72M3Ti - VIZWSPAgi’

Aiz'{; = ’1413 - ’72'74M3;i - ’72131451" Alz’]s = _’72’7513‘451"
Aiz‘é = —1y14Mai — 7]2’I4M5Ti - ’72’761_)1451"

A= —eMmQ, A =nsn,P, A% =0, A = —n,Ms,
A =20P+hpuS> + hpZs,

Afé = ’74’15F Ai‘é = ’742&? - 'hth‘li’

AL = (—1+p)uS1—Z1, A% =0,

A = (<14 p)uS, ~ Z,.

Remark 6. Testing the feasibility of condition
(39) in numerical examples is not possible,
because there is a nonlinear term. For this
reason, in order to simplify or eliminate this
nonlinearity entirely, we can use these
conditions:

le_’fl,izl,z,...,r. where 0<MI<P<AI
0<Q;<Asl
ol il A% o sl ko]
* Alz‘jz Alz‘é Alz’z hmA;Js hmAIZJG 0< glj <I
L s et med )
ij e AH p Al heAl | 0<Sy <4sl
* * * * iy iy —
hmA55 hmA56 0< le < /161
i * * * % " hmAl6J6 |
0< sz <A1
1 _ _
12+ e 2 4 b€ (22 13 22s) S (14 +14707) M
L <0
Tr,,—2¢C
* (e" f711 ﬁ) /12

(53)
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5 | NUMERICAL EXAMPLES

Example 1:

This example will show that our method is less con-
servative and more efficient than those in the literature.
We consider the T-S fuzzy system (1) where u(t) =0 and

0.0 0.6 1.0 0.0 0.5 0.0
Al = ’ AZ = ) A3 = ’
0.0 1.0 1.0 0.0 0.0 1.5

0.5 0.9 09 0.0 0.2 1.0
) Ad2 = ) Ad3 == .
0.0 2.0 1.0 1.6 0.5 1.0

Then, we choose the following parameters:

Ay =

ci=1, ;=15 R=1I, T;=10, a=0.01

Applying Theorem 2, the maximum upper bound h,,
of time delay is presented in Table 1 for p =1.2..

As shown in Table 1, the obtained value of h,, is
larger than those obtained in [30, 33], and then, the
results are significantly improved. Thus, it is clear that
the FTS criterion proposed in this paper is less conserva-
tive than those given in the literature. On the other hand,
the evolution of the state variable trajectories is shown in

Figure 1 where the initial values are [1 1]. Then, it can be
seen that these trajectories converge quickly to zero
showing that very good transient responses are obtained.
These results demonstrate the accuracy and the efficiency
of the proposed approach for which the closed-loop sys-
tem is asymptotically stable.

Consider now the two-rule fuzzy system that has been
studied in [34-38] where A; = 0, A3 = 0, and B; = B, =
[1 1]%. For different methods, the delay bounds h (it is
given as t in these papers) are shown in Table 2 taking
into account the same parameters.

Applying our method, the maximum upper bound of
time delay is h,, = 1.7563 for p =1.2. Then, the results
are significantly improved taking into account that the
time delay h(t) in this paper is a time-varying function.
Therefore, it is clear that these results are less conserva-
tive than those obtained in the literature, and so, LMI
reduction techniques provide additional degrees of free-
dom to the resulting optimization problem, thus assuring
the feasibility of the controller. These techniques reduce
problem complexity and calculation time while simulta-
neously maintaining suitable solution accuracy. Finally,
the proposed approach reduces the conservatism as much
as possible and it is more effective.

TABLE 2 Comparison results.
Methods Maximum allowed h
TABLE 1 Comparisons results for p = 1.2. [36] 1.6499
Methods Maximum allowed h,, [37] 1.6499
Theorem 2 [33] 0.4125 [35] 1.6421
Theorem 3.2 [30] 0.4416 [38] 1.4257
Theorem 2 (this paper) 0.4837 [34] 1.4214
1 2 T T T T T | T
%, (1)
1+ - —xz(t) .
3
©
17 |
S
&
&) -
S
S
1] .
1 1 1
10 12 14 16 FIGURE 1 Closed-loop fuzzy system's state
Time[s] response.
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Example 2:

As an example of nonlinear system, let us consider a
continuous stirred tank reactor. As shown in [30, 39, 40],
these equations define the system:

X1 () = —%xl(t) +Dg(1—x(t))exp (#((?)/%)

+ (/11— )xl(t—h(t))

Xp(t) = — (/11+/3)x2(t) +HDq,(1—x;(t)) exp (%)

+ |- 1)x2(t h(t))+pu(t)

%i(6) = gy(t), for te[~hp0], i=1,2

where 0<x;(t)<1 is the reactor's conversion rate and
xy(t) is the dimensionless temperature D,=0.072,
1=0.8,=0.3,H =8,y,=20.

The IF-THEN rules are:

Ry: If x, is about 0.8862

Then X%(t) = A1x(t) + Agrx(t — h(t)) + Biu(t)
R,: If x, is about 2.7520

Then X%(t) = Axx(t) + Agex(t — h(t)) + Bau(t)
Rj: If x, is about 4.7052

Then x(t) = Asx(t) + Agsx(t — h(t)) + Bsu(t)

where x(t) =[x, (t) x,(t)]" and

—1.4274 0.0757 —2.0508 0.3958
Al = > = ’
—1.4189 —0.9442 —6.4066 1.6268
—4.5279 0.3167
| —26.2228 —0.9387]
025 O 0
Ajn=Ap=Ag= ,Bi=B,=B3= .
0 0.25 0.3

The membership functions are:

1, X,(t) <0.8862
X, — 0.8862
W) =4 1—-—2_2°2 8862 <x,(t) <2.7520;
1062) 2.7520 — 0.8862 x(1)
0, X,(t) > 2.7520
1, x,(t) £2.7520
X, —2.7520
hy(xz) =4 1——> =22 27520 <x,(t) <4.7052
47052 —2.7520
0, x,(t) > 4.7052

1-h; (Xz), xz(t) <2.7520
1-— h3(X2), X2(t) >2.7520

ha(x2) :{

Thus, the parameters for the simulation are: c¢; =
1.5,c=2,R=1,T;,hyp=1,p=1.01, n=-2p=1n;=
—1,ny =—2,n5=—0.8,57, = —0.8. Then, using Theorem 4
and LMI Toolbox (MATLAB), the controller gains are:

K, =[6.8467 —2.4137], K, =[16.3138 —7.3844],
K3 =[84.0808 —7.6761]

or the initial values [0.5 —1]; the evolution of the state
variables trajectories is shown in Figure 2. Also, the evo-
lution of a norm square of the state vector is given in
Figure 3.

0.5
x4(t)
— = =%,
=
T o
7
2 ,
8
@» g
e /
(0] )
S /
» 05F 1
1
i
!
i
i
i
i
4 . A . .
0 2 4 6 8 10
Timel[s]
FIGURE 2 Closed-loop fuzzy system's state response.
14
Our method
12+ I (13
=
e
x
1%
=
"\—
x
4 6 8 10

Timel[s]

FIGURE 3 Time history of xT (£)Rx(t).
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Figure 2 shows how the system's state responses
converge to the equilibrium point reaching the desired
tracking performance. Observing Figure 3, we can
conclude the system is finite time stabilizable with
respect (c1,¢2, Ty, R, hm). It is important to mention that
using our approach, the convergence is faster than
in [30]. Summing up, these results highlight the efficacy
and accuracy of the methodology proposed in this paper
for which the closed-loop system is stable.

Before concluding, it is better to highlight the impor-
tance of our method for conservatism reduction, which
has been demonstrated by the above examples.

6 | CONCLUSIONS

The research presented here proposes a new strategy to
ensure FTS. The results of this work are obtained from
delay-dependent LMI conditions where a new synthesis
of the PDC controller is also proposed using some free-
weighting matrices to offer more flexibility and achieve
good performance. Using T-S fuzzy models and a new
LKF, the method is used for systems with delay where
the value of our LMI-based algorithm is shown. The main
conclusion is that the proposed design methodology is
very useful and less conservative compared to those pre-
viously published.

The investigation is not closed; there are other topics
and subjects that can benefit from this approach such as
data samples and discrete time systems among others.
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