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Abstract

In this work, we provide four methods for constructing new maximum sum-rank distance
(MSRD) codes. The first method, a variant of cartesian products, allows faster decoding than
known MSRD codes of the same parameters. The other three methods allow us to extend or
modify existing MSRD codes in order to obtain new explicit MSRD codes for sets of matrix
sizes (numbers of rows and columns in different blocks) that were not attainable by previous
constructions. In this way, we show that MSRD codes exist (by giving explicit constructions)
for new ranges of parameters, in particular with different numbers of rows and columns at
different positions.

Keywords Linearized Reed—Solomon codes - Maximum sum-rank distance codes - Rank
metric - Sum-rank metric

Mathematics Subject Classification 15B33 - 94B05 - 94B65

1 Introduction

The sum-rank metric, defined in Nébrega and Uchda-Filho (2010) and implicitly considered
earlier in Lu and Kumar (2005), has recently attracted considerable attention in Coding
Theory due to its applications in reliable and secure multishot network coding (Martinez-
Penas and Kschischang 2019b; Nébrega and Uchda-Filho 2010), PMDS codes for repair
in distributed storage (Cai et al. 2022; Gopi and Guruswami 2022; Martinez-Pefias and
Kschischang 2019a), rate-diversity optimal space-time codes (Lu and Kumar 2005; Shehadeh
and Kschischang 2022), and multilayer crisscross error correction (Martinez-Pefias 2022b),
among others.

The size or dimension (when linear) of codes also satisfy a Singleton bound with respect
to their minimum sum-rank distance (Byrne et al. 2021, Th. I11.2). Codes attaining this bound
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are therefore optimal with respect to the size-distance tradeoff and are called maximum sum-
rank distance (MSRD) codes. Linearized Reed—Solomon codes (Martinez-Pefias 2018) are
the first MSRD codes that can be decoded in polynomial time over a field of subexponential
size in the code length (Martinez-Pefias and Kschischang 2019b). Afterwards, a number
of alternative MSRD codes have appeared in the literature (Byrne et al. 2021; Chen 2023;
Martinez-Pefias 2018, 2022a, 2023; Neri 2022; Neri et al. 2023; Santonastaso and Sheekey
2023; Santonastaso and Zullo 2023), covering other ranges of parameters (different field
sizes and/or matrix sizes).

In this work, we provide four methods for constructing new MSRD codes. The first method
(Sect. 3) consists of a special arrangement of cartesian products of preexisting MSRD codes
and allows faster decoding than known MSRD codes of the same parameters. The other
three methods (Sects.4, 5 and 6) allow us to extend or modify existing MSRD codes in
order to obtain new explicit MSRD codes for sets of matrix sizes (numbers of rows and
columns in different blocks) that were not attainable by previous constructions. Furthermore,
the constructions in Sects. 5 and 6 admit different numbers of rows and columns at different
positions. Not many explicit MSRD constructions with this feature were known before (Byrne
et al. 2021; Chen 2023). In Sect.7, we compare the concrete examples of MSRD codes
obtained in this work with the known MSRD codes from the literature. In particular, we
show that the parameters of MSRD codes from the literature can all be attained by our
constructions, whereas our constructions of MSRD codes attain new ranges of parameters
(numbers of rows and columns).

2 Preliminaries

In this preliminary section, we revisit the basic properties of codes in the sum-rank metric
(Sect. 2.1) and some known constructions of MSRD codes (Sect. 2.2). For tutorials and
surveys on the topic, we refer to Gorla et al. (2023); Martinez-Pefias et al. (2022).

Let Fy denote the finite field of size g, denote by IFj'*" the space of matrices of size m x n
over IF, for positive integers m and n, and set IF‘Z = IF}[X”. We alsodenote N = {0, 1, 2, ...},
[n] = {1,2,...,n} and [m,n] = {m,m + 1, ..., n} for positive integers m and n with
m < n. In the following, (-)F, . and dimp . denote linear span and dimension over F.

2.1 The sum-rank metric

Fix positive integers £, m; > my > --- > my and n; < m;, for i € [£]. We will consider
the sum-rank metric in the space ]—[f:] IFZ“ X" \where we will call each factor ]FZ” M g rank

block, thus £ is the number of (rank) blocks. For C = (Cy,...,Cy) € ]_[f:1 IE‘;"iX”’, we
define its sum-rank weight as

Y4
wmn=2ﬁuax
i=1

where Rk denotes the rank function. The sum-rank metric is defined asd(C, D) = wt(C— D),
forC, D e ]_[f:1 IFZ” X" Foracode (i.e., asubset) C ]_[f:] IFZ“ XM we define its minimum
sum-rank distance as

d(C) = min{d(C, D) : C, D € C, C # D).
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For an F;-linear code C C ]_[f=1 [y ™", its minimum sum-rank distance coincides with its
minimum sum-rank weight, that is, d(C) = min{wt(C) : C € C, C # 0}.

Observe that, when ¢ = 1, the sum-rank metric recovers the rank metric, and when
m) =ny =---=my = ny = 1, the sum-rank metric recovers the Hamming metric.

As in the case of the Hamming metric, there exists a Singleton bound that relates the
minimum sum-rank distance and the size of a code without involving the field size (except
for taking logarithms or dimensions). For a code (linear or non-linear) C C ]_[f:1 IFZ” i
with |C| > 2, letd(C) = Z{:—l] n;i+8+1,where j € [(]and0 < § < n; — 1. The Singleton
bound for the sum-rank metric, proven in (Byrne et al. 2021, Th. II1.2), reads

4
log, ICl <Y " min; —m;s. (1)
i=j

Notice that, if C is [F;-linear, then logq IC| = dim]Fq (C).AcodeC C ]_[f:1 IFZ” XM s called a
Maximum Sum-Rank Distance (MSRD) code if it meets the Singleton bound (1). See Sect.
2.2 for some known explicit constructions.

When m = m = --- = my, we may consider the space FZ’"’ wheren =ny + --- + ny,
instead of ]_[f:1 Fy" ™", due to the following. Given an ordered basis ¥ = (y1, ..., ym) €
}F;”m oi Fym over Fy, we define the Iy -linear vector space isomorphism MJ, : Fp, — Fg'™"
given by

C1,1 €12 --- Clr

. €21 €22 ... C2r
My (c) = T I (2)

Cm,1 Cm,2 --- Cm,r
forc = (c1,...,cr) € IF;,,,, where ¢; j € Fy, fori € [m] and j € [r], are the unique scalars
such thatc; = Z;”zl vici,j,for j € [r]. Now, if we setn = (ny, ..., ng), we may extend the

previous map to another [ -linear vector space isomorphism M. }‘,‘ : IE‘Zm — ]_[f:l FZ," i by

Mp© = (My'en), .. Myt(eo) 3)

for a vector ¢ = (¢,...,¢p) € IFZm, where ¢; € FZ;, for i € [¢]. We may also define its
sum-rank weight as

wi(©) = wi (Mp(©)) = Xl: Rk (M} ().
i=1

Therefore, we may define the sum-rank metric in F;m simply as d(c, d) = wt(c — d), for
c,de IFZ”, . The advantage of considering the sum-rank metric in F”.,, is that we may consider
[Fym-linear codes in such an ambient space. Notice that most constructions of MSRD codes are
IF m-linear codes in IE‘Z,,, Martinez-Penas (2018, 2022a, 2023); Neri (2022); Santonastaso
and Zullo (2023), see Sect. 2.2. However, in this manuscript we will construct F,-linear
MSRD codes where not all my, ..., m, are equal. Only a few constructions in this case are
known (Byrne et al. 2021; Chen 2023).

Observe that, when considering the sum-rank metric in F”,, as above, we need to specify
the vector n = (ny, ..., ng), which we call the sum-rank length partition. Otherwise, the
map M) is not well defined.
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2.2 Some known MSRD codes

We now briefly describe the general [F» -linear MSRD codes in IFZ,,, introduced in Martinez-
Pefias (2022a). They generalize linearized Reed—Solomon codes (Martinez-Pefias 2018),
which were the first F;m -linear MSRD codes whose field sizes g™ are subexponential in the
code length n. In general, the MSRD codes in Martinez-Pefias (2022a) are the ones with the
smallest finite-field sizes g™ for the given parameters known so far. Moreover, they have
the longest block length £ compared to ¢ and the matrix sizes, among known MSRD codes.
Constructions 2, 3 and 4 in this manuscript (Sects. 4, 5 and 6, respectively) will allow us to
extend the block length or modify the matrix sizes of such MSRD codes in non-trivial ways.

Since we are looking for long MSRD codes and an MSRD code can easily be shortened
(Martinez-Pefias 2019, Sect. 3.3), we will consider the following codes with the longest
lengths possible. Let i and r be positive integers, define £ = u(g — 1) and n = £r, and
consider the sum-rank length partition n = (r,...,r) (£ times). For k € [n], define the
matrix in IF:E” given by

B1 oo Bur ... o Bur
q q q q
Biai . Burar | Bl ag—1 . Barag—1
5 qz—] q2—1 112—1 qz—l
q q—1 q q—1 q q—1 q q—1
My (a, B) = Bl a o Burag .| By a,_; ﬂﬂraq71 L@
k—1 k—1 k—1 k—1
k-1 =L R A O A -1 =L
q =T q -1 q -1 q T
B a’ B oay ! | B aq_"1 oo Bur aq_ql
whereay, ..., a4-1 € IF‘Z,,, are such that Nym 4 (a;) # Nym 4(a;)ifi # j (where Nym 4(a) =
—1 g1 .
a-al-..q"" =aq a7 forac [Fgm, is the norm of Fym over I, ), and where 1, ..., By, €

IF‘Z,,, are such that, if we set H; = (ﬂ(i—l)r+17 Bi-r+2, -+, ﬂ”>Fq C Fym, then

1. dimp, (H;) =r, and
2. HiN (Zjel" Hj) = {0}, for any set I' C [u], such thati ¢ I" and |I"| < min{k, u} — 1,

foralli € [u].

With these assumptions, the [F;m-linear code Cy(a, B) = {xMi(a, B) : x € IF’;,,,} CcF Z’”
has dimension k (over Fyn) and is MSRD by (Martinez-Pefias 2022a, Th. 3.12). We refer the
reader to (Martinez-Pefias 2022a, Sect. 4) for concrete examples of choices of ay, ..., a4
and By, ..., Bur (in particular for the longest values of  and ., and thus of £, given ¢ and
m). Recall that, by (Martinez-Pefias 2019, Th. 5), the dual code Cy(a, /.‘3)L is also MSRD.
However, generator matrices of such codes are not known in general.

Linearized Reed—Solomon codes (Martinez-Pefias 2018) correspond to the above MSRD
codes when . = 1, thatis, 8 = (Bi, ..., Br) and the two conditions on 7| simply mean that
B1, ..., B, are Fy-linearly independent.

3 Construction 1: Cartesian products

In general, cartesian products of MSRD codes are not MSRD. However, we now present a
particular case where they are indeed MSRD. The main interest in this construction is that,
when the component codes are linearized Reed—Solomon codes, we will see that the resulting
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code admits decoding algorithms that are faster than those of other MSRD codes of the same
parameters.

Construction 1 Consider (linear or non-linear) codes Cy, ...,C; C ]_[le IF‘Z” *Miywhere
my > --- > my. Consider their cartesian product arranged as follows:
Cr1 Cie ¢
Cc= S OO ((Chtsos Crp) € Gk e [0y € [[EYmO*m,
Ci1 Cre i=l

and consider the sum-rank metric in Hle IF,(;"” )xmi by taking ranks in each block of matrices

. . csams \ !
}Fgm’)xm’,fori € [£]. Observe that this is different than simply considering (Hle IF;”’ Xm’)

with the rank blocks Fy' i
As in the classical case, we have the following basic result. The proof is straightforward.

Lemma 1 Ifdy = d(Cy), for k € [t], then
t
log, IC] = Zlogq [Cx| and d(C) = min{dy, ..., d;}.
k=1

In particular, we obtain MSRD codes in the following particular case.

Theorem 1 IfC; is MSRD for i € [t], |C1| =.--.=|C|landd =dy = --- = d,;, thenC is
MSRD. More precisely, d(C) =d = Zi‘lz_ll m; + 6+ 1, where j € [{]and0 <§ <m; — 1,
and

¢
log, ICl=1|) m}—m;s
i=j
Proof Since C; is MSRD of distance d, we have logq ICk| = Zf:j ml2 —m;d, for k € [t],
thuslog, [C| =1 (Zf:j ml2 - mjé), and we are done, since the Singleton bound in this case
is

14 4
log, [C| <) (tmiym; — (tmp)s =t | Y " m} —m;s
i=j i=j

[m}

Consider now £ € [q — 1] and let D C Ffﬁ} be an FF;m-linear linearized Reed—Solomon
code (Martinez-Pefias 2018) (see also Sect. 2.2) of minimum sum-rank distance d € [€m].
SetCj =---=C; = M;,“(D) IS (IE‘Z’X’")Z, in the cartesian-product construction from (5), for
m = (m, ..., m) and for an ordered basis y = (y1, ..., ¥m) of Fym over F,. Then the code

C g (]Fl(Itm)Xm)l

from (5) is F-linear and MSRD of minimum sum-rank distance d.
The only MSRD codes with such parameters and with a known efficient decoder are
linearized Reed—Solomon codes ¢’ € Ff;’ff,l = (IF,(;'")X'")K of minimum sum-rank distance d.
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However, decoding C is always more efficient than decoding C’, since C requires decoding
t linearized Reed—Solomon codes over Fym, C' requires decoding one linearized Reed-
Solomon code over F m, in both cases of code length {m, and there are no algorithms
for multiplication in Fyrm of linear complexity (or lower) in ¢ over Fym.

For instance, if we use the Welch-Berlekamp decoder from Martinez-Pefias and Kschis-
chang (2019b), then decoding C’ requires O((tm)?) operations in [ m, while decoding C
requires O(t(m)?) operations in F,m. Assume that one multiplication in Fgm costs about
O operations in [F,m. Then decoding C’ requires O(ttm)?) operations in Fym, while
decoding C requires O(f(£m)?) operations in Fym.

4 Construction 2: Combining bases

Now we provide a construction that combines two linear codes by “glueing” their bases.

Construction 2 Let
¢ t
¢ C HF;’UXH; and Cy C HFZLHI'X"H:'
i=1 i=1
beF;-linear codes of dimensions ki and k, respectively. Setalso d; = d(Cy) and dy = d(C3).
Let {Bj1,..., Bjk;} form a basis of Cj, for j = 1,2. Consider the Fy-linear code
CC ]_[f:f FZ’"X"" with basis

{(B1,1,B2,1), ..., (Bix, B2},

where k = min{ky, ka} and where (B ;, B2 ;) means concatenation of the tuples B ; and
Bz,,'.

The code C satisfies the following result, whose proof is straightforward.
Lemma 2 [t holds that
dim(C) = min{k;, k2} and d(C) > d; + d>.

Proof The claim on dimensions is clear since the tuples (By,1, B2,1), ..., (B1k, Ba2x) are
F,-linearly independent. Next, a nonzero codeword in C is of the form

k k
(Z)\iBl’i’ZkiBz’i) R (6)
i=1 i=1

for some A1, ..., Ar € [y, not all zero. In particular, ZLI AiB1; and Zle AiBai are
nonzero codewords in Cy and Cy, respectively, thus their sum-rank weights are at least d; and
dy, respectively. Hence the sum-rank weight of the codeword in (6) is at least d; + d» and
we are done. m}

Now assume that m| > --- > myy, and n; < m; fori € [£ 4 ¢t]. Assume also that C; and
C> are MSRD with

1 Jj—1
d1=Zni and dp = Z n+84+1,
i=1 i={+1

forje[£+1,£+1t]and 0 < § < m; — 1. In particular, k; = m, by the Singleton bound
(1). Finally, assume also that my > kj. In this case, we have the following.
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Theorem 2 With assumptions as in the above paragraph, the code C is MSRD with

Jj—1 L+t
d€) =Y ni+8+1 and dim@C) =Y mn; —m;s.
i=1 i=j

Proof Trivial from Lemma 2 and the parameters of C; and C,. ]

Observe that the main parameter restrictions are

14 L+t
d(C) > Zni and my > Zmini — mj8.
i=1 i=j

We also note that Construction 2 can be iterated any given number of times.

In Sect. 7, we will show how Construction 2 generalizes constructions from the literature.
5 Construction 3: Using lattices of MSRD codes
In this section, we provide a construction of [F,-linear MSRD codes based on lattices of

(shorter) MSRD codes. We describe the general construction in Sect. 5.1 and provide concrete
examples in Sect. 5.2.

5.1 The general construction

Consider the parameters m| > --- > my and n; < m; for i € [£]. We further assume that

m=mg = mgy] = ---=my, forsomes € [£]. Setn =n; +---+ ny and letd € [n] be
such that
s—1
d—t=Y ni+1, @)
i=1

for some positive integer . Consider an F,-linear MSRD code Cis C [i_; Fyy " of distance

d(Cg) =d,let{By,, }tufl,u:l - ]_[f:1 Fy" ™" be aset of F,-linearly independent tuples such

that Co N (B; j :i €[t], j € [m])Fq = 0, and define the F,-linear code
Cr=Ca®(Bjj:i€l, jemly,. 3

for I C [¢]. Observe that this imposes the restriction tm + dimp . Cy) < Zle m;n;. Given
I C [t], we have by definition that

dim(C;) =dim(Cy) +m|I| =m@m —d + 1 + |I]).

We will further assume that d(C;) = d — |I|. This implies that C; is MSRD due to the
Singleton bound (1), since such a bound is m(n — d + 1 + |I]) in this case, since d — |I| >
d—1t> Zf;ll n; + 1 by (7), and mg = --- = my = m. Observe that the family {C;} c
forms a lattice of MSRD codes isomorphic to the lattice of subsets of [¢] by the map I — C;.

We now proceed to obtain a new I, -linear MSRD code of distance d but longer than Cg.
To that end, we consider additional lengths myyy, ..., meqe,, Ne41, ..., Neyy,, fOr integers
0=14¢yp < ¥ <ty <---< ¥ suchthat

Mgy 41004 +1 -+ Mg gy <m, 9)
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fori € [r]. Consider now Fy-linear subspaces V; € ' such that dim(V;) = me4 jne+ j, for
j € [£;], and such that

VZ,-_1+1 s VZ,'_1+27 ceey Vl,‘

form a direct sum inside }FZ‘, for i € [¢]. This is possible thanks to condition (9). Finally,
consider IF,-linear vector space isomorphisms

. Mt j XMt
pj Vi — Ty

)

for j € [¢;].
The main construction of this section is as follows.

Construction 3 We construct the IFy-linear code C C HZH[ Fy" i

subcodes Cy and Cy. First, let C1 C ]_[HK' IFm M pe equal to Cy but adding zeros to each
codeword in the ith block for every i € [£ + 1 L+ £,;). Second, let

as a direct sum of two

t I m -+,
Cz:@ @ Z(XkBi,k,O,..., @ja) ,o.0 €V C HFZ”XM,
i=lj=tio | \k=1 (6+)th block i=1
where we use the notation o« = (a1, ..., Qy) € IF?. Finally, define C = Cy & C,.

We next show that the code C is an F,-linear MSRD code of minimum distance d.

Theorem 3 The code C from Construction 3 is an Fy-linear MSRD code of minimum sum-
rank distance d(C) = d and dimension dim]Fq C)=mm—-—d+1)+ thﬁ_l min;.

Proof First, let

040,
Dj=1|D aBir0..... ¢j@ .....0|:aeVv;tc[]Frm,
S—— .
(€4 j)th block

for j € [¢;—1 +1,¢;]and i € [¢]. Clearly D; is an IF;-linear subspace isomorphic to V; and
thus of dimension m¢ jne4 j. Observe now that all the subspaces

Dy,Dy,..., Dy

t

0+ . .
form a direct sum inside ]_[ + ’Iﬁ‘m’xn’, since a nonzero codeword in D; has a nonzero

component in the (¢ + j)th block for some j € [¢;—1 + 1, ¢;], for some i € [t], and is
identically zero in all the other rank blocks with indices in [£ 4 1, £ 4 ¢;]. Therefore we
indeed have that

t £
CzZ@ @ D;.

i=1 j=ti_1+1
In particular, we have that
C+4;
dlm(Cz)—Z Z dim(D)y) = > mn;.
i=1 j=;_1+1 i=l+1
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Similarly, since every nonzero codeword in C; contains a nonzero element in at least one
of the blocks in the positions j € [£ + 1, £ 4 ¢,] and C; is identically zero in those positions,
we also deduce that C; N C = 0. In particular, it holds indeed that C = C; & C3, and

040,
dim(C) = dim(C1) + dim(Co) =m(n —d + )+ Y min;.
i=0+1

Now we show that the minimum distance of C is d. A codeword in C is of the form
= D+Z Z ZO‘J kBiks pr(ar), ..., gq (ae) |
i=1 j=ti_1+1 k=1
where D € Cg and orj = (o 1, ..., 0 ,,) €V}, for j € [£;]. Set
I'={ie[t]|3jelli1+1,¢]suchthate; # 0}.
Then we have
=(Dp+> Z Zd] kBi ik, pr(ar), ..., ¢q ()
iel j=ti_1+1 k=1
On the first £ blocks, we have the codeword

£ m
D+Y Y D ajiBikeCr (10)

iel j=ti_j+1k=1

Giveni € I, observe that Y j_, (Z?:Z,-fﬁl aj,k) Bi i # 0,since B; 1, ..., Bi, are F -
linearly independent, Vy, 41, ...,V form a direct sum inside F’qn and there is at least one
Jj € [li—1 + 1, £;] such that a; # 0. In particular,

l,’ m
2| X DBk | #0
iel \j=ti_1+1k=1
since {B;, j}ﬁ’:ml =1 are I, -linearly independent. Combining this fact with Cg N (B; j : i €

[t],j € [m])]F =0, we conclude that the codeword in (10) is zero if, and only if, D =0
and [ = &, Wthh is equivalent to C being zero. Hence if C is nonzero, then

[,’ m
wi|D+Y " > > ajiBix | =dEC) =d—|I|.
iel j=t;_1+1k=1
Finally, since there is at least one j € [¢; 1 + 1, ¢;] such thatec; # 0, forevery i € I, then
wi(pi (@), ..., ¢, (eg)) > 1],

and we conclude that wt(C) > d if C is nonzero. In other words, d(C) > d, but equality
must hold by the Singleton bound (1), thus d(C) = d and we are done. ]
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5.2 Concrete examples

Lattices of MSRD codes were studied in Martinez-Pefas (2023) in order to extend the MSRD
codes from Martinez-Penas (2022a), i.e., those from Sect. 2.2. However, the extensions from
Martinez-Pefias (2023) only added blocks of matrices of size 1 x m. Using the technique
from Sect. 5.1, we now give extensions of the MSRD codes from Sect. 2.2 for new ranges of
parameters, providing new constructions of MSRD codes.

Considerm = m| = - =mgandr = n; = --- = ng < mfori € [£], and set
n = {r. Let k and ¢ be positive integers such that + k < n and let g, g, ..., &k € FZM
be [F,m-linearly independent. For I C [¢], define the Fyn-linear code Dy = (g; : i €
I>[qu D (8ri1s---, gt+k)]qu - ]Fgm, and assume that it is MSRD, that is,

dim[pq,,,(Dl) =k+|I| and d(D;)=n—k—|I|+ 1.

Ify = (71,..., ¥m) forms an ordered basis of I, over IF, and we define C; = M;‘(DI) -
I—[f:l }FZ["X"i , then {C;};c[n forms a lattice of IF,;-linear MSRD codes as in Sect. 5.1, where
dCg) =d =n—k+1and d(C;) = d — |I|, for I C [¢]. In Construction 3, we set
Bij = M;,‘(ngi), for i € [t] and j € [m], and the condition tm + dim[pq Cx) < mn is

satisfied. Note also that we may take s = 1 sincem| =---=my =mandd —t > 1.
When ¢ = 2, one way of constructing the vectors g1, €, ..., &+k € F;m is as follows.
Consider
Bi oo Bur ... |B1 oo Bur
q q q q
g ﬂlal ﬂwal ﬂlaq_l ,Bwaq_l
g3 q* 2 q* o = q L=
q— q— q— q—
o B a .. Bura .| By a,’ ﬁuraq—l
P qk—l P qk—l k qk—l P qk—l
q -1 q -1 q -1 q -1
Btz By a’ oo Bura)! |8 aq(LI ﬁwaq‘il
) gkl PR PR gk
k41 k+1 k+1 k+1
q q-1 q q—1 q q—1 q q—1
Bl a o Bur .| B a,ty Bur a,’
where £ = u(g —1),n =4€r,and ay,...,aq—1,B1, ..., Bur € IFZ,,, satisfy the properties
stated after equation (4). With these assumptions, g1, €2, 83 - .., 8k+2 € Fgm are [Fym -linearly
independent and the Fm-linear codes Dy = (g; : i € I>[[<‘qm D (g3,..., gk+2)qu - Fgm

for I C {1, 2}, are MSRD by (Martinez-Pefias 2022a, Th. 3.12) and (Martinez-Pefias 2023,
Lemma 5).

In (Martinez-Pefias 2023, Cor. 8), it was shown how to extend these MSRD codes by
adding r = 2 rank blocks each formed by matrices of sizes 1 x m (i.e., adding a Hamming-
metric block ]Fém). With Construction 3, we may extend them to obtain an [F;-linear MSRD
code C C ]_[f:fz Fg"*" with d(C) = d by adding t = 2 sets of blocks of any sizes
Moyl X Nggl, ..., Meqe, X Neyp,, With the only restrictions

My X gy + -+ meyg X Rgye <1 xm,

Myyg41 X Mgy 41+ FMoqp, X ngyy, <1 xm,
where 0 < €1 < {5, hence achieving more flexibility in how we may extend such MSRD
codes. In particular, the extension may be obtained by adding a block with a sum-rank metric
that is not the Hamming metric, in contrast with Martinez-Pefias (2023). This is the first

known extension of the MSRD codes from Martinez-Pefias (2022a) by adding rank blocks
of matrices of sizes different than 1 x m.
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In (Martinez-Pefias 2023, Sect. 7), the MSRD extension as above adding a Hamming-
metric block F2,, was shown to be a one-weight code in some cases (that is, a code whose
nonzero codewords all have the same sum-rank weight). The same result holds for the general
code C as above. The following proposition is straightforward by (Martinez-Pefias 2023, Prop.
13).

Proposition 1 LetC C ]_[f:fz IF;"" *" be as above and assume that dimp, (C) = 2m. Then C
is a one-weight code if, and only if, £1 = 1, £, = 2 and Ule H; = Fym, where Hy, ..., Hy,
are as in Sect. 2.2.

A family of lattices of MSRD codes for + = 3 can be obtained as follows, although only
for k = 0 (i.e., Dy = 0), m odd and g even. Consider

2| = :31511 ,Bugal ,Blzaq—l ﬁu;aq—l , (11)
+1 +1 +1 +1
83 ﬂi’ ai] ﬁZ,ail ,Bf 0371 ﬁZ,aZﬁl
where £ = u(g —1),n =4€r,and ay,...,aq—1,B1, ..., Bur € IF‘Z,,, satisfy the properties

stated after equation (4). If we further assume that m is odd and ¢ is even, then it was shown in
the proof of (Martinez-Pefias 2023, Th. 5) that g1, g», g3 € IFZ,,, are Fym-linearly independent
and Dy = (g : i € I)qu - IE‘Z,,,, for I C {1, 2, 3}, are MSRD. Notice that in this case
Dy =0,d=n+1landd(D;) =d—|I|=n+1—|I|,for I C{1,2,3}.

In (Martinez-Pefias 2023, Th. 3), it was shown how to extend these MSRD codes by
adding r = 3 rank blocks each formed by matrices of sizes 1 x m (i.e., adding a Hamming-
metric block ]FS’” ). With Construction 3, we may extend them to obtain an F,-linear MSRD
code C C Hfi? Fg"™" with d(C) = d by adding ¢ = 3 sets of blocks of any sizes
Mop1 X g1, ..., Meyey X Ngypy, With the only restrictions

My X gy + -+ meyg X Rgye <1 xm,
Mg +1 X Mg +1 + -+ Mepg, X ngpe, <1 xXm,
Mgyl X Nggpopl + o+ Moy X gy < 1 xm,

where 0 < ¢; < £2 < {3, hence achieving more flexibility in how we may extend such
MSRD codes, as in the case t = 2 shown earlier.

6 Construction 4: Using systematic MSRD codes

In this section, we provide a construction of F,-linear MSRD codes based on systematic
generator matrices of IFm-linear MSRD codes in IB‘Z,,, . We describe the general construction
in Sect. 6.1 and provide concrete examples in Sects. 6.2 and 6.3.

6.1 The general construction

Consider the parameters m = my = --- = my and n; < m, fori € [£]. Let also ¢ € [m],
definen = ni+---+ngandlet Dy C IFZ,J,,F’ be an [Fym -linear MSRD code of distance d(Dy) =
d —t > 1, for some d € [t + 1, + n], for the sum-rank length partition (ny, ..., ng,t).
Hence dim]qu (Dg) =n—d+1+42t. Wewill setk =n+1t —d + 1. Consider a generator
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matrix of Dy of the form

g1 10...0
g (01...0
Go=| & [00...1 e]Fflij">X(”+’>, (12)
g+1/00...0
g+4/00...0
where g1, ..., 84k € IFZ,”. Such a generator matrix exists by Gaussian elimination and the

fact that the last dim]qu (Do) = t positions form an information set of Dy since it is MSRD,
thus MDS (see Martinez-Pefias et al. 2022, Ch. 1). Notice that G is only a systematic
generator matrix if k = 0. However, we will still call it systematic for simplicity.

Assume that there is an F,-linear subspace V C IF;,,, and a vector space isomorphism

L+u
¢:v— [] Fyom, (13)
i={+1

for positive integers u, m > my41 > -+ > myyy, and n; < m;, fori € [€ + 1, £ 4+ u], such
that
wt(@ (X)) = wt(d), (14)

for all A € V. We will provide examples of such an isomorphism in Sect. 6.2. Notice that a
necessary condition for its existence is

tm = mepNop1 + -+ MopyNoty.

The main construction of this section is as follows.

Construction 4 Fix an ordered basis y € Fgf,, of Fgm over Fy, setm = (ny,...,ng) and
define the code in ]_[f:i‘ Fy' " given by

t+k
C= {(M;: (ingi>,¢(x1,...,x,)> SOy ) €V Aty e Ak e]qu}.
i=1

We next show that the code C is an F,-linear MSRD code of minimum distance d.

Theorem 4 The code C from Construction 4 is an F-linear MSRD code of minimum sum-
rank distance d(C) = d and dimension dim]pq C)=mmn—-d+1)+ Zfig‘ﬂ min;.

Proof Similarly to Construction 3 and Theorem 3, we may write the code as the direct sum
C =C| & Cyp, where

=M, ((gt+1, s gr+k)]qu) x 0,

where 0 is the zero subspace in []‘% B, and

t
C = :(M;,‘ (Zx,-g,) ,¢(xl,...,x,)) Py Ay € v}.
i=1
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Itholds that C;NC, = 0, since any nonzero codeword in C; has a nonzero component in at least
one of the last u rank blocks, whereas C; is identically zero in such positions. ThusC = C;®C;.
Next, the claim on the dimension of C follows from the fact that dimp . C)=mn—-d+1)
and

L+u
dimg, (C2) = dimp, (V) = ) mjn;,
i=C+1

since ¢ is a vector space isomorphism.
Now let

t+k
C= (M;‘ (ingi) ,¢<x)> €C\0,
i=1

for Ay, ..., A1k € Fygm, where A = (A, ..., A;) € V. We have that

t+k
c= (ZM&'J) € Do,
i=1

which is nonzero since C is nonzero. Finally, we have that

1+k
wt(C) = wt (M;‘ (Z /\igi>> +wt(pR)

i=1
t+k
> wt (Z A;g,-) +wt(A) = wt(e) > d(Dp) = d,
i=1

where the first inequality holds by (14). Therefore, d(C) > d, and by the Singleton bound
(1), equality must hold. O

6.2 Concrete examples for the isomorphism ¢

We start with a construction of the map ¢ from (13), i.e., a construction of an IF,-linear
subspace V C F!,, and a vector space isomorphism ¢ : V —> M ' FG" such that
wt(¢ (X)) > wt(p), for all A € ]Ff]m. The idea will be to partition matrices into disjoint
submatrices.

Definition1 Given X C [m] and Y C [r], define 7y y : IE‘Z’X’ — IFLX‘X‘Y' as the map
such that wy y(C) is the submatrix of C € IFZ’” formed by its entries in the positions
(i, j)e XxY.

Definition 2 Consider X1, ..., X, € [m]and Y1, ..., Y, C [t]suchthat (X; x ¥;) N (X; x

Y;) = @if i # j. Next, define the surjective F,-linear map = : Fj'*" —> ]_[f:éﬁrl Fg' ™"

by
7(C) = (mx, 1, (O)s -y Tx, v, (O))

for C e F;”X’.

We illustrate this definition with the following example.
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Example 1 Consider the case m = 4, ¢ = 5 and u = 5, and choose the following partition

X1 ={1,2,3}, Y1 ={1,2,3},

Xy = {4}, Yy ={1,2},
X3 = {1}, Y3 = {4,5},
X4=1{2,3}, Yi={45},
Xs = {4}, Ys = {3,4,5}.

Observe that (X; x Y¥;) N (X; x Y;) = @ if i # j. Now, the map

5
T F;XS HF\CIX,'|><|Y,'|

i=1

from Definition 2 essentially consists in partitioning a matrix from F3X5 as follows:

c1,1 €12 c13|c14 €15
€21 €22 €23[c24 25
€31 €32 €33[C34 €35
C4.1 C4,2|C4,3 C44 C45

In this example, each set X; consists of consecutive numbers in [m2], and similarly for the sets
Y;. Furthermore, in this example [m] x [t] = U,'Sz1 X; x Y;. However, these two properties
do not need to hold according to Definition 2.

Let the notation and assumptions be as in Definition 2. By the well-known properties of
ranks of matrices and their submatrices, it holds that

u
RK(C) < ) "Rk(myx, v, (C)), (15)
i=1
forall C € ]Fq’"X’ . Therefore, we may define the map ¢ and the subspace V as follows.

Definition 3 Consider Xy, ..., X, € [m]and Yy, ..., Y, C [t]suchthat (X; x ¥;) N (X x
Y;))=aifi # j.Lety = (y1, ..., ¥n) be an ordered basis of Fym over I, and set

U= i(c,-,j)j"z"l,jzl eFI i ¢ =0, for (i, j) € (Im] x D\ | JX; x ¥o) -
s=1

Finally, define V = (M;,)_I(Z/I) C Fl» and themap ¢ : V —> ]_[f:Z_H Fy' ™" given by

o) =7 (M),
for A € V, where 7 is as in Definition 2.
The following result is straightforward using (15).

Proposition2 The map ¢ : V —> ]_[f;rZ_H Fy' ™" from Definition 3 is a vector space

isomorphism such that wt(¢ (X)) > wt(X), forall A € IF;,,,.
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6.3 Concrete examples of MSRD codes

We now provide examples of systematic matrices as in (12), and therefore examples of MSRD
codes coming from Construction 4. We will make use of the Fym-linear MSRD codes from
Sect. 2.2.

Consider positive integers m = my = --- = mgandr =ny = --- =ng =t < m.
Assume alsothat £ +1 = u(qg — 1) and letn = ny +- - - +ny = £r, for some positive integer
w.Letay,...,ag-1,P1,....Bur € IF‘:;,,, satisfy the properties stated after equation (4). Set

k=n+t—d+1forsomed € [t+1, t+n]. We may choose Dy € ]FZI’ in Construction 4 as
the Fym -linear MSRD code with generator matrix M;,(a, B) € Fétyj k)x(”ﬂ), given in Sect.

2.2, or the Fym-linear MSRD code with parity-check matrix M, ¢ (a, B) € ]Fgrf k)x("th),
for the sum-rank length partition (ny,...,ne,t) = (r,...,r) (£ 4+ 1 times). Observe that
d(Dg) =d —t > 1 and diqum (Do) = t + k. Finally, by Gaussian elimination, we may
obtain a generator matrix of Dy as in (12), for some g;, ..., &1k € IFZ,,,.

The next step is to choose a matrix partition in order to define the vector space isomorphism
¢ as in Sect. 6.2. Let u be a positive integer and choose X1, ..., X, € [m]andYy,..., Y, C
[¢] such that (X; x ¥;) N (X; x Y;) = @ if i # j. Define the F,-linear subspace V C IF’qm
and the vector space isomorphism ¢ : V —> ‘2% 1 Fg""" as in Definition 3.

By Construction 4, we obtain an F,-linear MSRD code ¢ < []‘¥ Fy" ™" of minimum
sum-rank distance d(C) = d € [t + 1, t + n] and dimension diqu C)=mn—-d+1)+

Zf;ﬁrl m;n;, where
L=p@g-D-=1, r=n=--=n<m=m =--=my,

meyj=|Xj| and neyj =Yl

for j € [u]. The possible values of w and r in this construction (which come from the code
Dy from Martinez-Penas (2022a)) are described in (Martinez-Pefas 2022a, Table 1).

As a concrete example, we may choose 1 = 1 and r = m, corresponding to linearized
Reed—Solomon codes (Martinez-Pefias 2018 (first row in Martinez-Pefias 2022a, Table 1).
In this case, we obtain an FF,-linear MSRD code in ]_[fil" Fy' ™", as above, of minimum
sum-rank distance d € [t + 1, t + n], where

=q—=2, r=n=---=ng=m =---=my,

meyj =1X;| and ney;=1Y;l,
for j € [u].

Remark 1 By (Martinez-Penias 2023, Th. 1), the vectors g, ..., &+k € FZ’" from the
systematic generator matrix in (12) are such that the Fyn-linear codes Dy = (g; : i €
I)]qu D(Grt1s---» g,+k)]qu - ]FZ’"’ for I C [t], are all MSRD with dim]qu (D) =k+|1|.
Thus we would be in the scenario of Sect. 5.2. However, using Construction 3 in this case, we
may extend such codes by adding any matrix sizes mgy| X Hg41, ..., Moyy X Noyy, Where

Mgt (41040 +1 + -+ Mopgnoye; < m,

fori € [¢t], forintegers 0 = ¢g < €1 < €y < -+ < €; = u. In particular, me41ne41 + - +
MypuNe4y = tm.

However, the reader may easily verify that, using Construction 4, we have more flexibility
in the choice of the matrix sizes mg4+1 X ng41, ..., Moty X Noyy to extend the MSRD codes
Dj. For instance, it is still necessary that my1ne+1 + -+ + mepyunes, < tm, but we can
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easily partition matrices in order to obtain meyp;, 41146, +1 + - -+ Meqq;ngqp; > m for
some i € [t], which is not possible with Construction 3.

This is due to the fact that we are using a stronger property than (Martinez-Pefias 2023, Th.
1), namely, we are using that Dy is MSRD for the sum-rank length partition (n1, ..., ng, t)
fort > 1.

Remark 2 Conversely, it is natural to ask whether we may use Construction 4 for the doubly
and triply extended MSRD codes that we could obtain via (Martinez-Pefias 2023, Th. 1)
from the lattices of MSRD codes in Sect. 5.2. However, such doubly and triply MSRD codes
using (Martinez-Pefias 2023, Th. 1) are extended by adding a Hamming-metric block (and
extensions by adding a rank-metric block are not possible Martinez-Pefias 2023, Prop. 11).
Thus Construction 4 would not be applicable in this case.

The previous two remarks show that, due to the concrete examples from Sects. 5.2 and
6.3, one cannot always use Construction 4 instead of Construction 3 and viceversa.

7 Comparisons with previous MSRD codes

In this section, we briefly compare the concrete examples of MSRD codes that can be obtained
via Constructions 1,2, 3 and 4 with the known MSRD codes in the literature (Byrne et al. 2021;
Chen 2023; Martinez-Pefias 2018, 2022a, 2023; Neri 2022; Neri et al. 2023; Santonastaso
and Sheekey 2023; Santonastaso and Zullo 2023). For simplicity, we will simply show that
the parameters of the MSRD codes in those works can be obtained via Constructions 1,
2, 3 and 4, whereas our constructions give rise to MSRD codes for strictly larger sets of
parameters.

First, as stated at the end of Sect.3, Construction 1 does not cover new parameters, but
can be decoded faster than linearized Reed—Solomon codes for the same parameters.

Second, (Byrne et al. 2021, Const. VII.3) can be obtained applying Construction 2 recur-
sively by choosing £ =t = 1.

Next, the MSRD codes from Neri (2022); Santonastaso and Sheekey (2023) cover the
same parameters as the MSRD codes from Martinez-Pefias (2022a). Now, the codes from
Martinez-Pefias (2022a) correspond to those in Sect. 6.3 when choosing the trivial matrix
partition X1 = [m], Y1 = [¢t] and u = 1 in order to construct the map ¢ from Sect. 6.2. Thus
it is clear that the concrete MSRD codes from Sect. 6.3 (built via Construction 4) cover a
strictly larger set of parameters.

Doubly extended linearized Reed—Solomon codes (Neri et al. 2023) are a particular case of
the doubly and triply extended MSRD codes from Martinez-Pefias (2023). Now, the doubly
extended MSRD codes from Martinez-Pefias (2023) correspond to those in Sect. 5.2 when
choosing £1 = 1, €y = 2, my41 = my42 = m and ngy1 = ne4o = 1. Similarly, the triply
extended MSRD codes from Martinez-Pefias (2023) correspond to those in Sect. 5.2 when
ChOOSing El = 1, 52 = 2, 53 = 3, My = My4) = Myp43 =m and Ng4] = Nyp42 = Nyp43 =
1. Hence it is clear that the concrete MSRD codes from Sect. 5.2 (built via Construction 3)
cover a strictly larger set of parameters.

The recent MSRD codes from (Chen 2023, Sect. 5.2) can be obtained via Construction
2, where the code C; is the concrete MSRD code from Sect. 5.2 choosing a; = 1 and
puncturing the blocks corresponding to az, ..., az—1 (i.e., choosing the generator matrix
of a Gabidulin code Gabidulin 1985), and restricting added blocks to square matrices, i.e.,
My41 = Rg41, ..., Moy, = Ny4g,. Notice that the code C; in Construction 2 needs to be a
trivial code of dimension m, by Theorem 2.

@ Springer f b/v\/\



New constructions... Page 170f 18 398

Finally, notice that Construction 4 cannot be obtained via Construction 3 by Remark 1.
Similarly, Construction 3 cannot be obtained via Construction 4 by Remark 2. In particular,
the concrete MSRD codes in Sects. 5.2 and 6.3 cover different sets of parameters.
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