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Introduccion

La presente memoria trata principalmente de varios problemas en el contexto de
las clases ultraholomorfas en sectores no acotados de la superficie de Riemann
del logaritmo, a saber: resultados de estabilidad en estas clases bajo algunas
operaciones estandar; nuevos resultados de sobreyectividad para la aplicacion de
Borel asintotica en el caso de las clases ultraholomorfas de Carleman, definidas
en términos de una sucesion peso; y la existencia de operadores de extension li-
neal, inversas por la derecha para la aplicaciéon de Borel. Como subproducto, que
surge de la deteccién de una nueva condicién que garantiza la sobreyectividad de
la aplicacién de Borel en sectores adecuadamente estrechos, se puede abordar un
problema de momentos de Stieltjes modificado en espacios generales de Gelfand-
Shilov definidos por sucesiones peso.

El primer capitulo consta de toda la informacién preliminar necesaria para
introducir los espacios y los problemas que se estudiaran. En particular, se recopila
la informacién basica estandar sobre sucesiones peso, funciones peso y matrices
peso para su uso posterior, junto con algunos métodos, ya clésicos, para pasar de
una sucesion peso a una funcién peso, y de esta tltima a una matriz peso. Ademas,
se analizan varios indices de O-variacion regular, asociados con sucesiones peso
o funciones peso, ya que jugaran un papel destacado al determinar la apertura
limite, para sectores en la superficie de Riemann del logaritmo, por debajo de la
cual nuestros resultados de sobreyectividad y de extensién seran validos.

Describimos ahora con mas detalle los resultados obtenidos en la tesis, y comen-
zamos con los contenidos del segundo capitulo. En la literatura se pueden encontrar
con frecuencia las llamadas clases ultradiferenciables, tanto en el sentido de Carle-
man como de Braun-Meise-Taylor, cuyos elementos son funciones indefinidamente
derivables definidas sobre subconjuntos abiertos de R™ (o posiblemente gérmenes
en un punto) de manera que el ritmo de crecimiento de sus derivadas sucesivas esté
controlado (excepto por un factor geométrico) en términos de una sucesiéon dada
de nimeros reales positivos en el primer caso, o en términos de (valores obtenidos
a partir de) una funcién peso dada en el segundo uno. Ademads, dependiendo de la
eleccién de un cuantificador universal o existencial para el factor geométrico en las
estimaciones, se pueden considerar clases tipo Beurling o tipo Roumieu en ambas



situaciones. El estudio de la estabilidad bajo inversas (o divisién) en este con-
texto tiene una larga historia, véanse los trabajos de W. Rudin [66], J. Bruna [§]
y J. A. Siddiqi [75], y también se ha estudiado la composicién en el trabajo de
C. Fernandez y A. Galbis [2I]. Recientemente, la introduccién por parte de G.
Schindl [69, [70] de clases asociadas a una matriz peso, que engloban estrictamente
las clases mencionadas anteriormente, les ha llevado a él y a A. Rainer [59] 60] a la
caracterizacion de la estabilidad bajo diferentes operaciones en términos de condi-
ciones para la matriz peso considerada, dando asi una solucién general satisfactoria
a estos problemas.

En relacién con la teoria asintética de soluciones para ecuaciones diferenciales
y en diferencias alrededor de puntos singulares en el dominio complejo, es natural
considerar el andlogo en el dominio complejo de tales clases, generalmente llamadas
clases ultraholomorfas. Estas contienen funciones holomorfas en regiones sectoria-
les en la superficie de Riemann del logaritmo (se supone que el punto singular esta
en 0, el vértice de la regién) cuyas derivadas admiten nuevamente estimaciones
adecuadas de tipo Roumieu en términos de una sucesién de niimeros reales posi-
tivos, que en las aplicaciones suele ser una sucesién de Gevrey (p!®),en, para algin
a>1(Ny=1{0,1,2,...}). El estudio de las propiedades de estabilidad en tales
clases es bien conocido en el caso Gevrey, ver el libro de W. Balser [1], pero ya en
1987 M. Ider y J. A. Siddiqi [76] estudiaron la estabilidad bajo composicién con
funciones analiticas y bajo inversion para clases generales de Carleman-Roumieu
en sectores no acotados que no sean mas amplios que un semiplano. El primer
objetivo de esta disertacién es ampliar sus resultados en varios sentidos: (1) con-
sideramos clases de Roumieu definidas por matrices peso, incluyendo en nuestras
consideraciones aquellas de tipo Carleman y aquellas definidas por una funcién
peso, como en el entorno ultradiferenciable; (2) podemos tratar con clases definidas
en sectores de apertura arbitraria en la superficie de Riemann del logaritmo, y (3)
ampliamos la lista de propiedades de estabilidad, incluida la de cierre por com-
posiciéon. Es importante senalar que, en el caso de clases dadas por una funcién
peso, la condicién de que esta funcién sea equivalente a una funcion peso céncava,
lo que equivale a la propiedad de casi crecimiento de las raices para la matriz peso
asociada, juega un papel fundamental en las propiedades de estabilidad.

Las principales novedades surgen de dos fuentes diferentes. Por un lado, las
técnicas propias del trabajo con matrices peso permiten una mejor comprension
de las condiciones que suelen aparecer en dichos resultados de estabilidad, y pro-
porcionan una manera clara de establecer resultados para el caso de sucesiones
peso y funciones eso. De hecho, nuestros resultados amplian los conocidos para las
clases de Carleman y coinciden, en el limite cuando la apertura del sector tiende
a 0, con los de las clases ultradiferenciables en un semieje. Por otro lado, las prin-
cipales afirmaciones se basan en gran medida en la construccién de las llamadas
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funciones caracteristicas en las clases ultraholomorfas de Carleman-Roumieu en
sectores de apertura arbitraria. Estas funciones son aquellas de una clase que no
pueden pertenecer a una clase estrictamente contenida en la original y, por lo tanto,
son en cierto sentido maximales dentro de la clase. Mientras que Ider y Siddiqi
solo obtuvieron tales funciones en sectores adecuadamente estrechos, el trabajo de
B. Rodriguez Salinas [65] proporciona de hecho los datos clave para trabajar en
sectores generales, y esto a su vez es crucial para nuestros propdsitos.

Para las clases ultraholomorfas introducidas en la Seccién 2.1, mostramos c6mo
construir funciones caracteristicas en la Seccién 2.2l Los resultados de estabilidad
para clases asociadas con matrices peso se dan en la Seccién 2.3 y la Seccién
esta dedicada a su particularizacion para el caso de clases inducidas por una funcién
peso. Presentamos también en la Seccién [2.5] algunos ejemplos, incluidos los de las
clases Gevrey y ¢-Gevrey, para ilustrar los resultados obtenidos. Cabe mencionar
que los resultados sobre estabilidad discutidos hasta ahora han sido publicados en
un trabajo conjunto con J. Jiménez-Garrido, J. Sanz y G. Schindl [29].

En la ultima seccion de este capitulo nos centramos en problemas similares
para las clases correspondientes tipo Beurling. La propiedad de estabilidad bajo
composicion debe adaptarse adecuadamente, y establecerse convenientemente la
condicion que caracterizard la conservacién de la estabilidad. Sin embargo, la prin-
cipal diferencia en las técnicas y los resultados se debe a la falta en este marco
de funciones que puedan desempenar un papel similar al que desempenan las fun-
ciones caracteristicas en el caso Roumieu. Dado que sélo para sectores no mas
amplios que un semiplano tenemos una familia conveniente (de hecho, compuesta
de exponenciales) disponible para nuestros argumentos, nuestros resultados sélo
consideraran tales sectores. Ademas, esta familia es perfectamente apropiada para
la aplicacion de resultados de la teoria de algebras de Fréchet multiplicativamente
convexas que llevan a la solucién.

El tercer capitulo contiene nuestros resultados sobre la sobreyectividad de la
aplicacion de Borel, y la existencia de inversas por la derecha para la misma, en
clases ultraholomorfas de Carleman en sectores no acotados de la superficie de
Riemann del logaritmo. La aplicaciéon de Borel asintética envia una funcién, que
admite un desarrollo asintdtico en una regién sectorial, a la serie de potencias for-
mal que proporciona dicho desarrollo. En muchos problemas dentro de la teoria
asintotica para ecuaciones diferenciales ordinarias meromorfas en puntos singulares
irregulares en el dominio complejo, es importante decidir sobre la inyectividad
y sobreyectividad de esta aplicacién cuando se considera entre las clases ultra-
holomorfas de Carleman-Roumieu y la clase correspondiente de series formales,
definidas restringiendo el crecimiento de algunos de los datos caracteristicos de sus
elementos (las derivadas de las funciones, los restos del desarrollo o los coeficientes
de la serie) en términos de una sucesién peso dada M = (M,)yen, de numeros



reales positivos (ver Subseccién para la definicién de tales clases). La inyec-
tividad ha sido completamente caracterizada para regiones sectoriales y sucesiones
peso generales, ver los trabajos de S. Mandelbrojt [46], B. Rodriguez-Salinas [64]
y J. Jiménez-Garrido, J. Sanz y G. Schindl [33]. Sin embargo, el problema de la
sobrejetividad atin esta en estudio.

El teorema clasico de Borel-Ritt-Gevrey de B. Malgrange y J.-P. Ramis [63],
que resuelve el problema para el caso de los desarrollos de tipo Gevrey (para el
cual M = (p!*)pen,, @ > 0), fue parcialmente extendido a diferentes situaciones
mas generales por J. Schmets y M. Valdivia [74], V. Thilliez [79] 0], J. Sanz [68],
J. Jiménez-Garrido, J. Sanz y G. Schindl [33, 87] y A. Debrouwere [14] 15]. Re-
sumiendo, cuando empezamos a estudiar este problema se sabia que la condiciéon
de no casianaliticidad fuerte, abreviada (snq), para M, y que equivale al hecho de
que el indice y(M ) introducido por V. Thilliez sea positivo, es de hecho necesaria
para la sobreyectividad. Ademds, para un sector no acotado S, de apertura 7y
(v > 0) en la superficie de Riemann del logaritmo y para sucesiones peso regulares
en el sentido de E. M. Dyn’kin [20] —aquellas que satisfacen la condicién de cierre
por derivacién, es decir, M, < CoHP*' M, para todo p € Ny y ciertos Cp > 0y
H > 1-, la aplicacién de Borel es sobreyectiva siempre que v < (M), mientras
que no lo es para v > (M) (la situacién para v = v(M) todavia no estd clara en
general). Aqui, (M) es un indice de crecimiento para la sucesion M introducido
por V. Thilliez [80] para sucesiones fuertemente regulares y posteriormente estu-
diado por J. Jiménez-Garrido, J. Sanz y G. Schindl [34] para cualquier sucesién
peso. Es importante senalar que la prueba conocida de la sobreyectividad en esta
situacion no era constructiva, sino que se basaba en la caracterizacién, mediante
técnicas abstractas de andlisis funcional, de la sobreyectividad de la aplicacién
de momentos de Stieltjes en espacios de Gelfand-Shilov definidos por sucesiones
regulares debida a A. Debrouwere [14]. Esta informacién se transfirié al contexto
asintotico en un semiplano mediante la transformada de Fourier, y las transfor-
madas analiticas de Laplace y Borel de orden arbitrario permitieron concluir para
sectores generales, ver [37]. Sin embargo, en el caso particular de clases dadas
por sucesiones fuertemente regulares en el sentido de V. Thilliez, la prueba de
sobreyectividad de la aplicacion de Borel [80] descansa en la construccién de fun-
ciones planas 6ptimas en sectores adecuados y una doble aplicacién de resultados
de extensién tipo Whitney. Posteriormente, A. Lastra, S. Malek y J.Sanz [42]
probaron de nuevo la sobreyectividad de una manera mas explicita mediante una
transformada formal de Borel y otra de Laplace truncadas, definidas a partir de
funciones ntcleo adecuadas obtenidas a partir de funciones planas 6ptimas.

El primer objetivo de este capitulo es construir funciones planas 6ptimas para
clases ultraholomorfas de Carleman-Roumieu definidas por sucesiones peso gene-
rales (no solo para las fuertemente regulares) y en sectores S, con v < v(M).
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La idea clave proviene de un trabajo reciente de D. N. Nenning, A. Rainer y G.
Schindl [51], donde estudiaron el problema mixto de Borel en clases ultradiferen-
ciables de Beurling. Estos autores consideran una condicién mixta inspirada en
otra relacionada (ver (3.15)) y que aparece en un articulo de M. Langenbruch [41].
Resulta que la condicion de Langenbruch es, bajo hipdtesis naturales, equivalente
al hecho de que v(M) > 1, y es crucial para construir funciones planas éptimas en
un semiplano mediante la clasica extensién arménica de la funcién asociada wyy.
Un proceso de ramificacién proporciona entonces funciones planas éptimas en la
situacion general.

En segundo lugar, para clases ultraholomorfas definidas por sucesiones regu-
lares, obtenemos la sobreyectividad de la aplicacion de Borel proporcionando una
técnica constructiva para los operadores de extensiéon locales correspondientes, in-
versos por la derecha lineales y continuos para la aplicacién de Borel cuando actia
sobre espacios de Banach adecuados dentro de nuestras clases, en la misma linea
que en [42]. En aras de la exhaustividad, en el caso de sucesiones fuertemente regu-
lares damos también un enfoque alternativo, basado en el trabajo de J. Bruna [9].

Para resaltar la potencia de esta técnica en situaciones concretas, también pre-
sentamos una familia de sucesiones (no fuertemente) regulares para las cuales se
pueden proporcionar funciones planas 6ptimas en cualquier sector de la superfi-
cie de Riemann del logaritmo (lo que concuerda con la hecho de que el indice
v(M) es en este caso igual a 0o), basdndose en estimaciones precisas para la
funcién asociada wps en lugar de apelar a su extension arménica. Observamos
que las sucesiones clasicas ¢g-Gevrey se encuentran entre estos ejemplos. Termi-
namos mostrando cémo se pueden obtener funciones planas éptimas y resultados
de extensién para sucesiones convolucionadas, en caso de que las sucesiones fac-
tores admitan tales construcciones por separado. Se comentan algunos ejemplos
al respecto de esta técnica. Los resultados presentados hasta este punto en este
capitulo han aparecido en un trabajo conjunto con J. Jiménez-Garrido, J. Sanz y
G. Schindl [28].

El objetivo principal de la Seccién es proponer una nueva condicién para la
sucesion peso, mucho méas débil que la condicién de cierre de derivacion incluida en
la definicion de sucesion peso regular, y que atn permita la obtencién de teoremas
de Borel-Ritt en nuestro marco de manera constructiva. Decimos que M = (M,),
tiene momentos desplazados, (sm) para abreviar, si existen Cy > 0y H > 1 tales
que

log (mp+1) < CoHP' pe{0,1,2,...},
mp

donde m, = M,1/M,. Resulta que, siempre que y(M) > 0, (sm) equivale a la

equivalencia de M1 := (M,11), y la sucesién de momentos de Stieltjes para un

nicleo e(z) = G(1/z) definido a partir de una funcién plana éptima G en la clase



definida por M. Bajo esta condicién débil, es posible adaptar las transformadas
formal de Borel y de Laplace truncada para hacer que nuestra técnica funcione y
obtener operadores de extension locales y, por lo tanto, la sobreyectividad, de la
aplicacion de Borel para clases de Roumieu.

Respecto al caso Beurling, A. Debrouwere [14], Th. 7.4] caracteriz6 por primera
vez la sobreyectividad de la aplicacion asintética de Borel en un semiplano para
sucesiones regulares, y mas tarde resolvié completamente el problema para de-
sarrollos asintoticos no uniformes, y proporcioné operadores de extensién globales
para y < y(M) en el caso de estimaciones uniformes, véase [15]. Presentaremos en
la Seccién [3.6.1 una técnica diferente para tratar el problema para clases con esti-
maciones uniformes, siguiendo las mismas ideas que en el caso de Roumieu [37], que
se basan en el uso de transformadas integrales de Borel y de Laplace ramificadas.
Para hacer esto, necesitamos probar el Teorema [3.6.2] que mejora ligeramente
un resultado de J. Schmets y M. Valdivia [74] (Teorema en este trabajo)
y la implicacién (i) = (éii) del resultado antes mencionado de A. Debrouwere
(Teorema en este trabajo). Finalmente, la nueva condicién (sm) también
es valida para demostrar la sobreyectividad para clases de Beurling siempre que
0 < v < (M), gracias a una técnica de J. Chaumat y A. M. Chollet [I1] ya
aplicada por V. Thilliez [80, Th. 3.4.1] para sucesiones fuertemente regulares. Es
importante mencionar que, bajo la condicién (sm) y tanto en el caso Roumieu
como en el Beurling, no podemos determinar la longitud del intervalo de sobreyec-
tividad, formado por los valores v > 0 para los que la aplicaciéon de Borel es
sobreyectiva para la clase definida en S, a diferencia de lo que ocurre cuando se
supone satisfecha (dc). En otras palabras, a partir de la sobreyectividad para 5,
y suponiendo (sm) no somos capaces de deducir que v < v(M).

El dltimo capitulo contiene una nueva contribucién al estudio del problema
de momentos de Stieltjes en el contexto de los espacios de Gelfand-Shilov de
tipo Roumieu definidos por sucesiones peso, presentados por primera vez en su
libro [24]. El problema de momentos tiene una larga tradicién que se remonta al
trabajo fundamental de T. J. Stieltjes [77]. En 1939, R. P. Boas [5] y G. Pélya [57]
demostraron de forma independiente que, para cada sucesién (c,)52, de ntimeros
complejos, existe una funcién F' de variacion acotada tal que

/ 2PdF(z) = ¢, peNy=1{0,1,2,...}.
0

Este resultado fue mejorado por A. J. Durdn [I§] en 1989, quien demostré cons-
tructivamente que, para cada sucesion (c,)pen, de nimeros complejos, el sistema
infinito de ecuaciones lineales

(@) = /000 2Pp(z)dr = ¢, p € Ny, (1)
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admite una solucién ¢ € §(0,00), el subespacio del espacio de Schwartz de fun-
ciones complejas indefinidamente derivables y de decrecimiento rapido en R y con
soporte en [0,00) (este resultado también se puede deducir mediante un breve
argumento no constructivo a través del teorema de Eidelheit [49, Thm. 26.27]).
Dadas dos sucesiones de numeros reales positivos M = (M,)en, v A =

(Ap)pen,, consideramos los espacios de Gelfand-Shilov de tipo Roumieu S{{f}} (0, 00)

y Sty (0,00), que constan de todas las funciones ¢ € S§(0,00) tales que existe

h > 0 con »
2P ()|
sup sup —————— < 0
p,q€No z€R hp+quAq

|27 ()|
sup sup ————— < 00 por cada g € Ny,
peNo zeR WP M,

respectivamente. Estd claro que S%{f/l}}(o,oo) C Simy(0,00), y que para cada
¢ € Sty (0, 00) la sucesion de momentos de Stieltjes (ju,(¢))pen, esta bien definida
y tiene un crecimiento restringido. En caso de que M sea cerrada por derivacion,
es facil comprobar que la sucesién de momentos pertenece a la clase Aiasy =

{(cp)peng : SUPpen, hlpcj‘\’}p < oo para algin h > 0}. El problema de momentos de

Stieltjes estandar en este contexto consiste entonces en el estudio de la sobreyec-
tividad e inyectividad de la aplicaciéon de momentos de Stieltjes M, que envia ¢ en
(tp(©))peny, cuando se define en S{{;\‘}}}(o, 00) 0 en Siary(0,00) v con rango Agary.

La sobreyectividad se ha estudiado en una serie de articulos, siempre basandose
en ideas de A. L. Durdn y R. Estrada [19] que combinan la transformada de Fourier
con teoremas tipo Borel-Ritt propios del andlisis asintotico, ver S.-Y. Chung,
D. Kim y Y. Yeom [I3| Thm. 3.1] para M = (p!*),en, (las sucesiones de Gevrey)
siempre que o > 2, y A. Lastra y J. Sanz 43| 44] para Sy, (0,00) y suce-
siones fuertemente regulares M cuyo indice de crecimiento (M) es estrictamente
mayor que 1. Posteriormente, A. Debrouwere, J. Jiménez-Garrido y J. Sanz [16]
mejoraron y completaron estos resultados incluyendo los espacios Sf((ﬁ :XZ ))7; }i(O, 00)
en sus consideraciones, suprimiendo algunas hipétesis sobre M (especialmente la
de crecimiento moderado, mas fuerte que el cierre por derivacién), y estudiando
también la inyectividad de la aplicacién de momentos de Stieltjes. Las nuevas
herramientas clave fueron una mejor comprension del significado de las diferentes
condiciones de crecimiento generalmente impuestas a la sucesion M y su expresion
en términos de indices de O-variacién regular, como se desarrollé en [34], y la infor-
macién mejorada obtenida en [33] acerca de la inyectividad y sobreyectividad de la
aplicacion asintética de Borel en clases ultraholomorfas de Carleman-Roumieu en
sectores y definidas por sucesiones M sujetas a condiciones minimas. Finalmente,

A. Debrouwere [14] caracteriz6 completamente la sobreyectividad y la existencia



de inversas por la derecha globales para la aplicacién de momentos en espacios de
Gelfand-Shilov de tipo Roumieu o Beurling bajo cierre por derivacién. Su técnica
no se basa en teoremas tipo Borel-Ritt, sino que relaciona el problema con la so-
breyectividad y existencia de inversas por la derecha globales para la aplicacion
de Borel en clases ultradiferenciables de Carleman, ya caracterizadas por H.-J.
Petzsche [52].

El objetivo principal de este ultimo capitulo es el estudio del problema del
momento de Stieltjes en un nuevo marco, que permite considerar de forma natural
un espacio de llegada mas grande para la aplicaciéon de momentos. La motivacion
proviene de la introduccién de la condicién (sm), mucho més débil que el cierre por
derivacion, en los resultados anteriores de tipo Borel-Ritt. El hecho clave es que
(sm) caracteriza la equivalencia de M 4y := (M,41), y la sucesion de momentos de
Stieltjes de la funcién nicleo e(z) (que aparece en una transformada de Laplace
truncada), lo que hace que el procedimiento funcione. Entonces, se vuelve natural
(ver Proposiciones y cambiar el espacio de llegada a uno mas grande,
A{nr,,}, ¥ estudiar nuevamente la inyectividad y la sobreyectividad en este nuevo
escenario. Como la técnica in [14] no parece ser de aplicacién, hemos recuperado la
técnica in [44], apoydndonos en la construccién de inversas por la derecha locales
para la aplicaciéon de momentos. Esto requiere un estudio cuidadoso de la accion
de la transformada de Fourier bajo esta nueva condicién (sm) (Proposicién [4.1.10)),
y la adaptacion de algunos resultados auxiliares que ya fueron 1tiles en situaciones
anteriores.

Hemos podido caracterizar la inyectividad de la aplicaciéon de momentos de
Stieltjes bajo la condicién (sm) en el Teorema , mientras que el Teorema m
estudia el problema de sobreyectividad y su conexién con la existencia de inversas
por la derecha locales para M con un escalado uniforme del parametro que define
los espacios de Banach bajo consideracion.



Introduction

The present dissertation deals mainly with several problems in the framework
of ultraholomorphic classes in unbounded sectors of the Riemann surface of the
logarithm, namely: stability results of these classes under some standard oper-
ations; new surjectivity results for the asymptotic Borel mapping in the case of
Carleman ultraholomorphic classes, defined in terms of a weight sequence; and the
existence of linear extension operators, right inverses for the Borel mapping. As
a by-product, emanating from the detection of a new condition guaranteeing the
surjectivity of the Borel mapping in suitably narrow sectors, a modified Stieltjes
moment problem can be dealt with in general Gelfand-Shilov spaces defined by
weight sequences.

The first chapter consists of all the preliminary information needed in order to
introduce the spaces and problems under study. In particular, the standard, basic
information concerning weight sequences, weight functions and weight matrices
is gathered for later use, together with some, by now classical, methods to go
from a weight sequence to a weight function, and from this latter to a weight
matrix. Also, several indices of O-regular variation, associated with either weight
sequences or weight functions, are discussed, since they will play a prominent role
when determining the limiting opening, for sectors in the Riemann surface of the
logarithm, below which our surjectivity and extension results will be valid.

We describe now in more detail the results obtained in the dissertation, and
start with the contents of the second chapter. In the literature one can frequently
find the so-called ultradifferentiable classes, both in the Carleman and the Braun-
Meise-Taylor sense, whose elements are smooth functions defined on open subsets
of R™ (or possibly germs at a point) such that the rate of growth of their successive
derivatives is controlled (except for a geometric factor) in terms of a given sequence
of positive real numbers in the first case, or in terms of (values obtained from) a
given weight function in the second one. Moreover, depending on the choice of a
universal or existential quantifier for the geometric factor in the estimates, one can
consider Beurling- or Roumieu-like classes in both situations. The study of stability
under inversion (or division) in these frameworks has a long history, see the works
of W. Rudin [66], J. Bruna [§] and J. A. Siddiqi [75], and also composition has been

9
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studied in the work of C. Fernandez and A. Galbis [21]. Recently, the introduction
by G. Schindl [69] [70] of classes associated with a weight matrix, which strictly
encompass those classes mentioned before, has led him and A. Rainer [59, 60] to
the characterization of stability under different operations in terms of conditions
for the weight matrix under consideration, so giving a satisfactory general solution
to these problems.

In connection with the asymptotic theory of solutions for differential and dif-
ference equations around singular points in the complex domain, it is natural to
consider the complex analogue of such classes, usually called ultraholomorphic
classes. They consist of holomorphic functions in sectorial regions in the Riemann
surface of the logarithm (the singular point is assumed to be at 0, the vertex of
the region) whose derivatives admit again suitable estimates of Roumieu type in
terms of a sequence of positive real numbers, which in the applications is typically
a Gevrey sequence (p!*)yen, for some a > 1 (Nyg = {0,1,2,...}). The study of
stability properties in such classes is well-known for the Gevrey ones, see the book
of W. Balser [1], but already in 1987 M. Ider and J. A. Siddiqi [76] studied sta-
bility under composition with analytic functions and under inversion for general
Carleman-Roumieu classes in unbounded sectors not wider than a half-plane. The
first aim of this dissertation is to extend their results in several senses: (1) we
consider Roumieu classes defined by weight matrices, so including in our consid-
erations those of Carleman type and those defined by a weight function, as in the
ultradifferentiable setting; (2) we are able to deal with classes defined in sectors of
arbitrary opening in the Riemann surface of the logarithm, and (3) we extend the
list of stability properties, including that of composition closedness. It is important
to note that, in the case of classes given by a weight function, a fundamental role
in the stability properties is played by the condition that this function is equivalent
to a concave weight function, what amounts to the root almost increasing property
for the associated weight matrix.

The main novelties arise from two different sources. On the one hand, the tech-
niques coming with the weight matrix structure allow for a better understanding
of the conditions usually appearing in such stability results, and provide a clear
way to establish results for the weight sequence and weight function approach.
Indeed, our results extend the known ones for Carleman classes, and they match,
in the limit when the opening of the sector tends to 0, with the ones for ultradif-
ferentiable classes on a half-line. On the other hand, the main statements heavily
rest on the construction of so-called characteristic functions in Carleman-Roumieu
ultraholomorphic classes in sectors of arbitrary opening. These functions are those
in a class which cannot belong to a class strictly contained in the original one, and
so are in a sense maximal within the class. While Ider and Siddiqi only got such
functions in suitably narrow sectors, the work of B. Rodriguez Salinas [65] provides
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indeed the key facts for working in general sectors, and this is in turn crucial for
our purposes.

For the ultraholomorphic classes introduced in Section we show how to
construct characteristic functions in Section 2.2] The stability results for classes
associated with weight matrices are given in Section [2.3] and Section [2.4]is devoted
to their particularization to the case of classes induced by a weight function. We
present also in Section some examples, including those of Gevrey and ¢g-Gevrey
classes, in order to illustrate the obtained results. It may be mentioned that the

results about stability discussed so far have been published in a joint work with J.
Jiménez-Garrido, J. Sanz and G. Schindl [29].

In the last section of this chapter we focus on similar problems for the Beurling-
like corresponding classes. The property of stability under composition has to
be suitably adapted, and the characterizing condition for this stability to hold
conveniently stated. However, the main difference in the techniques and the results
is due to the lack in this framework of functions that can play a similar role as
the one played by characteristic functions in the Roumieu setting. Since only for
sectors not wider than a half-plane we have a convenient family (indeed, consisting
of exponentials) available for our arguments, our results will only consider such
narrow sectors. Moreover, this family is perfectly appropriate for the application
of results from the theory of multiplicatively convex Fréchet algebras which yield
the solution.

The third chapter contains our results about the surjectivity of the Borel
mapping, and the existence of right inverses for it, in Carleman ultraholomor-
phic classes in unbounded sectors of the Riemann surface of the logarithm. The
asymptotic Borel mapping sends a function, admitting an asymptotic expansion
in a sectorial region, into the formal power series providing such expansion. In
many problems within the asymptotic theory for meromorphic ordinary differen-
tial equations at irregular singular points in the complex domain, it is important to
decide about the injectivity and surjectivity of this map when considered between
Carleman-Roumieu ultraholomorphic classes and the corresponding class of formal
series, defined by restricting the growth of some of the characteristic data of their
elements (the derivatives of the functions, the remainders in the expansion, or the
coefficients of the series) in terms of a given weight sequence M = (M,)pen, Of
positive real numbers (see Subsection for the definition of such classes). The
injectivity has been fully characterized for sectorial regions and general weight
sequences, see the works of S. Mandelbrojt [46], B. Rodriguez-Salinas [64] and J.
Jiménez-Garrido, J. Sanz and G. Schindl [33]. However, the surjectivity problem
is still under study. The classical Borel-Ritt-Gevrey theorem of B. Malgrange and
J.-P. Ramis [63], solving the case of Gevrey asymptotics (for which M = (p!®),en,,
a > 0), was partially extended to different more general situations by J. Schmets
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and M. Valdivia [74], V. Thilliez [79, 80], J. Sanz [6§], J. Jiménez-Garrido, J.
Sanz and G. Schindl [33] 37] and A. Debrouwere [14] [15]. Summing up, when we
started to study this problem it was known that the strong nonquasianalyticity
condition (snq) for M, equivalent to the fact that the index (M) introduced
by V. Thilliez is positive, is indeed necessary for surjectivity. Moreover, for an
unbounded sector S., of opening 7y (7 > 0) in the Riemann surface of the loga-
rithm and for regular weight sequences in the sense of E. M. Dyn’kin [20] — those
satisfying derivation closedness, that is, M,,; < CoHPT' M, for every p € Ny and
some Cy > 0 and H > 1-, the Borel map is surjective whenever v < v(M), while
it is not for v > v(M) (the situation for v = (M) is still unclear in general).
Here, (M) is a growth index for the sequence M introduced by V. Thilliez [80]
for strongly regular sequences and later studied by J. Jiménez-Garrido, J. Sanz
and G. Schindl [34] for any weight sequence. It is important to note that the
known proof of surjectivity in this situation was not constructive, but rested on
the characterization, by abstract functional-analytic techniques, of the surjectivity
of the Stieltjes moment mapping in Gelfand-Shilov spaces defined by regular se-
quences due to A. Debrouwere [14]. This information had been transferred into the
asymptotic framework in a halfplane by means of the Fourier transform, and in [37]
Laplace and Borel analytic transforms of arbitrary order allowed to conclude for
general sectors. However, in the particular case of classes given by strongly regular
sequences in the sense of V. Thilliez, his proof of surjectivity of the Borel map [80]
rests on the construction of optimal flat functions in suitable sectors and a double
application of Whitney extension results. Subsequently, A. Lastra, S. Malek and J.
Sanz [42] reproved surjectivity in a more explicit way by means of formal Borel- and
truncated Laplace-like transforms, defined from suitable kernel functions obtained
from those optimal flat functions. The first aim in this chapter is to construct such
optimal flat functions for Carleman-Roumieu ultraholomorphic classes defined by
general weight sequences (not just strongly regular ones) and in sectors S, with
v < y(M). The key idea comes from a recent work by D. N. Nenning, A. Rainer
and G. Schindl [51], where they have studied the mixed Borel problem in Beurling
ultradifferentiable classes. They consider a mixed condition inspired by a related
one (see (3.15))) appearing in a paper of M. Langenbruch [41]. It turns out that
the condition of Langenbruch is, under natural hypotheses, equivalent to the fact
that v(M) > 1, and it is crucial in order to construct optimal flat functions in a
halfplane by means of the classical harmonic extension of the associated function
wpr. A ramification process provides then optimal flat functions in the general
situation.

Secondly, for ultraholomorphic classes defined by regular sequences, we obtain
the surjectivity of the Borel map by providing a constructive technique for the
corresponding local extension operators, linear and continuous right inverses for
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the Borel map when acting on suitable Banach spaces within our classes, in the
same vein as in [42]. For the sake of completeness, in the case of strongly regular
sequences we also give an alternative approach, based on the work of J. Bruna [9).

In order to highlight the power of the technique in concrete situations, we will
also present a family of (non strongly) regular sequences for which such optimal flat
functions can be provided in any sector of the Riemann surface of the logarithm
(what agrees with the fact that the index v(M) is in this case equal to o),
resting on precise estimates for the associated function wy; instead of appealing
to its harmonic extension. We note that the classical ¢g-Gevrey sequences are
found among these examples. We end by showing how optimal flat functions
and extension results can be obtained for convolved sequences, in case the factor
sequences admit such constructions separately. Some examples are commented
on in regard with this technique. The results presented up to this point in this
chapter have appeared in a joint work with J. Jiménez-Garrido, J. Sanz and G.
Schindl [28].

The main aim of Section is to put forward a new condition for weight
sequences, much weaker than the condition of derivation closedness included in
the definition of regular weight sequence, and still allowing for the obtention of
Borel-Ritt theorems in our setting in a constructive way. We say M = (M,), has
shifted moments, (sm) for short, if there exist Cy > 0 and H > 1 such that

log (M) < CoHP™ ) pef0,1,2,...},
mp
where m, = M,;1/M,. It turns out that, whenever v(M) > 0, (sm) amounts to
the equivalence of M., := (M,41), and the sequence of Stieltjes moments for a
kernel e(z) = G(1/z) defined from an optimal flat function G in the class defined
by M. Under this weak condition it is possible to adapt the Borel- and truncated
Laplace-transforms in order to make our technique work and obtain local extension
operators, and so the surjectivity, of the Borel map for Roumieu classes.
Regarding the Beurling case, A. Debrouwere [14, Th. 7.4] first characterized
the surjectivity of the asymptotic Borel map in the right half-plane for regular
sequences, and later on he completely solved the problem for non-uniform asymp-
totics, and provided global extension operators for v < v(M) in the case with
uniform estimates, see [I5]. We will present in Section a different technique
in order to treat the problem for classes with uniform estimates, following the same
ideas as in the Roumieu case [37], which rest on the use of ramified Borel and
Laplace integral transforms. In order to do this, we need to prove Theorem [3.6.2]
which slightly improves both a result of J. Schmets and M. Valdivia [74], The-
orem in this paper, and the implication (i) = (ii) of the aforementioned
result of A. Debrouwere (Theorem in this work). Finally, the new condi-
tion (sm) is also valid in order to prove surjectivity for Beurling classes as long
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as 0 < 7 < y(M), thanks to a technique of J. Chaumat and A. M. Chollet [11]
already applied by V. Thilliez [80, Th. 3.4.1] for strongly regular sequences. It is
important to mention that, under condition (sm) and both in the Roumieu and the
Beurling cases, we cannot determine the length of the surjectivity interval, con-
sisting of the values 7 > 0 such that the Borel mapping is surjective for the class
defined on S, unlike the situation when (dc) is assumed. In other words, from
the surjectivity for S, and under (sm) we are not able to deduce that v < ~v(M).

The last chapter contains a new contribution to the study of the Stieltjes mo-
ment problem in the context of Gelfand-Shilov spaces of Roumieu type defined by
weight sequences, first introduced in their book [24]. The moment problem has a
long tradition that goes back to the seminal work of T. J. Stieltjes [77]. In 1939,
R. P. Boas [B] and G. Pdlya [57] independently showed that, for every sequence
(cp)po of complex numbers, there is a function F' of bounded variation such that

/ 2PdF (z) = ¢, peNy={0,1,2,...}.
0

This result was improved by A. J. Duran [18] in 1989, who constructively showed
that, for every sequence (c,)pen, of complex numbers, the infinite system of linear
equations

(@) = /000 2Pp(z)dr = ¢, p € Ny, (2)

admits a solution ¢ € §(0,00), the subspace of the Schwartz space of rapidly
decreasing complex smooth functions in R with support in [0, 00) (this result can
also be deduced by a short non-constructive argument via Eidelheit’s theorem [49,
Thm. 26.27]). Given two sequences of positive real numbers M = (M,),en, and
A = (A,)pen,, we consider the Gelfand-Shilov spaces of Roumieu type Sfﬁ}}(O, 00)

and Sgary(0, 00), consisting of all ¢ € S(0, 00) such that there exists h > 0 with

|27 (2))|
sup sup ———————— < 0
p,q€Ng z€R hp+quAq

and w
2P (z)]
supsup————— < X for every ¢ € Ny,
veNo ok WP M, 0

respectively. It is clear that Séﬁ}}(O,oo) C Simy(0,00), and that for every ¢ €
Sty (0, 00) the sequence of Stieltjes moments (u,(¢))pen, is well defined and has
a restricted growth. In case M is derivation closed, it is easy to check that the mo-
ment sequence belongs to Ay = {(¢p)peny : SUPpen, hfj{}p < oo for some h > 0}.
The standard Stieltjes moment problem in this context consists then in the study
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of the surjectivity and injectivity of the Stieltjes moment mapping M, sending
© to (pp(9))pen,, when defined on either S%{f/l}}((), 00) or Siay(0,00) and with
range Agppy. Surjectivity has been studied in a series of papers, always resting
on ideas of A. L. Durdn and R. Estrada [I9] that combine the Fourier transform
with Borel-Ritt-like theorems from asymptotic analysis, see S.-Y. Chung, D. Kim
and Y. Yeom [I3, Thm. 3.1] for M = (p!*),en, (the Gevrey sequences) when-
ever > 2, and A. Lastra and J. Sanz [43 44] for S¢u,),;(0,00) and general
strongly regular sequences M whose growth index (M) is strictly greater than 1.
Subsequently, A. Debrouwere, J. Jiménez-Garrido and J. Sanz [16] improved and
completed these results by including the spaces Ség !!AAZ ))’; }i
ations, by dropping some hypotheses on M (specially moderate growth, stronger
than derivation closedness), and by also studying the injectivity of the Stieltjes
moment mapping. The new key tools were a better understanding of the mean-
ing of the different growth conditions usually imposed on the sequence M and
their expression in terms of indices of O-regular variation, as developed in [34],
and the enhanced information obtained in [33] about the injectivity and surjec-
tivity of the asymptotic Borel mapping on Carleman-Roumieu ultraholomorphic
classes in sectors defined by sequences M subject to minimal conditions. Finally,
A. Debrouwere [14] completely characterized the surjectivity and the existence of
global right inverses for the moment mapping in Gelfand-Shilov spaces of both
Roumieu and Beurling type under derivation closedness. His technique does not
rest on Borel-Ritt-like theorems, but relates the problem to the surjectivity and
existence of global right inverses for the Borel mapping in Carleman ultradifferen-
tiable classes, already characterized by H.-J. Petzsche [52].

(0, 00) in their consider-

The main aim of this final chapter is the study of the Stieltjes moment problem
in a new framework, allowing for a naturally larger target space for the moment
mapping. The motivation comes from the introduction of the condition (sm),
much weaker than derivation closedness, in the previous results of Borel-Ritt type.
The key fact is that (sm) characterizes the equivalence of My := (M,41), and
the Stieltjes moment sequence of the kernel function e(z) (appearing in a trun-
cated Laplace transform), what makes the procedure work. So, it becomes natural
(see Propositions and to change the target space into the larger one
A¢nr, 1y, and study again the injectivity and surjectivity in this new setting. As
the technique in [14] does not seem to apply, we have recovered the technique
in [44], resting on the construction of local right inverses for the moment map-
ping. This requires a careful study of the action of the Fourier transform under
this new condition (sm) (Proposition [£.1.10)), and the adaptation of some aux-
iliary results which were already useful in previous frameworks. We are able to
characterize the injectivity of the Stieltjes moment mapping under condition (sm)
in Theorem {4.2.6] while Theorem studies the surjectivity problem and its
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connection to the existence of local right inverses for M with a uniform scaling of
the parameter defining the Banach spaces under consideration.



Chapter 1

Preliminaries

The classes of functions that will appear throughout this PhD dissertation are
described by means of a precise control on the growth of their derivatives, when
ultraholomorphic classes of functions are dealt with, or on the growth of the re-
mainders of their asymptotic expansions when those are available. Accordingly,
classes of formal complex power series or of sequences of complex numbers will
be defined by a suitable control on the growth of their coefficients, respectively of
their elements. This control can be established in terms of three kinds of weight
structures: weight sequences, weight functions, or weight matrices. This chapter
consists mainly of the definitions and main properties of all these objects, and col-
lects many of the well-known and useful facts needed in the sequel. Moreover, two
growth indices, appearing in the literature within the general theory of O-regular
variation and playing an important role in some of our results, will be described.

1.1 Weight sequences

In this section, we will treat the notion of weight sequence and describe some of the
properties that can be assigned to these sequences and which will be particularly
relevant during this work. These properties have mainly appeared in several classi-
cal works such as those of S. Mandelbrojt [46] and H. Komatsu [38]. The study of
the gamma index for strongly regular weight sequences was initiated by V. Thilliez
[80], and we collect here the main facts concerning it for general sequences.

1.1.1 Definition and properties

We write Ny := {0,1,2,...} and N := {1,2,3,...}. In what follows, we always
denote by M = (M,);en, a sequence of positive real numbers with My = 1. We
M;

~

also denote by M = (M;); (resp. M = (]\/4\3)3) the sequence defined by M; :=

17
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(resp. ]\/4\J = jlM;). Now, let us start with some properties of these sequences.
Definition 1.1.1. We say that:
(i) M is called normalized if 1 = My < M; holds true.

(ii) M is logarithmically convex (for short, (lc)) if

M} < Mj My,  jeN

(iii) M is stable under differential operators or satisfies the derivation closedness
condition (briefly, (dc)) if there exists D > 0 such that

Mj+1 S D]"i‘le’ ] S No.
(iv) M is of, or has, moderate growth (for the sake of brevity, (mg)) if there exists
A > 0 such that A
My < ATMGM,, Gk € N
(v) M satisfies the condition (nq) of non-quasianalyticity if

S
=0 (j + 1)Mj+1

(vi) M satisfies the condition (snq) of strong non-quasianalyticity if there exists
B > 0 such that

- M, M,
M g Moy,
s (+ )My My

According to V. Thilliez [80], if M satisfies (Ic), (mg) and (snq), we say M is
strongly reqular.

Remark 1.1.2. In the classical work of H. Komatsu [38], the properties (lc), (dc)
and (mg) are denoted by (M.1), (M.2)" and (M.2), respectively, while (nq) and
(snq) for M are the same as properties (M.3)" and (M.3) for M, respectively.
All these properties are preserved when passing from M to M , but not con-
versely, i .e., when passing from M to M. For example, it is straightforward to
check that both conditions [(mg)| and |(dc)| hold simultaneously true or false for M

and M, but if M satisfies (Ic), or (nq), or (snq), then M does not necessarily
satisfy any of them.
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Remark 1.1.3. The form of the estimates in some of these properties admits
slight modifications. For example, the property (dc) can be clearly rephrased as

¢, > 0, D>1: Mj+1 < CODj+1Mj, jE Np.

This alternative expression can provide some flexibility in some of our arguments,
and we will use one or another without further comment.

For a given sequence M we can associate a new one, defined by the quotients
between two consecutive terms of M.

Definition 1.1.4. Let M be a sequence, we define its associated sequence of
quotients m = (m;)en, by

m; =2 N,

Remark 1.1.5. Let us note that if My = 1, there is a one-to-one correspondence
between M and m by observing that

JjeN. (1.1)

Sometimes, we will express some properties for M in terms of m without further
mentioning this relation. In general, if L is a sequence we denote by a lowercase
letter £ the corresponding sequence of quotients.

We can obtain the following properties as a consequence of the previous defi-
nitions.

Lemma 1.1.6. (see, for example, [20, Lemmas 1.1.6 and 1.1.7]) For every se-
quence M we have that:

(i) If M has moderate growth then M satisfies the derivation closedness condi-
tion.

(ii) If M satisfies the condition of strong non-quasianalyticity then M has the
condition of non-quasianalyticity.

(iii) M is logarithmically convex if and only if m is nondecreasing.

w) If M s logarithmically convex, then (M;)'7 < m,_, for every j € N,
j j
MY ey is nondecreasing, and lim;_,oo(M;)7 = oo if, and only if,
i) )i j j
lim;_,oo m; = o0.
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(v) If M is logarithmically convex and nonquasianalytic, then lim;_,., m; = 00.

(vi) If M is logarithmically convex, then M;M, < M;., for every j,p € Ny.

Example 1.1.7. We mention some interesting examples. In particular, those in
(1), (iii) and (iv) appear in the applications of summability theory to the study of
formal power series solutions for different kinds of equations.

(i) The sequences M, 5 := (j!o‘ g:o log” (e + i))jeNo, where a > 0 and 8 € R,
are strongly regular (in case < 0, the first terms of the sequence have to
be suitably modified in order to ensure (lc)).

(ii) The sequence Moz := ([T_,log” (e + i))jen,, with 3 > 0, satisfies (Ic) and
(mg), and m tends to infinity; (nq) is satisfied only if § > 1, and (snq) is
never satisfied.

(iii) For a € R we set
G* = (j!a>j€No7 aa = (jja)jENo L, = (F(l +ja))j€N0'
For a > 0 the sequence G is the Geuvrey sequence of index a (note that it is
M, in example (i)). Clearly G* and G are the best known example of a
strongly regular sequence for any a > 0 (by the convention 0° := 1).

(iv) Forg>land o > 1, M, := (¢/")jen, satisfies (I¢) and (snq), but not (mg).
The condition (dc) is satisfied if, and only if, 1 < o < 2. In case 0 = 2, we
get the well-known ¢-Gevrey sequence.

The next properties have a key role in the study of the stability properties in
some classes, as we are going to see in the following chapter.

Definition 1.1.8. We say that:
(i) M has the root almost increasing property, denoted by (rai), if the sequence

~—1/
of roots (M ’

; )jen is almost increasing, that is, if there exists C' > 0 such
that

\./1/

J ~1/k
M <CM,,  jkeNy,1<j<h

(ii) M has the Faa-di-Bruno property, denoted by (FdB), if there exist C, h > 1
such that . A
M, <CWM;  jeN,

-0

where M := (M) jen, is the sequence defined by

i=1

¢
M/k ::maX{M/g~\Mj1~~Mje:jiEN,Zji:k}, ke N; Mo = 1.
(1.2)
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Definition 1.1.9. We say that a sequence M is a weight sequence if it is loga-
rithmically convex and lim;_,o, m; = oo.

In the third chapter, we will present several Borel-Ritt-like theorems, stating
the surjectivity of the Borel map in ultraholomorphic classes, which will be valid
for more general sequences than covered previously in the literature. In particular,
we will deal with regular sequences in the sense of E. M. Dyn’kin [20].

Definition 1.1.10. We say M is reqular if M is a weight sequence and satisfies
(de).

Lemma 1.1.11. Let M be a sequence. If M is strongly regular, then M is
reqular.

Proof. It M is strongly regular, then M has (Ic), (mg) and (snq). Thanks to[L.1.6]
we know that M has (nq), (dc) and lim;_, m; = oco. Therefore, M is regular. [

1.1.2 Comparable and equivalent sequences

The notions of comparable and equivalent sequences are naturally present in the
consideration of our classes of functions, as we will see in the next sections.

Definition 1.1.12. Let M = (M,)pen, and L = (L,),en, be sequences with
arbitrary My, Ly > 0, we say that M is smaller than L, and we write M = L, if
there exist A, B > 0 such that

M; < ABL;,  j €N,

MY
sup <—j> < +00.
ieNo \ Lj

If M[J)L and M, we say that M is equivalent to L, and we write M ~ L.
Note that, in case My = Ly = 1, equivalence amounts to B’M; < L; < CYM; for
every j € Ny and suitable B, C' > 0.

or, equivalently, if

Remark 1.1.13. Some properties like [(mg)| and |(dc)| are clearly preserved under
equivalence for the relation [

Example 1.1.14. We recall some useful elementary estimates,
7 -
vieN: L<p<y, (1.3)
e

which immediately imply that G G" for any a € R. Stirling’s formula for
Euler’s Gamma function implies that also GT~|T,.
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We can also establish an equivalence relation at the level of the sequence of
quotients.

Definition 1.1.15. Let m and £ be the sequences of quotients associated with
M and L, respectively. We say that m is strongly smaller than €, and we write
m = £, if it exists A > 0 such that

my; < Agja ] € N07

or, equivalently, if

m;
sup — < +00.
J€No gj

If £ and m, we say that m is strongly equivalent to £, and we write
m ~ /.

Remark 1.1.16. Whenever m ~ £ we have M ~ L (see (1.1)), but in general

the converse does not hold.

Finally, we can compare sequences term by term. For this, we use the following
notation.

Definition 1.1.17. Let M = (M,)yen, and L = (L,)yen, be sequences with
arbitrary My, Lo > 0, we write M < L if

M;<L; jeN,

1.1.3 The growth index (M)

The index v(M), introduced by V. Thilliez [80, Sect. 1.3] for strongly regular
sequences M, can be equally defined for (lc) sequences, or even any sequence. For
a comprehensive study of this index we refer to the work of J. Jiménez-Garrido, J.
Sanz and G. Schindl [34], Sect. 3], especially to the characterizing result [34, Thm.
3.11].

Definition 1.1.18. Let M be a sequence and v € R. We say M satisfies property
(P,) if there exists a sequence of real numbers £ = (¢;);en, such that:

(i) m ~ £ (and therefore L), that is,

da>1VjeNy: a_lmjgﬂjgamj,

(i) ((j +1)774;);cy, is nondecreasing.
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If (P,) holds true for M, then (P,) also holds for any 7' < ~. It is then natural
to define the growth index (M) by

y(M) :=sup{y € R: (P,) is fulfilled}.

Remark 1.1.19. We use the conventions inf ) = supR = +oo and inf R = sup () =
—00.

We can also introduce the v(M) index for an (Ic) sequence M by using the
condition (yz) for m, given by J. Schmets and M. Valdivia [74]. We refer to the
PhD dissertation of J. Jiménez-Garrido [26] and [34] for more details.

Definition 1.1.20. Let M be an (Ic) sequence. For any 5 > 0 we say that m
satisfies the condition (v3) if there exists A > 0 such that

S A(p +1)
Z 1/ﬁ = myve P € No. (78)
L=p

It turns out that
v(M) = sup{f > 0; m satisfies (y3) },

and moreover
(M) > [ <= m satisfies (y3). (1.4)

There exists also a third approach by using the theory of O-regular variation. In
this context, the index (M) is precisely the lower Matuszewska index [(m).
Again, we refer to [26], [34].

Definition 1.1.21. A sequence (¢,)pen, is almost increasing if there exists a > 0
such that for every p € Ny we have that ¢, < ac, for every ¢ > p. Then for any
sequence M one has

V(M) =sup{y > 0: (m,/(p+1)7)pen, is almost increasing}. (1.5)

A straightforward verification shows the following properties for the gamma
index.

Proposition 1.1.22. Let M be a sequence and s > 0, one has

V(PP My )peny) = V(L1 + sp) Mp)peny) = 7(M) + (1.6)
Y((Mp /P )pen) = Y((Mp/T(1 + 5p))peny) = V(M) . (1.7)
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In this dissertation, the termwise product, respectively quotient, of two se-
quences M and L will be denoted, resp., by

M -L =ML := (M,L,)yen, and M/L = (M,/L,)pen,-

We can characterize the property of strong non quasianalyticity in terms of the
gamma index associated to M.

Proposition 1.1.23. Let M be a sequence. Then, M satisfies (snq) if, and only
if, (M) > 0.

Proof. The condition (snq) for M is precisely (7;) for m, the sequence of quotients
for M. Thanks to the fact that v(M) = v(M) + 1 (this is clear from (1.6])), we
deduce from ([1.4) the desired result. m

Moreover, from the very initial definition of the gamma index we can establish
the following comparison with Gevrey sequences.

Lemma 1.1.24. Let M be a weight sequence and 5 > 0. If v(M) > (3, then we
have that (p!?), X M.

We recall also the following result for later use.

Lemma 1.1.25 ([34], Remark 3.15). For an arbitrary sequence M such that
v(M) > 1, there exists a weight sequence L such that £ ~m, and so L ~ M and

(L) =~(M).

Finally, the gamma index is stable under ~. However, in general it is not
possible to extend the equality between the gamma index of two sequences under
the weaker equivalence ~. In this sense, we present a partial result

Proposition 1.1.26 ([34], Corollary 3.14). Let M and L be sequences with M ~
L. Assume that there exists r > 0 such that G"M and G"L are weight sequences.
Then (M) = ~(L) holds true.

In particular, if M and L are weight sequences with M = L, the last equality
holds.

1.1.4 Auxiliary functions

In this subsection, we are going to introduce some auxiliary functions which have
a key role in the study of the properties of classes of functions defined in terms
of a sequence. For instance, see the works of H. Komatsu [38], J. Chaumat and
A.-M. Chollet [11] and V. Thilliez [80].
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Definition 1.1.27. For an arbitrary sequence M we consider the function hps :
[0,00) — R defined as

har(t) := inf Myt?, t > 0; har(0) = 0.

PENo
In fact, if M is a weight sequence we have that
ha(t) = {Mptp, %ft 5 [?,ﬁ), peN,
1, if t > ot

Now, the following elementary facts about hps are straightforward.
Lemma 1.1.28. Let M = (M,),en, be a weight sequence, then:

(1) har(t) is nondecreasing and continuous.

(17) ha(t) <1 for allt >0, and hpr(t) = 1 for all t sufficiently large.
(791) limy_yo hpgr(t) = 0.

We can consider the logarithmically convex minorant sequence M of a se-
quence M, that is, the (Ic) sequence such that M' < M, and for every other (lc)
sequence L with L < M we have that L < M'. In particular, M is (Ic) if and
only if M = M.

Indeed, we can recover the logarithmically convex minorant M from the
knowledge of hps. More precisely,

Proposition 1.1.29 (H. Komatsu [38], G. Schindl [73]). Let M be a sequence
with lim,_,(M,)'/P = co. Then, one has that

M,* = supt’har(1/t), p € Ny, (1.9)

t>0

In particular, we can compute the terms of a weight sequence by using the previous
eTPTression.

If we consider two sequences which are equivalent, then there exists a relation
between the associated functions.

Lemma 1.1.30. Let M and L be two equivalent weight sequences. Then, there
exist A, B > 0 such that

har(At) < hy(t) < har(Bt), > 0.

We also introduce a second associated function, namely the counting function
Vm for the sequence m.
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Definition 1.1.31. For an arbitrary weight sequence M, we define the counting
function vy, : (0,00) — Ny for the sequence m, as

Um(t) == #{p € Ny : m, <t} = max{p € N:m,_; <t}. (1.10)

The counting function v, is obviously nondrecreasing, and limy_, o, Vi (t) = oc.

In [34], the relation between the indices of O-regular variation of m and v, is
clarified, and from this connection we can characterize some properties of v, that
will be important for our aim.

Lemma 1.1.32. ([3]]) Let M = (M,),en, be a weight sequence, then:

(1) Y(M) > 0 if and only if vy, satisfies the condition vy, (2t) = O(vm(t)) ast
tends to oo.

(i1) y(M) > 1 if and only if v, satisfies the condition (wsn,), i. e., there exists
D > 0 such that

/ Vm(2ys) ds < Dvp(y) + D, y > 0.
1 s

Proof. (i) follows by Proposition [1.1.23|and [34, Corollary 4.2.(ii)].

(47) holds true by combining [34, Lemma 2.10], [34, Corollary 2.13], [34, Theorem
3.10] and [34] Proposition 4.1]. O

1.2 Weight functions in the sense of Braun-Meise-
Taylor

In the second chapter of this dissertation, we will deal with classes of functions
associated with a weight function; for this reason, we introduce the definition and
main properties of these functions below. For this section, we refer to the PhD
dissertation of G. Schindl [70] and the references therein.

Let us start with the definition of weight function.

Definition 1.2.1. A weight function is a continuous, nondecreasing function w :
[0, +00) — [0, +00) with w(0) = 0 and lim;_, | w(t) = +o0.

If w satisfies in addition w(t) = 0 for all ¢ € [0, 1], then we call w a normalized
weight function. For convenience we will write that w has (wy) if it is a normalized
weight function.

Remark 1.2.2. Sometimes in the literature the weight function w is extended to
t € Rort € C in a radial-symmetric way, i. e., we replace t by [¢].
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Now, we present some examples of weight functions.
Example 1.2.3. The following are easily checked to be weight functions:
(i) For a > 0, w(t) = t* (Gevrey weight function of index a).
(ii) For a > 1, w(t) = (log(1 + 1))~
(iii) For a > 1, w(t) = t(log(e + 1))~
(iv)

Remark 1.2.4. For any a > 0 we put w® for the function given by w®(t) := w(t%),
i. e., the result of composing w with the Gevrey weight ¢ — ¢%.

For 0 <a < 1andb>0, w(t) =exp(b(log(l+1))*).

In a similar way as one does with sequences, we can compare two weight func-
tions.

Definition 1.2.5. Let o, 7 be weight functions, we write ¢ < 7 if
7(t) = O(o(t)), t— +oo,
and call them equivalent, denoted by o ~ 7, if

o7 and o

Remark 1.2.6. Note that if we take a weight function w, we can always consider
a new weight function o which is equal to w for all large ¢t > 0 and o(¢) = 0 for all
t € [0,1]. In other words, we can always take a normalized weight function which
is equivalent to the original one, and so the property (wp) can be assumed without
loss of generality.

Now, we consider the following (standard) conditions on weight functions. This
terminology has already been used in [70] and some subsequent works.

wy) w(2t) =0(w(t)) ast — 400, i. e. IL>1VE>0: w(2t) < L(w(t)+1).

wy) w(t) = O(t) as t — +o0.
w3) In(t) = o(w(t)) as t — +o0.
W) Pu it w(e') is a convex function on R.

ws) w(t) =o(t) as t — +oc.

(w1)
(ws)
(ws)
(wa)
(ws)
(ws)

we) IH>1Vt>0: 2w(t) <w(Ht)+ H.
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Example 1.2.7. The Gevrey weight of index a > 0, satisfies (w;), (w3), (wy) and
(wg) for all @ > 0. However, (wy) holds only if @ < 1, and (ws) does only if a < 1.

Some of these properties on w are stable with respect to the relation

Proposition 1.2.8. ([70, Lemma 3.2.2]) The properties (w1), (wa), (w3), (ws) and
(wg) are stable under the relatz'onfor weight functions.

The following sets of weight functions will be important in Chapter [2|

Definition 1.2.9. We define the set W, as

Wo := {w :[0,00) = [0,00) : w has [(wo)if (ws )} (W)},

and the set W as

W= {w e W, : w has|w)[}
Finally, let us recall the following crucial growth assumption.

Definition 1.2.10. We say that a weight function w satisfies the property (ap) if
the following holds:

FO>1Ttg>0VA>1IVE> 1 wit) < Chw(t). (1.11)

Remark 1.2.11. This property («g) has a key-role. Following a recent paper of
G. Schindl [72, Sect. 4.1] and the citations therein, we can establish an equivalence
between a weight function w and a subadditive weight function o (i. e., such that
o(s+1t) <o(s)+o(t) for every s,t > 0), or even to a concave weight function, if
and only if holds true.

It is also known that (ag) characterizes some desired stability properties for
ultradifferentiable classes £, e. g. closedness under composition, inverse closed-
ness and closedness under solving ODE’s. The definition of such classes (which
will not be used in this dissertation) and these results can be found in the works of
A. Rainer and G. Schindl [59], [60, Thm. 1, Thm. 3], of these two authors with S.
Fiirdés and D. N. Nenning [22, Thm. 4.8], and of C. Fernandez and A. Galbis [21].

1.2.1 Associated weight function

In this subsection, we introduce an auxiliary weight function wps constructed from
a weight sequence M and even determining it, and already appearing in the classi-
cal works of S. Mandelbrojt [46] and H. Komatsu [38]. We note that G. Schindl [73]
has recently added more information about the construction of the function wpy.
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Definition 1.2.12. For an arbitrary sequence M we consider the associated func-
tion wpr @ [0,00) = RU{+00} defined as
+
wpr(t) == sup In (—) , t>0, war(0) := 0.
jeNo  \M;

J
Note that was(t) > 0 for any t > 0, since t°/My = 1 for all ¢ > 0.

Ifliminf; , o (M;)Y7 > 0, then wps(t) = 0 for sufficiently small positive ¢, since
t9/My = 1 and In (# /M;) < 0 precisely if t < (M;)'/9, for all j € N. In particular, if
M; > 1for all j € N, then was vanishes on [0, 1]. Moreover, under this assumption
t — wpr(t) is a continuous nondecreasing function, which is convex in the variable
In(t) and tends faster to infinity than any In(#), j > 1, as t — +o0o0. However, we
cannot guarantee, in general, that the function wps will be finite for all t > 0, in
particular, wps would not be a weight function as defined in Definition [1.2.1]

Example 1.2.13. If M = {1/2"}°, then wpr(f) = 0 for any ¢ < 1/2, and
wpr(t) = oo for any t > 1/2.

It is not difficult to check that lim; . (M;)¥7 = +oc if, and only if, war(t) <
~+o00 for each finite ¢, so this will be a basic assumption for defining wps. In this
case, the function wps is indeed a weight function and it satisfies (ws) and (wy).
Note that weight sequences M satisfy this condition, see Lemma [1.1.6](iv). In
fact, for a weight sequence M we have that

wona () = {pln(t) —In(M,) iftemy,mp), p=0,1,..., (1.12)

In particular, we deduce that

p

mp
war(my,) = In (E) : p € No.

Most of the properties for the weight function wp; can be characterized in
terms of the weight sequence M. For example, G. Schindl [72, Thm. 4.5] did so
for the condition (ap). We recall the following facts, which can be found, e. g.,
in H. Komatsu [38, Lemma 4.1], A. Rainer and G. Schindl [59 Sect. 5] and J.
Jiménez-Garrido, J. Sanz and G. Schindl [35, Lemma 2.4].

Lemma 1.2.14. Let M be a normalized weight sequence, then wpy holds
true. Moreover,

(1) liminf;_o0(M;)"7 > 0 if and only if {(w)| holds for war,
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(17) limjﬁoo(M/j)l/j = 400 if and only if |(ws)| holds for war,

(131) holds for war if and only if M does have [(mg)]

In addition, if we compose some of these weight functions wps with the Gevrey
weight function of index S > 0 then we obtain, except for a constant, the weight
function associated with the same power of the original sequence M. More pre-
cisely, for § > 0 we write MY/# .= (Mjl/ﬂ)jeNo, then (see [35, (2.7)])

Wi () = war(t%) = Bwygus(t),  t>0.
For any sequence M, the functions hps and wpy are related by

har(t) = exp(—war(1/t)), t>0 (1.13)

(where we adopt the convention e~> = 0). Hence, as it occurs with the function
har (compare with ), we can compute the log convex minorant associated with
a sequence M such that lim, ,,(M,)Y? = oo as follows (see S. Mandelbrojt [46,
Chapitre I, 1.4, 1.8] and H. Komatsu [38, Prop. 3.2]):

P

M;f = sup p € Np. (1.14)

>0 exp(war(t))

It also follows that was = wy e, and that if M is log-convex, the right-hand side
of formula yields M.

Also, from Lemma [1.1.30] or by a direct computation one gets that, if M and
L are two equivalent weight sequences, then there exist A, B > 0 such that

war (At) < wp(t) < war(Bt), t>0.

Finally, if M is a weight sequence, we can also establish a relation between
the functions vy, and wps through the following integral representation, see [38],

(3.11)];
wM(m):/ VmedA:/ VmT()\)dA, x> 0. (1.15)

mo

1.2.2 The growth index 7 (w)

In [35] and [36], J. Jiménez-Garrido, J. Sanz and G. Schindl introduced the index
~v(w) associated with a weight function w, in order to study the maximal opening
of a sector in the Riemann surface of the logarithm for which the Borel map, in
the corresponding ultraholomorphic class associated with w, is surjective. In this
dissertation we are only going to consider such index for weight functions, but a
more general treatment is possible, see [34, Sect. 2.3] and the references therein.
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Definition 1.2.15. Let w be a weight function and v > 0. We say that w has
property (P, ) if there exists K > 1 such that

, w(Kt)
lim sup
t—+o00 w<t>

If (P, ) holds for some K > 1, then also (P, ) is satisfied for all v" <~ with the
same K. It is then natural to define the growth index y(w) by

Y(w) :==sup{y > 0: (P,,) is satisfied}.

Note that in the previous definition we can restrict to v > 0, because for v < 0
condition (P, ) is satisfied for all weights w, since w is nondecreasing and K > 1.
We recall some facts about this index:

i) If o ~o then y(w) = (o), see [34, Rem. 2.12].

(4)
(44) v(w) > 0 holds if and only if[(w;)] see [34, Cor. 2.14].
(#47) By definition one has y(w®) = £v(w) for any a > 0.

)

() If M is a weight sequence, in general we can only establish the inequality
Y(M) < v(ww) between gamma indices [34, Cor. 4.6 (i)]. Moreover, if M
has in addition (mg), then v(M) = vy(war), see [34, Cor. 4.6 (ii7)].

1.3 Weight matrices

A. Rainer and G. Schindl [59] [70] introduced the new notion of weight matrix.
Their goal when considering this object was to give a unified treatment of the
spaces defined by a single weight sequence and by a single weight function, by
considering both cases as spaces associated with suitable weight matrices. For the
following definitions and conditions see [59, Sect. 4].

Definition 1.3.1. A weight matriz M is a (one parameter) family of sequences
M = {M®@ ¢ RYy . o > 0}, such that

MO <MPfora<p MY=1 vas>o.

We use the same notation as for the case of weight sequences. For example,
v(Oé) o . . (e « «
for each a > 0 we denote by M; := MJ( )/j! for j € Ny, and mg- )= MJ(+)1/MJ( )
for 57 € Nj.
Moreover, we can stablish properties for weight matrices, by taking the corre-
sponding ones for each sequences.
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Definition 1.3.2. We say that:

(i) A weight matrix M is log-convez, denoted by (M), if M® is a log-convex
sequence for all v > 0.

(ii) A weight matrix M is standard log-convex, abbreviated by (M), if M is
a normalized weight sequence for all a > 0.

If M is a weight matrix with limjﬁoo(M;a))l/j = +oo for all @ > 0, then we
can compute the log-convex minorant, or log-convex regularization, of the weight

matrix M, defined as
{(M©)<:a >0},

Let us observe that for 0 < a < 3, since M@ < M we have (M)l <
(M P Moreover, (M (@)l = M( “) = 1.

Let us consider the following cru01al assumptions (of Roumieu-type) on a given
weight matrix M, see [59, Sect. 4.1] and [70, Sect. 7.2]:

Definition 1.3.3. We say that:

(i) M has the C* property, denoted by (Mycwy), if there exists some a > 0 such
that

—(a) .
lim inf (M )i 0.

J]—00

(ii) M has the H property, denoted by (M), if for all & > 0 we have that

() .
lim inf (M ; Wi > 0.

Jj—o0
(iii) M has the root almost increasing property, denoted by (M iraiy), if

~—(@) v(ﬁ)

Va>03C>038>0V1<j<k: (M; )" <C(, )"

(iv) M has the Faa-di-Bruno property, denoted by (M pag}), if

Va>038>0: (M )M ,

~—(a)
where (M )° is the sequence defined by (1.2]).

(v) M is of, or has, moderate growth, denoted by (Mmg), if

Va>03C>038>0Yj,keNy: M, <P a?,
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(vi) M satisfies the derivation closedness condition, denoted by (Myqc}), if

Va>03C0>038>0VjeNy: M) <.

We can compare two matrices, as we can see in the following definition.

Definition 1.3.4. Let M = {M© : o > 0} and £ = {L'® : a > 0} be given.
We write M{=<}L if

Va>038>0: M[=|L?,

and call M and £ R-equivalent, if M{=<}C and J{=}M (R stands for Roumieu).
Remark 1.3.5. A matrix is called constant if M("‘) M® for all o, 3 > 0.

Let us gather now some relevant information needed in the forthcoming sec-
tions.

Lemma 1.3.6. Let M = {M(‘”‘) s> 0} be a weight matriz. If M has|(Miain)
then

Va>03H>13d(>a)VkeNVYj,...,5 € Ny :

~—(@)  —(a)

g @)
“Mjk SH]H_ +]ij1+'“+jk' (1'16)

J
Note that the indices o and o' are related by property .

Proof. 1f j1,...,Jir > 1 we estimate by

— () () i1 \/(0‘/) 7 +71+ n \/(a/) —Jk +7k+
Mj1 .. 'Mjk < H <Mj1+"'+jk)n ik - H (Mj1+"'+jk)Jl Ik
s (@)
— it +jij1+"'+jk’
gy 7 (o)
and the remaining cases follow by M, = M, = 1. O

There exist some connections between the different properties of weight matri-
ces.

Lemma 1.3.7. Let M = {M® : o > 0} be a weight matriz. Then we have the
following:

(1) implies up to equivalence of matrices, i. e., there exists a
weight matriz N which is R-equivalent to M and has |[(My)|

(i1) [(Myacy)] and [(Mraiy)| imply (M rasy)}
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(iii) If
Va>03H>1V1<j<k: (M) <HMO)* (1.17)

i. e., if each sequence ((M;a))l/j)j is almost increasing, then |(My)| and

imply [(Mraiy )}
In particular, (1.17) holds true (with H = 1 for any o) provided that M is
log-convez.

Proof. (i) By the order of the sequences we can assume without loss of generality

f > « and for each o > 0 there exists a minimal 5 = f(«) > « such that

— (@) — (B) —B8) .. ~—(a)
M and M are related by (M)} Then (M| Wi > MTl > 0 for

some C' > 1 and all j > 1 (see also [72, Lemma 3.6 (i¢)]). Since without
loss of generality we can restrict in the Roumieu case to all 5(«) (yielding
an R-equivalent matrix) we are done.

(ii) See the proofs of [59, Thm. 4.9 (3) = (4)] and [70, Lemma 8.2.3 (2)].

(iii) See the proofs of [60, Lemma 1 (2)] and [70, Lemma 8.2.3 (4)].

1.3.1 Weight matrices associated with weight functions

In this subsection, we associate a weight matrix M, with a given weight function w.
The idea is to transfer properties from the weight function w to the associated
weight matrix.

For a given weight function w, let us start introducing the Legendre-Fenchel-
Young-conjugate of the function w o exp.

Definition 1.3.8. For any w € Wy we define the Legendre-Fenchel- Young-conjugate
of p, : t— w(e') by

o (x) == sup{ry — p,(y) 1y 20}, = >0. (1.18)

Note that by normalization we can extend the supremum in fromy >0
to y € R without changing the value of ¥ (z) for given z > 0.

In the work of R. W. Braun, R. Meise and B. A. Taylor [7, Remark 1.3, Lemma
1.5] one finds that, for a given weight function w , the Legendre-Fenchel-
Young-conjugate of ¢, has the following properties:

(i) ¢ is a convex, nondecreasing function. Moreover, % (0) = 0 and ¢ = ¢,

(ii) The Legendre-Fenchel-Young-conjugate ¢ tends to infinity faster than z,
and therefore lim, ., x/¢* () is equal to zero.
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(iii) The functions

T %J@), and T~ ; x € [0, +00),
T T

are nondecreasing.

Thanks to this conjugate, we can associate a weight matrix with a given weight
function w € W.

Definition 1.3.9. Let w be a weight function in W, then we can associate a
weight matrix M, defined as

Mo i= AW = (W} )jer, : € > 0},

J

where

1 :
Wj(e) = exp (ng:(éj)> . (1.19)

We summarize some facts which are shown in [59, Section 5] and are needed
in this work. Observe that we obtain strong properties for M, automatically by
considering general weight functions w with (wp), (w3) and (wy). Of course, extra
conditions on w provide new properties for the associated weight matrix.

Remark 1.3.10. Let w be a weight function in W, then we have that:
(i) The weight matrix M, is standard log-convex |(M,.)} see [70, Lemma 5.1.1].

(ii) The weight matrix M, satisfies

V>0V keN: W <ww, (1.20)

s0 both [(Mmey)| and [(Myqgcy )| are satisfied, see [70, Lemma 5.1.2].

(iii) There exists some connection between the weight function w and the weight
function associated to each weight sequence W . More precisely, we have

W ~ww @ for each £ > 0, in fact
VE>03D>0Vt>0: Llwyo(t) <w(t) < 2lwyo(t)+ Dy, (1.21)
see [70, Theorem. 4.0.3, Lemma 5.1.3] and also [35, Lemma 2.5].
(iv) In case w has in addition [(w1)} then M, has also
VA>13A>1V(>03D>1VjeNy: WW <DWw™, (1.22)

see [59, Lemma 5.9 (5.10)].
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(v) Condition holds if and only if some/each W satisfies if and only
if W(e) W@ for each 0,0, > 0, see [70, Proposition 5.2.2]. Consequently

characterizes the situation when M., is constant.

Proposition 1.3.11. Let w be a weight function in Wy, then M., satisfies
if and only if w has in addition .

Proof. The condition is stable with respect to the relation ~, see Proposition

1.2.8, Moreover, the previous Remark (see (1.21))), and (¢) in Lemma [1.2.14] show

the equivalence. O

Proposition 1.3.12. Let w be a weight function in W, with then properties
(M raiy)| and|(Mypasy )| for M., are simultaneously satisfied or violated.

Proof. In view of (i), (#i) in the previous Remark, and Proposition |1.3.11} we
can apply Lemma [1.3.7] ([60, Lemma 1]) to M,, in order to show the equivalence
between both properties. O]

Finally, despite a gamma index associated with a weight matrix has not been
introduced by now, we can establish some relation between the gamma index
associated with the weight function w, and the gamma index of each associated
weight function wy, ).

Remark 1.3.13. If w E is given with associated weight matrix M,, := {W
¢ > 0} and y(w) > B, then implies y(wy ) > B. However, in general we
can only obtain the following inequality v(W®) < y(wyy ) (see the comments at
the end of the Subsection . Here 7(W ) is the index in Subsection .



Chapter 2

Stability properties in
ultraholomorphic classes

When dealing with function spaces (usually called classes) it is very interesting to
decide whether the usual operations (pointwise product, composition, algebraic in-
version, differentiation, integration, etc.) on the functions of the space provide new
functions inside it. These stability properties play a crucial role in the setting and
the solution of, for example, algebraic, differential or integro-differential equations
in the class. This chapter is devoted to the study of several stability properties,
such as inverse or composition closedness, for ultraholomorphic function classes of
both Roumieu and Beurling type defined in terms of a weight matrix.

Firstly, we will transfer and extend known results for Roumieu classes in the
work of J. Siddiqi and M. Ider [70], from the weight sequence setting and in sectors
not wider than a half-plane, to the weight matrix framework and for sectors in the
Riemann surface of the logarithm with arbitrary opening. The key argument rests
on the construction, under suitable hypotheses, of characteristic functions in these
classes for unrestricted sectors. As a by-product, we obtain new stability results
when the growth control in these classes is expressed in terms of a weight sequence,
or of a weight function in the sense of Braun-Meise-Taylor.

Secondly, in the Beurling setting and in the weight matrix framework, we are
only able to treat the case of sectors not wider than a half-plane, as the construction
of characteristic functions is no longer available. The technique now is completely
different, and rests on the work of W. Zelazko [85] on multiplicatively convex
Fréchet algebras.

37
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2.1 Roumieu ultraholomorphic classes

In this section, we present the ultraholomorphic classes of functions we will deal
with. While those associated to a weight sequence are classical and already ap-
peared in the works of S. Mandelbrojt [46], B. Rodriguez-Salinas [64, 65] and J.
Schmets and M. Valdivia [74], to cite but a few, the ones associated with a weight
function or a weight matrix were first introduced in the works of J. Jiménez-
Garrido, J. Sanz and G. Schindl [35], Sect. 2.5] and [36] Sect. 2.5].

The functions under consideration are defined in regions of the Riemann surface
of the logarithm, R. In fact, we wish to work in general unbounded sectors in R
with vertex at 0. Since the problems under study will be rotation-invariant, we
will always suppose that they are bisected by the positive real line, and we just
record their opening am, for a > 0, in the notation. So, we set

Se = {ZGR: |arg(z)] < %}

In what follows, given an open set U C R, the set of all holomorphic functions

in U will be denoted by H(U).

Definition 2.1.1. Let M be a sequence, S C R an (unbounded) sector and h > 0.
We define

) (5
Antn(S) = {f € H(S): | fllaan = sup L)

. < +o00}.
zeS,jeNg WM

(Aarrn(S), || - lar.n) is a Banach space and

Ay (8) = | Aman(S9),

h>0

is called the Denjoy-Carleman ultraholomorphic class of Roumieu type associated
with M in the sector S. It has a natural structure of an (LB) space.

Remark 2.1.2. Note that, by definition, it is immediate that L implies
A (S) = Agry(5) (as locally convex vector spaces) for any sector S. Moreover,
if the sequence M has additional properties, then the ultraholomorphic class has
more structure. In this sense, it is straightforward to check that, if the sequence
M is (lc), then the ultraholomorphic class is an algebra; if the sequence has (dc)
then the class is closed under taking derivatives.

Similarly as for the ultradifferentiable case, we now define ultraholomorphic
classes associated with a weight function w.
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Definition 2.1.3. Let w be a weight function in S C R an (unbounded)
sector and ¢ > 0, we first define

(4)
A o(S) == {f € H(S) : |f]lwe := sup 1SV (2)]

z€S5,7€Np eXp(%QOZZ(Ej))

(Aue(S), ] - lwe) is a Banach space and we put

Ay (5) = U Aue(5),

£>0

which is called the ultraholomorphic class of Roumieu type associated with w in
the sector S and it is again an (LB) space.

Again, equivalent weight functions provide equal associated ultraholomorphic
classes.

Finally, we define ultraholomorphic classes of Roumieu type defined by a weight
matrix M, analogously as for the ultradifferentiable counterparts introduced by
A. Rainer and G. Schindl in [70, Section 7] and [59), Section 4.2].

Definition 2.1.4. Let M = {M® ¢ RYY : o > 0} be a weight matrix and S be
an unbounded sector in R. We introduce the ultraholomorphic class of Roumieu
type associated with M, denoted by Agay(5), as

Ay (5) = U A{M(O‘>}(S)'

a>0

As in the previous cases, R-equivalent weight matrices yield (as locally convex
vector spaces) the same function class on each sector S.

For a given weight function, we can compute the associated weight matrix, as
we see in Subsection [L3.1l It is natural to ask about the relation between the
corresponding ultraholomorphic classes.

Remark 2.1.5. Let w and let M, be the associated weight matrix given in

Definition [1.3.9] then
Ay (8) = Ay (5) (2.1)

holds as locally convex vector spaces. This equality is an easy consequence of
(1.22) and the way the seminorms are defined in these spaces.

On the other hand, by Remark [1.3.10| (v) we get the following result.

Lemma 2.1.6. Let w and assume that w has . Then, for all sectors S
we get that
VIE>0: Apy(S) = A{W(e)}(S),

as locally convexr vector spaces.
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Finally, for a given sector S, if f belongs to any of the previous classes, we may
define the complex numbers

fP0):= lim fP(z)eC peN,. (2.2)

z€8,2—0

thanks to the fact that all the derivatives of f are Lipschitz.

2.2 Characteristic functions in Roumieu ultra-
holomorphic classes

In this section we introduce characteristic functions. This concept has a major
role in the stability properties for the previous classes. The aim of this section
is to construct, under suitable assumptions, characteristic functions in Agpry(Sa).
We start with the following definition.

Definition 2.2.1. Let L € RY) and S be a given sector. A function f € Ayz,(S) is
said to be characteristic in the class Ay (5) if, whenever f € Apan (S) C Ay (5)
for some M € R we have that Aar (S) = Ay (S).

For f € A;ry(S) we consider the sequence defined by

Co(f) == sup|f™(2)], n € No.

z€S

The next statement provides conditions on f which imply it is characteristic.

Theorem 2.2.2. Let L € RYy, S be a given sector and f € A(ry(S). Then, each
of the following conditions implies the next one:

(1) The sequence (|f9(0)]);en, is equivalent to L.
(2) The sequence (Cj(f))jen, is equivalent to L.

(3) f is characteristic in the class Ay (S).

Proof. (1) = (2) As f € Ag1y(5), there exist A, B > 0 such that C,,(f) < AB"L,
for every n € Ny. On the other hand, it is clear that C,(f) > |f™(0)], and the
hypothesis allows us to conclude the other estimate.

(2) = (3) By assumption, there exist A, B > 0 such that L, < AB"C,(f) for
every n € Ny. If for some M = (M,,)nen, € RY we have f € Aan (S) C Ay (),
there exist C, D > 0 such that C,(f) < CD"M,, for every n € Ny. The two
deduced inequalities show that L,, < AC(BD)"M,, for every n € Ny, what easily
implies that A¢ry(S) € A (S), and we are done. O
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2.2.1 Basic functions

Recall the notations G* := (5%)jen, and G := (%) jen,, § € R, and that G|~ G,
see ([1.3). We introduce in this section two examples of characteristic functions in
the ultraholomorphic class A{éaq}(Sa) if 0 < o <1, and in A{éa/,l}(Sa) if

l<a<do.

Definition 2.2.3. The two-parametric Mittag-Leffler function is defined for all
complex parameters A, B with R(A) > 0 (where R denotes the real part) by

E 2) = ——  z€(,
() ; I'(Aj + B)
where ' denotes Euler’s Gamma function.

For the construction of characteristic functions in sectors S, for a € (0,1] we
will take A =2 —a and B =4 — a and we set

~ > Yz
Ea _E «, CM E(C.
(2) = Ea-aa- ;r 2—a g+1)+2) :

We recall the following statements from the work of B. Rodriguez-Salinas [65],
where use is made of the implication (1)=>(3) in Theorem [2.2.2]

Theorem 2.2.4. ([65, Thm. 5, Thm. 20]) Let o € (0, 1], then

~ nle
VzeS,VneNy: ‘E&”)(z) <275 (2.3)
n a)n
Consequently, E, € A o 1}(Sa). Moreover,
~ —1)"n!
EM(0) = ( , n €N,
e (CECESIES) ’
and so E, is a characteristic function in the class .A & 1}(Sa).
Definition 2.2.5. Let o > 1 and take o > «. For all 2z € S, we define
oo(—¢) e
Joor (2) ::/ e * e 'du, (2.4)
0

where we choose ¢ € (—7 75, oy 5) With |arg(z) — (o — 1)¢| < /2.
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Theorem 2.2.6. ([65, Thm. 28]) Let o« > 1, &/ > a and g, be the function

from (2-4).

Then,

dC,A>1Vz2e S, VneNy:

9™, (2 )( <CA'T((&) —Dn+1).  (2.5)
Consequently, go.o € A{éa/_1}(5a). Moreover,

g7, (0) = (~1)"I((¢/ = )n+1),  neN,

1, (Sa)-

and S0 ga,«r 15 a characteristic function of the class A{aau )

2.2.2 Characteristic transform

Following again the work of B. Rodriguez Salinas [65], we present a functional
transform that modifies the derivatives at 0 of a function in a ultraholomorphic
class with a precise control, which allows for the construction of characteristic
functions in more general classes than the Gevrey ones, considered previously.

Definition 2.2.7. Let M be an (Ic) sequence, L € RY) S a sector and f €
A(ry(S). Then we define the Ty —transform of f by

> 1M
— 7 z € S.
:02m]

<.

This expression should be compared with the characteristic functions obtained
in the ultradifferentiable setting by V. Thilliez [81, Thm. 1] and A. Rainer and G.
Schindl [59, Lemma 2.9], and originating in the classical work of T. Bang [2].

For every j € Ny let us set

=1
Rii= D gui

The following result provides estimates for this sequence in terms of the general
sequence M we depart from.

Lemma 2.2.8. Let M € RIE%, then
1

If M is (lc), then also
VJ S NO : R < 2M,

and so (R;)jen, is equivalent to M.
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Proof. For any j € Ny we choose n = j in the sum and get R; > i%m: = %M]

m] J
For the converse we recall that since M is (Ic) we have mg < m; < ... and so
VinéeNg: (mn)j”<M
see [81, Thm. 1] and the detailed proof in [69, (3.1.2)]. Thus
- 1 - 1 M;
=D M <D oM T
n=0 n=0
for all 7 € Np. O]

Recall that LM denotes the sequence obtained by the termwise product of
two sequences L and M.

Theorem 2.2.9. Let M be an (lc) sequence, L € ]RN% and for a given sector S
take f € Ay (S).Then, Tar(f) € Awary(S) with

Ta(f)D(0) = R f9(0),  j €N, (2.6)

Moreover, for any A > 0, Tagr @ Ap.a(S) = Arn.a(S) is a continuous linear
operator.

Proof. By definition of Az (S) we have that f is bounded in S by some constant
C > 0. Since M is log-convex, we have that M; < m; for all 5 € Ny and then

1 M, — 1
Z__|fmjz)|§oz§:20, Z€S.
j=0

Consequently, the series defining Tar(f) normally converges in the whole of S,
it provides a function holomorphic in S, and differentiation and limits can be
interchanged with summation. For each z € S and every j € Ny we observe then
that

and so

as desired.
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Suppose f € Ag a(5) for some A > 0, then for all j € Ny we can estimate
1M ()
(T (D) < 3 gl 19 mao)
n=0
< |1 fllarad’L; Z o M = || fllag.aA L R;.

By Lemma we know that R; < 2M;, so Ta(f) € Apar,a(S), and moreover

(Tar ()Y (2)]
AijMj

< 2[|fllar.a

| Ta2(f)||Lag,a = sup
z€eS

It follows that Tar @ Ap.a(S) — Apara(S) is a well-defined continuous linear
operator for any A > 0. O

Theorem 2.2.10. Let M be an (Ic) sequence, L € RN% and for a given sector S
take f € Ay (S). If (| f9(0)]) en, is equivalent to L, then (|Tar(f)9(0)]);en, is
equivalent to LM . Consequently, Tar(f) is characteristic in the class Aipary(S).

Proof. The first assertion is clear from Lemma and (12.6). The second one
stems from Theorem 2.2.2] O

2.2.3 Construction of characteristic functions

Given a sequence M € R>0 and a > 0 we construct now, under suitable as-
sumptions, characteristic functions in Agar(S,). For this we are using the basic
functions from Subsection 2.2.1] and the characteristic transform from Subsection
2.2. 21

Theorem 2.2.11. Let M € RYY and o > 0.

1. If a <1, we assume that G M = (=2 M;) jen, is equivalent to an (Ic)
sequence L. Then, Tp(Ey) is characteristic in the class A (Sa).

2. If a > 1, we assume that there exists o/ > « such that G "M is equiv-
alent to an (lc) sequence L. Then, Tr(gao) is characteristic in the class

Ay (Sa).

Proof. This follows by Theorems [2.2.4] [2.2.6] [2.2.9 and [2.2.10 and from the fact
that G* 'L in case 1, resp. G 'L in case 2, is equivalent to M. O
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Remark 2.2.12. In order to guarantee that the hypotheses in the previous theo-
rem are satisfied, one can compute the index (M) and check whether it is greater
than o — 1. If this is the case, the very definition of this index implies that for
any 3 such that v(M) > 8 > « — 1 the property (P3) (see Subsection is
satisfied, and so there exists a suitable (Ic) sequence L with the desired conditions.

2.3 Stability properties for Roumieu ultraholo-
morphic classes defined by weight matrices

The aim of this section is to generalize and extend the stability result of Ider
and Siddiqi [76l, Thm. 1], valid for Carleman-Roumieu ultraholomorphic classes
in sectors not wider than a half-plane. We give the proof in the general weight
matrix setting, we get rid of the restriction on the opening of the sector (thanks
to the construction of characteristic functions in arbitrary sectors), and we extend
the list of stability properties.

Our main result is concerned with several stability properties which will be
defined next.

Definition 2.3.1. Let M € Ri% be a sequence and U C C be an open set. Given
a compact set K C U, we define
’ (j)( ’

zZ
Harn(K) = (f € HOU) : [fllarsn = sup Oy
2€K,jENg h]Mj

We put
Honay (K) = | Harn(K).

h>0

Moreover, given a weight matrix M = {M @) p> 0}, we may introduce the class
Himy(U) as
H{M}(U) = ﬂ UH{M@)}(K)-

KcU p>0

Definition 2.3.2. Let M = {M® : p > 0} be a weight matrix and o > 0. The
class Apaq(Sa) is said to be:

(¢) holomorphically closed, if for all f € A (Sa) and g € H(U), where U C C
is an open set containing the closure of the range of f, we have go f €

Ay (Sa).

(4i) inverse-closed, if for all f € Agny(Ss) such that inf.eg, |f(2)] > 0, we have
1/f € Ay (Sa)-
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(ii1) closed under composition, if for all f € Ay (Sa) and for all g € Hipg (U),
where U C C is an open set containing the closure of the range of f, we have

gofe€ A{M}(Sa).

Remark 2.3.3. We wish to highlight that it is important to state these definitions
in a clear way. We cannot relax the condition inf,cg_ |f(2)| > 0 in the definition
of inverse-closed by considering, for example, the weaker requirement:

f(z) #0 for all z € S,,.

While this is enough when working with ultradifferentiable classes on compact in-

tervals, as done by P. Malliavin [45], our situation is different as S, is not compact.
This is easily seen by considering the function z — exp(—1/z), which belongs to
the class Ag2y(Sa) for every a € (0,1) (as a consequence of Cauchy’s integral
formula for the derivatives) and never vanishes in S,. However, observe that its
multiplicative inverse z — exp(1/z) is not bounded, and hence it does not belong
to any of the ultraholomorphic classes under consideration.

In the same vein, the open set U in (i) and (iii) has to contain the closure
of the range of f, and not just the range. This is clearly seen in the forthcoming
arguments involving the function z — 1/z, whose derivatives admit global analytic
bounds in closed subsets of C \ {0}, but not in the whole of it.

Our first statement will consider classes in sectors S, contained in a half-plane
and defined by a weight matrix M. In this case, the matrix can be changed,
without altering the class, into a new matrix M which we define now.

Definition 2.3.4. Let M = {M® : p > 0} be a weight matrix (not necessarily
satisfying |(Ms.)). Given a > 0 we assume that limj_>+oo(j(1_a)jM;p))1/j = oo for
all p > 0. The matrix

M= {MPY) . p >0}
is defined as

lc Ic

AP éaq <§17QM(p)> 7 M](p,a) _ j(a—l)j (alfaM(P)> ., jeEN,.
(2.7)

J

So, every sequence in the original matrix is termwise multiplied by the Gevrey-
like sequence G (recall that El‘ Gl_a), this sequence is changed into its
log-convex regularization, and finally one termwise divides by G again. It is
clear that M = M = 1 (recall the convention 0° := 1) for all & > 0 and
p > 0, and that the map p Mj(p ) is non-decreasing for any j € Ny fixed. So,
M®) < MP forall 0 < p < p/, i. e., M*is a weight matrix according to the
definition given in Subsection [1.3] However, in general M is not log-convex.
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Remark 2.3.5. Let us observe that if there exists some positive value p such that
limj_>+oo(j(1_0‘)jM;p))1/j = 00, then the same is valid for all p’ > p, thanks to the
fact that the M® < M®). In this situation, since we also have A{M(m}(Sa) C
A preny(Sa) and the class associated to the weight matrix M is the increasing
union of such classes, in order to study stability properties in it we can restrict
our attention to the case described in the previous definition.

In case limj_>+oo(j(1*a)jM;p))1/j exists but is not infinity for any p > 0, then
there are some possibilities:

(i) If « > 1 and liminfj_>+oo(j(1“")jM](p))1/j < oo for all p > 0, the class
A(pr)y(Sa) only contains constant functions, see [65, Thm. 21, and p.
8], and the same holds for the class A (S,). So, the stability results turn
out to be trivial.

(i) f 0 < o <1 and liminfj_>+oo(j(1*“)jM](p))1/j = 0 for all p > 0, the class
A pr1(Sa) only contains constant functions, see [65, Thm. 20], and again
we are done.

(iii) If 0 < @ < 1 and liminf; o0 (jO9 M) € (0, 00) for all p > 0 (or from
some py > 0 on), taking into account [65, Cor. 8] we have that the class
A(pry(Sa) coincides with A{éafl}(sa) for all p > 0 (or for p > py), and so
Ay (Sa) = A{ga_l}(Sa), where G° ™ is the matrix with all the rows equal

to the sequence G We will study the stability properties for this class in
Section 2.5

In order to prove the aforementioned equality of the classes associated with
M and M*“, it is convenient to recall the following result of B. Rodriguez-Salinas,
which provides Gorny-Cartan like inequalities for holomorphic functions in sectors.

Theorem 2.3.6. ([65, Thm. 23]) Let 0 < a < 1 and f € H(S.). If Co(f) =
sup.cg. | f™(2)|, n € Ny, then the sequence B, = n'="C,(f) verifies

ng—n n—nj

B, < AglmempBizTiBrT ) < < oy,

where A=4 andqg=1ifa=1, or A =8r and q = 2e(2 — a)/(1 — ) for the
remaining cases.

Theorem 2.3.7. Let M = {M™) : p > 0} be a weight matriz and 0 < a < 1 be
given such that limjﬁﬂo(j(l_o‘)jM(p))l/j = 00 for all p > 0. Let M® = {M®*) .
p > 0} be the matriz given in (2.7). Then, we have that

Afmy (Sa) = A{Ma}(sa)~
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Proof. Given f € Agre)(S,), there exists some p > 0 such that f € A{M(p,a)}(sa).

Since G “M®*) is the log convex minorant of G ‘M ) we obviously have
that G “ M@ < G M () and therefore M®* < M®  We conclude that
fe A{M}(Sa).
For the converse inclusion, let us consider f € Apy;(Ss). There exist some
C,D € Ry and p > 0 such that C,(f) = sup,cq. |f™(2)] < CD"MP, for
all n € Np.

Let us fix n € Ny and distinguish two cases:

i) If MP = MP) then SUpP,cg, fM(2)] < C DM,

ii) If not, by the construction of the log convex minorant, there exist so-called
principal indices n1,ns € No, with n; < n < ns, such that M = MP for
i =1,2 (see [46, Chapitre I] and, for a detailed discussion of the regulariza-
tion process and its intricacies, [73]). So, we have

In(nt—onp ey — 271 o (=a)n y r(pa) 7ML (02 e
n(n n ) Ny — Ny n(nl ni ) + Ny — Ny n(n2 no )
Ng —n 1 (1—a)n1
1 Ch
- n2_n1 H<ODn1n1 l(f))
n—m 1 (1—a)na

In( ™" Co (1))

nNg — 1My

Therefore, with the notation of the previous theorem, we deduce from above:

ng—n n—mnj ne—n

BT BT < (CDM ) (O D) n p(= 0 ) #e) = ¢ D (1=a)n pf(pe)

Now, from the previous estimate and by applying Theorem [2.3.6 there exist
some A, q > 0 such that

ng—mn n—nj

Co(f) < e Dm AqU=engra= gra=ri < AC (=) D) M P,

n

We conclude that f € Appey(Sa)- O

Now, we need to establish a suitable condition under which the equality of the
classes Hia (U) and Hpey(U) can be stated for a general open set U in C. This
will be necessary in the proof of the implication (e¢) = (d) in the forthcoming
Theorem , as noted by A. Rainer [58], who has also provided us with a proof
for the aforementioned equality. Let us start with some preliminary definitions
and results in the ultradifferentiable framework.
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Definition 2.3.8. Let M be a sequence of positive real numbers and U C C be
an open set. Given a compact set K C U, we define

() ()
Enn(K) = {F € C°0) : [fllngen = sup o g 10

. = sup . < +00y,
2€K,j€Ng hJMj j€No h]Mj }

where || - || is the supremum norm. We put

Eony(K) = | Emn(K).

h>0

Moreover, given a weight matrix M = {M® : p > 0}, we may introduce the
Denjoy-Carleman class of Roumieu type Eqag (U) as

EppU) = ﬂ Ug{M@)}(K)-

KcU p>0
We first recall a classical result of H. Cartan.

Lemma 2.3.9. ([10, Lemme 2]) Let f : [—r,r] — C be a C? function satisfying

1A lern < Aoy 1FPNlern < Ay

Then
]f(k)(0)| < QekA(l)fk/p max{A,, Aop!/rp}k/p.

In order to establish the aforementioned equality for the classes associated to
M and M*®, we introduce the following property.

Definition 2.3.10. We say that M has the property (Mgqy) if

M(P)
ko> (k—j)! whenever k > j
M(P)

J

for all p > 0.

Observe that, taking j = 0 in the previous condition, one deduces that
MP >k, k>0, (2.8)

what guarantees that, given a € (0, 1], limj%Jroo(j(l_a)jM](p))l/j = oo for all p > 0,
and so the matrix M@ can be considered. We are ready to prove a first result in
the one-dimensional case.
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Lemma 2.3.11. Let M = {M®) : p > 0} be a weight matriz that has |[(Ma)|
Fiz o € (0,1]. Consider M* = {M™) : p > 0}, the matriz given in (2.7). Then,
for each open interval I C R we have that

E(I) = Epper (I).

Proof. Since M®® < M®  only the inclusion Egay(I) € Eqaey(I) must be
checked. Let f € & (I). Then for each compact interval J C I there exist
C, p,p > 0 such that

@), < CPPMP,  keN.

Let § = dist(J,R~\I). We may assume that p > 1/0. There is a strictly increasing
sequence k, € Ny such that

MPY =MP, neN,.
Let k, < k < k,+1. Note that, byand since p > 1/4,

S o gy @) Bt = Fon)!

kn+1M(P)
n 5kn+1_kn

kn+1

By Lemma [2.3.9]

k—hy
1Bl < 2650 (Cpbr MP)Y R B (Cpbrrs M) YR
— zc’ek*kn (k(a*]. knk 1*04 an(p,a))l Wilim

(k"(]c—y"_ll)kn+1 k a)knt1 M(p a))Tkkn .

By the construction of the log-convex minorant,

(k(l—a)kn M]g;:,a))l—%(k(l—a)knﬂ Méﬁﬁ))ﬁ — k(l—a)legILa)'

n n+1

Furthermore - -
(kﬁla_l)kn)l_ﬁ(]'ng__ll)knﬂ)ﬁ < Ela—1k

thanks to the log-convexity of the map k — k. We conclude that
1F Bl < 2C(ep)FMP.
This implies the assertion. [
Corollary 2.3.12. In the setting of Lemma[2.3.11], for each open subset U C C,
Emy(U) = Eey (U),

More precisely, if p > 0, 6 > 0, K C C is compact and Ks := {x € C : dist(z, K) <
0}, then (by restriction)

5{M(p)}(K5> - 5{M(p,a)}(K)-
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Proof. This follows from Lemma [2.3.11] using directional derivatives and the po-
larization inequality. Let f € £ ( M(p)}(K(;). For all x € K and v € S*, the function

fuw(t) = f(x+tv) satisfies ||f£{§3||[,575} < CpkM,gp) for some C, p > 0 (independently
of x and v), where we may assume that p > 1/§. The proof of Lemma yields
that |d* f ()] = |£5(0)] < 2C(ep)*MP™ . In view of the polarization inequality
[0, (7.13.1)], the assertion follows. O

Finally, we deduce the desired equality.

Proposition 2.3.13. Let M = {M®Y : p > 0} be a weight matriz such that M
has m Fiz a € (0,1]. Consider M® = {M®* . p > 0} given in ([2.7).
Then, for each open subset U C C,

Himy(U) = Hipmey (U),

Proof. This follows from Corollary [2.3.12] and the fact that for a holomorphic
function f € H(U) we have (by the Cauchy-Riemann equations)

af _of

0z Ox

We are ready to state our first main result.

Theorem 2.3.14. Let M = {M(p) :p > 0} be a weight matriz (not necessarily
(Mo)|) and 0 < a < 1 be given such that limj_>+oo(j(1’°‘)jM](p))1/j = oo for all
p>0. Let M® = {MP* :p >0} be the matriz according to [2.7). Then:

(I) The following assertions are equivalent:

(a) The matrix M satisfies the property .
(b) The class Aga(Sa) is holomorphically closed.

(c) The class Agay(Sa) is inverse-closed.

(11) If M* has then any of the previous statements implies:
(e) The matriz M* satisfies the property [(Mras)}

(III) If M has[(Mygy)} then (e) implies:

(d) The class Ay (Sa) is closed under composition.



52 2.3. STABILITY FOR ROUMIEU CLASSES, WEIGHT MATRICES

(IV) If M has (M) then (d) implies (b).
(V) If M has [[Mygy)| and M has[[Myay)} then all the statements from (a) to

(e) are equivalent.

Proof. (I) (a) = (b) First recall that by the so-called Fad-di-Bruno formula for
the composition we get

n ; ki
@@= 3 eI () sesunen

S ik il
S iki=n

Let now f € Aiag(Ss) be given. By Theorem we know that the classes
Afrmey(Sa) and Aga(Sa) are equal, therefore f € Apaey(Ss). In particular, f
is bounded and thus any function g which is analytic in a domain containing the
(compact) closure of the range of f satisfies

3CL M >1VkeNVzeS,: |gW(f(2)] < CihRk! (2.9)

By applying this and the fact that f € Aqre1(Sa), we estimate as follows for all
neNand z € S,:

(go /)™(2)] < > mw(k)(f(z))\n i
Doy ki=k, > iki=n i=1
7 ki
< Z k,'—Clhkk'H (C2hl p,a )
S ki=k,y o iki=n L i=1
<C Z n! hkk'C’k1+ +knhk1+ +nkn ﬁ(M/(Ap’a))ki
s O —k ] i
Zn k,=k =1
> 1zk =n
< Oy (Cohihy) T
_1(212)n Zn WH1 ik
S ki=k,y 1 tki=n =
n n! nkn ~— (")
< Cl(chthhg) Z mlelﬁH— +nk Mk1+ b
(L16) >ie ki=k
- Z;L:liki:n
11 k!
_ n e’ ,e) v
= Cy(H,HyCshyhy)" MY > P

S ki=k,y o iki=n
< 0103(H1H20204h1h,z)angij’a)'
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For the estimates also note that k£ < n and w.l.o.g. Cs, hq, ho, Hi > 1. More-

over, we have that
k!
Rl Ry
dimy ki=k, 32y iki=n

see the book of S. G. Krantz and H. R. Parks [39, Lemma 1.4.1] or C. Fernandez
and A. Galbis 21, Prop. 2.1]. Finally, by taking into account that the classes
Aoy (Sa) and Agag (Sa) are equal, then go f € Ay (S,) is verified.

(b) = (c) This is obvious by taking g : z — £ since g € H(C\{0}) and C\{0}
contains the (compact) closure of the image of any element f € Aa(S,) such
that inf,cq, |f(2)] > 0.

(¢) = (a) We follow the ideas from J. A. Siddiqi and M. Ider [76, Thm. 1]
and apply the constructions from the previous section. First, recall that LW .—

G “MPo— (EI%YM(Y’))lc is log-convex for any p > 0, see (2.7). Let p > 0 be
arbitrary but from now on fixed. According to Theorem [2.2.11| we put

Fo(2) = Tyw (Ee)(2).
By using (2.3) and Lemma we estimate as follows:

> 1 (g(l’))n . nle™
(n) Z (p) \Mk (n) ( p(p) (p)
|fp (Z>| S 2kLkz (E,(ﬂp))k ‘Ea (gk Z>| S 4Ln n(g_a)n

for all n € Ny and z € S,. This estimate shows that f, € Agve;(S,) and, in
particular when being applied to n = 0, it yields sup,cg_|fp(2)| < 4 < 400.

Set R = oo L(p)(é( =k and so we get
[(—1)"
VneNy: fm(0)=R® n 2.10
and from Lemma 2.2.§
(1—a)nM7gp’a)
VneNy: RP>" 0 (2.11)

2n

Take A > 4 (note that in [75, p. 349, line 5] there is a mistake, one should write
A > Co(f)M§). Then, if we put fp = A— f,, we have that fp € Aramey(Sa). More-

over, since inf,cg, |fp( )| > 0 and A{ps0y(Sa), which coincides with A (Sa), is
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: 11
assumed to be inverse-closed, we get that z — 7o = vhe € Aimay(Sa). We

write g : 2z — ﬁ, then by applying again the Faa-di-Bruno-formula to the com-
position g o f, € Araey(Sa) and thanks to the fact that g®(z) = # for all
k € Ny, yields: For some C,h > 0 and some index p’ > 0 (large) we get for all

n € Ny that

n! k! - zgi) 0 "
(g0 f)™(0)] = ) el -kl (A — £,(0))F+1 11 ( 2'( )>

Z?:l ki:kvzyzl ZkZZTL =1
< Ch"M®)
— n

By (2.10) we see

o\ _ (~yrR? \" |
( il ) - (F((2—a)(i+1)+2) , 1=izm,

and by taking into account that [} ,(—1)%* = (—1)", we deduce that for every
n € Np,

n! k! . R ki < Ch" M)
2 Fal ol (A — £,(0))FF1 I rezairniy) = m

Sy kimh i=1
>iy iki=n

Each summand in this sum is strictly positive and we focus now on the one given
by the choices k; = k, k; = 0 for ¢ # j and n = jk; = jk with j,k € N. Thus,
there exist C, h,p’ > 0 such that

k
- ) (Jk)! Rg'p) ik 3 7 (")
TREER G Lo <r<<2—a><j+1>+2> = O

is valid and clearly (A — £,(0))**! < hJ**" for some hy > 0 (large) and all k € Nj.
Hence

R F M@
3C, h,h,p >0V j,keN: S < Chy(hhy)F =L
L0V (r<<2—a><j+1>+2>> N ]
(2.12)
By involving (2.11)) we estimate the left-hand side of (2.12)) as follows:
R§p) . ﬂl—aM](p,a)
NE2-a)y+1)+2) ~2(2-a)+ 1)+ 1T((2—-a)(j+1)+1)

(p,x)

> 7
~ CL12hT
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The last estimate is valid since (2—a)(j+1)+1 < 2(+1)+(j+1) =3(j+1) <€
forall je Njand I'(2—a)(j+1)+1) < C’lhg_o‘)(jﬂ)j!%a for some Cy,hy > 1
and all j > 1 (by the properties of the Gamma function), where we have put
hs := h3~*. Consequently, by we get

() \ * (')
30,0y hyhyhs,p >0V jkeN: ( Jﬂ > < Ch1(12h01h1h§)jkﬁ7
and so
e\ @\ YUk
IH>13p(>p)>0VjkeN: ( . ) §H<(”,’;€),) . (2.13)
J! Jk)!

(2.13]) establishes for indices p and p’ for all choices j,k € N and so for
all multiplies n = jk of 5 € N. For the remaining cases let now n > 1 such that
jk < n < j(k+ 1) for some j,k € N. Then, by using (with appearing
constant H), and the fact that j — (j(lfa)jM;p/’a))l/j is non-decreasing for
each index p’ > 0 (by log-convexity), we estimate as follows:

! o 1/n ! o . —a)i e ;
<M1’(Lp7 )) _ (n(lfa)n épv ))1/n ((]k’)(l )Jij(g ))1/(.7k)

n! nl—a(n!>1/n — nl—a(n!)l/n

- )\ 1)
_ (k) (Mjk ) (k)1 6P

nlt/rpl=e \ (jk)!
(e YRR [
~ H 7! nlt/n n

(e} 1/ —Q

U MPON ek 0 e !
> J
—H J! n \Jjlk+1)

1/5 1/7

1 M SR AR MP &
—H\ ej(k+1)\2) = Heazo | jl '

Summarizing, property is verified for the matrix M“ between the indices
p and p’ and when choosing the constant C' := He2?~*(> H).
(II) (a) = (e) follows by (i) in Lemma [1.3.7]

(I) (e) = (d) follows by Theorem [2.3.7, Proposition [2.3.13] and by repeating
the arguments in the proof of (a) = (b) above (a word-by-word repetition of the

proof in the ultradifferentiable setting), see [70, Thm. 8.3.1].
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(IV) The property implies that for all open set U C C, the class H(U)
is contained in Hr (U), so (d) = (b).

(V) It suffices to observe that, according to (2.8), the property for M
implies that M has |(M/c«y)l So, all the previous implications are valid. H

Remark 2.3.15. (i) If M has then M has it too (the converse is not

clear in general).

(ii) As said before, the property implies . The converse does

not hold, as shown by the constant matrix given by the sequence M defined
as ng = (2])', M2j+1 = (2] + 1)!2, ] - No.

(iii) Regardless the property , the implication (e) = (d) is valid provided
that M and M® are R-equivalent, since then Hr(U) and Hyrey (U) are
equal for every open U C C. This trivially happens when M is (i. e.

M® ig a log-convex sequence for all p > 0), or if G "MW s log-convex
for every p > 0, since in any case we would indeed have M = M.

(iv) The condition that limj_,+oo(j(1*°‘)jM;p))1/j = oo for all p > 0 can be weak-

ened as long as the log-convex regularization of G “M® makes sense (for
h

example, in case M®) = @ail). In this situation, the proof of Theorem

is still valid, Theorem [2.2.11] can be applied and the availability of charac-
teristic functions (needed in the previous proof of the implication (¢) = (a))
is guaranteed. A similar comment can be made regarding the next corollary.

For a sequence M € RYY such that limj_,+oo(j(1_°‘)ij(p))1/j = 00, We can

extend [76, Thm. 1] by considering the constant weight matrix M = {M® =
M : p > 0} and applying to it the previous result.

Corollary 2.3.16. Let M € Rﬁ% be a sequence, and 0 < a <1 be given such that
Ic

lim; oo (M) = 00, Let M) = G <EI_QM> . Then:

(I) The following assertions are equivalent:

(a) The sequence M'“) has the property .

(b) The class Agpry(Sa) is holomorphically closed.
(c) The class Ay (Sa) is inverse-closed.
(II) If M) is (dc), then any of the previous statements implies:

(e) The sequence M has the property [(FdB)|
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(III) If the constant matriz M = {M® = M : p > 0} has (M), then (e)
implies:

d) The class A;pni(Sa) is closed under composition.
{M}

(IV) If M= {M®» = M :p > 0} has|(Mg), then (d) implies (b).
(V) IfM = {M®P = M : p > 0} has |[(M;gy)| and M'® is (dc), then all the

statements from (a) to (e) are equivalent.

Remark 2.3.17. Although the ultradifferentiable classes Eary (0, +00) are defined
by local estimates, instead of the global ones defining our ultraholomorphic classes,
it is interesting to mention that the main stability result of A. Rainer and G.
Schindl [60, Thm. 1] (see also [59, Thm. 3.2]) for the former ones can be partially
seen as the limiting case when taking o = 0 in the previous result, i. e. when the
sector S, “collapses” to the ray (0,400).

Thanks to the construction of characteristic functions in classes defined in
sectors of arbitrary opening, undertaken in Subsection [2.2.3] we study now the
stability properties for classes defined in sectors wider than a half-plane.

Theorem 2.3.18. Let M = {M(p) :p > 0} be a weight matriz and consider
a > 1. For each p > 0, we suppose that there exists some o, > « such that

G "M® s equivalent to an (lc) sequence L® depending on «,. Then the
following assertions are equivalent:

(a) The matriz M satisfies the property .
(b) The class Agay(Sa) is holomorphically closed.

(c) The class Agay(Sa) is inverse-closed.

If M has in addition ((Mcey)| and ((Myaey)| then the list of equivalences can be
extended by

d) The class A (Sa) is closed under composition.
{M}

(e) The matriz M satisfies the property [(Mras))}

Proof. The proof of (a) = (b) = (c) is similar to the one in Theorem

(¢) = (a) Although the arguments are similar to those developed in the same
implication in Theorem [2.3.14] we consider it worthy to complete the details be-
cause now we will work with the original weight matrix (instead of M®), and
the characteristic functions are different in this framework. Let p > 0 be arbi-
trary but from now on fixed. There exist a;, > o and L™ Jog-convex such that
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51_%M(p) L». Then there exist A,, B, > 0 such that AZn(l_O‘P)"M,(Lp) <
LP < Byn nl=an )\ P) for all n € Np. According to Theorem [2.2.11| we put

Fo(2) = Ty (o, ) (2)-
By using (2.5, Lemma and the above inequality we have
1o (6)
3" (N_E: Ly,
ey
—enn N [Ppler=n = ERrMP),

3

19 (0P 2)| < 20D"LPT (o, — 1) + 1)

o,0
< EB"

for suitable constant Ep, C,D,E >1and for all n € Ny and z € S,,. This estimate
shows that f, € A (S.) and, in particular, it yields sup,cq. [fp(2)| < E < 400.

Set RY =32 L LP (6P ynF 50 that
VneNy: f(0)=(-1)"T'((ap — 1)n + 1)RP, (2.14)

p

and from Lemma [2.2.8]

L(P) An (I—ayp nM()
¥neNo: RP >0 > o .

(2.15)

Now take A > F and put f; = A — f,. Thus we get j; € Air(Sa), and moreover

inf,eq, ]f;,( )| > 0. Since Agry(Sa) is assumed to be inverse-closed, we get that
Z 5 f o € Ay (Sa). When writing g, © 2 — ﬁ, the dependence on p is
justified because A is clearly depending on this chosen index. By applying the
Faa-di-Bruno-formula to the composition g, o f, we get that for some F, h > 0 and

some index p’ > 0 (large) and for all n € Ny,

. ki
! k! 2 FP(0)
()] = n P
(g0 © f)™(0)] ) . kl!...kn!()\_fp<0))k+ln< i
S ki=k,> o iki=n i=1
< Fh" M)

Using (2.14) and since [];_,(—1)%: = (—1)", we deduce that for every n € Ny

n

ki
n! k L((op = Vi + DR ")
Z Bl k!t (N — £,(0))F+1 H ( il < FR"M,P".

S ki=k i=1
Zz le =n




CHAPTER 2. STABILITY PROPERTIES IN ULTRAHOLOMORPHIC CLASSES 59

Given j,k € N, we focus on the summand for k; = k, k; = 0 for i # j and
n = jk; = jk, so we get that

. . ®\ *
, . (jk)! I'((p —1)j + 1R, k(@)
JF h,p >0VjkeN: O F () i J < FR*MD.

Clearly, (A — £,(0))¥*1 < hI** for some hy > 0 (large) and all k € Ny. Hence, for
all 7,k € N we have

k /

T((ap —1)j + 1)RY MY
< Fhy(hhy)F—25

(2.16)

IF, hhy,p >0V j,keEN: (

By involving (2.15)) we estimate the left-hand side of (2.16]) as follows:

J! - 275!
- A{)j(lfap)jj(arl)ij(P) _ M](p)
> > ——.
2j! A1

The last inequality is a consequence of the properties of the Gamma function for
a suitable constant A, > 0, and we have put A, = 2/A,. Consequently, by ([2.16)
we get

k /
a M oM
I F,h by, Ayp' >0V j,keN: ( j]' > < Fh1(hh1Ap)]k (j;ﬂk)"

and so there exists H > 1 such that

)\ Y @)\ 1/ k)
M? <H M_J”“ : (2.17)
7! (jk)!

Equation (2.17) establishes for indices p and p’ for all choices j,k € N

and so for all multiples n = jk of j € N. For the remaining cases let now n > 1
such that jk < n < j(k 4+ 1) for some j,k € N. Then, by using (2.17)), (1.3)), the

equivalence G "' M (p/) L") and the fact that j — (Lgp )1/3 is non-decreasing
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for each index p’ > 0, we estimate

/ l/n —a.)n ’ n , , .
M) _ (Brn=ewm ) (L )yi/m y (LWH/GR
n! Byn'= (ph)/n = Byn!~ (n))Y/n T Byn'~% (n!)l/n
T —a)i / . . o / 1/(Jk)
(Afg/ (jk)(l p )JkM](lic’ )>1/(Jk) _ Ap,(]k;)l V! M;]Zs) ( .k_)'l/(jk)
- Byn'= (nl)1/n Byn!tnpl=aw \ (jk)! I
e\ Y7, ) /N 1=y
- Ay [ MP (jk)IL/GR) jk 1-a,
~— ByH \ j! nll/n n
1/j ,
Ay M]@) e ik
- Bp/H ]' n
®\ 7 : @\ /7
Ay (M gk S Ay M;
- Bp/H j' €j(k+ 1) - 2BpIH€ ]' )

Summarizing, property is verified for the matrix M between the indices
p and p" and when the constant C' := 2B, He/A,, is chosen.

(a) = (e) and (d) = (b) are as in Theorem [2.3.14]

(e) = (d) One can repeat the proof in the ultradifferentiable setting, see [70
Thm. 8.3.1]. O

Remark 2.3.19. In the same line of Remark [2.2.12] if for a weight matrix M =
{M® : p >0} we know that v(M®) > a—1 for all p > 0, then there exists some
o, > a such that G "MW s equivalent to an (lc) sequence L™ depending on
Q.

Note that there exist some differences between the statements of the Theorems
[2.3.14] and [2.3.18] concerning the fact that the conditions for stability are imposed
on different weight matrices, M or M®. In general, if « > 1 we only know that
Aimay(Sa) € Agay(Sa). However, the hypotheses of the second theorem have
strong implications and, under an additional assumption, these results perfectly
match, as the next proposition shows.

Proposition 2.3.20. Let M = {M(p) :p > 0} be a given weight matriz. Sup-

pose that for every p > 0 there exists oy, > 0 such that G TM® s equivalent
to an (lc) sequence L™ and that there exists 5 > 0 such that 8 < a, for all

p > 0. Then, for every p > 0 one has limj_>+oo(j(1_5)ij(p))l/j = 0o, M and
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M?P (defined as in (2.7)) are R-equivalent, and therefore M satisfies the property
m (resp|{(Mrasy)|) if and only if the matriz MP satisfies this condition too.
Moreover, Apsy(Sy) = Ay (Sy), for all v > 0.

Proof. Let p > 0 be arbitrary but fixed. First, note that
G MW =@ @ MW e L = £,

where the sequence i(p) is log-convex (as the product of two such sequences).

On the one hand, the condition L® El“"”M (P) guarantees that there
exists some A > 0 such that Ang.p < j(l O‘p)JJM , for all j € Ny. More-

over, for all j > 0 we can estimate (5~ )JM]( Wi = j(ap‘ﬁ)(j(l aP)JM]( Wi >
j(O‘P*ﬁ)(Aij?))l/j, and thanks to the fact that L® is (Ic) and a, > 3, we deduce
that lim; . (j7# jM(p))l/j — 00. Moreover, there exists some A > 0 such that
the (Ic) sequence B (AJL ) satisfies B®) < G "M@, Then, we have that
B® = (BP)k < (G’ "M ))e, which implies that INL(p) (alfﬁM(p))lc.

On the other hand we observe that alfﬁM P ) IN}(p) and therefore, we have
(@I_BM (p))li Finally, we conclude that L ~ (G~ "M Phle, "
1=

The previous equivalence ensures that M®?) is equivalent to G'L , and
therefore MP) ~ M®®_ Finally, the two matrices M and M? are R-equivalent,
and the property [(Mait)| (respi(Mrapy)) is stable under R-equivalence, see [70),
Remark 8.2.2]. O

Under the assumptions of the previous proposition, we can prove a weaker
variant of Theorem [2.3.18| using a similar technique to the one used in the proof

of Theorem 2.3.141

Corollary 2.3.21. Let M = {M®™ : p > 0} be a weight matriz and consider
a > 1. For each p > 0, we suppose that there exist some o, > « such that

G TM® s equivalent to an (lc) sequence L® dependmg on oy, and that there
exists B > « such that B < a, for all p > 0. Then the following assertions are
equivalent:

(a) The matriz M, or equivalently MP, satisfies property |(M iy}
(b) The class Aga(Sa) is holomorphically closed.

(c) The class Agay(Sa) is inverse-closed.

If M has in addition |(Mcey )| and (Myacy)), then the list of equivalences can be
extended by
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(d) The class Agay(Sa) is closed under composition.
(€) The matriz M, or equivalently MP, satisfies property (M rasy )|

We end this section by providing the version of Corollary[2.3.16|for wide sectors,
which can be again deduced as a straightforward consequence of the corresponding
result for weight matrices, Theorem [2.3.18]

Corollary 2.3.22. Let M € RIE% and o > 1. Suppose there exists o/ > « such

that G M is equivalent to an (lc) sequence L (depending on o). Then the
following assertions are equivalent:

(a) The sequence M has the property [(rai)|
(b) The class Agpry(Sa) is holomorphically closed.

(c) The class Ay (Sa) is inverse-closed.

If liminfj_)OO(M/j)l/j > 0 and M is (dc), then the list of equivalences can be
extended by

d) The class A;pri(Sa) is closed under composition.
{M}

(e) The sequence M has the property [(FdB)|

2.4 The weight function case in the Roumieu set-
ting
We start proving, for the reader’s convenience, how the condition for a

weight matrix associated to a weight function w translates into a condition on w.
Note that this matrix has and therefore (M,,)* = M,, for all a € (0, 1].

Lemma 2.4.1. Let w be given with associated weight matriz M., := {W(e) :
¢ > 0}. Then the following are equivalent:

—(0)
(a) The matriv M, has|(Maiy)} 4. e. (recall W; = V[/j(e)/j!)

~(£ ()

VE>03¢>03H>1V1<j<k: (W,)W<HW, )"

(b) w satisfies the condition (o) (see (1.11))), 4. e.
30>13t>0VA>1VE>1t: wh) < Crw(t).
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Proof.

(a) = (b) The property [(Miy)| is preserved under equivalence of matrices,
then M., , has [(M)| for some/any [ > 0. By a result of G. Schindl [72,
Thm. 4.5 (iv) < (7)], wy @ satisfies the condition (o), and therefore w satisfies
it too, because w ~ wy o (see (1.21)) and the condition (ay) is preserved under
equivalence of weight functions.

(b) = (a) If w satisfies the condition (o), then wy,« satisfies it too (arguing
as before). By [72, Thm. 4.5 (i) < ()], the matrix M,, , has for

some/any [ > 0. Finally, by [70, Lemma 5.3.1] the matrices Mww(z> and M, are
equivalent, and is preserved under equivalence of matrices. O

We can provide now a statement about stability properties for classes associated
to a weight function in small sectors.

Theorem 2.4.2. Let w be given with associated weight matriz M, :=
(WO 0> 0) and let 0 < a < 1. Then the following are equivalent:

(a) The matriz M., has [(Mgai )}

(b) w satisfies the condition (o) (see (1.11])).
(c) The class A,}(Sqa) is holomorphically closed.
(d) The class Ay (Sa) is inverse-closed.

If w has in addition (wy), then the list of equivalences can be extended by:

(e) The class Ay (Sa) is closed under composition.
(f) The matriz M, satisfies the property .

Proof. The equivalence (a) < (b) is a consequence of the Lemma[2.4.1] Moreover,
the equivalences (a) < (¢) & (d) < (e) < (f) follow by applying Theorem
to M = M,,. Let us observe that M® = M, thanks to the fact that W9 is
(Ic) for all £ > 0. Moreover, w has (w;) and therefore Ay (Sa) = A,y (Sa), see
(2.1)). In addition, note that M, has automatically |(Mqcy)| by (L.20).

]

Remark 2.4.3. With the same cautions as in Remark [2.3.17] related to the differ-
ent nature (local versus global) of the imposed estimates, we mention that, when
taking o = 0 in the previous result, i. e., when the sector S, ”collapses” to the
ray (0,400), then we partially get the main stability result [60, Thm. 3] for the
ultradifferentiable class £(,}((0,4+00)), see also [59, Thm. 6.3].
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The next lemma will be necessary for stating a similar result for wide sectors.

Lemma 2.4.4. Let w be given with associated weight matriz M., := {W(Z) :
0> 0}. Suppose there exists s > 0 such that, for w*(t) := w(t*), one has:

(1) w*(t) = o(t) ast — oo, (i. e., w(t) has (ws).)

(i1) w*® satisfies the condition (), i. e., it is equivalent to a concave weight
function.

Then there exists a weight matriv U = {UY : ¢ > 0}, R-equivalent to M,,, and

such that for each £ > 0, the sequence G ‘U s equivalent to an (lc) sequence
LY depending on s.

Proof. First, let us consider the matrix M. := {V®3) : £ > 0}. There exists
a relation between both matrices (see [36]), more precisely, for all £ > 0 we have
that V&) = (W) /s S0, we can write

~ (¢s,s)
W = (vl =gV ")y >0

Now, by taking into account that w® satisfies the condition (ap) and (ws) we

. =~ V(sz) \/IC
deduce from [62, Prop 3] that the matrices M,s := {V ¢ > 0} and M,
are R-equivalent. Finally, since taking the power s in each sequence of these
two matrices respects R-equivalence for the resulting matrices, we deduce that

~ (l,s
U:= {GS[(V( ))IC]S :¢ >0} and M, are R-equivalent. O

Theorem 2.4.5. Let w be given with associated weight matriz M, =
{W(E) : 0 > 0} and let o > 1. Suppose there exists s > a — 1 such that, for
w(t) := w(t®), one has:

(1) w*(t) = o(t) ast — oo, (i.e w®(t) has (ws)).

(11) w® satisfies the condition (), i. e., it is equivalent to a concave weight
function.

Then the following are equivalent:
(a) The matriz M., has[[Mai))}
(b) w satisfies the condition (o).
(c) The class Ag,}(Sa) is holomorphically closed.
(d) The class Agy(Sa) is inverse-closed.
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If w has in addition (wsy), then the list of equivalences can be extended by:

(e) The class Ay (Sa) is closed under composition.

(f) The matriz M,, satisfies the condition .

Proof. The equivalence (a) < (b) is a consequence of Lemma [2.4.1] Lemma
ensures that there exists a weight matrix U := {U(Z) : £ > 0}, R-equivalent
to M, (and therefore Aun(Sa) = Apm,3(Sa)), such that for each ¢ > 0 the
sequence G UW ig equivalent to an (lIc) sequence LY depending on s. Then,
the equivalences (a) < (¢) < (d) < (e) < (f) follow by applying Theorem
to M = U, and taking oy = s+1. Finally, thanks to the fact that w® has (), then
w satisfies (w;) and therefore Ag,}(Ss) = A3 (Sa), see (2.1). In addition, note
that M, has automatically (M 4c )| by (L.20). And (w-) for w implies that M., has
. Finally, the conditions |(Mqc} ) and [(My )| are stable under R-equivalence,
and therefore U satisfies both too. O]

Remark 2.4.6. The hypotheses (i) and (ii) on w in Theorem [2.4.5can be quickly
guaranteed by the condition y(w) > a — 1, in terms of the index described in
Subsection [1.2.2] Note that, by choosing s such that y(w) > s > a — 1, we have
v(w?®) = y(w)/s > 1 (see property (iii) in that subsection), and this fact implies:

(a) By [34, Remark 2.15 (i) = (v)], we have property (w;) for w®.

(b) By [34, Thm. 2.11 (v) = (i7)], we deduce that w® is equivalent to a concave
weight function, and so («y) is satisfied by w”.

Remark 2.4.7. In some situations it is straightforward that all the conditions on
the weight function w in the previous result are satisfied, and so all the statements
(a) through (f) are equivalent. We comment on two special cases:

(i) If 2 > o > 1, suppose that w(t) = O(t) as t — oo, (i.e w(t) has (wq)), and
that there exists some s > a — 1 such that w® satisfies the condition (ay).
Let us observe that we can take s’ < s such that 1 > s’ > a — 1, and it is
then easy to show that w*' satisfies the conditions (ws) and (ap).

(ii) If o > 2, suppose there exists s according to the assumptions in the theorem.
Then, we will have s > 1, and since w*® satisfies the condition (ws), we can
check immediately that w has (ws).

2.5 Examples

In this section, we apply the previous results to some well-known examples of
ultraholomorphic classes. Let us fix a > 0.
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2.5.1 Gevrey-related classes

Consider the sequence G = (59°) jen, of index B8 € R. Note that this sequence
has the property if and only if 3 > 1. We are going to study the stability
of the class A {55}(5’&) in terms of the values of o and 3. Let us distinguish some
cases:

(a) Let o € (0,1]:

(i) If B < a—1 then lim;_, o, (j7757%)1/5 = 0, and therefore the class is
stable because it is trivial, i. e., it only contains constant functions (see

Remark [2.3.5)).

(ii) If B € (a —1,1) Corollary [2.3.16, together with the fact that G’ has
not the property, ensure that the class is non stable.

(iii) If 8 = o — 1, the sequence M is Eﬁ, which does not satisfy (rai). So,
by Remark [2.3.15| and Corollary [2.3.16] the class is not stable.
(iv) If B > 1 we deduce from the Corollary [2.3.16| that the class is stable.

(b) Let a > 1:

(i) If B < a—1 then the liminf; , o, (j1~757%)1/7 < 0o, and therefore the
class is stable because it only contains constant functions (see Remark

9.3.5).
(ii) If B > a — 1, we have stability provided that § > 1, thanks to the
Corollary [2.3.22]

We include a graphic in order to see the stability (resp. non stability) regions:

8
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We consider now a second example. Let us fix @ > 1, take some > « and
g1

consider the weight matrix £%) = {GB Pt p > 0}. Note that the ultraholomor-

phic class associated with £(?) is strictly smaller than the class associated with

the constant matrix G# = {@’B : p > 0}. Under these assumptions, let us observe

that G~ 71 is an (lc) sequence for all p > 0. Then Theorem [2.3.18| guarantees

that the class A;,),(5,) is stable, thanks to the fact that 5 — > 1 for large

p, and we can ensure that the corresponding matrix has (M iy )l

2.5.2 qg-Gevrey case

In this subsection, we will work, for ¢ > 1, with the ¢-Gevrey sequence, i.e M, =
(¢7*);50. First, thanks to the fact that the sequence M, has (Ic) and (dc), and

moreover \]\Zq is also (lc), we can easily prove the stability properties for the class
A(ar,3(Sa). For o € (0,1], Corollary [2.3.16| ensures that the class Agpz,3(5,) is

stable. On the other hand, for a > 1 and for any 8 > « the sequence G M q
is equivalent to an (Ic) sequence, because the gamma index of M, is infinity. So,
Corollary again ensures the stability.

Now, we want to study the stability properties for the class Ay, }(Sa). For
this purpose, let us observe that we can estimate the normalized weight function
WM,

t . 9
wn, (t) = sup In (—2> = sup(jIn(t) — j°In(q)), t> 1.
j€No ¢’ j€Ny
Obviously, was, (t) is bounded above by the supremum of zIn(t) — z*In(g) when
x runs over (0,00), which is easily obtained by elementary calculus and occurs at

the point
In(t) In*(t)
(& )
In particular, it is easy to check that w(t) := In*(t)/(41n(q)) verifies (after nor-
malization in the interval [0,1]) that w €] w has (ws) (and therefore (ws)) and
wm,, 80 the corresponding matrices M., and M,,,, are R-equivalent. In order

to compute the matrix associated with w, the Legendre-Fenchel-Young-conjugate
of p, is

oi(r) = zglg{wy —w(exp(y))} = 2*In(g) = In(¢™"),  a>0.

So, we have that

., . ; ,
Wi = exp(¢, (7)) = ¢, j>0,
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and therefore ‘
W(E) = (qej )j207 ¢ > 0.

Note that each sequence W is (I¢), (dc) and has the property (rai) for all £ > 0, in
this situation Theorem ensures that the class A,y (Sa) (resp. Ay, 3(Sa)) is

stable for a € (0,1]. On the other hand, note that v(w) = oo, since y(w) > v(W®)
for all ¢ > 0 (see Subsection and v(W®) is also infinity. In this case, Remark
ensures that we can apply Theorem in order to deduce that the class
Aoy (Sa) (resp. Ay, 1(Sa)) is stable for a > 1.

2.6 The Beurling case

We turn now our attention to the Beurling-like ultraholomorphic classes, and try to
obtain similar results. However, due to the lack of characteristic functions in wide
sectors in this situation, we have been able to reason only for sectors contained in
a half-plane.

2.6.1 Beurling ultraholomorphic classes

We introduce now the classes under consideration in this section analogously as
we did for the Roumieu setting in Section [2.1} these Beurling type spaces have
been already considered by J. Jiménez-Garrido, J. Sanz and G. Schindl [36], Sect.
2.5], A. Debrouwere [15] and A. Rainer and G. Schindl[50].

Definition 2.6.1. Let M be a sequence of positive real numbers and S C R
an unbounded sector. We define the Denjoy-Carleman ultraholomorphic class of
Beurling type associated with M in the sector S, denoted by A (), as

Aan(S) = () Ama(S).

h>0

It has a natural structure of Fréchet space.

As it occurs in the Roumieu case, it is straightforward from the definition that
L implies A (S) = Aw)(S) (as locally convex vector spaces) for any
sector S.

Now, we define ultraholomorphic classes of Beurling type defined by a weight
matrix M analogously as the ultradifferentiable counterparts introduced in [70,
Sect. 7] and also in [59] Sect. 4.2].

Definition 2.6.2. Let M = {M® € RY9 : a > 0} be a weight matrix and S
be an unbounded sector. The ultraholomorphic class of Beurling type associated
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with M in S, denoted by A (), is
A () = ﬂ A(M<a>)(5)-

a>0

For the Beurling context, we define a different notion of equivalence between
weight matrices.

Definition 2.6.3. Let M = {M® : a > 0} and £ = {L : a > 0} be given.
We write M (=<)L if

Va>038>0: MY[<L®,
and call M and £ B-equivalent, if and (B stands for Beurling).

By definition, B-equivalent weight matrices yield (as locally convex vector
spaces) the same function classes of Beurling type on each sector S.

Similarly as for the ultradifferentiable case, we now define ultraholomorphic
classes of Beurling type associated with a weight function w € Wl

Definition 2.6.4. Let w be a weight function in [Wy] the ultraholomorphic class
of Beurling type associated with w in the sector S, denoted by A, (S5), is

Aw)(S) =) Aue(S).

It is again a Fréchet space.

Of course, equivalent weight functions provide equal associated ultraholomor-
phic classes of Beurling type.

Moreover, let w be given and let M, be the associated weight matrix
defined in Subsection Then, analogously as we get that

Aw)(8) = A (S) (2.18)

holds as locally convex vector spaces. This equality is an easy consequence of
and the way the seminorms are defined in these spaces.

On the other hand, by (v) in Remark we get the following result, which
is analogous to Lemma [2.1.6]

Lemma 2.6.5. Let w be given and assume that w has . Then, for all

sectors S we get that
VIE>0: Aw(S) = .A(W(e))(S),
as locally convexr vector spaces.

Finally, as in the Roumieu case, if f belongs to any of such classes, we may
define the complex numbers

f90) = lim fY(2), jeN,. (2.19)

2€S8,z—0
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2.6.2 Stability properties for Beurling ultraholomorphic
classes defined by weight matrices

The aim of this section is to transfer the stability results from Section to the
Beurling setting. In order to proceed, analogously to the Roumieu setting, we
begin by introducing some auxiliary spaces, and defining the stability properties
under study. First, we recall the definition 2.3.1 and we adapt it to this new
framework.

Definition 2.6.6. Let M be a sequence of positive real numbers and U C C be
an open set. Given a compact set K C U, we put

/H(M)(K) = m ,HM,h(K>.

h>0

Moreover, given a weight matrix M = {M ® . p> 0}, we may introduce the class
Ho(U) as

Hoo(U) = [ [ ) Hearw (K).

KcU p>0

We continue with the analogue of the definition [2.3.2

Definition 2.6.7. Let M = {M® : p > 0} be a weight matrix and a > 0. The
class A (Sa) is said to be:

(1) closed under (composition with) Beurling-analytic functions, if for all func-
tions f € A (Sa) and every g € Hgy(U), where U is an open set contain-
ing the closure of the range of f, we have go f € A)(Sa). We recall that
G'={G:p>0}.

(id) inverse-closed, if for all f € A (Sa) such that inf.cg, |f(2)] > 0, we have
l/f S A(M)(Sa).

(ii1) closed under composition, if for all f € A (S,) and for all g € Hag(U),
where U C C is an open set containing the closure of the range of f, we have

g o f € A(M)(Sa).

Remark 2.6.8. As occurs in the Roumieu case, see Remark [2.3.3] we cannot relax
the condition inf,cgs, |f(2)| > 0 in the definition of inverse-closedness. Note that
the function 2 — exp(—1/z) belongs to the class A gs)(Sa) for every a € (0,1)
and § > 2 (as a consequence of Cauchy’s integral formula for the derivatives)
and never vanishes in S,. However, its multiplicative inverse z — exp(1/z) is not
bounded, and hence it does not belong to any of the Beurling ultraholomorphic
classes under consideration.
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Also, the open set U in (i) and (iii) has to contain the closure of the range
of f, and not just the range. This is clearly seen in the forthcoming arguments
involving the function z — 1/z, whose derivatives admit global Beurling-analytic
bounds in closed subsets of C \ {0}, but not in the whole of it.

We will consider classes in sectors S, contained in a half-plane and defined by

a weight matrix M. As it occurs in the Roumieu case, we are going to prove that
the weight matrix M (see definition |2.3.4)) induces the same Beurling class as the
original matrix.

Remark 2.6.9. For all o’ > p we have M® < M®) and so Ay (Sa) C
A(M(p>)(5a). Moreover, A (Sa) is the intersection of all classes A (1@ (Sa)-

Therefore, any (small) index is relevant and we cannot consider here the situation
described in Remark [2.3.5]

Next, we state the Beurling variant of Theorem [2.3.7, Although the idea of
its proof is the same but by taking into account the Beurling type estimates, we
include it for the sake of completeness.

Theorem 2.6.10. Let M = {M® : p > 0} be a weight matriz and 0 < o < 1 be
given such that limj_>+oo(j(1_°‘)jM(p))1/j = 00 for all p > 0. Let M® = {M®®
p > 0} be the matriz given in (2.7). Then, we have that

Ay (Sa) = Ame) (Sa)-

Proof. Since 61‘“M (pse) 1s the log convex minorant of G M P). we have that
G M) < G "M ). and therefore M®® < M® for all p > 0. Conse-
quently, by the definition of the classes, we also get Are)(Sa) € A (Sa)-

For the converse inclusion, let us consider f € A)(Sa). Then for all p > 0
and h > 0 there exist some D = D(p,h) € Ry (large) such that C,(f) :=

sup, s, | £ (2)] < Dh*MP, for all n € N.
Let us fix now an arbitrary index p and A > 0. Consider n € Ny and distinguish
two cases:

i) If MP = MP then sup,cg, | f™(2)| < DR M

ii) If not, there exist principal indices ny, ny € Ny, with n; < n < ng, such that
MP® = MP for i = 1,2. Note that these indices may also depend on the
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sequence, i. e. on the given but fixed index p. So, we have

1—a)n )\ Ny — 1 (1-a)n Q n—1m (1-a)n NeY
In(n=m prPe))y = a— In(n' ~*™ MP)) + —— In(ny ~ " M@
Nng —n 1 (1—a)n1
> 1 Ch
n—mnm 1 (1—a)n2
1 C, .
+n2_n1 n(DthTLQ Q(f)

Therefore, with the notation of Theorem [2.3.6, we deduce from above:

ng—n n—njy no—n n—m
B'r?f_nl Bﬁf_"l < (Dhnl)";j(Djn2)ﬁn(l_a)n 7(Lp,a) — Dhnn(l—a)n 7(Lp,a)‘
Now, from the previous estimate and by applying Theorem [2.3.6] there exist
some A, q > 0 only depending on the opening «, such that

ng—mn n—mnj

Co(f) < nlemnpgli-enpra=m grem < AD (U= Ry M P (2.20)

Since ¢ is only depending on the opening a and since the above choice for the
principal indices is only depending on the sequence/index but not on h, as h — 0

we conclude that f € A M<p,a))(5a). Finally, since p was arbitrary and ([2.20]) holds
then for any index p we have verified f € Aoy (Sa). ]

As in the Roumieu case, we need to establish a suitable condition ensuring the
equality of the classes Hrg)(U) and Hae)(U) for any open set U. Let us start
with some preliminary results in the ultradifferentiable framework.

Definition 2.6.11. Let M € Rg% be a sequence and U C C be an open set.
Given a compact set K C U, we define

h>0

Moreover, given a weight matrix M = {M ® . p > 0}, we may introduce the
Denjoy-Carleman class of Beurling type & (U) as

En(U) = () () Emaemy ().
KcU p>0
We consider now a Beurling-type condition for the matrix M.
Definition 2.6.12. We say that M has the property (Mg)) (of Beurling type)
if for all p, A > 0 there is B > 0 (B may depend on p and A) such that

M(P) .
B—t > AFI(k — §)! whenever k > j.

(p)
Mj
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We note that the previous condition guarantees the possibility of constructing
the matrix M*® for a € (0, 1].

Proposition 2.6.13. Let M = {M®) : p > 0} be a weight matriz which has
(M)l Fiz a € (0,1] and consider the matriz M® = {M®%) : p > 0} given
in (2.7). Then, for each open U C C we have that

Em(U) = Epmay(U).

Proof. We have to show the inclusion ) (U) C E ey (U). By reasoning as in
proof of Corollary [2.3.12], it suffices to prove the equality in the one-dimensional
situation. Fix p > 0, and assume [ is an open interval in R. Let f € €(M(p))(l).
Then for each compact interval J C I and each p > 0 there is C' > 0 such that

IF ™), < CoPMP, keN,.

Let § = dist(J,R \ I). Let (k,) be the sequence from the proof of Lemma [2.3.11]
Thanks to (for A :=1/(pd)), there is B > 1 such that

) (kg1 — ky)!

Bpkn-l-lM(p) Z pkn Mki 5kn+17kn

kn+1
Then the proof of Lemma|2.3.11|implies that f € 5(M<p,a))(]), and we are done. [
Finally, we deduce the proposed equality as before.

Corollary 2.6.14. Let M = {M® : p > 0} be a weight matriz satisfying|(Mc))|
Fiz o € (0,1] and onsider M® = {M®® : p > 0} given in [2.7). Then, for each
open U C C we have that

Hoy(U) = Hme) (U).

2.6.3 On m-convexity for Beurling ultraholomorphic classes

According to the definitions given in Section , the topology of A (S) is
given by the family of seminorms {|| - ||,y 5, : p, h > 0} (we may only consider the
values p = h = % with n € N arbitrary), which make it a Fréchet space. In our
regards, it is interesting to have a structure of algebra.

Lemma 2.6.15. Let M be a log-conver weight matriz, i. e., such that 18
valid. Then for any sector S the space A (S) is a commutative Fréchet algebra
with respect to the point-wise multiplication of functions.
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Proof. Since each M@ is a log-convex sequence we get

Va>0VjkeNy: MIM <M,

Combining this estimate with Leibniz’s product rule yields closedness under point-
wise multiplication and that multiplication is continuous. O

Remark 2.6.16. Note that for A (S) being a commutative Fréchet-algebra it
suffices to assume for the matrix M that

Va>038>03C>1VjkeNy: MM <citrps).

In order to formulate and prove the main result in this section, first we have
to recall some crucial abstract results by W. Zelazko [85].

Definition 2.6.17. (|85, Def. 7.7, Def. 9.1 and Def. 10.1]) We recall:

(¥) A topological algebra B in which the set of invertible elements is open is
called a Q)-algebra.

(¥) A Fréchet algebra B is called multiplicatively convezx, or m-convez for short,
if there exists an equivalent system of (countably many) seminorms {|| - ||; :
i € N} satisfying the submultiplicativity condition

VieNVe,yeB: |yl <[]yl
see [85], (9.6.1)].

Theorem 2.6.18. [85, Thm. 13.17] Let B be a commutative Fréchet algebra and
assume that it is also a Q-algebra. Then B is m-convex.

In order to characterize the stability properties of Beurling ultraholomorphic
classes, we need to adapt the root almost increasing property.

Definition 2.6.19. We say that a weight matrix M has the root almost increasing
property of Beurling type, denoted by (M ap)), if

Va>03H>038>0V1<j<k: (M;

Vi < H(I )V
Under suitable conditions, stability properties for the Beurling ultraholomor-

phic class guarantee the root almost increasing property of Beurling type for the
associated weight matrix.

Theorem 2.6.20. Let M = {M") : p > 0} be a log-convex weight matriz, and
0 <a <1 be given. Consider the following assertions:
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(@) Amy(Sa) is inverse-closed.

(b) Ay (Sa) is a locally m-convex Fréchet-algebra (w.r.t. the point-wise multi-
plication of functions).

(¢) The matriz M satisfies the property[[(Mai)}

Then (a) = (b) is valid. Moreover, if in addition limjﬁoo(Mj(p))l/j = oo for all
p >0, then (b) = (c) is valid, too.

Proof. We follow the ideas and techniques given in a paper of J. Bruna [8, Thm.
5.2]; see also the works of A. Rainer and G. Schindl [60, Lemma 3] and |59, Thm.
4.11 (2) = (3)].

(a) = (b) Since M is log-convex, by Lemma we have that A (Sa) is
a commutative Fréchet algebra, and we show now that it is also a Q-algebra.

By assumption, those functions in A (Sa) whose modulus is bounded away
from 0 uniformly on S, are precisely the invertible elements in A (Sa). If f €
Ay (Sa) s given with | f(2)| > ¢ > 0 for some ¢ > 0 and all z € S,,, consider h > 0
and a function g € Aum)(S,) such that [|f — gl[ye 5, < ¢/2 for some p > 0. Then,
sup,es, |f(2) — g(2)] < ¢/2, and we necessarily get [g(z)| > ¢/2 > 0 for all z € S,
and so 1/g € Aumy(Sa). Consequently, the set {f € A (Sa) = 1/f € Awy(Sa)}
is open (in the topology generated by the seminorms {|| - [yt 5, : p, h > 0}).

Thus, we get m-convexity by Theorem [2.6.18

(b) = (¢) By m-convexity we get that the canonical system of seminorms
{II - lazw) = ;b > 0}) is equivalent to a submultiplicative system {|| - [|; : i € N}
and this implies the following crucial estimate:

‘v’p,h>OHC,D2 1320€N3p1,h1 >0\V/m€N\V/f€A(M)(Sa)
1f™ o < Cl™ io < CU i)™ < CD™ (1 | ngon )™

The aim is to apply this estimate to a “convenient” one-parameter family of func-
tions f; € Amy(Sa), for every ¢ > 0. Then let us set fy(z) := e™** for t > 0 and

2 € 8, We get f7(2) = (=t)Ve~* for all j € Ny and |e | = e < 1 for all

z € S,. Since, by assumption, limj%oo(M;p))l/j = oo for any p > 0, we get

Vi>0Vh>030>1VjeNgVzeS,: [f)| <t <OnWMP,

which proves f; € Am)(Ss) for any ¢ > 0. Now fix p > 0, choose above for
simplicity A :=1 and let C, D > 1 and py, h; > 0 be the parameters depending on
the index p > 0 and h = 1. Then (f™)Y)(z) = (—tm)’e~"™* for all j € Ny, m € N,
2z € 8, and t > 0 and therefore there exist C, D > 1 and p;, hy > 0 such that

tm) e—tmR(2) e OA
VmeNVi>0: sup (m)e—ngDm sup e

s€SarjeNo M) s€SarjeNo MR
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It follows from above, that

e~ (=) t (tm)7 e~ tm¥(=) (tm)’
SUp  —o s = SUp —o and SUp —
2€85a,j€Ng Mjpl hjl J€No Mjpl hjl 2€84,7€Ng Mjp J€Np M:P

because sup,cg, e 7| = sup,cg, e ™) = 1. Thus the definition (L.2.12)) provides
that there exist C, D > 1 and py, h; > 0 such that

VmeNVt>0: exp(wym(mt) < CD™exp(mwyswy(t/h1)). (2.21)

Now let 1 < 7 < k and first we assume that k = ¢ for some ¢ € N. Then applying
(2.21) to m := ¢ gives
V>0 exp(k'wym(t) = exp(b™ wppm (/1))
< CY* DY exp (57 wp o (t/(€hy)). (2.22)
Set Dy := C'D(> 1) and by combining now (2.22)) with (1.14]) and recalling the

assumption that each sequence is log-convex, we get

t 1 t

MPHYE — o > —su ,
) = o e e () = D1 ok Sxp (G Toongon (1))
o LSU <8€h1) . @ (Su Y )l/j
D1 amb exp(jwpgon (5) D1 \aop exp(@pron (5))
Oy 1/
_ M‘pl 1/.].
(™)

Moreover, by (|1.3) we continue the estimate as follows:

1/k
(\Ml(cp))l/k _ (Mlgp)> - (Mép))l/k Chy (M(pl))l/]

k! k - k:D1

ghl gjhl (Mpl))l/] _ hl ~—(

~— (1)
/i > M /5
le €D1( J )

|1/J .

( J ) - kBDl
So far we have verified between the sequences M and M®V with H :=
eD1/hy and for all 1 < j <k such that k = ¢j for some ¢ € N.

Now let 1 < j < k such that £j < k < ({+1)7 for some ¢ € N. Then, by taking
into account the fact that j — (M ](Q))l/ J"is non-decreasing for each index ¢ > 0,

which follows by log-convexity and Méq) =1, we have

thy (M]IH )1/3 > (€+ )hl

MPYUE > (pr®h1/) > 21
(M) = (M) D D

(M),

J
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which gives similarly as before:

—® (MPYVE (04 Dhy 4

M.k > k > M(pl) 1/j

(M )72 =2 2kD, (M)
> (M, i> 1 (M, ),
- 261€D1 ( J ) - 2€D1( J )

Summarizing, |(M;ap))| between the sequences M ®) and M® is verified with
H = 26D1/h1. [
2.6.4 Main characterizing results

In order to establish our first stability result for the ultraholomorphic classes of
Beurling type, we shall consider the following crucial assumptions of Beurling-type
on a given weight matrix M, see [59 Sect. 4.1] and [70}, Sect. 7.2].

Definition 2.6.21. We say that:

(i) M has the C* property of Beurling type, denoted by (M cw)), if for all a > 0

we have that (@
lim (MJ ) = fo0.

Jj—00

(ii) M has the Faa-di-Bruno property of Beurling type, denoted by (M pap)), if
~—(B) ~—(a)
Va>038>0: (M )M ,

— (@)
where (M )° is the sequence defined by (1.2)).

(iii) M satisfies the derivation closedness condition of Beurling type, denoted by

(M(dc)), if
Va>03C>036>0V; €Ny : My, <M,
Using these Beurling-type conditions we immediately get the following analogue
of Lemma [1.3.7, which is needed in the forthcoming arguments.

Lemma 2.6.22. Let M = {M®) : o > 0} be a weight matriz. Then we have the
following:

(1) implies up to equivalence of matrices.
(i1) [(Miae))] and [(Mai))] imply (M raz) )|
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(iii) If
Va>03H>1V1<j<k: (M) <HMO)* (2.23)

i. e. if each sequence ((M;a))l/j)j is almost increasing, then |(Msy)| and

oty (M)
In particular, (2.23) holds true (with H = 1 for any a) provided that M is
log-convez.

Proof. (i) By we get that for each o > 0 there exist some C' > 1 and
~— ()

S 05
B = B(a) < a such that (M; )7 > M, /C >0 for all j > 1 (see also [72]
Lemma 3.6 (i7)]).

(ii) See the proofs of [59, Thm. 4.11 (3) = (4)] and [70, Lemma 8.2.3 (2)].

(iii) See the proofs of [60, Lemma 1 (2)] and [70, Lemma 8.2.3 (4)].
[

We are ready to state our first main result for small openings, which is analo-
gous to Theorem [2.3.14 Observe that if M = {M® : p > 0} is a weight matrix
which satisfies [(Mc«))|and 0 < a < 1, then limj_>+oo(j(1*a)jM;p))1/j = oo for all
p > 0, and therefore we can consider the matrix M = {M Pa) . p > 0} defined

in .

Theorem 2.6.23. Let M = {M® : p > 0} be a weight matriz which satisfies
(M(q))| and |(Mqe)), and let 0 < o < 1 be given. Then, the following assertions
are equivalent:

(a
b

The class Aa)(Sa) is closed under composition.
The class Ay (Sa) is closed under Beurling-analytic functions.

)

(b)

(c) The class Aa)(Sa) is inverse-closed.

(d) The matrizx M® satisfies the property .
(¢)

The matriz M® satisfies the property .

Proof. First, note that if M has , then for all A > 0 there exist some B > 0

such that BMISP) > AFE! for all k > 0 and p > 0. Thanks to the fact that A is
arbitrary, we can deduce that M has and therefore the matrix M® is well
defined.

(a) = (b) If M has the property then we can establish the relation
gl, which implies that Hg1)(U) € Hm(U), where U C C is an open set.

(&
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Consequently, if the class Ar)(Sa) is closed under composition, then it is closed
under Beurling-analytic functions.

(b) = (c¢) Again, property implies that
Vp>0Yh>03C=C,p>1VjeNy: jl<CWMP, (2.24)

and therefore the map g : z — I belongs to the class H(ry((C\{0})) and C\{0}
contains the (compact) closure of the image of any element f € A (S.) such
that inf,cq, | f(2)] > 0.

(¢) = (d) The previous estimate applied with h = 1, ensures that
limj_>+oo(j(1_°‘)j]\/[(p))1/j = oo for all p > 0 and for a given 0 < a < 1. Thanks
to Theorem @L we deduce that both classes, A (S.) and Aa)(Sa), coin-
cide and therefore the class A(re)(Sa) is inverse-closed. Finally, Theorem
ensures that M satisfies the property .

(d) = (e) It is straightforward from Lemma [2.6.22

(e) = (a) First recall that by the so-called Faad-di-Bruno formula for the com-
position (see [83] pp. 124-126]) we get

" O(£(2)) v FED (2
(go NP =nd> Y 7 e >>ka.!() 2 € Say n €N,

2!
=1 Y0 k=, ky,>1 J
Let f € Aw(Sa) be given. By Theorem [2.6.10| we know that Ape)(Sa) =
Ay (Sa), therefore f € Ay (Sa). Also, for any function g € Hn(U), where

U C C is an open set containing the closure of the range of f, we have that
g € Hmey(U) thanks to Corollary 2.6.14] and therefore

Vp>O0Vh >03C, >1VkeNVzeS,: [g®(f(2)] < CihbMP. (2.25)

Let now p > 0 be a given index and h> 0, both arbitrary and small but from now

on fixed. By applying once we get an index p’ > 0 and a constant H > 0
such that

— (") ~—(p) —
(M g ) Mp , and therefore (M, )° < H’M j € Np. (2.26)
By assumption f € A (Sa) we have that

Vhy>03C, >1VkeNVzeSa: |[fP(2) < Cohba? . (2.27)
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We choose now hy := % in (2.27) and h4 in (2.25]) small enough to ensure h1Cy < 1.
Then we can estimate as follows for all n € N and z € S,:

n (@) ‘ (k5)
|(gof)(")(z)| < n!Z Z lg (j:(z))‘ H |f kl(z)’
=1 ky=n, k21 ' j=1 7

)

i 3 cu (et

=1 Z;‘:l kj:n’ khzl ]:1
! 3 i vi g ket ks TP L ()
<oy > hiCihk i 1T (97,
=1 Z;":l kj:n7 kp>1 j=1
Y ~—0) T [ P)
oy Y e I (1)
=15 ky=n, by >1 i1
- - —(p')
< oamy Y meany
=1 23:1 kj=n,kp>1
- o ~—(p)
=1 Zl 1 kj_n kh>1

=1
= hiC1Coy(Hho)"MP (1 4 (hy Co))"
< hiCyCy(2H hy)"MP) = hyCCoh™ M P,

Note that H depends only on p (via ; Cy depends on p’ (and therefore
p) and on h via hs and the choice for the constant H. Thus, finally ¢} depends
on p and on I as well since hy depends on Cs.

Summarizing, by taking into account that Ay (S.) = A (Sa) and since
both p and h are arbitrary we have verified go f € Ay (Sa)- O

For a sequence M with (dc) and such that for all A > 0 there exist some B > 0
such that BM;/M; > A*J(k — j)! whenever k > j, we can study the stability
of the class Anr)(Sa), for 0 < a < 1, by considering the constant weight matrix
M = {M(p) = M :p > 0} and applying to it the previous result.
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Corollary 2.6.24. Let M be a sequence, and 0 < o < 1 be given such that
M has (dc) and the weight matric M = {M®) = M : p > 0} has |(Mg))
Then, lim;_, (7 M;)/7 = oo, and therefore we can consider the sequence

—a— —1l—a le . . .
M@ =G (Gl M) . Moreover, the following assertions are equivalent:

The class A ( 1s closed under composition.

Sa)
The class Ay (Sa) is closed under Beurling-analytic functions.
Sea)

18 inverse-closed.

The sequence M) has the property (FdB)|

The sequence M has the property .

Now, we can adapt theorem [2.6.23] to the weight function case. First, let us
observe how the condition for a weight matrix associated to a weight

function w translates into a condition on w. As occurs in the Roumieu case, note

that this matrix has [(M,.)|and therefore (M, )* = M,, for all a € (0, 1].

Lemma 2.6.25. ([59, Theorem 6.5]) Let w €W be given with associated weight
matriz My, == {W® : ¢ > 0}. Suppose that w has also (wy). Then the following
are equivalent:

(a) The matriz M., has[[Mras))}
(b) w satisfies the condition (ap) (see (L.11)).

We can provide now a statement about stability properties for classes associated
to a weight function in small sectors.

)
)
¢) The class Aol
)
)

Theorem 2.6.26. Let w be given with associated weight matriz M, =
(WO ¢ >0} and let 0 < o < 1. Suppose that w has also (ws). Then the
following are equivalent:

(a) w satisfies the condition (ap) (see (1.11))).
(b) The matriz M,, has .

¢) The class A, (Sa) is closed under composition.

( (@)

d) The class A (Sy) is closed under Beurling-analytic functions.
(w)

(e) The class A(.)(Sa) is inverse-closed.

)
)
)
)
)
) The matriz M., satisfies the property .

(f
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Proof. The equivalence (a) < (b) is a consequence of the Lemma
Moreover, the equivalences (b) < (¢) < (d) < (e) < (f) follow by applying
Theorem to M = M,,. Let us observe that M® = M, thanks to the fact
that W is (Ic) for all £ > 0. Moreover, w has (w;) and therefore A(,)(S,) =
A (Sa), see (2.18). In addition, note that M, has automatically by
(1.20) and |[(Mcw))| thanks to (ws) (see [70, Lemma 5.3.2.] and the comments
below or [59, Corollary 5.15]). O




Chapter 3

Borel-Ritt theorems and
extension operators

This chapter is devoted to present several results of Borel-Ritt type, stating the
surjectivity of the asymptotic Borel mapping in Carleman ultraholomorphic classes
in unbounded sectors. Closely related to these classes are the ones consisting of
functions admitting a uniform asymptotic expansion at the vertex of the sector,
and in some situations one or the other classes are preferable. In most cases such
results come with extension operators, i. e., linear and continuous right inverses
for the Borel mapping. Both the Roumieu case, predominant in the literature, and
the Beurling case will be addressed.

3.1 Asymptotic expansions and the asymptotic
Borel map

We introduce now some new classes under consideration in this chapter, i.e., the
classes of functions that admit a uniform asymptotic expansion at the vertex of
the sector where they are defined. We define classes of both Roumieu and Beurling
type, analogously as it was done for ultraholomorphic classes.

Recall that R stands for the Riemann surface of the logarithm. Let T" and S
be sectors in R with vertex at 0. We say that T is a proper subsector of S if T C S
(where the closure of T' is taken in R, and so the vertex of the sector is not under
consideration).

We denote by C[[z]] the space of formal power series in z with complex coeffi-
cients. We start by recalling the concept of uniform asymptotic expansion.

Definition 3.1.1. Let S be an unbounded sector and M be a sequence. We say
a holomorphic function f: S — C admits f = ) .ja.2" € C[[2]] as its uniform

83
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M -asymptotic expansion in S (of type 1/h for some h > 0) if there exists C' > 0
such that for every p € Ny, one has

'f(z) — Y a,2"| < ChPM,y|2|P, z € S. (3.1)

In this case we write f ~%; fin S, and .Z}‘V[h(S) denotes the space of functions
admitting uniform M-asymptotic expansion of type 1/h in S, endowed with the
norm

_ w1 k
— g MO = Siat

, 3.2
I N VS YR T (3:2)

HfHM,h,;
which makes it a Banach space.

Now, we define the classes of uniform asymptotic expansion of Roumieu and
Beurling type

Definition 3.1.2. Let S be an unbounded sector and M be a sequence. We define
the (LB) space of functions admitting a uniform { M }-asymptotic expansion in S
(of Roumieu type), denoted by Afy, (5), as

At (S) = | Anr (9).

h>0

When the type needs not be specified, we simply write f ~imy ]?in S.

Moreover, we can consider the space of Beurling-type, denoted by .Z’(M)(S ),
and defined as

Alary(8) = () Abrn(S),

h>0

which becomes a Fréchet space when endowed with the topology generated by the
family of seminorms (||-|[,;, ~)ns0-

Remark 3.1.3. First, note that, taking p = 0 in (3.1), we deduce that every
function in JZ(?M}(S ) or .Z?M)(S ) is a bounded function.

Secondly, when a statement is valid for both Roumieu and Beurling classes,
we will use the notation Apg(S), JZFM](S ) and so on (substituting every square
bracket by either of them, curly brackets or parentheses, but the same all through
the statement). For example, if M is (Ic), the spaces A (S) and .,ZFM](S) are
algebras, and if M is (dc) they are stable under taking derivatives. Moreover, if

M =~ L the corresponding classes coincide.
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As a consequence of Taylor’s formula and Cauchy’s integral formula for the
derivatives, there is a close relation between Carleman ultraholomorphic classes
and the concept of asymptotic expansion (this can be proved similarly as [II, Prop.

8]).
Proposition 3.1.4. Let M be a sequence and S be a sector. Then,

(i) If | € Agz,(S) then [ admits f= Y pemo ﬁf(p)(())zp as its uniform M -
asymptotic expansion in S of type 1/h, where (f®(0))pen, is given by ([2.2).
Moreover, || fll a; 1= < I fll37., and so the identity map Ag; , (S) — Ajy 1,(S)
is continuous. Consequently, we also have that Ag;(S) C fTFM](S) and
A (5) = ﬂf‘M](S) is continuous.

(ii) If S is unbounded and T is a proper subsector of S, then there exists a
constant ¢ = ¢(T,S) > 0 such that the restriction to T, f|r, of functions f

defined on S and admitting a uniform M -asymptotic expansion in S of type
1/h >0, belongs to Agz ., (T), and || f|z|lz7 o0 < W fllpg - So, the restriction

map from .Z}‘\/Ih(S) to Az (1) is continuous, and it is also continuous from
vy (5) to A[A?[] (T).
One may similarly define classes of formal power series. More precisely:

Definition 3.1.5. Let M be a sequence, and h be a positive number. We define
the class of formal power series as

Cllzllmp = {f: io:apzp e Cl[7]] : ‘f‘M,h = ESI\II?) h’f"a]]\O}p < oo} (3.3)

Moreover, by taking into account that (C[[z]]azn, |- |ar,) I8 & Banach space, we
can consider the Carleman-Roumieu (LB) space of formal power series, defined as

Cllellay = | Cllellaans

h>0

and the Carleman-Beurling Fréchet space, defined as

Cllellany = () CllNagn-

h>0

After we have introduced the previous spaces, it is natural to consider the Borel
map, more precisely.



86 3.1. ASYMPTOTIC EXPANSIONS AND THE ASYMPTOTIC BOREL MAP

Definition 3.1.6. Let S be a sector, and M be a sequence. We define the asymp-
totic Borel map, denoted by B, as the map sending a function f € .A #(S) into

its M-asymptotic expansion f € C[[z s 1ee. B(f):=T.

Remark 3.1.7. Note that, by Proposition M(l) the asymptotic Borel map
may be defined from ,ZFM](S) or Aiz7(5) into C[[z]](ps) (with the aforementioned
meaning), and from Azz , (S) into C[[z]]ar,s, and it is continuous when considered
between the corresponding (LB), Fréchet or Banach spaces.

Moreover, if M is (l¢), B is a homomorphism of algebras; if M is also (dc),

differentiation commutes with B. Finally, M ~ L implies C[[z]]p] = Cl[2]]1),
and the corresponding Borel maps are in all cases identical.

We will focus on the surjectivity of the Borel map in unbounded sectors .S,
bisected by direction 0, as this problem is invariant under rotation. Note that the
value v can be any positive real number, since we work in the Riemann surface of
the logarithm; in case 7 is greater than 2, multivalued functions (i. e. whose values
depend on the considered sheet within the Riemann surface) naturally occur. We

define

Siar =11 > 0; B: Agn(8y) — C[[z]][n) is surjective},

v ={7>0;  B: Ay (S,) — C[[z]][a is surjective}.

Thanks to the fact that if v > 0 is in any of those sets then every 0 <+ < v also
is, we deduce that S[ﬁ and SEM] are either empty or left-open intervals having 0
as endpoint, called surjectivity intervals. Moreover, by Proposition [3.1.4] we see
that

(Sth)° € Sz € Staay, (3.4)

where I° is the interior of I. The determination of these intervals is closely related
to the existence of right inverses for the asymptotic Borel map.

Definition 3.1.8. We say that T' is a extension operator for B if it is linear and
continuous, and such that BoT'is the identity map on a class of formal power series.
It can be global, defined from C[[]](ag) into Ay (S) or Ay (S) (with its respective
(LB) or Fréchet space structures), and local, at the level of Banach spaces, defined
from C[[2]]ar, into some jl]ﬁ/,,h,(S) or Ag; ;. (S) for suitable h" depending on h. In
this latter case, it is common that a scaling of the type occurs, that is, A’ = ch for
a universal constant ¢ > 0 independent from h.
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3.2 Optimal flat functions and a Borel-Ritt re-
sult for Roumieu classes under (dc)

The following result for the Roumieu case, already hinted at in the work of V.
Thilliez [80, Subsect. 3.3] and resting on a result of H.-J. Petzsche [52, Th. 3.5],
appeared, in a slightly different form, in [33, Lemma 4.5]. Since the result of
Petzsche is equally valid for the Beurling case [52, Th. 3.4], one can state the
following.

Lemma 3.2.1. Let M be a weight sequence. If §E§VI] # (0, then M satisfies (snq)
or, equivalently, (M) > 0.

Regarding the precise determination of the surjectivity intervals, the first sem-
inal results appeared in a work of J. Schmets and M. Valdivia [74], whose results
prove that

(0. [/(M)] = 1) C Sz

where [z] is the least integer greater than or equal to a real number z. Moreover,
for such openings surjectivity comes with local extension operators with scaling of
the type, and with global extension operators in the Beurling case, while global
extension operators in the Roumieu case need the extra condition (5;) of H.-J.
Petzsche [52]. In the case of strongly regular sequences, V.Thilliez [80] showed that
(0,7(M)) C Spzz, again with local extension operators with scaling of the type.
Several improvements followed in the Roumieu case [68, [33] [14], [37], trying firstly
to determine the surjectivity intervals, or at least their length, for (certain classes
of) strongly regular sequences, and afterwards trying to weaken the condition of
moderate growth. These efforts have lead to the following precise statement that
appeared in [37, Th. 3.7] under the condition (dc). It shows that the length of the
surjectivity intervals is precisely given by ~v(M).

Theorem 3.2.2. Let M be a reqular sequence such that v(M) > 0. Then,

(0,9(M)) € S5z, € Siary € (0,7(M))].

In particular, if v(M) = oo, we have that S{]\/Z} = §f{‘M} = (0,00).

So, the surjectivity of the Borel map for regular sequences is governed by the
value of the index ~(M).

3.2.1 Construction of optimal flat functions

Our aim is to relate the surjectivity of the Borel map in a sector to the existence of
optimal flat functions in it, which we now define and construct in this subsection.
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Definition 3.2.3. Let M be a weight sequence, S an unbounded sector bisected
by direction d = 0, i.e., by the positive real line (0,4+00) C R. A holomorphic
function G: S — C is called an optimal { M }-flat function in S if:

(7) There exist K7, Ky > 0 such that for all z > 0,

(i7) There exist K3, Ky > 0 such that for all z € S, one has
|G(2)] < Kshar(Kqlz]). (3.6)

Besides the symmetry imposed by condition (i) (observe that G(z) > 0 for
x>0, and so G(2) = G(z), 2 € S), we note that the estimates in amount to
the fact that

|G(2)| < K3K}My|z]?, pENy, z€8,

which exactly means that G € A{yn(S) and is {M}-flat, i.e., its uniform {M}-
asymptotic expansion is given by the null series. The inequality imposed in ({3.5)
makes the function optimal in a sense, as its rate of decrease on the positive real
axis when ¢ tends to 0 is accurately specified by the function hps;. Note that,
in previous instances where such optimal flat functions appear [80, 42} 27], the
estimates from below in are imposed and/or obtained in the whole sector S,
and not just on its bisecting direction. We think the present definition is more
convenient, since it is easier to check for concrete functions, and for our purposes
it provides all the necessary information in order to work with such functions.

In order to construct such optimal flat functions, we need to start by intro-
ducing the harmonic extension and a particular majorant of a nondecreasing non-
quasianalytic function.

Definition 3.2.4. A nondecreasing (or even just measurable) function o : [0, 00) —
[0, 00) satisfies the nonquasianalyticity property (wn,), and we say o is nonquasi-

analytic, if
ot
/ & dt < oo.
t2
1

For a nondecreasing nonquasianalytic function, we can consider the harmonic

extension of such function.

Definition 3.2.5. Let o : [0,00) — [0,00) be a nondecreasing nonquasianalytic

function. The harmonic extension P, of o to the open upper and lower halfplanes
of C is defined by

o(|z]) ifxeR, y=0,

Po(z +1y) = 4 |yl /“’ o([t]) .
= —— Y dt ifrecR 0.
T ) (t—1)2 4 2 freRy#

(3.7)
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There exist some relation between ¢ and the harmonic extension P, of o. More
precisely.

Remark 3.2.6. For every z € C one has (see, for example, [0, Remark 3.2] or [51]
Prop. 5.5]):
o(|z]) < P,(2). (3.8)

Moreover, the harmonic extension P, has the following properties.

Proposition 3.2.7. Let o : [0,00) — [0,00) be a nondecreasing nonquasianalytic
function. Then, we have the following properties

(1) o1 < oy implies Py, < P,,.
(2) )‘P01(2> + uby, (Z) = P>\01+u02(z)7 A p € R.
(3) Pisocn(2) = P,(Cz), C > 0.

Another important auxiliary function appears in the study of extension re-
sults in Braun-Meise-Taylor ultradifferentiable classes, defined in terms of weight
functions (see, for example, [48, [6] and the references therein).

Definition 3.2.8. Let o : [0,00) — [0,00) be a nondecreasing and nonquasiana-
lytic function. Then, the function k, is defined by

oly) = / W) 4y >0,
1

52

Remark 3.2.9. Thanks to the fact that o is nondecreasing, we have the following
estimate

o(y) < koly), y=0. (3.9)

Moreover, if o is also continuous, then k, is concave, cf. the proof of (3) = (4) in
[48, Proposition 1.3].

In particular, consider a weight sequence M such that 3~ 1/m,, < oo (this is

condition (M3)' in [38]); in other words, the sequence M := (M, /p!) e, satisfies
(nq). According to [38, Lemma 4.1], this property amounts to v, and/or wps
being nonquasianalytic. So, it makes sense to consider the concave function &,
associated with wys, and &, , associated with the counting function v,,,. Moreover,
we can establish the following equality

Proposition 3.2.10 ([38], Proposition 4.4). Let M be a weight sequence such that
M satisfies (nq). Then, we have that

Fone () = Wnm(y) + ko (y), ¥ >0, (3.10)
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As a first step for the construction of such flat functions, we need to estimate
the harmonic extension P, in terms of the majorant x,. The right-hand side
estimate in the next result is a slight refinement of the one in [0, Lemma 3.3],
which was not precise enough for our purposes. We include the whole proof for
the sake of completeness.

Proposition 3.2.11. Let o : [0,00) — [0, 00) be a nondecreasing nonquasianalytic
function. Then, we have

1

;KU(y) S PO'(Zy) S Ka(y)a ) Z 0. (311)

Proof. 1f y = 0 all the values are equal to ¢(0) and so the inequalities hold true.
Now, for y > 0 we have

pa(iy):%/oo a(|t]) dt:% < o(t) dt:z/ooo a(ys)ds

o PP y? T Jo t24+9y? T s2+1

2 o
> —/ o(ys) ds.
), s2+1
Since 52 4+ 1 < 2s? for s > 1, we deduce that

P (iy) > ~ /100 7(Y3) 4 %/{U(y).

T 52

In order to prove the right inequality, we start by splitting the integral into two
parts:

o2 [alys) 2 (M a(ys) /°° a(ys)
Po.(zy)—ﬁ/0 s2+1d8_7r(/0 82+1d$—|— 1 s2+1d8 . (3.12)

As o is nondecreasing, we may write

/0 W) 4 < a(y)/o L ogs— %a(y), (3.13)

s24+1  — s2+1

and

/100 ;(iS)lds = Ko (y) — /100 (5_12 2 i 1> o(ys)ds < kq(y) — o(y) (1 B %) '

From (3.12)), (3.13), (3.14) and (3.9) we deduce that

Pulin) < > (30(0) + roy) — 00)) < molt)
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The key condition for weight sequences that will allow us to construct optimal
flat functions appeared in a work of M. Langenbruch [41].

Definition 3.2.12. Let M be a weight sequence such that M satisfies (nq), so
that P,,, is well-defined. We say that the sequence satisfies the Langenbruch’s
condition if there exists a constant C' > 0 such that for all y > 0 we have

Pon (iy) <wm(Cy) +C. (3.15)

We can characterize the previous condition in terms of the index ~(M). This
connection has very recently appeared for the first time in a work of D. N. Nen-
ning, A. Rainer and G. Schindl [51I]. Although the additional hypothesis of (dc)
appears in their (indirect) arguments, it can be removed as long as the sequence
satisfies (snq), as we now show. Observe that, by Lemma[3.2.1] the condition (snq)
(equivalently, v(M) > 0) is necessary for surjectivity, so it is not a restriction for
our aim.

Proposition 3.2.13. Let M be a weight sequence. The following are equivalent:
(i) v(M) >0, M satisfies (nq) and M satisfies Langenbruch’s condition.
(i1) v(M) > 1.

Proof. First, from (1.15)) we deduce that for all » > 0 and B > 0,

war(eBr) = /Oe ' Vm(u)du = wM(r)+/e ' Vm(U)du > wpr(r) + Bum(r). (3.16)

u u

The last inequality is a consequence of the monotonicity of v,.

(i)=(ii) By taking into account (3.8)) and (3.11]), we deduce
wr (Y) + K (4) < Pops (1) + 7P, (1Y) = Boprimvm (iy),  y 2 0.

Thanks to (3.16) and the monotonicity of the harmonic extension with respect to
the argument function we get from above

WM (Y) + B, (V) < Popgeny(y) = Puy, (ie™y) < wp(Cey) + C, y > 0.

Next, by using the integral expression ([1.15)) and the monotonicity of v, we have
that

K (Y) < wp(Ce™y) —wnm(y) +C

Ce™y
— / Vmu(u) du+ C < In(Ce™)vm(Ce™y) + C, y > 0.
Yy
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Finally, by Lemma|l1.1.32] we deduce that
bvm(Y) < Dvm(y) + D,y =0,

for suitable D > 0. This is condition (wgq) for vy, and, by Lemma|1.1.32] we may
conclude that y(M) > 1.

(ii)=(i) Condition v(M) > 1 implies that v(M) > 0, and amounts to condi-

tion (1) for m (see (L.4)), so that M clearly satisfies (nq). By Lemma|1.1.32] the
condition y(M) > 1 is equivalent to the existence of a constant C' > 0 such that

Ko (Y) < Cup(y) + C, y > 0. (3.17)
Then, from , and the above inequality we deduce that
Pore (1Y) < K (Y) = wnm(y) + 0, (y) < wna(y) + Com(y) + €,y 20,
By , we have from above that
Py (iy) < wm(ey) +C, y >0,
which completes the proof. O

Remark 3.2.14. The condition y(M) > 1 is the same as v(M) > 0, or equiva-

lently, (snq) for M (even if M might not satisfy (Ic), we can apply [34, Corollary
3.13] to obtain this equivalence). So, for a weight sequence M satisfying (snq),

Langenbruch’s condition allows to pass from (nq) to (snq) for M.
Observe also that, by [34, Lemma 3.20], the condition (nq) for M implies that

the index w(M), introduced in [68] and studied in detail in [34], is nonnegative,

~

and so w(M) = w(M)+1 > 1. As one only knows that y(M) < w(M) in general,
and these indices can perfectly be different, one may better understand the effect
of Langenbruch’s condition.

Remark 3.2.15. On the one hand, as said before, for a weight sequence M the
condition y(M) > 1 amounts to the condition (7;) for m, and it is well-known
(see [38, Prop. 4.4]) that then wpy satisfies (wenq). As it can be deduced from [48],
Prop. 1.7], this last fact is, in its turn, equivalent to the existence of a constant
C > 0 such that

P,y (iy) < Cwm(y) +C, y>0.

On the other hand, in [38, Prop. 3.6] the condition (mg) for a weight sequence M
is shown to be equivalent to the fact that 2wps(y) < war(Dy) + D for all y > 0
and suitable D > 0. Gathering these estimates, we conclude that if M is strongly
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regular then (M) > 1 if, and only if, M satisfies Langenbruch’s condition. This
was basically the reasoning that allowed V. Thilliez to obtain optimal {M }-flat
functions, in the very same way as we are doing in the next result, but dropping
now the moderate growth condition by means of Proposition [3.2.13]

Thanks to the previous result, we will construct optimal { M }-flat functions in
the right half plane as long as y(M) > 1.

Proposition 3.2.16. Let M be a weight sequence. If v(M) > 1, then the function

G(2) = exp(=Pup, (1/2) = 1Qun, (i/2))

is an optimal { M }-flat function in the halfplane Sy, where Q,, is the harmonic
conjugate of P,,, in the upper half plane.

Proof. 1t is clear that the function G is holomorphic in S;. On the one hand, by
taking into account ({3.8)), for z € S; we have that

|G (2)| = exp(—Fup (i/2)) < exp(—wnr(1/]2]) = has(]2]).

On the other hand, the condition (M) > 1 implies, by Proposition [3.2.13] that
there exists C' > 0 such that P,,,,(iz) < wpr(Cx) + C for every x > 0. Since one
can easily check that Q,,,(i/x) = 0, we have that

G() = exp(—Pay, (i/2)) > exp(—wnt (C/x) — C) = exp(—C)hag(z/C),
as desired. [

By a ramification of the variable we can extend this method to an arbitrary
weight sequence with v(M) > 0 and any sector whose opening is less than 7wy (M ).

Proposition 3.2.17. Let M be a weight sequence with v(M) > 0. Then, for any
0 <7y <y(M) there exists an optimal {M }-flat function in S, .

Proof. Let s > 0 be such that v < 1/s < (M). Then, by [34, Th. 3.10, Prop.
3.6] we have that y(M?®) = sy(M) > 1, where M*® = (M;),en, is again a
weight sequence. We apply the last result to the sequence M?®, so there exist an
optimal {M*}-flat function G in S;. It is important to note that the bounds for
G appearing in Definition [3.2.3| will be in terms of hpss, instead of hys. Moreover,
the following relation between the functions wpass and wpy is straightforward:

1
wpr(t1%) = swoae(t), 20, (3.18)
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Now, let us prove that the function F(z) = (G(2%))%, z € S,, is an optimal
{M }-flat function in S,. From the fact that G is an optimal {M*}-flat function,
(1.13) and (3.18)), we get

F(z) = (G(a")"* > K{'* exp(—s'wars (1/(Kaa*)))
> K exp(—wn(1/ (K 2)) = K{ " hag(Ky*x), x>0,

for suitable constants K, Ky > 0. Moreover, we have that
F(2)] < Ky exp(—s~"wns (1/ (Kal2[*)))
< K3 exp(—wn (1 (K)2) = K5 haa (K3 J=)), - 2 €8,

for suitable constants K3, K; > 0, and we are done. O

3.2.2 Surjectivity of the Borel map for regular sequences

We will describe next how, by means of an optimal flat function, one can obtain
extension operators, right inverses for the Borel map, for ultraholomorphic classes
defined by regular sequences. B

If G is an optimal { M }-flat function in A,/ (5), we define the kernel function

e: S — C given by
e(z) =G (%) , z€8.

It is obvious that e(z) > 0 for all > 0, and there exist K, K, K3, K4 > 0 such
that
K K
Kihp (—2) <e(z), x>0, and le(2)] < Kshpr (ﬁ) , z€S8.
x z

(3.19)
For every p € Ny we define the p-th moment of the function e(z), given by

p(p) == /000 tPe(t) dt.

Note that the positive value 1(0) need not be equal to 1.
The following result is crucial for our aim.

Proposition 3.2.18. Suppose M is a weight sequence with v(M) > 0, and G is

an optimal { M }-flat function in A?M}(S) for some unbounded sector S. Consider

the sequence of moments p == (pu(p))pen, associated with the kernel function e(z) =
G(1/z). Then, M satisfies (dc) if, and only if, there exist By, Bs > 0 such that

u(O0)BYM, < pu(p) < p(0)BEM,, p € Ny, (3.20)

In other words, M and p are equivalent.
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Proof. First, we suppose that M has (dc), and therefore Misa regular sequence.
Observe that we only need to reason for p € N. On the one hand, because of the

right-hand inequalities in (3.19) and Lemma [1.1.28\(ii), for every p € N and s > 0

we may write
S o0 1 +2
ulp) = [ tPe(t)dt + t—2tp e(t) dt
0 s

s K 0 q
§K3/ * dt + Kssup t? 2 hay <—4)/ 5 dt
0 s

>0 t
sPtl (K4D)p+2Mp
+ )
p+1

p+1

1
= Kj + K3EK£+2MP+2 < K; (

Note that in the last equality we have used (1.9, and then we have applied (dc)
with a suitable constant D > 0. Since s > 0 was arbitrary, we finally get

(K4D)p+2Mp) P+ 2
= Kj
s p+1

p(p) < inf K3 (p+ 1 + (K4D)p+1(Mp)(P+1)/(P+2)

s>0

for a suitably enlarged constant By > 0 (observe that p > 1 and that, eventually,
M, >1).

On the other hand, by the left-hand inequalities in and Lemma . (i),
for every p € N and s > 0 we may estimate

s s KQ K2 Sp+1
> p > K P — > K — :
u(p)_/ote(t)dt_ 1/OthM(t)dt_ th(S)p+1

Then, again by (1.9)), we deduce that

K K
gt (52) = R e 00

u(p) >

for a suitable constant B; > 0 (note that M is eventually nondecreasing).
Now, suppose that M and p are equivalent and therefore (3.20)) holds for
suitable By, Bo > 0. The above estimate (first inequality) shows for every p € N

that i1 i1
p+1/1 1(0) (2B,
My, < — < — M,
pHl = K, <K2) u(p) < K, K, Iz
and so M has (dc). O

We can already state the following main result. The forthcoming implication
(17) = (v) for strongly regular sequences M was first obtained by V. Thilliez [80),
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Th. 3.2.1], and the proof heavily rested on the moderate growth condition, both
for the construction [80, Th. 2.3.1] of optimal { M }-flat functions in sectors S, for
every 7 > 0 such that v < y(M), and for the subsequent use of Whitney exten-
sion results in the ultradifferentiable setting. In [42] the implication (i7) = (ii7)
was proved again for strongly regular sequences, but with a completely different
technique, and it is this approach which allows here for the weakening of condition
(mg) into (dc).

Theorem 3.2.19. Let M be a reqular sequence (that is, M is a weight sequence

and satisfies (dc)) with v(M) > 0, and let v > 0 be given. Fach of the following
statements implies the next one:

(i) v <~v(M).
(1) There exists an optimal { M }-flat function in JZ?M}(SW).

(i1i) There exists ¢ > 0 such that for every h > 0 there exists a linear continuous
map Tagpn: Cll2]larn — ARy (Sy) such that Bo Ty, is the identity map in
Cllzllamp (i-e., Taap is an extension operator, right inverse for B).

(iv) The B07”EZ map B: leli{LM}(Sw) — Cl[2]]tamy 1s surjective. In other words,
(0,7] € Stary-
(v) (0,7) C S{]T/[}
(vi) v < y(M).
Proof. (i) = (ii) See Proposition [3.2.17, valid for any weight sequence M.
(i1) = (i4i) Let h > 0 and f =377 a,zP € C[[z]]amn be given. Let (u(p))pen,
be the sequence of moments associated to the function e(z) = G(1/z), where G

is an optimal {M }-flat function in jffM}(Sv). By the definition of the norm in
Cl[2]]ar.n (see (3.3])), we have

lap| < | flameph?M,, p € No.

From the left-hand inequalities in (3.20f), we deduce that

_ .
< |£|(J‘g)”‘ E) , peN. (3.21)

Hence, the formal Borel-like transform of f,

L
9=2_

p=0 H

ap

u(p)
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is convergent in the disc D(0, R) for R = B;/h > 0, and it defines a holomorphic
function g there. Choose Ry := B;/(2h) < R, and define

1 U

Taan(F)(2) = = /ORO e(Y)atwdu, =,

z z
which is a truncated Laplace-like transform of g with kernel e. By virtue of Leib-
niz’s theorem for parametric integrals and the properties of e, we deduce that this
function, denoted by f for the sake of brevity, is holomorphic in \S,. We will prove
that f ~iny f uniformly in S, and that ~the map f +— f, which is obviously linear,
is also continuous from C[[z]|arn into A}, ., (S,) for suitable ¢ > 0 independent

from h.
Let p € Ny and z € S,. We have

fe) - 1" = f(2) Z (e
= é/o 0 e <g) nz:; MC(L;) u" du — nXZ[:) MC(L:U /000 v"e(v) dv 2".

After a change of variable u = zv in the last integral, one may use Cauchy’s
residue theorem and the right-hand estimates in (3.19)) in order to rotate the path
of integration and obtain

So, we can write the preceding difference as

(e g [ () S ).

Then, we have

‘f@') - 4 apz"| < é(f1(2)+f2(2’)), (3.22)
where
Borun SN an Ooup—lann
fi(z) = /0 (;) nzzpﬂ(”)u dul, fa(z) = /RO e (;) 2 u(n)u du
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We now estimate fi(z) and fa(z). Observe that for every u € (0, Rg] we have
0 < hu/B; <1/2. So, from (3.21) we get

~

S D (3 <2 (1)

2‘,]?|Mh < h )P/Ro U
<2 (4 [ (3

hO="0 ) 4 G
Regarding fo(z), for v > Ry and 0 < n < p — 1 we have (u/Ry)" < (u/Rp)?, so
u™ < RjuP /R§. Again by (3.21), and taking into account the value of Ry, we may

write
p—1
n=0

Then, we get

Hence,

u? du. (3.23)

~

anl o |flan 1w R <hi) e (@) ,
un)" = a0) ' = (0) v

u? du. (3.24)

In order to conclude, note that the second inequality in (3.19)), followed by the first
one, and the fact that e(z) > 0 for z > 0, together imply that for every z € S,
and every u > 0 we have

|Z| Kg KQU
< Ksh Kiy— ) <— .
et/ < Kamar (K02 ) < 2 (22

We use this fact, a simple change of variable and the right-hand estimates in ([3.20)),
and obtain that

/ ‘€<E> updug/ —36( 2u)updu
0 4 0 Kl K4|Z’

Ky [ Ky|z\"* 1(0)KsKy [ K4Bo\"
N < M..|zP+1
K, ( K, up) < KK, K, ol

This estimate can be taken into both (3.23) and (3.24]), and from (3.22)) we easily
get that for every p € Ny,

p—1 P
3K3K, ~ 9K,Byh
-3 a4, < M|z [P, S,
‘f(z) nzoa 1= KK, |f|M’h( K,B, ) ool 2 €8

and so f admits ]? as its uniform {M }-asymptotic expansion in S,. Moreover,
recalling the definition (3.2)) of the norm in these spaces with uniform asymptotics



CHAPTER 3. BOREL-RITT THEOREMS AND EXTENSION OPERATORS 99

and fixed type, if we put ¢ := 2KyB,/(K3B;) > 0, we see that f € A}, ,(S,) and

”f”M,chﬂ = K1K2 |f|M,h7

what proves the continuity of the linear map Tz j,.
(74i) = (iv) Immediate for any weight sequence M.
(iv) = (v) It follows from (3.4)), again valid for any weight sequence.
(v) = (vi) This statement is a consequence of Theorem [3.2.2] O

We note that the condition (dc) is only used in the implications (i7) = (ii7)
and (v) = (vi).

Remark 3.2.20. The facts in Theorem [3.2.19] (iii) and Proposition [3.1.4] (ii) to-
gether guarantee that for every d € (0,7) there exists ¢ > 0 such that for every
h > 0 there exists a linear and continuous extension operator from C[[z]]pr into
Azz.on(Ss). In fact, V. Thilliez stated his main result in this regard [80, Th. 3.2.1]
in terms of the existence of such extension operators for every 6 < v(M) and M
a strongly regular sequence.

The following three corollaries become now clear.

Corollary 3.2.21. Let M be a reqular sequence, and v > 0. The following are
equivalent:

(1) 7(M) >,
(1) There exists v, >~y such that the space vzlvf{LM}(Sm) contains optimal { M }-flat
functions.
(iii) There exists v, > ~ such that the Borel map B : "Z?M}(SM) — Cl[2]lypry s

surjective., i.e., 1 € S?M}.

Proof. (ii) = (iii) and (i7i) = (i) are respectively contained in Theorem [3.2.19
and Theorem [3.2.2] under weaker hypotheses. (i) = (ii) is immediately deduced
from Proposition [3.2.17] O

As a consequence of Proposition [I.1.23|and Theorem [3.2.19we get the following
result.

Corollary 3.2.22. Let M be a reqular sequence. The following are equivalent:
(1) M satisfies (snq).

(i1) There exists v > 0 such that the space .Z?M}(SW) contains optimal { M }-flat
functions.
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(1ii) There exists v > 0 such that the Borel map B : .,Zlvf{‘M}(Sw) — Cll2]limy s

surjective. In other words, S{yp, # 0.

Note that, according to Proposition . in the previous items (7i) and (iii)
one could change Ay, (5,) and S{M} into A{M}( y) and Sz, respectively.

Corollary 3.2.23. Let M be a reqular sequence, and v > 0. The following are
equivalent:

(i) v(M) >,

(it) There exists y1 > v such that the space A 53,(S5,) contains optimal { M }-flat
functions,

(iii) There exists v, >~ such that B : Ay (85,) = Cll2llany is surjective, i.e.,
M€ S{M}

3.2.3 Optimal flat functions and strongly regular sequences

Under the moderate growth condition, the implication (i) = (i) in the version
of Corollary [3.2.22| for the space A{A//\I}(SA,) can be shown independently by using
a result from J. Bruna [9], where a precise formula for nontrivial flat functions in
Carleman-Roumieu ultradifferentiable classes, appearing in a work of T. Bang [3],
is exploited. For the sake of completeness, we will present this proof below.

Theorem 3.2.24. Let M be a weight sequence satisfying (mg). If there exists v >
0 such that Agzz,(S,) contains optimal {M}-flat functions, then M is strongly
reqular.

The proof requires two auxiliary results which we state and prove now.

First, given a weight sequence M, the sequence of quotients m = (m,,)yen, is
nondecreasing and tends to infinity, but it can happen that it remains constant on
large intervals [po, p1] of indices, so that the counting function v, defined in
yields v, (my,) = Vm(my,) = p1 + 1. However, in some applications or proofs it
would be convenient to have v,,(m,) = p+ 1 for all p > 0. This can be assumed
without loss of generality by the following result.

Lemma 3.2.25. Let a = (a,),>1 be a nondecreasing sequence of positive real
numbers satisfying lim,_, - a, = +oo (it suffices that a,_; < a, holds true for
infinitely many indices p). Then there ezists a sequence b = (b,),>1 of positive real
numbers such that p — b, is strictly increasing and satisfies

b, b,
0<1nf—<sup—<+oo
pzlap  p>1 Gp
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So, in the language of weight sequences, we prove that for any weight sequence
M there exists a strongly equivalent weight sequence L (and so M = L) such
that ve(¢,) = p+1 for all p € Ny. Note that equivalent weight sequences define the
same Carleman-Roumieu ultraholomorphic classes and associated weighted classes
of formal power series.

Proof. Since a is nondecreasing and lim,_, ;. a, = +00 there exists a sequence
(pj)j=1 of indices such that a,, 1 < a,, =+ = a,,,,-1 < ap,,, forall j > 1 (and
so p1 > 2). For all j > 1 we have now a,,/(a,,—1) > 1+ ¢; for a sequence (&;);>1
with possibly small strictly positive numbers ;. Finally we put py := 1.

We take some arbitrary A > 1 and choose d; > 0 small enough so as to have
(1+6;)Pi+17Pi~t <min{A, 1+ £;41}. Then the sequence (d;),>0 satisfies

Q.
(L8P P <l gy < =22 (146, P <A >0, (3.25)

(pjy1—-1

We define now b as follows:

by :=agifqg=p;, 7 >0, by = (140;)bg—1if1+p; <qg<pj;1—1, j>0.
(3.26)
So we have by iteration by = (14-0;)97"7b,, = (1+0;)" Pia,, = (1+6;)TPa, > a,
for all ¢ with 1 +p; < ¢ < pjs1 —1, j > 0. On each such interval of indices the
mapping g — b, is now clearly strictly increasing since 1 + 9; > 1 for all j.
Moreover, by the first half in (3.25), we have b, ,, 1 = (1+0;)P+ % la, <b,
Hence the sequence g — b, is strictly increasing.

j+1°

By definition (3.26)) we have b, = a, for all ¢ = p;, 7 > 0, and b, > a, otherwise.
We conclude if we show that b, < Aa, for all ¢ with 1 +p; <¢<p;y1 —1,7>0.
For this, since ¢ — b, is strictly increasing, it suffices to observe that, thanks to
the second half in ([3.25)), we have by, , 1 = (140;)P+ Pi~ta, < Aa, = Aay,, 1.
O

The second result is the following.

Lemma 3.2.26. Let M be a weight sequence. Then M satisfies (mg) if and only
if wp(t) = O(Um(t)) as t — 4o0.

Proof. The condition (mg) for M is equivalent to m, < A(M,)"" for some
A>1andallneN (eg., see [61, Lemma 2.2]). It is also known that was(m,,) =
log (m}/M,) for n € N (see [40, Chapitre I]). So, if m,_; <t < m,, for some n > 1,
we get

W (t) < war(mn) = nlog <%) < nlog(A) = log(A)vm(t),

n
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that is, wpr(t) = O(vm(t)) as t — +o0.

Conversely, suppose that there exists A > 1 such that wps(t) < Avi,(t) for all
t > mp. By [61, Lemma 2.2], (mg) for M holds true if and only if there exists
H > 1 such that for all ¢ large enough one has 2v,,(t) < v, (Ht) + H, and this
we will prove. Take H > exp(2A4) and ¢ > mg. Using (1.15]), and since v, is
nondecreasing, we estimate

Ht Ht
Um Ht Z A—le Ht = A_l Vm—()\)dA Z A_l Um()\)d)\
A A
mo t
Ht 1

> A_ll/m(t)/ Xd)\ = A og(H)vm(t) > 2um (1),

t

as desired.

We mention that an alternative, more abstract proof can be based in the theory
of O-regular variation and Matuszewska indices for functions. By [34, Th. 4.4] we
have that the lower Matuszewska indices of v, and wps agree, that is, B(v,,) =
B(war), and by [34, Cor.2.17 and Cor. 4.2] we know M has (mg) if and only if
B(Vm) > 0. So, if B(vm) > 0, by [34, Th. 4.3] we have that liminf; ., ::\’;—((?) > 0,
and we deduce that wpr(t) = O(vm(t)) as t — +oo. Conversely, if wpr(t) =
O(vm/(t)) as t — 400, then liminf, ::;—((?) > 0, so by [34, Th. 4.3] we have that
B(war) > 0, and we are done. O
Proof of Theorem We follow the proof of necessity for [9, Th. 2.2].
By Lemma [3.2.25| and the remark following it, we can assume without loss of
generality that m is strictly increasing.

Let G be an optimal { M }-flat function in A5z, (5,) for some v > 0. So, there
exists some h > 0 such that

|G ()|

pma(G) = sup L < oo,
n€Np,z€(0,+00) hnn‘Mn

This shows that the Carleman-Roumieu ultradifferentiable class £ {_,\7[}((—6, +00)),
consisting of all smooth complex-valued functions g defined on the interval (—&, 00)
for some € > 0, and such that

(n)
sup —|g ($)| < 400

n€Np,z€(—¢&,+00) Hnn'Mn

for suitable H > 0, contains nontrivial flat functions (it suffices to extend G by 0
for x € (—¢,0]). Then, the well-known Denjoy-Carleman theorem (e.g., see [25]
Th. 1.3.8]) yields that M satisfies (nq).
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Let now

1
R,=Y — < +00, neN,,

and let the function F' be defined by F(t) :=n if R,.1 <t < R,, n € Ny.
By [3, (14), p. 142] we obtain that

G(z) =|G(z)| < ppn(G)exp (—F(hex)), x € (0,+00).

Combining this with (3.5]), with (1.13]) and setting C' := parn(G), we get

exp (F'(hex)) < < OK;texp(wn(1/(Kax))), o> 0.

G(z)
If we put t = hex and B := he/K,, we obtain that for every ¢ > 0,
F(t) <log(CK{"') +wn(B/t). (3.27)

By Lemma [3.2.26] there exists C; > 1 such that wps(s) < Civp,(s) + C for s > 0.
Choosing t = B/m,, in (3.27)), we see that

F(B/my) <log(CK{ ") 4 war(my) < log(CK; ™) + Cyvm(my) + Cy
=log(CK;") + Ci(n+1) + Cy,

since m is strictly increasing. Hence, F/(B/m,) < Cy(n+ 1) for some Cy € N and
all n € Ny. By definition of F', we get Re,(ni1)+1 < B/my, ie.,

1
m, Y ———<B, nel,
k>Ca(n+1)+1 (k + 1)mk’

Finally,

1 1 C2(n+1) 1
Y T Y Gt L G
k>n (k? + l)mk kZCg(n+1)+1 (k) + l)mk - (k‘ + l)mk

n(Cy—1)+Cy+1
(n+ 1)m,

§B+mn §B+2027

which is (snq) for M. O
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3.3 Construction of optimal flat functions for a
family of non strongly regular sequences

As deduced in Theorem the construction of optimal { M }-flat functions in
sectors within an ultraholomorphic class, given by a regular sequence M , provides
extension operators and surjectivity results. Although such general construction
has been shown in Proposition , we wish to present here a family of (non
strongly) regular sequences for which an alternative, more explicit technique works.

We recall that, for logarithmically convex sequences (M,)yen,, the condition
(de) is equivalent to the condition log(M,) = O(p?), p — oo (see [46, Ch. 6]). On
the other hand, the condition (mg) implies that the sequence is below some Gevrey
order (there exists o > 0 such that M, = O(p!*) as p — o0; see e.g. [47, 80]).

We will work, for ¢ > 1 and 1 < o < 2, with the sequences M, , := (¢”")pen,-
They are clearly weight sequences and, by , it is immediate that (M, ,) = oo,
so they satisfy (snq) (see ) According to the previous comments, they
satisfy (dc) but not (mg). So, M, is regular, but M, is not strongly regular.

The case ¢ = 2 is well-known, as it corresponds to the so-called ¢-Gevrey
sequences, appearing in the study of formal and analytic solutions for g-difference
equations, see for example [4, [I7] and the references therein.

First, we will construct a holomorphic function on C \ (—o00,0] which will
provide, by restriction, an optimal { M, }-flat function in any unbounded sector
S, with 0 < < 2. Subsequently, we will obtain such functions on general sectors
of the Riemann surface R of the logarithm by ramification. This, according to
Theorems [3.2.2 and [3.2.19] agrees with the fact that v(M,,) = co.

3.3.1 Flatness in the class given by M,

It will be convenient to note that for a fixed o € (1, 2], there exists a unique s > 2
such that 0 = s/(s — 1).
We start by suitably estimating the function

wm,., (t) = sup In ( tpg) = sup(pn(t) — p”“Vin(q), t>0.
pENg qv PENg

Due to the fact that waz, , (t) = 0 for ¢ < 1 (since mg = My /My = M; = ¢ > 1 and

by (L.15))), we will restrict our attention to the case ¢ > 1. Obviously, wa, , () is

bounded above by the supremum of z In(t) — 2%/~ In(g) when z runs over (0, 00),

which is easily obtained by elementary calculus and occurs at the point

o ((s— 1)1n<t)>5—1_

sTn(g)
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If we put
1/s—1\"
bos = <sln (q)> , (3.28)
then
war,, (1) < (%)(g‘(t))_ In(t) — (%) In(q) = by In*(t), > 1.

(3.29)
On the other hand, for ¢ > ¢*/¢~Y (what amounts to o > 1) we also have that
war,, (t) is at least the value of zIn(t) — 2%~V ln(q) at x = |, that is,

s/(s—1)

wnt,, () > K—( glliéﬁ(t))s_lJ In(t) — K—( ;hlf(;l“)y_lJ In(g)

- (S5 ) ) wo- (S ) wo

= by, In°(t) — In(t). (3.30)

=

Lemma 3.3.1. For every t > ¢*/¢=Y it holds

S S t S/(s—
by.sIn°(t) —In(t) > by, In (m) —In (¢ (3.31)

Proof. Observe that every t > ¢*/¢~1 may be written as t = ¢¥*/~1 for some
y > 2. Then, we have that

b ()=t (G ) = s (52F) 0 -00) = P01,

S —

By the mean value theorem, y* — (y —1)* > s(y —1)*"!, and since s > 2 and y > 2,
we have (y — 1)*"1 > y — 1. So we deduce that

%(ys —(y—1)°) > Sslnf@l)(y — 1) =In(t) — In (¢*/*7V),

as desired. O

Combining (3.29)) with (3.30)) and (3.31)), and using (1.13]), we get

1 1
exp (_bq,s lns (Z)) S thﬂ(, (t) S qs/(s—l) exp <—bq’s lns <m)> , (332)

for all 0 < ¢t < ¢=2/6=Y and therefore we can say that these estimates express
optimal { M, , }-flatness.
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3.3.2 Optimal {M,,}-flat function in S,

The estimates in suggest considering the function exp ( — by s log® (1 / z)),
with, say, principal branches, as a candidate for providing optimal flat functions.
However, its analyticity in wide sectors is not guaranteed. Moreover, even in small
sectors around the direction d = 0, its behaviour at oo might not be as desired:
For example, when s = 2 it tends to 0 as 0 < & — 0o, what excludes the possibility
of proving the inequality in (3.5)).

Because of these reasons, we will first define a suitably modified function in the
sector Sy = C \ (—00, 0], prove its flatness there, and then turn to general sectors
by composing it with an appropriate ramification.

We define
1
G3°(2) == exp <—bq,s log® (1 + —>) . Z€ Sy, (3.33)
z

where the principal branch of the logarithm is chosen for both log and the power
w — w® = exp(slog(w)) involved. Observe that if z € Sy, then 1+ 1/2 €
C\ (—o0,1], and so log(1 +1/z) = In(|1 + 1/z|) + targ(1 + 1/z) ¢ (—o0,0]. This
ensures that the map

1 1
z — log® (1 + —) = exp (slog <log(1 + —)))
z z

is also holomorphic in Sy, and so is G5°.

In order that G3° is an optimal {M,,}-flat function in Sy, we are only left
with proving the estimates and . It turns out to be more convenient to
work with the associated kernel

ea(z) == G3°(1/z) = exp(—byslog’(1 + 2)), =z € Sy,
and verify the following result.

Lemma 3.3.2. There exist positive constants Cy,Cy such that

|62(Z)| < 0162(02|Z|>, z € 9,.

Proof. In the first place, we observe that for every z € S5,

R(log®(z+ 1)) = |log®(z + 1)| cos(arg(log®(z + 1))) (3.34)
= |log(z + 1)|” cos(s arg(log(z + 1))).

Now,

] )| =
s|arg(log(z +1))| = s |z 1 1]

arcton (TEEEL)) ‘ <

v
i — . 3.35
a“<1n|z+u)‘ (3.85)
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Hence, setting

Ro:=1+exp (W) >9

we get that |z| > Ry implies that |z + 1| > Ry — 1 > 1, and therefore In|z+ 1| > 0

and
< tan (5
In|z+ 1] 2s/) "
From this and (3.35]) we deduce that cos(sarg(log(z +1))) > 0. Then, continuing
with (33,
R(log®(z + 1)) > |R(log(z + 1))|° cos(s arg(log(z + 1)))
sin?(s arg(log(z + 1)))
1+ cos(sarg(log(z +1)))

=In’|z+ 1] — In’® |z + 1 (3.36)

Now, from the equality in (3.35) we see that sarg(log(z + 1)) — 0 as z — oo in
Sy, and moreover

A Kl Sinj()(ss(irfr(gl?i(gz(j 31)))))) / (HH -

zE€So

Therefore, there exist Ry > Ry and C' > 0 such that

sin?(sarg(log(z + 1))) < 1
1+ cos(sarg(log(z+1))) = In*|z+ 1|

We deduce from (3.36)) that for z € Sy with |z| > Ry,
R(og®(z+1)) > In® [z +1| = CIn* 2 |2+ 1| > In*(]2| — 1) = C'In*?(|z| +1). (3.37)

We would be almost done if we obtain, for the right-hand side in , a lower
bound in terms of, say, In®(1 + |2|/2) for |z| sufficiently large.

This is easy in case s = 2, for it suffices to take |z| > 4 in order to have
3<1+4]z|/2<|z] =1, and so if |z| > Ry := max{R;,4} we have

‘Z’ > Rl-

R(log®(z+1)) >In’(|z| —1) = C > 1In® (1 + %) - C.
In case s > 2, it is not difficult to check that

lim <lns(x —1)=Cln**(x+1) —In* (1 + E)) = 400,
r—400 2
so that, according to (3.37)), there exists Ry > R; such that for z € S, with
|z| > Ry one has

2]

R(log® (2 + 1)) > In® (1 + 7) .
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In any case, we can deduce an upper estimate of the form

lea(2)| = exp ( — bysR(log® (= + 1)))
< e%exp (—bq’s In® (1 + %)) = %, (%) , 2z €Sy, |z| > Rs.

Finally, since the function |ey(z)| stays bounded and bounded away from 0 for
bounded |z| (in particular, it tends to 1 when z tends to 0 in Ss), the previous
estimate can be extended to the whole of S5 by suitably enlarging the constant C'.
O

We are ready for the main objective of this section.

Theorem 3.3.3. The function G2° defined in (3.33) is an optimal {M,,}-flat
function in Ss.

Proof. The previous lemma ensures that there exist positive constants C, Cs
such that

|G2°(2)| < Cyexp (—bqﬁs In® <1 + ﬁ)) , 2€8,. (3.38)

2|

Observe that this inequality guarantees that |G3°(2)| is bounded. As the same is
true for hpy, , (t) for every t > ¢, and any fixed t; > 0 (see Lemma, we only
need to check the estimate for small enough |z|.

For |z| < Oy it is clear that In(1 + Cy/|z]) > In(Cy/|z]) > 0. Then, from (3.32)
we have that

|G3°(2)] < Cyexp (—b%s In® (1 + @>)

||

C.
< (Chexp (—bq’s In® (j)) < Cihm,, (|C’i) 2 < 02q—2s/(s_1)7
2

and we have proved ((3.6)).
Now, let us note that G3°(z) is bounded away from 0 as soon as x > r for any

fixed r > 0, since then
exp (—bys In® (1 +1/r)) < G¥°(x).

Again, we only need to check the estimate (3.5 for small enough x. Indeed, we
have for x > 0 that

et = o (et (1) s ([ (1 2) e ()]
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The mean value theorem gives that In*(1+ 1/z) —In®(1/x) tends to zero if x N\, 0,
and we deduce that there exists L such that

1
G%°(x) > Lexp (—bw In® (_>) < g/,
x

The second inequality in ([3.32)) implies now that, as long as x < ¢~* = we have
Gq’s(l’) > 78/(871)}1 x
2 = Lq Mg,o qs/(s—l) ’

and so (3.5)) holds. O

3.3.3 Optimal {M,,}-flat function in arbitrary sectors

Let us consider a sector S, C R with v > 2, and define the function

G2 (z) = oxp by (3) low® (14 2727)) = (G5°(2) " s es,
(3.39)
The map z — 227 is holomorphic from S, into S, and so G4* is holomorphic in
S,. We will prove that this function is an optimal { M, }-flat function in this
sector.
As before, we consider the kernel

er(2) 1= G (1)2) = exp (=B (3) Tog” (14 227)) = (ealz?) 7, 2 €8,

Lemma 3.3.4. There exist constants By, Bo > 0 such that

|€7(Z>| < 3162(32’2‘)7 A Sry. (340)

Proof. According to the definition of e, and by applying Lemma [3.3.2] there exist
constants C', Cy > 0 such that for every z € S, one has

|€W(Z)| = }GZ(ZQ/V)|(7/2)S < ((7162((72|Z|2/7))(7/2)5‘

We recall that the function |es(2)| stays bounded for bounded |z|; from the previous
estimates, the same can be said about |e,(z)|, and so we can prove by
restricting our considerations to large enough values of |z| and well chosen By > 0,
and then suitably enlarging the constant B; > 0 involved. Let us observe that

(62(02|Z|2/7))(7/2)S = exp (—bgs In® [(1+ C'2|Z|2/”/)w/2]) ’
e2(Ba2]) = exp (—bys In*(1 + Balzl)) .
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So, we will be done if we see that
In®(1 + Ba|z|) — In®[(1 + Cy|2|¥7)7/?],
admits an upper bound for large enough |z| and suitably chosen By > 0. But this

follows from the clear fact that

/2

In®*(14 By|z|)—In® [(1 + 02|z|2/v)”/2} ~ —sln (Cé ) In* (14 Byz]), |2| — oo,
2

where ~ means that the quotient of both expressions tends to 1. Indeed, in view
of this equivalence it suffices to choose any By < C3 /2 in order to have the desired
estimation for suitably large B; and |z|. O

Corollary 3.3.5. The function G2° defined in (3.39) is an optimal {M . }-flat
function in S,,.

Proof. By the previous lemma, there exist By, By > 0 such that

B
|G1%(2)| < Byexp <—bq,s In® (1 + ﬁ)) , z€8,.
z
Note that this estimate is essentially that in (3.38)), and so the conclusion follows
in exactly the same way as in the proof of Theorem [3.3.3] O

Remark 3.3.6. We mention that a similar approach has been followed in the
preprint [27], by A. Lastra and J. Jiménez-Garrido and J. Sanz, in order to con-
struct extension operators for the ultraholomorphic classes associated with the
sequences M™% = (p™"),en,, for 7 > 0 and o € (1,2). These sequences have
appeared in a series of papers by S. Pilipovi¢, N. Teofanov and F. Tomié¢ [53], [54]
55, 56], inducing ultradifferentiable spaces of so-called extended Gevrey regular-
ity. However, in that case the construction of suitable kernels for our technique
involves the Lambert function, whose handling is not so convenient. This fact has
caused our results to be available only in sectors strictly contained in S, in spite
of the fact that v(M,,) = oo, what would in principle allow for such extension
operators to exist in sectors of arbitrary opening.

3.4 Convolved sequences, flat functions and ex-
tension results

We show in this section that whenever two weight sequences are given and there
exist optimal flat functions in the respectively associated classes, then optimal flat
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functions exist in the class defined by the so-called convolved sequence as well
(given by the point-wise product). Moreover, the extension technique works if one
of the convolved sequences satisfies (dc).

On the one hand the abstract statement is a straight-forward consequence of
a result by H. Komatsu, see Remark for more details. On the other hand
this approach can be useful for constructing (counter-)examples. In general even
for nice sequences the convolved sequence can behave in a complicated way, see
Sect. [3.4.3 and so a direct explicit construction of optimal flat functions in the
class defined by the convolved sequence will be challenging.

3.4.1 Convolved sequences

Let M' = (M})peng, M? = (M?2),en, be two sequences of positive real numbers,
then the convolved sequence L := M" % M? is (L,),en, given by

= min M!M? , pe N,

see [38, (3.15)]. Hence, obviously M* x M? = M?*x M*.
For all p € Ny we have L, < min{MjM?, MgM,}. So, if in addition M;j =
M =1, then we get Ly = 1 and

L, <min{M,, M?}, peN, (3.41)

Given M = (M,),en, with My = 1, put L = (L,)pen, = M « M. The
condition (mg) states precisely that there exists A > 0 such that M, < APL, for
every p € Ny; according to (3.41]), M satisfies (mg) if and only if M and M x M
are equivalent.

Remark 3.4.1. Let M, M"', M? be weight sequences.

(i) In [38, Lemma 3.5] the following facts are shown: M'xM? is again a weight
sequence. The corresponding quotient sequence m' « m? is obtained when
rearranging resp. ordering the sequences m! and m? in the order of growth.
This yields, by definition of the counting function (see (6)), that for all ¢ > 0
one has

it () = Vit (8) + Vs (1)
so, by (7) we get

wartg (t) = wpp () +wpp2(t), £ >0,
and by (4) we obtain

hagioaez(t) = hap (O hpe(t), t>0. (3.42)
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(ii) If either M' or M? has (dc), then M' x M? as well: As said before, for se-
quences (M,),en, satisfying (Ic), the condition (dc) amounts to the condition
log(M,) = O(p*), p — oo. Then, it suffices to apply (3.41).

(iii) As seen in item (i), for every ¢ > 0 we have
2w (t) = warenr ().
Since M satisfies (mg) if and only if there exists H > 1 such that
2wp () <wpr(HE)+ H, t>0
(see [38, Prop. 3.6]), it turns out that (mg) amounts to the fact that
wanm (t) S wp(HE) + H, ¢ >0,
for some H > 1, or in other words,

har(t) < e hagar(HE), t>0.

3.4.2 Optimal flat functions and extension procedure

Let M' and M? be weight sequences such that optimal flat functions G, and
G2 exist in the corresponding classes with uniform asymptotic expansion in a
given sector S. Then, we claim that Gpp, a2 = Gy - Gpp2 is an optimal flat
function (on the same sector S) in the class associated with the sequence M'«M?.
Suppose K,, and J,,, m = 1,2, 3,4, are the constants appearing in and
for Gpp and G 2, respectively. By we get that, for all z € S,

Gar (2) - Garz(2)| < Kshap (Kalz[) Jshpge(Jal2])
< KaJshap (D]2)hare (D|z]) = Chapae (D2]),

with C':= K3J3 and D := max{K}, J4}, since each function hps is nondecreasing.
Similarly, for z > 0 we can estimate

G (z) - Gppe () > Kihpp (Kox) Jyhpgz (Jox)
Z Kljthl (leL')hM2<D1£L') == Cthl*M2(D11}),

with C := K;J; and D := min{ K>, Jo}, and the conclusion follows.

In case at least one of the sequences M' and M? satisfies (dc), M* x M?
does so, and the extension operators from Theorem will be available for the
convolved sequence.
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3.4.3 Some examples

Fix ¢ > 1 and 0 € (1,2]. Let us put L,, := M,,*M,,, L, = (Lp)pen,- It is
not difficult to check that

Loy, = 7, Lopi1 = g DT, p € Np.

Observe that 2p” = 2177(2p)?, so that Ly, equals the 2p-th term of the sequence
M 2 o Regarding the odd terms, it is a consequence of Taylor’s formula at
x = 0 for the functions of the form = — (1 + 2)*, a > 0, that

P4+ (p+1)7=2"72p+1)7 =0(p"?), p— .

Since ¢ € (1, 2], we deduce that L, is equivalent to M - .
According to Subsection [3.4.2] an optimal flat function in the class associated
with L, in, say, the sector Sy is the function

1
G(z) = G3°(2)G¥°(2) = exp (—qu,s log® (1 + ;)) , ZES,.

It is not a surprise that, from the definition (3.28) of b, s and the relation between

l1—0o

o and s, one obtains bq21fo78 = 2b, 5, and so G is precisely Gg2 ?. what agrees
with the aforementioned equivalence of sequences.

If we consider instead 1 < 0 < 2 and J := M, x Mo, J = (J,)pen,, the
computation of the terms J, is no longer possible in closed form, since their values
depend for general p on the position of o within the interval (1,2). However, the
previous subsection shows that, for s associated with ¢ as usual, the function

G(2) == G°(2)G%*(2) = exp <—bq73 log® (1 + %) — by2 log? (1 + %)) . 2 €5,

is an optimal flat function in the class associated with J in S5. Note that s is not
equal to 2, hence the very aspect of the exponent in this function, and the fact that
the restriction G|(,c) is closely related to the function hy (see Definition ,
shows that J is not equivalent to any of the sequences M, ,. Since the sequence
J does satisfy (dc), the extension procedure described in this paper is available
for the classes associated with J.

Observe that these examples of optimal flat functions can also be provided in
general sectors S,, v > 2, by using the functions G2* introduced in (3.39).

3.5 An improved Borel-Ritt theorem in the Rou-
mieu case

We describe next a new condition on a weight sequence M, which, as long as
v(M) > 0, will amount to the equivalence of the sequence M shifted one position
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to the left with the sequence of Stieltjes moments of a suitable kernel function
defined from an optimal flat function. This fact motivates the terminology, and
will be extremely important for deducing an improved Borel-Ritt theorem, as this
condition is much weaker than (dc).

3.5.1 The condition of shifted moments
We start with the definition.

Definition 3.5.1. Let M be a sequence. We say that M has shifted moments,
denoted by (sm), if there exist some constants Cy > 0 and H > 1 such that

log(myy1/my,) < CoHP, p € Np.

Remark 3.5.2. Property (sm) is generally kept when going from M to M or

from M to M while this statement is well-known for (dc) and (mg), the one for
the, up to our knowledge, new condition (sm) stems from the inequalities

5 .
log (%) < log (%) +log (]i) = log (mfﬂ) < log (%) +log(2),
my my P+ 1 my my

(when applied to M or to M ).

The next lemma shows that this condition is weaker than (dc).

Lemma 3.5.3. Let M be a sequence such that ag := inf,en, m, > 0 (in particular,
this holds if M is (Ic)). Then, (dc) implies (sm).

Proof. Since m, < CoHP™ and p+ 1 < 27 for every p € Ny and some Cj > 0 and
H > 1, one has

log (mn];H) < log(myp+1) —log(ag) < log(Cy/ag) + (p + 2)log(H) < CleH

P

for every p € Ny, with the choices C} = log(HCol/Q/a(l)/Q) > 0 (note that ay <
CoH < CoHQ) and H; = 2. ]

It is straightforward that (dc) and (mg) are stable under equivalence for general
sequences, and the same can be deduced for (nq) and (snq) for weight sequences
by indirect methods, as these two last conditions characterize the non injectivity
and the surjectivity, respectively, of the Borel map in Carleman ultradifferentiable
classes, by the classical Denjoy-Carleman theorem (see, for example, [67]) and the
results of H.-J. Petzsche [52], Cor. 3.2] (see [34, Cor. 3.14] for a direct proof of a
more general statement about the stability of (snq)). We prove that (sm) is stable
under equivalence for general sequences.
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Lemma 3.5.4. The property (sm) is preserved under equivalence of sequences.

Proof. Suppose M satisfies (sm), and consider L = (L,), such that M ~ L.
There exists C' > 1 such that C77'L, < M, < C**'L,, p € Ny. Consequently,
for all p € Ny one has

l, =

B Lp+1 < Op+20p+1Mp+1
Lp B Mp

M
+1 oy
P =% 3mp.

— 2p+3 >
e b 2 e,

So, taking into account that p + 1 < 2P for every p, we have

log (%) < log (C’4p+8%) < (4p + 8) log(C) + CoHP!
m

p P

< 4log(C) + 2log(C)2P* + CoHPT < CLHPH!

for the choices C} = 4log(C') + Cy > 0 and H; = max{2, H} > 1, so that L also
satisfies (sm). O

Moreover, it is clear that M satisfies (sm) if, and only if, M" := (M), does
for some/every r > 0. Now, we present some examples, compare with the previous

ones given in [[.1.7

Examples 3.5.5. (i) The sequences M,, = (¢*"), (¢ > 1, 0 < ¢ < 2) and

(i)

—

M = (p?”), (1 > 0,1 < 0 < 2) are such that M is regular, and therefore
they have (sm). In particular, the ¢-Gevrey sequences M o = (¢”°), (¢ > 1)
appear in the study of ¢-difference equations.

The weight sequences M,, = (¢"), (¢ > 1, ¢ > 2) and M = (p'*),
(t > 0, 0 > 2) do not satisfy (dc), so that M is not regular, but they still
satisfy (sm). The sequences of the family {(p™”),},~1 have appeared as the
defining sequences for some generalized ultradifferentiable classes “beyond
Gevrey regularity”, deeply studied in a series of papers by S. Pilipovi¢, N.
Teofanov and F. Tomié [53], 54, (5] (6, [78], J. Jiménez-Garrido, A. Lastra
and J. Sanz [27] and J. Jiménez-Garrido, D. N. Nenning and G. Schindl [31].

The rapidly growing weight sequences M = (¢*"), (¢ > 1; M, := 1) are
weight sequences which do not satisfy (sm). As it will be seen, they are the
only ones in the list to which the results in the following sections cannot be
applied.
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3.5.2 A new Borel-Ritt theorem in the Roumieu case

In this section we present an improvement in the Borel-Ritt-Gevrey theorem (see
Theorem [3.2.19), where the condition (dc) is changed into the much weaker con-
dition (sm). First, we characterize this new condition in terms of the equivalence
already announced.

Proposition 3.5.6. Suppose M is a weight sequence with v(M) > 0, and G is an
optimal { M }-flat function in A?M}(S’), where S is an unbounded sector bisected by

the positive real line. Consider the sequence of moments p = (u(p))pen, associated
with the kernel function e(z) = G(1/z). Then, M satisfies (sm) if, and only if,
M = (Mpyi1)pen, and p are equivalent.

Proof. Suppose M satisfies (sm). On the one hand, because of the right-hand
inequalities in (3.19) and the definition of hps, we have

tPe(t) < KsKPM,, pe Ny, t > 0.

So, we may write

Kymy, Kampi1 [e’e) 1
wu(p) = /0 tPe(t) dt + / tPe(t) dt + / —2tp+26(t) dt

Kymyp Kymyp
D fampo p Ky p+2 1
S K3K4mpK4Mp+K3 t hM v dt+K3K4 Mp+2K—
K4mp t 4mp+1

= 2K3 K My oy + KK} M, log (mpﬂ) ,

mp
where in the last equality we have used (1.8)). Since there exists Cp > 0 and H > 1
such that log(my1/m,) < CoHP*! for every p, we get
p(p) < Ko KP 7 Myya (2 + CoHP™) < KKy (2 + CoH)(K4H)? My,

and so u 3 M ;.
On the other hand, by the left-hand inequalities in (3.19)), for every p € Ny we

may estimate

s s K. K. p+1
p(p) > / tPe(t) dt > Kl/ tPhpg (T2> dt > Kihng <_2) °
0 0

s )Jp+1

Then, by ((1.9) we deduce that

K K K2\?
sup hag (—2) s = LKV, > KK (—2) Myiq,

K

>
uip) = =g sup s P+ 1 5
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and so M 1 2 p, as desired.

Conversely, suppose M 1 =~ p. In particular, there exist C';h > 0 such that
u(p) < ChPM,., for p € Ny. By the left-hand inequalities in (3.19)), we may
estimate

Kompi1 Komypi1 K2
p(p) > / tPe(t) dt > Kl/ tPhar <7> dt

Komy, Komy,

= KiK' M,y log (mﬂi“) . p€EN.

P

Therefore,

K KY™ M, log (mpH) < Ch’M,+1, p € Ny,
m

P

and M satisfies (sm). O

We can already state the following main result, whose proof is an adaptation
of the one for Theorem . Regrettably, we are not able to deduce v < ~(M)
from the surjectivity of the Borel map in classes on sectors S, under this weaker
condition (sm).

Theorem 3.5.7. Let M be a weight sequence satisfying (sm) and with v(M) > 0,

and let v > 0 be given. Then, each of the following statements implies the next
one:

(i) v <~y(M).
it) There exists ¢ > 0 such that for every h > 0 there exists an extension operator
(i1) Y p
from C[[2]]ar,n into Al (S,).
(iii) The Borel map B: /Tq{‘M}(SW) — Cll2]l{any is surjective. In other words,
(i) (0,7) C S{]\//\[}
In particular, one has (0,7(M)) C Sizz, C §fM}.

Proof. (i) = (ii) By Proposition [3.2.17, valid for any weight sequence M with
(M) > 0, we can consider an optimal {M}-flat function G in A{pn(S,). Let
(1(p))pen, be the sequence of moments associated with the function e(z) = G(1/z2).

Given h > 0 and f = >° 7 a,2" € C[[z]]pp, by the definition of the norm in
Cl[#]]a,n (see (3.3)), we have

|ay| < |ﬂM,hhpMp, p € Np.
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Because of Proposition [3.5.6], there exist hy, ho > 0 such that

hIfHMpﬂ < ulp) < thMpH, p € No. (3.43)
So, we deduce that
Upi1 R h p+1
< — , € Np. 3.44
ulp)| = |f|M,h (h1) p 0 ( )

Hence, the formal Borel-like transform of ]?— ag, defined as
~ = ap—l—l D
g= z7,
; p(p)

is convergent in the disc D(0, R) for R = hy/h > 0, and it defines a holomorphic
function ¢ there. Choose Ry := h;i/(2h) < R, and define

—~ Ro U
neal)E) = [ e(2)swan, zes,
which is a truncated Laplace-like transform of g with kernel e. By Leibniz’s theo-
rem for parametric integrals and the properties of e, this function is holomorphic
in S,. We will prove that Ips,(f) ~i f — ao uniformly in S,y
Let p € Nand z € S,. We have

In(F)(E) = Do = (7)) = 3 st = 12"
n=1 i . Oon:1 . B
:/0 6(2);M(n—1)“ du
_ ; e "_ 0 /0 V" e(v) dv 2"

A change of variables u = zv in the last integral, Cauchy’s residue theorem and
the right-hand estimates in (3.19)) allow us to rotate the path of integration and

obtain - -
n n—1 dv = / n—1 E du.
z /0 v re(v)dv i u" e <z> u

So, the preceding difference can be written as

-1

o i\ ay, 1 < ru n, 1
/0 e(;);mu du—/}zoe<;>zmu du.

n=1

bS]
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Then, we have

I (F)E) = 3 a0 < 1y(2) + Do), (3.45)

where

I y(2) = /0 i e (g) nz: ﬁu"‘l dul ,
L y(z) = /I: e (g) ; ﬁu”_l du| .

We first estimate Iy ,(2). Since for every u € (0, Ry| we have 0 < hu/h; < 1/2,
from (3.44)) we get

o

A S R e

(3)

Hence,

ul ™! du. (3.46)

h fio
(e <20l (1) [

Regarding I»,(z), for u > Ry and 1 < n < p—1 we have (u/Ro)""" < (u/Ro)P™ ",
so u" ! < Rg_lupfl/Rg_l. Again by (3.44), and taking into account that Ry =
hi/(2h), we may write

p—1 -1 p—1 n—1
L huP ( hRy >
S i) B < - E -2
o | |M7h thgil =1 hl

Then,

and together with (3.45)) and (3.46|) we deduce

a1~ S < s (2 [ 2

We estimate the last integral using first the second inequality in (3.19)), then the
first one, and the fact that e(x) > 0 for x > 0, so that for every z € S, and every

u > 0 we have
u " K3 KQU
| < K:h K— .
‘e(z)’— 3 M( 4 ) K16<K4|z\)

uP~ du.
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A change of variables and the right-hand estimates in (3.43)) lead to

/ e(gﬂu”ldug/ Ee(KﬂL)uI’lalu
0 z o I Kz

K; (K P Ky [ Kiho \?
=3 (M) plp—1) <=2 ( 4 2> M,|z|P.
So, for every p € Ny we have

K1 K2 o Kl K2

Ina(F)(z) =Y an"| <

Ks\fA|M,h 2K4hs
S TR

Kth

h p
) Mp|z|p» z €5,

and [ M7h(]?) admits ]?— a as its uniform {M }-asymptotic expansion in S,. We

consider the map Tar, defined in C[[2]]ar,s as

Taen(F)(2) = Inan(F)(z) +a0, 2z €S,
which is obviously linear. Moreover, if we set ¢ := 2K hs/(K3hy) > 0,

IM,h(]?)(z) — Z an2"
n=1

_ Kl flaa
< =

TM,h(f)(z) — Z a, 2"
n=0

(ch)? M,|z|P, =z €S,

-~ ~

which proves that Tarx(f ) € Ajs o, (S,) and, according to (3.2),
N Ks - N
T2 (F ) ()| pg ez < E|f|M’h’ f € Cllz]lan,
so that the continuity of Tasy: C[[z]]arn — ﬂlj\/fych(SV) is obtained.

(71) = (i4i) Immediate for any weight sequence M.
(7i1) = (iv) It follows from ({3.4]), again valid for any weight sequence.

]

Remark 3.5.8. Theorem and Proposition [3.1.4] (ii) together guarantee that
for every v € (0,~v(M)) there exists a > 0 such that for every h > 0 there exists

a local extension operator from C[[z]]az 5 into Ag; ., (S5).

3.6 New surjectivity results in the Beurling Case

In this last section we collect some results on surjectivity and existence of right
inverses for the asymptotic Borel maps for Beurling ultraholomorphic classes. We
split the results into two subsections according to the condition imposed on the

sequence, (dc) or (sm).
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3.6.1 Continuous right inverses under derivation closed-
ness

A first result on the length of the interval .S (v Was already provided by J. Schmets
and M. Valdivia [74, Theorems 4.4 and 4.6, and it can be rephrased as follows.
Here |x| stands for the greatest integer which is less than or equal to the real
number z.

Theorem 3.6.1. Let M be a reqular sequence and r > 0. If there is a global
extension operator Ung : Cl[2]](ary = A7) (Sr), then y(M) > [r].

Later on, and regarding strongly regular sequences, the aforementioned re-
sult of V. Thilliez [80, Corollary 3.4.1] showed that (0,7(M)) C Sz, and A.
Debrouwere [15, Corollary 1.3] has recently proved that surjectivity comes with
global extension operators. It is worth noting that [I5, Theorem 1.2] gives a com-
plete solution to the Borel-Ritt problem in non-uniform Beurling classes (which
are not treated in this paper) defined by strongly regular sequences.

Going back to results without assuming the condition (mg), we first mention
that the hypotheses in Theorem [3.6.1] can be improved by using some techniques
included in [74], and Proposition 4.3 therein, in the same line of ideas that inspired
the proof of a similar statement [33, Theorem 4.14(i)] in the Roumieu case. Note
that we will exchange the existence of the extension operator into just the surjec-
tivity of the Borel map, and that A 3z, (S:) C Afyp)(Sr), what again weakens the
forthcoming assumption.

Theorem 3.6.2. Let M be a reqular sequence. Ifr > 0 is such that B : X?M)(ST) —
Cl[[2]](m) is surjective, then v(M) > [r].

We include the proof for the reader’s convenience. First, for » € N we need
to introduce the space N, (ar) ([0, 00)) consisting of the functions f € C*>([0, 00))
such that:

(a) f®+9)(0) = 0 for every p € Ny and j € {1,...,7 — 1} (this condition is empty
when 7 = 1),

(b) for every h > 0 one has

|f*) ()]

sup — < .
p€ENp, z€[0,00) hpMp

We recall the following crucial result.
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Proposition 3.6.3 ([74], Prop. 4.3). Let r € N and M be a weight sequence. If
the map B, : N, () ([0,00)) — (C[[z]](]\v/[) sending f to the formal power series
Z;io(f(p”) (0)/p!)2P is surjective, then the sequence m satisfies the condition (7y,)
or, in other words, v(M) > r.

Proof of Theorem[3.6.3. If r € (0,1), then it suffices to observe that §Z‘M) is not
empty in order to conclude, by Lemma that y(M) > 0 = [r] (note that
(dc) has not been used in this case).

Suppose now that » > 1 and put o = |[r| € N. We will show that B,, :
Noo.an) ([0, 00)) — C[[2]] 57, Is surjective, and then v(M) > ro = [r] by Propo-
sition [3.6.3], as desired.

Given g = 3 7 a,zF € (C[[z]](M), we write b, := a,p! for all p € Ny, and for
every h > 0 there exists C'; > 0 such that

(M)

|b,| < C1hPp! M, = C1hP? M, p € Ny. (3.47)

Consider the formal power series f = > peo(=1)P0b,2" € Cl[2]](ar)- By hypothesis,
there exists ¢ € j?ﬁ)(ST) such that g(w) = ]/“\, and so there exists Cy > 0 such
that for every p € Ny one has

() = (=)t

< CohP M,y 2P, z € S,. (3.48)

The function ¢ : S,/,, = C given by p(w) = 1(w™") — by, is well defined and
holomorphic in S,/,, 2 Si. Moreover, according to (3.48) for p = 1, for every

w € S one has
1 Csh M,

2] o) -l < (3.49)

So, the function f: R — C given by

1+o01

2T )1 _aoi U

is well defined and continuous on R. By the classical Hankel formula for the
reciprocal Gamma function, for every natural number p > 2 and every t € R we
may write

p—1 kr 1+oc01 p—1 kr
lf 0 1 )
k:r E k
0 ' 5 Z_ ( ukro 1 ) Uu. (350)

k:l ’ l—ooi k=1
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Since, again by (13.48]), we have

p—1 p—1
CyhP M,
k’"O e —Troy _ —1)krop —ro\k| < 2 p
k:1 uk‘ro—i—l |u| w(u ) ko( ) k(u ) | — |u’pr0+17
(3.51)

for every u € Sj, we can apply Leibniz’s theorem for parametric integrals and
deduce that the function

p—1 tk’ro

Z kro )|7

k=1

belongs to CP~!(R). Moreover, all of its derivatives of order m < pro—1 at t = 0
vanish, see the proof of [33, Theorem 4.14(i)].
As p is arbitrary, we have that f € C*°(R) and, moreover,

Fm(0) = (—1)Pb, if m = prq for some p > 1,
0 otherwise.

Finally, we define the function
F(t) =bo+ f(—t), t>0.

Obviously, F' € C>([0,00)) and F®)(0) = b,, p € Ng; F™(0) = 0 otherwise. In
order to conclude, we estimate the derivatives of F' of order pry for some p € Nj,.
For p = 0 and ¢ > 0, we take into account (3.47)) and (3.49) in order to obtain that

1 o Coh M CohM & 1
(0) L —t_ <271 20
[FO)| < |bo] + 27r/ e T gifor dy < Cy+ o /OO (15 7)o dy,

(3.52)

and so F'is bounded. For p > 1 we may write formula (3.50|) evaluated at —¢ as

p thro 1 14001 L 90(2) p (_1)kr0bk
e =Sngen=am |, o )

k=1 —oot k=1

— 00

Then,

Lo o) ()
— . —tz(__ . \PTo _
=bt 27rz'/1 (=) ( > kot dz,
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and we may apply (3.47)), and (3.51)) in order to obtain

CohP My [ 1
o o (T y2) o402

From (3.52)) and (3.53), and since M satisfies (dc), we deduce that there exist
C3,C4 > 0 and H > 1 such that for every p € Ny one has

|[FPro)(t)| < CyhP M, + dy. (3.53)

|F(p’”0)(t)\ < CyhP M, + C3(Hh)P M, < Cy(Hh)PM,, t>0.

Since h is arbitrary and H does not depend on it, we see F' € N, (ar)([0, 00)) and
B,.,(F) =g, and so B,, is surjective. O

In a recent work, A. Debrouwere [I4] characterized the surjectivity of the
asymptotic Borel map in the right half-plane for regular sequences in the terms of
the gamma index associated with this sequence.

Theorem 3.6.4 ([14], Theorem. 7.4). Suppose M is a reqular sequence. The
following are equivalent:

(i) The Borel map B: Aan(81) = Clll]m) is surjective.
(ii) There exists a global extension operator Uny : C[[2]](ar) = Azz)(S1).
(1ii) v(M) > 1.

Note that the implication (ii) = (i77) corresponds to Theorem for r =1,
and that (iii) = (i) was obtained by V. Thilliez, as already mentioned. Also,
the implication (i) = (i) is slightly weaker than our previous result applied for
r = 1. However, the full equivalence is a powerful result, as (i) is deduced from
any of the other two conditions.

As it occurs in the Roumieu case, see [37], this information can be taken into
the case of Beurling classes in a general sector by applying general Laplace and
Borel integral transforms of order av > 0, which basically arise from the classical
transforms (inverse of each other) combined with ramifications of exponent a. We
sketch the information needed, as the details can be found in Sections 5.5 and 5.6
of [1].

For 0 < a < 2, to the Laplace kernel function

1
ea(z) = =2 exp(—2Y9), z € Sq,
e
there corresponds the moment function

ma(A) = /000 e (t)dt = T(1 + a)), R(A) >0,
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and the Borel kernel function

:;ma p;ol“l—l—ap 2et,

which is the classical Mittag-Leffler function of order a.

Given a function f holomorphic in a sector S = S(d, ) := {z € R : |arg(z) —
d| < Bn/2} (for some 5 > 0 and d € R) with suitable growth, the a-Laplace
transform of f in a direction T in S (i. e. 7 € R and |7 —d| < f7/2) is defined as

du

oo(7)
(Larf)(z) := /0 ea(u/z)f(u)77 |arg(z) — 7| < am/2, |z| small enough,

where integration is along the half-line parameterized by t € (0,00) > te'™. The
family {La.-f}rins defines, by analytic continuation, a function £, f named the
a-Laplace transform of f, which is holomorphic in a sectorial region (see [1] for
details) bisected by d of opening (5 + «).

Now, let S = S(d,8,r) = {z € S(d,0): |z] < r} be a sector with § > a,
and f : S — C be holomorphic in S and continuous at 0 (that is, the limit of f
at 0 exists when z tends to 0 in every proper subsector of S). For 7 € R such
that |7 — d| < (8 — a)m/2 we consider a path d,(7) in S consisting of a segment
from the origin to a point zy with arg(zg) = 7 + a(m + €)/2 (for some suitably
small ¢ € (0, 7)), then the circular arc |z| = |2o| from 2 to the point z; on the ray
arg(z) = 7 — a(m + €)/2 (traversed clockwise), and finally the segment from z; to
the origin. The a-Borel transform of f in direction 7 is defined as

—1
2m

(Bor f)(u) == /5 ( )Ea(u/z)f(z)%, u € S(1,e0), €o small enough.

The family {B, .} defines the a-Borel transform of f, holomorphic in the sector
S(d, f — «) and denoted by B, f.

In case a > 2, L,f and B,f are defined by combining suitable ramification
operators with the previous ones, see again [1].

The formal a-Laplace and a-Borel transforms, defined from C[[z]] into C|[z]],
are respectively given by

o0 [ee)
Z_:%Z” ‘ZPZ:;F +ap)ayz’, Z_:apzp ':Zr1+ap

p=0

The following result for the Roumieu case appeared in [37, Theorem 3.5]. The
fact that the constants C' and ¢, appearing in the next items, do not depend on the
value of h, makes the result valid also for the Beurling case in a straightforward
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way, and its proof is therefore omitted. Recall that we use the notation M - T,

respectively M /T, for the sequences which are termwise product, resp. quotient,
of M and T, = (I'(1 + ap)),.

Theorem 3.6.5. Suppose M is an arbitrary sequence, and o,y > 0. Let f €
AFM}(S,Y) and f ~y f. Then, the following hold:

(i) For every  with 0 < B < -y one has

Lof € Afprr(Spra) and  Lof ~arr,) Lol

Moreover, there exist C,c > 0, depending only on «, 8 and vy, such that for
every h > 0 and every f € Ayy,(S,) one has HﬁafHM-ra e SOl fllagnms

and therefore the maps Lo+ Ay ,(Sy) = Ajpr, n(Sp+a) and Lo Al (S,) —

Alvrr. (Ss+a) are continuous.

(ii) Suppose v > a.. For every f with o < 5 <~y one has

Bof € Alvgry(Ss-a) and Bof ~thir Balf-

Moreover, there exist C,c > 0, depending only on o, B and vy, such that for
every h >0 and every f € Apy,(Sy) one has ||Bafllyp o, cni < Clflag i

and therefore the maps By : Ay ,(S,) — ZQJ‘\/I/FMCh(Sg_a) and B, : XFM](SFY) —

Al (Ss-a) are continuous.

Note that the formal Laplace and Borel transforms, /ja and B\m are topo-
logical isomorphisms between the space C[[z]](ar) and C[[z]](amrr,), respectively
Cl[[z]](m/r.), for an arbitrary sequence M.

The use of Laplace and Borel transforms of arbitrary positive order allows
us to generalize Theorem for arbitrary sectors. The idea of proof for the
Roumieu case [37, Th. 4.2] applies to the Beurling case, we include it for the sake of
completeness. We note that this result may also be deduced from the results in [15]
about classes with non-uniform asymptotics, but we think it interesting to provide
an argument contained in our framework. This procedure makes Theorem [3.6.2
necessary.

Theorem 3.6.6. Suppose M isa reqular sequence, and let r > 0. Fach of the
following statements implies the next one:

(i) r < ~y(M).

(it) There exists a global extension operator Uns, : C[[2]](ar) = Afipr)(Sr)-
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(iii)

The Borel map B : .Z”(JM)(ST) — Cl[2]l(m) 1s surjective.

(iv) 1 <~y(M).

Proof. (i)=(ii) We consider two cases:

(a.1)

Suppose r > 1, and take a real number 7’ with r < r’ < (M ). The sequence
P, = J/\Z/I‘T/ satisfies (dc) and thanks to (L.7), v(P1) =~v(M)—7"+1 > 1.
By Lemma , there exists a weight sequence P such that p ~ m/ g,
satisfies (dc) and y(P) = (M) + 1 — " > 1. Since the classes associated
with P and M /T,.._; agree, Theorem provides an extension operator

U: C[[Z]](M/Fr,_l) — A(]/\Z/I‘Tl_l)<51)'

By Proposition [3.1.41(i), we have that ‘A(]/\Zl/l" /_1)(51) — Aq(LM/r/ )(51),
and therefore this induces an extension operator
U: Cllelagyr,, ) A’ZM o))

Theorem [3.6.5] (i) implies that the composition
Loi10UoBuy:Cllllar = Alap(S,),  0<p<r' =1+(" 1),

will be an extension operator. Thanks to the fact that < 7/, the restriction
of the elements of this last space to S, provides the extension operator

Untsr : Cll])any = Alap (S0)
that we were looking for.

If r <1, consider a such that a+r > 1, and take v’ with r < v’ < v(M). The
weight sequence M -T',, satisfies (dc) and v(M -T',) = v(M)+a > r'+a > 1.
By item (a.l), there exists an extension operator

U: Cllz]](mra) = K?M-Fa)(sr’+a)’

Again Theorem [3.6.5 (i) implies that

BooUoLy: Cllzllian) — Alap(S,),  0<p<r,

will be an extension operator, and the restriction of the elements of this
space to S, provides the desired extension operator as before.
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(ii)=>(iii) The existence of Ups, implies that the corresponding Borel map B :

(b.1)

(b.2)

(b.3)

) (Sr) = C[[2]](ar) is surjective in 5.
(i) =

(iv) Let us see that r» < v(M). We again have different cases:

If 0 < r < 1, consider positive real numbers a,r’ with 1 — a < 7 < r.
By applying the Laplace transform Lo : Afyp (Sr) = Alprr,)(Sr4a), Theo-
rem [3.6.5] (i) shows that the map

Atrrpy(Srva) = Clllaera),

is surjective. Observe that " + a > 1, so we deduce by restriction to the
half-plane S; that, according to Proposition M(ii), also the map

A(]\/ZI‘Q)(Sl) — Cl[2]l(m10),

is surjective. Theorem implies then that v(M -T',,) > 1 or, equivalently
by (1.6, v(M) > 1 — a. Since a can be chosen arbitrarily while keeping
1 —a < r, we deduce y(M) > r.

If r € N, we know that (M) > r by Theorem [3.6.2]

Ifr € (1,00)\N, again by Theorem 3.6.2] we deduce that (M) > |r], so that
the sequence Py := ]/\Z/I‘M is such that v(P;) > 1 by using the properties
of gamma index. Hence, by Lemma there exists a weight sequence P
such that P ~ M /T, v(P) = v(M) — |v] and P will also satisfy (dc).
Consider a value r" with |r| < 7" < r. By applying the Borel transform
By, VZELM)(ST) — .Z?M/FM)(ST/,M), Theorem [3.6.5] (ii) shows that the map

(vyr ) (Sr—r)) = Cll2ll /e )

is surjective, or equivalently, thanks to the equivalence P ~ M /T, the
map

Ay (Sr—ir)) = Cl[2]](p),
is also surjective. Since ' — |r] € (0,1), we may invoke item (b.1) and

deduce that y(P) > 1’ — |r|, what amounts to (M) > r’. We conclude by
making 7’ tend to r.



CHAPTER 3. BOREL-RITT THEOREMS AND EXTENSION OPERATORS 129

3.6.2 Surjectivity for Beurling classes under condition (sm)

We end by proving a surjectivity result for Beurling classes when their defining
weight sequence satisfies our new condition (sm). The technique used by V. Thilliez
in [0, Th. 3.4.1] will be followed, and we first need to recall two auxiliary results
from the work of J. Chaumat and A.-M. Chollet [11].

Lemma 3.6.7 ([I1], Lemma 14). Let L = (L,), be a sequence of nonnegative real
numbers and M = (M,), be a sequence of positive real numbers. The following
conditions are equivalent:

(1) For all h > 0, there exists a constant C'(h) > 0 such that L, < C(h)h*M,,
for every p € Ny.

Lp 1/p
(i) Jim, (ﬁ) =0

(111) There exists a sequence = (€,)pen, Of positive real numbers tending to zero
such that L, < eoe1---ep_1 My, p € N.

Moreover, if (i) or (ii) are satisfied, then (iii) holds true for a nonincreasing se-
quence

Lemma 3.6.8 ([11], Lemma 16). Let A = (A,), be a sequence of nonnegative real
numbers such that 37 A, is convergent, and let B = (B,), and D = (D,), be
sequences of positive real numbers such that lim,_, B, = 0, and D is nonincreas-
ing and lim, ., D, = 0. Then, there ezists a nondecreasing sequence E = (E,),
of positive real numbers such that:

(1) lim, . E, = 0.

(1) > o EpAp <8E; Y7 Ay, q € No.
(i1i) The sequence E - D = (E,D,), is nonincreasing.
() lim, . E,B, = 0.

The next result is an adaptation of a similar result, [I1, Prop. 17], in which
the condition (mg) has now been substituted by (sm).

Theorem 3.6.9. Let L = (L,), be a weight sequence satisfying (snq) and (sm).
If A = (Ap), is a sequence of nonnegative real numbers such that for all h > 0
there exists C'(h) > 0 such that A, < C(h)hPL,, for every p € Ny, then there exists
a weight sequence K = (K,,), which satisfies (snq), (sm) and such that:

i) There exists a constant D > 0 such that A, < DK, for all p € Ny.
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ii) For all h > 0, there exists C'(h) > 0 such that K, < C'(h)h?L,, p € Ny.

Proof. By Lemma w, there exist a nonincreasing sequence = (&,)pen, Which
tends to zero, and such that

Ay, <eper--gp1ly, p € N. (3.54)
Consider the sequence {u,}yen, defined as

1
e = (p+ 1),

where (¢,)en, is the sequence of quotients of L. {u,},en, is nonincreasing and
tends to zero, and since L satisfies (snq), there exists some constant A > 0 with
oo
> u, < Alg+u,, g €N (3.55)
p=q

As ((p + 1)up}pen, is nonincreasing and tends zero, we can apply Lemma [3.6.§
with

Ap = up, By, = max{e,, (p + 1)u,}, Dy = (p+ uy, p € No.

So, there exists a nondecreasing sequence E which tends to oo, and such that:

> uE, <8E,» u,  q€N (3.56)
The sequence ((p + 1)u,E,)pen, is nonincreasing. (3.57)
lim ¢,E, =0, lim (p + 1)u,E, = 0. (3.58)
p—0o0 p—00

Let us consider the sequence (k,),en, defined as

1 1
ky= -2 = —— € Np.
g E, (p+1)upEp P ’

Then, from (3.55)) and ({3.56]) we deduce that

> o Z%E<8EZup<8A<q+1>uq 54 geN,

p=q p=q a

Therefore, the sequence K defined as

K():l, Kp:kokl"'kp—h pGN,
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satisfies (snq). Moreover, the sequence K is a weight sequence due to (3.57)) and
(3.58]). Now, since E is nondecreasing we deduce that

kp—i—l _ gp—‘rlEp < Ep—i—l
kp ngerl N gp ’

pGNo,

and so K satisfies (sm) too (with the same constants as L). Taking into account
that

1
K,=———F1L,, eN, 3.59
"“ By . B, P (3:59)
we deduce from (3.54)) that
Ap S Ep1° " €p_1Lp = €0E0€1E1 s €p_1Ep_1Kp, pE N.

We observe in that the sequence (£,E,)pen, tends to zero and, therefore,
Lemma [3.6.7) provides for all ¢ > 0 a constant D(t) > 0 such that A, < D(t)#PK,
for every p € Ny and, in particular, for ¢ = 1 we obtain that A, < D(1)K,. Finally,
from and the fact that (1/E,),en, tends to zero, we can apply again Lemma
and we deduce that for all h > 0 there exists some constant C'(h) > 0 such
that K, < C'(h)hPL, for every p € Ny. O

We are ready for the proof of our last result.

Theorem 3.6.10. Let M be a weight sequence with v(M) > 0 and that satisfies
(sm), and let 0 < r < (M) be given. Then, the Borel map B: Al (Sy) —

Cl[[2]](m) is surjective. So, (0,7(M)) C ng).

Proof. Let f = > peo 2P € Cl[z]](ar) be given. By the definition of C[[2]](ar) (see
also (3.3)), for every h > 0 there exists C'(h) > 0 such that

la,| < C(W)WPM,, p e N,. (3.60)

On the one hand, by the properties of the gamma index we have that (M 1 ") =
v(M)/r > 1, and Lemma provides a weight sequence L = (L,), such that
v(L) > 1 and there exists a > 0 such that a~*(¢,(p + 1)) < mpy’" < a(ly(p + 1))
for all p € Ny. In particular, we have that v(L) > 0, and so L satisfies (snq).
Moreover, it is clear that a Pp!L, < M;/T < aPp!L, for every p, and so M =~ (E)T,
what implies that the classes defined by both sequences coincide. Because of the
stability properties of (sm) described in Subsection [3.5.1] L inherits (sm) from M.
On the other hand, from (3.60)) we obtain
|ap|1/r

L < O P, p e N
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and so we are in a position to apply Theoremto the sequences A = (|a,|/"/p!),
and L. Hence, there exists a weight sequence K = (K,), which satisfies (snq) (i.
e., 7(K) > 0) and (sm), such that there exists D > 0 with |a,|'/"/p! < DK, for
all p € Ny, and such that for all A > 0, there exists C’(h) > 0 such that

K, < C'(h)h’L,, p € N,. (3.61)

The first estimates state that |a,| < D"(p!K,)", and so fe Cl[[2]]tny for the

weight sequence N := (K)". Again IN inherits (sm) from K, and moreover
Y(IN) = r(y(K) +1) > r. So, we can apply Theorem to deduce that
B: A{ny(Sr) = Cl[z]l{vy is surjective. Hence, there exists f € Afy,(S,) such

that B(f) = f. Finally, observe that from (3.61) we get

N, = (pK,)" < C'(h)" (W) (L), p € N,

and so .%TT{LN}(ST) - .Zq(l(i)r) (Sr) = A{pr)(Sr), from where the conclusion follows. [



Chapter 4

A new Stieltjes moment problem
in Gelfand-Shilov spaces defined
by weight sequences with shifted
moments

This final chapter of the dissertation deals with a modified Stieltjes moment prob-
lem whose consideration is motivated by the condition (sm) of shifted moments. It
turns out that, in the framework of Gelfand-Shilov spaces of Roumieu type defined
by weight sequences, one can extend the classical target space of the Stieltjes mo-
ment mapping as long as (dc) is substituted by (sm), and then study the injectivity
and surjectivity of this mapping in this new context.

4.1 Preliminaries

In this section we introduce the classes that we are going to use in this chapter,
specially Gelfand-Shilov spaces. Moreover, we define the Fourier and Laplace
transform, and we analyze the effect of these transformation over Gelfand-Shilov
spaces.

For a given open set {2 in the complex plane C, we denote by H(€2) the space of
holomorphic functions in €2. In particular, we write H for the open upper half-plane
of C, and consider, as in Chapter [2 the ultraholomorphic class

A{M} (H) = U Apz n(H),

h>0

133
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where Apz,(H) is the space consisting of all f € H(H) such that

fP ()]
= Sup su
1/ | az.n Sup sup =LA

< oQ.

The following result follows from the fact that the elements of Aps 5 (H) together
with all their derivatives are Lipschitz on H.

Lemma 4.1.1. Let M be a sequence and let f € Apgp(H) for some h > 0. Then,

folx)= lim fP(z)eC

zeH,z—x
exists for all x € R and p € Ny. Moreover, fo € C*(R), fép) = f, for allp € N,

and v
1fo” (2)]
sup sup ~————— < 00.
peNp z€R hpMp

In the sequel, we shall frequently write f(z) = lim,epm .. f(2) for x € R, and

so f and all its derivatives can be considered to be continuous on H and satisfy the
same global estimates there. Now, we present the space of sequences that admit a
control in terms of a given sequence M.

Definition 4.1.2. Let M be a sequence and h > 0. We define Apz, as the space

consisting of all sequences (c,), € C™° such that

|(¢p)plnap := sup S| < 00.

pENo hpMp

(Anen, |- |mon) is a Banach space, and

A{M} = U AM,h

h>0
is the corresponding (LB) space.

The asymptotic Borel mapping may be defined as
B : A{M}(H) — A{M}; fe (f(p)(o))p)

by Lemma [1.1.1] Since |B(f)|an < [[f|laapn for every f € Apgp(H), it is linear
and continuous both between Apys ,(H) and Apgp for every h > 0, and between
A (H) and Agpgy. As already indicated, an updated account on the injectivity
and surjectivity of the asymptotic Borel mapping on various ultraholomorphic
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classes defined on arbitrary sectors may be found in the works of J. Jiménez-
Garrido, J. Sanz and G. Schindl [33], 37] and in the previous chapter, a part of
which is already published [28] or in preparation [30]. There, two indices (M)
(see section[1.1.3) and w(M), associated to the sequence M, play a prominent role.
In [26, Ch. 2] and [34], Sect. 3], the connections between these indices, the growth
properties usually imposed on sequences, and the theory of O-regular variation,
have been thoroughly studied.

Thanks to the gamma index, the surjectivity of the asymptotic Borel mapping
in a half-plane can be characterized as follows. Note that the condition (M) > 1

amounts, in view of (1.4) and the easy equality ’y(]\/zf ) = y(M) + 1 (see (1.6)),
to the fact that M satisfies (79), which is the condition appearing in [14, Thm.
7.4.(b)].

Theorem 4.1.3 ([14], Theorem 7.4.(b)). Let M be a weight sequence and satisfy
(dc). The following are equivalent:

(i) B: Ay (H) — Aqany is surjective.
(i) v(M) > 2.

For the study of the injectivity of the asymptotic Borel map, J. Sanz [6§]
introduced the growth index w(M).

Definition 4.1.4. Let M be a sequence. We define the w(M) index by

1
w(M) := liminf og(1my)
poo log(p)

€ [0, oc.
Moreover, it turns out that
= 1
w(M) = sup{p > 0] ——— < o0}
p:ZO ()20

G 1
= sup{p > 0| < 00}
2 s D7

Concerning the injectivity of the asymptotic Borel mapping, we have the next
result.

Theorem 4.1.5. ([64, Thm. 12|, [33, Thm. 3.4]) Let M be a weight sequence.
Then, B : Apvny(H) — Apay is injective if and only if

which in turn implies that w(M) < 2.
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Finally, we mention that if M is a weight sequence, the asymptotic Borel
mapping B : Agay (H) — Agary is not bijective [33, Thm. 3.17].

4.1.1 Gelfand-Shilov spaces and the Fourier transform

In this section, we introduce briefly the Gelfand-Shilov spaces, as a subclass of
functions that are infinitely differentiable. After that, we discuss the behavior of
the Fourier transform over these spaces.

Definition 4.1.6. Let M and A be sequences of positive real numbers. For h > 0
we define Sf/f,}2<R) as the space consisting of all ¢ € C*°(R) such that

An |27 ()]
Sw = Sup sup ———— < 00
M%) p,qego fveﬂ% hptaM,Aq

(SQZ(R), sf/l”:‘h) is a Banach space. In addition, we set
A
St (R) = [ Sih(R),

which is an (LB) space.

If M;/ P 00 as p — oo, and in particular if M is a weight sequence, notice
that ¢ € C*(R) belongs to Sy;,(R) if and only if

Sup su < o0
qef\% ace]g hqu

or, in other words, for every ¢ € Ny one has
9@ ()] < spin(0)htAge M = B8 (O)hT AR (B/|2)), z€R. (4.1)
Analogously, we define the spaces Spr(R), for A > 0 and Sqary(R).

Definition 4.1.7. Let M be a sequence and h > 0. We define Sarn(R), as the
space consisting of all ¢ € C*°(R) such that, for all ¢ € Ny,

xpgo(Q) €T
$h00(9) 1= sup sup 20

< 00,
peNo weR WP M,

q . . q . 7’
s, 18 a seminorm and therefore (Sarn(R), (83 1,)qen,) 1s a Fréchet space. More-
over, we set

Sy (R) = U Smn(R),

h>0

endowed with its natural (LF') space structure.
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We also define
St (0,00) = {p € SHL(R) | suppp C [0, 00)}

and
Sy (0,00) := {p € San(R) | supp ¢ C [0,00)},

whose relative topologies from their ambient spaces coincide, as long as M is
a weight sequence, with the corresponding (LB) and (LF) structures obtained
from the similarly defined Banach subspaces S]‘\L‘/I’Z(O7 o0) or Fréchet subspaces
Sm 1(0,00), see [14, Lemma 3.3 and page 24].

Remark 4.1.8. Observe that Séﬁ}}(R) C Simy(R) and Sffd}}(O, 00) C Sty (0, 00).
If A satisfies (Ic), then S{{]’&}} (0, 00) is non-trivial (i. e., it contains non identically
zero functions) if and only if 3 7°° 1/a, < oo, as follows from the Denjoy-Carleman
theorem.

In the remainder of this subsection we investigate the image of the spaces

Sgﬁ}} (R) and S%{;(‘j}(o, oo) under the Fourier transform (cf. [24], Sect. IV.6]), which

we define as follows:

Definition 4.1.9. We define the Fourier transform of an integrable function, ¢ €
LY(R), as

Fl)(€) = 3(¢) = / " o(e)eida.

[e.e]

With this definition it is well-known that the inverse Fourier transform is de-
fined as

FU)O) = 5 F@)(-6), peSR), ECR, (4.2

where S(R) is the Schwartz space of rapid decreasing functions.
In our next statements, the sequence

M+1 = (Mp+1)peN0

will play a prominent role. Note that its first term M; will not be generally equal
to 1.

Proposition 4.1.10. Let M be a weight sequence satisfying (sm), and A be either

an almost increasing sequence, or a sequence such that liminf,_, All,/p >0 and A
satisfies (Ic). Then:

(i) There exists a > 0 such that for every h > 1 one has F(Sﬁﬁl(R)) C

XIJ@WR); and F: SX‘/[’,};L(R) — Sgi[;;’ah(R) 1S continuous.
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y {A} {M 1} . olAl (M1} : :
(ii) F(Sian(R)) C 5{;‘; (R) and F: Sy (R) — ‘S'{E}Jr (R) is continuous.

(iii) The two previous statements are valid when replacing F by F .

Proof. The statements about ! will be valid if the ones about F are, due to (4.2)).

(ii) is immediate from (i), which we prove now. Let h > 1 and ¢ € Sja[’f';l(R) be
arbitrary. Then,

sup 2P\ ()| < sf/l’{lh(gp)hp+quq!Aq, p,q € Np. (4.3)
HAS

After applying Leibniz’s theorem for parametric integrals and integration by parts,
we get

min{p,q} 00
. q p! o
sup €187 () < ) (;) : / |27~ 1) () |da. (4.4)

¢€eR (p—j)!

We split each of the integrals into five intervals, and use (4.3)) in order to estimate
the first of them:

J=0

TR e a0 BE o Ay a2 1
|z 2 ($)|ﬁ < SM,h(@)h Myioj(q—j)A

q—J
00 hmp-l-l—j

= Sf/}},lh(@)hp+q+l_2jMp+l—j(q - j)!Aq—j' (4.5)

One can proceed similarly for the integral over (hm,y1_;,00). On the interval
(hmy,_;, hmyi1—;) one uses (4.1)), then (1.8) and finally (sm) to obtain

himpy1—;

hmpa—; . 5 . .
/ xp_3|g0(q_3)(x)|dx < sf/l’flh(gp)hq_J(q - j)!Aq_j/ 2P hpr(h/x)dx
h h

Mp—j Mp—j
-~ hmpri—j  pp+1=i pg ,
_ An q—j - , p—j p+1—j
T R

hmp_;
A —27 . Mypt1—i
= S ORI, (g — 1A, log(EE)
P—J
< Cospih (@ HPITRPF 20, (g = 1A,
(4.6)

The integral on the interval (—hmy1_;, —hm,_;) is treated analogously. Finally,
again (4.3)) provides

hmp_]’ ~
/ |27~ ()| < 25 ()P M, (g — )14,

—hmy_

— 23%(go)thH*?iMpH,j(q — DA, (4.7)
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Taking (4.5)), (4.6) and (4.7)) into (4.4]), we obtain

min{p,q}

up [ee ’<Z < )() 12580 (VP FI2M, (g ) Ay (24CoHPF),

(4.8)
Every weight sequence is almost increasing. In case A also is, there exists D > 1
such that A; < DA, and M; < DM, for all j < p. This fact, together with the
elementary inequalities j!(q¢ — 7)! < q' and ( ) < 27 for every 0 < j < ¢, allow us
to write

p
cup 90 < 253, () D 2, 2+ ot Y (1)

EER §=0 J
~ 1 p
=2(2+ CoH)D*hspy () ( o+ H) 2ThPHIN, I A,
2(2 + CoH)D?hspy () (2(1 + H)R)" ™ M,y1q'A,

for all p,q € Ny. R

In case A satisfies (Ic), we use Lemma m (vi) for A, so (¢ — j)!'A—j <
qlA,/(jIA;) for 0 < j < q. If moreover liminf,_ o A" > 0, there exists ¢ > 0
such that A, > ¢ for every p, and going back to (4.8]), we get

p
sup |10 (€)] < 25 ( )DRPTITIUN g Ay (2 + CoH) Z <p> h=% I P
eR — \J
7=0
1

~ p
= 2(2+ CoH)Dhspy' (¢) (ﬁ + H) 29hPHIM, 19 A,

R 1 p+q
2(2 + CoH)Dhs il () (2<E + H) h) M,41q'A,

for all p,q € Ny. Hence, we have proved the first statement with a = 2(H + 1) in
the first case, and a = 2(H + 1/c¢) in the second one. O

Resting on Proposition the next result can be shown in a similar way
as the corresponding implication in [12, Prop. 2.1].

Proposition 4.1.11. Let M be a weight sequence satisfying (sm), and A be either
an almost increasing sequence, or a sequence such that liminf, A,lg/p >0 and A
satisfies (1¢). If ¢ € S{M“}( R) and there is ¥ : H — C satisfying the following

o {A}
conditions:

(i) Ui = 1.
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(43) W is continuous on H and analytic on H.
(i) Timem ey U(C) = 0,

then ¢ € ]—“(S{{?J}}(O, 00)).

4.1.2 The Laplace transform

In order to introduce the second integral transformation, the Laplace transform,
we need an auxiliary space. More precisely:

Definition 4.1.12. Let M be a sequence. We define Cps (0, 00) as the space
consisting of all ¢ € C((0,00)) such that

0 P ()|
s p) =sup sup ———— < Q.
M’h( ) pENp 2€(0,00) hpMp

Note that, (Car,n(0,00), 5%, ,) is a Banach space. Moreover, we set

C{M}(O, OO) = U CM,h(07 00)7

h>0
and endow it with its natural (LB) space structure.

If M is a weight sequence and ¢ € Cpz (0, 00), this amounts to having
(@) < shrp(p)e W = 8 (@) hna(h/|z]), @ >0, (4.9)
as in (4.1)).

Definition 4.1.13. We define the Laplace transform of ¢ € Car(0,00) as
LR = [ plaean, el
0

Remark 4.1.14. Let M and A be sequences. We have that Si{f/[}}(o, o00) C
Sy (0,00) C Cyary (0, 00) with continuous inclusions, since clearly 3;(‘4{;(0, 00) C
Sarn(0,00) C Cprp(0,00) for every h > 0, the norm in Cpr,(0,00) enters the
family of seminorms defining the topology of Sys (0, 00), and

S(]I\/I,h(gp) S hquSﬁth((p)v Y e 8]1(44’,’;1(07 OO), qc I\IO-

Note that L(¢)r = @ for all ¢ € Si{f/‘,}}((), 00).
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Lemma 4.1.15. Let M be a weight sequence satisfying (sm). Then, for every
h > 0 one has L(Cpp(0,00)) C Ay, un(H), where H > 1 is the constant
appearing in (sm), and L: Carp(0,00) = An,, mn(H) is continuous. So, the
mapping L : Cian(0,00) = A,y (H) is well-defined and continuous, and it is
moreover injective.

Proof. Suppose ¢ € Cary(0,00), and choose h > 0 such that (4.9) holds. Given
¢ € H and p € Ny, since R(iz¢) = —2I(¢) < 0 for every x > 0 (where & denotes
the imaginary part), we have

(EE)PQI < [ el (4.10)
0
hmy hmpir pp+1 )1
0 p+1
A e
o
+/ pxp+2|g0($)|dx
hmpt1
1
< S(J]\/I,h(‘»p) (hmphpMp + WP M, log (mp+1> + P My )
my himypq

< Shn(@)h T My (24 CoHP™) < (24 CoH)hsiy () (HR) My,

where in the next-to-last inequality (sm) has been applied. Hence, L is well-defined
and continuous from Chaz (0, 00) into Aag,, pu(H).
The proof of injectivity can be found in [16, Lemma 2.10]. O

Remark 4.1.16. If we suppose that M satisfies the stronger condition (dc) in-
stead of (sm), then the Laplace transform £ sends Cyary(0,00) into Agagy (H).
This is easily seen by splitting the integral in into only two subintervals,
(0, hm,,) and (hm,, co) and estimating similarly.

4.2 A new Stieltjes moment problem in Gelfand-
Shilov spaces

In this section we present the main results. Firstly, the use of optimal flat func-
tions in ultraholomorphic classes (see Proposition [3.2.17)), allows to determine the
appropriate target space in the moment problem according to whether (dc) or
(sm) is satisfied. After some auxiliary results, Theorem characterizes the
injectivity of the Stieltjes moment mapping under condition (sm) for M. Finally,
Theorem [4.2.7 studies the surjectivity problem and its connection to the existence
of local right inverses for M with a uniform scaling of the parameter defining the
Banach spaces under consideration.



142 4.2. A NEW STIELTJES MOMENT PROBLEM IN GELFAND-SHILOV SPACES

We recall the following definition of the p-th moment associated with a function

Definition 4.2.1. Let M be a weight sequence. The p-th moment, p € Ny, of an
element ¢ € Can(0,00) is defined as

() = [ ()
0
The formula

L(p)P(0) = Ppy(p), ¢ € Crary(0,00),p € No,

guarantees, according to Lemma4.1.15| that whenever M satisfies (sm) the Stielt-
jes moment mapping

M : C{M}(O, o0) — A{MH}; p = (Np(@))p

is well-defined and continuous. Indeed, for every h > 0 and ¢ € Cpr(0,00) one
has

(M) |agsmm < (2+ CoH sy ().

However, if M satisfies (dc), Remark shows that M sends C{an(0,00)
into Agary. This latter situation was studied in [16], while the former one is our
objective now. In order to stress the relevance of conditions (dc) and (sm) for the
Stieltjes moment problem, we need to consider optimal flat functions (see section
59).

We recall (see section that if G is an optimal {M }-flat function in 5.,
we define the kernel function e: S, — C given by

e(z) = G (1) , zes,

z
Because of (3.5) and (3.6)), we have that
K K
Kihn (-2) <e(r) < Kshp (—4) , x>0, (4.11)
x x

and according to (4.9), we see that (the restriction to (0,00) of) e belongs to
C {M} (O, OO)

The following result, partially obtained in Proposition|3.2.18] shows the key role
of such kernel functions. We include the whole proof for the reader’s convenience.

Proposition 4.2.2. Suppose M is a weight sequence with v(M) > 0. Then,
M(Ciary(0,00)) C Aqagy if, and only if, M satisfies (dc).
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Proof. As indicated in Remark [£.1.16 the condition is sufficient. Conversely, sup-
pose now that M (Can(0,00)) C Agary. Consider an optimal {M }-flat function
G in a suitably narrow sector S bisected by the positive real axis, and let e be the
corresponding kernel function. Since (the restriction to (0, 00) of) e € Cyary(0, 00),
there exists C,h > 0 such that p,(e) < ChPM, for every p € Ny. On the other
hand, by the left-hand inequalities in (4.11]) and the monotonicity of hyy, for every
p € Ny and s > 0 we may estimate

s s K2 K2 ghtl1

Then, by (|1.9) we deduce that

K K K5\?
pp(e) > sup has (f) s = L KET M, > KK (72) Mpyi.

p+1 550 p+1

From the estimates for p,(e) from above and below we deduce that (dc) is satisfied.

[]

Similarly, we have the following characterization, which was again partially
included in Proposition [3.5.6|

Proposition 4.2.3. Suppose M is a weight sequence with v(M) > 0. Then,
M(Ciary(0,00)) C Aqar,yy if, and only if, M satisfies (sm).

Proof. As previously said, Lemma |4.1.15 implies the condition is sufficient. Sup-
pose now that M(Cyary(0,00)) C Afar,,}, and consider e € Cary(0, 00) as before,
so that there exist C,h > 0 such that u,(e) < Ch?M,;; for every p € Ny. On the
other hand, by the left-hand inequalities in , for every p € Ny we have that

Komy 1 Komy 1 K2
OE / pet)dt > K, / P hag (7> it

Komy, Komy,

= KlKgﬂ]\/[pH log (mp+1) ’

my
where the last equality is a consequence of (1.8). Again the estimates for p,(e)
from above and below imply that (sm) is satisfied. O

We will reduce, via the Laplace transform, the study of the injectivity and sur-
jectivity of the Stieltjes moment mapping in this new setting to their counterparts
for the asymptotic Borel mapping (Theorems and , as it was already
done by A. L. Durdn and R. Estrada in [19], and later on by several authors
[12, 43, 44, [16].

The next lemma provides an auxiliary function, already appearing in the work
[19] and later adapted to our needs, see [16]. We set H_; = {2 € C|S 2z > —1}.
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Lemma 4.2.4. ([16, Lemma 3.1]) Let A be a sequence satisfying (nq), and such

that A is a weight sequence. Then, there is G € H(H_4) satisfying the following
conditions:

(i) G does not vanish on H_.

(i1) sup |G(2)]e¥al*) < oo.

z€H_4
GO ()| ealel/2)
(i43) supsup < 00.
peN zeR 2rp!

Proposition and Lemma |4.2.4 imply the following general result. A sim-
ilar proof for classical Gelfand-Shilov spaces (i. e., when M is a Gevrey sequence
(p!*), with @ > 1) can be found in [43, Prop. 4.13], and a similar statement for
strongly regular sequences M with v(M) > 1 was included in [44, Prop. 6.6] with-
out proof. Another version, disregarding continuity and under stronger conditions
than the ones imposed here, appeared in [16, Lemma 3.3].

Lemma 4.2.5. Let M be a sequence satisfying (lc) and such that (p!), 3 M

(equz'valently, liminf, . M, T 0), and let A be a sequence satisfying (nq) and

such that A is a weight sequence. Consider the function G from Lemma
Then, there exists a > 0 such that for every h > 1 and for every f € Apnr,, n(H ) on
h

e
has (fG)|r € SM+1 ah(R), and the map so defined is continuous from Apr,, n(H)
into SM+1 “M(R).

Moreover, if M satisfies also (sm), then (fG)|r € f(S{{f}}( o0)) for every f €
Aty (H).

Proof. According to Lemma.2.4] (i77), (1.13]) and the definition of h 4, there exists
C > 0 such that for every p,j € Ny and x € R one has

p
IGY)(z)] < C29j1h4(2/|z|) < C2jIA, (| |)

Hence, for h > 1, f € Ay, 1(H), 2 € R and p,q € Ny we get

xpzq: <Z) F® (2)GEaP ()

k=0

[2?(fG) @ ()| =

q
< Clflaean? B, 3 (§ )Mz a =
k=0
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We apply now Lemma (|1.1.6)(vi) for M. Also, by hypothesis there exists B > 0
such that M, > BPp! for every p € Ny, so

n - —k)!
6@ < Ol lar a2 By Y- () b+

k=0 Mq—k
~ g q . 2 q—k
< Ol f g n2°ApMoin > <k:)h <§>
k=0

< C||fllagern (201 + 2/ BYR)PH A My,

Hence, the first statement is proved with a = 2(1 + 2/B). The second assertion
stems directly from Proposition [4.1.11}] O

We are ready to study the injectivity and surjectivity of the Stieltjes moment
mapping.

Theorem 4.2.6. Let M be a weight sequence satisfying (sm) and (p!), S M, and

let A be a sequence satisfying (nq) and such that A is a weight sequence. Then,
the following statements are equivalent:

p=0 mp
(it) B: Appr,,y(H) = Agar,,y is injective.
(ii1) M : Ciary(0,00) = Aqar,,y s injective.

(iv) M : Siary(0,00) = Agar,,y is injective.
(v) M: Sgﬁ}}(o, 00) = Aqar,,y is injective.

Proof. (i) = (ii): By Theorem [4.1.5

(i) = (4i1): Let ¢ € Ciary(0,00) be such that p,(¢) = 0 for all p € Ny. By
Lemmawe have that £() € Agar,,;(H). Moreover, £(¢)®)(0) = i, () =
0 for all p € Ny and, thus, £(¢) = 0. Since £ is injective (Lemma[1.1.15), we obtain
that o = 0.

(i1i) = (iv) = (v): Obvious.

(v) = (i): In view of Theorem it suffices to show that B : A, 1 (H) —
A¢n,,y is injective. Let f € Agar,,j(H) be such that f®)(0) = 0 for all p €
Ny. Consider the function G from Lemma [4.2.4] By Lemma [4.2.5( we have that
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(fG)|r = @ for some ¢ € Sfﬁ}}(o, o0). Observe that
1) = (=0)PEP(0) = (=) (fG)P(0)
=S (1) 00600 =0, pe o

J=0

Hence, ¢ = 0 and, thus, fG = 0. Since G does not vanish (Lemma 4.2.4{(7)),
we obtain that f = 0. ]

In the case of surjectivity, it will frequently come with local extension operators,
right inverses for the Borel, respectively, the moment mapping, with a uniform
scaling of the constant A determining the Banach spaces under consideration.

Theorem 4.2.7. Let M be a weight sequence satisfying (sm), and let A be a
sequence satisfying (nq) and such that A is a weight sequence. Then:
(I) Each of the following statements implies the next one:

(1) There exists a > 0 such that for every h > 1 there exists a linear and
continuous operator Ry: Apr,, n — S;é,’aa};b((),oo) such that M o Ry, is the
identity map in Apr, | p.

(17) There exists a > 0 such that for every h > 1 there exists a linear and
continuous operator Typ: Ang,,n — Saran(0,00) such that M o Ty is the
identity map in Ang,, p

(1ii) There exists a > 0 such that for every h > 1 there exists a linear and
continuous operator Up: Apr,,n — Caian(0,00) such that M o Uy, is the
identity map in Ang,, p.

(tv) There exists a > 0 such that for every h > 1 there exists a linear and
continuous operator Vi,: Anr, n — Anr,, an(H) such that BoV}, is the identity
map in Apg,, p-

The following statements are equivalent:

(i) M: SE?/I}}(O, 00) = Aqpr,,) 15 surjective.
(ii") M : Sy (0,00) = Aqar,,y is surjective.
(ii1") M : Cian(0,00) = Aqar,,y is surjective.

(iv") B: Agpa,y(H) — Aqar,,y is surjective.
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Any of the statements from (i) to (iv) implies all the conditions from (i’) to (iv’).
Moreover, the condition

(o)) (M) > 2.

implies (iv).
(II) If A satisfies in addition the condition (sm), then (iv) implies:

(v) There exists a > 0 such that for every h > 1 there exists a linear and

continuous operator Wi Apg | p — S}\ﬁjﬁ;zh(o, 00) such that M oW, is the

identity map in Apg, | p.

(I1I) If M satisfies in addition the condition (dc), then we can substitute M 1 by
M in all its appearances, and (wv’) implies (v’). So, the siz conditions (i’)-(v’)
and (iv) are equivalent.
(IV) If M and A satisfy in addition (dc), then we can substitute M 1 by M and
(:4\1)+1 by A in all their appearances, and all the ten previous statements (i)-(v),
(i’)-(v’) are equivalent.

In the proof of Theorem [4.2.7] we shall use the following lemma, inspired by
[19].

Lemma 4.2.8. ([10, Lemma 3.6]) Let (c,), € CY and let G € C*((—46,9)), for
some § > 0, such that G(0) # 0. Set

b, = Zp: (1;) ¢ (é)(p_j) 0), peN,

§=0
Then,

p
(1?) bGP (0) =¢c,  peN,.
=0 \/

Proof of Theorem[[-2.7 (I) (i) = (ii) = (ii4): Remark [£.1.14 makes these impli-
cations obvious.

(i7i) = (iv): The map Jy sending every (c,), € Anr,,n into ((—i)Pc,), is a
topological isomorphism on Apz,,n, b > 0. Then it suffices to consider Vj, :=
L o Uy, o Jy, which, according to Lemma [£.1.15] is linear and continuous from
A, p into Ang,, pn(H) for some b > 0 independent from h > 1. Moreover,
1p(Un(Jo((¢p)p))) = (=0)Pcp, and so (Vi((cp)p)) P (0) = i (Un(Jo((cp)p))) =
for all p € Ny, as desired.

(i) = (17') = (i17") Obvious by the corresponding contentions.
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(it1") = (iv'): Given (cp)p € Apaa,,y, Pick ¢ € Cpan(0,00) such that p,(¢) =
(—=i)Pcy for every p. Then, f := L(¢) € A,y (H) by Lemma, and fP)(0) =
i1, () = ¢, for all p € Ny.

(') = (¢'): We first note that (iv') implies that (M) > 1 and, by Lemma
we deduce (p!), 3 M. To see this, observe that, as indicated in Lemma m,
a function f € Agar,,)(H) can be extended to H and its restriction to [—1, 1] pro-
vides a function fy such that:

(a) fép)(O) = f)(0) for every p € Ny, and

(b) fo € EM+1}([—1,1]), the space of functions ¢ € C*([—1,1]) such that

(»)
wp 122@1

ve[-1,1], peNog PP Mp 11
for suitable h > 0.

Hence, by (iv') the Borel map B: EM+1}([—1,1]) — Aqar,,3 will also be surjective,
and a classical result of H.-J. Petzsche [52, Th. 3.5] (see also [33, Th. 4.4]) proves
that M, satisfies (7). By (L.4), we have (M) = ~v(M ;) > 1.

Consider now the function G from Lemma [4.2.4, and define the linear map .J
sending every (cp), € Aar,,p, for some h > 1, into the sequence (b,), given by

=3 (f) ic, (é)(p_j) 0, peN

j=0

Since this fact will be useful later, we now prove that J is continuous from Az, 5
into Az, for some b > 0 independent from h. The function 1/G is holomorphic
on a disk with center at 0 and radius larger than 1/2, so there is C’ > 0 such that
|(1/G)P(0)] < C"27p! for all p € Ny. Hence,

V4
D ; o .
byl < Cl(eo)plaronn S ( j)hﬂMjmp i(p— )L

Jj=0

Since M is (Ic), we can use Lemma [I.1.6] (vi). Also, by the previous argument
there exists B > 0 such that M, > BPp! for every p € Ny. So,

byl < C ~ (P piop—i P = 3) My
|bp| < ‘(Cp)p’Mﬂ,hZ . W
= \J p—j

2 p
< C/KCP)}?’M-HJL ((1 + E) h> Merla pc NOa
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and we are done with b = 1 +2/B. By assumption, there exists [ € Az, 3 (H)
such that f®(0) = b, for all p € Ny. Lemma |4.2.5| guarantees that (fG)|r = @

for some ¢ € Séf/l}}(O, o0), and Lemma [4.2.8 implies that for each p € Ny, we have
that

() = (—iPPBP(0) = (—P(FQ)P(0) = (—ipr Y (f) bGP (0) = ¢,

J=0

so we are done.

It is evident that any of the first four statements (x) implies the correspond-
ing ('), and so any of the statements from (i) to (iv) implies all the equivalent
conditions from (i’) to (iv’).

(v") = (iv) Note that (v) amounts to v(M 1) > 2, and this fact implies
in particular (see Lemma that M ;| = N for a weight sequence N with
Y(IN) =~v(M41)—1 > 1. Since the condition (sm) is stable under equivalence and
also under passing from N to N , it turns out that IN satisfies (sm) as well, and
we can apply Remark and deduce (iv) for the spaces defined in terms of N.
Since the equivalence of sequences preserves the spaces of functions or sequences
defined by them, this means that (iv) holds as stated.

(IT) Observe first that (iv) implies (iv'), and as shown in (iv') = (i), we then
have (p!), = M. Since A satisfies (sm), we consider the function G, and the
operator J, sending (c,), € Aar,, pn, for some h > 1, into the sequence (b,), as
before. By hypothesis, f := V;,0.J((c,),) € Aar.,y(H) is such that f®(0) = b, for
all p € Ny. Now we set T'f := (fG)|r, and define W}, := F1oT oV} 0J. According
to the behavior described in Lemma and Proposition (the hypotheses
of the later are easily checked, as M ,; is almost increasing), the map W}, is linear

and continuous from Apz,, , into S](\ﬁjﬁh(o, o0) for some a > 0 independent from

h, and M o W}, is the identity map in Apz,, », by arguing as in (iv) = (i').

(ITT) Since (dc) for the weight sequence M amounts to M, ~ M, the sub-
stitution keeps the considered spaces unchanged. Then, it suffices to apply Theo-
rem to see that (iv") = (v').

(IV) If both M and A satisfy (dc), we have M, ~ M and (A),; ~ A, and so
the statements (i) and (v) are equivalent. This fact and the previous implications
allow for the conclusion. ]

Remark 4.2.9. The equivalence of the five conditions (i) — (v') when M is
strongly regular (and so also M ; & M) was already shown in [16, Th. 3.5], while
the case when M is (dc) is deduced in [I4, Th. 6.1.(b) and Th. 7.2.(b)]. The
novelty in this situation consists in the equivalence with (iv). One should also note
that in [I4] the Stieltjes moment problem is also solved for Beurling-like classes,
and the existence of global right inverses in both the Roumieu and Beurling classes
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is characterized. However, the techniques used there seem to heavily depend on the
condition (dc) (see, for example, Lemmas 3.6.(b) and 3.7.(b) and Proposition 5.1
in [I4]), so they are not available under the weaker condition (sm). Nevertheless,
(sm) allows for the construction of the local extension operators V}, in (iv), and
this has been the motivation for this new insight. Note that, when M and A are
(dc), the construction of local right inverses for M as the ones in (i) — (¢i7), with
a uniform scaling of the parameter h entering the definition of the corresponding
Banach spaces, is new, although (ii) was previously obtained in [44] when M is
strongly regular.



Conclusiones y trabajo futuro

La tesis ha tratado varios problemas relevantes relacionados con clases de fun-
ciones complejas, ya sea holomorfas en sectores no acotados de la superficie de
Riemann del logaritmo, o indefinidamente derivables en la recta real y con soporte
en [0, 00), cuyas derivadas estdn sujetas a cierta restriccién en su crecimiento dada
en términos de algin tipo de peso, bien una sucesion, una funcién o una matriz.

El primer objetivo, que se logré satisfactoriamente, fue caracterizar varias
propiedades de estabilidad, como el cierre por inversas o por composicion, para
clases ultraholomorfas de funciones en sectores no acotados de la superficie de Rie-
mann del logaritmo, de tipo Roumieu y definidas en términos de una matriz peso.
Los resultados previamente conocidos a este respecto se debieron a J. Siddiqi y M.
Ider [76] en 1987, y solo consideraron clases definidas por sucesiones peso y en sec-
tores no mas amplios que un semiplano. Nuestros resultados amplian y completan
los suyos, ya que el trabajo con matrices peso abarca el caso de las sucesiones peso,
vy hemos resuelto el problema para sectores con apertura arbitraria. Una herra-
mienta clave, que puede resultar 1til en otros contextos, ha sido la construccion,
bajo hipotesis suficientemente generales, de funciones caracteristicas, que tienen
una naturaleza maximal muy concreta dentro de estas clases. Como subproducto,
también obtenemos nuevos resultados de estabilidad cuando el control del creci-
miento en estas clases se expresa en términos de una funcién peso en el sentido de
Braun-Meise-Taylor. Por supuesto, se pueden formular y estudiar algunas otras
propiedades de estabilidad, pero todavia no hemos considerado otros problemas
similares.

Hasta donde sabemos, los resultados de estabilidad para las clases de Beurling
no se han estudiado previamente en la literatura. Hemos podido hacerlo aqui,
aunque sélo para sectores que no sean mas amplios que un semiplano. Esta limi-
tacion se debe a la falta de funciones caracteristicas en este contexto para sectores
generales, y nos ha obligado a aplicar una técnica completamente diferente, basada
en la teoria de las algebras de Fréchet multiplicativamente convexas. Una posible
tarea futura es la extensién de estos resultados a sectores de apertura arbitraria.
Esto podria necesitar un nuevo enfoque, ya que parece dificil obtener una familia,
que juegue el papel de las exponenciales, que tenga un comportamiento similar en
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sectores arbitrariamente amplios.

Se puede realizar una aproximacion diferente a las clases ultraholomorfas, cam-
biando las estimaciones de las derivadas por las correspondientes para los restos
que aparecen en el desarrollo asintético en el vértice, como se hizo en el ter-
cer capitulo. Se pueden considerar las propiedades de estabilidad en este nuevo
marco, y en la literatura se conocen algunos resultados para las clases de Gevrey.
Ya hemos obtenido informacién parcial sobre la estabilidad bajo composicién en
clases definidas por una sucesion peso general, pero aun queda trabajo por hacer
para presentar un resultado satisfactorio para el caso de matrices peso, ya que
surgen algunas complejidades debidas al cambio en la estructura de peso.

El segundo logro importante de la disertacién es la construccion de funciones
planas éptimas en sectores de apertura adecuada para clases ultraholomorfas
definidas en términos de una sucesion peso general. Consideramos que estas fun-
ciones podrian desempenar un papel en muchos otros contextos donde aparecen
estructuras ponderadas. Han sido extremadamente ttiles para nuestro objetivo
de mejorar los resultados conocidos de tipo Borel-Ritt, que tratan de la sobreyec-
tividad de la aplicacion de Borel asintética en clases ultraholomorfas de Carleman
asociadas a sucesiones peso fuertemente no casianaliticas generales. Mediante
ddichas funciones, se pueden definir transformadas formales tipo Borel y transfor-
madas tipo Laplace truncadas adecuadas, que permiten disenar un procedimiento
constructivo general para obtener operadores de extension lineal continua, inversas
por la derecha de la aplicacion de Borel, para el caso de sucesiones peso regulares
en el sentido de Dyn’kin, es decir, aquellas que satisfacen la condicion de cierre
por derivaciéon. Maés auin, la longitud del intervalo de sobreyectividad ha sido
determinada para sucesiones peso que satisfacen (dc).

Ademas, se ha demostrado que una condicién mucho mas débil para la sucesion
peso, la de tener momentos desplazados, es suficiente para obtener estos resultados
de extension. De esta manera, para todas las sucesiones que aparecen en las
aplicaciones tenemos resultados satisfactorios de sobreyectividad y extensién en
sectores cuya apertura es menor que un valor bien determinado, que depende de
un indice de O-variacién regular asociado con la sucesion.

Sin embargo, ain quedan algunos problemas pendientes por resolver en este
sentido:

e Aunque solo algunas sucesiones de crecimiento muy rapido quedan fuera de
nuestras consideraciones, como por ejemplo (¢”"),, nos gustaria obtener resul-
tados generales sobre la sobreyectividad para clases ultraholomorfas definidas
por sucesiones peso completamente arbitrarias.

e La longitud del intervalo de sobreyectividad, es decir, el conjunto de valores
positivos v tales que la aplicacion de Borel es sobreyectiva para la clase
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definida en el sector de apertura 77y, no esta determinada para sucesiones
peso que no satisfagan (dc). En otras palabras, no tenemos pruebas de que la
sobreyectividad implique v < v(M), como sabemos bajo la condicién (dc).
La tnica informacién para sucesiones peso generales se puede encontrar en
el articulo [33], donde se muestra que dicha longitud serd como méximo la
parte entera de (M) més 1. Este es un problema interesante que estamos
estudiando actualmente.

e Incluso cuando se sabe que la longitud del intervalo de sobreyectividad es
v(M), o sea, para sucesiones regulares, la situacién para la apertura del
sector igual a my(M) no estd resuelta en muchos casos. Por ejemplo, queda
pendiente el caso en que M es fuertemente regular y v(M) es un nimero
irracional, a menos que la sucesion peso admita un orden aproximado no
nulo, cuando sabemos que la aplicacion de Borel no es sobreyectiva para esa
apertura. Estd resuelta (también en sentido negativo) la situacién en que
M es fuertemente regular y (M) es un nimero racional, o si M satisface
(dc) y v(M) es un nimero natural, pero no se sabe que se cumpla ninguna
otra afirmacion general.

e Parecen ser necesarias nuevas técnicas para demostrar la sobreyectividad de
la aplicacion de Borel en sectores estrechos si no se cumple la condicién
(sm), ya que la herramienta de las transformadas de Borel y Laplace ya no
es aplicable.

e La existencia de operadores de extension globales (inversos por la derecha
para la aplicacién de Borel) en el caso de las clases de Roumieu en un semi-
plano ha sido completamente resuelta por A. Debrouwere bajo la condicion
(de), ver [14], y J. Jiménez-Garrido, J. Sanz y G. Schindl dieron una ex-
tension satisfactoria del resultado para sectores arbitrarios en [37]. Sin em-
bargo, esta pregunta esta abierta en ausencia de (dc), y nos gustaria obtener
alguna respuesta al menos cuando se cumpla la condicién (sm). Por supuesto,
se puede deducir facilmente alguna informacion a partir de la necesidad de
la condicién (f2) de H.-J. Petzsche [52] para la existencia de tales operadores
en el marco ultradiferenciable, pero el argumento inverso no esta disponible
actualmente.

En cuanto a las clases de Beurling, hemos podido mejorar ligeramente un re-
sultado clasico de J. Schmets y M. Valdivia bajo cierre por derivacion. Bajo esta
condicién, observamos que los resultados de A. Debrouwere [15] resuelven comple-
tamente el problema para clases de funciones con desarrollo asintético no uniforme,
tanto en el sentido de la sobreyectividad como en lo que respecta a los operadores
de extension. Sus resultados, sin embargo, dependen en gran medida del uso de
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(dc). Aunque la nueva condicién (sm) nos ha permitido demostrar la sobreyectivi-
dad de la aplicacién de Borel en sectores adecuadamente estrechos, nuestra técnica
(adaptada del trabajo de V. Thilliez y basada en las ideas de J. Chaumat y A.-M.
Chollet) no proporciona una pista ni para determinar la longitud del intervalo de
sobreyectividad ni para la existencia de operadores de extension. Este es un intere-
sante problema abierto en el contexto Beurling, y consideramos que una prueba
mas constructiva de la sobreyectividad podria ayudar en su solucion.

Otro problema abierto que no ha sido tratado en esta disertacién, pero que entrd
en nuestros planes iniciales, es el estudio de la inyectividad y sobreyectividad de
la aplicacion de Borel para clases ultraholomorfas definidas mediante el control de
las derivadas en regiones mds generales que sectores. S. Mandelbrojt [46] ha dado
una solucién muy elegante al problema de inyectividad para el caso de desarrollos
asintéticos uniformes, pero sélo se han obtenido algunos resultados parciales en el
marco antes mencionado por parte de autores de la escuela rusa, ver los trabajos
de R. S. Yulmukhametov [84], K. V. Trunov y R. S. Yulmukhametov [82] y R. A.
Gaisin [23]. La dificultad de esta tarea merece un esfuerzo mayor en un futuro
proximo.

Con respecto a los temas tratados en los capitulos segundo y tercero, nos gus-
taria mencionar que parece haber una estrecha conexion entre la existencia de
funciones planas 6ptimas en una clase y para un sector dado S, y la existencia
de funciones caracteristicas en la misma clase (es decir, la definida por la misma
estructura de peso) pero en el sector S,io. Este punto merece una aclaracion y
también serd estudiado.

Finalmente, la condicion de momentos desplazados ha permitido dar un nuevo
enfoque al considerar el problema del momento de Stieltjes dentro de los espa-
cios generales de Gelfand-Shilov definidos mediante sucesiones peso. La novedad
consiste en la posibilidad de recubrir un espacio de llegada naturalmente mayor
mediante la aplicacion de momentos, que envia una funcién a su sucesion de mo-
mentos de Stieltjes. Se ha estudiado y, en algunos casos, se ha caracterizado la
inyectividad y sobreyectividad de la aplicaciéon de momentos en este nuevo esce-
nario.

Es natural preguntarse cudl es el espacio de llegada natural para dicha apli-
cacion cuando el espacio de Gelfand-Shilov del que partimos esta definido por una
sucesion peso totalmente general, y estudiar la inyectividad y la sobreyectividad
en este marco. Otro tema a considerar en un futuro muy cercano es el tratamiento
general de los mismos problemas para el caso de espacios tipo Beurling, especial-
mente cuando se supone que se cumple la condicién (sm). Es probable que este caso
pueda incluirse en la version de este trabajo que enviaremos para su publicacion.



Conclusions and future work

The dissertation has treated several relevant problems dealing with classes of com-
plex functions, either holomorphic in unbounded sectors of the Riemann surface of
the logarithm or smooth in the real line and with support in [0, 00), whose deriva-
tives are subject to certain restriction on their growth given in terms of some kind
of weight, either a sequence, or a function, or a matrix.

The first aim, which has been satisfactorily accomplished, was to characterize
several stability properties, such as inverse or composition closedness, for ultra-
holomorphic function classes in unbounded sectors of the Riemann surface of the
logarithm of Roumieu type defined in terms of a weight matrix. The previously
known results in this respect were due to J. Siddiqi and M. Ider [76] in 1987,
and they only considered classes defined by weight sequences and in sectors not
wider than a half-plane. Our results extend and complete theirs, as the work with
weight matrices encompasses the weight sequence framework, and we have solved
the problem for sectors with arbitrary opening. A key tool, which can be useful
in other respects, has been the construction, under fairly general hypotheses, of
characteristic functions, which have a precise maximal nature within these classes.
As a by-product, we obtain also new stability results when the growth control in
these classes is expressed in terms of a weight function in the sense of Braun-Meise-
Taylor. Of course, some other stability properties can be formulated and studied,
but we have not considered yet any other such problem.

Up to our knowledge, the stability results for Beurling classes have not been
studied previously in the literature. We have been able to do so, although only
for sectors not wider than a half-plane. This limitation is due to the lack of
characteristic functions in this context for general sectors, and has forced us to
apply a completely different technique, resting on the theory of multiplicatively
convex Fréchet algebras. One possible future task is the extension of these results
to sectors of arbitrary opening. This might need a new technique, since it seems
difficult to obtain a family, playing the role of the exponentials, that has a similar
behavior in arbitrarily wide sectors.

A different approach to ultraholomorphic classes can be made by changing
the estimates for the derivatives into the corresponding ones for the remainders
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appearing in the asymptotic expansion at the vertex, as it has been done in the
third chapter. One can consider stability properties in this new framework, and
some results are known in the literature for Gevrey classes. We have already
obtained some partial information regarding stability under composition in classes
defined by a general weight sequence, but still some work has to be done in order
to present a satisfactory result for the case of weight matrices, as some intricacies
arise as the weight structure is changed.

The second important achievement of the dissertation is the construction of
optimal flat functions in sectors of suitable opening for ultraholomorphic classes
defined in terms of a general weight sequence. We consider that these functions
could play a role in many other contexts where weighted structures appear. They
have been extremely useful for our objective of improving known results of Borel-
Ritt-type, which deal with the surjectivity of the asymptotic Borel mapping in
Carleman ultraholomorphic classes associated to general strongly nonquasiana-
lytic weight sequences. By means of them, one can define suitable formal Borel-like
transforms, and truncated Laplace-like transforms, which allow for the design of a
general constructive procedure in order to obtain linear continuous extension oper-
ators, right inverses of the Borel mapping, for the case of regular weight sequences
in the sense of Dyn’kin, i. e., those satisfying derivation closedness. Moreover,
the length of the surjectivity interval has been determined for weight sequences
satisfying (dc).

Furthermore, a much weaker condition for the weight sequence, that of having
shifted moments, is shown to be sufficient to obtain these extension results. In
this way, for every sequence appearing in applications we have now satisfactory
surjectivity and extension results on sectors whose opening is smaller than a well-
determined value depending on an index of O-regular variation associated with
the sequence.

However, there are still some pending problems to be solved in this regard:

e Although only some very fast growing sequences fall apart from our consid-
erations, like e. g. (¢?"),, we would like to obtain a general results about
surjectivity for ultraholomorphic classes defined by completely unrestricted
weight sequences.

e The length of the surjectivity interval, i. e., the set of positive values ~
such that the Borel mapping is surjective for the class defined on the sector
of opening 7, is not determined for weight sequences not satisfying (dc).
In other words, we have no proof that surjectivity implies 7 < ~(M), as
we know under condition (dc). The only information for general weight
sequences can be found in the paper [33], where it is shown that such length
will be at most the integer part of (M) plus 1. This is a very interesting
problem we are currently studying.
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e Even when the length of the surjectivity interval is known to be (M), i.
e., for regular sequences, the situation for the opening of the sector equal
to my(M) is not solved in many instances. For example, the case when M
is strongly regular and (M) is an irrational number is pending, unless the
weight sequence admits a nonzero proximate order, when we know the Borel
mapping is not surjective for that opening. The answer is known (again in
the negative) if M is strongly regular and (M) is a rational number, or
if M satisfies (dc) and (M) is a natural number, but no other general
statement is known to hold.

e New techniques seem to be necessary in order to prove surjectivity of the
Borel mapping in narrow sectors if condition (sm) is not satisfied, since the
Borel and Laplace transforms’ technique is no longer applicable.

e The existence of global extension operators (right inverses for the Borel map-
ping) in the case of Roumieu classes in a half-plane has been completely
solved by A. Debrouwere under condition (dc), see [14], and a satisfactory
extension of the result for arbitrary sectors was given by J. Jiménez-Garrido,
J. Sanz and G. Schindl in [37]. However, this question is open in the absence
of (dc), and we would like to obtain some answer at least when condition
(sm) is satisfied. Of course, some implication can be easily deduced from the
necessity of the condition (f52) of H.-J. Petzsche [52] for the existence of such
operators in the ultradifferentiable framework, but the converse argument is
not currently available.

Regarding Beurling classes, we have been able to slightly improve a classical
result of J. Schmets and M. Valdivia under derivation closedness. Under this
condition, we note that the results of A. Debrouwere [I5] completely solve the
problem for non-uniform asymptotics, both in the sense of surjectivity and as far
as extension operators are concerned. His results, however, depend heavily on the
use of (dc). Although the new condition (sm) has allowed us to prove surjectivity
of the Borel mapping in suitably narrow sectors, our technique (adapted from the
work of V. Thilliez and resting on the ideas of J. Chaumat and A.-M. Chollet) does
not provide a clue either for determining the length of the surjectivity interval, or
for the existence of extension operators. This is an interesting open problem in the
Beurling setting, and we consider that a more constructive proof of surjectivity
could help in its solution.

Another open problem which has not been treated in this dissertation, but
entered our initial plans, is the study of injectivity and surjectivity of the Borel
mapping for ultraholomorphic classes defined by the control of the derivatives in
regions more general than sectors. S. Mandelbrojt [46] has given a very elegant
solution to the injectivity problem for the case of uniform asymptotic expansions,
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but only some partial results have been obtained in the aforementioned framework
by authors form the Russian school, see the works of R. S. Yulmukhametov [84],
K. V. Trunov and R. S. Yulmukhametov [82] and R. A. Gaisin [23]. The difficulty
of this task deserves a bigger effort in the near future.

With respect to the topics treated in the second and third chapters, we would
like to mention that there seems to be a close connection between the existence
of optimal flat functions in a class and for a given sector S,, and the existence of
characteristic functions in the same class (i. e., the one defined by the same weight
structure) but in the sector S, . This point deserves clarification and it will also
be studied.

Finally, the condition of shifted moments allows for a new framework when
considering the Stieltjes moment problem within the general Gelfand-Shilov spaces
defined via weight sequences. The novelty consists of the possibility of covering a
naturally larger target space for the moment mapping, which sends a function to
its sequence of Stieltjes moments. The injectivity and surjectivity of the moment
mapping in this new setting is studied and, in some cases, characterized.

It is natural to ask which is the natural target space for the moment mapping
when the Gelfand-Shilov space we depart from is defined by a general, unrestricted
weight sequence, and study the injectivity and surjectivity in this framework in
full generality. Another topic to consider in the very near future is the general
treatment of the same problems for the Beurling setting, specially when the con-
dition (sm) is assumed to hold. It is likely that this case can be included in the
version of this work that we will submit for publication.
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