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Abstract

In this paper, we explore when the Betti numbers of the coordinate rings of a projective
monomial curve and one of its affine charts are identical. Given an infinite field k
and a sequence of relatively prime integers ap = 0 < a1 < -+ < a, = d, we
consider the projective monomial curve C C P} of degree d parametrically defined
by x; = u%v?% for all i € {0,...,n} and its coordinate ring k[C]. The curve
C1 C A} with parametric equations x; = % for i € {l,...,n} is an affine chart
of C and we denote by k[C;] its coordinate ring. The main contribution of this paper
is the introduction of a novel (Grobner-free) combinatorial criterion that provides a
sufficient condition for the equality of the Betti numbers of k[C] and k[C;]. Leveraging
this criterion, we identify infinite families of projective curves satisfying this property.
Also, we use our results to study the so-called shifted family of monomial curves, i.e.,
the family of curves associated to the sequences j +a; < --- < j + a, for different
values of j € N. In this context, Vu proved that for large enough values of j, one
has an equality between the Betti numbers of the corresponding affine and projective
curves. Using our results, we improve Vu’s upper bound for the least value of j such
that this occurs.
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1 Introduction

Let k be an infinite field, and k[x] := k[x{, ..., x,] and k[t] := k[t1, ..., t;,] be two
polynomial rings over k. Given B = {by, ..., b,} C N asetof nonzero vectors, each
element b; = (b;1, ..., bim) € N™ corresponds to the monomial t¥ := tf“ e tfj’” €
k[t]. The affine toric variety X5 C A} determined by B is the Zariski closure of the

set given parametrically by x; = ulf“ —-ulim foralli = 1,..., n. Consider

Sg:=(by,...,by) ={aiby + - +aub,|ay,...,a, € N} C N",

the affine monoid spanned by B. The toric ideal determined by B is the kernel /i of
the homomorphism of k-algebras ¢p : k[x] —> k[t] induced by x; — tY . Since k is
infinite, one has that /5 is the vanishing ideal of Xg; see, e.g., [18, Cor. 8.4.13] and,
hence, the coordinate ring of X is (isomorphic to) the monomial algebra k[Sg] :=
Im(¢p) =~ k[x]/Ig. The ideal Iy is an Sp-homogeneous binomial ideal, i.e., if one
sets the Sp-degree of a monomial x* € k[x] as degg, x%) ;= a1b1+- - -+a,b, € S35,
then /5 is generated by Sg-homogeneous binomials. One can thus consider a minimal
Sp-graded free resolution of k[Sg] as Sp-graded k[x]-module,

F:0— F,— - — Fp — k[Sg] — 0.

The projective dimension of k[Sg] is pd(k[Sg]) = max{i | F; # 0}. The i-th Betti
number of k[Sg] is the rank of the free module Fj, i.e., B; (k[Sg]) = rank(F;);
and the Betti sequence of k[Sg] is (Bi(k[Sr]); 0 < i < pd(k[Sg])). When
the Krull dimension of k[Sg] coincides with its depth as k[x]-module, the ring
k[Sg] is said to be Cohen-Macaulay. By the Auslander-Buchsbaum formula, this is
equivalent to pd(k[Sg]) = n — dim(k[Sg]). When k[Sg] is Cohen-Macaulay, its
(Cohen-Macaulay) type is the rank of the last nonzero module in the resolution, i.e.,
type(k[Sp]) := B, (k[Sg]) where p = pd(k[Sp]). One says that k[Sg] is Gorenstein
if it is Cohen-Macaulay of type 1. Recall that if I3 is a complete intersection, then
k[Sg] is Gorenstein.

Now consider an integer d > 0 and a sequence ap = 0 < a; < --- <a, =d
of relatively prime integers, i.e., gcd(ay, ..., a,) = 1. Denote by C the projective
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Projective Cohen-Macaulay monomial curves and their affine charts

monomial curve C C P! of degree d parametrically defined by x; = u® v4=4 for all
i €{0,...,n},ie.,C is the Zariski closure of

{@pd=a0 ;.o yGigd=ai . yangyd Ty ¢ P/l (u:v)e ]P’,E}.

Taking A = {ao, ...,a,} C N? witha; = (¢;,d —a;) foralli =0, ...,n, one has
that 4 is the vanishing ideal of C, and the coordinate ring of C is the two-dimensional
ring k[C] = k[xo, ..., x,1/14 = k[S 4], where S 4 denotes the monoid spanned by
A. The projective monomial curve C is said to be arithmetically Cohen-Macaulay
(resp. Gorenstein) if the ring k[C] is Cohen-Macaulay (resp. Gorenstein).

The projective curve C has two affine charts, C; = {(u“, ..., u%) € A} |u € k}
and C) = {(vd_“o, va—a o pdmanny AZ | v € k}, associated to the sequences
a) < - <apandd —a,—1 < --- <d—a < d — ap, respectively. The sec-
ond sequence is sometimes called the dual of the first one. Denote by Si := S4,
the submonoid of N spanned by .A;. Since ay, ..., a, are relatively prime, then
N\ & is finite and S is called a numerical semigroup. The vanishing ideal of C;
is I4, C k[x1,...,x,], and hence, its coordinate ring is the one-dimensional ring
k[C1] = klx1, ..., x41/14, = k[S1]. Moreover, I 4 is the homogenization of / 4, with
respect to the variable xo. Similarly, denoting by S> := S 4, the numerical semigroup
generated by Ay := {d — ap,d — ay,...,d — a,_1}, the vanishing ideal of C, is
T4, C klxo, ..., xn—1], its coordinate ring is k[C2] = k[xo, ..., xp—11/14, = k[S2],
and [ 4 is the homogenization of I 4, with respect to x,,.

One has that 8; (k[C]) > B; (k[C;]) foralli, and the goal of this work is to understand
when the Betti sequences of k[C] and k[C;] coincide. A necessary condition is that
k[C] is Cohen-Macaulay. Indeed, affine monomial curves are always arithmetically
Cohen-Macaulay while projective ones may be arithmetically Cohen-Macaulay or
not, and pd(k[C]) = pd(k[C]) if and only if C is arithmetically Cohen-Macaulay.
The Cohen-Macaulay condition for k[C] is thus necessary for the two Betti sequences
to have the same length (and hence it is necessary for the two Betti sequences to
coincide). In Theorem 3.1, which is the main result of this work, we provide a
combinatorial sufficient condition for having equality between the Betti sequences
of k[C] and k[C;] by means of the poset structures induced by S and S; on the
Apery sets of both § and Sj. In Propositions 3.5 and 3.8, we use our main result to
provide explicit families of curves where §; (k[C]) = B;(k[C1]) for all i. In Sect.4,
we apply our results to study the shifted family of monomial curves, i.e., the family
of curves associated to the sequences j +a; < --- < j 4+ a, parametrized by
Jj € N. In this setting, Vu proved in [19] that the Betti numbers in the shifted family
become periodic in j for j > N for an integer N explicitly given. A key step in his
argument is to prove that for j > N one has equality between the Betti numbers
of the affine and projective curves. Using our results, we substantially improve this
latter bound in Theorem 4.1. Finally, we show in Sect.5 how to construct arithmeti-
cally Gorenstein projective curves from a symmetric numerical semigroup (Thm. 5.2).
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There are several sources of motivation for this work. In [8] the authors completely
describe the minimal graded free resolution of affine monomial curves defined by an
arithmetic sequence a; < --- < ap,i.e.a; = aj; + (i — 1)e for some e € Z* such that
gcd(ay, e) = 1. In particular, in [8, Thm. 4.7], they deduce that the Cohen-Macaulay
type of these curves, i.e., the last Betti number in the Betti sequence, is given by the
only integer t € {1,...,n — 1} such thatt = a; — 1 (mod n — 1). Interestingly, later
in [1, Thm. 2.13], exactly the same result is obtained for projective monomial curves
defined by an arithmetic sequence. Moreover, some computer-assisted experiments
using [6] showed that in some cases the whole Betti sequences coincide, while in
other cases they do not.

Example1 (a) or4 <5 < 6 < 7 < 8, C is arithmetically Cohen-Macaulay and the
Betti sequences of k[C1] and k[C] are both (1, 7, 14, 11, 3).

(b) For4 <5 <6 <7 <8 <9, C is arithmetically Cohen-Macaulay and the
Betti sequence of k[C;] is (1, 8, 21, 25, 14, 3), while the Betti sequence of k[C] is
(1, 12, 25, 25, 14, 3). Observe that, in this example, the Cohen-Macaulay type of
both k[C] and k[C,] is 3, as expected by [8, Thm. 4.7] and [1, Thm. 2.13], but the
two Betti sequences do not coincide.

On the other hand, Vu proves in [19] that given a; < --- < a,, if one considers
the sequence of positive integers j +a; < --- < j + a, parametrized by j € N, then
the Betti numbers of the corresponding affine monomial curves become eventually
periodic. One of the key steps in Vu’s argument is to prove that for values of j big
enough, the Betti sequences of the affine and projective monomial curves coincide.
Later, Saha, Sengupta and Srivastava obtain in [15] a sufficient condition in terms of
Grobner bases to ensure the equality of the Betti sequences.

Finally, Jafari and Zarzuela provide in [12] a combinatorial sufficient condition
for having equality between the Betti sequences of k[C;] and of the coordinate ring
of its corresponding tangent cone G (C;). More precisely, they define homogeneous
numerical semigroups as those whose Apery set with respect to a; has a graded poset
structure with respect to the partial ordering induced by Sj. In [12, Thm. 3.17], they
prove that the Betti sequences of k[C{] and G(C;) coincide when S| is homogeneous
and G(C;) is Cohen-Macaulay. The spirit of our approach in this paper is similar
although the problems addressed are different as the next examples show.

Example 2 (a) [9, Ex. 5.5] For the sequence 3m < 3m + 1 < 6m + 3 withm > 2,
one has that 8;(k[C1]) = 2 and B;(G(C;)) = m + 2. Indeed, 14 = (xg —
X1X3X4, x12m+1 — xg"xZH'l), and the Betti sequences of k[C;] and k[C] are both
(1,2, 1), while 81(G(C;)) = m + 2 > 4. Computational experiments in [17]
suggest that in this example, the Betti sequence of G(Cy) is (1, m+2,2m, m —1).

(b) [1, Cor. 3.2] Numerical semigroups defined by a generalized arithmetic sequence,
ie., S| = (a,ha+e,...,ha+ (n — 1)e) for positive integers h, a, e, n, always
satisfy that the Betti sequences of k[C;] and G(C;) are equal, and hence, G (Cy)
is Cohen-Macaulay (see [12, Cor. 3.10]). However, whenever 2 > 1 and n > 3,
k[C] is not Cohen-Macaulay, so the Betti sequences of k[C] and k[C] are different.
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When & = 1, i.e., when the sequence is arithmetic, then k[C] is Cohen-Macaulay
but the Betti sequences may also be different as Example 1 (b) shows.

Notations

For a numerical semigroup S C N, we denote by MSG(S) its minimal system of
generators. If X* € k[xy, ..., x,] is a monomial, where ¢ = (¢, ..., ;) € N*, we
denote its degree by |o| = Y 7, «;. For a finite set A, | A| is its cardinality. For a finite
subset A C N and a natural number s € N, s > 1, the s-fold iterated sumset of A is
sA:={a1+---+as|ai,...,a; € A}). We also denote 0A := {0}.

Along the paper, we consider >, the degree reverse lexicographical order
(degrevlex) on k[xy,...,x,] with x; > x» > --- > x,. This means that, for
x*, xP e k[xi, ..., x,],x% < xP if either || < |B], or || = || and the last nonzero
coordinate of B — « is negative. Note that our results hold if one chooses a degree
reverse lexicographical order on k[x1, ..., x,] withx, < x; foralli € {I,...,n—1}.
For f € k[xy,...,x,], in~(f) denotes the initial term of f, and given an ideal
I C k[x1, ..., x,],in~ (/) denotes the initial ideal of /, both with respect to >.

2 Apery sets and their poset structure

Letd € Z* andagp = 0 < a; < --- < a, = d be a sequence of relatively prime
integers. Foreachi =0, ..., n,seta; := (a;,d—a;) € N2, and consider the three sets
Ay ={ai,...,an}, Ay ={d,d—ay,...,d—an_1}and A = {ay, ..., a,} C N2. We
denote by C C P! the projective monomial curve parametrized by A as defined in the
introduction, and by C; and C; its affine charts, i.e., the affine monomial curves given
by A; and A, respectively. We denote the vanishing ideal of C; by 14, fori = 1,2
and the vanishing ideal of C by I 4. Consider S and S the numerical semigroups
generated by A; and A respectively, and S the monoid spanned by A that we call
the homogenization of S| (with respect to d).

As already mentioned, k[C1] and k[C,] are always Cohen-Macaulay, while k[C]
can be Cohen-Macaulay or not. There are many ways to determine when a projective
monomial curve is arithmetically Cohen-Macaulay; see, e.g., [4, Cor. 4.2], [5,Lem. 4.3,
Thm. 4.6], [10, Thm. 2.6] or [11, Thm. 2.2]. We recall some of them in Proposition 2.1,
but let us previously introduce the notion of Apery set since it is involved in some of
those charaterizations. For i = 1, 2, the Apery set of S; with respect to d is

Ap; :={yeSily—d¢Si}.

Since ged(A1) = 1, we know that Ap; is a complete set of residues modulo d, i.e.,

Ap; ={ro =0,r1,...,rq—1} and Ap, = {ro = 0,11, ..., tg—1} for some positive
integers r; and #; such thatr; =, =i (mod d) foralli =1, ...,d — 1. One can also
define the Apery set of S as

APs :={yeS|y—ag¢S,y—a, ¢ S}.

@ Springer



I. Garcia-Marco et al.

This set is finite and has at least d elements by [7, Lem. 2.5].

Proposition 2.1 The following statements are equivalent:

(a) C is arithmetically Cohen-Macaulay.

(b) APg has exactly d elements.

(c) APs ={(0,0)} U{(ri,ta—i) |1 =i <d}.

(d) Foralli =1,...,d — 1, (ri,tg—;i) € S. In other words, if g1 € Apy, g2 € Ap,
and g1 + g2 =0 (mod d), then (g1, q2) € S.

(e) Ifs € 77 satisfiess +ag € S ands +a, € S, then's € S.

(f) The variable x, does not divide any minimal generator of in. (I 4,), the initial
ideal of 1 4, for the degrevilex order in k[xy, ..., x,] with x; > -+ > Xx,.

For i = 1,2, one can consider the order relation <; in §; given by y <; 7 <—
z —y € &;. Similarly, in § one can consider the order relation <g defined by
Yy <sz<=z-—y e S.Inorder to compare 8;(k[C]) and B;(k[C;]) for all i, we
will relate in Theorem 3.1 the posets (Ap;, <1) and (APg, <g), i.e., the Apery sets
Ap; C S1 and APs C S with the natural poset structure they inherit from (S, <1)
and (S, <g), respectively.

Since § C §; x &y, it follows that if (yi, y2) <s (z1,z2), then y; <; z; for
i = 1, 2. Using Proposition 2.1, one can prove that the poset structure of (APg, <g)
is completely determined by those of (Ap,, <1) and (Ap,, <2) whenC is arithmetically
Cohen-Macaulay.

Proposition 2.2 [IfC is arithmetically Cohen-Macaulay, then forall (y1, y2), (21, 22) €
APg,
1, y) <s z1,22) <= y1 <1 z1and y2 <2 22.

Proof As observed before stating the proposition, (=) always holds. Let us prove
(<) when C is arithmetically Cohen-Macaulay. Since (y1, ¥2), (z1,22) € APg, one
has that yi, z1 € Apy, y2, 22 € Ap, by Proposition 2.1 (¢),and y + 2 =21+ 220 =
0 (mod d). Assume that y; <; z; and yp <, 7, then 51 := z; — y; € &1 and
52 1= 22 — y2 € 8. Moreover, s; € Ap; fori = 1, 2; otherwise, z; ¢ Ap;. Since
s1+s2=214+22—y1 —y2 =0 (mod d), then (51, 53) € S by Proposition 2.1 (d),
and we are done. m]

Let us recall now some notions about posets that will be used in the sequel for the
posets (Apy, <1), (Apy, <2) and (APs, <s).

Definition 1 Let (P, <) be a finite poset.

(a) For y,z € P, we say that z covers y, and denote it by y < z, if y < z and there
isnow € Psuchthaty < w < z.

(b) We say that P is graded if there exists a function p : P — N, called rank function,
such that p(z) = p(y) + 1 whenever y < z.

The following result shows that the poset (APg, <s) is always graded while
(Ap;, <1) may be graded or not. Observe that, since (Ap;, <;) has a minimum ele-
ment which is 0, whenever it is graded, the corresponding rank function is completely
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determined by the value of the rank function at 0 that we will fix to be 0. In the follow-
ing proposition, we characterize the covering relation in Ap; and in APg, and describe
the rank functions of (APg, <s), and of (Ap;, <) when it is graded.

Proposition 2.3

(a.l) Forally,z € Ap, y <1 2 <= z =y + a; for some a; € MSG(S51) \ {a,}.

(a.2) Ap, is graded if and only if, for all y € Ap,, every way of writing y as a sum of
elements in MSG(S1) has the same number of summands. When it is graded,
the rank function p1 : Ap; — N is given by that number of summands.

(b.1) Forally = (y1,y2),Z2 = (z1,22) € APs, y <5 Z <= z =y + a; for some
ie{l,...,n—1}.

(b.2) APg is graded by the rank function p : APs — N defined by p(y1, y2) :=
(1 +y2)/d.

Proof In (a.1) and (b.1), (<) is trivial. Let us prove (=).

(a.1) Consider y,z € Ap; such that y <; z. Since z — y € &, there exists o =
(a1, ...,0,) € N"suchthatz = y+Z,’-':1 aja;, and o, = O because z € Ap;.
If j| > 1,thenthereexists j € {1,...,n—1}suchthata; # Oandy+a; # z.
Thus, y +a; € Ap; because z € Apj,and y <1 ¥y +a; <1 z, a contradiction
because y <1 z,s0 || = 1.

(b.1) Consider y,z € APgs such thaty <g z. Since z —y € S, there exists o« =
(@0, ..., ay) € N"*l guch that z — y= Z?:o o;a;, and oy = a;, = 0 because
z € APs. Again, if |o| = Zl”;ll a; > 1, we can choose any o; # 0 and
gety <s y+a; <s z (one has that y + a; € APg because z € APgs), a
contradiction because y <5 Z.

Now (a.2) and (b.2) are direct consequences of (a.1) and (b.1), respectively. O

Remark 1 By Proposition 2.3 (b.2), the fiber of 1 under the rank function p is p () =
{a;j 1 <i <n—1},and hence |p~'(1)| = n — 1. On the other hand, when Ap, is
graded, the fiber of 1 under p; is pfl (1) = MSG(S)) \ {a,} by Proposition 2.3 (a.l).

Set A} := MSG(S)) \ {a,} and Apﬁ‘v) := Ap; N s Aj for each s € N. Since Ap,
is finite, consider N := max{s € N : Ap(ls) # ¥} € N. As a direct consequence of

Proposition 2.3 (a.2), we get a characterization of the graded property for (Ap;, <1).

Corollary 2.4 (Ap,, <1) is graded if and only ifZ?/:O |Ap§s)| =d.

3 Betti numbers of affine and projective monomial curves

Recall that 1 4, C k[x1,...,x,]and I 4 C k[xo, ..., x,] are the vanishing ideals of C;
and C respectively. When C is arithmetically Cohen-Macaulay, pd(k[C]) = pd(k[C1]).
Moreover, by Proposition 3.2 (b), in this case, one has that [APs| = |Ap;| = d. The
main result in this section is Theorem 3.1 where we give a sufficient condition in terms
of the poset structures of the Apery sets Ap; and AP for the Betti sequences of k[C1 ]
and k[C] to coincide. We postpone the proof after Propositions 3.2 and 3.3.
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Theorem 3.1 If (APs, <s) = (Apy, <1), then B; (k[C]) = B; (k[C:]) for all i.
Note that the converse of this result is wrong as the following example shows.

Example 3 For the sequence 1 < 2 < 4 < 8, one can check using, e.g., [6], that
both k[C;] and k[C] are complete intersections with Betti sequence (1, 3, 3, 1). How-
ever, the posets (Ap;, <1) and (APg, <g) are not isomorphic since <; is a total
order on Ap;, while <g is not. More generally, fora; =1 <a; < --- <a, =d
with a; a divisor of a;4; for all i € {1,...,n — 1}, one has that both k[C;] and
k[C] are complete intersections; see [3, Theorem 5.3]. Thus, both Betti sequences
are (1, ("Tl), o (";1), o (Z:é), 1). However, again the posets (Ap,, <i) and
(APs, <) are not isomorphic since < is a total order on Ap,, while <g is not.

Proposition 3.2 The following two claims are equivalent:

(a) The posets (Ap;, <1) and (APg, <s) are isomorphic;
(b) k[C]is Cohen-Macaulay, (Apy, <1) is graded, and {a1, ..., an—1} is contained in
the minimal system of generators of Si.

Proof (a) = (b).1f (APs, <s) =~ (Ap;, <1), then Ap, and AP have the same num-
ber of elements, and hence k[C] is Cohen-Macaulay by Proposition 2.1 (b). Moreover,
since (APgs, <g) is graded by Proposition 2.3 (b.2), (Ap;, <1) is graded. Finally,
|p1_1(1)| = |p~ 1) so, by Remark 1, [IMSG(S)) \ {a,}| = n — 1, and hence
{ay, ..., a,_1} C MSG(Sy).

(b) = (a).If k[C] is Cohen-Macaulay, then |APs| = |Ap,| by Proposition 2.1 (b),
and hence themap ¢ : APg — Ap, definedby ¢(rj, 14— ;) =r;forall j =0,...,d—
1, is bijective. Let us prove that it is an isomorphism of posets. By Proposition 2.2, ¢
is an order-preserving map, so one just has to show that ¢! is also order-preserving.
Consider y;,z1 € Ap; such that y; < z;. Then, there exists i € {1,...,n — 1}
such that z; = y; + a; by Proposition 2.3 (a.1). Moreover, y» + d — a; > z3 since
22 € Apy and y» +d —a; € &> Note that p(y1, y2) = p1(y1) (and the same holds for
(z1, z2)). This is because if we write (y1, y2) = Z?;ll o;(a;,d —a;) forsome o; € N,
then y; = 2:7:_11 a;a; is a way of writing y; as a sum of elements in MSG(S)),
and hence p(y1, y2) = Zf‘;ll o;i = p1(y1) by Proposition 2.3 (a.2) and (b.2). If
22 < y2 +d — a;, then p1(z1) = p(z1,22) < p(y1,y2) = p1(y1), a contradiction
since y; <1 z1. Therefore, y» + d — a; = z» and we are done. O

Note that Ap; can be a graded poset even if (Ap;, <1) and (APg, <s) are not
isomorphic as the following example shows.

Example4 For the sequence ay = 5 < a = 11 < a3 = 13,
the Apery set of the numerical semigroup S1 = (ai1,a2,a3) is Ap; =
{0,27, 15, 16, 30, 5, 32, 20, 21, 22, 10, 11, 25}. This Apery set is graded with the rank
function p; : S; — N defined below (see Fig. 1):

e 01(0) =0,
e p1(5) =p(11) =1,
e 01(10) = p1(16) = p1(22) =2,
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(30, 48)
(25,40) (43,22)
(20, 32) (38,14)
(15,24) (33,6)

(10, 16)

(5,8)

(0,0)

Fi

[

.1 The posets (Ap;, <1) (in blue) and (APg, <g) (in black) for S| = (5, 11, 13)

o p1(15) = p1(21) = p1(27) =3,
o 01(20) = p1(32) =4,

o 01(25) =35,

e 01(30) = 6.

Moreover, since APs has 16 elements, k[C] is not Cohen-Macaulay, and hence
(Ap;, <1) and (APg, <g) are not isomorphic by Proposition 3.2.

We now relate the condition in Proposition 3.2 to the criterion in [15, Thm. 4.1]
that uses Grébner bases.

Proposition 3.3 Consider the following two claims:

(a) (Ap;, <1) is graded and {ay, ..., an—1} is contained in the minimal system of
generators of Sy.

(b) The variable x, appears in every non-homogeneous binomial of G-, the reduced
Grobner basis of 1 4, with respect to the degrevlex order withx; > x3 > -+ > X,.

Then (b) = (a), and (a) = (b) holds if k[C] is Cohen-Macaulay.

Proof (a) = (b) when k[C] is Cohen — Macaulay. Assume that there exists a
non-homogeneous binomial f = x* — xB e G- with in- ( f) = x“ such that x,
does not alppear in the support of f,i.e. || > |B] and o, = B, = 0, and consider
s =Y aia; = Z?;ll Bia; € S1. Letus prove thats —a, ¢ S1. If s —a, € Sy,
we can write s as s = Z?:l yia; + a, forsome y = (y1, ..., ¥») € N, and consider
the binomial g = x"x, — xf € I 4,. Note that xP — xVx, # 0since B, = 0. As
f € G- and G. is reduced, one has that xP ¢ in- (I 4,) and hence in. (g) = X" x,.
Therefore, X" x, € in. (1 4,) and, by Proposition 2.1 (f), X € in. (1 4,). The remain-
der of the division of x” by G- is a monomial x% such that x4 ¢ in. (I 4,), and one
has that the binomial x# — x%x,, € I A, 1s the difference of two binomials that do not
belong to in (1 4,) using again Proposition 2.1 (f), a contradiction. Thus, s —a, ¢ S
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and hence s € Ap;. Buts = Y "~ aia; = Y ') Bia; € Sy with |a| > |B] so if
{ai, ..., an—1} C MSG(S)), one gets by Proposition 2.3 (a.2) that Ap, is not graded.

b) = (a):If{ay,...,ay—1} € MSG(S)),selecti € {2,...,n— 1} such that g;

is not a minimal generator. Then, there existsa = (a7, ..., ;1) € N/~ with |a| > 2
o -

such that x; — [];_; x j’ € I 4,. Note that any set of generators of /4, contains an

element of this form. Thus, G- contains a non-homogeneous binomial that does not

involve the variable x,,, a contradiction, and hence {ay, ..., a,—1} C MSG(S}).

If (Apy, <1) is not graded, by Proposition 2.3 (a.2), there exists s € Ap; that
can be written in two different ways using a different number of minimal generators
of Sy, ie. s = Y wja; = Y17 Bia; with |a| > |B]|. Note that @, = B, = 0
since s € Ap;. We can choose 8 = (Bi, ..., B.—1) such that || > O is the least
possible value, and ¢ = (e, ..., a,—1) such that, for this election of 8, x* is the
smallest possible monomial for the degree reverse lexicographic order. Then f =
x? — xP ¢ I4, and in. (f) = x“. Since x* € in.(I4,), there exists a binomial
h = x* — x* € G- such that x* divides x%. Let us see that 4 is not homogeneous
and that the variable x,, is not involved in 4. If & is homogeneous, dividing x* by A,
we get x¥ = x**(x* — xH) + x* A4 Then, s = (0 — A + pidai = Y ; oid
with | — A 4+ u| = || and x*~*# < x a contradiction with the choice of «,
so h is not homogeneous. On the other hand, since x* divides x? and «,, = 0, if x,
appears in x* — x*, it must be in the support of x*. If we write x* = x* x,, then
x* = x*H(x* — xH) + x¥ My, and hence s = 3, (o — A + wh)a; + a, which is
impossible because s € Ap;. Therefore, we have found a non-homogeneous binomial
h = x* — x* € G- where the variable x, is not involved, a contradiction. Thus,
(Apy, <1) is graded. O

Note 3.4 In our proof of (a) = (b), we strongly use that k[C] is Cohen-Macaulay but
we could not find any non-Cohen-Macaulay example where this implication is wrong.

Proof of Theorem 3.1 By Propositions 3.2 and 3.3, the Apery posets (AP, <g) and
(Ap;, <1) are isomorphic if and only if the variable x, appears in every non-
homogeneous binomial of G, the reduced Grobner basis of 1 4, with respect to the
degrevlex order with x; > x; > --- > x,. By applying a recent result of Saha,
Sengupta and Srivastava [15, Thm. 4.1], our result follows. O

Families of curves where the Betti sequences coincide

In Propositions 3.5 and 3.8 below, we provide sequences a; < - -- < a, for which the
condition in Theorem 3.1 is satisfied.

Let us start with arithmetic sequences, i.e., sequences a; < --- < a, such that
a; = aj + (i — 1)e for some positive integer e with gcd(ay, e) = 1. For this family,
we refine [15, Cor. 4.2] that considers a; > n — 1.

Proposition3.5 Leta) < ... < a, = d be an arithmetic sequence of relatively prime
integers, i.e., foralli = 1,...,n, a; = a1 + (i — 1)e for some integers a;,e > 0
such that gcd(ay, e) = 1. Then, (APs, <s) =~ (Apy, <1) ifand only ifa; > n — 2.
Therefore, if ay > n — 2, the Betti sequences of k[C1] and k[C] coincide.
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(11,9) (12,8) (13,7) (14,6)

Fig.2 The posets (Ap;, <1) (in blue) and (APg, <g) (in black) for S} = (5,6,7, 8, 9, 10)

Proof We use Proposition 3.2 to characterize when (APs, <g) and (Ap;, <) are
isomorphic. When a; < --- < a, is an arithmetic sequence, k[C] is always Cohen-
Macaulay by [1, Cor. 2.3]. Moreover, one can easily check that {aj,...,a,—1} C
MSG(Sy) if and only if a1 > n — 2. Therefore, if a; < n — 2, then (Ap;, <1) is
not isomorphic to (APg, <g). Conversely, if a; > n — 2, it is sufficient to prove that
(Apy, <1) is graded. By [14, Thm. 3.4], the Apery set of S; is described as follows:
if, for all b € {0,...,d — 1}, g» and —rp denote respectively the quotient and the
reminder of the division with negative remainder of bbyn — 1,1.e.,qp = [b/(n — 1)]
andrp = qp(n — 1) — b with0 <r, <n — 2, then

Ap, = {qpa1 +rpe, 0 <b<d—1}.

We claim that the grading is given by the function p; : Ap; — N defined by
p1 (gpar + rpe) = qp. Consider y,z € Ap; such that y <; z, an let us prove
that p1(z) = p1(y) + 1. By Proposition 2.3 (a.1), there exist natural numbers
b e {0,....d — 1} and i € {l,...,n — 1} such that y = gpa; + rpe and
z=y+4+a = (q+ Dar+ @p+i—De.Ifi > n—rp, thenz —d =
qgar + iy +i—1—(m—1))e € &1, contradicting the fact z € Ap;. Hence,
i <n—rp—1.Seth' :=(qgp+1)(n—1)—(rp+i—1).As0 < rp+i—1 < n—2,onthe
one hand one has that0 <5’ <d — 1,ontheotherg, =g, +landry =rp +i — 1.
Therefore z = gpra; + ry e, and hence p1(z) = p1(y) + 1. O

Example 5 For the sequence 5 < 6 < 7 < 8 < 9 < 10, one has that a; = 5 >
4 = n — 2. Therefore, the Apery sets (Ap;, <1) and (APgs, <g) are isomorphic by
Proposition 3.5. The Betti sequences of k[C1] and k[C] coincide and one can check,
using, e.g., [6], that both sequences are (1, 11, 30, 35, 19, 4). The isomorphic posets
(Ap;, <1) and (APg, <g) in this example are shown in Fig. 2.

The next family that we now consider are monomial curves defined by an arith-
metic sequence in which we have removed one term. In [2, Sect. 6], the authors
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study the canonical projections of the projective monomial curve C defined by an

arithmetic sequence a; < --- < a, of relatively prime integers, i.e., the curve 7, (C)

obtained as the Zariski closure of the image of C under the r-th canonical projection
—1

ot P P (po e i pn) e (POt Pt D Prgd et D Pa).

We know that m,-(C) is the projective monomial curve associated to the sequence
ap < - <ap—1 < ar41 < -+ < dy.

If one removes either the first or the last term from an arithmetic sequence, the
sequence is still arithmetic. Moreover, note that if an arithmetic sequence a; < - - - <
ay, satisfies the condition a; > n — 2 in Proposition 3.5, then the arithmetic sequence
obtained by removing either the first or the last term also satisfies the condition in
Proposition 3.5 because the number of terms in the new sequence is smaller, and its
first term may have increased. Thus, we will only focus here on sequences obtained
from an arithmetic sequence a; < --- < a, by removing a, forr € {2,...,n — 1}.
Set Ay :={ai, ..., an} \ {a,}, and consider the numerical semigroup S; = S 4, and
its homogenization S. We characterize in Proposition 3.8 when the posets (Ap;, <1)
and (APg, <g) are isomorphic. Two main ingredients in the proof are the following
two results in [2] that we recall for convenience. The first one is a technical lemma,
while the second describes the Apery set of Sj.

Lemma 3.6 ([2,Lemma?2]) Leta; < --- < ay be an arithmetic sequence of relatively
prime integers with common difference e. Set q := |(a1 — 1)/(n — 1)] € N and
L:=a1—qn—1)e{l,...,n—1}. Then,

(a) (g +e)ar +a; =ap+i +qap, foralli € {1,...,n— £}, and
(b) g +e+ 1 =min{m > 0| ma; € (az,...,an)}

Lemma3.7 ([2, Cor. 4]) Let ay < --- < ap be an arithmetic sequence of rel-
atively prime integers with common difference e. Denote by A the Apery set of
S = {ai, ..., an) withrespect to a,, q := (a1 —1)/(n—1)], and, forall u € N, set
vy 1= pai +ax. Givenr € {2,...,n — 1}, consider Ay = {ai, ..., a,} \ {a,}, and

the semigroup S| generated by A1. When ay > r, the Apery set of S| with respect to
ay is described as follows:

(a) Ifr =2,

Ap. — (A\{op 10<p<qg+e)Ulvy+a,|0<p<q+e}, fn—1]a,
= (A\{vﬂ\Ofufq—&—e—l})u{vﬂ—i-an|0§,U,§q+e—1},otherwise.

(b) Ifr e {3,...,n—2},
Ap; = (A\{a;}) U {ar + an}.

(c) Ifr=n—1,

Ap, — 1A \{an—1hH Ulan-1 + (@ + Day}, if n — 1] ay,
Pr= (A\ {an—1D) U {an—1 + qan}, otherwise.
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Proposition 3.8 Consider a1 < ... < a, an arithmetic sequence of relatively prime
integers withn > 4, and taker € {2,...,n — 1}. Set Ay :={ay, ..., a,} \ {a,}, and
let S\ be the numerical semigroup generated by Ay, and S its homogenization. Then,

ay >n—2anday #n, ifr =2,
(APs, <s) @ (Ap|, <1) <= jar =nandr <a;—n+1, if3<r<n-2,
a>n—2, ifr=n-—1.

Consequently, if the previous condition holds, then B; (k[C1]) = Bi (k[C]), for all i.

Proof Denote by S; the numerical semigroup generated by the whole arithmetic
sequencea; < --- < a,.Again, we use Proposition 3.2 to characterize when the posets
(Apy, <1) and (APg, <s) are isomorphic. Note that {ay, ..., a,} \ {a-} C MSG(S1)
if and only if

eitherr #n —landa; >n—2, orr =n—1landa; >n —2. @))
On the other hand, by [2, Cor. 5], k[C] is Cohen-Macaulay if and only if
r<ayorr=n-—1. 2)
Finally, by Proposition 2.3 (a.2), (Ap;, <1) is graded if and only if
VbeAp. b= > wai= Y Bfa = Y a= > pfi.
i¢{r.n} ig{r.n} i¢{r.n} i¢{r.n}

We split the proof into three cases depending on the value of .

o r=2.

By (1), if (APs, <s) =~ (Ap;, <1), then a; > n — 2. If a; = n, the element
az + a,—1 = ay + a, of Ap; can be written as (2 + e)aj, and hence (Ap;, <) is
not graded by (3). Assume now that a; > n — 2 and a; # n, and let us prove that
(Ap;, <1) is graded in this case. By Lemma 3.7 (a),

Ap; = (A\fvp |0 < <t})U{v, +a, |0 <p <t
fort € {g+e— 1,9 + e}. Every b € AN Ap, satisfies (3) by Proposition 3.5, so
consider b, := pay +az +a, = pay +az +ap—1 € Apy, with 0 < p < r. Let us

prove that whenever b, = Zi¢{2,n} aja;, with o; € N, then Zi¢{2’n} a =u+2.
Using iteratively the relations a; +a; = a;—1 +aj41 in S1., we get that

by= Y aiai =piai +€ay + Py
i¢{2,n}

for some m,2 <m <n—1,¢€ € {0, 1}, and B, B, € N such that Zi¢{2,n}0‘i =
,31 +E+,3n~
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Ife = 0orm # 2,thenajy is notinvolved in the expression b, = Brai+e€a,+Bnan,
so B, = O since b, € Ap,. Thus, b, = pay + a + a, = p1ay + €ay,, and hence

(B1 — war = ax +a, — €ap. “)

If € =0, a; divides az 4+ a,, = 2a; + ne, and hence a; divides n which is impossible
sincea; > n—1landa; # n.Nowife = 1 andm # 2, (4) implies that (8] — pw)a; =
ay+a, —ay =a;+ (m—m+ 1)e,and hence a; | n — m + 1, a contradiction since
agp>n—1>n—-—m+1.Thus,e = landm = 2,ie, b, = Zi¢{2’n}a,~ai =
pnay +ax +ap = pray + az + Buan.

Note that since 81a; + a; cannot be transformed into Zi ¢(2,n) idi using the rela-
tions a; +a; = aj_1 +aj;1in Si, we have that Bn # 0. Moreover, (u — B1)a; =
Bn—Dayandu—pB; < g+e+1since u <t < g+e. By Lemma 3.6 (b), this implies
that © = B and B, = 1, and we have shown that Zi¢{2,n} o =B +Bi+1l=pn+2.

e 3<r<n-2.

By (1) and (2), the conditions a; > n — 1 and r < aj are necessary for (APg, <g)
and (Ap;, <1) to be isomorphic, and by Lemma 3.7 (b), Ap; = (A \ {a,;}) U{a, +a,}.
Using Proposition 3.5, we get that (Ap;, <) is graded if and only if every way of
writing a, +ay, in terms of minimal generators of S| has the same number of summands,
which is two since a, + a, = ar4+1 + ap—1.

Now,ifa; =n—1,thena,1+a,—1 = ea; +ar+a,—1,andifr > a; —n+1, then
ary1+an—1 = 2+e)aj+(r—ai+n—2)e = (1+e)ayr +ar—u+n—1. Thus, in both
cases (Apy, <1) is not graded. Conversely, assume thata; > nandr < a; —n+1.If
ar +a, = 2a; + (n +r — 2)e can be written using more than 2 minimal generators of
&1, then there exists u > 3 (the number of minimal generators involved), and m > 0,
such that a, + a, = pa; + me. Then,m <n+r — 3 and a; dividesn +r —2 — m,
a contradiction sincea; >n+r—2>n+r —2 —m.

er=n-—1.

By (1) and (2), we only have to show in this case thatif a; > n — 2, then (Ap;, <1)
is graded, i.e., using Lemma 3.7 (c) and Proposition 3.5, that (3) holds for b =
ap—1+ (g + Da, whenn — 1 | ay, and b = a,_| + qa, otherwise.

Assume that n — 1 does not divide a1, and consider the element b = a,,—1 4+ ga,, in
Ap;.ByLemma3.6(a), thereexists j € {1, ...,n—2}suchthatb = (g+e)a;+a;,and
hence we have to show that whenever b = 27;12 a;a; with ; € N, then Zl";lz a =
g +e+1. Asinthe case r = 2, using iteratively the equalities a; +a; = a;—1 + a1
in S, we get that

n—2
b= aia = Biai + ean + Puan
i=1

for some m,2 <m <n—1,¢ € {0,1}, and B1, B, € N such that Z:’;]za,- =

:81 +e+ ﬂn~

If B, > 0, since b € Ap,, we have that b — a, = Bra1 + €am + (Bn — Day, ¢ S1,
andhencee = landm =n—1,i.e,b —a, = Bra; +a,—1 + (B, — Da,. But this is
alsoequal to (81 — 1)a; +az +an—2 + (B, — Day so B = 0 (otherwise b —a,, € Sy).
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Table 1 Betti sequences in

Example 7 r klmr (C1)] klmr (O)]
1 (1,11,30,35,19,4) (1,11,30,35,19,4)
2 (1,12,25,21,10,3) (1,12,25,21,10,3)
3 (1,13,30,29, 14,3) (1,13,30,29, 14,3)
4 (1,12,27,27,14,3) (1,12,29,29, 14,3)
5 (1,12,25,21,10,3) (1,13,30,29, 14,3)
6 (1,12,25,21,10,3) (1,12,25,21,10,3)
7 (1,12,25,25,14,3) (1,12,25,25,14,3)

Thus, b = a,—1 + B,a, that cannot be transformed into 27;12 a;a; using the relations
aj+aj=aj_1+ajyin S, a contradiction. This shows that B, =0.

Then b = Brai + €a,, = (g + e)ay + a;j. Since {ay, ..., a,—2} C MSG(Sy), we
deducethate = 1,m = j,and 81 = q+e. Hence, Z:’;lz o = Pr1+e+pp =q+e+1,
and we are done in this case.

When n — 1 divides ay, consider b = a,—1 + (¢ + 1)a, in Ap;, and the relation
b = (q+e+1)a; +a,—1 given by Lemma 3.6 (a), and an analogous argument works.

O

Example 6 For the arithmetic sequence 9 < 10 < 11 < 12 < 13, the parameters are
a; =9,e = 1and n = 5. By Proposition 3.5, the Betti sequences of k[C;] and k[C]
coincide. Indeed, it is (1, 10, 20, 15, 4) for both curves. Now the Betti sequences of
k[m-(Cy1)] and k[ (C)] also coincide for all values of 7, 1 < r < 5: they coincide for
r = 1 and 5 as observed before Lemma 3.6, and for r = 2, 3, 4 by Proposition 3.8.
One can check that the sequence is (1, 6, 8,3) forr =1, (1, 5,6, 2) for r = 2 and 4,
(1,8,12,5) forr =3, and (1, 4,5, 2) forr =5.

Example 7 Consider the arithmetic sequence 9 < 10 < 11 < 12 < 13 < 14 < 15,
whose parameters area; = 9,e = 1 andn = 7. By Proposition 3.5, the Betti sequences
of k[C;] and k[C] coincide, and one can check that it is (1, 19, 58, 75, 44, 11, 2) for
both the affine and the projective monomial curves. Now using the notations in Propo-
sition 3.8, one has that Ap; and APgs are isomorphic if and only if r € {2, 3, 6}.
Hence, the Betti sequences of k[r,(Cy)] and k[, (C)] coincide for those values of r
by Theorem 3.1, and also for r = 1 and 7 as observed before Lemma 3.6. On the
other hand, one can check using [6] that the Betti sequences of k[77, (C1)] and k[7, (C)]
do not coincide for r € {4, 5}. Table 1 shows the Betti sequences of k[, (C;)] and
k[m-(C)]forallr,1 <r <7.

4 Improving Vu’s bound for equality of Betti numbers of a projective
monomial curve and its projection

Take a sequence of nonnegative integers 0 = ¢; < -+ < ¢y, not necessarily relatively
prime, and consider, for all j > 0, the shifted set of integers A{ ={c1+j,....cntj}
and the semigroup S{ generated by the sequence ag := 0 < a; == c1 +j <
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- < ay := ¢y + j. Herzog and Srinivasan conjectured that the Betti numbers of
k[S 1’ ] eventually become periodic with period c,. In [19], Vu provides a proof of this
conjecture together with an explicit value N such that this periodic behavior occurs
forall j > N.One of the key steps in Vu’s argument is [19, Thm. 5.7] where he proves
that, for all j > N, the Betti numbers of the affine and projective monomial curves
defined by ¢ + j < -+ < ¢, + j coincide. We provide a smaller value of N such
that this occurs.

Theorem 4.1 Let 0 = ¢; < -+ < ¢y be a sequence of nonnegative integers and set
N = (¢ — 1)(2;’;1 ¢i). Then, for all j > N, the affine and projective monomial
curves defined by the sequence a) =0 <a; =c1+j <--- <a, = c, + j have the
same Betti numbers.

Proof Take j > N. Let gi be the reduced Grobner basis of 1 iy with respect to the
1

degrevlex order with x; > --- > x,,, and consider f = x* — x# € G withx* > x#.
If we show that

(a) x, does not divide x*, and
(b) if f is not homogeneous, then x,, divides xB,

then the result follows from [15, Thm. 4.1]. Note that this result is true even if the
generators of the semigroup are not relatively prime since the defining ideal does not
change when we divide them by a common divisor.

If x,, divides x%, then x,, does not divide x#, and hence |«| > |B|. Thus,

n—1

n n n—1
N=(a—=DQ c)<j<(al=I1BDj <) (@i =B+ ) aici= ) Bici.
i=1 i=2

i=2 i=2
This implies that there exists i € {2,...,n — 1} such that ; > ¢,. If we consider the
ﬁ Cn*('l' ('l'
monomial x¥ := xxlenx", then the homogeneous binomial g = x# — x belongs

to 7 ,; because the homogeneous binomial x;" — x|" “x;' belongs to I i AS X
1 1

divides x” and does not divide x?, in-. (g) = xP e in. (I A-’)’ a contradiction because
. X 1
G isreduced and f e G . This shows that that x,, does not divide x¥, and (a)is proved.

Now assume that f is not homogeneous, i.e., |¢| > |8], and that x,, does not divide
x?. By (a), x, does not divide x* either, and hence

n—1 n—1 n—1 n—1
N=(a =D c)<j<(al=IBDj <D (@i —pj+ ) aici= Yy Bici.

i=2 i=1 i=2 i=2
Thus, there exists i € {2,...,n — 1} such that 8; > ¢,. Using exactly the same
argument as before for (a), we get a contradiction, and hence (b) is proved. O
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Corollary 4.2 Let a; < --- < a, be a sequence of positive integers, and set M :=
a, + (a, — 1)(2?;11 (an — a;i)). Then, for all j > M, the projective monomial curve
defined by the sequence ay < --- < a, < j is arithmetically Cohen-Macaulay.

Proof Consider the sequence by :=0 < by :=ap,—ap—1 < -+ <by_1 :=a,—a; <
b, := a,. By Theorem 4.1, one has that the projective monomial curve defined by
Il <I1+by <--- <1+ b, is arithmetically Cohen-Macaulay for all I > (b, —
1)(2?;11 b)) = (a, — 1)(2?;11 (a, — a;)). To finish the proof, it suffices to observe
that the dual sequence of 0 < a; < --- <ay, <l +a,isl <l+by <--- <1+ by
and take / + a, = j. O

5 Construction of Gorenstein projective monomial curves

Since B; (k[C]) = max (B;(k[C1]), Bi (k[C>])) for all i, whenever k[C] is Gorenstein,
then so are k[C;] and k[C»]. The converse of this statement is false; indeed, it could
happen that C; and C; are both arithmetically Gorenstein and that C is not even arith-
metically Cohen-Macaulay, as can be seen in Example 8 (a). Actually, even if k[C] is
Cohen-Macaulay, it may happen that k[C] is not Gorenstein, as Example 8 (b) shows.

Example 8 (a) The affine monomial curve C; defined by the sequence 4 < 9 < 10
is an (ideal-theoretic) complete intersection and, thus, k[C;] is Gorenstein with
Betti sequence (1,2, 1). The corresponding projective monomial curve is not
arithmetically Cohen-Macaulay, indeed, the Betti sequence of k[C] is (1, 5, 6, 2).

(a) The affine monomial curve C; defined by the sequence 10 < 14 < 15 < 21 is
an (ideal-theoretic) complete intersection and, thus, k[C;] is Gorenstein with Betti
sequence (1, 3, 3, 1). The corresponding projective monomial curve is arithmeti-
cally Cohen-Macaulay but not Gorenstein, indeed, the Betti sequence of k[C] is
1,4,5,2).

A numerical semigroup S is symmetric if and only if either b € S; or F(S1) —b €
S for all b € N, where F(S1) = max (N \ Sy) is the Frobenius number of S;. Kunz
proved in [13] that k[C;] is Gorenstein if and only if S7 is symmetric. In this section
we show how to construct an arithmetically Gorenstein projective monomial curve
from a symmetric numerical semigroup 7 . We begin with the following result, which
provides a necessary and sufficient condition for C to be arithmetically Gorenstein and
is a consequence of the results in [5].

Proposition 5.1 Let C be the projective monomial curve defined by the sequence ay =
0 < ay < -+ < ay, = d of relatively prime integers. Then, C is arithmetically
Gorenstein if and only if C is arithmetically Cohen-Macaulay, both S| and S are
symmetric, and d divides F (S1) + F(5).

Proof (=) If C is arithmetically Gorenstein, then C is arithmetically Cohen-Macaulay
and both S and &, are symmetric by [5, Lem. 2.6]. Assume now that d does not
divide F(S)) + F(S,). By Proposition 2.1 (¢), there exist y € Sj and z € S; such that
(F(S81) +d, z) and (y, F(S2) + d) are two different elements of APs. Moreover, by
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Proposition 2.2, they are both maximal in the poset (APs, <s), and hence, C is not
arithmetically Gorenstein by [5, Thm. 4.9].

(<) If d divides F(S;) + F(S>), then by Proposition 2.1 (¢), (F(S)) +d, F(S) +
d) € APgs and by Proposition 2.2, this element is the maximum of (APs, <s). Hence,
C is arithmetically Gorenstein by [5, Thm. 4.9]. O

Note that in the previous result, one cannot remove the condition of k[C] being
Cohen-Macaulay as Example 9 shows.

Example 9 For the sequence 6 < 7 < 8 < 15 < 16, one has that the numerical semi-
group S1 = (6,7, 8, 15, 16) is symmetric, and S; = N is also symmetric. Moreover,
F(S)) =17 and F(S;) = —1, sod = 16 divides F(S1) + F(S;). But k[C] is not
Cohen-Macaulay, so it cannot be Gorenstein.

The following example provides a family of arithmetically Gorenstein projective
curves. This example gives some insights on Theorem 5.2, which is the main result of
this section and shows how to construct a projective Gorenstein curve from a symmetric
numerical semigroup. For a, b € Z with a < b, denote by [a, b] the integer interval
[a, b1 N Z.

Example 10 If m > 3 is an odd integer, one has that

Si=(m+1/2,....m—1)={0,m+1)/2,....m—1,m+ 1, —>}

is a symmetric numerical semigroup with F(S;) = m. Hence the ring k[C{] is
Gorenstein. The sequence mT“ < .-+ < m — 1 defines a projective curve of

degree d = m — 1 = F(S1) — 1. We claim that k[C] is Gorenstein. Note that
Ap; = {0} U [2H m — 2] U [m + 1,3(m — D] U {2m — 1}. Since S» = N, we
have that F(S;) = —1 and Ap, = [0, m — 1]. By Proposition 5.1, it only remains to
check that k[C] is Cohen-Macaulay. By Proposition 2.1 (d), k[C] is Cohen-Macaulay
because B C S, where B C N2 is the following set with d elements:

(0, 0){(a, d—a) | ™ <a<m—2)U{(d+g, d—g) | 1 <g <" (2d+1,d—1)}.

We now generalize this to any symmetric numerical semigroup 7 such that 7 # N
and 7 # (2, a) for some a odd or, in other words, such that 2 ¢ 7. The idea under
this construction is to consider the projective closure of the affine monomial curve
parametrized by the so-called small elements in the semigroup, that is, all the elements
in the numerical semigroup that are smaller than the Frobenius number. The precise
statement of the result is the following.

Theorem 5.2 Let 7T C N be a symmetric numerical semigroup such that 2 ¢ T and
consider T N[0, F(T) — 1] = {0,a;,...,ay} with0 < a1 < --- < a,. Then, the
projective monomial curve defined by the sequence a) < --- < a, is arithmetically
Gorenstein.

To prove this theorem we use the following two lemmas. We believe that they are
known but since we could not find a precise reference, we decided to include their
proofs.
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Lemma5.3 LetT C N be a symmetric numerical semigroup and consideray < - -- <
ay, its minimal set of generators. If2 ¢ T, then a,, < F(T).

Proof We prove that every y € 7 such that y > F(7) can be written as y = z1 + 22
with 71, z2 € 7 \ {0} and, hence, y ¢ MSG(7).

e Fory=F(T)+ 1,wetakez1 =a; € T and zo = F(7T) — a; + 1. We have that
72 € T because F(T7) —zp =a; — 1 ¢ T and 7 is symmetric.

e Fory=F(7T)+2,wetake z1 =a; € T and zp = F(7) — a; + 2. We have that
72 € T because F(7) —zp =a; —2 ¢ 7 (because a; > 2) and 7 is symmetric.

e Fory = F(7) +3,if y/2 € T, we take z; = 72 = y/2. Otherwise, we observe
that

F(T)+3 y
|[[l,y—1ﬂﬂT|:|ﬂ1,F(T)]]ﬂT|+y—F(T)—1:y—T:5.
Thus, there exists 1 <i < y/2 suchthati, y —i € 7 and we are done.
e Fory > F(7) + 3, we observe that

F(T)+3 vy
|[[1,y—l]]ﬂT|=|[[1,F(T)]]ﬂT|+y—F(T)—1=y—T>§.
Thus there exists 1 <i < y/2 suchthati, y —i € 7 and we are done.
[m}
Lemma5.4 Let S; = (ai, ..., a,) C N be a numerical semigroup witha; < --- <

ay, and set a := min{b € S| : a; t b}. If y € N satisfies that y +i ¢ S for all
i €{0,...,a— 1} suchthata; ti, theny = 0.

Proof Since y +1,...,y +a; — 1 ¢ &1, we deduce that a; divides y, so y € 5.
Moreover, a — ap is not a multiple of aj,soy+a —a; ¢ Standy +a —a; = a
(mod ay). Thus, we get that y +a — a; < a — ay, and hence y = 0. O

Proof of Theorem 5.2 Since 7 is symmetric and 2 ¢ 7, then by Lemma 5.3 we have
that MSG(7) C {ai, ..., a,}. Hence, S| = 7 and S; is symmetric. Moreover, since
1,2 ¢ S;,thend = a, = F(51) — 1 and a,—1 = F(S51) — 2. Thus S = N and
we get that F(Sp) = —1 and F(S)1) + F(S;) = d. By Proposition 5.1, it is enough
to prove that C is arithmetically Cohen-Macaulay to conclude that it is arithmetically
Gorenstein.

One can easily check that Ap; = {a € §1 |0 <a <d}U{g+d|g¢S1, 1 <g <
d}U{2d 41}, and Ap, = {0, 1, ..., d — 1}. Consider now the following set B C N2
with d elements:

B ={(0,0}U{(a,d —a)|aeS,1<a<dU
(d+g.d—g)lg¢Si,1<g<d)U{2d+1,d—1)}.

By Proposition 2.1 (d), C is arithmetically Cohen-Macaulay ifand only if B C S, andin
this case APs = B. Let us prove that B C S. Clearly (0,0) € Sand {(a,d —a) |a €
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S1,0 <a <d} = {(ai,d —a;))|1 <i < n} C 8§, and one has to show that
d+g,d—g)eSforallg¢ S;,1 <g<dand 2d+1,d—1) € S.Leta € §;
be the minimum element in §; which is not a multiple of a;. We distinguish between
two cases.

Casel:d > g > F(S1) —a=d+ 1 —a. We claim that g + 1 € S;. Otherwise,
by the symmetry of S; one has that F(S;) — g and F(S1) — g — 1 are two
consecutive elements of S; which are both smaller than a, and this is not possible.
Then, (d — 1,1), (g +1,d — g —1) € S and we get that (d + g,d — g) =
d-1,1H)+Eg+1,d—g—-1eS.

Case 2:1 < g < F(S1)—a = d+1—a. Weclaim that there exists j € {0, ..., a—
1} such that bothd + 1 — j and g — 1 + j belong to S;. Assume by contradiction
that this statement does not hold. Whenever j € {0, ..., a — 1} is not a multiple of
ay, we have that j ¢ S; and, by the symmetry of S1, F(S1)—j=d+1—j €S
and hence g — 1+ j ¢ S1. By Lemma 5.4, this means that g = 1, a contradiction.
Now, we take j € {0, ...,a—1}suchthatd+1—j,g—14j € Sy (clearly j #0
becaused+1 = F(S1) ¢ S1).Then(g—1+j,d+1—g—j),(d+1—j,j—1) € S
andhence (d +g,d—g)=(g—1+j,d+1—g—j)+d+1—j,j—1) €S.

Finally, taking any g ¢ S1, 1 < g < d, we have that F(S§1)) —g=d+1—g € S].
Thus, 2d +1,d - 1)=(d+g,d—g+d+1—-g,g—1)€S. mi

Remark2 By the proof of Theorem 5.2 and [7, Thm. 3.6], it follows that the
Castelnuovo-Mumford regularity of k[C] is reg(k[C]) = 3 for all the Gorenstein
curves that we constructed in Example 10 and Theorem 5.2.

Following the construction in Theorem 5.2, one gets an arithmetically Gorenstein
projective curve C. However, the Betti numbers of k[C;] and k[C] can be very different,
as the following example shows.

Example 11 Consider the symmetric numerical semigroup 7 = (4,9, 10). One
has that the Frobenius number of 7 is F(7) = 15 and, hence, 7 N [0, 14] =
{0,4,8,9,10, 12, 13, 14}. By Theorem 5.2 we have that the projective monomial
curve defined by the sequence 4 < 8 < 9 < 10 < 12 < 13 < 14 is Gorenstein. A
computation with [6] shows that the Betti sequence of k[C] is (1, 6, 15, 20, 15, 6, 1),
while the Betti sequence of k[C] is (1, 15, 39, 50, 39, 15, 1).

6 Conclusions / open questions

Let C; € A} be an affine monomial curve and consider C C [P} its projective closure.
The Betti numbers of k[C] (the coordinate ring of C) are always greater than or equal to
those of k[C;] (the coordinate ring of C). We explore when the Betti numbers of both
rings are identical. In Theorem 3.1, which is our main result, we provide a sufficient
condition for this in terms of the poset structure of certain Apery sets. As Example 3
shows, this condition is not necessary. The following natural question remains open.

Open problem 6.1 Characterize when the Betti numbers of the coordinate rings of C
and C coincide.
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Proposition 3.3 is an intermediate key result to obtain our main one. It translates a
Grobner-basis condition on the ideal of C; into a poset flavored combinatorial criterion.
In one of the implications we added the hypothesis that k[C] is Cohen-Macaulay and
our proof relies on this. We wonder if this assumption can be dropped.

We applied Theorem 3.1 to provide families of affine curves whose coordinate
rings have the same Betti numbers as their corresponding homogenizations. Also, we
used our results to study the shifted family of monomial curves, i.e., the family of
curves associated to the sequences j + a; < --- < j + a, for different values of
J € N. In this context, Vu proved in [19] that for j big enough, one has an equality
between the Betti numbers of the corresponding affine and projective curves. Using
our results, we improve Vu’s threshold in Corollary 4.2. Vu also showed that the Betti
numbers become periodic in the shifted family for j > N, being N an explicit value.
Computational experiments suggest that the value of N can be optimized. Hence, we
propose the following problem.

Open problem 6.2 Improve Vi’s bound on the least value of j such that the Betti
numbers of the shifted family become periodic.

A partial solution to this problem can be found in [16], where the author finds a
better estimate when S is a three generated numerical semigroup.

Consider the projective monomial curve C C P} given parametrically by x; =
u%yd=a for all i € {0,...,n},with0 = a9 < a1 < ... < ay, = d a sequence
of relatively prime integers. One can associate to C the numerical semigroup S¢ =
(ai, ..., ay). It is known that whenever C is arithmetically Gorenstein, then S¢ is
symmetric. In the fourth section we prove a sort of converse to this statement. More
precisely, in Theorem 5.2, for a symmetric numerical semigroup 7 we construct an
arithmetically Gorenstein projective monomial curve C such that 7 = S¢. In view of
our result, we wonder if the answer to the following question could be positive:

Open problem 6.3 For a numerical semigroup T of type t > 1, does there exist an
arithmetically Cohen-Macaulay curve C of type t such that S = T ?
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