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IDEALISTIC FLOWERS IN THE REDUCTION OF
SINGULARITIES

FELIPE CANO AND BEATRIZ MOLINA-SAMPER

ABSTRACT. We present here a proof of the classical reduction of singu-
larities based on the idea of “idealistic flowers”. We follow the general
ideas of Maximal Contact Theory, presented in a recent book of Aroca,
Hironaka and Vicente, that recovers three old publications of Jorge Juan
Institute. The concept of idealistic flowers deals with the globalization
problems arising from the local nature of the maximal contact.

1. Introduction

This paper gives a new proof of the classical theorem of the reduction of
singularities of complex analytic spaces, following Maximal Contact Theory
due to Hironaka, Aroca and Vicente [5]. This proof uses the same underlying
objects and tools as Hironaka-Aroca-Vicente, but it is novel in its approach to
the globalization problem. In fact, we have adapted the original language to
make it closer to the one used in Differential Geometry, in terms of atlases.
A natural equivalence relation is defined in that atlases to get the so-called
Hironaka’s Flowers. In this setting, the need of globalization of the classical
maximal contact is skipped in a direct way.

Let us recall the main statement in [5, Th 6, p. xxiv], that can be viewed
as a consequence of the statement Theorem 3.2 in this paper, as we explain
below:

Theorem 1.1 (Desingularization of Complex Analytic Spaces). For a complex
analytic subvariety X C M, where M is compact, there is a finite sequence of
permissible blowing-ups such that the strict transform of X is non-singular.

We have named Hironaka’s Flowers, or Idealistic Flowers, the main object
that is compatible with the inductive nature of the desingularization proof; of
course, it is also implicit in [5] as well as in most of the modern versions of
the proof of existence of reduction of singularities for complex analytic spaces.
We hope that this work could help the reader to understand the original proof,
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without needing to enter in the technicalities of Category Theory or into the
powerful language of Algebraic Geometry.

One of the major difficulties in the reduction of singularities of complex
analytic spaces, following Maximal Contact Theory, is the fact that the varieties
of maximal contact are only defined in a local way.

The original proof using Maximal Contact Theory was made in the years
1973-1977 in the books [3,4,21] from Jorge Juan Institute in Madrid, where the
idea of infinitely near singular points is very important, see also [23]. In view
of the natural interest of the subject, these three books have been rewritten
without essential changes and the proof has been re-published in [5]. Teissier’s
introduction of [5] is very clarifying on the essentials of this proof.

In the literature, we find several ways for dealing with the local nature of
the maximal contact:

The original idea is based on Hironaka’s gardening. The proof uses gardens,
forests, groves and polygroves in order to take in account all the infinitely near
singular points. These objects are compatible under restriction to open sets and
other important operations; these features give indirectly the gluing properties
needed to reach a global behavior inside the inductive proof of existence of
reduction of singularities.

In more recent proofs, the globalization is a consequence of requirements
concerning functoriality, constructiveness or canonicity, added to the wanted
reduction of singularities. See the proofs of Villamayor [36] in 1989 and Bier-
stone and Milman [6,7], announced in 1991 and with a complete publication
in 1997.

There are other methods, always having in mind a functorial procedure,
inspired in previous works of Giraud [17,18] on the differential nature of the
maximal contact hypersurfaces. Coefficient and homogenized ideals in [25, 37]
are good examples of these situations.

Anyway, there are several introductory texts giving complete proofs of the
reduction of singularities in a modern viewpoint. The reader may look at [14,
16,19,25,27]. A good bibliographical reference may be found in Spivakovsky’s
paper [35].

Idealistic Flowers are global objects that are constructed in the usual style of
Differential Geometry, by means of compatible charts and atlases. The chart-
patching definition allows us to skip the inconveniences of the local nature of the
maximal contact. In this way, we are able to make induction on the dimension
as usual, in a clean way, without the consideration of added requirements on
functoriality or guiding invariants for the center selection.

We present a complete proof of the existence of reduction of singularities,
following essentially the same scheme of proof as in [5]. We have written this
paper hoping that this version of the proof may give a guideline in the possi-
ble reduction of singularities for foliations, vector fields and other differential
objects in characteristic zero.

Let us give now a description of the structure of this paper.
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Our starting objects are the idealistic spaces. They are composed of an
ambient space and a finite list of principal ideals with assigned multiplicity; the
ambient space is a non-singular complex analytic space endowed with a normal
crossings divisor. The singular locus is the set of points where Hironaka’s order
is greater than or equal to one. The reduction of singularities of idealistic
spaces implies the reduction of singularities of complex analytic spaces thanks
to the idealistic presentation shown by Hironaka (see [22] and [5, Th. 3.3.3]).
Thus, the goal is to show the existence of reduction of singularities for idealistic
spaces.

We say that two idealistic spaces, over the same ambient space, are equiv-
alent when we obtain the same singular locus after any finite sequence of per-
missible blowing-ups and pull-back by open projections. In other words, they
have the same “permissible test systems”. In particular, a reduction of singu-
larities of one of them gives a reduction of singularities for the other one. Thus,
the problem of reduction of singularities makes sense for the classes under this
equivalence relation.

Once we fix an ambient space (M, E), we can consider idealistic spaces over
open subsets (U, U N E) of the ambient space. We call them idealistic charts.
Two idealistic charts are compatible when their restrictions to the intersection
of the domains give equivalent idealistic spaces. In this way, we can consider
idealistic atlases for the ambient space (M, E). The notion of singular locus and
permissible centers for idealistic atlases makes sense and hence the problem of
existence of reduction of singularities has also sense for idealistic atlases. Two
idealistic atlases are compatible, or equivalent, when their union is also an
idealistic atlas. We call “idealistic exponents” the classes of compatibility of
idealistic atlases. This concept is very close to the one introduced in [5, Def.
3.3.5]; we borrow it just for use in this paper and we obviously ask the reader
to take the original definition in other contexts.

Note that there is only one non-singular idealistic exponent over the ambi-
ent space (M, FE). The problem of existence of reduction of singularities for
idealistic exponents is the same one as the problem of existence of reduction of
singularities for idealistic atlases. A particular case of idealistic atlases is the
one given by a single idealistic space; hence if the idealistic atlases admit reduc-
tion of singularities, then we also have reduction of singularities for idealistic
spaces.

The Maximal Contact Theory intends to reduce the dimension of the am-
bient space, in the case of idealistic exponents, by projecting the problem of
reduction of singularities over a special type of hypersurfaces, called maximal
contact hypersurfaces. Such hypersurfaces will appear in the so-called adjusted
and reduced case, but unfortunately they don’t have a global nature. The ob-
jects we naturally produce when we perform the projection are the idealistic
flowers of dimension e, or idealistic e-flowers. In this way, we detect the class
of objects where the classical induction on the dimension can be implemented,
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as well as other intermediate, but necessary, reductions of the problem. These
objects are the idealistic e-flowers.

The e-flowers will be defined over an ambient space (M, E) of dimension
bigger than or equal to e, that remains fixed in the process of projections on
the maximal contact hypersurfaces. The blow-ups will always be performed
in (M, E) and they induce blowing-ups in the smaller spaces supporting the
idealistic exponents. This idea appears also in the definition of C-element in
[6, Def. 1.2.1] and it is also considered in the concept of marked ideal by
Bierstone and Milman in [8, p. 612].

Let us give the definition of idealistic e-flowers. First of all, we define trans-
verse ambient e-subspaces (M, E, N) of the ambient space (M, E). They are
given by an e-dimensional non-singular closed analytic subset N C M having
normal crossings with E and being transverse to the components of the divi-
sor E. In this way, we get an induced (smaller) e-dimensional ambient space
(N, E|n). An immersed idealistic e-space over (M, E) is the data

V= (M,E,N),N)

where (M, E,N) is a transverse ambient e-subspace of (M, F) and A is an
idealistic space over (N, E|y). By definition, the singular locus of V is the one
of NV, that is Sing V = Sing /. The permissible centers are non-singular closed
analytic subsets of Sing V having normal crossings with E|y, “a fortiori” they
are non-singular closed analytic subsets of M having normal crossings with F.

We can state also the problem of existence of reduction of singularities for
immersed idealistic e-spaces over (M, E); note that when e = dim M, we get
the original situation of idealistic spaces.

We extend the definition of equivalence of idealistic spaces to immersed ide-
alistic e-spaces, by saying that two immersed idealistic e-spaces are equivalent
when they have the same permissible test systems. Let us note that two equiv-
alent immersed idealistic e-spaces over (M, E) need not to be supported by the
same transverse ambient e-subspace. Only the compatibility of the singular
locus will be assured.

An immersed idealistic e-chart for (M, F) is an immersed idealistic e-space
over an open subset (U, ENU) of (M,E). Two such charts are compatible
when their restrictions to the intersection of the domains are equivalent. In this
way, we can define immersed idealistic e-atlases. An idealistic e-flower over the
ambient space (M, E) is a class of compatibility of immersed idealistic e-atlases.
Of course, the notion of singular locus is well defined, as well as the ideas of
permissible centers and transforms under permissible blowing-ups. Thus, the
problem of reduction of singularities for e-flowers makes sense; moreover, it can
be seen as a natural extension of the problem of reduction of singularities for
idealistic exponents and idealistic spaces. Now, the basic induction statement
is the following one:

Reduction of singularities Reduction of singularities
for (e — 1)-flowers for e-flowers
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Let us see how we organize the proof of this statement. First we reduce the
problem to the adjusted and reduced case. “Adjusted” means that Hironaka’s
order at the singular points is exactly equal to one. Hironaka’s order is well
defined for e-flowers, but it is not stable for equivalent idealistic flowers of
different dimensions. “Reduced” means that the singular locus does not contain
hypersurfaces of the small ambient subspaces in the corresponding immersed
idealistic e-charts. This reduction of the problem passes naturally through a
combinatorial process of desingularization expressed in terms of polyhedra.

Once we are dealing with an adjusted and reduced idealistic e-flower F, we
look for an idealistic (e —1)-flower H over the same ambient space having max-
imal contact with F. That is, we ask F and H to be equivalent in the sense
that they have the same permissible test systems. For this purpose, we develop
a procedure of projection of adjusted and reduced idealistic exponents over
hypersurfaces, by using a tool, called projecting axis, inspired in some works
of Panazzolo [32]. Finally, we get locally and with an empty divisor the max-
imal contact hypersurface, just by the classical T'schirnhaus transformations.
Once we remove from the singular locus the old components of the divisor F,
we get the desired (e — 1)-flower having maximal contact, whose reduction of
singularities induces a reduction of singularities of F.

Let us end this introduction with a few related references. The paper of
Lipman [26] is a good general reference. The papers [12,13,24] for the positive
characteristic case, the book [14] on monomialization of morphisms, the papers
[9,11,29,32] in the case of differential objects, the papers [1,2,28] for the use
of weighted blowing-ups. The approaches through Zariski Local Uniformiza-
tion [38] and Hironaka’s Voute Etoilee [15,20] are also very important; the
open questions in positive characteristic and the differential cases could maybe
approached through these ideas, see for instance [10,31,33].

Part 1. Objects and statements

We present here the main concepts and statements in this work.

2. Ambient spaces

Our ambient spaces are pairs (M, K), (E, ENK)), where the space (M, K)
is the germ of a non-singular complex analytic space M over a compact subset
K C M and (E,E N K) is the germ over E N K of a normal crossings divisor
E C M. If there is no possible confusion, we simply denote (M, E) the ambient
space.

An open subset of (M, K) is an open immersion of germs

(U, L) C (M, K),

where L C K is a compact. We simply denote U C M. Let us remark that we
always have that (U, L) = (M, L), viewed as germified spaces.
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An open covering of (M, E) is a family {(Ma, Eq)}aca of open ambient
spaces, where the M, are open subsets of M such that F, = E N M, and the
compacts K, of germification for M, satisfy that K = Uyecp K.

A closed analytic subset of (M, K) is a closed immersion of germs

(N,KNN)C(M,K),

where N C M is a closed analytic subset.

An e-dimensional closed ambient subspace (M, E,N) of an ambient space
(M, E) is given by a purely e-dimensional non-singular closed analytic subset N
of M having normal crossings with E. In this way, we obtain an e-dimensional
ambient space (N, E|x), where E|x denotes the union of the intersections with
N of the irreducible components of F not containing N (locally). When N is
not locally contained in any of the irreducible components of E, we say that
(M,E,N) is a transverse closed ambient subspace. In this case we have that
Eln=FENN.

A hypersurface (M, E, H) of the ambient space (M, E) is just a closed am-
bient subspace of (M, E) such that dim H = dim M — 1. In this case, we have
E|g = E*N H, where E* is the union of the irreducible components of E not
contained in H; the hypersurface is transverse if and only if £* = F.

Remark 2.1. Let (N, KN N) be a closed analytic subset of (M, K). Sometimes
we refer to the complement M\ N. The complement does not have the nature of
a germ of analytic space over a compact subset; its interpretation must be done
in terms of appropriate representatives. Sometimes we consider the restriction
to such complements of sheaves and other objects; the interpretation must be
done in terms of points “close enough” to the compacts of germification. We
hope that these notations will not produce confusion and, on the other hand,
they will contribute to simplify the exposition.

3. Idealistic spaces

A marked principal ideal T over an ambient space (M, E) is a pair Z = (1, d),
where I C O)y is a sheaf of principal ideals and d is a positive integer number
that we call the assigned multiplicity of Z. A point P € M is a singular point
for T if vpl > d, where vpl stands for the multiplicity of I at P. The singular
locus SingZ is the closed analytic subset of M given by the singular points.
Since Ip # 0 for any point P, the dimension of the singular locus is strictly
lower than the dimension of M.

An idealistic space M over (M, E) is a triple M = (M, E, L), where L is a
finite list of marked principal ideals

L=1{Z; = (Ijadj)}§=1-

The singular locus Sing L is defined by Sing £ = ﬂ?zl SingZ;. We also say
that Sing £ is the singular locus of M and we write Sing M = Sing L.
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Remark 3.1. For practical reasons, we can admit zero ideals in the list £, but
we always ask that at least one of the marked ideals is non-null. More precisely,
a list with some zero ideals represents by definition the same idealistic space
as the list obtained by skipping all the zero ideals.

3.1. Transformations of idealistic spaces

We consider two types of transformations o : (M’,E') — (M, E) of the
ambient space (M, F): open projections and blowing-ups with non-singular
centers having normal crossings with E (the transformation by isomorphisms
is evident and we will not insist on that). When we apply a blowing-up to an
idealistic space M, we ask the center Y to be permissible in the sense that it
is contained in the singular locus of M.

Let M = (M, E, L ={(I;,d;) ?:1) be an idealistic space and let us denote
o:(M',E") — (M, E), one of that morphisms. The transform

M = (M E' £ ={(I},d)}_)
of M by o is given as follows, depending on the nature of o:

If o is an open inclusion the restriction M’ = M|y of M to M’ is defined

in an evident way. Assume that o is a projection on the first factor

o: (M E")= (M x (C™,0),E x (C™,0)) = (M, E).
We take I; =071, for j =1,2,... k. The singular locus satisfies that
Sing M’ = (Sing M) x (C™,0).
Note that the projection contains, as a datum, the functions
wi: M = (C,0), i=1,2,...,m,

obtained from the natural projections (C™,0) — (C,0). We say that o is an
open projection if it is composition of an open inclusion and a projection on
the first factor. We define the transform M’ by making first the transform by
the open inclusion and secondly the transform by the projection.

Assume that o is the blowing-up of (M, E) with a permissible center Y C M.
That is, the morphism o is given by the blowing-up M’ — M with center Y,
where we take E' = o~ (EUY'). Bach I} is the controlled transform of I; with
assigned multiplicity d;, for j = 1,2,...,k. This means that

I=gy5 7 Y(Ly), D ==Y(Y),

where Jpr C Oy is the ideal sheaf of the exceptional divisor D’.
Note that in all cases £’ has the same assigned multiplicities as L.

3.2. Reduction of singularities of idealistic spaces

In the context of idealistic spaces, the classical Hironaka’s reduction of sin-
gularities may be stated as follows:
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Theorem 3.2. Let M be an idealistic space over the ambient (M, E). There
is a morphism o : (M',E") — (M, E) that is composition of a finite sequence
of blowing-ups with permissible centers, such that

Sing M’ =0,
where M’ is the transform of M by o.

In other words, there is a reduction of singularities for any idealistic space M.
This result will be a consequence of the existence of reduction of singularities
for more general objects that we call idealistic flowers.

4. Test systems and equivalence of idealistic spaces

Consider an ambient space (M, E). A test system S over (M, E) of length
k>1isafamily S = {(Y;_1,05)}5_, with

oj: (Mj, Ej) = (Mj_1,Ej_1),

where (M, Ey) = (M, E), each Y;_; is the empty set or a non-singular closed
analytic subset Y;_; C M;_; having normal crossings with I;_;. If Y;_; = 0,
then o is an open projection. If Y;_; # 0, then o; is the blowing-up with
center Yj_1. A test system of length 0 is just the identity (M, E) — (M, E),
understood as an open projection.

For each 0 < ¢ < k, we define the truncation S¢ to be obtained from S, by
taking just the indices j < /.

4.1. Restriction of a test system to an open subset

Let S be a test system over (M, E) of length k. Consider a non-empty open
set U C M. Let us define the restriction Sy of S to U. It is a test system over
(U,UNE) of length k¥’ < k, that we write

SU = {(}/j/—ha';‘)}?zh U;’ : (M],aE;) - (M;—17E;—1)?

such that the following properties hold:

(1) (M}, ) = (U,U N E).

(2) If j < K, then M}, = o; (M) # 0.

(3) If ¥ <k, then o}, (M},) = 0.

(4) We have that Y/ ; = M;_; NY;_q, forany 1 <j <K
- If/YjL1 # 0, then o7 is the blowing-up of (M}_,, E;_;) with center

Y1

- If Y], = 0, then o} is the restriction (M}, E}) — (M

J j=b
of 0, understood as an open projection.

Ej 1)

Let us remark that MJ’ C M; is an open set and 0} is a restriction of o;.
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Remark 4.1. The length k' of Sy is smaller or equal than k. For practical
reasons, we introduce the truncation 8¢ with respect to £ > k to be given by
SY = S. In this situation, we have that

1) ()t = ("o
We shall write S[]j_l to denote both (Sp)*~! and (S¥=1)y.

4.2. Permissible test systems

Let us consider an idealistic space M and a test system S of length k£ > 0
over (M, FE). We define, by induction on the length k, the concept of test
systems that are permissible for M, or M-permissible test systems, and the
concept of transform of M by M-permissible test systems.

If £ = 0, the test system is permissible and the transform of M is M itself.
Assume that k > 1. We say that S is permissible for M if S¥~! is permissible
for M and the following hold: either Y;,_; =}, or Y,_1 # () and it is permissible
for the transform My,_; of M by S¥~1. In both cases, we define the transform
M, to be the transform of My_; by ok, where we consider o; as an open
projection if Y;_1 = ) or as a blowing-up, otherwise.

The concept of permissible center is of a local nature. In the same way,
the concept of permissible test system is also of a local nature, as it is stated
in the next proposition, that is a direct consequence of the local character of
permissible blowing-up centers.

Proposition 4.2. Consider an idealistic space M and a test system S over
(M,E). Let {(My, Es)}aca be an open covering of (M, E). The test system S
is permissible for M if and only if the restriction Syy, is permissible for M|,
for each a € A.

4.3. Equivalent idealistic spaces

Two idealistic spaces M7 and My over the same ambient space (M, E) are
called to be equivalent if they have exactly the same permissible test systems.

A direct consequence of this definition is that two equivalent idealistic spaces
have the same singular locus and that their transforms by a permissible test
system are equivalent idealistic spaces. In particular, if M; and M are equiv-
alent, a reduction of singularities of M is also a reduction of singularities of
M, and conversely.

Next statement concerns to the local character of the equivalence between
idealistic spaces:

Proposition 4.3. Consider two idealistic spaces My and Mo over (M, E) and
an open covering {(My, Eq)}aca of (M, E). We have that My and Ms are
equivalent if and only if the restrictions M1 |p, and Ma|pr, are equivalent, for
all « € A.
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Proof. Assume that M|y, and Ms|ys, are equivalent, for all & € A. Take
an M;-permissible test system S. By Proposition 4.2 we have that Sy, is
permissible for Mi|as, and hence for Ms|ys.,, thus S is permissible for M.
Suppose that M; and Ms are equivalent. Take a € A and a test system
S that is permissible for Mi|a,. Let S* be the test system over (M, E)
obtained by adding to S the inclusion M, C M as the first element. Since the
transform of Mj by the inclusion M, C M is exactly Mi|as, , we get that S*
is permissible for M; and hence for Ms. The fact that S* is permissible for
M implies that S is permissible for Ma|py, O

4.4. Examples of equivalent idealistic spaces

Here we consider some useful examples of equivalent idealistic spaces.
Normalization of an idealistic space. We say that an idealistic space is normal-
ized when all the assigned multiplicities are the same ones. Let M = (M, E, L)
be an idealistic space, where £ = {(I;,d;) ?:1 and take a common multiple d
of the d;. The idealistic space

M = (M, E{(I},d)} ), I = (I;)%%

is normalized and it is equivalent to M.
Redundant marked ideals. Let M = (M,E, L) and M’ = (M, E, L) be two
idealistic spaces. Assume that £ = {(I;,d;)}f_, and £' = UY_, L;, where

L= {(L;,d;)} U{(Ljs, dj)}eiy,

with I;, C I, for all s =1,2,...,k;. Then M and M’ are equivalent idealistic
spaces.

4.5. Infinite test systems

An infinite test system S over (M, E) is an infinite sequence
8% ={(Yj-1,05)}5%

such that the truncation S* = {(Yj_l,aj)}?:l of §* is a test system over
(M, E) of length k, for any k > 0. We say that S is permissible for an
idealistic space M if S* is permissible for M, for any k > 0.

5. Idealistic atlases and idealistic exponents

In this section we introduce the concept of idealistic exponent. It is defined
in terms of equivalence classes of idealistic atlases, in a parallel way to the
classical language of Differential Geometry. Anyway, the idealistic atlases have
their own interest and sometimes we will work with specific types of idealistic
atlases belonging to a given idealistic exponent.
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5.1. Idealistic atlases

Let us consider an ambient space (M, E). An idealistic atlas A over (M, E)

is a finite family A = {M,}oea such that:
(1) The M, are idealistic spaces over open sets (M,, Ey) C (M, E), where
{(My, Eq)}aea is an open covering of (M, E).
(2) (Compatibility property) For any pair of indices a, 8 € A, the idealistic
spaces
Maﬁ = MQ|MQB7 Mﬁa = MB‘MBQ
are equivalent, where M,g = Mg, = M, N Mg.
Each idealistic space M, will be called an idealistic chart of A. More generally,
an idealistic chart over (M, E) is any idealistic space of the form (U, UNE, L),
where U is an open subset of M.

Let us assume that A is an idealistic atlas over (M, E) and let us denote
by S, the singular locus of M,. Denote also S,3 = S, N M,g, we know that
Sap = Sing(Myp). Since Mg is equivalent to Mg, we have that Sgq = Sag-
This allows us to gluing together the singular loci S, in a closed analytic subset
S C M such that SN M, = S,, for all @ € A. We say that S is the singular
locus of A and we denote it as S = Sing A.

The transformations of A by restriction to an open set of M and by a
projection on the first factor are directly defined from the case of idealistic
spaces.

A permissible center for A is a non-singular closed analytic subset of Sing A
having normal crossings with E. The local character of the permissible centers,
expressed in next Proposition 5.1, is a consequence of the local nature of the
equivalence between idealistic spaces given in Proposition 4.3.

Proposition 5.1. A closed analytic subset Y of M is a permissible center for
A if and only if the following equivalent properties hold:
(1) For any point P € M, there is an open subset U C M, with P € U,
such that Y NU is a permissible center for Aly.
(2) For any open subset U C M, the intersection Y NU is a permissible
center for A|y.
(3) Given o € A, the intersection Y N M, is permissible for M.

Let us consider a blowing-up ¢ : (M’, E') — (M, E) with permissible center
Y C M. For each a € A, the restriction of ¢ is the blowing-up
0o (07 M,), B, = E'no Y (M,)) = (M, EN M,)
of (M, E N M,) with center Y, =Y N M, (the identity when Y, = (). Note
that Y, is a permissible center for M,. Let M! be the transform of M, by
0. Given two indices o, 8 € A, we have an induced blowing-up of M,z with
center Y, g, this implies that M’aﬁ and M/ are equivalent. In this way, we

define the transform A’ of A by o to be the idealistic atlas over (M’, E’) given
by the family of the M/,.
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5.2. Idealistic exponents

Consider an idealistic atlas A over the ambient space (M, E). In the same
way as for the case of idealistic spaces in Subsection 4.2, we can define the
concept of test system that is permissible for A, or A-permissible, and the
transform of A by an A-permissible test system.

As in Proposition 4.2, the property of being permissible a test system for an
idealistic atlas has local nature as follows:

Proposition 5.2. Consider an idealistic atlas A over the ambient space (M,
E). A test system S over (M, E) is permissible for A if and only if the following
equivalent statements hold:
(1) For any point P € M, there is an open subset U C M, with P € U,
such that Sy is a permissible test system for Aly.
(2) For any open subset U C M, the restriction Sy of S to U is permissible
for Aly.
(3) For any idealistic chart My, = (Mg, Eo, Lo) of A, the restricted test
system Sy, is permissible for M,,.

Proof. Follows from Proposition 5.1. O

An idealistic chart C over (M, E) is compatible with the idealistic atlas A if
AU {C} is again an idealistic atlas.

Proposition 5.3. Given two idealistic atlases A; and Ay over (M, E), the
following properties are equivalent:
(1) Any idealistic chart of As is compatible with A;.
(2) Any idealistic chart of Ay is compatible with As.
(3) The union Ay U Ay is an idealistic atlas.
(4) Ay and Ay have the same permissible test systems.

Proof. The statement comes from Proposition 5.2. ]

Definition. Two idealistic atlases A; and Ay over (M, E) are called to be
equivalent if A; and Aj have the same permissible test systems (and hence the
equivalent properties in Proposition 5.3 hold).

Definition. The equivalence classes of idealistic atlases over (M, E) are called
idealistic exponents over (M, E).

The properties and concepts invariant by the equivalence relation of the
idealistic atlases define properties and concepts concerning idealistic exponents
& over (M, E). Thus, we have well defined:

Singular locus Sing £.

Concept of permissible centers.

Transformations by open projections.

Transformations by blowing-ups of permissible centers.
Concept of &-permissible test systems.
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e Transformations by £-permissible test systems.
e Existence of reduction of singularities.

Remark 5.4. In next parts we will introduce other concepts concerning idealistic
exponents. The most relevant among them will be the “order” and the property
of “being monomial”.

Let us note that there is only one non-singular idealistic exponent over a
given ambient space. So, the problem of the existence of reduction of singular-
ities for idealistic exponents consists on finding a finite sequence of permissible
blowing-ups to obtain the non-singular idealistic exponent from a given one.
Note also, that the existence of reduction of singularities for idealistic exponents
implies Theorem 3.2.

6. Immersed idealistic spaces

Let (M, E) be an ambient space. An immersed idealistic e-space V over
(M, E) is a datum
V=(M,E,N,L),

where (M,E,N) is a transverse e-dimensional closed ambient subspace of
(M,FE) and N' = (N, E|n,L) is an idealistic space over the ambient space
(N, E|n) as defined in Section 2. We also say that V is an immersed idealistic
space of dimension e.

The singular locus Sing V is, by definition, the singular locus of N. It is a
closed analytic subset of NV and hence it is also a closed analytic subset of M.
The permissible centers of V are, by definition, the permissible centers of N
they have normal crossings with £ in M.

We need to include the possibility that N = (). In this case, we postulate
the existence of a unique immersed idealistic e-space

Vo = (M, E,0,Ly),

where Ly is empty. The singular locus of Vy is also the empty set.

The transformations of an immersed idealistic e-space V are defined from
morphisms of the ambient space (M, E). Let us precise them.

The restriction V|y to an open subset U C M is given by

Vio=UENUNNU, L|nnv)-

A projection on the first factor o : M x (C™,0) — M defines a projection on
the first factor 6 : N x (C™,0) — N. In this way, we define the transform
V'i=(M',E',N', L") of V by o, by putting

M' =M x (C™,0), E' =Ex(C™0), N =N x(C™,0)

and we take £’ to be the transform of £ by &.
Let Y be a permissible center for V. Recall that we have Y C N C M.
Consider the blowing-up 7 : (M’, E’) — (M, E) with center Y and denote by
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N’ the strict transform of N. Note that (M’,E’, N') is a transverse closed
ambient subspace of (M’, E’). The restriction of 7 induces the blowing-up

T (N/,E/|N/) — (N,E|N)

of (N, E|x) with center Y. We define the transform V' of V by 7, by putting
V' '=(M',E' N’ L), where L is the transform of £ by 7.

Proceeding as in the non-immersed case, we define when a test system S
over (M, E) is V-permissible and what is the transform of V by a V-permissible
test system.

We extend the definition of equivalence for idealistic spaces to the immersed
case as follows:

Definition. Consider two immersed idealistic spaces V, and Vg over (M, E)
of respective dimensions e, and eg. We say that V, and Vg are equivalent if
they have the same permissible test systems.

Remark 6.1. Two equivalent immersed idealistic spaces
Vo =(M,E,No,La), Vp=(M,E, Ng,Lg)

have the same singular locus S = Sing), = Sing V3. The subspaces N, and
Ny are not necessarily equal, they can even have different dimensions, but
S C No N Ng. In the case when N = N, = N, we have that V, is equivalent
to Vg if and only if the (non-immersed) idealistic spaces (N, E|n,L,) and
(N, E|n, L3) are equivalent.

7. Idealistic flowers

Let us consider an ambient space (M, E). An immersed idealistic atlas P
over (M, E) is a finite family P = {V,}aea such that:
(1) The V, are immersed idealistic spaces over open sets (Mg, E,) of
(M, E), where {(M,, Eq)}aca is an open covering of (M, E).
(2) (Compatibility property) For any pair of indices «, 8 € A, the immersed
idealistic spaces

Vaﬁ = V0t|Ma;37 Vﬁa = VB‘M;;Q
are equivalent, where M,g = Mg, = M, N Mjg.
Each immersed idealistic space V,, will be called an immersed idealistic chart of
P. When all the immersed idealistic charts V, of P have the same dimension
e, we say that P is an immersed idealistic e-atlas.

An immersed idealistic e-chart over (M, E) is any e-dimensional immersed
idealistic space C of the form C = (U,UNE, N, L), where U is an open subset of
M. We say that an immersed idealistic chart C is compatible with an immersed
idealistic atlas P if P U {C} is again an immersed idealistic atlas.

Let P = {Va}aca be an immersed idealistic atlas, where

Vo = (Maa EonNon Ea)'
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Proceeding as in the non-immersed case (see Section 5), we can define in a
coherent way the following notions concerning P:

e The singular locus Sing? = |J,c, SingV,. It is a closed analytic
subset of M, such that M, N Sing P = Sing V,,.

e The permissible centers Y for P. They are locally defined by the prop-
erty that Y N M, is permissible for V,,.

e The P-permissible test systems over (M, E) and the transforms of P
by P-permissible test systems.

In the same way as for the case of (non-immersed) idealistic atlases, we have
the following result:

Proposition 7.1. Given two immersed idealistic atlases Py and Py over (M,
E), the following properties are equivalent:

(1) Any immersed idealistic chart of P is compatible with P;.
(2) Any immersed idealistic chart of Py is compatible with Ps.
(3) The union Py U Py is an immersed idealistic atlas.
(4) P1 and P have the same permissible test systems.

Definition. Two immersed idealistic atlases P; and Py over (M, E) are called
to be equivalent if they have the same permissible test systems (and hence the
equivalent properties in Proposition 7.1 hold).

Definition. The equivalence classes of immersed idealistic atlases over (M, E)
are called idealistic flowers over (M, E).

The properties and concepts that are invariant by the equivalence relation of
immersed idealistic atlases define properties and concepts concerning idealistic
flowers F over (M, E). Thus, we have well-defined:

Singular locus Sing F.

Concept of permissible centers.

Transformations by open projections.

Transformations by blowing-ups of permissible centers.
Concept of F-permissible test systems.
Transformations by F-permissible test systems.
Existence of reduction of singularities.

7.1. Idealistic e-flowers

The immersed idealistic atlases belonging to a given idealistic flower do not
have necessarily a fixed dimension. Anyway, in order to prove the reduction of
singularities by induction on the dimension, we need also to consider idealistic
flowers of a fixed dimension. Thus, we take the following definition:

Definition. Let (M, E) be an ambient space of dimension n. Consider an
integer number 0 < e < n. An idealistic e-flower over (M, E) is an equivalence
class of immersed idealistic e-atlases over (M, E).
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Let us remark that the equivalence relation of immersed idealistic atlases is
the same one in both cases, but it concerns two different sets:

immersed idealistic e-atlases c immersed idealistic atlases
over (M, E) over (M, E)

Let F1 and F3 be idealistic flowers of respective dimensions e; and ey over
the same ambient space (M, E'). We say that F; and F» are equivalent if they
are contained in a common idealistic flower F. This is the same to say that any
atlas of Fj is equivalent to any other of F5. It is also the same that asking F;
and F> to have the same permissible test systems. Note that, when e; = e,
then F; and F3 are equal or disjoint. In the particular case that e; = €7 — 1,
we say that F5 has maximal contact with F.

7.2. Description in terms of idealistic exponents

Let (M,E) be an ambient space. An immersed idealistic exponent over

(M, E) is a data

W = (M7 E? N’ 5)’
where (M, E,N) is a transverse closed ambient subspace of (M, E) and £ is
an idealistic exponent over (N, E|x). The singular locus Sing W is given by
Sing W = Sing €. The dimension of W is the dimension of N.

The immersed idealistic exponents are well-transformed by restriction to
open sets, projections over the first factor and permissible blowing-ups, where
the permissible centers are, by definition, the permissible centers for £. Thus,
the permissible test systems and the corresponding transforms are also defined.
Two immersed idealistic exponents are equivalent if they have the same per-
missible test systems.

Remark 7.2. Let us consider two immersed idealistic exponents
WO(Z(M?E7NOM€O()5 WB:(M,E,N/},(‘:B)

If W, and Wjg are equivalent and N, = Ng, then £, = £3. Nevertheless, we
can have that W, and Wpg are equivalent with N, # Ng. In this case, we can
assure that Sing(W,) = Sing(W3) C N, N Np.

An immersed exp-idealistic atlas is a finite family
Q: {Wa}aEA7 Wa = (MaaEaaNaaga)a

where the W, are immersed idealistic exponents over (M, E,), the family
{(My, Eq)}aea is an open covering of (M, E) and we have the usual com-
patibility condition among the W,. When all the charts W, have dimension
equal to e, we say that Q has dimension e; we also say that Q is an immersed
exp-idealistic e-atlas.

The singular locus, permissible centers, permissible test systems and trans-
forms by a permissible test systems are defined as usual. Two immersed exp-
idealistic atlases over (M, E) are equivalent if they have the same permissible
test systems.
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Proposition 7.3. Let (M, E) be an ambient space. There is a natural bijection
between equivalence classes of immersed exp-idealistic atlases over (M, E) and
idealistic flowers over (M, E). In the same way, there is a natural bijection
between equivalence classes of immersed exp-idealistic e-atlases over (M, E)
and idealistic e-flowers over (M, E).

Proof. Let us consider the map
| immersed idealistic immersed exp-idealistic
atlases over (M, E) atlases over (M, F) ’

defined as follows. Take an immersed idealistic atlas P = {V4 }aea over (M, E),
where

Va = (Maa Eou Non Ea)-
The idealistic space (Ng, Fo|n,,Lq) defines an idealistic exponent &, over
(Nu, Eoln,). We take U(P) = {Wy}taca, where

Wa = (Mou Eou Naa goz)-
The map V¥ is well-defined and it induces a bijection up to equivalence. The
case when the dimension is fixed in done in the same way. O

7.3. Change of codimension

Let (M, E) be an ambient space and (M, E, N) a closed transverse subspace.
Consider two immersed idealistic charts
VA:(NaElNaAaEA)a VB:(NaE|N7B7£B)

over the ambient space (N, E|y). We can consider two new immersed idealistic
charts

Vi=(M,E A Ly), Vi=(M,E B,Lg)
over the ambient space (M, E). We have the following property:

Proposition 7.4. The immersed idealistic charts Vs and Vg are equivalent if
and only if V} and V§ are also equivalent.

We have the same result if we consider immersed exp-idealistic charts
Wa = (N,E|n, A Ea), Wp=(N,E|n,B, Ep)
and WZ = (M7E>A7£A)7 WE = <M7E7B7(€B)'

8. Reduction of singularities

Consider an ambient space (M, E) and let O be an object over (M, E)
belonging to one of the following classes:
Idealistic Spaces over (M, E).
Idealistic Atlases over (M, E).
Idealistic Exponents over (M, E).
Immersed Idealistic e-Spaces over (M, E).
Immersed Idealistic e-Atlases over (M, E).
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o Idealistic e-Flowers over (M, E).

We say that there is a reduction of singularities for O if and only if there is
a morphism = : (M', E') — (M, E) that is a finite composition of permissible
blowing-ups such that the transform @’ of O has empty singular locus. In view
of the description of the objects and the transformations, the object O defines
in a proper way an idealistic e-flower F» and any reduction of singularities of
Fo induces a reduction of singularities of O in its own class.

Then, the main result of this notes is the following one:

Theorem 8.1. Let F be an idealistic e-flower over an ambient space (M, E).
Then, there is a reduction of singularities for F.

We will provide a proof of this result, working essentially by induction on
the dimension e of the idealistic flower F.

Part 2. Hironaka’s order

In this part we develop the definition and properties of the order of an
idealistic e-flower. We do that for idealistic spaces, idealistic atlases, immersed
idealistic e-atlases and finally for idealistic e-flowers.

The concept of “order” is important to define the so-called “adjusted” ide-
alistic e-flowers. The most important step in the proof of Theorem 8.1 consists
in proving the existence of reduction of singularities for adjusted (and reduced)
e-flowers under the induction hypothesis that there is reduction of singularities
for any (e — 1)-flower. This process is founded in the Maximal Contact Theory
[5], as we shall see in next parts.

9. Order of an idealistic space

Let M = (M, E, L) be an idealistic space, where £ = {(I;,d;)}%_,. Consider
a point P € M. Following Hironaka [5], the order 0pL is defined by

1.

5P£—mill{]/2 . j= 1,2,...,k} € Q>o.
J

Note that P is a singular point if and only if §p£ > 1. We also use the notation

opM = dpL, although the divisor E has no relevance in the definition of the

order. In a similar way, we define the generic order éy L along an irreducible

closed subspace Y of M.

Proposition 9.1. Consider an idealistic space M = (M, E, L) and a permis-
sible irreducible center Y C M. Let w: (M',E’) — (M, E) be the blowing-up
with center Y and let M’ be the transform of M by w. We have that

(2) SpM' =6y M —1,

where D' = m=1(Y) is the exceptional divisor of .
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Proof. Write £ = {(I;,d;)}¥_, and let Jp/ the ideal sheaf defining the excep-
tional divisor D’. Recall that the transformed list £ = {(I},d;)}}_, is given
by

I=Jy% 1), j=12... .k

Put m; = vy (I;). The strict transform Ir c O) satisfies that
TN L) =TT, vp(ID) = 0.

We have vp/ (771(I;)) = my, for all j = 1,2,..., k. We conclude the equality
vpr (IJ’) = vy (I;) — d;. Hence, we have that

Z/D/(I]/»)/dj:(Z/y(Ij)/dj)—l, ]:1,2,,k‘

Taking the minimal values, we get the equality 6ps M’ = dy M — 1. O

9.1. Curve-divisor situation

In this subsection, we introduce a construction, usually called “Hironaka’s
trick”, that is useful for proving that the order is an invariant under the equiv-
alence of idealistic spaces.

A curve-divisor situation (M, X, D, P) is given by:

(1) An idealistic space M = (M, E, L).

(2) A non-singular closed irreducible curve X C Sing M.

(3) A non-singular closed irreducible hypersurface D C M having normal
crossings with F and with X, such that P = X N D (note that P is a
singular point).

Consider a curve-divisor situation (M, X, D, P). We are going to define an
M-permissible infinite test system Saq x,p,p associated to the curve-divisor
situation.

Write Sy x,p,p = {(Yj—1,04)}52,. The morphisms o; are only of blowing-
up type and we give inductively the centers Y;_; as follows. If j = 1, we
put

(1) Yo = D, if D is a permissible center for M.

(2) Yy = {P}, otherwise.
We respectively denote by M’ X’ D’ the transform of M, the strict transform
of X and the exceptional divisor with respect to o;. Since dx' M’ = dx M,
the curve X’ is in the singular locus of M’, hence we get a new curve-divisor
situation (M', X', D’ P"), where P’ = X' N D’. We proceed indefinitely in this
way.

Lemma 9.2. We have the following properties:

(1) 6pM > éx M+ 6pM.
(2) If 6pM = 6x M+ dpM, then opM =6b6x M +5p: M.
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Proof. Let (I,d) be a marked ideal of £ with §pL = vpI/d. Let us denote
m = vpl and write I = J5'J, where Jp defines D; hence vpJ = 0. Note that
m/d > 0pL. On the other hand, we have

opLl = Vp]/d: l/pJ/d—‘rm/d > l/pJ/d—f—(SD[/.

Since X ¢ D we have that vx(Jp) = 0 and vxI = vxJ. Moreover, since
P € X, we see that vpJ > vxJ = vxI. Then, we conclude

opL =vpl/d=vpJ/d+m/d>vxI/d+0pL >dxL~+dpL.

This shows (1). Let us see (2). If the center of o1 is D, the morphism oy is the
identity and we have

dp L =0pL—1, 6x L =0xL, dpL =pL—1.

Now, Statement (2) is straightforward. Assume now that oy is the blowing-up
with center P. Let us consider the list £ = {(I,d)} C L given by the only
marked ideal (I,d). We know that

§pL=6pL, OxL>06xL, S6pL>dpL.

By~hypoth§sis, tlrie equality dpL = dxL + 6pL holds. Then, we have that
0pL < dxL+ dpL. Applying Statement (1), it follows that

SpL =6xL+0pL, 6xL=0xL, O6pL=0pL.
Now, assume that the following equality holds
(3) Spr L =dxi L +6p L.
Let us see how to end the proof of Statement (2). Recall that
SprL =86pL—1, 6p L =6pL—1, 5x L =6xL, 5x L =6xL.
Moreover, since L'cr , we have that 0p/ L' <6 p/Z’ . We conclude that
SpiL < 8p L
= 5X/Z/ + 5D/£~’
= xL+dpL —1
=0xL+dpL—1
=6x L +ép L.

By Statement (1), we have 0p L' = dx/ L + dp/ L.

Now, it is enough to show the equality in Equation (3). Following the proof
of Statement (1), the fact SpL = dx L+ 6pL implies that vxJ = vpJ. That
is, the ideal J is equimultiple along X around P. Denote by J' the strict
transform of J by o;. We have that vp/J' < vpJ. Since P’ € X', we also
have that vp/J' > vx/J'. Combining these properties with the facts that
vx:J' = vxJ and vpJ = vxJ, we conclude that

VP/J/ = I/pJ = Vx.] = I/X/J/.
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Recall that the strict transform of I coincides with the strict transform of J,
at the point P’, since the strict transform of D does not go through P’. Then,
we can write the controlled transform I’ of I at P’ as I' = JJ. J’, where
m' = vp/I'. This implies that
d . (SX'Z/ = lell = Z/X/J/ + ml . VXIJDI = VX’J/ = I/PIJI7
since vx, Jp: = 0, in view of the fact that X’ is not contained in D’. Finally,
we have that
(SP/Z/ = l/p/Il/d = Vp/J’/d-i- VD/II/d = 5X/Z/ + 5D/EI.

This ends the proof. (I

Remark 9.3. Assume that M, y Mg are two equivalent idealistic spaces
over (M, E). Assume that (M,, X, D, P) is a curve-divisor situation. Then
(Mg, X, D, P) is also a curve-divisor situation and we have that the two asso-
ciated infinite test systems coincide, that is

SMa,x,D,P = SMy,X,D,P-
9.2. Invariance under equivalence
In this subsection we give a proof of the following statement:

Proposition 9.4. Let M, and Mg be two equivalent idealistic spaces over the
ambient (M, E). Let S be their common singular locus. For any P € S, we
have that 0p My = dpMag.

The proof of Proposition 9.4 is based in the construction of a particular
curve-divisor situation, obtained after performing a projection on the first fac-
tor, as follows.

Take an idealistic space M over (M, E) and a point P € Sing M. Let o1 be
the projection on the first factor

o1: (Mi,Eq) = (M x (C,0),E x (C,0)) — (M, E).
Denote by M the transform of M by o7 and let us put
X1 ={P} x (C,0), D; = M x {0}, P, = (P,0).
We have a curve-divisor situation (M1, Xy, D1, P;). Note that
ox, My =0p My =6pM>1, ép, M;=0.

In particular 6p, My = dx, My + ép, M.

Consider the test system Sa, x,,p,,p, = {(Yj-1,0;)}32, and denote by
(M, X;,D;, P;) the transformed curve-divisor situations, for j > 2.

Let us make now a computation of orders by an extensive application of
Proposition 9.1 and Lemma 9.2. In order to simplify notations, we will write

e=0pM =6x, M; and
aj; = 5D‘7Mj, ej = 5Pj./\/lj, j>1
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The first remark is that e = e; = 0x, M1 = dx, Mj, for all j > 2. We also
know that a; = 0. By Lemma 9.2, we get the relations

(4) ej=e+a;, j>1

We are going to describe the sequence {a; };";2 recurrently from the rational
number e > 1. If j = 2, by Proposition 9.1, we have that

as=e—1,

Assume j > 2. If a; > 1, then D; is contained in the singular locus of M and

we have Y; = D;. In this case, we see that
(5) Aj41 = Q5 — 1.

If a; < 1, the divisor D; is not in the singular locus and Y; = {P;}. By
Proposition 9.1, we have a;41 = e; — 1; in view of Equation (4), we get
(6) aj+1 =aj +e— 1.
Thus, the sequence {a;}52, is inductively obtained from e as follows:
a) ag =e— 1.
b) If a; > 1, then aj4+1 = a; — 1.
c) Ifa; <1, then aj11 =a; +e—1.

Since the values a; > 0 are rational numbers having a common denominator,
a diophantine computation shows that there is a first index j; > 2 such that
ajo =0.

Now, we can conclude the proof of Proposition 9.4. Since M, and Mg are
equivalent, we have that M, ; is equivalent to Mg ; and hence the infinite test
systems Sm., o, x,,0,,p, and Sam, X, Dy, P, coincide, in view of Remark 9.3. In
particular, we have that

a$ >1ead) >1, j>2.

In other words, the construction of the sequences {af'} and {aéa } follows the
same steps, starting with e® = §p M, and e? = dp Mg, respectively. We have
to prove that e® = ef. Assume by contradiction that e® > e®. We have that
aj > a?, for all j > 2. Now, choosing jo > 2 such that aj, = 0, we conclude

that afo < 0, which is impossible.

10. Order for idealistic exponents and e-flowers

Let A = {M,}aca be an idealistic atlas over (M, F). Given a singular point
P € Sing A, we define the order §pA by

opA=0pMa,,

where (M, E,,) is the ambient space of an idealistic chart M, satisfying that
P € M,. In view of Proposition 9.4, the definition does not depend on the
particular idealistic chart M, such that P € M,. On the other hand, since
P € Sing(M,,), we have that dp.A > 1.
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Given an idealistic exponent £ over (M, E) and a point P € Sing&, the
order 6p€ is pE = dpA, where A is any atlas defining £.

Consider now an immersed idealistic e-space V = (M, E, N, L) and a point
P € Sing V. We define the order épV to be

5pY =0pN, N =(N,E|n,L).
The reader can verify that the arguments in Subsections 9.1 and 9.2 work in

a similar way for immersed idealistic spaces, with fixed dimension e. More
precisely, we have:

Proposition 10.1. Let V, and Vs be two equivalent immersed idealistic spaces
over (M, E) of the same dimension e. For any point P in the common singular
locus Sing V., = Sing Vg, we have that 6pVa = dp V3.

Remark 10.2. An example that the equality of the dimension is necessary in
the statement of Proposition 10.1 is the following one. Take V, and Vg over
(M,E) = ((C%,0),0), given by N, = M, Ng = (y = 0), with £, = {Z.},
Lz = {Zg}, where:

Io = ((y2 - 1'3)0([:2,0,2) s IB = ((1’30((;0,2)) .

By Maximal Contact Theory [5], we know that V, and Vg are equivalent.
Nevertheless, we have that doV, = 1 and 6oVg = 3/2.

Thus, we can define the order for immersed idealistic e-atlases and for ide-
alistic e-flowers, but this is not possible for general immersed idealistic atlases
and idealistic flowers.

Part 3. Guide for the reduction of singularities

Here we give a quick guide for the proof of the existence of reduction of
singularities for idealistic e-flowers. The original result (Theorem 3.2) we want
to prove is the following one:

Theorem 10.3. Given an ambient space (M, E), there is a reduction of sin-
gularities for any idealistic space M over (M, E).

This result is a consequence of the following one:

Theorem 10.4. Given an ambient space (M, E), there is a reduction of sin-
gularities for any idealistic atlas A over (M, E).

Now, Theorem 10.4 is equivalent to the next one:

Theorem 10.5. Given an ambient space (M, E), there is a reduction of sin-
gularities for any idealistic exponent € over (M, E).

We also have the immersed statements:

Theorem 10.6. Given an ambient space (M, E) and a natural number e with
1 <e < dim M, there is a reduction of singularities for any immersed idealistic
e-space V over (M, E).
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Theorem 10.7. Given an ambient space (M, E) and a natural number e with
1 <e < dim M, there is a reduction of singularities for any immersed idealistic
e-atlas P over (M, E).

Theorem 10.8 (see Theorem 8.1). Given an ambient space (M, E) and a
natural number e with 1 < e < dim M, there is a reduction of singularities for
any idealistic e-flower F over (M, E).

In view of the developments of the concepts in Part 1, we have the following
implications:
Th10.8 <« Th10.7 = Thl0.6
4 4 4
Th10.5 < Thl10.4 = Thl0.3
We have to prove Theorem 10.8 or, equivalently, Theorem 10.7.

Thanks to the behavior of the order presented in Part 2, we can define
adjusted idealistic e-flowers to be the ones such that the order in all the singular
points is exactly equal to one. We also consider reduced idealistic e-flowers,
given by the property that the singular locus has dimension less than or equal
to e — 2. In our general procedure, we need as well the concept of monomial
idealistic e-flower to be developed further, that implies the existence of a very
“combinatorial” reduction of singularities.

Let us see how to organize the proof of Theorem 10.8. Consider the following
statements:

RedSing(e): Idealistic e-flowers have reduction of singularities.
RedSing(monomial): Monomial idealistic t-flowers have reduction of sin-
gularities, for any t > 1.
RedSing(e, adjusted): Adjusted idealistic e-flowers have reduction of sin-
gularities.
RedSing(e, adjusted-reduced): Adjusted and reduced idealistic e-flowers
have reduction of singularities.
The verification that RedSing(1) holds is straightforward. Our objective is to
prove the induction step

(7) RedSing(e — 1) = RedSing(e).
We do it in several steps:
Monomial case: RedSing(monomial) holds.
Reduction to the Adjusted Case: This step corresponds to the fol-
lowing implication
RedSing(e, adjusted)
RedSing(monomial)

(8) } = RedSing(e).

Reduction to the Adjusted-Reduced Case: This step corresponds
to the following implication
RedSing(e — 1)

) RedSing(e, adjusted-reduced) } = RedSing(e, adjusted).
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The Adjusted-Reduced Case: This step corresponds to the following
implication

(10) RedSing(e — 1) = RedSing(e, adjusted-reduced).

The statement (10) is proven in terms of Maximal Contact Theory [5]. The
classical difficulty for the globalization of the maximal contact is the reason for
introducing idealistic flowers, instead of working simply with idealistic expo-
nents.

Part 4. First reductions

In this part, we prove the statements “Monomial Case”, “Reduction to the
Adjusted Case” and “Reduction to the Adjusted-Reduced Case” presented in
Part 3.

11. Monomial idealistic e-flowers

Let us consider an ambient space (M, E). We say that a sheaf Z of principal
ideals on M is logarithmic for (M, E) if it is of the form

(11) Z=1lpJIp", ap € Zxo,

where D runs over the irreducible components of ¥ and Jp is the ideal sheaf
of D. A logarithmic idealistic space with assigned multiplicity d over (M, E) is
any idealistic space Z of the form

Z=(M,E, Lz ={(Z,d)}),

where Z is a logarithmic sheaf for (M, F).

Let (M, E,N) be a transverse ambient subspace of (M, E) and let Z be a
logarithmic sheaf. Note that we can define the restriction of Lz to IV just by
taking Lz|ny = {(Z|n,d)}, where Z|x is the restriction of the principal ideal
sheaf Z to N. In this way we obtain an immersed idealistic space Z|y given
by

ZIn=(M,E,N,Lz|n).

Definition. Let P = {V,}aea be an immersed idealistic e-atlas over (M, E),
where V, = (M, Eo, No, Lo). We say that P is monomial, or quasi-ordinary,
if there is a logarithmic idealistic space Z over (M, F) such that, for any a € A,
the immersed idealistic e-spaces V, and Z|y, are equivalent. An idealistic e-
flower F is monomial or quasi-ordinary if it contains a monomial immersed
idealistic e-atlas.

Remark 11.1. If P is monomial, then the family Pz = {Z|n, }aeca is an im-

mersed idealistic e-atlas equivalent to P, and conversely.

The reduction of singularities of logarithmic idealistic spaces is of combina-
torial nature and well-known. It is a direct consequence of Hironaka’s Game,
solved by Spivakovsky [34]. The precise statement we need is the following one:



382 F. CANO AND B. MOLINA-SAMPER

Proposition 11.2. Let Z = (M, E,{(Z,d)}) be a logarithmic idealistic space
over (M, E). There is a reduction of singularities for Z obtained by the com-
position of a finite sequence of permissible blowing-ups, where the centers are
connected components of intersections of the irreducible components of the di-
visor E in the support of Z.

Proof. See, for example [30, Proposition 3]. O
Corollary 11.3. There is a reduction of singularities for any monomial ide-
alistic e-flower F.

Proof. Let Z be a logarithmic idealistic space associated to F. The blowing-
ups of the reduction of singularities of Z induce a reduction of singularities for
F as follows. Assume that Y is a permissible center for Z and let

7: (M E'")— (M,E)
be the blowing-up with center Y. Up to taking an open subset of M, we can
assume that there is a particular immersed idealistic e-space

Z‘N = (MaEva‘C’Z‘N)
belonging to F. Since N has normal crossings with E and Y is intersection of
components of E not containing N, the restriction of 7 to the strict transform
N’ of N is the blowing-up

T (N/,EI|NI) — (N,E|N)

with center Y N N, that is permissible for (M, E, N, Lz|y). The needed com-
mutativity properties hold and we obtain a reduction of singularities for 7. [

12. Adjusted idealistic e-flowers

Let us consider an ambient space (M, E) and an idealistic e-flower F over
(M, E). We recall that F is adjusted if §pF = 1, for any P € Sing F.
We have the following stability result:

Proposition 12.1. Let F be an adjusted idealistic e-flower over (M, E). Con-
sider a test system S that is permissible for F and let F' the transform of F
by S. Then, the idealistic e-flower F' is adjusted.

Proof. The statement for open projections is straightforward. In the case of
permissible blowing-ups, the result is a direct consequence of the stability of the
multiplicity of an hypersurface under blowing-up with equimultiple centers. [

12.1. Logarithmic factors

Let (M, E) be an ambient space and consider an immersed idealistic e-atlas
P = {Valtaen over (M, E), where

(12) Va = (Ma;EouNawCa)» Ea = {(Ia,jﬁdaj)}?;l'

Let d be a positive integer. We say that P is d-normalized if d = d,;, for any
a€l, j=1,2,... k,.



IDEALISTIC FLOWERS IN THE REDUCTION OF SINGULARITIES 383

Remark 12.2. Any immersed idealistic e-atlas over (M, E) is equivalent to a
normalized one, see Subsection 4.4.

Assume now that P is d-normalized. A logarithmic factor Z for P is a
logarithmic sheaf Z for (M, E) such that there is a factorization

Ioj = ZIN, " Ja,j

of principal ideal sheaves on N, for any o« € A and j =1,2,... k,.
Let us note that there is at least one logarithmic factor given by the ideal
sheaf Z = Oy, which has empty support.

Definition. Let P be a d-normalized immersed idealistic e-atlas over (M, E)
and consider a logarithmic factor Z for P. The co-factorial order pzP is given
by
uzP =max{dépP —vpZ; P € Sing P}.

When Sing P = ), we put puzP = —oco.

For any P € N,, we have that vp(Z|y, ) = vpZ, since N, has normal cross-
ings with E and it is not locally contained in the support of Z. In particular,
we have that

(13) dopP —vpZ =dépV, — VP(Z Na) S Zzo,
when P € Sing P. The condition uzP = —oo means exactly that Sing P = ).

Proposition 12.3. Let P be a d-normalized immersed idealistic e-atlas over
(M, E). Assume that Z is a logarithmic factor for P such that uzP = 0. Then
P is monomial.

Proof. Denote Z = (M, E,{(Z,d)}) and for any « € A, denote
Z|N. = (Mo, Eo; Noy {(Z| N, d)})-

By Remark 11.1, it is enough to prove that the family Pz = {Z|n_ }aca is an
immersed idealistic e-atlas that is equivalent to P.
Consider an immersed idealistic e-chart

Va = (MomEouNouﬁa = {(Ia,jad) 5;1)

belonging to P. Let us prove that V, is equivalent to Z|y,. By the local
character of the equivalence, it is enough to do it locally at any point P € N,
(see Proposition 4.3).

Assume that P ¢ SingV,,. There is a jy such that

d > VP(Ia,jo) =vpZ + VPJa,jg >vpZ.

Then P ¢ Sing Z|y, and we are done.

Assume that P € SingV,. Since puzP = 0, we have the equality of germs
(Ia,jo)p = (Z|n.)p, for an index jo. This implies that, locally at P, the
immersed idealistic spaces V, and Z|y, are equivalent, see the examples with
redundant ideals in Subsection 4.4. O

Corollary 12.4. If uzP =0, then P has a reduction of singularities.
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12.2. Adjustment by logarithmic factors

Consider a d-normalized immersed idealistic e-atlas P = {V,}aen over
(M, E) as in Equation (12) and take a logarithmic factor Z for P. Take an
integer number m > 1 with m > uzP and denote by PZ™ = {VYZm} .\ the
family of immersed idealistic e-charts

VEM = (My, By Nay £27), L2 = £,0{(Jagsm)Pez,.
Recall that I, ; = Z|n, Jaj-
Remark 12.5. We have that Sing(VZ™) C Sing(V,). The property
m > uz P

holds if and only if Sing(VZ™) = ), for any o € A. In particular, if m = uzP,
there is an index a € A such that Sing(VZ™) # ().

The objective of this subsection is to prove the following result:

Proposition 12.6. The family P%™ = {VZ™} ,ca is an adjusted immersed
idealistic e-atlas over (M, E).

The fact that P%™ is adjusted comes from the definition of pzP. It remains
to show that PZ%™ is an immersed idealistic e-atlas over (M, E).

Recall the notation M,z = M, N Mg and denote SZ™ = Sing(VZ™), for
any pair of indices a, § € A.

m Zm
Lemma 12.7. M,z N SZ™ = M,z N S5

Proof. Consider a point P € M,z N SZ™. We have to show that
dp(Vg) > 1, wvp(Jg,;)>m,j=12,... ks

Since dp(Vy) > 1 and dp(Vg) = dp(Va), then dp(Vg) > 1.
On the other hand, we have that

dépV, —vpZ = m.
Indeed, if d6pVy —vpZ < m we get P ¢ SZ™ which is not possible. Now, for
any j =1,2,...,kg, we have
vp(Js,;) =vp(lp;) —vpZ > ddpVs —vpZ = dopVa —vpZ = m.

We conclude that P € Sﬁz’m, as desired. O

In order to prove Proposition 12.6, up to restrict ourselves to Mg, it is
enough to consider the particular case when

A={a, B}, (M,E)= (M, Es) = (Mg, Ep).

Let us prove that V%™ and Vg’m are equivalent. In view of Lemma 12.7, we

have that
SZ™ = Sing(VZ™) = Sing(V5™).
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Now, it is enough to show that this situation repeats under open projections
and permissible blowing-ups. More precisely, let

o:(M',E")— (M,E)
be either an open projection or a blowing-up with a center Y C S%™ that
is a non-singular closed analytic subspace of M having normal crossings with

E. We have to find a logarithmic factor Z’ for the transform P’ such that
pz P < m and the following commutativity property holds:

(14) WZmy = Zm, (i = P

Since V!, and Vf’g are equivalent, the situation repeats, as desired.
The construction of Z’ in the case of an open projection is straightforward.
In the case of a blowing-up, we take

7' =gp~ir=lz, D' =7x7L(Y).
This ends the proof of Proposition 12.6. (]

Remark 12.8. The commutativity expressed in Equation (14) extends to d-
normalized immersed idealistic e-atlas, in the sense that we have

(15) (P2 = (P)7m,

for the transforms under an open projection or a blowing-up with center that
is permissible for P%™,

12.3. Reduction to the adjusted case

In this subsection, we give a proof of the statement corresponding to Equa-
tion (8). We state the result as follows:

Proposition 12.9. Let F be an idealistic e-flower over the ambient space
(M, E). Assume that the following statements are true:

a) The monomial idealistic e-flowers have reduction of singularities.
b) The adjusted idealistic e-flowers have reduction of singularities.

Then F has reduction of singularities.

Proof. Take a d-normalized immersed idealistic e-atlas P belonging to F. Let
us see that P has reduction of singularities. Fix a logarithmic factor Z for P.
We do induction on the co-factorial order puzP. If uzP = 0, we are done, since
P is monomial by Proposition 12.3.

Assume that pzP = m > 1. We know that P%™ is an adjusted immersed
idealistic e-atlas over (M, E) such that

() # Sing(P%™) C Sing(P).

The permissible centers for P%™ are also permissible for P. In view of our
hypothesis, there is a sequence {m;}7_; of permissible blowing-ups for pzm,
such that

Sing ((’PZ””)(”)) = 0.
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By the commutativity in Remark 12.8, the centers of 7; are permissible for the
successive transforms of P and we have that

pZmy@) = (p#))Z2®m

(
Hence Sing(P(p))Z(p)’m = () and thus p;»P® < m. We end by the induction
hypothesis. (I

13. Reduction to the adjusted-reduced case

Here we provide a proof of the reduction to the adjusted-reduced case, cor-
responding to Equation (9). We state the result as follows:

Proposition 13.1. Let F be an adjusted idealistic e-flower over the ambient
space (M, E). Assume that the following statements are true:

a) The idealistic (e — 1)-flowers have reduction of singularities.
b) The adjusted-reduced idealistic e-flowers have reduction of singularities.

Then F has reduction of singularities.

Let us recall that an idealistic e-flower F is called to be reduced if we have
that dim Sing F < e — 2. The following stability result holds:

Proposition 13.2. Let F be an idealistic e-flower over the ambient space
(M, E). Consider a permissible test system S for F and denote by F' the
transform of F by S. If F is adjusted and reduced, then F' is also adjusted
and reduced.

Proof. The result is consequence of the fact that when we blow-up a center
that is equimultiple for a hypersurface, then the exceptional divisor is not in
the locus of maximal multiplicity. We leave the details to the reader. O

Let us start the proof of Proposition 13.1. Take an adjusted idealistic e-
flower F over (M, E). If dim Sing F < e — 2, we are done. On the other hand
we know that dim Sing F < e—1, hence we can assume that dim Sing 7 = e—1.
Let Ly, Lo, ..., Ls be the irreducible components of dimension dimL; = e — 1
of Sing F. We reason by induction on the number s. Consider the following
result:

Proposition 13.3. Assume that s > 1. There is an open set U C M such
that U N Sing F = Ly and Ly is a non-singular closed analytic subset Ly C M.

Proof. Take a point P € Ly. It is enough to show that Sing F is non-singular
at P. Take an immersed idealistic e-chart

V=(U,ENUN,L), L=/{(I;d)}

j=1
belonging to F, with P € U. We have that vi,ny(I;) > dj, for any index
7=1,2,... k. Since F is adjusted, there is an index jy such that

velj, = vi,nulj, = dj,.
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This means that Ly NU is dj,-equimultiple for I;. Noting that L; N U is a
hypersurface in NV, we have that

I, = (ijU)dj“7

(locally at P, that is, up to make U smaller) where Jp,ny is the ideal sheaf
of O defining L1 NU. We conclude that the singular locus Sing F is equal to
L, NU, near P, and it is non-singular. (I

As a consequence of Proposition 13.3 and in view of the induction hypothesis
on s, we can restrict ourselves to the case when

Sing F = L,

where L is a non-singular irreducible (e — 1)-dimensional closed analytic subset
of M. If L has normal crossings with F, a single blowing-up with center L
makes L to disappear from the singular locus and we are done. Now, it suffices
to obtain the property that L has normal crossings with E by means of blowing-
ups with centers contained in L. This is solved in next subsection.

13.1. Normal crossings for a non-singular closed subspace

The result we present here is what we need for the end of the proof of
Proposition 13.1:

Proposition 13.4. Consider an n-dimensional ambient space (M, E) and a
closed non-singular subset L C M of dimension e — 1 < n. Let us assume that
any idealistic (e—1)-flower has reduction of singularities. Then there is a finite
sequence of blowing-ups

(16) (M7E)<;(M17El)(7(7(MkaEk)

of ambient spaces with centers contained in the successive strict transforms of
L, such that the last strict transform Ly has normal crossings with Ej.

Proof. Let us consider L as the support of a new ambient space. Write
E=E"UDUF,

where F' is the union of components of F containing L and the divisor D is union
of other components of F, in such a way that F'U D has normal crossings with
L (such a D exists, but it is not necessarily unique, even if we chose a maximal
one). Let us write E* = U;c 4 EF the decomposition of E* into its irreducible
components. For any B C A, let us denote £ = (,c5 E;. Consider the set

S ={BcA EjnL+0}.

Let s =max{#B; Be X}, X, ={Be€X; #B=s}and t = #%;. If s =0, we
are done, since then LN E* = (). We reason by induction on the lexicographical
invariant (s,t). Take B € ¥, and consider the list Lps g+ 1, g of marked ideals
in L given by

Lye e ={Ug:|L,1)}ieB.
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Take the idealistic space N over (L, L N D) defined as
N =Nugg,8=(L,LND, Ly g 1B)

Note that Sing V' = E5; N L.
Let Y be a permissible center for A/. We have that:

(1) Y C L is non-singular.

(2) Y C F;, for each irreducible component of F.

(3) Y has normal crossings with L N D.

(4) Y is equimultiple for Ig-, where I« is the ideal sheaf of Oy defining
E*. More precisely, we have that Y C E and for any index ¢ € A\ B,
we have that Ef NY = (.

We conclude that Y is equimultiple for Ip g« = Ig~Ip and it has normal
crossings with D. Then, we have that Y has normal crossings with F. Thus,
we can perform the blowing-up of ambient spaces

my : (M',E') = (M,E)

centered at Y, with B/ = (E*) UD U F’, where D = 7,/ (DUY) and (E*),
F’ are the respective strict transforms of E*, F. If L’ is the strict transform of
L, the restriction

Ty : (L', L' " D) = (L,LN D),
is the blowing-up of (L, L N D) with center Y.

Let N7 be the transform of N by 7y. If Sing(N’) = 0, the new inva-
riant (s',t) is strictly smaller than (s,t) and we are done by induction. If
Sing(N”) # 0, then (s',¢') = (s,t), we have that A’ = A, ¥ = ¥ and the
following commutativity property holds:

!
N :NM’,E’,(E*)/,LI,B'

Now, we end by performing a reduction of singularities of N. O

Part 5. Projections of idealistic exponents

Let £ be an adjusted and reduced idealistic exponent over an n-dimensional
ambient space (M, E) and consider a hypersurface (M, E, H), recall that H is
non-singular and it has normal crossings with E. In this part, we introduce a
procedure for obtaining a new idealistic exponent pry £ over (H, E|p) that we
call the projection of € on (M, E, H) whose main properties are the following
ones:

e H NSing& = Sing(pry &).

e A closed analytic subset Y C H is a permissible center for pry € if and
only if it is a permissible center for £.

o (pry &) = pry. (&), for the transforms under a morphism that is either
an open projection or a blowing-up with permissible center Y for &,
with Y C H.
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Let us note that the assignment ((M, E,H),£) — pry £ is necessarily unique
if it exists. Indeed, we deduce from the above properties that if we have two as-
signments pr and pr, then pry & = pry&, since they have the same permissible
test systems.

Let us also note that (M, E, H) may be transverse or not, see the definitions
in Section 2. Thus, there is a union E* of irreducible components of E such
that F|g = E* N H, where E* is the union of the irreducible components of F
not coinciding (locally) with H.

We end this part with the construction of the projection of an idealistic
e-flower on (M, F, H) in the particular case that H is a disjoint union of irre-
ducible components of E.

Once the projections are constructed, the existence of a reduction of singu-
larities of pry € implies the existence of a morphism

o: (M ,E")— (M,FE)

that is a composition of a finite sequence of permissible blowing-ups for £ in
such a way that H' N Sing £’ = (), where H' is the strict transform of H by o.
This is a key observation for the Maximal Contact Theory.

The projections are done with the help of projecting azes. We have built
these structures inspired in a part of the work of Panazzolo in [32].

14. Projecting axes

The construction of projecting axes is done “around H” instead of consid-
ering “the whole ambient space”. More precisely, we will consider the open set
(Mp, Ep) of (M, E) defined as follows. Recalling that M is a germ over the
compact set K C M, we define My to be the germ of M on the compact set
K N H and Ey to be the germ of E over the compact set ENK N H.

Denote by ©,/[log E*] the sheaf of germs of vector fields over M that are
tangent to E*. A projecting chart for (M, E, H) is a pair

¢= (U7 g)a

where U is an open set of My and £ € Oy [log E*](U) is a non-singular vector
field transverse to H NU at every point. Two projecting charts ¢; = (Uy,&1)
and ¢ = (Us, &) for (M, E, H) are compatible if there is a unit ujo, defined in
U12 = U1 n UQ, such that

§2|U12 :u12£1|U12a gl‘U12(u12) =0.

Note that we ask w12 to be a first integral of &|y,,. Automatically, we have
that uyo is also a first integral of &3y, -

Given P € H, there is always a projecting chart ¢ = (U, €), with P € U. It
is enough to take local coordinates x, z around P defined on U and adapted to
E, such that HNU = (2 = 0) and

£=0/0z.
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Conversely, given a projecting chart ¢ = (U, £) and a point P € H N U, there
are local coordinates x,z around P defined on an open set V C U that are
adapted to E, such that HNU = (2 =0) and £ = 9/0z.

This suggests the following definition:

Definition. A rectified projecting chart for (M, E, H) is a data (¢, x, z), where
¢ = (U,¢) is a projecting chart for (M, E, H) and x, z are coordinate functions
defined on U, adapted to E, such that HNU = (z = 0) and that £ = 9/0z. A
given projecting chart ¢ for (M, E, H) is rectifiable if there are coordinates x, z
such that (c,x, z) is a rectified projecting chart for (M, E, H).

We define a projecting atlas a for (M, E, H) to be a finite family a = {¢4 }aca,
such that the c,, are pairwise compatible projecting charts for (M, E, H), whose
definition domains cover H; equivalently, the definition domains cover M.

Definition. Two projecting atlases a; and ay of (M, E) over the hypersurface
(M,E,H) are compatible if their union a; U ap is also a projecting atlas for
(M, E, H). The compatibility classes of projecting atlases are called projecting
azes for (M, E, H). Given a projecting axis € and a projecting chart ¢ = (U, §)
for (M, E, H), we say that ¢ belongs to € if ¢ belongs to some of the projecting
atlases defining €.

Given a projecting atlas a, there is another compatible projecting atlas a
such that all the charts in a are rectifiable, by a convenient “refinement” of the
charts. In particular, there is always an atlas composed of rectifiable charts
among the atlases defining a given projecting axis.

Remark 14.1. A projecting axis for (M, E, H) is exactly the same object as a
projecting axis for (My, Ey, H).

14.1. First integrals of projecting axes

Let & be a projecting axis for (M, E, H). We denote by O, the sheaf of
germs of holomorphic functions of My, that is Oy, = Opr|ary,- Let us build
the sheaf of first integrals Int& of . For each open subset V' C My, we define
Int&(V) to be the subring

IntQ?(V) COn, (V)=0nm(V)
whose elements are the holomorphic functions h defined in V satisfying the
following equivalent properties:

a) Given a point P € V, there is a projecting chart ¢ = (U, ¢) belonging
to & such that P € U C V and &(h|y) = 0.

b) Given a projecting chart ¢ = (U, ) belonging to & such that U C V,
we have that {(h|y) = 0.

The sheaf Int€ is a subsheaf of rings of Oy, . In particular, we have that Oy,
is a Int&-module.
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Remark 14.2. Let (c¢,x,z) be a rectified projecting chart for (M, E, H) such
that ¢ = (U, £) belongs to a given projecting axis & for (M, E, H). A function
h € Op(U) is a first integral for € if and only if 0h/0z = 0.

14.2. Local nature of projecting axes

Let ¢ = (U, &) be a projecting chart for (M, E, H). The restriction c|y of ¢
to an open set V of My is given in a natural way by

clv =(UNV.&unv).

It is a projecting chart for (V,ENV,HNV).
Let ¢; and ¢y be two projecting charts for (M, E, H). The following proper-
ties are equivalent:
(1) The charts ¢; and ¢ are compatible.
(2) For any open set V' C My, the restrictions ¢; |y and ca|y are compati-
ble.
(3) The restrictions ¢1]y and co|y are compatible for the open sets V- C My
belonging to an open cover of M.
Consider a projecting atlas a = {c4 }aca for (M, E, H). The restriction aly
of a to an open set V of My is given by

a|V = {Ca|V}o¢€A-

It is a projecting atlas for (V,ENV,H NV). Moreover, if a; and as are two
compatible projecting atlases for (M, E, H), their restrictions a;|y and as|y
are also compatible. This allows us to define without ambiguity the restriction
€|y to V of a projecting axis € for (M, E, H). It is, of course, a projecting axis
for (V,ENV,HNV).

The following “gluing” result, concerning the local nature of projecting axes,
follows directly from the local nature of the compatibility of charts:

Lemma 14.3. Consider an open covering {Ug}psep of M. Assume that for
each B € B, there is a projecting axis €g for (Ug,ENUg, H N Ug). If the
equality

eﬁ‘Uny = QE"/|UB~,7 UB’Y = Uﬁ N U"/’
holds for any B,y € B, there is a unique projecting axis € for (M, E, H) such
that €|y, = &g, for all € B.
14.3. Projections on the first factor and projecting axes

Consider a projection on the first factor
o:(M',E")= (M x (C™,0),E x (C™,0)) = (M, E)

and put H' = o~ !(H). Note that M}, = c~!(My) and that (M',E’, H') is a
hypersurface of (M’, E’). Recall that we have the functions

w; : M — (C,0), i=1,2,...,m,
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obtained by composition of M x (C™,0) — (C™,0) with the i-th coordinate
function of (C™,0).
Let ¢ = (U, &) be a projecting chart for (M, E, H). The transform
o= (U,¢)

of ¢ by o is obtained by putting U’ = o~!(U) and by taking &’ to be the unique
vector field over U’ satisfying

(1) (do)o& =& oo. (The vector fields € and & are o-related).

(2) &(w;))=0,foralli=1,2,...,m.
We have that o~ is a projecting chart for (M’, E’, H'). If ¢; and ¢y are two
compatible projecting charts, then, the transformed charts o~ %; and o ',
are also compatible. In this way, we define the transform o~ 'a of a projecting
atlas a as well as the transform o =€ of a projecting axis € for (M, E, H). We
obtain, respectively, a projecting atlas and a projecting axis for (M’, E', H').

Remark 14.4. Let & = o~1¢. The sheaf of first integrals Int@’ is related with
Int€ as follows. Consider an open subset V' C Mjp;,. Note that V' is of the
form V' =U x (C™,0). A function b’ defined over V"' is a first integral for ¢’
if and only if it factorizes through a first integral i of & defined in U, that is
W =hoo.

14.4. Blowing-up projecting axes

Before studying the transformation of a projecting axis by a blowing-up, let
us consider the following lemma:

Lemma 14.5. Let &, and € be two projecting axis for (M,E, H). Assume
that there is a closed analytic subset Z C My of codimension greater than or
equal to one, such that €|\ z = €alpry\z- Then & = €.

Proof. Tt is enough to show that any two projecting charts ¢; = (U1, &) and
co = (Us, &) of €, and €&, respectively, are compatible.

Write U = Uy NUs. If U = (), there is nothing to prove. Assume that U # ()
and denote t; = ¢;|p = (U, §;), for i = 1,2. We need to show the existence of a
unit u € Oy (U) satisfying that & = uéy, with & (u) = 0. Consider the subset

A={P eU; thereis fp € Opp such that & p = fpéip}.

Let us see that A is a closed analytic subset of U. Recalling that &; and & are
non-singular vector fields, the set A C U is defined by the equation & A& = 0.
Hence A C U is a closed analytic subset. Let us write W = U \ Z. Since ¢; and
¢y are compatible charts in W, we have that W C A C U, and hence A = U.
Then, given P € U, we have the relation

§o,p = [P&1,P-
Once again, since they are non-singular vector fields, we conclude that the
germs fp are unique and they are units. These germs are “glued” in a unit
u € Op(U) such that up = fp, for all P € U. Hence & = ué;.
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On the other hand, the compatibility of ¢; and ¢; in W implies that
&1 (u) =0, over W.

Again, since &1 (u) = 0 defines a closed analytic subset of U, we have that
&1(u) = 0, in the whole U. We conclude that ¢; are ¢; compatible charts in U
as desired. O

Let Y be a non-singular irreducible closed analytic subset of H having nor-
mal crossings with E. Assume that the codimension of Y in H is grater than
or equal to one and thus Y does not coincide with any connected component
of H. Let us perform the blowing-up

n:(M',E") — (M,E)
centered at Y and denote by H' the strict transform of H by w. We have that
(M',E',H') is a hypersurface of (M’, ') and 7 induces a blowing-up
T (H/7E/|H/) — (H,E|H)
Let us note that M}, C 7~!(Mp) and that 7 induces an identification between

M, \ 7 YY) and w(M};, )\ 'Y, as a consequence of the identification between
M'\ 7 1Y) and M\ Y.
Proposition 14.6. Let € be a projecting axis for (M, E, H). There is a unique
projecting axis € for (M', E', H') such that

g \mr(v) = Elm(ar, 0\
where we have taken the identification M’ \ 7=1(Y) — M \'Y induced by the
blowing-up .

Proof. Uniqueness is a direct consequence of Lemma 14.5. Let us see the
existence. In order to do it, we are going to prove the existence of a covering
of My by open subsets U C My with the following property:

There is a projecting axis €’ for (U*, E*, H*) such that
(17) oy a1y = Elrwy\ys

where U* = 7=}(U) and E*, H* are the corresponding inter-
sections of B, H' with U*.

Assume this result is proved and take two of these open subsets Ug and U,.
By invoking the uniqueness, we have the equality

GHUEW :€;|U57’ Ug,Y:UEﬂU:;.

Now, we obtain ¢ by application of the gluing Lemma 14.3.
Around each point of H, we can choose a rectified projecting chart

(c = (U7 S)?X’ Z)
of & with the additional condition that if Y N U # @, then
YNU=(z=0)N(x; =0; i =1,2,...,¢),
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where ¢ > 1 is the codimension of Y in H. In this way, we cover My by
the domains of that charts. It remains to prove that given one of that charts
(¢ = (U,€),x, z), there is a projecting axis & for (U*, E*, H*) satisfying to the
property stated in Equation (17).

Let us consider U} = U* \ L}, where L} is the strict transform of (x; = 0)

by m, for any i = 1,2,...,t. Note that
H* C U}y, U, where U = Ul_, U~
Let us write V; = U \ (z; = 0) and W = U!_,V;. We have the equality
U\ TH(Y) =V, i=1,2,... L
Then, we have 7(U \ 7~ (Y)) = W. Since U« C U, it is enough to prove the
existence of a projecting axis & defined in U satisfying that
@/|L7\7r—1(y) = Clw,

where we have taken the identification U\7~!(Y) — W induced by the blowing-
up 7 outside of 7~ 1(Y).

In order to obtain &', we are going to define &, on U’ by
(18) Clunervy) =€y, i=12,....t
Indeed, in view of Lemma 14.5, the property in Equation (18) implies that

Cluznu; = Cluprur, 4,5 €{1,2,...,1}

and we obtain the desired & by gluing the &, for i = 1,2,... .

Let us define the projecting axis €. Consider the vector field

gi = 1'7;57

defined in U, and the projecting chart ¢; = (V;,&|v;). Since z; is a first integral
and a unit in V;, the chart ¢; belongs to the axis €. Thus, the chart ¢; defines

exactly €|y,. The vector field &; lifts by 7 to a unique vector field & over U},
that is written in appropriate coordinates as

& =0/07,

where H* N U} = (2’ = 0). This allows us to define &, from the projecting
chart (U}, &)). O

Definition. Let € be a projecting axis. The projecting axis ¢’ given in Propo-
sition 14.6 is called the transform of € by the blowing-up .

15. Projections of idealistic spaces

Consider a hypersurface (M, E, H) of an ambient space (M, E). Let us take
an adjusted and reduced idealistic space M of (M, E).

In this section, we construct projections of M over (M, E, H) associated to
projecting axes and projectable generators of the marked ideals of M. These
constructions are compatible with the equivalence of idealistic spaces, with open
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projections and with permissible blowing-ups whose centers are contained in
H. Thanks to these properties, in the next section, we will be able to build the
projection on (M, E, H) for adjusted-reduced idealistic exponents of (M, E).

15.1. Projecting systems. Local nature

Before giving the definition of projecting systems, we need some concepts
concerning only a projecting axis € for (M, E, H).

We say that a sheaf J C Oy, is an E-projectable module over My if it is
a locally principal Int&-submodule of Oy, . This means that there is an open
covering {Ug}gep of My together with holomorphic functions Fg € O (Ug),
satisfying the following properties:

(1) The germ of Fj is non-zero at each point.
(2) For each open subset V' of My and any index 8 € B, we have

J(V N U/@) = IDtQE(V n Uﬁ) . FBlVﬁUﬁ C OM(V N Uﬂ)
Note that, for each pair of indices 3,y € B, we have that

F“/‘UﬁmU'v = uﬁ’YF’Y|UﬁﬁUw

where ug, € Int&Ug N U, ) is a first integral that is also a unit; in particular,
it is also a unit in O (Ug NU,).

Definition. Let us consider a locally principal ideal sheaf I C Op,,. An €-
projectable generator J of I is any &-projectable module J, with J C I, that
generates I as Oy, -ideal sheaf.

In local terms, if J is given by a family {(Ug, Fj3) }gep of open sets Ug and
functions Fg € O (Up) as before, the ideal I(Ug) C Op(Upg) is generated by
Fj, for each 8 € B.

Now, we can define the projecting systems:

Definition. Let M = (M, E, L) be an adjusted-reduced idealistic space. A
projecting system & for (M, H) is a pair & = (€,J) satisfying the following
properties:
(1) ¢ is a projecting axis for (M, E, H).
(2) If £ = {(I;,d;)}s_,, then J is a list J = {J;}}_;, where each J; is an
¢-projectable generator of I;|ar,, .

Given an open set V of My, the restriction G|y of a projecting system
G = (€¢,3) is naturally given by

Sly = (€lv,3lv), v ={I;lv}i.

It is a projecting system for (M|y, H NV).
We have local determination and local gluing procedures for projecting sys-
tems, since the corresponding properties hold for M, & and J.
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15.2. Projections on the first factor and projecting systems

Consider a projection on the first factor
o: (M E")= (M x (C™,0),E x (C™,0)) = (M, E)
and an idealistic space M = (M, E, L), with £ = {(I;, d;) §:1- Take a pro-
jecting system & = (&,3) for (M, H). The transform & of & by o will be
denoted by
& = (¢, ¥ ={I}-),
where €' is the transform of & by o.

Let us detail which are the €'-projectable generators J’; of I}. Take an open
subset U’ of Mj;,. Since we are working with the germified space (C™,0), we
know that U’ = U x (C™,0), where U C My is an open subset. Recall that
I;(U’) is given by

LU) ={foo; feL;(U)}  Om (U),
which is an ideal of the ring Oy (U’). On the other hand, we define
(U ={foo; feI;(U)} € (U").
Since Int&' (U’) = {hoo; h € Int&(U)}, we see directly that
J;U')={foo; feI;(U)}.
In this way, we obtain the projecting system &’ for (M', H'), where M’ is the
transform of M by o and H' = H x (C™,0).

15.3. Blowing-up projecting systems

Let Y C H be a permissible center for M. Since M is reduced, we know that
Y has codimension greater than or equal to two in M, hence it has codimension
greater than or equal to one in H. Let us consider the blowing-up

w: (M ,E")— (M,FE)
centered at Y. As we know, the morphism 7 induces the blowing-up
T (H/,E/|H,) — (H,E|H)
centered at Y, where H' is the strict transform of H by 7 and the divisor E’| g
coincides with #7}(E|g UY).

Let us define the transform &' of & by m. We put &' = (€', J’), where ¢ is
the transform of & by 7. It remains to describe J' = {J;}¥_,. We consider the
morphism

g . (M}{/,E}I/) — (M, E)
given as composition of the open inclusion My, € M’ with the blowing-up

7. Let Jr-1(y) be the ideal sheaf in My, defining the exceptional divisor
7 1Y) N M};,. We denote

Jﬂ71(y) = jﬂ.71(y) N Inte’.
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Noting that Jr-1(yy,ps is generated by a first integral of €’ at the points P’ in
My, we see that J -1y is an €'-projectable generator of J-1(yy. Consider
now the &-projectable generator J; of I; in J. Recall that

o7 =TT .

Denote by ¢*J; the sheaf of Int(€’)-modules generated by f o o, where f
varies over the sections of J;. In terms of germs, given a point P’ € M}, and
P = o(P’), we have that

(J*Jj)p/ = {f oo; f € Jj’p} : Int@;p/.
Then, we have that c*J; is an ¢-projectable generator of o~'I;. Since oI,
is divisible by J, ),
obtain an €'-projectable generator J’; of I} given by the relation

then ¢*J; is divisible by Ji{l(y). In this way, we

* / d;
X =TT .
Thus, we obtain a projecting system &' for (M, H'), where M’ is the transform
of M by o and H' is the strict transform of H.

Remark 15.1. Let us show how these objects are described in terms of coordi-
nates. Fix two points P € Y and P’ € H' N7~ !(P). We can choose a rectified
projecting chart (¢ = (U, €), %, z) around P such that

YNU=zZ=0)N(x=02="---=x;=0).
Moreover, we can assume that the blowing-up 7 is given at P’ in coordinates
x', 2’ by the relations x; = 2, z = x| 7/,

ze =2y (2 +Ns), A €C, s=2,3,...,¢t
and s = 2., for s =t+1,t+2,...,n — 1, where n = dim M. We know that
Jj = {hF};0h/0z = 0}, where F; generates I; at P. The ideal I} is generated
at P’ by

Fl = (2})"% (Fj00).
The transformed projecting axis is given by 9/9z’ in the coordinates x’, z’ and
the &'-projectable generator of I} is J); = {h'F}; Oh'/0z" = 0}.
15.4. Projected space of a projecting system
Let us consider a projecting system & = (&, J) for (M, H). In this subsec-

tion we construct an idealistic space
Smu = (H,Elg,N), N ={(Njs,dj —s)}1<j<r,0<s<d;~1

of (H, E|y) that we call the projected space of M by & over (M, E, H).
Let us define the ideal sheaves N;; C Op. Take a projecting chart ¢ = (U, §)
belonging to the projecting axis €. For each pair 7, s, let

£&°(J5)
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be the iterated s-fold application of £ to the &-projectable generator J; of I;.
Making a local computation for a section hF} of J;, we have that

¢(hF;) = héF;,  h € Int€.

We conclude that £°(J;) is an &|y-projectable module. We define Njs|yng to
be the ideal sheaf of Op|gny generated by the restriction

& J;)anu
of £%(J;) to H NU. This definition is compatible with the other projecting
charts in the intersection of the domains. We define the ideal sheaves N;, by
a gluing procedure from the Njg|ynm.

Before continuing with the properties of these objects, let us see how are the
ideals IV, in appropriated local coordinates. Consider a rectified projecting
chart (¢ = (U,€),x,2) belonging to the axis €. Assume also that the ideals
I;|y are generated by functions F; € O (U). We can write

(19) Fj = Zjio st(X)ZS.
Then, each ideal sheaf Njs|mny is generated by Gjs(x).

Remark 15.2. The assumption that the idealistic space M is reduced guaranties
that not all the ideals N;s are zero. Indeed, in terms of equations, if all that
ideals are zero, we get that z = 0 must be in the singular locus.

A basic property of the projected space &, g is the following one:

Proposition 15.3. The singular locus of G, is the restriction of the sin-
gular locus of M to H, that is

Sing(& am, ) = H N Sing M.
Proof. Follows directly by taking local equations and coordinates. (I

Remark 15.4. In the above situation, consider a non-singular closed analytic
subset Y C H. Then we have that Y has normal crossings with E' if and only
if Y has normal crossings with F|g, inside H. In the case that (M, E, H) is a
transverse hypersurface, the observation is straightforward. If (M, E, H) is not
transverse, then H coincides locally with an irreducible component of E, that
is, we locally have that £ = E* U H. The normal crossings property between
Y and F|g = E* N H and the fact that Y C H assure the normal crossings
property with F.

As a consequence, the permissible centers for G o gz coincide with the per-
missible centers for M that are contained in H.

16. Commutativity and equivalence

Assume that we have a projecting system & = (€&, J) for (M, H). Consider
a morphism
o:(M',E")— (M,E)
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that is either an open projection or the blowing-up of (M, E) with center YV
permissible for M and such that Y C H. Since M is adjusted-reduced, the
codimension of Y in M is greater than or equal to two, hence its codimension in
H is greater than or equal to one. In both cases, we have induced a morphism

[ (H/7E/|H/) — (ITI,E“H)7

that is an open projection or a blowing-up centered at Y, respectively. Note
that in the case of a blowing-up, the center Y is also permissible for the pro-
jected space G aq g, in view of Proposition 15.3.

Let & be the transform of & by o and let (S 1) be the transform by &
of the projected space G g, . Denote by &', M’ and H' the transform of &,
M and the strict transform of H by o, respectively.

Proposition 16.1. We have that (Sa,u)' = &y g

Proof. We use the notations and computations done in Subsection 15.1.
Let V' be a non-empty subset of M. The commutativity property for the
restriction to V is written as

(20) Smalv = (Slv)miy v

It follows directly from the definitions. In the case that o is a projection on
the first factor, the commutativity property is also deduced automatically from
the definitions.

Assume that o is a permissible blowing-up for M, centered at Y C H. The
commutativity property can be checked in local coordinates. Let us fix two
points P € Y and P’ € H'Nn~!(P), arectified projecting chart (¢ = (U, &), x, 2)
belonging to &, centered at P, and such that

YNU=@Z=0N(x;=a2="--=12,=0).

Moreover, let us assume without loss of generality that o is given at P’ in
coordinates x’, 2’ as in Remark 15.1.

We know that J; = {hF;; 0h/0z = 0}, where F; generates I;. Write
F; = Y2, Gsj(x)z°. Since Y belongs to the singular locus of M, we can
write

Gij(x) = (27) G (X)),
for the indices s < d;. The ideal 1 J’ is generated by

Fl = (24) "% Fy(x, 2) = ngol Gy (xX)(2)° + (2")% Fy.

The transform ¢’ of the chart ¢ belongs to the transformed axis ¢ and is
given by 0/02" in the coordinates x’, z’. The €'-projectable generator of I’ is
Ji = {W'Fj; 0Oh'/02' = 0}, locally at P'. The projected space G,z is given
(locally) by the list
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and the projected space of G’M/’ + coincides with the transform of A and it is
given by the list

Thus, we obtain the desired commutativity property. O

16.1. Basic properties of the projections

Let us summarize here the results in Proposition 15.3, Proposition 16.1 and
Remark 15.4, stated for any adjusted and reduced idealistic space M of (M, E)
and any hypersurface (M, E, H):

o Sing(Gaq,m) = H N SingM.

e The permissible centers for M contained in H coincide with the per-
missible centers of &y, .

® (Gamu) = &)y gy, for the transforms under open projections and
blowing-up with permissible centers.

As a first consequence of these properties we obtain the following equivalence
result:

Proposition 16.2. Assume that M, and Mg are two equivalent idealistic
spaces over (M, E) and let &* and &” be two projecting systems for (Mg, H)
and (Mg, H), respectively. Then S, .u and GMB,H are equivalent idealistic
spaces over (H, E|p).

16.2. Projection of idealistic exponents

Consider an adjusted and reduced idealistic exponent £ over (M, E). In this
subsection we construct an idealistic exponent pry € over (H, E|p), that we
call the projected idealistic exponent of € over (M, E, H), satisfying the three
properties stated in the beginning of this Part 5.

Take a point P € H. By using suitable equations we can construct a recti-
fiable projecting chart

cp = (Up.&p)

for (M, E,H), where P € Up C Mpy. Reducing the size of Up, we also find
an idealistic chart Up = (Up, ENUp, Lp) of £ in such a way that the marked
ideals of Lp are generated by global functions that have a decomposition as
in Equation (19). Finally, using the equations, we obtain a projecting system
&P = (&p,Jp) for Up,H N Up). Choosing a finite open covering of Mg
by open subsets {Uy, }aca, among the Up, we get a finite family of projecting
systems & for (U, Hy), where H, = HNU,, and each U, is an idealistic chart
of £, defined in U,.

Given two indices o, € A, we have that U,z and Ug, are equivalent,
since U, and Ug belong to £ (we take the usual notations). Consider now the
collection of idealistic charts

GZ?IQ,HQ = (HouEa|Ha7Na), a e
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In view of Proposition 16.2, we conclude that the family {&f; » }aea is an
idealistic atlas over (H, F|y). Even more, any other idealistic atlas obtained
by this procedure is equivalent to it. In this way we define without ambiguity
the projected idealistic exponent pry € of € over (M, E, H).

We obtain the three required properties from the case of a single idealistic
space presented in Subsection 16.1.

17. Projections of e-flowers on the divisor

Let (M, E) be an ambient space and let F' be an irreducible component of
the divisor F, thus, we have a hypersurface (M, E, F). Consider an adjusted
and reduced e-flower F over (M, E). In this section we build the projection
prp F. It will be the only idealistic (e — 1)-flower over (F, E|r), satisfying the
three basic properties:

e Sing(prp F) = F N Sing F.

e The permissible centers of F contained in F' are exactly the permissible
centers of prp F.

e We have the commutativity property pry (F') = (prp F)’ for the trans-
forms under an open projection or a blowing-up with a permissible
center contained in F.

The uniqueness is assured. The existence comes from the case of idealistic
exponents as we detail now. Let us consider an immersed exp-idealistic e-atlas
Q belonging to F given by

Q = {Wa}a€A7 Wa = (MayEaaNaaga)~

Take an index a € A, put F, = FFN M,. Recall that N, is transverse to F’
and hence

(NaaEa|N(,aFo¢mNo¢)> Ea'NQ :EozﬂNaa

is a hypersurface of (N, Fy|n, ). Note that F, N N, is a disjoint union of ir-
reducible components of E, |y, . Recalling that Q is adjusted and reduced, we
can project £, over (Ng, Eqo|n,, Fo N Ny ) to obtain an (e — 1)-dimensional ide-
alistic exponent pry ~n &€ over (Fo NN, Eq|r, N, ) and hence an immersed
(e — 1)-dimensional idealistic exponent

WO& = (FOUEDL|F(17F04 m Na?eramch ga)

Consider the following proposition, that can be proved by a systematic use of
the three basic properties of the projections of idealistic exponents:

Proposition 17.1. The family Q = {Wa}ae/\ is an (e — 1)-dimensional im-
mersed exp-idealistic atlas over the ambient space (F, E|r). Moreover, the fol-
lowing properties hold:

(1) Sing(Q) = FNSing(Q).
(2) The permissible centers for Q are exactly the permissible centers for Q
contained in F.
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(3) We have the commutativity Q' = O wunder open projections and
blowing-ups with permissible centers contained in F.

Now, it suffices to define prp F to be the idealistic (e—1)-flower over (F, E|r)
given by the atlas Q.

Part 6. Maximal contact

In this part, we end the proof of Theorem 10.8. In view of the results in
the previous parts, it is enough to prove the statement corresponding to the
adjusted-reduced case, presented in Equation (10) of Part 3. More precisely,
we have to prove the following statement:

Proposition 17.2. Assume that all the idealistic (e—1)-flowers have reduction
of singularities. Consider an adjusted and reduced idealistic e-flower F over
(M, E). Then F has reduction of singularities.

We start by recalling the following definition of maximal contact in terms of
idealistic flowers:

Definition. Let F be an idealistic e-flower over an ambient space (M, E). We
say that an idealistic (e — 1)-flower H over (M, E') has mazimal contact with F
if 7 and H are equivalent as idealistic flowers.

Let us also recall that being equivalent means that the two idealistic flowers
F and H have the same permissible test systems.

Remark 17.3. The following ones are direct consequences of the definition:

(1) If H; and Ho have maximal contact with F, then H; = Hs.

(2) If there is H having maximal contact with F, then F is reduced, since
the codimension of the singular locus is greater than or equal to e — 2.

(3) If there is H having maximal contact with F, then F is adjusted.
In fact, if the order at a point is greater than one, by a curve-divisor
procedure, as shown in Subsection 9.2, there is a permissible test system
S for F that gives a transform F’ whose singular locus has codimension
n — e + 1, where n is the dimension of the ambient space (M, E). By
the maximal contact property, the sequence S is also permissible for H
and the singular locus SingH’ of the transform H’' coincides with the
singular locus of F’'. Then Sing H' has codimension n — e + 1; this is
not possible since n — e + 1 is actually the codimension of H’.

(4) Any reduction of singularities of H induces a reduction of singularities
of F.

Thus, in order to obtain a proof of Proposition 17.2, and hence a proof of
Theorem 10.8, it is enough to prove the following statement:
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Proposition 17.4. Assume that all the idealistic (e—1)-flowers have reduction
of singularities. Consider an adjusted and reduced idealistic e-flower F over
(M, E). We can find a morphism

o:(M',E")— (M,FE),

composition of a finite sequence of permissible blowing-ups such that there is
an idealistic (e — 1)-flower H' over (M', E') having mazimal contact with the
transform F' of F by o.

We are going to prove Proposition 17.4 in several steps. The first step is to
show how to separate the “old components of the divisor” from the singular
locus. The second step is to find “maximal contact hypersurfaces”, obtained
from Tschirnhaus’ coordinate changes, when we have an empty divisor. In this
way, we are done in the special case when £ = (). Thanks to the first step,
after finitely many permissible blowing-ups, we eliminate the old components
and using the hypersurfaces obtained for the case of an empty divisor, we get
the idealistic (e — 1)-flower H’ that gives maximal contact with F’.

18. Separating old components

Here we separate “old components” of the divisor from the singular locus.
To manage the idea of “old component”, we consider splittings

E=E*UD,

where both E* and D are unions of disjoint sets of irreducible components of
E. The divisor £* will stand for the “old components”.
Assume that = : (M',E’) — (M, E) is the blowing-up of (M, E) with a
center Y having normal crossings with E. We know that
E' =1 YEUY).
The transformed splitting E' = E'* U D’ of E = E* U D is given by taking E'*
to be the strict transform of E* by 7 and D' = 7= }(DUY).

If we have an open projection o : (M',E’) — (M, E), the transformed
splitting is E' = E'* U D', where E'* = 0=1(E*) and D' = o~1(D).
Proposition 18.1. Consider an adjusted and reduced idealistic e-flower F over
(M, E). Take a splitting E = E*UD. Assume that any idealistic (e —1)-flower
has reduction of singularities. There is a composition o : (M',E") — (M, E)
of a finite sequence of permissible blowing-ups such that

E"" N Sing F' = 0,
where F' is the transform of F by o and E' = E'* U D’ is the transformed
splitting of E = E*UD by o.

Proof. 1t is enough to deal with the case when E* = F'is a single component of
the exceptional divisor. Let prp F be the projection of 7 on F' as constructed
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in Section 17. Thanks to our hypothesis on the existence of reduction of sin-
gularities for idealistic (e — 1)-flowers, we can take a reduction of singularities
of prp F. In view of the three properties stated in Section 17, this reduction of
singularities allows us to obtain the situation F’ N Sing 7' = ), as desired. 0O

19. Maximal contact hypersurfaces

Maximal contact hypersurfaces are given by the following definition:

Definition. Let £ be an idealistic exponent over (M, E) and let (M, E, H)
be a transverse hypersurface of (M, E). We say that (M, E, H) has mazimal
contact with &€ if for any £-permissible test system S, we have the following
properties:

(1) The singular locus Sing &’ of the transform £’ of £ by S has codimension
greater than or equal to two.
(2) Sing&’ C H', where H' is the strict transform of H by S.

Note that the strict transform (M’, E’, H') of the hypersurface (M, FE, H)
under the £-permissible test system S has also maximal contact with &’.

Remark 19.1. By a similar argument to the one in Remark 17.3, we have that
the idealistic exponent £ is necessarily adjusted and reduced, otherwise there
is no maximal contact hypersurface.

Remark 19.2. Let £ be an idealistic exponent over an n-dimensional ambient
space (M, E). Denote by F the idealistic n-flower over (M, E) defined by the
immersed exp-idealistic n-chart

W = (M, E, M,E).
Assume that (M, E, H) is a hypersurface of (M, F) having maximal contact
with £. We can project £ onto (M, E, H) to obtain an idealistic exponent
£= pry(€)

over (H, E|p). This gives to us an immersed exp-idealistic (n — 1)-chart

W= (M,E,H,E)

that defines an idealistic (n — 1)-flower F over (M, E). Then F and F are
equivalent idealistic flowers. In other words, we have that F has maximal
contact with F.

Remark 19.3. The following one is the basic example in the Theory of Maximal
Contact. Take M = (C",0), with coordinates x, z, such that

n—1
EC <H T; = 0) .
=1
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Assume that the adjusted and reduced idealistic exponent £ contains an ideal-
istic chart with a list having the marked ideal (fOgcn o,d), where vy f = d and
f is written as

d
(21) f=z4+ Zgi(x)zd*i.
i=2

The hypersurface of maximal contact is H = (z = 0). The proof of this
statement is founded in the classical behaviour of the Tschirnhaus form of f
given in Equation (21). More precisely, one sees immediately that the singular
locus is contained in z = 0; moreover, the Tschirnhaus form of f is stable under
open projections and permissible blowing-ups at the points of the singular locus.

19.1. Maximal contact without divisor
We recall here the basic result in the Theory of Maximal Contact:

Proposition 19.4. Let £ be an adjusted and reduced idealistic exponent over
the ambient (M,(). For any P € Sing&, there are an open set U C M with
P € U and a closed hypersurface (U,0, H) having mazimal contact with |y .

Proof. Up to take a smaller open subset if necessary, we can assume that there
is an idealistic chart belonging to £ of the form

(Maq)?‘c)v ‘C:{(I7d)}u{(]j7dj) ?:2'

such that vpl = d. In view of Weierstrass Preparation Theorem, we can choose
local coordinates x,y around P and a generator f of Ip C Oy p having the
form

F=y"+ a0y + Ry 4+ Gu().
Note that vp(g;) > i, for i = 1,2,...,d. Let us perform the coordinate change
z=y+ (1/d)g1(x) (Tschirnhaus).
Then, we write f as f = 27 + go(x)2972 4+ - - + g4(x). Taking H = (z = 0) we
obtain the maximal contact property, in view of Remark 19.3. ([

19.2. Systems of maximal contact hypersurfaces

Let (M, E) be an ambient space and let us consider a splitting £ = E*UD of
FE into two normal crossings divisors without common irreducible components.
Let us consider an adjusted and reduced idealistic e-flower F over (M, E).

A system $) of mazximal contact hypersurfaces for F associated to the splitting
E = E*UD is a finite family

5:{(Va7HaaDa)}aeAv Vo = (MOMEOMNOM‘CO&)v
satisfying the following properties:

(1) The family P = {V4}aeca is an immersed idealistic e-atlas over (M, E)
belonging to F.
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(2) For any o € A, we have that D, = DN M, and thus there is a splitting
E, =E}UD,, induced by E = E* U D.
(3) Each (Ng, Da|n,, Hy) is a maximal contact hypersurface for the ide-
alistic space (Nu, Daln,,La). (Recall that Dy|n, = Do N N, since
(Mg, Dy, Ng) is a transverse ambient subspace of (Mg, D,)).
The systems of maximal contact hypersurfaces for F associated to a splitting
may be transformed by F-permissible test systems in a natural way, to obtain
a new system of maximal contact hypersurfaces for the transform of F, as-
sociated to the transformed splitting. The maximal contact hypersurfaces are
transformed by taking the strict transform and the immersed idealistic e-atlases
are transformed as we have already seen in Section 6.

Remark 19.5. Note that we take immersed idealistic spaces V, instead of im-
mersed idealistic exponents. The reason is that an idealistic exponent over
(M, E) does not define an idealistic exponent over (M, D), since the permissi-
ble test systems are not the same ones. Nevertheless, an immersed idealistic
space over (M, E) does define an immersed idealistic space over (M, D).

Proposition 19.6. Let $ be a system of mazimal contact hypersurfaces for
an idealistic e-flower F over (M, E) associated to the splitting

E=E*UD, E*=0, D=E.

Let &, be the idealistic exponent over (N, Eq4|n,) defined by L, and let ga be
the projection of &, over the hypersurface (Ny, Eq|N,,, Hy). Then, the family

Qj’) = {Wa - (MoqumHouga)}aeA

is an immersed exp-idealistic (e —1)-atlas over (M, E) that defines an idealistic
(e — 1)-flower H over (M, E) having maximal contact with F.

Proof. We know that the e-flower F is described by the immersed exp-idealistic
e-atlas @ = {W,}taen, where W, = (M, Eo, Ny, E,). In particular, we have
the equivalence

WOé|Ma5 ~ W5|Ma5'
In view of Remark 19.2 and Subsection 7.3, we know that

Wa ~ Wa, Wz~ Ws.
Making the restriction to M,g we conclude that VNVQ| Mag ™~ 17\7/3| M,,- Hence

Qg is an immersed exp-idealistic (e — 1)-atlas over (M, E). Moreover, the
equivalences W, ~ W, imply that F is equivalent to #. ([l

20. Conclusion

Here we prove Proposition 17.4. This ends the proof of Theorem 10.8.

Let us recall that we work under the induction assumption that the idealistic
(e—1)-flowers have reduction of singularities. Consider an adjusted and reduced
idealistic e-flower F over an ambient space (M, E).
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By Proposition 19.4, there is a system $) of maximal contact hypersurfaces
for F associated to the splitting £ = E* U D, with D = ().

By Proposition 18.1, there is a composition o : (M', E’) — (M, E) of a finite
sequence of F-permissible blowing-ups such that

E"" N Sing F' = 0.

Take an open subset U C M’ containing the singular locus of F’ such that
UNE"™ = (. Now, finding a maximal contact (e — 1)-flower H' for F’ is the
same problem as finding such a maximal contact (e — 1)-flower for F'|y;. Let $’
be transformed of § by ¢ and consider the restriction §’|¢;. Since UNE"™ = 0,
we have that E' N U = D’ NU. We are in the situation of Proposition 19.6,
that provides the desired idealistic (¢ — 1)-flower of maximal contact with F'|y.
This ends the proof. (I
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