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ABSTRACT
In this work, we explore both the ordinary 𝑞-Gaussian distribution and a new one defined here, determining both their mean and
variance, and we use them to construct solutions of the 𝑞-deformed diffusion differential equation. This approach allows us to real-
ize that the standard deviation of the distribution must be a function of time. In one case, we derive a linear Fokker-Planck equation
within a finite region, revealing a new form of both the position- and time-dependent diffusion coefficient and the corresponding
continuity equation. It is noteworthy that, in both cases, the conventional result is obtained when 𝑞 tends to zero. Furthermore,
we derive the deformed diffusion-decay equation in a finite region, also determining the position- and time-dependent decay coef-
ficient. A discrete version of this diffusion-decay equation is addressed, in which the discrete times have a uniform interval, while
for the discrete positions, the interval is not uniform.

1 | Introduction

The 𝑞-Gaussian probability distribution represents a generalized
form of the Gaussian distribution that has been extensively stud-
ied [1–3], since it is of great interest because it is derived from
an entropy function in the framework of nonextensive statistical
mechanics. The 𝑞-Gaussian distribution function finds numer-
ous applications in various scientific fields, as evidenced in [4]
and also in [5], where the theory of multifractals, which arises in
the study of turbulence observations. But these are by no means
the only ones. For example, in [6], they were used to explore
the magnetic field of the very local interstellar medium observed
by the twin Voyagers 1 and 2 spacecraft; in [7], their applica-
tions in measurement and metrology are explored, and in [8],
the robustness of the 𝑞-Gaussian family as attractors is analyzed
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using three deformations: the 𝛼−, 𝛽-, and 𝛾-triangles. In [9], it
has been shown that the time series of the gravitational waves
follows the 𝑞-Gaussian Tsallis’ distribution as a probability den-
sity, and its dynamics evolve from the three corresponding Tsal-
lis’ indices, called 𝑞-triplets. In [10], it is shown that the Comp-
ton profiles can be modeled by a 𝑞-Gaussian distribution and
in [11] that some types of financial systems can be modeled by
𝑞-Gaussian cumulative distribution functions. In [12], an inves-
tigation of the gauge freedom of entropies in 𝑞-Gaussian mea-
surements is carried out. Entropic extension and large deviations
in the presence of strong correlations using warped distributions
are investigated in [13]. In [14], the authors derived an analyti-
cal function to describe the entire transverse momentum spec-
trum by a 𝑞-Gaussian distribution and, based on the distribu-
tion, described the string tension fluctuations. In [15], after intro-
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ducing some 𝑞-deformed distributions, statistical nuclear spec-
troscopy is investigated. And finally, let us mention that in [16],
the authors studied the self-organized criticality in precursors of
long gamma-ray bursts in the third Swift/Burst Alert Telescope
catalog, and they inspected the cumulative distribution functions
of the size differences with a 𝑞-Gaussian function.

If we now focus on the field of nonextensive entropy, also
called 𝑞-entropy [1, 17], which was first proposed by Tsallis [1],
we see that two deformed functions called 𝑞-exponential and
𝑞-logarithm are introduced there, which can be written in the fol-
lowing way:

𝑒
𝑞
(𝑥) =

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

0, if 1 + (1 − 𝑞)𝑥 < 0

(1 + (1 − 𝑞)𝑥)
1

1−𝑞 , if 1 + (1 − 𝑞)𝑥 ≥ 0,
𝑒
𝑥
, if 1 − 𝑞 = 0,

(1 + (1 − 𝑞)𝑥)
1

1−𝑞 , if 1 − 𝑞 > 0
𝑎𝑛𝑑 1 + (1 − 𝑞)𝑥 < 0,

ln
𝑞
𝑥 = 𝑥

1−𝑞 − 1
1 − 𝑞

(1)

Some applications of 𝑞-entropy to statistical physics and other
related fields have been achieved in [18–31]. Furthermore,
some authors [32, 33] also carried out mathematical studies on
𝑞-exponential, where 𝑞-addition, 𝑞-subtraction, 𝑞-product, and
𝑞-division were introduced, which were used to construct a
𝑞-derivative, which is different from another 𝑞-derivative [34]
that appears in the 𝑞-boson theory [35–37]. Using the 𝑞-addition,
𝑞-deformed quantum mechanics [38, 39] was formulated so that
it could possess a 𝑞-translational symmetry, described by the
𝑞-addition. In [40–45], some ideas about the family of exponen-
tial functions have been generalized, which have been expanded
from the mathematical literature in [40, 44, 46, 47]. This exten-
sion has been investigated in [48, 49] from the perspective of the
principle of maximum entropy, and its subsequent application in
game theory can be seen in References [50, 51].

In this context, it is absolutely natural to analyze possible gen-
eralizations of the standard Gaussian distribution, which as we
all know plays a crucial role in both mathematics and physics,
specifically to describe some notable physical situation such as
diffusion processes and wave packets. In [52], a 𝑞-generalization
of the standard Gaussian distribution was already introduced
using the 𝑞-exponential given in (1) as 𝑃

𝑞
(𝑥, 𝑎) ∝ 𝑒

𝑞
(−𝑎𝑥2), 𝑎 > 0

and has been applied to various scientific fields, such as statis-
tical mechanics, geology, astronomy, economics, and machine
learning [6–16]. For some values of 𝑞, the 𝑞-Gaussian distribu-
tion is the probability distribution function (PDF) of a bounded
random variable, which makes in biology and other domains
[53]; this new 𝑞-Gaussian distribution may be more suitable than
the original Gaussian distribution to model the effect of external
stochasticity.

This work is organized as follows. In Section 2, we will use this
𝑞-Gaussian distribution, which we will henceforth call the Type-1
𝑞-Gaussian distribution, and we will also propose a second dif-
ferent form for the 𝑞-Gaussian distribution, which we will call
Type 2 𝑞-Gaussian distribution. Both will be used in Section 3,
which is the essential part of this work, to study the diffusion pro-
cess in a finite region. The work will end with the conclusions of
Section 4.

2 | Two Types of 𝒒-Gaussian Distributions

As already mentioned, starting from the definition of
𝑞-exponential given in Equation (1), we will now consider
two types of 𝑞-Gaussian distributions. The first of them, which
we will call 𝑞-Gaussian Type 1 distribution, has already been
previously introduced as follows:

𝑃
𝑞
(𝑥, 𝑎)

=
√

𝑎 𝐴
𝑞
𝑒
𝑞
(−𝑎𝑥2)

=
√

𝑎 𝐴
𝑞

{(
1 − 𝑎 (1 − 𝑞) 𝑥2)

1
1−𝑞 , if 1 ≥ 𝑎 (1 − 𝑞) 𝑥2

,

0, if 1 < 𝑎 (1 − 𝑞) 𝑥2
,

𝑎 > 0.

(2)
From the previous expression, it is easily deduced that if 1 − 𝑞 >

0, then the distribution 𝑃
𝑞
(𝑥, 𝑎) has compact support, which is

the closed interval |𝑥| ≤ 1∕
√

𝑎(1 − 𝑞), while if 1 − 𝑞 ≤ 0, then the
distribution 𝑃

𝑞
(𝑥, 𝑎) makes sense for all 𝑥 ∈ ℝ, and the support

is not compact. The constant 𝐴
𝑞

in (2) is obtained by normaliz-
ing the function, that is, by imposing ∫ℝ 𝑃

𝑞
(𝑥, 𝑎) 𝑑𝑥 = 1, and it is

given by the following:

𝐴
𝑞
=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

√
1−𝑞 Γ

(
2+3(1−𝑞)

2(1−𝑞)

)

√
𝜋 Γ

(
1+(1−𝑞)
(1−𝑞)

) , for 1 − 𝑞 > 0,

1
√

𝜋

, for 1 − 𝑞 = 0,

√
|1−𝑞| Γ

(
1

|1−𝑞|

)

√
𝜋 Γ

(
2−|1−𝑞|
2|1−𝑞|

) , for − 2 < 1 − 𝑞 < 0.

(3)

Therefore, for the distribution 𝑃
𝑞
(𝑥, 𝑎) to be normalizable, the

parameter 𝑞 must be constrained by the condition 1 − 𝑞 > −2. It
can also be verified that in the limit 1 − 𝑞 → 0, we have the fol-
lowing:

lim
𝑞→0

𝑃
𝑞
(𝑥, 𝑎) =

√
𝑎

𝜋
𝑒
−𝑎𝑥2 (4)

As already said, this distribution has been considered previously
in the literature [52], and Figure 1 represents the 𝑞-Gaussian Type
1 distribution for different values of the parameter 𝑞, both positive
and negative. From Equation (2), it follows that the maximum
value of this 𝑞-Gaussian distribution is obtained at 𝑥 = 0, and its
value is given by 𝑃

𝑞
(0, 𝑎) =

√
𝑎 𝐴

𝑞
.

It can be seen from the drawings that for both positive and
negative values of 1 − 𝑞, as 1 − 𝑞 increases, the peak of the
𝑞-Gaussian distribution also increases, but the corresponding
spread decreases. In fact, the mean and variance can be found
and are given by he following:

𝐸1(𝑋) = 0 and 𝜎
2
1 = ⟨𝑥2⟩ =

{ 1
𝑎(2+3(1−𝑞))

, for 1 − 𝑞 > − 2
3
,

∞, for 1 − 𝑞 ≤ − 2
3
.

(5)

Therefore, the variance of 𝑃
𝑞
(𝑥, 𝑎) is finite only if the condition

1 − 𝑞 > −2∕3 is satisfied.

But this is not the only possibility of defining a deformed Gaus-
sian. As 1 − 𝑞 tends to zero 𝜎

2
1 = ⟨𝑥2⟩ tends to 1∕2𝑎 and the results

of Equation (4) agree with the Lagrange multipliers method for
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FIGURE 1 | On the left, a graph illustrating 𝑃
𝑞
(𝑥, 2) as a function of 𝑥 for three positive values of 1 − 𝑞, which logically gives rise to distributions

with compact support |𝑥| ≤ 1∕
√

2(1 − 𝑞). On the right, a similar graph showing 𝑃
𝑞
(𝑥, 2) as a function of 𝑥 ∈ ℝ for three negative values of 1 − 𝑞. [Colour

figure can be viewed at wileyonlinelibrary.com]

finding the entropy optimization, 𝐸1(𝑋) = 0, 𝜎
2
1 = 2𝑎. In this

case, the optimized distribution is 𝑃
𝑜𝑝𝑡
= 1√

2𝜋𝜎2
1

𝑒
−2𝑥2

𝜎
2
1 [54], con-

firming that the Type 2 distribution is optimized.

Another interesting and useful possibility is what we will call
𝑞-Gaussian Type 2 distribution, whose PDF for 𝑎 > 0 is as follows:

𝐺
𝑞
(𝑥, 𝑎) = 𝐵

𝑞

[
𝑒
𝑞

(
−𝑥2)]𝑎 = 𝐵

𝑞

[
𝑒−𝑞

(
𝑥

2)]−𝑎

= 𝐵
𝑞

{(
1 − (1 − 𝑞) 𝑥2)

𝑎

1−𝑞 , if 1 ≥ (1 − 𝑞) 𝑥2
,

0, if 1 < (1 − 𝑞) 𝑥2
.

(6)

From here, we can see that if 1 − 𝑞 > 0, then the distribution
𝐺

𝑞
(𝑥, 𝑎) has a compact support, which is the closed interval |𝑥| ≤

1∕
√

1 − 𝑞, while if 1 − 𝑞 ≤ 0, the distribution 𝐺
𝑞
(𝑥, 𝑎) exists for all

𝑥 ∈ ℝ. The constant 𝐵
𝑞

is obtained by normalizing the function
𝐺

𝑞
(𝑥, 𝑎), ∫ℝ 𝐺

𝑞
(𝑥, 𝑎) 𝑑𝑥 = 1, and it is given by

𝐵
𝑞
=

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

√
1−𝑞 Γ

(
2𝑎+3(1−𝑞)

2(1−𝑞)

)

√
𝜋 Γ

(
𝑎+(1−𝑞)

1−𝑞

) , for 1 − 𝑞 > 0,
√

𝑎

𝜋
, for 1 − 𝑞 = 0,

√
|1−𝑞| Γ

(
𝑎

|1−𝑞|

)

√
𝜋 Γ

(
2𝑎−|1−𝑞|

2|1−𝑞|

) , for − 2𝑎 < 1 − 𝑞 < 0.

(7)

From (6), it follows that the maximum value of this 𝑞-Gaussian
distribution is obtained at 𝑥 = 0, and its value is given by
𝐺

𝑞
(0, 𝑎) = 𝐵

𝑞
.

Comparing Type 1 and Type 2 distributions, 𝑃
𝑞
(𝑥, 𝑎) and 𝐺

𝑞
(𝑥, 𝑎),

we conclude that under the transformation 1 − 𝑞
′ = 1−𝑞

𝑎
, these

distributions can be interchanged with each other.

It can also be verified that in the limit 1 − 𝑞 → 0, we have the fol-
lowing:

lim
𝑞→0

𝐺
𝑞
(𝑥, 𝑎) =

√
𝑎

𝜋
𝑒
−𝑎𝑥2 (8)

for which Stirling’s formula is used. The mean and variance of
the 𝑞-Gaussian Type 2 distribution are given by the following:

𝐸2(𝑋) = 0 and 𝜎
2
2 = ⟨𝑥2⟩ =

{ 1
2𝑎+3(1−𝑞)

, 1 − 𝑞 > − 2𝑎
3
,

∞, 1 − 𝑞 ≤ − 2𝑎
3
.

(9)

According to the discussion after Equation (5), the above results
confirm that the Type 2 distribution is optimized.

To illustrate the behavior of the functions𝐺
𝑞
(𝑥, 𝑎), Figure 2 shows

some of them for 𝑎 = 2 and various values of the parameter 1 − 𝑞.
Figure 2 shows how the peak of this 𝑞-Gaussian distribution for
1 − 𝑞 increases with growth of 1 − 𝑞, while the associated dis-
persion falls. Finally, it is worth noting that the two 𝑞-Gaussian
distributions are related as follows:

𝐺
𝑎𝑞
(𝑥, 𝑎) = 𝑃

𝑞
(𝑥, 𝑎) (10)

In fact, there are not just two possibilities but an infinite family
of such distributions: 𝐸(𝑞,𝛾)(𝑥, 𝑎) =

[
1 − 𝑎

𝛾 (1 − 𝑞)𝑥2]𝑎1−𝛾∕(1−𝑞). The
two cases we have analyzed above, corresponding to 𝛾 = 1 (Type
1) and 𝛾 = 0 (Type 2), are particularly interesting: Type 1 can
be derived from the maximum 𝑞-entropy principle, and Type
2 can be derived from the 𝑞-deformed spacial derivative 𝑞

𝑥,
which has the 𝑞-deformed translation symmetry 𝑥 → 𝑥 ⊕ 𝛿𝑥.
The 𝑞-deformed translation symmetry is related to the 𝑞-sum of
the 𝑞-deformed lattice. Type 1 is known to be related to Type 2
through property A.28 in Reference [54], and as 𝑞 approaches
one, both Type 1 and Type 2 distributions become the Gaussian
distribution.

3 | Diffusion Process in Finite Region

The standard diffusion equation in one spatial dimension is given
by the following:

𝜕
𝑡
𝜚(𝑥, 𝑡) = 𝐷 𝜕

2
𝑥
𝜚(𝑥, 𝑡) (11)

where 𝜚(𝑥, 𝑡) is the density of the diffusing material at location 𝑥

and time 𝑡 and 𝐷 is the diffusion coefficient, which depends on
both the diffusing material and the substrate in which it diffuses
and which we assume to be constant. A typical and simple initial
condition used to solve (11) is

𝜚(𝑥, 0) = 𝛿(𝑥) (12)

where it has been established that the total mass of the substance
released per unit cross-sectional area is unity. If we consider an
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FIGURE 2 | On the left, plot of 𝐺
𝑞
(𝑥, 2) as a function of 𝑥 for the three positive values of 1 − 𝑞 indicated. On the right, a similar graph showing

𝐺
𝑞
(𝑥, 2) as a function of 𝑥 for three negative values of 1 − 𝑞. The presence of a different compact support for each 1 − 𝑞 > 0 is clearly seen on the left

plot, while on the right the support of all the functions is the whole real line. [Colour figure can be viewed at wileyonlinelibrary.com]

infinite domain (−∞,∞), the solution of (11) turns out to be

𝜚(𝑥, 𝑡) = 1
√

4𝜋 𝐷 𝑡

𝑒
− 𝑥

2

4 𝐷 𝑡 = 1
√

2𝜋 𝜎

𝑒
− 𝑥

2

2 𝜎2 (13)

Note that the solution found in (13) is a Gaussian distribution
whose mean is zero and whose variance is 𝜎

2 = ⟨𝑥2⟩ = 2 𝐷 𝑡. In
the result (13), the conservation of the total amount of the sub-
stance that diffuses has already been taken into account, that is,

∫

∞

−∞
𝜚(𝑥, 𝑡) 𝑑𝑥 = 1 (14)

The density 𝜚(𝑥, 𝑡) has the following limits:

lim
𝑥→±∞

𝜚(𝑥, 𝑡) = 0 and lim
𝑡→∞

𝜚(𝑥, 𝑡) = 0 (15)

In the following subsections, we will discuss the solution of the
diffusion Equation (11) in a finite region −𝐿 ≤ 𝑥 ≤ 𝐿, based on
the 𝑞-Gaussian distributions with finite support that were previ-
ously introduced.

3.1 | Diffusion in a Finite Region Based on Type
1 𝒒-Gaussian With 1− 𝒒 > 0

If we replace the ordinary derivatives by 𝑞-derivatives, then the
modified form of the standard diffusion equation will change to
the 𝑞-deformed diffusion equation [55–57].

If we want to find a solution to the diffusion equation in a finite
interval, an interesting idea is to use 𝑞-Gaussian with 1 − 𝑞 > 0
which, as we have seen in the previous section, have a com-
pact support and, therefore, automatically satisfy homogeneous
boundary conditions, both at the ends and on the outside of the
aforementioned compact where the solution is not zero. Specifi-
cally, if we look for the concentration as a Type 1 𝑞-Gaussian dis-
tribution with 1 − 𝑞 > 0, we can use the fact that, as already seen,
for this 𝑞-Gaussian, the support is given by 𝐿 = 1∕

√
𝑎(1 − 𝑞)𝑞;

therefore, we can take this value as a starting point to solve the
problem. Let us now assume that 𝜚

𝑞
(𝑥, 𝑡) is the 𝑞-deformed den-

sity of the diffusing material at location 𝑥 and time 𝑡, the variance
of which depends on the variables 𝑥, 𝑡 and the parameter 1 − 𝑞.

Within the support, we can assume the following ansatz based on
(13) and (2) as follows:

𝜚
𝑞
(𝑥, 𝑡) =

𝐾
𝑞
∕
√

2 + 3(1 − 𝑞)
𝜎
𝑞
(𝑥, 𝑡)

𝑒
𝑞

(

− 𝑥
2

(2 + 3(1 − 𝑞))𝜎2
𝑞
(𝑥, 𝑡)

)

=
𝐾

𝑞
∕
√

2 + 3(1 − 𝑞)
𝜎
𝑞
(𝑥, 𝑡)

[

1 − (1 − 𝑞)𝑥2

(2 + 3(1 − 𝑞))𝜎2
𝑞
(𝑥, 𝑡)

] 1
(1−𝑞)

,

(16)
where 𝜎

2
𝑞
(𝑥, 𝑡) is a standard deviation ⟨𝑥2⟩ for this 𝑞-deformed

density (16) that obviously will depend on 1 − 𝑞, 𝑥, and 𝑡, and
the range of 𝑥 is

− 𝜎
𝑞
(𝑥, 𝑡)

√
2 + 3(1 − 𝑞)

1 − 𝑞
≤ 𝑥 ≤ 𝜎

𝑞
(𝑥, 𝑡)

√
2 + 3(1 − 𝑞)

1 − 𝑞
(17)

In a finite region −𝐿 ≤ 𝑥 ≤ 𝐿, we cannot demand ⟨𝑥2⟩ =
2𝐷𝑡 because we would obtain the undesirable result that
lim

𝑡→∞⟨𝑥2⟩ = ∞. Instead, we can assume that

⟨𝑥2⟩ = 𝜎
2
𝑞
(𝑥, 𝑡) = 1

1 − 𝑞

(
1 − 𝑒

−2(1−𝑞)𝐷𝑡
)

(18)

which reduces to ⟨𝑥2⟩ = 2𝐷𝑡 in the limit 1 − 𝑞 → 0, as it should
be. For Equation (18), we have the limit

lim
𝑡→∞

⟨𝑥2⟩ = 1
1 − 𝑞

(19)

which is finite unless 1 − 𝑞 = 0. Therefore, we can say that the
diffusion characterized by the concentration (16) has a moving
boundary because 𝜎

𝑞
(𝑥, 𝑡) is time-dependent in Equation (18). In

the limit 𝑡 →∞, the domain of 𝑥 is time independent as follows:

−
√

2 + 3(1 − 𝑞)
1 − 𝑞

≤ 𝑥 ≤

√
2 + 3(1 − 𝑞)

1 − 𝑞
(20)

If we consider the diffusion in |𝑥| ≤ 𝐿, we should demand
√

2 + 3(1 − 𝑞)
1 − 𝑞

≤ 𝐿 (21)

which gives the lower bound for 1 − 𝑞,

(1 − 𝑞) ≥
3 +

√
9 + 8𝐿2

2𝐿2 (22)
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Differentiating the concentration with respect to 𝑡 and 𝑥 leads to

𝜕𝜚
𝑞
(𝑥, 𝑡)
𝜕𝑡

= −
𝐷(1 − (1 − 𝑞)𝜎2

𝑞
(𝑥, 𝑡))

𝜎2

⎡
⎢
⎢
⎣

1 − 2𝑥2

(2 + 3(1 − 𝑞))𝜎2
𝑞
(𝑥, 𝑡)

⎛
⎜
⎜
⎝

1
1 − (1−𝑞)𝑥2

(2+3(1−𝑞))𝜎2
𝑞
(𝑥,𝑡)

⎞
⎟
⎟
⎠

⎤
⎥
⎥
⎦

𝜚
𝑞
(𝑥, 𝑡),

(23)
and differentiating the Equation (16) with respect to 𝑡 and 𝑥, we
arrive at

𝜕

𝜕𝑥
𝜚
𝑞
(𝑥, 𝑡) = − 2𝑥

(2 + 3(1 − 𝑞))𝜎2
𝑞
(𝑥, 𝑡)

⎛
⎜
⎜
⎝

1
1 − (1−𝑞)𝑥2

(2+3(1−𝑞))𝜎2
𝑞
(𝑥,𝑡)

⎞
⎟
⎟
⎠

𝜚
𝑞
(𝑥, 𝑡)

(24)
where we have used the following equation obtained from (18)

𝜎
𝑞
(𝑥, 𝑡)

𝑑𝜎
𝑞
(𝑥, 𝑡)
𝑑𝑡

= 𝐷

(
1 − (1 − 𝑞)𝜎2) (25)

Therefore, we have a linear the Fokker-Planck equation in a finite
region as follows:

𝜕

𝜕𝑡
𝜚
𝑞
(𝑥, 𝑡) = 𝜕

𝜕𝑥

(
𝐷

𝑞
(𝑥, 𝑡) 𝜕

𝜕𝑥
𝜚
𝑞
(𝑥, 𝑡)

)
(26)

where the position- and time-dependent diffusion coefficient is

𝐷
𝑞
(𝑥, 𝑡) = 𝐷

(
1 + 3

2
(1 − 𝑞)

)
(1 − (1 − 𝑞)𝜎2

𝑞
(𝑥, 𝑡))

(

1 − (1 − 𝑞)𝑥2

(2 + 3(1 − 𝑞))𝜎2
𝑞
(𝑥, 𝑡)

)

,

(27)

which reduces to 𝐷 in the limit 1 − 𝑞 → 0. In fact, we have
shown that the diffusion differential equation changes to the
linear Fokker-Planck equation by changing the density to the
𝑞-deformed density and the constant diffusion coefficient to a
position- and time-dependent diffusion coefficient.

In the left panel of Figure 3, we illustrate the graph of 𝐷
𝑞
(𝑥, 𝑡) as a

function of 𝑥 for three different values of 𝑡, and in the right panel,
we illustrate the graph of 𝐷

𝑞
(𝑥, 𝑡) in terms of 𝑡 for three differ-

ent values of 𝑥. In all scenarios, as 𝑞 goes to zero, the position-
and time-dependent coefficient converges to a constant value,
independent of time and position. During the initial stages of the
diffusion scattering phenomenon, the diffusion coefficients first

increase and then decrease. Furthermore, regardless of the val-
ues of 1 − 𝑞 and 𝑥, as 𝑡 tends toward infinity, the position- and
time-dependent coefficient stabilizes at a constant value, which
is not affected by the parameters.

To finish, remark that Equation (26) is the continuity equation

𝜕

𝜕𝑡
𝜚
𝑞
(𝑥, 𝑡) + 𝜕

𝜕𝑥
𝐽
𝑞
(𝑥, 𝑡) = 0 (28)

where the flux 𝐽
𝑞
(𝑥, 𝑡) obeys Fick’s law [58]

𝐽
𝑞
(𝑥, 𝑡) = −𝐷

𝑞
(𝑥, 𝑡) 𝜕

𝜕𝑥
𝜚
𝑞
(𝑥, 𝑡) (29)

3.1.1 | Case in Which a Substance is Released
at 𝒙 = 𝒙0

If a substance is released at 𝑥 = 𝑥0 ( −𝐿 < 𝑥0 < 𝐿), then the
𝑞-deformed density of the diffusing material in Equation (16)
becomes

𝜚
𝑞
(𝑥, 𝑡) =

𝐾
𝑞
∕
√

2 + 3(1 − 𝑞)
𝜎
𝑞
(𝑥, 𝑡)

𝑒
𝑞

(

−
(𝑥 − 𝑥0)2

(2 + 3(1 − 𝑞))𝜎2
𝑞
(𝑥, 𝑡)

)

=
𝐾

𝑞
∕
√

2 + 3(1 − 𝑞)
𝜎
𝑞
(𝑥, 𝑡)

[

1 −
(1 − 𝑞)(𝑥 − 𝑥0)2

(2 + 3(1 − 𝑞))𝜎2
𝑞
(𝑥, 𝑡)

] 1
1−𝑞

.

(30)
The domain of 𝑥 is then given by

− 𝐿 ≤ 𝑥0 −
√

2 + 3(1 − 𝑞)
1 − 𝑞

≤ 𝑥 ≤ 𝑥0 +
√

2 + 3(1 − 𝑞)
1 − 𝑞

≤ 𝐿

(31)
from which we obtain a lower bound for 1 − 𝑞:

1 − 𝑞 ≥
3 +

√
9 + 8(𝐿 − |𝑥0|)2

2(𝐿 − |𝑥0|)2
(32)

3.2 | Diffusion in a Finite Region Based on Type
2 𝒒-Gaussian With 1− 𝒒 > 0

Let us now consider the concentration as a 𝑞-Gaussian Type 2
distribution with 1 − 𝑞 > 0. Then, applying Equation (9), we find

FIGURE 3 | On the left, plots of 𝐷
𝑞
(𝑥, 𝑡) for three different values of 𝑡. On the right, plots of 𝐷

𝑞
(𝑥, 𝑡) for three different values of 𝑥. In all cases, we

have chosen 𝐷 = 1 − 𝑞 = 0.2. [Colour figure can be viewed at wileyonlinelibrary.com]
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the following function as a solution to the 𝑞-distorted diffusion
differential equation:

1
2𝑎(𝑡) + 3(1 − 𝑞)

= 𝜎
2
𝑞
(𝑥, 𝑡) = 1

1 − 𝑞

(
1 − 𝑒

−2(1−𝑞)𝐷𝑡
)

(33)

which gives

𝑎(𝑡) = 1 − 𝑞

4
(coth((1 − 𝑞)𝐷𝑡) − 5) (34)

Thus, the concentration reads

𝜚
𝑞
(𝑥, 𝑡) = 𝐵

𝑞
(𝑡)

[
𝑒
𝑞

(
−𝑥2)]𝑎(𝑡) (35)

In this case, we have

𝐿 = 1
√

1 − 𝑞

(36)

In the left panel of Figure 4, we represent 𝜚
𝑞
(𝑥, 𝑡) as a function of

𝑥 for varying values of 𝑡, and here it can be seen that for increasing
values of 𝑡, the dispersion of the distribution function widens.

In the right panel of Figure 4, we depict the variation of 𝜚
𝑞
(𝑥, 𝑡)

with respect to 𝑡 for various values of 𝑥. Notably, the density dis-
persion exhibits an initial increase followed by a decrease, and as
𝑡 goes to infinity, 𝜚

𝑞
(𝑥, 𝑡) converges to zero.

Differentiating the concentration with respect to 𝑡 and 𝑥, we have
the following:

𝜕

𝜕𝑡
𝜚
𝑞
(𝑥, 𝑡) =

(
�̇�

𝑞
(𝑡)

𝐵
𝑞
(𝑡)
+

�̇�(𝑡) ln
(
1 − (1 − 𝑞)𝑥2)

1 − 𝑞

)

𝜚
𝑞
(𝑥, 𝑡) (37)

and
𝜕

𝜕𝑥
𝜚
𝑞
(𝑥, 𝑡) =

(

− 2𝑎(𝑡)𝑥
1 − (1 − 𝑞)𝑥2

)

𝜚
𝑞
(𝑥, 𝑡) (38)

Hence, we have the deformed diffusion-decay equation in a finite
region as follows:

𝜕

𝜕𝑡
𝜚
𝑞
(𝑥, 𝑡) = 𝐷(𝑞

𝑥
)2𝜚

𝑞
(𝑥, 𝑡) + 𝜇(𝑥, 𝑡)𝜚

𝑞
(𝑥, 𝑡) (39)

where the position- and time-dependent decay coefficient is as
follows:

𝜇(𝑥, 𝑡) =
�̇�

𝑞
(𝑡)

𝐵
𝑞
(𝑡)
+

�̇�(𝑡) ln
(
1 − (1 − 𝑞)𝑥2)

1 − 𝑞

+ 2𝑎𝐷
(
1 − (1 − 𝑞)𝑥2) − 4𝐷𝑎

2
𝑥

2
,

(40)

and the operator𝑞

𝑥, called the 𝑞-deformed derivative, is given by
the following:


𝑞

𝑥
=

(
1 − (1 − 𝑞)𝑥2) 𝜕

𝜕𝑥
(41)

From here, we know that the position- and time-dependent decay
coefficient vanishes in the limit 1 − 𝑞 → 0.

3.2.1 | Meaning of the Deformed Diffusion-Decay
Equation in a Discrete Version

Equation (39) is different from the ordinary diffusion-decay
equation because the ordinary derivative with respect to 𝑥 is
replaced with the deformed derivative 𝑞

𝑥. Now we will look for
the physical meaning of the deformed diffusion-decay equation.
The second term on right-hand side of Equation (39) represents
the decay with position- and time-dependent decay coefficient,
while the first term differs from the ordinary diffusion term due
to the presence of the deformed derivative.

Now let us consider the discrete version of Equation (39) as fol-
lows:

Δ
𝜏
𝜚
𝑞
(𝑥

𝑛
, 𝑡

𝑚
) = 𝐷Δ2

𝑎
𝜚
𝑞
(𝑥

𝑛
, 𝑡

𝑚
) + 𝜇(𝑥

𝑛
, 𝑡

𝑚
)𝜚

𝑞
(𝑥

𝑛
, 𝑡

𝑚
) (42)

where time difference operator and position difference operator
are given by

Δ
𝜏
𝐹 (𝑥

𝑛
, 𝑡

𝑚
) =

𝐹 (𝑥
𝑛
, 𝑡

𝑚+1) − 𝐹 (𝑥
𝑛
, 𝑡

𝑚
)

𝜏
(43)

Δ
𝑎
𝐹 (𝑥

𝑛
, 𝑡

𝑚
) =

𝐹 (𝑥
𝑛+1, 𝑡𝑚) − 𝐹 (𝑥

𝑛
, 𝑡

𝑚
)

𝑎
(44)

If we consider the uniform time lattice obeying 𝑡
𝑛+1 − 𝑡

𝑛
= 𝜏 and

take the limit 𝜏 → 0, then the time difference operator reduces to
the ordinary time derivative. But this is not the case for the part

FIGURE 4 | On the left, plots of 𝜚
𝑞
(𝑥, 𝑡) for three different values of 𝑡. On the right, plots of 𝜚

𝑞
(𝑥, 𝑡) for three different values of 𝑥. In all cases, we

have chosen 𝐷 = 1 − 𝑞 = 0.2. Observe that in all cases, 𝐿 ≈ 2.2. [Colour figure can be viewed at wileyonlinelibrary.com]
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corresponding to the spatial coordinate. The deformed deriva-
tive (41) implies that the position space must be discrete with a
nonuniform interval. Here, we assume that the discrete positions
obey the following:

𝑥
𝑛+1 ⊖ 𝑥

𝑛
= 𝑎 (45)

where ⊖ is a deformed subtraction. The deformed derivative


𝑞

𝑥 given in (41) is not invariant under the ordinary transla-
tion 𝑥 → 𝑥 + 𝑎 due to the presence of the factor (1 − (1 − 𝑞)𝑥2).
Therefore, we will look for a 𝑞-deformed sum such that the
𝑞-deformed derivative (41) is invariant under the 𝑞-deformed
sum. This can be achieved with the help of the pseudo-calculus
[59] (or 𝑓 -deformation [60]). Now let us consider 𝑞-deformed
addition and 𝑞-deformed subtraction as follows:

𝑎 ⊕ 𝑏 = 𝑎 + 𝑏

1 + (1 − 𝑞)𝑎𝑏
, 𝑎 ⊖ 𝑏 = 𝑎 − 𝑏

1 − (1 − 𝑞)𝑎𝑏
(46)

Then, we have

𝑥
𝑛+1 =

𝑥
𝑛
+ 𝑎

1 + (1 − 𝑞)𝑎𝑥
𝑛

(47)

The action of the position 𝑞-difference operator on a function
𝐹 (𝑥

𝑛
) is as follows:

Δ
𝑎
𝐹 (𝑥

𝑛
) = 1

𝑎

(

𝐹

(
𝑥
𝑛
+ 𝑎

1 + (1 − 𝑞)𝑎𝑥
𝑛

)

− 𝐹 (𝑥
𝑛
)
)

(48)

Now let us consider the case where 𝑥
𝑛

corresponds to 𝑥 in the
limit 𝑎 → 0. Then, we set

𝐹

(
𝑥 + 𝑎

1 + (1 − 𝑞)𝑎𝑥

)

= 𝑏0 + 𝑏1𝑎 + 
(
𝑎

2) (49)

where

𝑏0 = 𝐹 (𝑥) (50)

and

𝑏1 =
𝜕

𝜕𝑎
𝐹

(
𝑥 + 𝑎

1 + (1 − 𝑞)𝑎𝑥

)|
|
|
|
|𝑎=0

=
(
1 − (1 − 𝑞)𝑥2)

𝜕
𝑥
𝐹 (𝑥) (51)

Therefore, the difference operator (44) reduces to the deformed
derivative in the continuum limit. Thus, Equation (39) is the con-
tinuum version of the diffusion-decay equation where the dis-
crete times have a uniform interval, while the discrete positions
have a nonuniform interval defined in (45).

3.2.2 | Case in Which a Substance is Released
at 𝒙 = 𝒙0

Now let us consider the case where the substance to be diffused is
released at 𝑥 = 𝑥0. If we impose 𝜚

𝑞
(±𝐿) = 0, we can assume that

the concentration takes the form

𝜚
𝑞
(𝑥, 𝑡) = 𝑏

𝑞

(
1 +

√
1 − 𝑞 𝑥

)𝛼(
1 −

√
1 − 𝑞 𝑥

)𝛽

(52)

The normalization is obtained from

∫

1
√

1−𝑞

− 1
√

1−𝑞

𝜚
𝑞
(𝑥, 𝑡) 𝑑𝑥 = 1 (53)

which gives

𝑏
−1
𝑞
= 2𝛼+𝛽+1

√
1 − 𝑞

(
Γ(𝛼 + 1)Γ(𝛽 + 1)
Γ(𝛼 + 𝛽 + 2)

)

(54)

The average value is required to satisfy

⟨𝑥⟩ =
∫

1
√

1−𝑞

− 1
√

1−𝑞

𝑥 𝜚
𝑞
(𝑥, 𝑡) 𝑑𝑥 = 𝑥0 (55)

For the case 1 − 𝑞 = 0, we have ⟨𝑥2⟩ = 𝑥
2
0 + 2𝐷𝑡, which gives

lim
𝑡→∞

⟨𝑥2⟩ = ∞ (56)

For 1 − 𝑞 ≠ 0, we demand

lim
𝑡→∞

⟨𝑥2⟩ = 1
1 − 𝑞

(57)

which implies that the variance is given by

𝜎
2
𝑞
(𝑥, 𝑡) = 1

1 − 𝑞

(
1 − 𝑒

−2(1−𝑞)𝐷𝑡
)
− 𝑥

2
0 (58)

From Equations (55) and (58), the two unknowns 𝛼 and 𝛽 can be
found. Indeed, from (55), we have

𝛼 − 𝛽
√

1 − 𝑞(𝛼 + 𝛽 + 2)
= 𝑥0 (59)

which gives

𝛼 =

(
1 +

√
1 − 𝑞 𝑥0

1 −
√

1 − 𝑞 𝑥0

)

𝛽 +
2
√

1 − 𝑞 𝑥0

1 −
√

1 − 𝑞 𝑥0

(60)

and from Equation (58), we get

1
1 − 𝑞

(

1 − 4(𝛼 + 1)(𝛽 + 1)
(𝛼 + 𝛽 + 3)(𝛼 + 𝛽 + 2)

)

= 𝑥
2
0 + 𝜎

2
𝑞
(𝑥, 𝑡) (61)

Solving (60) and (61), we get

𝛼 = 1
4(1 − 𝑞)𝜎2

𝑞
(𝑥, 𝑡)

[
1 +

√
1 − 𝑞 𝑥0 − (1 − 𝑞)𝑥2

0

− 5(1 − 𝑞)𝜎2
𝑞
(𝑥, 𝑡)

− (1 − 𝑞)
√

1 − 𝑞 𝑥0(𝜎2
𝑞
(𝑥, 𝑡) + 𝑥

2
0)

+
(

1 +
√

1 − 𝑞 𝑥0

)(
1 − (1 − 𝑞)

(
𝜎

2
𝑞
(𝑥, 𝑡) + 𝑥

2
0

))]
,

(62)

𝛽 = 1
4(1 − 𝑞)𝜎2

𝑞
(𝑥, 𝑡)

[
1 −

√
1 − 𝑞 𝑥0 − (1 − 𝑞)𝑥2

0

− 5(1 − 𝑞)𝜎2
𝑞
(𝑥, 𝑡)

+ (1 − 𝑞)
√

1 − 𝑞 𝑥0(𝜎2
𝑞
(𝑥, 𝑡) + 𝑥

2
0)

+
(

1 −
√

1 − 𝑞 𝑥0

)(
1 − (1 − 𝑞)

(
𝜎

2
𝑞
(𝑥, 𝑡) + 𝑥

2
0

))]
.

(63)

It can be easily verified that for 𝑥0 = 0, Equations (62)
and (63) reduce to 𝛼 = 𝛽 = 𝑎(𝑡)∕1 − 𝑞, which corresponds to
Equation (35). In Figure 5, we plot the density 𝜚

𝑞
(𝑥, 𝑡) given in

(52) versus 𝑥 for different values of 𝑥0.
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FIGURE 5 | Graph of the density 𝜚
𝑞
(𝑥, 𝑡) given in (52) as a func-

tion of 𝑥 for three different values of 𝑥0. In all cases, we have chosen
𝑡 = 0.1, 𝐷 = 1 − 𝑞 = 0.2, so that 𝐿 ≈ 2.2. [Colour figure can be viewed at
wileyonlinelibrary.com]

4 | Concluding Remarks

In this article, we consider the 𝑞-Gaussian distributions of Type
1 and Type 2, obtained from two different definitions arising
from the deformed 𝑞-exponential and the fact that 𝑒

𝑞
(−𝑎𝑥2) ≠

(𝑒
𝑞
(−𝑥2))𝑎.

We applied the Type 1 𝑞-Gaussian distribution to find solutions
to the diffusion equation and obtained the range of the standard
deviation in this case. Next, we consider a special form for the
𝑞-deformed standard deviation, which reduces to the ordinary
case when a long time is allowed to pass, since the deformation
parameter depends on time. For the Type 1 𝑞-Gaussian distri-
bution, we obtained the linear Fokker-Planck equation from the
diffusion equation and showed that in this case the diffusion coef-
ficient depends on both position and time. By obtaining the con-
tinuity equation, it was shown both that the flow depends on the
𝑞-deformed diffusion coefficient as well as the flow’s compliance
with Fick’s law. We repeat the calculation for the case in which at
𝑡 = 0, the substance is released at a point other than zero.

We then applied the Type 2 𝑞-Gaussian distribution to find solu-
tions to the diffusion equation, and the deformed diffusion-decay
equation in a finite region was obtained. The position- and
time-dependent decay coefficient was found, which goes to zero
as the deformation parameter approaches zero. The deformed
diffusion-decay equation thus obtained is different from the ordi-
nary diffusion-decay equation because the ordinary derivative
with respect to 𝑥 is replaced by the deformed derivative 𝑞

𝑥. To
search for the physical meaning of this deformed diffusion-decay
equation, a discrete version of it is in which the discrete times
have a uniform interval, while the discrete positions have a
nonuniform interval is addressed.

Because the Type 2 𝑞-Gaussian distribution is related to the
𝑞-translation invariant derivative 𝑞

𝑥, we can construct the
𝑞-translation invariant quantum mechanics with a help of 𝑞

𝑥.
In such a theory, Type 2 𝑞-Gaussian distribution can replace the
ordinary Gaussian distribution in formulating the wave packet

theory corresponding to the 𝑞-translation invariant quantum
mechanics with spatial derivative𝑞

𝑥. Besides, Type 2 𝑞-Gaussian
distribution can be used in the wave function for the ground state
in the 𝑞-translation invariant quantum mechanics with spatial
derivative𝑞

𝑥.

We believe that the results found in this work are interesting and
open the door to the use of this type of 𝑞-Gaussian functions for
the analysis of some of the multiple physical phenomena that
have been described in the introductory section and about which
we are already working.
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