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ARTICLE INFO ABSTRACT

Keywords: The one-dimensional harmonic vibronic model, which is a generalization of the so-called linear
Vibronic model Landau—Zener model and appears in the form of coupled Schrodinger equations, is revisited.
Two-level system After decoupling the components, the resulting fourth-order equation is shown to have a hidden

Exceptional energy
Fourth-order differential equation
Hidden sl(2) symmetry

s1(2) algebra. The so-called exceptional part of the spectrum is then expressed in a rather simple
way. For completeness, the eigenfunctions are obtained via the Bethe ansatz approach directly
in position space.

1. Introduction

The term vibronic, which is a combination of the words vibrational and electronic terms, includes spin and nuclear Hamiltonians
as well as their interaction [1-6] . Vibronic models are present in many areas of physics and their interface with modern
technologies, including quantum computing [7], quantum optics [8], quantum cellular automata [9], molecular dimers [10],
chemical physics [11], Rydberg atoms [12], molecule magnets [13], and quantum advantage [14] .

However, from the point of view of mathematical physics, this is a difficult problem that cannot be solved simply analytically,
even in apparently simple cases. This is because we have a system of coupled spinor components. In particular, for the simple case of
a one-dimensional problem in Cartesian coordinates, which will be considered in the next section, the problem appears in the form
of a fourth-order differential equation in position space. The classification of fourth-order linear differential equations with variable
coefficients, which may appear in quantum physics, is something that goes beyond the scope of this article and requires a rather
exhaustive analysis. However, in summary, we can say that these problems have not been considered in depth in the analytical field
due to the large number of technical problems they present.

In this work we aim to use the powerful tool of Lie symmetries to partially address this problem. The main thrust of our work
comes from the novel idea of Zhang [15-17], which extends to the fourth-order case the standard idea of quasi-exact solvability in
a class of second-order differential equations, originally proposed in the works of Turbiner, Ushveridze, Kamran, Gonzalez-Lépez
and Olver [18-22].

The structure of the present work is as follows. In Section 2 we first review the main equation of the one-dimensional vibronic
model which contains the harmonic oscillator plus a linear interaction [4] and which can be considered as a generalized Landau—
Zener problem. Then, using some transformations, the problem becomes a fourth-order differential equation after decoupling the
components. In Section 3 w then review, in a fairly compact manner, the main idea of quasi-exact solvability for the unfamiliar
reader and for the sake of continuity. It is then shown that the problem has a hidden structure by which the exceptional part of the
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exceptional energy can be derived in a simple, conceptually brief manner and without a lengthy calculations. In Section 4 we also
derive the eigenfunctions of the problem using the Bethe ansatz approach. The paper ends in Section 5 with final comments and
possible ideas for future research.

2. Vibronic model

In their pioneering work [1] Fulton and Gouterman proved that the vibronic coupling in molecules and the exciton coupling of
dimers can be included in a 2 x 2 matrix Hamiltonian in the nuclear coordinates. They started from the Hamiltonian

H=T,+T,+V(q.0) &)

where, as the indices indicate, 7, and T, represent the nuclear and electronic kinetic energy, respectively, and V (g, Q) stands
for the potential energy which depends on the electronic and nuclear coordinates respectively denoted by ¢ and Q. In (1), some
simplifications have been made including neglecting the uniform motion of the center of mass and the rotation of the molecule. It
is also obvious that a spin-dependent term is not included. Working on the basis of the adiabatic approximation, the equations in a
two-state linear curve crossing model appear in the form (see [1] for a detailed derivation)

n2 d*w,

— T (V) - E)wy = -V, ,
2m dx? + (V) - E)wy 12()y; .
n2 d*y,

Tom a2 + (sz(x) - E) vy = =V (0w,

where m is the particle mass, the coordinate x is defined in the full line, E stands for the energy, and y, and y, are the two
components of the wave function. Here, we consider the frequently used model where the two diagonal components are considered
to be linear plus harmonic, and the off-diagonal ones are considered to be constants (denoted below by V). Therefore, we start from
the main equations [4-6]

h_2d2W| + <m(22x2

- F1x> v, +Vy, = Eyq,

" 2m dx? 2 3
n? d*w, m&2x?
o IR + >~ Fyx )y, +Vy, = Ey,.
The latter, via x = X + iz, is rewritten as
m&2
2
n2 d*y, <m92 2 Fy F F,
(X (B -F)X )y, +Vy, = E- + 2y,
I AX2 2 (F, = F)X |y, ] w2 a2 |
2 42 2 F? “
h %) me- o 2
- +| —X +Vy, = E+ — .
m dx2 < ) >lI/2 41 ( 2m92>‘l/2
Applying the change of variable
172
x=(2)"s )
mQ2
the two Egs. (4) become
2
1 d*y, 1, 1 12 14 1 £ FF,
- +| 322+ (B -F +—y=— | E- +—= )y,
a2 T\ TR nE) f )it e T e m@ " m2 )V
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1a%y, 1, |4 1 2
—_— = +—y;=— | E+ —— .
27dz2 T2 T e T ha < 2m92>"/2
Using the transformations
_,2
vz =e’" 2 y1,2(2), @)
the two Egs. (6) take the form
2
1d%, dy, v 1\ F;  FF\ 1
il s A F-F)(—— —(E- L2 )2y, =0,
12 i a2t \ BRI nE) e w2 w2 ) T2
(€)]

2
1d%y, dy, v 1 F; 1
2 22 Lyt —=(E+—=)-= =0.
242 “az  we' T\ e mz | "2 )2

We can decouple these two equations by solving for y, in the first one and replacing it in the second, so that we arrive at

~ 1d*y, 3y, , F E, E, d%y,
Hyy=o—L =242z (2421 =2
NTGar T an TP T2\ T2 4z

dy
+[-Fz2+2(1 - E; - E))) d—zl + [FE,z+ (E\E; — )]y =0, (9)

2
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where the explicit form of the fourth-order differential operator ﬁ4, which can be considered a kind of “Hamiltonian” for this
problem, is clear, and where we have used the abbreviations

1/2 F2

1 1 2 F\F, 1
F=(FKR-F)(—) . B =L (E_ y2) L
(F ‘)<hm93> ! h!2< 2mQ? | m? 2

1 F; 1 4
E2=E<E+2m_(22>_§’ U=E‘
Eq. (9) is an ordinary fourth-order differential equation with variable coefficients. To our best knowledge, this equation has not
been reported as a generalized special function of mathematical physics, nor has been recognized as a named equation. It should
be noted that papers on fourth-order differential equations in physics are really scarce, although there are important cases of such
forms. One might think that the problem can be solved simply by numerical techniques, but no one can deny the merits of analytical
techniques, including their deep insight into the physics of the system as well as their pedagogical importance. We can comment
on the need for analytical approaches for a variety of other reasons, but this is beyond the scope of the present paper and we hope
to return to it in a subsequent study.

10)

3. The hidden sI(2) symmetry and the spectrum

To obtain the energy spectrum of the system, let us first review the basic idea of the Lie algebraic approach, or quasi-exact
solvability, in a summarized manner. The term quasi-exact solvability comes from the fact that only part of the spectrum, and not
all states, can be derived in this way. Let us first review the idea as it is used for second-order differential equations and then
generalize it to the fourth-order case.

3.1. Lie algebraic approach for second-order differential equations

The most general form of the second-order quasi-exactly solvable differential operator which can be expressed as an s/(2) algebra
is [18,19,21,22]

£y 0 - 07— - - 0 -
Hpps = CopJXTF + Cood IO+ C, X7 +Co J007 + C__J7J7 + C U +CJ? + C_JT +C, (11

- n
in which

_2d o_,4d _n - =
J:—Z E—HZ, Jn—Zd—z—z, Jn —E, (12)

where the nonunique generators satisfy
Ha-1=-2J° [J%J0==5J% 13)

Using (12), the operator I-AIQ ps can be written as
A —P(z)d—2+P(z)i+P(z) 14)
QES a2 3(2) - 2(2),

where
P(2)=Cy 2t +Cpy2? +C, 22+ Cpz+C__,
- —onZ _3m) 2 _ _n
Py(2) = Cp@ =207 + (€, + Cyp (1 : )2+ (Co-nc,)z+ (Ce 200_), (15)
2
Py(z) = Cyon(n — D22 + (”7c+0 - nC+) 2+ (c- ’%co) .

For the sake of simplicity, we write (15) as

4 3 2
P =Yz,  P=) b5 P =) ez (16)
k=0 k=0 k=0
As a result, it can be shown that ﬁQ rs breserves the finite-dimensional space of polynomials of the form

n

y(2) = Z cz™. 17)

m=0

Having reviewed the most essential background of the quasi-exact solvability, we see in the next section that our fourth-order
differential equation can be related to the idea via proper identities.
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3.2. Hidden slI(2) symmetry for fourth-order differential equations

Based on the proof of Zhang [17], the problem has a hidden s/(2)-algebraization if and only if
by=-2(m—1a,;, cy=nn—1Da,;, ¢ =-n[n-1Day+by. 18)

Now, following the identity [17]

d3 0,572 , nd?
z—=J"U )+ -—, 19
dz3 w5 2dz? (19
the “Hamiltonian” I-AI4 in (9) can be written in the form
~ E, E d?
H4y1=[l(J’)4—J°(J*)2]y]+ 2l (i iy 2y el
4 2 2 2 2 dz2 (20)
2 dy, 2
+[-FZ+z(1-E, - E)] ot [FEyz+ (E E; — )] y; =0,

where we have intentionally kept the equivalent second order part of A, y, in differential form to comment on the hidden symmetry
of the system. It is seen that the n-dependent term in (24) has affected the second order part of the fourth-order differential equation.

The energy relation from the third equation in (18), i.e. ¢ = —n [(n— Day + by| = —nb,, is found as E, = n, or, from (10), more
explicitly in the form
2
1 F; 1
— | E ——=n 21
nQ ( * zmm) 27" (21)
To make a comparison with [4], noting that in their notation
F, E 1
b= ——= | == 4+ -, 22
mhoy 2 T ha T2 (22)
Eq. (21) can be written as
E 1 b b?
— 4t -=¢= - —=k- —, 23
o ta=¢ (n+1) > > (23)

which is the same result obtained in [4] and possesses the familiar linear form of the harmonic oscillator in terms of the quantum
number. Also, doing the shift transformation on the upper equation in (3), one may obtain the other half of the quasi-exact spectrum
with the same behavior of the other component.

4. The Bethe ansatz approach and eigenfunctions: a generalization to the fourth-order case

Although the main purpose of the present work was demonstrating the hidden s/(2)-symmetry of the vibronic model in its fourth-
order form and directly in position space, by which the exceptional part of the spectrum was reported, it is interesting to comment
on the eigenfunctions as well. To this aim, we make use of the Bethe ansatz method similar to what is done in [15,16] . The idea
in a nutshell is that an ansatz solution is proposed to the equation, and after manipulations, a meromorphic equation is obtained.
Based on comparison of different powers on both sides of the arising equation, required material to obtain the spectrum and the
eigenfunctions of the system is obtained. There are two main references which are strongly recommended for the unfamiliar reader
before starting this section. The first is [15] in which the idea is applied to second-order ordinary differential equations and the
basic formalism is obtained. The second is [16] which generalizes the primary idea to a fourth-order ordinary differential equation,
the two-photon and two-mode Rabi model in Bargmann space in this case. The generalization to the fourth-order case can be done,
rather straightforwardly, using proper series identities and careful use of residue calculus. The basic formulae used there include
the identities

n n n n

1 Z; 1
> =0, 3y = Lyn-m),
il g G T E SaZu-z 2
n n 1 n n z
— =0, — =, 24)
o5z 2@ - 2) o5k G- 20E - z)
n n n n
1 Zj

g

par T B (z; = 2p)(z; — 2)(z; — z;) pur B (z; = 2p)(z; — 2))(z; — z;)

Let us first review the basic idea from [15] which works for Fuchsian-type equations. In other words, it works for (15) where the
coefficients of the eigenfunction and its derivatives do not have a repeated root. If we propose a solution of the form

y(z):H(z—z,.), n=1,2,..., (25)
i=1
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for the second-order Hamiltonian (14), it can be found that [15]

ZR [ QESy =z,-]=[n(n—1)a4+nb3+02]z2

+ [(Z(n— Day + by) Zzi +n(n— Day + nb, +c]] z

i=1

+ (2(n = Day + b3) Zz +2a4Zz + (201 = Dag + by) Zz +n(n — 1)a, + nby, (26)
i<j i=1
where Res[f(z),z = z;] indicates the residue of f(z) at z = z;. In fact, we have a constant term on the left-hand side, and a
meromorphic function on the right-hand side, from which the required data to report the solution is provided. In more precise words,
the residue term, which must be vanishing, gives the z;. The coefficients of z?> and z on the right-hand side normally determine the
spectrum of the system and both should vanish to assure that the equality holds. The remaining constant terms on both sides, can be
interpreted as a restriction among the parameters, which is the price ought to be paid to obtain an analytical solution. Using [16],
which has to be read to carefully to understand the details of calculations, the idea is generalized to the fourth-order case.
Having reviewed the basic idea of the approach, we now propose a solution of the form (25) for y,(z) in (9), which yields for
the quotlent H4 i

n n n n
1 1 4 1 3
0=EE, — > + = -z
152 4’;7,—7,,.#[##1@ z,)(z; = 2)(z; = ;) l,:lz—zi,##i(zi—z,)(zi—zj)

n n
» F E,  E )] 1 2
Tz =—+—=-1 —_—
2 <2 2 le—z,;( —-z;)

+

n
+[—Fz2+z(1—E2—E1)]2$+FEQZ. 27)
i=1 i

From here we can easily evaluate the following residues

ﬁ4 Vi 1 < 4 c 3
Res [——,z=2z;| =~ -z P —— (28)
[ i ] 4 p#gj#, (z; — 2,)(z; — 2))(z; — 2;) ,g;‘éi (z; — 2)(z; — z;)

+

F E E o2 >

2 +EZ’+< >t 1)] Z;—(Z,-—Z,-) +[-Fz} +z, (1 - E; - E})],
which determines the z; in the ansatz proposed in (25). For example, for the first state, i.e. z; = z;, we have —Fz?+z, (1 - E, — E,) =
0 as all other terms vanish (here E , are in fact linear functions of the exceptional energy E, as indicated in (10) and thus vary for
different n). A systematic process can be done for higher states. However, as can be seen, the higher the state, the more complicated
the calculations. Nevertheless, the approach is quite systematic and can be carried out.

Let us now go back to the arising meromorphic Eq. (26). In fact, this equation can be used here in the fourth-order case recalling
that the effect of third- and fourth-order terms are already included in the z; and the residue at each z;. As a result, we may conclude
that in our case, i.e. for (9):

« The first term on the right-hand side of (26), i.e. the coefficient of z?, yields nothing since a;, = b; = ¢, = 0 as follows by
comparing (9) with (16).

+ The second term on the right-hand side of (26) gives nb, +¢; = 0, i.e. the coefficient of z, yields the exceptional energy already
obtained in (21). This is because a; = 0 as follows by comparing (9) with (16).

+ Taking into account that, comparing (9) with (16), we also get that a, =1, b, =1 — E, — E; and b, = —F, the constant terms
on both sides of (26) yield

n
—eg=0?—EEy==F Y z;+nin—D+n(1-E - E), (29)
i=1
which can be considered as a restriction among the parameters. More explicit form of this restriction can be easily obtained
using the value of z;, from (28), and E, , from (10) and (21) for each level/state.

5. Conclusion

A two-state vibronic model was considered in one spatial dimension with a harmonic plus linear interaction for the diagonal
scattering matrix element and constant terms for the off-diagonal ones. We worked directly in the position space instead of
transforming the problem into other spaces or using integral transforms. It was shown that the problem, via proper transformations
and identities, has a hidden s/(2) symmetry which gives the exceptional part of the spectrum in a simple manner. This is of particular
interest due to various complexities and challenges of the other approaches. In particular, the present problem, which of great
importance from both research and pedagogical points of view, was solved by first transforming the equation into p— representation
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space and then working on the arising Heun-like equation in the transformed space [4]. Here, however, the exceptional part of the
spectrum was derived from quite basic ideas of quasi-exactly solvable models and elements of group theory.

Although the main purpose of this work was recognizing and introducing the hidden symmetry of the problem, the eigenfunctions
were also obtained via the Bethe ansatz approach in a systematic manner. The latter has its own limitations and complexity and is
certainly rather lengthy. Nevertheless, when compared to the other parallel approaches, it might still look more economical.

The idea might be generalized to other classes of vibronic models, on which we are working. We hope the present work renews
the interest in the analytical structure of the other vibronic and two- and/or multi-level models, which have not been extensively
explored for many realistic terms mainly due to their higher-order structure. It is also an interesting survey to consider the idea
in different fields and in particular within the so-called Generalized Uncertainty Principle (GUP) formalism where we have to deal
with higher-order wave equations, and in particular, the fourth and sixth order Schédinger equations for a frequently used form of
GUP originating from the interface of quantum physics and gravity. Work in this direction is also in progress.
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