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1 Introduction, Notation and Preliminaries
1.1 Introduction

The convergence in the strong operator topology of the means of the first iterates 7"
of a linear and continuous operator 7 : X — X on a Banach space X is called mean
ergodicity. If this convergence occurs uniformly on bounded sets of X, then 7 is called
uniformly mean ergodic. This discrete idea can be extended to “fractional iterates.”
Given a Co-semigroup {7; : X —> X};>¢ of linear and continuous operators (i.e.
Tox = x, T4y = T; Ty and | T;x — x| — O ast — 0T), we are concerned about the
convergence of the Cesaro means

1 R
T[R]ZE/O T;dt, R>0

in the strong operator topology (mean ergodicity) and uniformly on bounded sets (uni-
form mean ergodicity). This idea has been studied by many authors. See for example
[1,10,12,13].

Each semigroup {¢; : D — D};>0 of analytic functions (i.e. ¢o(z) = z, Y145 =
@; o g and ¢;(z) — z ast — 0T) defines a semigroup of composition operators
{Cyp, : HD) — H@D), f — f o @i}i>0. The question whether {Cy, };>0 is a
Cop-semigroup on different Banach spaces X € H (D) has been thoroughly studied,
beginning with the seminal work of Berkson and Porta [6]. We refer the reader to [16]
for a complete survey by Siskakis on these results and to the book [7]. The particular
case in which we are interested is the disc algebra A(DD), which was studied in [8] by
Contreras and Diaz-Madrigal. They show that the semigroup is a Co-semigroup if, and
only if, the semigroup of functions is contained in A(ID). This is actually equivalent
to the existence of a 7y > 0 such that ¢, € A(D) (see [7, Theorem 11.3.8]).

In Sect. 2 we study the (uniform) mean ergodicity and the asymptotic behaviour
of the Cop-semigroup 7 = {Cy, };>0 considered in A(ID). The case of discrete iterates
was studied in [5] by Beltrdn Meneu, Gémez-Collado, Jorda and Jornet, utilizing the
Denjoy—Wolff point. We show that 7" is mean ergodic if, and only if, ® = {¢};>0
has a unique common fixed point (its Denjoy—Wolff point). If ® has its Denjoy—Wolff
point in D, then mean ergodicity, uniform mean ergodicity, pointwise convergence
of Cy, as t — oo, norm convergence of Cy, as ¢ — 00 and uniform convergence
of ¢; on D to the Denjoy—Wolff point as 1 — oo are all equivalent. The situation
differs when the Denjoy—Wolff point is on dID. In this case pointwise convergence of
Cy, ast — 00 is equivalent to uniform convergence of ¢; on D to the Denjoy—Wolff
point as t — 0o0. Moreover, 7 is never uniformly mean ergodic in this case. We also
characterize all these properties in terms of the planar domain €2 associated to ® in
the sense of Berkson and Porta [6].

In Sect. 3 we consider the semigroups on Hardy spaces H? and Bergman spaces A?,
for 1 < p < co. We show that 7 is mean ergodic if, and only if, 7 is equicontinuous
if, and only if, the Denjoy—Wolff point of @ is in D.
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1.2 Notation and Preliminaries

A family of continuous and linear operators 7 = {7} },>0 on a Banach space X is called
a semigroup if To = I is the identity operator and T;; = T; T, for every ¢, s > 0. If in
addition 7 satisfies lim;_, ¢+ T;x = x for all x € X, then 7 is called a Cy-semigroup
(or a strongly continuous semigroup).

If 7 is a Cp-semigroup we define its Cesaro means as

1 R
T[R]x:—f Tixdt, xe€X, R>0.
R Jo

These means are continuous and linear operators. If the net {7jz)x}r~0 converges as
R — oo forevery x € X, we say 7 is mean ergodic. If the net {Tjg)} g0 converges
in norm as R — oo, we say 7 is uniformly mean ergodic, see [1,10,12,13].

As usual, H (D) denotes the space of holomorphic functions on the unit disc. A
family & = {¢; : D — D};>0 C H(D) is a semigroup if it satisfies ¢o(z) = z,
r45(2) = ¢r(s(2)) and lim;_, o+ ¢;(z) = z. A semigroup of analytic self-maps of
the disc always defines a semigroup of composition operators on H (D) by {Cy, :
H(D) — HD), f +— f o@t}>0. This type of composition semigroups has been
intensively studied by Berkson and Porta in [6]. They showed that every semigroup
of analytic functions defines a Cp-semigroup of composition operators on the Hardy
spaces HP, for 1 < p < oo. Siskakis showed in [15] that this also holds for the
Bergman spaces A?, with 1 < p < oo and explains in [16, p.8] how there are no non-
trivial semigroups @ defining Cp-semigroups on H*°. Contreras and Diaz-Madrigal
in [8] studied the case of the disc algebra A (D) (see Theorem 1.3).

Before presenting the general theory of semigroups of analytic self-maps of D, we
consider two simple but typical examples.

o ¢;(z) = e ¢z, for Rec > 0. If Rec = 0, we have that each ¢, is a rotation. If
Re ¢ > 0, then the ¢, are contractions of the disc, and, for each z € D, ¢;(z) — O as
t — oo.

e 0 (z) = e 'z+1—e~". Each symbol of this semigroup maps the unit disc into a
disc of radius e’ tangent to the unit disc at 1. It satisfies that ¢, (1) = 1 and for each
zeD, ¢ (z) > last — oo.

The convergence of ¢; to 0 and 1 respectively in these examples is actually similar
to the general case.

Theorem 1.1 (Denjoy—Wolff) If ® = {¢; : D — D},>0 C H(D) is a semigroup of
analytic functions, which is not the trivial semigroup, then it is of one of the following
three mutually exclusive types:

(00) The ¢; have a unique common fixed point b € D and |¢;(b)| = 1.
(0) The ¢; have a unique common fixed point b € D and ¢; — b ast — o0
uniformly on compact sets of D.
(1) There is b € 0D such that ¢; — b as t — oo uniformly on compact sets of D.

Following the theory of self-maps of the disc, we call the point » in (0) and (1) the
Denjoy-Wolff point of ®.



52 Page4of15 L. Frerick et al.

In the cases (00) and (0) we can always consider b = 0, since the M&bius transfor-
mation

b—z
7) = —, ze€D
op(2) -

interchanges b and 0. Therefore v, := ¢ o ¢ o ¢, fixes 0 and Cy, = Cy,Cy, Cg,
keeps the dynamical properties of Cy, . In particular if @ is of the first type, then each
@; is an elliptic automorphism and v, (z) = o'z for some o € 3D.

In the case (1), we can always consider b = 1 by interchanging b with 1 by
Y, (z) = by; (bz). In this case we have that ¢, has a continuous extension to b (= 1),
with ¢;(b) = b (thisisinfactnottrivial, and itis not true in general for holomorphic self
maps, see [11] and [7, Corollary 11.3.7]). In our work we mainly consider ¢; € A(D),
then b is a fixed point in all the cases.

Before considering the geometric representation of semigroups, we give some more
examples.

e Consider the domain Q2 := {Rez > —1/2} ¢ C. The map i : D — £, given
by

h(z)zlZ ,

is holomorphic and injective. Since e’ C €, for t > 0, we can define ¢,(z) =
h~'(e~"h(z)) and we have

Z

i (z) = gl

Then ¢; € A(D) and they satisfy ¢;(0) = 0 and also ¢;(1) = 1. We have that for each
7€ ﬁ\{l}, ¢1(z) > 0ast — oo.

e For the same €2 and &, we have that Q 4+ ¢ C 2, then we can define ¢;(z) :=
h=1(h(z) +1). We get

2+t(1—-2)

Q=T na

Then also forall r > 0, @1 € A(D) and ¢, (1) = 1 is the only common fixed point. We
have that, foreach z € D, ¢;(z) — 1 ast — oo.
It turns out that these examples are very typical.

Theorem 1.2 (Berkson and Porta [6]) Let & = {¢; : D — D};>0 C H(D) be a
semigroup of analytic functions. Then:

(0) If @ is of type (00) or (0), then there is a univalent h : D —> C such that
h(b) =0, W' (b) = 1 and, for Q := h(D) andt > 0

e l.QCcQ,
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for some ¢ € C withRe ¢ > 0 and such that
@) =h""(e™ " h(2)).

Furthermore ® is of type (00) if, and only if, Re c = 0.
(1) If ®is of type (1), then there is a univalent h : D — C such that, for Q := h(D)
andt > 0,

Q+1CQ,
and such that
@1 (2) = bh™ (h(bz) + 1).

In particular if b = 1, we have ¢;(z) = hL(h(2) +1).

In both cases, the domain 2 is called the associated planar domain of ®. The existence
of €2 and / is unique, up to composition with affine transformations (see [ 7, Proposition
9.3.10] and also [4,9]), therefore we will consider 2(0) = 0 in the type (1) in the rest
of this work.

From this description one gets that for semigroups of types (0) and (1) each ¢; is
actually univalent.

This geometric description of the semigroup @ is the central point of our study of
{Cy, }1=0 which is inspired by results of Contreras and Diaz-Madrigal in [8].

To formulate one of their main results we denote by d A the boundary of the set A
in C and by 0 A the boundary of the set A in C:=cu {oo}. A set A in a topological
space is called locally connected if each point of A has a basis of neighbourhoods
formed of connected open sets.

Theorem 1.3 (Contreras and Diaz-Madrigal [8]) Let @ = {¢; : D — D};50 be a
semigroup with associated planar domain Q2. The following assertions are equivalent:

(i) @ defines a Co-semigroup of operators on A(D),
(ii) ¢ € A(D), forallt > 0,
(iii) ¢r € A(D), for some t > 0.

Furthermore, the following are also equivalent:

(iv) 002 is locally connected, o .
(v) h: D — Q has a continuous extension h : D — C.

In addition, (iv) implies (i) and if ® has an interior Denjoy—Wolff point, then also (i)
implies (iv).

The relation between the first four assertions is originally the work of [8] and it is
refined in [7, Theorem 11.3.8], while the equivalence of (iv) and (v) already appears
in the theory of univalent functions of Carathéodory. See for example [14, Chapter 2].

We now mention some examples of domains with not locally connected boundary:
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Fig.1 The domain defined by the set A

e The domain given in [8], @ = D\ (U, cn[0.4, 11 - /" U [0.4, 1]), defines a semi-
group of type (0), but the boundary is not locally connected at [0.4, 1).

e With the same ideas, Q@ = {Imz > —1}\ (U, en(—00, 0] —i(1 — %)) defines a
semigroup of type (1), but the boundary is not locally connected at (—oo, 0) —i.

e Consider the set (see Fig. 1)

A=[-1,400) x {-1}U | J [~k —2.—1] x {2k — 1,2k}

keNU{0}

U | (=k—2)x12k—1.2¢4]
keNU{0}

u | =1 =2k 2k + 1.
keNU{0}

Define 2 as the domain limited by A containing 0. Then 05,2 = A U {00}. This
domain defines a semigroup of type (1), but the boundary is not locally connected at
00.

2 Mean Ergodic Operators on the Disc Algebra

In this section we study the mean ergodicity and the asymptotic behaviour of compo-
sition Co-semigroups on the disc algebra A(D) = C (D) N H(D) endowed with the
supremum norm.

Throughout this section, ® = {¢; : D — D};>¢9 C A(D) is a semigroup and 2
and & are as in Theorem 1.2. We assume from this point that 5, €2 is locally connected
andthen 7 = {T; = Cy, };>0 is the associated Co-semigroup of composition operators
defined in A(ID). Furthermore we denote the continuous extension of & by the same
symbol.

We start by characterizing the common fixed points of ®, in terms of / and €2.

Proposition 2.1 The following assertions hold for a semigroup ® which is not formed
by elliptic automorphisms:
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(i) If z € D, then h(z) = oo if, and only if, z € 3D and ¢;(z) = z forall t > 0.
(ii) If h~'(c0) contains at least two points, then 9 is disconnected (Fig. 2).
(iii) If b € D, then there are no more common fixed points if, and only if, Q2 is
bounded.
(iv) If b € 0D, then there are no more common fixed points if, and only if, 02 is
connected.
(v) If z € 0D satisfies {@;(2)}s>0 0D, then either z is a fixed point or b € 3D and
01 (z) —> b.

Proof e Assertion (i) is precisely the Case I in the proof of [8, Theorem 1.2], see
also Proposition 13.6.1 in [7].

e (ii) follows from Proposition 4.3.5 in [7].

e We prove (iii). Clearly if there is any other common fixed point, it must be on 9D,
else & is the trivial semigroup. By (i), if there are more fixed points, then 0o € 05,2
and therefore 92 = 95,2 N C is not bounded. Conversely, if co € 9,2, then
there is z € dID with k(z) = oo and, by (i), z is a common fixed point.

e Assertion (iv) follows directly from (i) and (ii).

e It is a consequence of the Boundary Denjoy—Wolff Theorem, see [7, Theorem
14.1.1].

]

Now we characterize the mean ergodicity of 7. This result should be compared
with the characterization of mean ergodicity in the case of discrete iterates given in
[5, Theorems B1 and B2].

Theorem 2.2 7T is mean ergodic if, and only if, ® has a unique common fixed point
or ® = {id}.

Proof e First we consider the case in which @ is a group of elliptic automorphisms.
In this case there is a unique common fixed point and we have to show that 7°
is mean ergodic. Without loss of generality, up to a conjugation with a Mobius
transformations, we may assume ¢;(z) = e’z with @ € R, and since the case
o = 0 is obvious we consider o # 0.

We show that T{g) converges to the evaluation at 0, Cp : A(D) — A(D), f —
f(0). This holds for the polynomials. Indeed, let p,(z) = z" for n > 0. Then,
clearly (Tir1po)(z) =1 = (Co(po))(z). Now, for n > 0, we have

1 (R
[(Tir1Pn)(z) — (Copn)(2)| = ‘E/o &M dy —0’

n¢ iaRn __
(e Dj_ 2 7
~ Rlaln

Rian

which converges to 0 as R — oo. By the density of the polynomials in A (D) and
since || T;|loo < 1, for ¢ > 0, we deduce that T{g} — Co in A(D).

e Now we consider the case that & has a Denjoy—Wolff point 4 € ID. First note that for
allz e Dandall f € A(D) onehas f(¢:(z)) — f(b)ast — oo, the only possible
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Fig.2 Examples of disconnected boundaries of €2

limit for {7}};>0 and {T{g)} r>0 1s thus the evaluation at b, C}, : A(D) — A(D),
= fb).
Assume zo € 9D is another common fixed point of ®. Let f € A(ID) be the identity,
then for each R > 0,

| ((Tiry = Cp) (1)) (z0)| = | f (z0) — f (D),

and therefore 7 is not mean ergodic.

Assume now that ® has a unique common fixed point. We show that ¢;(z) — b as
t — oo, forall z € D. Indeed, this obviously holds for z € ID and also for z € 9D with
¢:(2) € Dfor somet > 0. Assume zg € 9D satisfies {¢;(z0)};>0 € dD.1f b € D then
this is a contradiction to ® having a unique common fixed point, by Proposition 2.1.(v).
If b € 9D, then ¢, (z0) converges precisely to b, again by Proposition 2.1.(v).

Now lete > 0, f € A(D) and z € D. Then there is fo > 0 such that | f (¢, (z)) —

f(b)| < ¢e/2, forall t > ty. Then, for R > max {%,m},

1 R
I[(Tir) — Cp) (N = ’E/o (f (@i (2)) — f(b))dt

IA

1 to 1 R
L / (f @i @) — Fb)di| + ‘— / (F @ (@) — fB)dr
R 0 R 10

_ 02 fle  R-toe
—<Eé€
- R R 2

This way we have shown that (7{g f)(z) converges to f(b) as R — oo for every
f € A(D) andevery z € D. Since A(ID) is a closed subspace of the space of continuous
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functions on the closed disc, pointwise convergence of bounded sequences in A(D)
implies weak convergence. This is a standard argument using the Riesz representation
theorem and Lebesgue dominated convergence theorem. But weak convergence is
enough to ensure mean ergodicity by a classical theorem of Eberlein [10], see also
[13, p.76] or [1, Proposition 3]. O

The characterization for mean ergodicity is thus independent of the Denjoy—Wolff
point. Other asymptotic properties however crucially depend on whether it is in the
interior or in the boundary of the disc.

Remark 2.3 1In the proof of Theorem 2.2 we show that if ® has a unique common fixed
point b which is a Denjoy—Wolff point, then ¢, (z) — b as t — oo for every z € D
and from this fact we deduce the mean ergodicity of 7. Since the mean ergodicity
already implies the uniqueness of the common fixed point, we have that these three
assertions are actually equivalent when 7 is not formed by elliptic automorphisms.

Note that if ¢;(z) — b € D ast — oo for every z € D, then actually ¢; — b
uniformly in . This follows from a direct application of Dini’s theorem. Therefore
pointwise convergence and uniform convergence are equivalent. This does not hold if
b € 0D in general, as can be seen in Example 2.7 below.

Theorem 2.4 If © has a Denjoy-Wolff b € D, then the following assertions are equiv-
alent:

(i) T is mean ergodic,

(ii) ® has a unique common fixed point,

(iii) 0K2 is bounded,

(iv) @ — b ast — oo pointwise (or uniformly) in D,
(v) IITy = Cpll > Oast — oo,

i) Ty f — f(b)ast — oo, forall f € A(D),

(vii) T is uniformly mean ergodic.

Proof The equivalence of (i), (ii) and (iv) follows from Theorem 2.2 and Remark 2.3.
The equivalence between (ii) and (iii) is Proposition 2.1.(iii).

Now we consider (iv)=>(v). Again, consider b = Oand let f € A(D) with || f||cc <
1. Define g(z) := %(f(z) — f(0)). Then g € AD), liglloo < 1 and g(0) = O.

Therefore, by the Schwarz lemma, |g(z)| < |z| for all z € D. We have, for z € D

(T = Co)(fN@I = [f(g:(2)) = fFO)] = 2] (2)].

Since by (iv) we have that for each ¢ > 0 there is 7y > 0 such that |¢;(z)| < ¢/2 for
allt > tpand z € D, we deduce that if 1 > to, |7y — Col| < e.

Finally, we see that (v) clearly implies (vi) and (vii) and also that both (vi) and (vii)
imply (i), and we conclude. O

Theorem 2.5 If ® has a Denjoy-Wolffb € 3D the following assertions are equivalent:

(i) T is mean ergodic,
(ii) ® has a unique common fixed point,
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(iii) 0K2 is connected, _
(iv) ¢, = b ast — oo pointwise in .

Proof The equivalence follows from Theorem 2.2, Proposition 2.1.(iv) and Remark 2.3.
(]

Theorem 2.6 [f ® has a Denjoy—Wolffb € 3D the following assertions are equivalent:

(i) Tif — f(b)ast — oo, forall f € A(D),
(ii) 91 — bast — oo uniformly in D,
(iii) 02 is connected and 2 does not contain horizontal lines.

Proof As usual we assume that b = 1. The equivalence of (i) and (ii) is clear by the
continuity of the f on D. For the equivalence of (ii) and (iii) note that since (ii) implies
(i), which implies (i) in Theorem 2.5, we may assume that 92 is connected and that
® has a unique common fixed point for the rest of the proof. We first show that (ii) is
equivalent to

VK C C compact 3Vt > 19, (Q+1)NK = . (%)

Indeed, assume ¢; — b as — oo uniformly in Dandlet K c Cbea compact set.
Then (C\K is a neighbourhood of co = A (1) in C. By the continuity of 4 : D — C,
we can find ¢ > 0 such that

h(B(1,e)ND) c C\K.

For this ¢ > 0, there is 7o > 0 such that for t > g, ¢, (ﬁ) C B(l,e) N D. Therefore,
we get for t > 1, (with oo 4+t = 00)

Q+1=hD) +1=hp,D) Ch(B(l,e)ND) C C\K.

__ For the converse, assume () holds. Let &¢ > 0 and define the compact set M :=
D\B(1, €). Since h~ ! ({oo}) = {1}, we have that K := h(M) is a compact set in C.
Then, for 1o > 0 as in (x), we have for r > ¢,

o) =h"'Q+1)<h '(C\K) < B(1,¢) ND.

Now we show that («) is equivalent to (iii). First assume that (iii) does not hold.
Then there is ¢ € R such that ci + R € Q. Let K = {ci}. Since ¢i —t € Q for all
t > 0, we have that for all + > 0, (5 4 t) N K # ¥, which contradicts ().

For the converse, assume () does not hold, then there are a compact set K C C
and a sequence 1, ' oo, with (2 + 1,) N K # ¢. Thus there exists a sequence
(zn)n C Q with z,, + 1, € K. By passing to a subsequence, we may assume that
cn = Im (z, +t,) = Im z,, converges to ¢ € R. Then the line ci + R is contained in
Q, contradicting (iii).

Indeed, if s 4+ ic ¢ Q for some s € R, then, since (C\§ is open, there exists
e > Osuchthat s +i(c — &, ¢ + &) € C\Q. By the geometry of Q, we have that
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Q Q
XO XO

Q Q
XO / XO

Fig.3 Pairs of similar domains with different behaviour

{t+i(c—¢e,c+e) :t<s}C (C\ﬁ, which contradicts the convergence of ¢, — c.
O

Example 2.7 We show an example where 92 is connected and contains horizontal
lines. Define the (not normalized) Koebe map by

2
hi(2) :=<1+Z) _1
1—1z

Then 2 = hg (D) = C\(—o0, —1]has connected boundary and contains horizontal
lines.

According to Theorems 2.5 and 2.6, the semigroup 7 defined by ¢;(z) =
h;l (hk (z) + 1) is mean ergodic but C, is not pointwise convergent. One can actually
see this by noting that for each ¢ > 0 there is o, € 9D with ¢;(e;) = —1.

Some other examples showing the difference between Theorem 2.5 and Theo-
rem 2.6 can be seen in Fig. 3.

Theorem 2.8 If © has a Denjoy-Wolff b € 0D, then T is not uniformly mean ergodic.
In particular, T is not convergent in norm.

Proof We may assume that 92 is connected since, if it were not, then by Theorem 2.5,
7 would not even be mean ergodic.
Consider the Koebe map hg : D — Qg := C\(—o0, —1], defined by

‘l 2
hg(2) :=< +Z) — 1.

11—z
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This map is a biholomorphism, has a continuous extension to ID and satisfies /1 x (0) =
0, hg (1) = ocoand hg(—1) = —1. Furthermore, i g keeps the sign of the imaginary
part, i.e., sgn(Im (z)) = sgn(Im (hg (z))), forall z e DU {—1}.

Since Q2 # C, there is wy ¢ 2. Therefore, also wg — t ¢ Q. Let sy, : @ — Qg
be defined by the shift 54, (@) = ® —wp — 1.

Now, for 0 < § < 1, define g5 : D — D by

85(2) = h' (8 - 5wy (h(2))).

We have § - Qx C Qg and therefore the functions gs are well-defined. Since each of
the functions forming gs is holomorphic, also gs is holomorphic in ID. We show that
gs € A(D). Let ¢ € 0D and define a, := 6 - 5y (h()). If oty € Qk, then gs(a) € D,
since h;l is well-defined in Q. If oy, = 00, then gs(o) = 1. And if o, = —1, then
gs(a) = —1. Now, consider «,, € (—o0, —1), then h}l(aw) contains two points of
aD, whose imaginary parts have different signs. However, if (z,,), € D is a sequence
approaching o, then (8 - 54, (7(z,))), approaches o,,. Hence, there is ng € N such that
for n > ng, we have Im (8 - 54, (h(z,))) > 0 (resp. < 0). Thus lim,,_, o, gs(2,) is the
point of h;l (otg) with positive (resp. negative) imaginary part.
To conclude, let R > 0 and O < r < R. We have

25(0:(0)) = ' (8 - 0y (h(1(0))))
=hg' (8 5y (h(0) + 1))
= (8(—wy — 1 +1)).
Hence, for every ¢ > 0 and every R > 0, there is § > 0 such that |gs(¢;(0))| < &, for

0 <t < R, since h;l (0) = 0. Therefore, we have |(T{r](gs))(0)| < ¢. Now, for each
R > 0andeach 0 < ¢ < 1, we have, for § small enough,

|((Tiry — C1)gs) (0)] = [(C1g8)(0)] — [(T1r)(86))(0)] > 1 —¢.

From this we deduce that 7 is not uniformly mean ergodic. Thus it is also not norm
convergent. O

Open Question At the beginning of the current section we assumed 0,2 to be
locally connected. We do this to ensure the existence of the continuous extension of &
to ID. This is not necessary if the Denjoy—Wolff point is in the interior of the disc (see
Theorem 1.3). Do the Theorems 2.5 and 2.6 still hold without this assumption?

3 Mean Ergodic Operators on Bergman and Hardy Spaces

In this section we deduce a characterization for mean ergodicity on the spaces A” and
HP forl < p < oo.
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For 1 < p < o0, the Bergman space of order p is

AP = (f e HD) : | fI%, :=/D|f(z)|”dA(z) < o},

where d A is the normalized Lebesgue measure on .
For 1 < p < oo, the Hardy space of order p is

2
H? :={f e HD) : || fI5, = lim L/ |f (re'?)|Pdo < oo).
r—>1- 21 0

In [6] and [15] it is proved that every semigroup & defines a Cp-semigroup of
composition operators in H” and A?,for 1 < p < oo. Arendtet al. already considered
this type of Cp-semigroups in [2,3].

In the case of the discrete iterates {7}, of an operator T the concept of power
boundedness means that the set {T"},, is equicontinuous. In the case when T is defined
on a Banach space, power boundedness happens when sup || 7" | < oo. In our contin-
uous case we consider the property of {Cy, },>0 being equicontinuous, related to the
mean ergodicity. We remark here that in the case of A(D), we have ||Cy,|| < 1, for
every t > 0, therefore the equicontinuity is trivial.

Theorem 3.1 Let ® = {¢; : D —> D};>0 be a semigroup, with a Denjoy-Wolff point
b € D, generating the semigroup of operators T = {T; = Cy,};>0 on AP or H?, with
1 < p < o0. Then the following assertions are equivalent:

(i) beD,
(ii) T is equicontinuous,
(iii) T is mean ergodic.

Proof Assume (i), without loss of generality, we may assume that » = 0. By [17,
Theorem 11.6],

2

1+|<p,<0>|)p
C p _
1Corlla S(1—|¢t<0)|

and

1
1+|§0r(0)|>1’
C P _ .
1Cy, I 5 S<1—|go,(0)|

Since ¢;(0) = 0 for all > 0, we deduce (ii).

Now assume (ii). For p > 1, the spaces A” and H” are reflexive. Therefore,
equicontinuity already implies mean ergodicity, by well-known results, see e.g. [,
Corollary 2].

For the case of p = 1 note that the continuous inclusions A2 < A' and H> — H'!
have dense range, therefore (Cy,); is an equicontinuous net, which is convergent to
Cy in the weak operator topology on a dense subspace. Thus (Cy, ), also converges in
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the weak operator topology to C in L(A') and L(H'). Again, we deduce the mean
ergodicity from the convergence in the weak operator topology, see e.g. [13, p.76].

To prove that (iii) implies (i), suppose b € 9D. Then f(z) = log(b — z) defines

a function f € AP and f € HP. Let §) be the evaluation at 0, then 8y € (A”)’ and
8y € (HP)'. We have

lim [8o(Tiry f)| = lim [Redo(Tr) )|
R—o0 R—o0

1 R
= lLim ‘ReE/ log(b — ¢, (0))dt| = co.
0

R—o00

Hence {T{r) f}r>0 is not weakly bounded, it is therefore not bounded. Thus it is

not convergent and 7 is not mean ergodic. O

Author Contributions Not applicable.

Funding The second author was partially supported by the project MTM2016-76647-P and also partially
supported by the grant PAID-01-16 of the Universitat Politecnica de Valencia.

Code availability Not applicable.

Declarations

Conflict of interest The authors declare that they have no conflicts of interest.

References

10.

1.

12.

. Albanese, A.A., Bonet, J., Ricker, W.: Mean ergodic semigroups of operators. Rev. R. Acad. Cienc.

Exactas Fis. Nat. Ser. A Mat. RACSAM 106(2), 299-319 (2012)

. Arendt, W., Chalendar, I., Kumar, M., Srivastava, S.: Asymptotic behaviour of the powers of compo-

sition operators on Banach spaces of holomorphic functions. Indiana Univ. Math. J. 67(4), 1571-1595
(2018)

. Arendt, W., Chalendar, 1., Kumar, M., Srivastava, S.: Powers of composition operators: asymptotic

behaviour on Bergman, Dirichlet and Bloch spaces. J. Aust. Math. Soc. 108(3), 289-320 (2020)

. Arosio, L., Bracci, F.: Canonical Models for holomorphic iteration. Trans. Am. Math. Soc. 368(5),

3305-3339 (2016)

. Beltran Meneu, M.J., Gémez-Collado, M.C., Jord4, E., Jornet, D.: Mean ergodic composition operators

on Banach spaces of holomorphic functions. J. Funct. Anal. 270(12), 43694385 (2016)

. Berkson, E., Porta, H.: Semigroups of analytic functions and composition operators. Mich. Math. 25,

101-115 (1978)

. Bracci, F, Contreras, M.D., Diaz-Madrigal, S.: Continuous Semigroups of Holomorphic Self-maps of

the Unit Disc. Springer Monographs in Mathematics (2020)

. Contreras, M.D., Diaz-Madrigal, S.: Fractional iteration in the disk algebra: prime ends and composition

operators. Rev. Mat. Iberoamericana 21(3), 911-928 (2005)

. Cowen, C.: Iteration and the solution of functional equations for functions analytic in the unit disk.

Trans. Am. Math. Soc. 265(1), 69-95 (1981)

Eberlein, W.E.: Abstract ergodic theorems and weak almost periodic functions. Trans. Am. Math. Soc.
67, 217-240 (1949)

Gumenyuk, P.: Angular and unrestricted limits of one-parameter semigroups in the unit disk. J. Math.
Anal. Appl. 417(1), 200-224 (2014)

Hille, E., Phillips, R.S.: Functional Analysis and Semigroups, 4th printing Rev. Ed., American Math.
Soc., Providence (1981)



Ergodic Properties of Composition Semigroups on the Disc Algebra Page150f 15 52

13.
14.

15.

16.

17.

Krengel, U.: Ergodic Theorems. de Gruyter, Berlin (1985)

Pommerenke, Ch.: Boundary Behaviour of Conformal Maps. Grundlehren der Mathematischen Wis-
senschaften, vol. 299. Springer, Berlin (1992)

Siskakis, A.G.: Semigroups of composition operators in Bergman spaces. Bull. Aust. Math. Soc. 35,
397-406 (1987)

Siskakis, A.G.: Semigroups of composition operators on spaces of analytic functions, a review, Studies
on composition operators (Laramie, WY, 1996), 229-252, Contemp. Math. 213, Amer. Math. Soc.,
Providence, RI (1998)

Zhu, K.: Operator Theory in Function Spaces, Mathematical Surveys and Monographs, vol. 138, 2nd
edn. American Mathematical Society, Providence (2007)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.



	Ergodic Properties of Composition Semigroups on the Disc Algebra
	Abstract
	1 Introduction, Notation and Preliminaries
	1.1 Introduction
	1.2 Notation and Preliminaries

	2 Mean Ergodic Operators on the Disc Algebra
	3 Mean Ergodic Operators on Bergman and Hardy Spaces
	References




