
F

A
b
L
H
a

V
b

c

d

e

f

A

K
B
D
A
L
T

1

m
e
2
a
t
i
o
h
S
c
d
B
h
o

(

h
R

Physics of the Dark Universe 50 (2025) 102151 

A
2

 

Contents lists available at ScienceDirect

Physics of the Dark Universe

journal homepage: www.elsevier.com/locate/dark  

ull length article

ccretion disk luminosity and topological characteristics for a Schwarzschild 

lack hole surrounded by a Hernquist dark matter halo
uis M. Nieto a ,∗, Farokhnaz Hosseinifar b , Kuantay Boshkayev c,d , Soroush Zare a,b,e , 
assan Hassanabadi a,d,f
Departamento de Física Teórica, Atómica y Optica and Laboratory for Disruptive, Interdisciplinary Science (LaDIS), Universidad de 
alladolid, 47011 Valladolid, Spain
Center for Theoretical Physics, Khazar University, 41 Mehseti Street, Baku, AZ-1096, Azerbaijan
National Nanotechnology Laboratory of Open Type, 050040 Almaty, Kazakhstan
Al-Farabi Kazakh National University, Al-Farabi ave. 71, 050040 Almaty, Kazakhstan
Helsinki Institute of Physics, University of Helsinki, P.O. Box 64, FI-00014, Helsinki, Finland
Department of Physics, Faculty of Science, University of Hradec Králové, Rokitanského 62, 500 03 Hradec Králové, Czechia

 R T I C L E  I N F O

eywords:
lack hole
ark matter
ccretion disk
uminosity
opological characteristics

 A B S T R A C T

In this work, we analyze some characteristics and gravitational signatures of the Schwarzschild black hole 
immersed in a Hernquist dark matter halo. We determine the black hole’s remnant radius and mass, which 
provide useful residual information at the end of its evaporation, and we then explore the luminosity of the 
accretion disk for the model under study. In this way, we determine the key orbital parameters of the test 
particles within the accretion disk, such as angular velocity, angular momentum, energy, and the radius of 
the innermost stable circular orbit, based on the dark matter model parameters. We also numerically estimate 
the accretion disk’s efficiency in converting matter into radiation. We also demonstrate that dark matter, 
which significantly alters the geometry surrounding a Schwarzschild black hole, influences the accretion disk’s 
radiative flux, temperature, differential luminosity, and spectral luminosity. The stability of a black hole 
spacetime is determined in the eikonal regime. The Lyapunov exponent is also analyzed to quantify the stability 
of the particle regime and to demonstrate the infall into or escape from the black hole to infinity, as well as 
the quasi-normal modes. Finally, some properties of black holes are studied from a topological perspective.
. Introduction

In recent years, experimental studies in gravitational physics have 
ade considerable progress, providing compelling evidence for the 
xistence of extraordinary astrophysical objects such as black holes [1,
,2–5]. In particular, the LIGO/Virgo, Event Horizon Telescope (EHT), 
nd GRAVITY collaborations have achieved groundbreaking discoveries 
hrough their coordinated efforts. These include the detection of grav-
tational wave signals resulting from binary black hole mergers [6,7], 
bservations of the event horizon shadow of the supermassive black 
oles M87* and Sgr A* within the core of the galaxy M87 [8,9] and 
gr A* [10], and the detection of infrared flares near our galactic 
enter [11]. The study of black holes (BH) is used to understand the 
ynamics of galaxies and how they influence their evolution [12–17]. 
lack holes exhibit extremely strong gravitational phenomena and 
igh-energy physics, such as quasiperiodic oscillations, the formation 
f gigantic particle jets, gravitational lenses, and the disruption of 

∗ Corresponding author.
E-mail addresses: luismiguel.nieto.calzada@uva.es (L.M. Nieto), f.hoseinifar94@gmail.com (F. Hosseinifar), kuantay@mail.ru (K. Boshkayev), szare@uva.es 

S. Zare), hha1349@gmail.com (H. Hassanabadi).

nearby stars. From a theoretical point of view, BHs are like a laboratory 
in which one can test different predictions made by the theories of 
modified gravity, quantum gravity, and other small- or large-distance 
corrections to general relativity [1].

In parallel with the study of BH, dark matter has emerged as a 
cornerstone of modern cosmology, accounting for a large percentage 
of the total mass–energy content of the universe [18,19]. The concept 
of dark matter was first introduced in the early 20th century [20,21]. 
In 1933, while studying the Coma galaxy cluster, Zwicky observed 
that the visible mass of the galaxies was insufficient to explain the 
observed gravitational binding, leading him to propose the existence 
of an additional invisible mass that would provide the gravitational 
attraction necessary to hold the cluster together [22]. At the end 
of the 20th century, this idea gained more attention [23–25]. For 
example, the rotation curves of spiral galaxies indicated that stars in 
ttps://doi.org/10.1016/j.dark.2025.102151
eceived 18 August 2025; Received in revised form 9 October 2025; Accepted 24 O
vailable online 31 October 2025 
212-6864/© 2025 The Authors. Published by Elsevier B.V. This is an open access a
ctober 2025

rticle under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/dark
https://www.elsevier.com/locate/dark
https://orcid.org/0000-0002-2849-2647
https://orcid.org/0009-0003-7057-451X
https://orcid.org/0000-0002-1385-270X
https://orcid.org/0000-0003-0748-3386
https://orcid.org/0000-0001-7487-6898
mailto:luismiguel.nieto.calzada@uva.es
mailto:f.hoseinifar94@gmail.com
mailto:kuantay@mail.ru
mailto:szare@uva.es
mailto:hha1349@gmail.com
https://doi.org/10.1016/j.dark.2025.102151
https://doi.org/10.1016/j.dark.2025.102151
http://creativecommons.org/licenses/by/4.0/


L.M. Nieto et al. Physics of the Dark Universe 50 (2025) 102151 
the outer regions were moving much faster than expected based on 
visible mass alone [26,27]. Based on cosmological models, the total 
mass–energy content of the universe is estimated to be composed of 
5% ordinary or baryonic matter, about 27% dark matter, and about 
68% dark energy [28–30]. The different models in the exploration of 
dark matter share the common idea that dark matter has mass and 
contributes to gravity, it does not emit, absorb or reflect light and there 
are cases in which it has no electromagnetic interactions, although 
it does interact gravitationally and can affect galaxies, gravitational 
lenses and cosmic structure [31,32]. Since this type of matter does not 
interact with electromagnetic forces, it is invisible and its existence 
is inferred through gravitational effects on visible matter [20,33,34]. 
According to some models, dark matter behaves like a perfect fluid and 
can be considered a collisionless fluid, and due to its stability, it has 
a long lifetime. Dark matter can be classified as cold, warm, or hot, 
depending on whether the respective masses are of the order sub- eV, 
KeV, or GeV [35–37]. This findings led to further investigations into the 
nature of dark matter. In [38], an analytical expression for the radius of 
the BH’s shadow was found, assuming a simple spherical configuration 
of dark matter around it, and their estimates show that dark matter 
is unlikely to manifest itself in the shadows of galactic BH, unless its 
concentration near the BH is anomalously high. The importance of 
dark matter goes far beyond its gravitational influence [39–42], and 
so, for example, it plays a crucial role in the formation and evolution 
of cosmic structures, guiding the assembly of galaxies and clusters from 
primordial density fluctuations imprinted during the inflationary phase 
of the early Universe [43–46]. Current cosmological models, particu-
larly the cold dark matter framework, claim that dark matter halos 
form hierarchically through the merging of smaller structures over time 
and are made of elementary particles that were not relativistic at early 
times [47–50].

Dark matter halos provide the gravitational framework within
which baryonic matter can cool and condense, ultimately forming stars 
and galaxies. The dynamics of objects within galaxies are significantly 
affected by dark matter halos. The structural properties of these haloes, 
including their density profiles and mass distributions, are character-
ized using various mathematical models [32,51,52]. Several density 
profiles are frequently employed to describe dark matter halos, each 
one representing the characteristics of different galaxies. The Hernquist 
profile is significant for its effectiveness in describing the internal 
structure of dark matter halos, characterized by a central peak and a 
pronounced decrease in density at larger radii [53–56]. This profile 
facilitates the modeling of the gravitational potentials and the under-
standing of the dynamics of stars within galaxies. Recent advances in 
𝑁-body simulations have provided deeper insights into the assembly 
and evolution of dark matter halos, revealing how their structures 
influence galaxy formation and the cosmos in general [57]. Axial quasi-
normal modes (QNM) of black holes immersed in Hernquist-type dark 
matter halos have been investigated, revealing a universal relation-
ship between the matter environment and redshift QNMs [58]. The 
distribution of Hernquist-type matter near supermassive BH has been 
investigated, focusing on how this distribution affects key orbital prop-
erties, such as innermost stable circular orbits (ISCOs), as a function 
of the surrounding dark matter environment [59]. Polar perturbations 
of BH surrounded by the Hernquist profile and their influence on 
gravitational wave generation and energy fluxes in extreme mass-ratio 
spirals [60] have also been examined.

The investigation of accretion disks surrounding compact objects is 
a possible way to discern the distinctions between general relativity 
and several alternative theories of gravity [61–72], as well as the 
astrophysical environments in which BH are found [73–78]. Accretion 
refers to the gravitational infall of matter onto a compact object, such 
as a BH, resulting in the redistribution of energy and the generation 
of high-energy astrophysical phenomena, including relativistic jets and 
quasars [79–83]. Accretion disks are optically thick and geometrically 
2 
thin structures that form as infalling gas conserves angular momen-
tum. They initially follow metastable orbits before transitioning to 
unstable trajectories influenced by the geometry of the spacetime [84]. 
In this way, gravitational energy transforms into thermal radiation 
through viscous dissipation and magnetohydrodynamic interactions, 
with emissions reaching their peak in the inner regions of the disk, 
where relativistic effects prevail. The velocity distribution of accreting 
matter and the curvature of spacetime are the determining factors of 
the radiation spectrum, which spans wavelengths from radio to X-rays. 
Fundamental geodesic structures, such as photon orbits and the ISCO, 
define the limits of stable motion in the vicinity of a BH. In geometri-
cally thin accretion disks, the ISCO determines the inner radius of the 
disk, beyond which matter immediately falls into the event horizon. 
The boundary is crucial in determining the observable characteristics of 
the BH and the accretion efficiency. Perturbations caused by pressure 
variations, magnetic fields, or relativistic frame dragging give rise to 
epicyclic oscillations with distinct radial and vertical components. In 
the innermost regions of the accretion disk, these oscillations manifest 
as the quasi-periodic variability observed in BH systems and leave 
a characteristic imprint on the emitted spectrum. Understanding or-
bital motion and epicyclic frequency is essential for investigating the 
relativistic accretion dynamics and spacetime geometry of BH. Exten-
sive research has been carried out on BH accretion disks [85–104], 
attracting significant attention in the scientific literature.

In this work, we propose to investigate BH surrounded by a
Hernquist-type dark matter distribution. This model offers a more 
realistic representation of the matter environment around BH, unlike 
simpler assumptions such as the Schwarzschild or Kerr solutions. The 
paper is organized as follows. In Section 2, by exploring the thermody-
namic properties of these BH at the event horizon, we seek to contribute 
new insights into the structure of BH spacetime in the presence of 
dark matter. We present a brief review of the spacetime model of 
the BH surrounded by a Hernquist-type dark matter distribution and 
determine the thermodynamic properties at the horizon. In Section 3, 
we review the geodesic motion of massive particles traveling through 
the corresponding static and spherically symmetric spacetime. Subse-
quently, we explore the parameters of the geometrically thin accretion 
disk, inspired by the Novikov–Thorne and Page–Thorne models, and 
apply them to the SBH–HDM solution. Furthermore, the study of 
geodetic motion in these spacetimes provides crucial information about 
the trajectories of test particles and accretion processes, both key to 
understanding the physics of accretion disks. Our exploration of the 
geometrically thin accretion disk, within the framework of the SBH–
HDM solution, provides an updated perspective on the formation and 
evolution of these disks, with implications for observational signatures 
such as radiation profiles. In Section 4 we evaluate the impact of 
the mass density (MD) on the QNMs in the eikonal regime and in 
Section 5 we study topological thermodynamics. Finally, in Section 6 
we summarize the main results of this article and draw our conclusions. 
The metric signature adopted in this study is (− + ++), with the 
constants set as 𝐺 = ℏ = 𝑐 = 1.

2. Thermodynamic properties

The spacetime metric of pure dark matter can be determined by 
considering the relationship between the tangential velocity (in the 
equatorial plane) and the static and spherically symmetric spacetime 
metric coefficients. Subsequently, by considering the dark matter halo 
within a general static spherically symmetric spacetime as an exten-
sion of the energy–momentum tensors in the Einstein field equation, 
solutions for spherically symmetric BH with a dark matter halo will 
be derived. In this section, we summarize the main equations char-
acterizing a static, spherically symmetric BH spacetime surrounded 
by a region with a Hernquist density profile. For further technical 
details on the derivation of the spacetime geometry for the SBH–HDM 
model, which has been used to study the thermodynamic and optical 
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properties of a Schwarzschild BH immersed in a Hernquist-type dark 
matter distribution (SBH–HDM) [53], we refer the reader to [105]. 
Therefore, the SBH–HDM metric is expressed as 

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑔(𝑟)
+ ℎ(𝑟)(𝑑𝜃2 + sin2 𝜃𝑑𝜙2). (1)

The density profile of the Hernquist dark matter halo is given by [106] 

𝜌(𝑟) = 𝜌𝑠

(

𝑟
𝑟𝑠

)−1 (

1 + 𝑟
𝑟𝑠

)−3
, (2)

where 𝜌𝑠 refers to the characteristic density and 𝑟𝑠 denotes the scale 
radius of the dark matter halo. Fig.  1 shows the variation of the 
Hernquist halo density profile for 𝜌𝑠 = 1 and three 𝑟𝑠 cases.

The mass profile of the dark matter distribution is 

𝑀𝐷𝑀 (𝑟) = ∫

𝑟

0
4𝜋𝜌(𝑟′)𝑟′2𝑑𝑟′ =

2𝜋𝜌𝑠𝑟2𝑟3𝑠
(𝑟 + 𝑟𝑠)2

. (3)

Using the tangential velocity of the particle 𝑣2𝑡 = 𝑀𝐷𝑀∕𝑟, consid-
ering 𝑔(𝑟) = 𝑓 (𝑟) in Eq. (1), and applying Einstein’s field equations 
𝑅𝜇𝜈 − 1

2𝑅𝑔𝜇𝜈 = 𝜅2(𝑇𝐻𝜇𝜈 + 𝑇 𝐵𝜇𝜈 ), where 𝑇𝐻𝜇𝜈  and 𝑇 𝐵𝜇𝜈 represents the 
energy–momentum tensor for dark matter halo (𝐻) and Schwarzschild 
black hole (𝐵), respectively (both obtained from 𝑇 𝜈𝜇 = 𝑔𝜈𝜆𝑇𝜇𝜆 =
diag

[

𝜌, 𝑝𝑟, 𝑝, 𝑝
]

), 𝑅 refers to Ricci scalar, 𝑅𝜇𝜈 indicates Ricci tensor, and 
𝑔𝜇𝜈 is the metric tensor of the line element (1), the author of Ref. [105] 
performed a detailed calculation and derived the explicit forms of the 
functions 𝑓 (𝑟) and ℎ(𝑟) appearing in (1), which are given by 

𝑓 (𝑟) = 1 − 2𝑀
𝑟

−
4𝜋𝜌𝑠𝑟3𝑠
𝑟 + 𝑟𝑠

, ℎ(𝑟) = 𝑟2, (4)

where it can be observed that the lapse function 𝑓 (𝑟) behaves asymp-
totically flat in 𝑟 → ∞. Fig.  2 shows the shape of 𝑓 (𝑟) for three cases of 
𝑟𝑠.

At the horizon the lapse function is zero, therefore the horizon 
radius is obtained as 

𝑟± = 1
2

(

2𝑀 − 𝑟𝑠 + 4𝜋𝜌𝑠𝑟3𝑠 ±
√

8𝑀𝑟𝑠 +
(

𝑟𝑠 − 2𝑀 − 4𝜋𝜌𝑠𝑟3𝑠
)2
)

. (5)

In the limit of 𝑟𝑠 → 0, 𝑟+ → 2𝑀 and 𝑟− → 0, and so it turns out that 𝑟+
tends to the Schwarzschild BH horizon. Therefore, the radius of the BH 
event horizon in the presence of Hernquist dark matter is considered 
𝑟ℎ = 𝑟+.

The mass of the BH as a function of horizon radius is obtained from 
𝑓 (𝑟ℎ) = 0 and is 

𝑀(𝑟ℎ) = 𝑟ℎ

(

1
2
−

2𝜋𝜌𝑠𝑟3𝑠
𝑟ℎ + 𝑟𝑠

)

, (6)

which approaches the mass of the Schwarzschild BH in the limit of 
𝑟𝑠 → 0 or 𝜌𝑠 → 0.

The Hawking temperature is calculated from 1∕(4𝜋) 𝜕𝑟𝑓 (𝑟)||
|𝑟=𝑟ℎ

 and 
by substituting the mass given in Eq. (6), the following result is ob-
tained [107–109] 

𝑇𝐻 = 1
4𝜋𝑟ℎ

−
𝜌𝑠𝑟4𝑠

𝑟ℎ(𝑟ℎ + 𝑟𝑠)2
, (7)

where it is evident that in the limit of 𝑟𝑠 → 0 or 𝜌𝑠 → 0, Eq.  (7) tends 
to the Hawking temperature of the Schwarzschild BH. Fig.  3 illustrates 
the behavior of the Hawking temperature in terms of the horizon radius 
for three values of 𝑟𝑠.

The remnant radius of the BH, which indicates the radius after the 
evaporation process, is calculated from 𝑇𝐻 |

|

|𝑟=𝑟rem
= 0 and reads [110–

112] 
𝑟rem = 𝑟𝑠

(

2𝑟𝑠
√

𝜋𝜌𝑠 − 1
)

. (8)

It can be concluded that maintaining the condition 2√𝜋𝜌𝑠𝑟𝑠 > 1, 
the remnant radius is positive. This parameter is important because 
3 
Fig. 1. Density profile in terms of 𝑟 considering 𝜌𝑠 = 1GeV∕cm3 for three 
values of 𝑟𝑠. Increasing 𝑟𝑠 results in an increase in density for each constant 𝑟.

Fig. 2. Lapse function for 𝜌𝑠 = 1 and three values of 𝑟𝑠 in terms of 𝑟. 
This function is asymptotically flat and tends to 1 as 𝑟 increases. The case 
𝑟𝑠 = 0 represents the Schwarzschild BH function, and as the influence of the 
parameter 𝑟𝑠 increases, the size of the horizon also increases.

Fig. 3. Hawking temperature curves for 𝜌𝑠 = 1 and three values of 𝑟𝑠 versus 
the horizon radius. An increase in the parameter 𝑟𝑠 causes the Hawking 
temperature to reach a maximum, resulting in a phase transition when 𝑟𝑠 is 
chosen above a certain threshold. Furthermore, increasing the size of 𝑟𝑠 causes 
this phase transition to occur at a larger radius.

if it is different from zero, at the end of the evaporation process the 
information will not disappear. Fig.  4 illustrates the variation of the 
remnant radius in terms of 𝑟𝑠 for three values of 𝜌𝑠. As expected from 
Eq. (8) and obvious in Fig.  4, increasing 𝑟𝑠 and 𝜌𝑠 results in an increase 
in the remnant radius. If the horizon radius in the BH mass Eq. (6) is 
substituted by the remnant radius from Eq. (8), the remnant mass of 
the BH can be obtained.
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Fig. 4. Remnant radius of the BH versus 𝑟𝑠 for three different values of 𝜌𝑠. For 
a remnant radius to exist, a specific condition must be met in the selection of 
the parameters 𝑟 and 𝜌𝑠. If this is true, an increase in the size of either of these 
parameters results in an increase in the remnant radius.

3. Radiative flux and spectral luminosity of the accretion disk

We begin this section with a brief review of the physical char-
acteristics of thin accretion disks according to the Novikov–Thorne 
model [80], which is a more general version of the Shakura–Sonyaev 
model [79]. The model is based on some conventional assumptions: (I) 
the spacetime of the central massive entity is stationary, axisymmetric, 
and asymptotically flat; (II) the disk mass has no influence on the back-
ground metric; (III) the accretion disk is assumed to be geometrically 
thin, with its vertical scale height essentially negligible compared to its 
radial extent; (IV) the orbiting particles are confined between the outer 
radius 𝑟OUT and the innermost stable circular orbit 𝑟ISCO, which defines 
the inner boundary of the disk; (V) the accretion disk is confined to 
the equatorial plane (𝜃 = 𝜋∕2) of the central compact object, so that its 
surface lies perpendicular to the BH’s spin axis; (VI) under the assump-
tion of hydrodynamic and thermodynamic equilibrium, the disk emits 
electromagnetic radiation with a blackbody spectrum characteristic of 
its local temperature; (VII) the mass accretion rate, 𝑚̇, is considered 
constant in time [100]. The radiation emanating from the accretion 
disk can be strongly affected by the parameters of the BH, making this 
research essential for understanding the physical characteristics of BH 
and their effects on the results of astrophysical observations. In this 
work, we first investigate the ISCO of massive test particles within the 
BH’s gravitational field, described by the spacetime metric (1). Next, 
we explore the radiative properties of the disk, which are essential for 
characterizing its observable signatures. To do this, it is first necessary 
to explore the geometry of the space where particles travel near a 
compact object [88]. The Lagrangian governing the geodesic motion 
of test particles moving around a massive object is [113–115]: 

2 = 𝑔𝜇𝜈 𝑥̇
𝜇 𝑥̇𝜈 = −𝑓 (𝑟)𝑡̇2 + 𝑟̇2

𝑓 (𝑟)
+ ℎ(𝑟)(𝜃̇2 + sin2 𝜃𝜙̇2), (9)

where the dot represents the derivative with respect to 𝜏, which is 
an affine parameter along the geodesic 𝑥𝜇(𝜏). The metric coefficients 
are only functions of the radial coordinate 𝑟. Furthermore, we employ 
an equatorial approximation, indicating that |𝜃 − 𝜋∕2| ≪ 1. Since the 
aforementioned metric does not depend on the coordinates 𝑡 and 𝜙, we 
expect to have two constants of motion, namely the energy 𝐸 and the 
angular momentum per unit rest-mass 𝐿 [116–118], given by 
𝐸 = 𝑓 (𝑟)𝑡̇, 𝐿 = ℎ(𝑟)𝜙̇, (10)

A significant attribute of the thin accretion disk is the effective potential 
𝑉eff(𝑟). The radial equation of motion is derived from the relation  =
−1∕2, considering Eqs. (9) and (10), as follows: 
1 𝑟̇2 + 𝑉 (𝑟) = 1𝐸2, (11)

2 eff 2

4 
in which the effective potential is 

𝑉eff(𝑟) =
𝑓 (𝑟)
2

(

1 + 𝐿2

𝑟2

)

. (12)

The circular orbit moves through the minimum point of the effec-
tive potential. In the absence of a minimum (i.e., when the potential 
exhibits‘‘smooth’’ behavior), circular orbits are unstable at a specific 
point. The ISCO is related to a marginally stable circular orbit. For such 
a trajectory, the conditions 𝑑𝑟𝑑𝜏 = 0 and 𝑑2𝑟

𝑑𝜏2
= 0 must be met. To ensure 

marginal stability, the additional requirement 𝑑3𝑟∕𝑑𝜏3 = 0 must also be 
met. Applying these requirements to Eq. (11), the following equivalent 
set of expressions is obtained [104,119]: 

𝑉eff(𝑟) =
1
2
𝐸2, 𝜕𝑟𝑉eff(𝑟) = 0, and 𝜕2𝑟𝑉eff(𝑟) = 0. (13)

All circular orbits beyond the ISCO are stable, unless there is an 
outermost stable circular orbit. Only the first two equations of (13) 
are required for general circular orbits. These equations can be used 
to obtain both the specific energy 𝐸 and angular momentum 𝐿 of a 
massive particle in a circular orbit of radius 𝑟 [120]:

𝐿(𝑟) =
𝛺(𝑟)ℎ(𝑟)

√

𝑓 (𝑟) +𝛺(𝑟)2ℎ(𝑟)

=
𝑟
√

𝑀(𝑟 + 𝑟𝑠)2 + 2𝜋𝜌𝑠𝑟2𝑟3𝑠
√

𝑟
(

(𝑟 + 𝑟𝑠)2 − 2𝜋𝜌𝑠𝑟3𝑠 (3𝑟 + 2𝑟𝑠)
)

− 3𝑀(𝑟 + 𝑟𝑠)2
, (14)

𝐸(𝑟) =
𝑓 (𝑟)

√

𝑓 (𝑟) +𝛺(𝑟)2ℎ(𝑟)

=
(𝑟 − 2𝑀)(𝑟 + 𝑟𝑠) − 4𝜋𝜌𝑠𝑟𝑟3𝑠

√

𝑟
(

(𝑟 − 3𝑀)(𝑟 + 𝑟𝑠)2 − 2𝜋𝜌𝑠𝑟𝑟3𝑠 (3𝑟 + 2𝑟𝑠)
)

. (15)

The angular velocity of the particle in the orbit is given by [121] 

𝛺(𝑟) =

√

𝜕𝑟𝑓 (𝑟)
𝜕𝑟ℎ(𝑟)

=

√

𝑀(𝑟 + 𝑟𝑠)2 + 2𝜋𝜌𝑠𝑟2𝑟3𝑠
𝑟3∕2(𝑟 + 𝑟𝑠)

, (16)

where Eqs. (14), (15) and (10) have been used [80,120]. The re-
quirement 𝜕2𝑟𝑉eff(𝑟) = 0 gives 𝑟ISCO. Hence, the radius of the ISCO 
surrounding the SBH–HDM can be determined by [122] 

𝐸(𝑟)2𝜕2𝑟ℎ(𝑟) − 𝐿(𝑟)
2𝜕2𝑟 𝑓 (𝑟) − 𝜕

2
𝑟 (𝑓 (𝑟)ℎ(𝑟))

|

|

|

|𝑟=𝑟ISCO
= 0. (17)

Using 𝑓 (𝑟) and ℎ(𝑟) from Eq. (4), and angular velocity, energy, and 
angular momentum from Eqs. (14)–(16), and substituting them into 
Eq. (17), 𝑟ISCO is calculated from Eq.  (18) in Box  I. A dark matter 
halo surrounding a BH modifies the gravitational field felt by nearby 
particles, which can cause the ISCO to shift outward if the halo exerts 
a strong pull. The magnitude of this shift depends on characteristics 
of the halo, such as its density and slope, and most models suggest 
the ISCO radius increases compared to empty space solutions. Because 
the ISCO is sensitive to these changes, it can help scientists study 
the area around BHs, allowing them to gather observational data on 
X-ray emissions from surrounding accretion disks [123–125]. Fig.  5 
illustrates the variation of the ISCO radius as a function of 𝑟𝑠∕𝑀 , 
together with the angular velocity, angular momentum, and energy 
profiles for 𝜌𝑠𝑀2 = 1 and selected values of 𝑟𝑠∕𝑀 , plotted as functions 
of the radial coordinate 𝑟∕𝑀 . As expected, in the limit of 𝑟𝑠 → 0, 
the BH metric function in Eq. (4) tends to that of the Schwarzschild 
BH. Consequently, the initial value of the black hole’s ISCO radius is 
similar to the Schwarzschild black hole’s ISCO radius, which is 6𝑀 . 
With a constant 𝑟𝑠∕𝑀 and an increase in 𝜌𝑠𝑀2, the total mass increases, 
resulting in greater stability as the particle is positioned at a larger 
radius. An increase in either the 𝑟𝑠∕𝑀 or 𝜌𝑠𝑀2 parameters leads to an 
increase in the size of the ISCO radius. For small 𝑟𝑠∕𝑀 , the sensitivity 
of 𝑟ISCO to variations in 𝜌𝑠𝑀2 is low. However, as 𝑟𝑠∕𝑀 increases, the 
sensitivity of 𝑟ISCO to changes in 𝜌𝑠𝑀2 becomes more pronounced. On 
the other hand, at constant 𝜌 𝑀2, the sensitivity of 𝛺(𝑟) to changes 
𝑠
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2𝑀(6𝑀 − 𝑟)(𝑟 + 𝑟𝑠)3 − 4𝜋𝜌𝑠𝑟𝑟3𝑠
(

𝑟2(𝑟 + 3𝑟𝑠) − 2𝑀
(

6𝑟2 + 9𝑟𝑟𝑠 + 𝑟2𝑠
))

+ 48𝜋2𝜌2𝑠𝑟
3𝑟6𝑠

𝑟(𝑟 + 𝑟𝑠)
(

(𝑟 − 3𝑀)(𝑟 + 𝑟𝑠)2 − 2𝜋𝜌𝑠𝑟𝑟3𝑠 (3𝑟 + 2𝑟𝑠)
)

|

|

|

|

|𝑟ISCO

= 0. (18)

Box I. 
Fig. 5. The radius of the ISCO, 𝑟ISCO, in terms of 𝑟𝑠∕𝑀 , and the behavior of angular velocity, angular momentum, and energy considering 𝜌𝑠𝑀2 = 1. The presence 
of the Hernquist dark matter around the BH, although it increases the ISCO radius and raises the value of 𝛺(𝑟) and 𝐸(𝑟), decreases the magnitude of the angular 
momentum of the test particle.
in 𝑟𝑠∕𝑀 is low, while the sensitivities of 𝐿(𝑟) and 𝐸(𝑟) are higher. In 
the presence of Hernquist dark matter, particles on the accretion disk 
exhibit higher values of velocity and angular momentum, as well as 
lower energy compared to the Schwarzschild BH. As 𝑟𝑠∕𝑀 increases, 
the disparity in these quantities for the Hernquist dark matter BH 
compared to the Schwarzschild BH becomes more pronounced. In all 
cases, as 𝑟∕𝑀 approaches infinity, we expect 𝛺 to tend toward zero, as 
the effects of dark matter diminish. Furthermore, with 𝑟∕𝑀 constant, 
increasing 𝑟𝑠∕𝑀 results in a larger angular velocity due to the increased 
mass. The angular velocity decreases with increasing orbital radius, 
and with dark matter the angular velocity is slightly greater at the 
same radius because the presence of dark matter adds additional mass 
content outside the BH and thus orbiting particles feel a stronger pull 
and must move faster to maintain circular motion and the Hernquist 
halo causes the angular velocity at a given radius to be greater than the 
Schwarzschild, as the halo adds gravitational mass. Of course, angular 
velocity always decreases as the radius increases because gravity is 
weaker further away.

In relativistic orbital mechanics, the specific energy 𝐸(𝑟) is the 
conserved energy per unit rest mass of a test particle, and we expect 
that at infinity, the energy reaches saturation 𝐸 = 1 that means just 
the rest energy and for bound orbits, 𝐸 < 1. Therefore, it is obvious 
that the smaller 𝐸(𝑟), the stronger the particle’s binding. Comparing 
Schwarzschild dark matter with Schwarzschild + Hernquist dark mat-
ter (SBH–HDM), Fig.  5 shows that, for the same radius, 𝐸(𝑟) in the 
5 
halo case is slightly smaller than in Schwarzschild, meaning that the 
particles in the halo case are more bound.

On the other hand, 𝐿(𝑟) is larger in the presence of dark matter 
than in the Schwarzschild with the same radius. With the presence of 
dark matter, the gravitational attraction becomes stronger than in the 
Schwarzschild case, and to maintain equilibrium against the greater 
gravitational attraction (BH + halo), the particles must have greater 
orbital angular momentum, and in this case, the centrifugal barrier is 
stronger. If we consider a particle orbiting the BH, with just the BH, it 
needs a certain angular momentum to keep it from falling inward, but 
with additional mass including the BH plus dark matter, it must spin 
faster (higher 𝐿) to keep it from falling inward.

The energy flux emitted by the accretion disk surrounding the BH 
refers to the amount of energy radiated per unit area per unit time, and 
is measured at the ISCO. It is obtained from [126–128] 

 (𝑟) = − 𝑚̇
4𝜋

√

ℎ(𝑟)

𝜕𝑟𝛺(𝑟)
(𝐸(𝑟) −𝛺(𝑟)𝐿(𝑟))2 ∫

𝑟

𝑟ISCO
(𝐸(𝑅) −𝛺(𝑅)𝐿(𝑅))𝜕𝑅𝐿(𝑅)𝑑𝑅,

(19)

where 𝑚̇ is the accretion rate mass. Since all the physical quantities 
under the integral are well defined, we do not face any problem related 
to numerical integration, since explicit analytical expressions even exist 
for them. The integration is performed from 𝑟ISCO to an arbitrary 
distance. For simplicity, we can assume it is constant and take 𝑚̇ = 1, 
which is equivalent to taking into account the normalized flux per 
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Fig. 6. For 𝜌𝑠𝑀2 = 1, the energy flux is represented in the left panel and the radiation temperature in the right panel. Although the presence of Hernquist dark 
matter increases the energy flux and radiation temperature at small 𝑟∕𝑀 , at large 𝑟∕𝑀 this effect is reversed and the presence of Hernquist dark matter decreases 
the energy flux and radiation temperature.
unit accretion rate, i.e.,  (𝑟)∕𝑚̇ [120]. Using the Stefan–Boltzmann law, 
 (𝑟) = 𝜎𝑆𝐵𝑇 (𝑟)4, where 𝑇 (𝑟) refers to the radiation temperature and 𝜎𝑆𝐵
indicates the Stefan–Boltzmann constant.

Fig.  6 shows the energy flux and radiation temperature curves 
considering 𝜌𝑠𝑀2 = 1 for three different values of 𝑟𝑠∕𝑀 .

The regions closest to the BH are hotter and brighter, but due 
to the Hernquist dark matter distribution from zero to infinity, the 
gravitational pull extends outward. The innermost region of the disk 
cools slightly, while the outer regions radiate more intensely than in 
the pure Schwarzschild case. Inside the ISCO, matter plunges into the 
BH in unstable orbits. Once it passes through, it can no longer maintain 
a circular trajectory and falls almost freely. Due to its rapid fall, there 
is no time for viscous stresses to extract orbital energy and convert 
it into radiation. The peak flux/temperature is not at the innermost 
point because, inside the ISCO, matter is falling too quickly to radi-
ate, and this is where maximum dissipation occurs. Hence, maximum 
radiation occurs just outside the ISCO, where viscous processes are still 
active. In the case of the Hernquist halo, the shape of the gravitational 
potential changes, shifting the location where viscous stresses can 
operate most efficiently. As a result, the flux/temperature peak shifts 
outward, and the maximum value is somewhat reduced compared to 
the Schwarzschild. It is observed that as 𝑟∕𝑀 increases, the energy 
flux reaches a maximum value before subsequently decreasing, and 
as 𝑟𝑠∕𝑀 increases, the maximum value of  (𝑟), which is located at 
𝜕𝑟 (𝑟)||

|𝑟=𝑟𝑐
= 0, also decreases, occurring at a smaller 𝑟∕𝑀 value. 

Although the energy flux for the Schwarzschild BH is initially higher 
at small radii compared to the BH with Hernquist dark matter, the 
magnitude of energy flux increases in the presence of Hernquist dark 
matter at larger radii. The larger the 𝑟𝑠∕𝑀 , the greater the value of  . 
A similar trend is observed for the radiation temperature.

Figs.  7–8 depict the behavior of the radiation temperature density. 
In Fig.  7, considering 𝜌𝑠𝑀2 = 1, the radiation temperature variations 
are graphed on an 𝑥–𝑦 Cartesian plane corresponding to the equator. 
After crossing the horizon (marked by the black disk), the emitted 
temperature is initially zero, reaches its maximum after the ISCO 
radius, and then gradually decreases. As anticipated in Fig.  6, while 
increasing the parameter 𝑟𝑠∕𝑀 leads to a reduction in the maximum 
source radiation temperature, this maximum occurs at a larger radius. 
Furthermore, while at smaller radii, a lower 𝑟𝑠∕𝑀 corresponds to 
higher temperatures, at larger radii, a higher 𝑟𝑠∕𝑀 results in higher 
temperature values.

Fig.  8 shows the temperature behavior in terms of 𝑟∕𝑀 and 𝑟𝑠∕𝑀 . 
As indicated in Fig.  6, as 𝑟𝑠∕𝑀 increases, the maximum radiation 
temperature decreases and occurs at a larger radius.

By fixing 𝑚̇, the differential luminosity at infinity, which indicates 
the total amount of energy emitted by the accretion disk per unit time 
that reaches an observer at infinity, is determined as [93,129,130] 
𝑑∞ = 4𝜋𝑟2𝐸(𝑟) (𝑟). (20)

𝑑 ln 𝑟

6 
The spectral luminosity distribution at spatial infinity is calculated 
from [131,132] 

𝜈𝜈,∞ = 15
𝜋4 ∫

∞

𝑟𝑖

(

𝑑∞
𝑑 ln 𝑟

)

(𝑢(𝑟)𝑦)4

𝑀2
𝑇 (𝑟)

1

exp
⎛

⎜

⎜

⎝

𝑢(𝑟)𝑦
[

𝑀2
𝑇 (𝑟)

]1∕4

⎞

⎟

⎟

⎠

− 1

𝑑 ln 𝑟, (21)

where 

𝑢(𝑟) = 1
√

𝑓 (𝑟) +𝛺2(𝑟)ℎ(𝑟)
. (22)

Here 𝑀𝑇  is the total mass of the BH and the halo, with the halo 
mass given in Eq. (3), and the variable 𝑦 is 𝑦 = ℏ𝜈∕𝑘𝑇∗, where ℏ is 
Plank’s constant, 𝜈 is the radiation frequency, 𝑘 indicates the Boltzmann 
constant and 𝑇∗ = 𝑚̇∕

(

4𝜋𝑀2
𝑇 𝜎SB

)

.
Fig.  9 represents the variation of the differential luminosity at 

infinity and the spectral luminosity for 𝜌𝑠𝑀2 = 1 and three values of 
𝑟𝑠∕𝑀 . Different accretion disk radii emit at different frequencies. Dark 
matter re-tunes the spectrum, since at small radii the halo-enhanced BH 
disk emits less total light (lower peak), and at larger radii, the halo disks 
radiate more intensely, redistributing the spectrum. Schwarzschild is 
bluer-hot, but HDM disks are slightly redder and broader, and the 
spectral peak is shifted. Hernquist dark matter reshapes the observable 
spectrum, which is a crucial astrophysical signature that can help 
distinguish BHs in dense DM environments. It is observed that the 
differential luminosity at infinity exhibits energy flux-like behavior, and 
at constant 𝜌𝑠𝑀2, an increase in 𝑟𝑠∕𝑀 results in a lower maximum 
value of 𝑑∞

𝑑 ln 𝑟 , which occurs at lower 𝑟∕𝑀 .
The right panel of Fig.  9 illustrates how the presence of a Hernquist 

dark matter halo modifies the spectral luminosity of the accretion disk 
compared to the standard Schwarzschild case. In the Schwarzschild 
geometry, the innermost regions of the disk remain hotter, resulting 
in a larger contribution at high frequencies, especially in the blue and 
X-ray bands of the spectrum. Conversely, when the BH is embedded in 
a dark matter halo, the gravitational influence of the halo redistributes 
the dissipation of orbital energy over a wider region of the disk. 
This redistribution results in a cooler inner disk and a comparatively 
brighter outer disk. The spectral energy distribution shifts toward lower 
frequencies: the luminosity increases in the low-energy regime (red, 
optical, and infrared) but is suppressed at higher energies (blue and 
X-ray). In general, this behavior reflects the fact that dark matter halos 
broaden the spatial extent of efficient radiation while reducing the 
maximum temperature of the accretion disk, thus producing a redder 
and less intense spectrum in the high-frequency tail than that of a naked 
Schwarzschild BH. It is evident that while at small 𝑟∕𝑀 the spectral 
luminosity of the BH in the presence of Hernquist dark matter is higher 
and increases with higher 𝑟𝑠∕𝑀 , at a large 𝑟∕𝑀 the trend is reversed 
and the Schwarzschild BH exhibits a higher luminosity.
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Fig. 7. Radiation temperature for 𝜌𝑠𝑀2 = 1 in the equatorial Cartesian coordinate plane 𝑥 − 𝑦.
Fig. 8. The behavior of the radiation temperature when varying 𝑟𝑠∕𝑀 and 𝑟∕𝑀 for three options of 𝜌𝑠𝑀2.
Fig. 9. For 𝜌𝑠𝑀2 = 1, the differential luminosity at infinity is shown in the left panel and the observed spectral luminosity in the right panel.
Redshift is the change in frequency (or wavelength) of a photon, 
measured by different observers, resulting from two main effects: grav-
itational redshift, where photons lose energy as they scape from a 
gravitational field, and Doppler shift, where relative motion alters the 
frequency. Together, these effects reveal information about both the 
motion of the source and observer and the gravitational field the photon 
has passed through [133,134]. The ratio between the frequency of a 
photon detected by a distant observer and the emitted frequency, as 
influenced by the redshift, is calculated from [125] 

𝑔̃(𝑟) = 1
1 + 𝑧

=

√

𝑓 (𝑟) − 𝑟2 sin2 𝜃𝛺2(𝑟)

1 +𝛺(𝑟)𝑟 sin𝜙 sin 𝜓̃
, (23)

where 𝜓̃ refers to small inclination angle that we set to 𝜓̃ = 0, and 
𝑓 (𝑟) and 𝛺(𝑟) are defined in (4) and (16), respectively. In Table  1, 
we present the redshift-factor for some values of 𝑟𝑠∕𝑀 and 𝜌𝑠𝑀2 at 
the first, second, and third multiples of 𝑟ISCO∕𝑀 . In Fig.  10, the curve 
of 𝑔̃ as a function of 𝑟∕𝑀 is presented considering 𝜌𝑠𝑀2 = 1 for the 
case 𝜃 = 𝜋∕6. We note that, for flat spacetime, as 𝑟∕𝑀 approaches 
infinity, redshift factor converges to unity and becomes independent of 
7 
Table 1
𝑔̃–factor considering 𝜃 = 𝜋∕6.
 𝑟𝑠∕𝑀 𝜌𝑠𝑀2 𝑟ISCO∕𝑀 𝑔(𝑟ISCO∕𝑀) 𝑔(2 𝑟ISCO∕𝑀) 𝑔(3 𝑟ISCO∕𝑀) 
 0.3 0.5 6.4445 0.7891 0.9006 0.9348  
 0.5 0.5 7.9705 0.7836 0.8974 0.9326  
 0.3 1.0 6.8970 0.7880 0.8999 0.9344  
 0.5 1.0 10.0894 0.6608 0.8448 0.8989  

the dark matter parameters. However, at smaller values of 𝑟∕𝑀 , with 
𝑟∕𝑀 constant, increasing the parameter 𝑟𝑠∕𝑀 decreases the magnitude 
of the redshift factor.

We can define the relative shift in redshift factor as 

𝛿𝑔̃(𝑟) =
𝑔̃SBH−−HDM(𝑟) − 𝑔̃SBH(𝑟)

𝑔̃SBH(𝑟)
(24)

In Fig.  11, 𝛿𝑔̃ is plotted as a function of 𝑟𝑠∕𝑀 at 𝑟 = 𝑟𝑖𝑠𝑐𝑜. It is observed 
that, in all these cases 𝛿𝑔 is negative and 𝑔̃SBH−−HDM(𝑟) < 𝑔̃SBH(𝑟), which 
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Fig. 10. Redshift factor in terms of 𝑟∕𝑀 , where 𝜃 = 𝜋∕6 and 𝜌𝑠𝑀2 = 1. 
Although with a small 𝑟∕𝑀 an increase in the parameter effect should lead 
to a decrease in 𝑔̃-factor, with a large 𝑟∕𝑀 the redshift factor approaches one.

Fig. 11. Variation of 𝛿𝑔̃ in terms of 𝑟𝑠∕𝑀 for three 𝜌𝑠𝑀2 cases considering 
𝜃 = 𝜋∕6. These curves are plotted for the ISCO radius, and considering that 
the 𝑔̃-factor of the Schwarzschild BH is larger than the 𝑔̃-factor of the BH in 
the presence of Hernquist dark matter, 𝛿𝑔̃ has a negative value.

coincides with our expectations from Fig.  10. For all the above cases, 
we assume that the distant observer is at infinity.

Compared to a Schwarzschild BH in vacuum, it is also intriguing to 
determine the radiative efficiency of the source, which is the amount 
of energy from the disk’s rest mass that is transformed into radiation, 
which is 

𝜂 =
bol
𝑚̇

≃ 1 − 𝐸(𝑟ISCO), (25)

where, in light from a Schwarzschild BH, one obtains the standard 
result 𝜂 ≈ 5.72% [120]. Here, the bolometric luminosity of the accretion 
disk is denoted by bol. Fig.  12 shows the variations in efficiency 
in the presence of Hernquist dark matter as the parameter 𝑟𝑠∕𝑀 in-
creases. As can be seen, at 𝑟𝑠∕𝑀 → 0, the efficiency equals that 
of the Schwarzschild BH, and as the quantity 𝑟𝑠∕𝑀 increases, this 
improves. It is also observed that, while for a small value of 𝑟𝑠∕𝑀 , the 
efficiency increases with increasing 𝜌𝑠𝑀2, as 𝑟𝑠∕𝑀 gradually increases, 
the magnitude of this quantity becomes larger for smaller values of 
𝜌𝑠𝑀2.

4. Quasi-normal modes

Quasi-normal modes (QNMs) correspond to damped oscillations 
defined by complex frequencies that encode energy dissipation and 
reveal key physical properties of BHs, such as mass, charge, and angular 
momentum. In this section, we explore scalar field perturbations in 
SBH–HDM spacetime and derive the corresponding effective potential 
governing their dynamics.
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Fig. 12. Radiative efficiency in terms of 𝑟𝑠∕𝑀 . For 𝑟𝑠∕𝑀 = 0, the magnitude 
of the efficiency is 𝜂 = 5.7191%, which is the Schwarzschild BH efficiency.

We consider now a massless scalar field in a curved spacetime whose 
Klein–Gordon equation has the following form [135,136] 
1

√

−𝑔
𝜕𝜇(

√

−𝑔𝑔𝜇𝜈𝜕𝜈𝛹𝜔𝑙𝑚(𝐫, 𝑡)) = 0, (26)

where 𝑔𝜇𝜈 is the metric tensor, −𝑔 = 𝑟4 sin2 𝜃 is its determinant and 𝑔𝜇𝜈
is its inverse, its components being 

𝑔𝑡𝑡 = −1
𝑓 (𝑟)

, 𝑔𝑟𝑟 = 𝑓 (𝑟), 𝑔𝜃𝜃 = 1
𝑟2
, 𝑔𝜙𝜙 = 1

𝑟2 sin2 𝜃
(27)

We assume that the wavefunction is given by [137] 

𝛹𝜔𝑙𝑚(𝐫, 𝑡) =
𝑅𝜔𝑙(𝑟)
𝑟

𝑌𝑙𝑚(𝜃, 𝜙)𝑒−𝑖𝜔𝑡, (28)

where 𝑌𝑙𝑚(𝜃, 𝜙) is the spherical harmonics and 𝜔 is the frequency. Here, 
as usual, 𝑙 represents the angular quantum number (multipole) and 𝑚
denotes integers, provided that 𝑙 > |𝑚|. In the coordinates (𝜃, 𝜙) of the 
2-sphere, with 0 ≤ 𝜃 < 𝜋 and 0 ≤ 𝜙 < 2𝜋, the Laplace–Beltrami operator 
for the angular part is 

𝛥𝑆2 = 1
sin 𝜃

𝜕
𝜕𝜃

(

sin 𝜃 𝜕
𝜕𝜃

)

+ 1
sin2 𝜃

𝜕2

𝜕2𝜙
, (29)

and the spherical harmonics 𝑌𝑙𝑚(𝜃, 𝜙) are precisely the solutions of the 
equation 
𝛥𝑆2𝑌𝑙𝑚(𝜃, 𝜙) = −𝑙(𝑙 + 1)𝑌𝑙𝑚(𝜃, 𝜙). (30)

By inserting (27), (28) and (30) into (26) we can obtain a Schrödinger 
type equation: 
𝑑
𝑑𝑟

(

𝑓 (𝑟)
𝑑𝑅𝜔𝑙(𝑟)
𝑑𝑟

)

+
(

𝜔2

𝑓 (𝑟)
−
𝑙(𝑙 + 1)
𝑟2

− 1
𝑟
𝑑𝑓 (𝑟)
𝑑𝑟

)

𝑅𝜔𝑙(𝑟) = 0. (31)

Considering the tortoise coordinates as 𝑑𝑟∗ = 𝑑𝑟∕𝑓 (𝑟) [138], Eq. (31) 
can be written as [139] 
𝑑2

𝑑𝑟∗2
𝑅𝜔𝑙(𝑟∗) + (𝜔2 − 𝑉eff (𝑟∗))𝑅𝜔𝑙(𝑟∗) = 0, (32)

where 𝑉eff  refers to the Regge–Wheeler effective potential, which is 
used to examine the QNM of BH, and for scalar fields it is defined in 
Ref. [140]: 

𝑉eff (𝑟) = 𝑓 (𝑟)
(

1
𝑟
𝑑𝑓 (𝑟)
𝑑𝑟

+
𝑙(𝑙 + 1)
𝑟2

)

. (33)

We hypothesize that, when 𝑟𝑠 or 𝜌𝑠 are held constant, increasing the 
other parameter at small scales significantly alters the height of the 
effective potential barrier. This indicates that the presence of dark 
matter halos can have a substantial impact on the geometry of the 
spacetime surrounding Schwarzschild BH. Fig.  13 illustrates the varia-
tion of the effective potential in terms of 𝑟 and 𝑟∗. As shown, increasing 
the parameter 𝑟𝑠 leads to a decrease in the magnitude of the effec-
tive potential, resulting in its maximum occurring at a larger radius. 
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The correlation between the maximum of 𝑉eff  and the quasi-normal 
frequencies implies that changes in 𝑟𝑠 or 𝜌𝑠 could have comparable 
impacts on the quasi-normal frequencies.

Considering 𝑄(𝑟∗) = 𝜔2 − 𝑉eff (𝑟∗), we obtain the following differen-
tial equation [141] 
𝑑2𝑅𝜔𝑙(𝑟∗)
𝑑𝑟∗2

+𝑄(𝑟∗)𝑅𝜔𝑙(𝑟∗) = 0. (34)

In the eikonal limit, the term 𝑓 (𝑟)
𝑟

𝜕𝑓 (𝑟)
𝜕𝑟

 is negligible, also as 𝑙 ≫ 1, so 
𝑙(𝑙 + 1) ≈ 𝑙2 and 𝑄 takes the following form 

𝑄 = 𝜔2 −
𝑓 (𝑟)
𝑟2

𝑙2. (35)

Assuming that 𝑄 has a maximum at 𝜕𝑟𝑄||
|𝑟=𝑟𝑐

= 0, then Eq. (35) can be 
written as 
𝑄 ≡ 𝑄(𝑟𝑐 ) +

1
1!
𝜕𝑟𝑄

|

|

|𝑟=𝑟𝑐
(𝑟 − 𝑟𝑐 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
0

+ 1
2!
𝜕2𝑟𝑄

|

|

|𝑟=𝑟𝑐
(𝑟 − 𝑟𝑐 )2 + 𝑂(𝑟3), (36)

where 𝑄(𝑟𝑐 ) = 𝜔2 −
𝑓 (𝑟𝑐 )
𝑟2𝑐

𝑙2. The maximum of 𝑄 is calculated from 

𝑟𝑐𝜕𝑟𝑓 (𝑟)
|

|

|𝑟=𝑟𝑐
−2𝑓 (𝑟𝑐 ) = 0, which is similar to the circular orbit or circular 

null geodesic [142,143]. We therefore conclude that there exists a well-
defined geometrical–optical limit, called the eikonal limit, applicable to 
a wide class of massless perturbations [144].

The Klein–Gordon equation considering the Taylor expansion of 𝑄
in 𝑟∗ coordinates has the following eigenvalues, that are known as 
QNMs 

𝑄(𝑟𝑐 )
√

2
𝑑2𝑄(𝑟∗)
𝑑𝑟∗2

|

|

|

|𝑟∗=𝑟𝑐

= 𝑖
(

𝑛 + 1
2

)

. (37)

It should be noted that the above result is valid for asymptotically flat 
spacetime [144]. By substituting the value of 𝑄(𝑟𝑐 ) from Eq. (35) into 
the previous equation, it reduces to 

𝜔QNM = 𝑙

√

√

√

√

(

𝑓 (𝑟𝑐 )
𝑟2𝑐

)

− 𝑖
𝑛 + 1

2
√

2

√

√

√

√

−𝑟2𝑐
𝑓 (𝑟𝑐 )

(

𝑑2

𝑑𝑟∗2
𝑓 (𝑟∗)
𝑟∗2

)

𝑟=𝑟𝑐
. (38)

For an asymptotically flat spacetime, the shadow is calculated from
[105,116] 
𝑟𝑠ℎ =

𝑟𝑐
√

𝑓 (𝑟𝑐 )
. (39)

The Lyapunov exponent is a measure of how quickly light rays diverg-
ing around a photon’s orbit fall into the BH or escape to infinity. For 
the metric of the form (1), the Lyapunov exponent is calculated from 

|𝜆| = 1
√

2

√

−𝑟2
𝑓 (𝑟)

(

𝑑2

𝑑𝑟∗2
𝑓 (𝑟∗)
𝑟∗2

)

|

|

|

|𝑟=𝑟𝑐
, (40)

which determines the instability time scale of unstable null circular 
geodesics. Using Eq.  (32), the Lyapunov exponent is obtained from 

|𝜆| = 1
√

2

√

−𝑟2
𝑓 (𝑟)

(

𝑓 (𝑟)
(

𝜕
𝜕𝑟
𝑓 (𝑟) 𝜕

𝜕𝑟
+ 𝑓 (𝑟) 𝜕

2

𝜕𝑟2

)

𝑓 (𝑟)
𝑟2

)

|

|

|

|𝑟=𝑟𝑐
. (41)

In the eikonal regime, or in the limit of geometric optics, the Lyapunov 
exponent of the null geodesics is related to the imaginary part of the 
QNM in the form 

𝜔QNM = 1
𝑟𝑠ℎ

𝑙 − 𝑖
(

𝑛 + 1
2

)

|𝜆|. (42)

Here, 𝑛 is the overtone number. Fig.  14 illustrates the variation of the 
shadow and the real part of the QNM in terms of 𝑟𝑠, and it can be seen 
that an increase in 𝑟𝑠 (𝜌𝑠) results in an increase in the BH shadow and 
a reduction in the real part of the QNMs. The eikonal approximation 
for calculating quasinormal modes is valid under specific conditions. 
9 
It applies to very high angular momentum modes, asymptotically flat 
spacetimes, and massless perturbations with a smooth effective poten-
tial. In particular, the effective potential must have a soft barrier with 
a single peak near the photon sphere.

4.1. Gray-body factors

Gray-body factors represent the modifications in the emission spec-
trum of BH due to the presence of potential barriers [145–147]. They 
consider the effects of the BH’s gravitational field on the emitted 
radiation, its spin, and the dimensionality of spacetime. These factors 
modify the blackbody spectrum of Hawking radiation, allowing the 
properties of the BH to be identified. [148,149]. To calculate the gray-
body factor, the Regge–Wheeler potential is used to solve the wave 
equation of the emitted radiation. Using Eq. (33), an upper bound for 
the gray-body factor is obtained by [150,151]. 

𝑇𝑙(𝜔) ≥ sech2
(

1
2𝜔 ∫

∞

𝑟ℎ
𝑉eff (𝑟)

𝑑𝑟
𝑓 (𝑟)

)

, (43)

where 𝑟ℎ refers to the horizon radius calculated in (5) and 𝜔 represents 
the frequency. Fig.  15 shows the gray-body boundaries in terms of 
frequency for a given set of initial values. The gray-body factor for 
perfect blackbody radiation is equal to one, but due to Hawking radi-
ation, this value decreases. It is evident that, holding other parameters 
constant, a larger 𝑟𝑠 (𝜌𝑠) corresponds to a larger gray-body factor. At 
high frequencies, the gray-body factor bound approaches unity. This 
reflects the fact that energetic particles can effectively penetrate the 
centrifugal potential barrier with little suppression. In this regime, the 
spacetime geometry allows almost all incoming modes to be transmit-
ted across the BH horizon. At lower frequencies the barrier plays a more 
important role. Our results show that as the scale radius increases, the 
transmission probability also increases, indicating that the structure of 
the surrounding dark matter halo modifies the effective potential in a 
way that facilitates particle passage. A similar trend is observed when 
varying the density parameter 𝜌𝑠: higher values of 𝜌𝑠 also increase the 
gray-body bound. Thus, both 𝑟𝑠 and 𝜌𝑠 act to reduce the suppressive 
effect of the potential barrier at low frequencies, making spacetime 
more transparent to propagating modes.

The power emitted by a BH is the rate of energy radiation due to 
Hawking radiation [152,153]. It is quantified as the energy emitted per 
unit time and is expressed as [154] 

𝑃𝑙(𝜔) =
𝐴
8𝜋2

𝑇𝑙(𝜔)
𝜔3

exp(𝜔∕𝑇H) − 1
, (44)

where 𝑇𝑙(𝜔) is the gray-body factor, 𝜔 is the frequency of the emitted 
particles, 𝑇𝐻  refers to Hawking radiation, and 𝐴 is the horizon area. 
Fig.  16 illustrates the emitted power for specific initial values. In both 
panels of Fig.  16, as 𝑟𝑠 or 𝜌𝑠 increase, the peak of the curve shifts 
to lower frequencies, meaning that the spectrum becomes redder. The 
height of the peak decreases with increasing halo parameters, meaning 
that the BH surrounded by a dark matter halo radiates less efficiently 
than an isolated Schwarzschild BH. As can be see from (7), the existence 
of the Hernquist dark matter halo lowers the Hawking temperature, 
and this lower Hawking temperature means that the BH radiates as a 
cooler blackbody that has less total power, and also that the peak of 
the emission power is shifted to lower frequencies.

The absorption cross section quantifies the probability of a particle 
being absorbed by a BH. For the 𝑙th mode it is calculated using 
(43) [155,156] 

𝜎𝑙𝑎𝑏𝑠(𝜔) =
𝜋(2𝑙 + 1)
𝜔2

|𝑇𝑙(𝜔)|
2. (45)

Fig.  17 represents the absorption cross-section curves for certain param-
eters. The absorption cross-section of a BH quantifies how efficiently 
it captures incoming radiation, whether scalar, electromagnetic, or 
gravitational waves. It encodes how the spacetime curvature and the 
event horizon interact with incident waves of different frequencies. At 
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Fig. 13. Effective potential curves considering 𝑀 = 1, 𝜌𝑠 = 0.5 and 𝑙 = 2. In the left panel, as a function of 𝑟, and in the right panel, varying 𝑟∗.
Fig. 14. Left panel: shadow radius in terms of 𝑟𝑠 for three values of 𝜌𝑠, taking 𝑀 = 1. Increasing the effects of the 𝑟𝑠 or 𝜌𝑠 parameters leads to an increase in 
the size of the BH’s shadow. Left panel: the real part of the QNMs using the eikonal method and considering 𝑀 = 1 and 𝑙 = 4. It is evident that the real part of 
the quasinormal modes exhibits a behavior inversely related to the shadow.
Fig. 15. Gray-body bounds considering 𝑀 = 1, 𝑙 = 1 and 𝑠 = 0. On the left 𝜌𝑠 = 1 and on the right 𝑟𝑠 = 0.3. At low frequencies, an increase in the size of 𝑟𝑠 or 
𝜌𝑠 leads to an increase in the magnitude of the gray-body bound. At high frequencies, the gray-body size approaches 1.
low frequencies (𝜔 𝑟ℎ ≪ 1), where 𝜔 is the wave frequency and 𝑟ℎ is the 
horizon radius, the wavelength of the incoming radiation is much larger 
than the size of the BH. In this regime, the wave cannot resolve the 
detailed structure of spacetime and instead perceives the BH as a point-
like object. Consequently, only the spherically symmetric monopole 
mode (𝑙 = 0) contributes significantly, while higher multipoles are 
strongly suppressed. The absorption cross section therefore approaches 
the horizon area, 𝜎 → 𝐴ℎ = 4𝜋𝑟2ℎ. At high frequencies (𝜔 𝑟ℎ ≫ 1), the 
situation is very different: in this case the radiation wavelength is much 
smaller than the horizon radius, and the waves behave more similarly 
to classical particles. The absorption cross section is then governed by 
the capture of null geodesics near the photon sphere. In this limit, the 
cross section oscillates around the so-called geometrical optics limit, 
𝜎 = 𝜋𝑏2, where 𝑏  is the critical impact parameter characterizing 
𝑐 𝑐

10 
the unstable circular photon orbit. These oscillations result from wave 
interference between radiation directly absorbed by the horizon and 
radiation temporarily trapped near the photon sphere before being 
finally absorbed.

The presence of a dark matter halo, modeled by a Hernquist profile 
(SBH–HDM spacetime), introduces additional modifications. The halo 
alters the spacetime metric by adding mass distributed outside the hori-
zon. This has two clear consequences: in the low-frequency regime, the 
halo slightly expands the effective horizon radius, increasing its area. 
As a result, the low-frequency limit of the absorption cross section is 
larger than in the pure Schwarzschild case. The magnification increases 
with increasing halo density 𝜌𝑠 or scale radius 𝑟𝑠. At high-frequency 
regime, the halo shifts the position of the photon sphere, thereby 
modifying the critical impact parameter 𝑏 . This modifies the average 
𝑐
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Fig. 16. Emitted power for the cases 𝑀 = 1, 𝑙 = 1 and 𝑠 = 0. On the left 𝜌𝑠 = 1 and on the right 𝑟𝑠 = 0.3. An increase in the size of either of the parameters 𝑟𝑠
or 𝜌𝑠 increases the emitted power at a constant frequency, causing the maximum to be located at a higher frequency.
Fig. 17. Absorption cross section with parameters 𝑀 = 1 and 𝑠 = 0. On the left 𝜌𝑠 = 1 and 𝑙 = 1, in the center 𝑟𝑠 = 0.3 and 𝑙 = 1, on the right 𝜌𝑠 = 1 and 𝑟𝑠 = 0.4. 
An increase in the size of the parameters 𝑟𝑠 or 𝜌𝑠 improves the absorption size at a fixed frequency, shifting its maximum to a lower frequency. The effect of 
increasing 𝑙 is exactly the opposite.
value of the high-frequency cross section. In general, the presence of 
the halo redistributes mass outward, reducing the capture efficiency of 
short-wavelength radiation. Compared to the Schwarzschild case, the 
average high frequency cross section is suppressed in the SBH–HDM 
background, and the oscillatory peaks are shifted to lower frequencies.

5. Topological characteristic

The thermodynamic properties derived in the previous section are 
not only determined by the local geometry of the BH horizon, but are 
also deeply constrained by its global topological features. In particular, 
the regularity of the Euclidean section fixes the Hawking temperature, 
while the entropy can often be expressed in terms of topological 
invariants, such as the Euler characteristic of the horizon manifold. This 
reflects the fact that BH thermodynamics is encoded in global structures 
of spacetime, rather than being purely local. The topological analysis 
performed in the next section provides a complementary perspective, 
revealing how the stability and phase structure of the BH are tied to 
the underlying topology of its horizon geometry.

In this section, we study some properties of BH from a topological 
perspective. To do so, we define a potential based on the investigated 
property, to which we assign vectors in spherical coordinates 𝜙𝑖𝑟 and 
𝜙𝑖𝜃 , normalized in the form 𝑛𝑖𝑟 = 𝜙𝑖𝑟∕‖𝜙‖ and 𝑛𝑖𝜃 = 𝜙𝑖𝜃∕‖𝜙‖, respec-
tively [157–164]. Using these normalized vectors, the vector space of 
this potential can be visualized. There may be points in it where the 
vectors converge or diverge; these coordinates are the zero points of 
the vector space and can be considered topological defects [165–168]. 
Vector fields connect the geometry and topology of spacetime with 
thermodynamic properties, enabling a mathematical bridge between 
local thermodynamic quantities and global topological invariants, help-
ing to interpret BH entropy and classify phase transitions in terms of 
topology. A topological charge, known as the winding number, can 
be assigned to each point in this space. This charge is calculated by 
examining the rotation of vectors around each point [168–170]. To do 
this, a closed contour 𝑐  can be drawn around each point (𝜃, 𝑟 ) in this 
𝑖 𝑖

11 
vector space. Using a variable transformation such as 𝑟 = 𝑎 cos 𝜗 + 𝑟𝑖
and 𝜃 = 𝑏 sin 𝜗 + 𝜋

2 , the topological charge within each contour can be 
calculated from [171–173] 

𝛺 = 𝑤𝑖 =
1
2𝜋 ∮𝑐𝑖

𝑑(arctan
𝑛𝜃
𝑛𝑟

). (46)

If there are no zero points within this contour, the topological charge 
will be zero. However, if there is a zero point, rotating the vectors can 
indicate whether the topological charge is +1 or −1. [174–176]. The 
direction of the vectors around a zero point can be used to investigate 
the topological charge of the zero point, where the clockwise direction 
refers to a topological charge of −1 and the counterclockwise direction 
of the curve 𝜙𝜃 − 𝜙𝑟 indicates a topological charge of +1 [177]. Based 
on the potential considered, conclusions can be drawn about it. In the 
following sections, three different potentials will be studied from a 
topological perspective.

5.1. Photon sphere

In Ref. [105], the photon sphere and the shadow of the BH were 
studied. In this section, to investigate the stability or instability of the 
photon sphere, a potential of the form [178–180] 

𝐻(𝑟, 𝜃) = 1
sin 𝜃

√

𝑓 (𝑟)
ℎ(𝑟)

, (47)

is defined, which can be represented in the vector space using the 
vectors [181–183] 

𝜙𝐻𝑟 =
√

𝑓 (𝑟)𝜕𝑟𝐻(𝑟, 𝜃), 𝜙𝐻𝜃 = 1
√

ℎ(𝑟)
𝜕𝜃𝐻(𝑟, 𝜃). (48)

Fig.  18 shows the potential 𝐻 at 𝜃 = 𝜋∕2 for 𝑀 = 1, 𝑟𝑠 = 0.3 and 𝜌𝑠 = 1, 
which allows us to appreciate the existence of an extreme where the 
radial derivative of 𝐻 becomes zero.

In Fig.  19, the normalized vector space representation of these 
vectors is shown for the case 𝑀 = 1, 𝑟 = 0.3 and 𝜌 = 1. Two closed 
𝑠 𝑠
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Fig. 18. The potential 𝐻(𝑟, 𝜋∕2) as a function of 𝑟. Its extreme is at 𝜕𝑟𝐻|

|

|𝑟=𝑟𝑐
=

0.

contours, 𝑐1 and 𝑐2, are drawn around the zero point 𝑟1 = 3.45582
and an arbitrary point 𝑟2 = 4.0, respectively. Considering the rotation 
direction of the 𝜙𝑟 − 𝜙𝜃 curve in the middle panel, as well as the 
variations of 𝛥𝛺 in the right panel of Fig.  19, we conclude that the 
closed contour 𝑐2 contains no topological charge, while the topological 
charge inside the contour 𝑐1 is −1. This charge indicates the instability 
of the photon sphere located at 𝑟1 [183].

5.2. Temperature

Another feature of BH that can be examined from a topological 
perspective is the BH Hawking temperature [184,185]. In Section 2 we 
studied the BH Hawking temperature and found that for 2√𝜋𝜌𝑠𝑟𝑠 > 1, a 
phase transition to the BH Hawking temperature occurs. In this section, 
this transition will be examined using a topological approach. For this 
purpose, a thermodynamic potential is defined as [186–188] 

𝛷 = 1
sin 𝜃

𝑇𝐻 , (49)

which can be represented in the vector field defined by the following 
vectors [189–191] 

𝜙𝛷𝑟 = 𝜕𝑟ℎ𝛷, 𝜙𝛷𝜃 = 𝜕𝜃𝛷. (50)

In Fig.  20, the vector space of potential 𝛷 is illustrated for 𝑟𝑠 = 0.5
and 𝜌𝑠 = 1, and the zero point 𝑟1 = 0.82854 can be seen. To analyze 
the topological charge of the zero point 𝑟1 = 0.82854, we draw a 
closed contour 𝑐1 around it and, choosing 𝑎 = 𝑏 = 0.3, calculate the 
topological charge using Eq.  (46). The variations of 𝛺 with respect 
to 𝜗 for the zero point 𝑟1 on the closed contour 𝑐1 are shown in Fig. 
20. It is evident that this point has a topological charge of −1. This 
result is clearly seen in the central panel, considering the clockwise 
rotation of the 𝜙𝑟 − 𝜙𝜃 curve. Therefore, we can conclude that by 
choosing 2√𝜋𝜌𝑠𝑟𝑠 > 1, a phase transition occurs at the critical point 
𝑟𝑐 in the Hawking temperature of the BH, and this critical point is 
conventional [192].

5.3. Generalized free energy

The last property we will study from a topological perspective is 
the generalized free energy of the BH outside the shell surrounding the 
horizon. This energy is obtained from [193–195] 

 =𝑀(𝑟ℎ) −
𝑆
𝜏
, (51)

where 𝑀(𝑟ℎ) is the mass of the BH as calculated in Eq.  (6), 𝜏 is 
a parameter representing the inverse temperature of the BH, and 𝑆
12 
denotes the entropy of the BH, which using the Eqs. (6) and (7) is 
defined as 

𝑆 = ∫
𝑑𝑀(𝑟ℎ)
𝑇𝐻

𝑑𝑟ℎ = 𝜋𝑟2ℎ, (52)

and is similar to the Schwarzschild BH entropy, although the dark 
matter parameters have effected the horizon radius as introduced in 
(5) [196,197]. The relevant vector space associated to the potential 
is defined as [198–201] 
𝜙
𝑟 = 𝜕𝑟ℎ , 𝜙

𝜃 = −cot 𝜃 csc 𝜃. (53)

The zero points of this potential are located at (𝑟𝑐 , 𝜋∕2), where 𝑟𝑐
is computed from 𝜕𝑟ℎ

|

|

|𝑟ℎ=𝑟𝑐
= 0. Therefore, by setting the radial 

derivative  to zero, we can find a relationship between 𝜏 and 𝑟ℎ, given 
by 

𝜏 =
4𝜋𝑟ℎ(𝑟ℎ + 𝑟𝑠)2

(𝑟ℎ + 𝑟𝑠)2 − 4𝜋𝜌𝑠𝑟4𝑠

|

|

|

|

|𝑟ℎ=𝑟𝑐

. (54)

Fig.  21 shows the 𝑟ℎ − 𝜏 curve obtained from (54) for the values 
𝑟𝑠 = 0.5 and 𝜌𝑠 = 1. The sign of the slope of this curve changes 
at (0.82854, 18.75922), where it becomes infinite, with two branches 
appearing for 𝜏 > 18.75922.

The first graph in Fig.  22 shows the vector space associated with 
the potential  for the parameters 𝑟𝑠 = 0.5, 𝜌𝑠 = 1 and 𝜏 = 30. The 
two zero points 𝑟1 = 0.49556 and 𝑟3 = 2.11263 are highlighted in 
this space, along with the arbitrary point 𝑟2 = 1.30409. To calculate 
the topological charge of these points, closed contours 𝑐1, 𝑐2, and 𝑐3
have been drawn around the points 𝑟1, 𝑟2, and 𝑟3, respectively. By 
choosing 𝑎 = 𝑏 = 0.3, we can calculate the integral from (46) for 
the specified points. In the middle panel of Fig.  22 we plot the curve 
𝜙𝜃 − 𝜙𝑟 to show the zero point 𝑟ℎ. The last graph in Fig.  22 shows 
the variation of 𝛺 with respect to 𝜗 for the three contours 𝑐1, 𝑐2 and 
𝑐3. These contours correspond to topological charges of 𝜔1 = +1, 
𝜔2 = 0 and 𝜔3 = −1, respectively. This result is also evident from the 
middle panel of Fig.  22, taking into account the rotation direction of 
the 𝜙𝑟 − 𝜙𝜃 curves. The vector space of the potential  contains two 
zero points, and the total topological charge is zero. This means that, 
from a topological classification perspective, this BH falls into the same 
class as the Reissner–Nordström BH [201].

6. Summary and conclusions

Considering a Schwarzschild BH immersed in a Hernquist dark 
matter halo (SBH–HDM), the mass of the system and the temperature 
at the horizon are determined. In some special cases of dark matter, 
there is some remnant mass, whereas in the absence of dark matter, 
when the horizon radius tends to zero, the horizon temperature tends 
to infinity. This is why many scientists are interested in investigating 
modified gravity to obtain remnant mass. The importance of remnant 
mass lies in the process of BH evaporation; at the end of this process, 
a special value of the mass is obtained, called the remnant mass, and 
in this case, the information is not lost. Our findings revealed that, 
for specific choices of 𝑟𝑠 and 𝜌𝑠, a phase transition occurs at the BH’s 
Hawking temperature, resulting in the emergence of a remnant mass. 
We established a criterion for parameter selection that facilitates the 
observation of both the remnant mass and the phase transition at the 
Hawking temperature. Next, we explore the influence of the Hernquist-
type dark matter distribution on the matter in the thin accretion 
disk, quasi-normal modes in the eikonal limit, gray-body boundaries, 
and the thermodynamic topologies of BH. Initially, we investigate the 
motion of test particles, circular orbits, and radiative properties of the 
thin accretion disk around a BH within a Hernquist-type dark matter 
halo. A dark matter halo around a BH can push the ISCO outward, 
helping scientists study the BH’s surroundings using X-ray emissions 
from accretion disks. Keeping 𝑟𝑠∕𝑀 constant, an increase in 𝜌𝑠𝑀2, 
results in an increase in the total mass, leading to greater stability as 
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Fig. 19.  Left panel: Vector space of the potential 𝐻 with closed contours 𝑐1 and 𝑐2 drawn around 𝑟1 = 3.45582 and 𝑟2 = 4.0, respectively. Middle panel: The 
behavior of 𝜙𝜃 −𝜙𝑟 is shown for the zero point 𝑟1. The clockwise direction indicates that 𝜔1 = 1. Right panel: Variation of 𝛺 in terms of 𝜗, with 𝑎 = 𝑏 = 0.3. The 
topological charge inside the closed boundary 𝑐1 is 𝑤1 = −1, while the topological charge inside 𝑐2 is 𝜔2 = 0. The relevant parameters have been chosen to be 
𝑀 = 1, 𝑟𝑠 = 0.3 and 𝜌𝑠 = 1.
Fig. 20.  Left panel: Vector space of the potential 𝛷 containing a zero point at 𝑟1 = 0.82854. Middle panel: Curve 𝜙𝜃 −𝜙𝑟 around zero point 𝑟1. Clockwise direction 
means that 𝜔1 = 1. Right panel: Changes in 𝛺 as a function of 𝜗 for the closed contour 𝑐1 (𝑎 = 𝑏 = 0.3), indicating a topological charge of −1. The parameters 
are chosen as 𝑟𝑠 = 0.5 and 𝜌𝑠 = 1.
Fig. 21. 𝑟ℎ − 𝜏 curve (54) for the values 𝑟𝑠 = 0.5 and 𝜌𝑠 = 1. At 𝜏 = 18.75922
the sign of the slope of the curve changes.

the particle positions itself at a larger radius. We observe that, holding 
one parameter of the dark matter halo constant, an increase in the other 
leads to a reduction in energy 𝐸, while the angular momentum 𝐿 and 
angular velocity 𝛺 increase with respect to the corresponding values 
in the Schwarzschild BH case. Moreover, at smaller radii, the impact 
of the dark matter model parameters 𝑟𝑠 and 𝜌𝑠 decreases significantly. 
In the equatorial plane, we calculated the ISCO radius and found that 
an increase in either 𝑟𝑠 or 𝜌𝑠 results in an expansion of this radius. We 
find that, for small 𝑟𝑠, the radiative efficiency increases with rising halo 
density 𝜌𝑠, while for larger 𝑟𝑠, this trend is reversed and the efficiency 
decreases as 𝜌𝑠 increases. We also observed that an increase in the 
parameter 𝜌  leads to a shift in this trend at a smaller 𝑟 . Next, we 
𝑠 𝑠
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analyze the thin accretion disk in the SBH–HDM scenario as the primary 
instrument for studying the surrounding spacetime geometry. Using the 
steady-state Novikov–Thorne model, we numerically calculate key disk 
properties, including the energy flux and temperature distribution, the 
differential luminosity, and the spectral luminosity, for geometrically 
thin accretion disks. These results were subsequently compared with 
those obtained for a Schwarzschild BH in the framework of general 
relativity.

Our analysis revealed that the Schwarzschild BH exhibits a higher 
energy flux, while an increase in 𝑟𝑠 causes this value to decrease and 
shifts its peak to a larger radius. We examined the radiation tempera-
ture and observed a decrease compared to the Schwarzschild BH. In our 
study of the differential luminosity, we observed a significant increase 
with increasing 𝑟𝑠, and the maximum now occurs at a larger radius.

In flat spacetime, as 𝑟∕𝑀 → ∞, the redshift factor approaches 1, 
regardless of the dark matter parameters. However, at lower 𝑟∕𝑀 , in-
creasing 𝑟𝑠∕𝑀 decreases the redshift factor, resulting in 𝑔̃SBH−−HDM(𝑟) <
𝑔̃SBH(𝑟). The redshift factor can be determined directly through ex-
periments by measuring the frequency shift of a known spectral line 
or clock signal between two different gravitational potentials. By an-
alyzing these data and using the root-mean-square method to adjust 
theoretical predictions, it is possible to determine the best values for 𝑟𝑠
and 𝜌𝑠.

We then delve deeper into the BH’s quasi-normal modes, investigat-
ing the interaction between them and the BH shadow within the eikonal 
regime. We have shown that, in the eikonal regime, the Lyapunov 
exponent of the null geodesics is related to the imaginary part of the 
QNM, which can illustrate the stability or instability of the system. The 
shadow can be obtained by taking the inverse of the real part of the 
QNM, which is comparable with the other methods. We also note that 
while increasing the effects of dark matter parameters broadens the 
BH shadow, it leads to a decrease in the magnitude of the real part 
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Fig. 22.  Left panel: Vector space of the potential  . The zero points 𝑟1 = 0.49556 and 𝑟3 = 2.11263 are indicated, as well as an arbitrary point at 𝑟2 = 1.30409. 
Middle panel: 𝜙𝜃 versus 𝜙𝑟 for zero points 𝑟1 and 𝑟2. The direction of the curves indicates that 𝜔1 = 1 and 𝜔3 = −1. Right panel: The variation of 𝛺 with respect 
to 𝜗 under the assumption 𝑎 = 𝑏 = 0.3 is shown for the closed contours 𝑐1, 𝑐2 and 𝑐3, which enclose the points 𝑟1, 𝑟2 and 𝑟3, respectively. The corresponding 
topological charge of these contours is given by 𝜔1 = 1, 𝜔2 = 0 and 𝜔3 = −1. The parameters are set as 𝑟𝑠 = 0.5, 𝜌𝑠 = 1 and 𝜏 = 30.
of the quasinormal modes. In particular, we find that holding other 
parameters constant while increasing 𝑟𝑠 leads to an expansion of the BH 
shadow and a reduction in the real part of the quasi-normal modes. We 
then examine the scattering surrounding the BH, analyzing the gray-
body factor, the emitted power, and the absorption cross section. Our 
results indicated that an increase in 𝑟𝑠 (𝜌𝑠), with other parameters con-
stant, enhances both the gray-body factor and the absorption, shifting 
the absorption peak to lower frequencies. On the contrary, this increase 
results in a decrease in the emitted power, shifting its peak toward 
lower frequencies. In the final segment, we investigate the BH’s photon 
sphere from a topological perspective, revealing that this BH possesses 
an unstable photon sphere, which contributes to the formation of its 
shadow. Finally, we examine the BH’s thermodynamic potentials from 
a topological perspective. Vector fields connect the shape of spacetime 
to thermodynamic properties, helping us understand the entropy of BH 
and classify phase changes through their topological characteristics. We 
explore the phase transition at the Hawking temperature for 2√𝜋𝜌𝑠𝑟𝑠 >
1 and identify this critical point as conventional. Furthermore, we find 
that the generalized out-of-shell free energy of the BH exhibits two dis-
tinct phase transitions, while the topological charge in the vector space 
of this thermodynamic potential is zero. This allows us to precisely 
classify the topological nature of this BH, placing it within the realm of 
Reissner–Nordström BHs. Extending the present analysis to the class of 
new rotating spacetimes (considered astrophysically more realistic than 
those admitting a smooth and asymptotically flat expansion) represents 
a compelling direction for future research, in which we are currently 
making rapid progress.
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