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Abstract

The purpose of this work is to present a method based on the factorizations used in one dimensional quantum mechanics
in order to find the symmetries of quantum and classical superintegrable systems in higher dimensions. We apply this
procedure to the harmonic oscillator and Kepler-Coulomb systems to show the differences with other more standard
approaches. We have described in detail the basic ingredients to make explicit the parallelism of classical and quantum
treatments. One of the most interesting results is the finding of action-angle variables as a natural component of the
classical sysmmetries within this formalism.
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1 Introduction

The aim of this work is to introduce a method to find the symmetries of quantum and classical superintegrable systems
by means of two paradigmatic examples: the harmonic oscillator (HO) and Kepler-Coulomb (KC). The technique we
are going to apply is based on the well known factorization method [1], which was already applied in the early times
of quantum mechanics [2], although the origin of this type of transformations goes back to Darboux; in that context
it is referred to as Darboux transformations and has a wider range of applications in nonlinear equations [3]. Another
development of factorizations is known as supersymmetric quantum mechanics (SUSY-qm) [4, 5, 6]. In principle, the
factorization was designed to deal with one dimensional quantum problems; but in the present work we want to show how
it can be extended to higher dimensions and the way that factorizations can also be used in the classical frame to obtain
constants of motion (or “classical symmetries”; it happens that constants of motion are generating functions of canonical
transformations that leave invariant the Hamiltonian). In fact, the symmetries that are obtained in this way for classical
systems, can be naturally interpreted in terms of action-angle variables of Hamilton-Jacobi theory, what supplies an extra
interest to this approach. In general, the methods used to obtain symmetries for quantum superintegrable systems and their
classical analogs follow quite different routes; for instance, in the classical context often it is made use of Hamilton-Jacobi
formalism [7, 8, 9] which is not valid for the quantum case. However, as we will show (see also Refs. [10, 11, 12, 13]), the
factorization method supply a unified way towards the symmetries in classical and quantum mechanical systems.

Thus, in this work we will pay attention essentially to explain the ingredients of this method. We have chosen the HO and
KC as two well known examples [14, 15, 16], where it is easy to check the consistency of our results and the standard
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expressions, to show how the method works, what are the key points and at the same time to appreciate the differences.
For instance, the symmetries so obtained in the quantum case, are ready to compute eigenfunctions and degeneracy
eigenspaces; while in the classical case the constants of motion here found lead directly to the open and closed trajectories
or even to the motion, as well as their frequencies. The algebraic structure of symmetries in both quantum and classical
contexts, can also be found inside this formalism and their similarity is immediate.

The method here presented is designed to deal with superintegrable systems [17, 18]. Recall that a system with n degrees
of freedom that has n involutive symmetries in the quantum formalism (or constants of motion in classical mechanics),
including the Hamiltonian if it does not depend explicitly on time, is said to be integrable; when there are additional
symmetries (not commuting with all the involutive ones) it is called superintegrable; The name maximally superintegrable
is reserved when there is the maximum number 2n — 1 of independent symmetries. In this scenario, the factorization
method has been already put to work in a variety of configurations: systems defined on constant curvature surfaces [12, 13];
to find higher order symmetries [10, 19, 20, 21] or to a list of classical systems [22, 23]. In the near future we plan to
apply it to further superintegrable models, such as Smorodinsky-Winternitz [24], Evans [25], or those of Darboux [26] and
Perlick [21], in order to show its flexibility for a wide class of problems. Another point of interest regarding this method
is that it allows for its generalization to any dimension in a straightforward way.

The organization of this work is as follows. In Section 2 we introduce the spherical coordinates appropriate to work
with central potentials which is the case of HO and KC. The separation of variables leads to three reduced Hamiltonians
in a fixed order, where the first two of them correspond to the angular variables. Then, the well known operators L*
corresponding to the so(3) generators which span the angular symmetries are expressed as the product of two reduced
operators in the separated variables. These reduced operators are called shift and ladder operators, since one of them
changes the eigenvalues of the angular Hamiltonian ﬁ%, while the other changes a parameter of the potential of a second
Hamiltonian, L.2. At the same time, the reduced operators can be identified with factorization operators of reduced
Hamiltonians. The key point is that the symmetries consist in the product of these two types of operators. This structure is
repeated in all the other cases. In Sections 3 and 4 we construct the symmetries of KC and HO, respectively, following the
same path. Section 5 is devoted to the classical symmetries of these two systems, and Section 6 to the relation of classical
symmetries and action-angle variables. Some conclusions and remarks close this paper.

2 Symmetries in Spherical Coordinates of Quantum Central Potentials

In this section we will introduce the spherical coordinates (r, 6, ¢), where r is the radius, 6 is the polar and ¢ the azimuthal
angles, to study the symmetries of both harmonic oscillator and Kepler-Coulomb systems under the same approach
based on factorizations. Both systems are maximally superintegrable [17, 18] and therefore they admit five independent
symmetries.

2.1 Spherical coordinates

The Schrodinger Hamiltonians for central potentials V(r) have the form of a nested structure in spherical coordinates
(r,0,):

N 2 1 1 1
H——ﬁrr—;8r+V(r)+ﬁ —agg—@ag+m(—a¢¢)) (21)

2 . . . A
where 2m = h =1 and 9, = %, Oy = %, etc. .. From this structure we can see that the Hamiltonian H, the total
momentum operator L.? and the square of the z-component ﬁ% given by

~

L2 = (-id,)? P2 = —8pp — ——p + L A=-d,, 20 +V(r)+L— (2.2)
z = ©) s = 06 tan 6 0 sin29’ - rr r r }"2 .

constitute a sequence of three involutive operators, i.e. they commute among each other and may be interpreted as a kind
of partial Hamiltonians. They are associated to the coordinate separation and determine a set of common eigenfunctions
separated into a product of radial and angular components,

W em(r,0,9) = RE ()@ (6, ) = RS (r) PP (0) dum () (2.3)



The physical solutions have additional boundary conditions to be specified later; at this moment we look at the above
functions just as separated solutions of differential eigenvalue equations for this kind of Hamiltonians. Each component
of the solution (2.3) satisfies a reduced eigenvalue equation in one variable, for each of the “reduced” partial Hamiltonians
(2.2) consistent with the separation sequence:

(a) ig(@(ﬁm(@ = _3¢<p¢m(‘p) = m2¢m(¢)

tan 6

(b) 2O (©) = (<000 - g + 225 ) PR(6) = (L +1) P (0) 24)
(©) (IR = (~0rr = 20, + V() + “E2) RO () = By R ()

where £, m, n are quantum numbers to be specified later. For this reason the partial Hamiltonians (2.2) are also referred as
“diagonal” operators in the separated basis (2.3).

Each component eigenfunction depends on the eigenvalue of the previous reduced Hamiltonian component; for instance
in (2.4-b), the eigenfunction Py'(6) of L? carries the eigenvalue label £ of the current reduced operator lifn and the label
m of the eigenfunction ¢,,(¢), corresponding to the eigenvalue of the previous reduced Hamiltonian ﬁ%. We say that the
involutive operators are in a nested construction: i% c L? c A. Therefore, in order to build symmetry operators acting
on the separated solutions of the total Hamiltonian by means of operators associated to the reduced Hamiltonians (2.4)
they must keep this “matching” of eigenvalues of consecutive reduced partial Hamiltonians.

Our plan is the following. We start with the involutive symmetries ﬁg, L? and H, mentioned above, then, we want to
complete the number of independent symmetries (up to five in three dimensions) by computing two new pairs: 1) ij 0

depending on the variables 6, ¢, which will commute with the Hamiltonians £> and A; and ii) $;—' ¢ depending on the

variables r, 6, which will commute with the Hamiltonians A and I:%. We present all of them in the following natural
ordering:

a, 8, L* L;, L] (2.5)
We will arrive to these symmetries through the factorization of the reduced partial Hamiltonians. Of course not all of
them will be independent, but we will check that five of them will be.

2.2 Angular states and symmetry operators .lfj ¢

We will start by analyzing the symmetries of the total angular momentum operator L> which are well known in quantum
mechanics. Consider the lowering and raising momentum operators L* (in our context we will use the notation £ 0 for
them):

Pt +i . 1
Ly,=¢ Y9 (£0g + z—tan96¢) (2.6)

These operators commute with the total angular momentum but they modify the eigenvalues of L.,

p+ 2 72 pt
Ly 12=1% 1%

5.0 L, 33,«: = ﬁg,w (L, 1) 2.7

N

Our goal is to showcase how this structure translate into the separated components of the angular eigenfunctions shown in
(2.3):
L2 @0 (0,9) = €L+ 1) @ (6, 0),  DPrm(8,9) = P} (0)pm(p) (2.8)

We can split the .[:;—; o, operators into a product of two one-dimensional factors.
(i) A factor is one of the pair of exponentials e*'# which we rewrite in the form

AZ = eti? (2.9)

< H

Then, we say that /A\j are ladder operators of the “diagonal” operator L. in the variable ¢. This is clear, since if
m € Z designs the eigenvalues of the eigenfunctions ¢,, (¢) = e!™¥ of L., then

2‘Z¢m(‘p) = mem(p), /A\i¢m(90) < Gimz1(), [iz,[\;] = i[\i (2.10)



(i)

(iii)

@iv)

The second pair of factor operators in (2.6) are
£ =1 +ia—“’ (2.11)
¢ =70 " ang '

If they act on separated eigenfunctions (2.8), they will give rise to the reduced operators ﬁ‘ﬁ—g' ., defined by:

Ly, (PROOn(@) = (£5.,, PP O dm-1(0), S =00 — 25
(2.12)

Ly (P Odm-1(9)) = (85, P @) oule),  £5, =00 - 255

where m is for the eigenvalues of L, as mentioned above. The reduced operators flf) ,» cton the components P} (6)
of the eigenfunctions @7 (6, ¢) as follows,

S5 PPO) < PP(0), 3h . PP (0) o« PJ(O) (2.13)

The total angular momentum, written as

R 1 0
L6, ¢) = 90 — dg — —2F 2.14
(6, ) 0 " 6%’ " ie (2.14)
when it acts on angular eigenfunctions ®; ,,, (6, ¢) leads to the reduced Hamiltonians £.2,(6) (or ﬁ% ) in 6,
R 1 2
L2(6) == —8g9 — —— 09 + o (2.15)

tang ° sinZ @

The reduced operators ﬁz . 10 the variable @ are called pure shift (or displacement) operators of the reduced

operator L2, given in (2.4-b) since when they act on an eigenfunction component P} (6), they change the parameter
m according to (2.13), but the eigenvalue (determined by ¢) is left invariant. This is shown by means of the
intertwining and factorization relations

IEAC)DIED W S ()N Sl (0) = L2 (0)%5 . 3

6,m—m 0,m

S =L2_ (0 —m(m-1) (2.16)

The last expression of (2.16) means that, if the maximum value of |m| is myx = €, and the eigenvalues of ifn are
€(€+1) then —¢ <m < £ and

S, PO =0, £, Pr(0)=0 (2.17)

Relations (2.16) for if, . are well known as standard factorization of L.m(6). Notice that the intertwining (2.16),
can also be rewritten in terms of commutation rules,

0,m>

[£2:0),5,,) = $5,, (B2 0) - 12,0). (85, L2,0)1 = (£2_,(0) - L2,(0))%5,, (2.18)

In conclusion, we may consider the symmetry operators [Zz o of (2.6) in a reduced form as the product of ladder
/A\i (of L,(¢)) and shift 23 . (Of the following partial Hamiltonian L2,(6)) operators

(2.19)

= +0g + —
Y )

Its action on separated solutions gives new separated solutions with the same eigenvalue (the same £-value):

4 o (PP (O)0m(9) &< PP (O)dm (), Ly, (PF(0)m(9)) o< P17 (0)pm-1(4)



We have thus shown that the angular momentum symmetries ﬁz o have an structure shown in the scheme:

L20) - L;,=25A, « Li(p) (2.20)

¢
This will be a general property of the symmetries that we will find in the following: i) £§,¢ depends on the variables ¢
and 6 of two consecutive reduced Hamiltonians: I:%n(@) and ig (¢). ii) The operator ﬁz,w is a symmetry of L2(6, ¢), but
its commutator with L (¢) is of ladder type (see (2.7)):

2%, £5,1=0,  [L,L;,1=+L;, 2.21)

oH

2.3 Ladder operators of >

Next, we will use the considerations of the previous section to find the symmetry operators Sf - mentioned in (2.5), which

will be obtained from a ladder operator of the reduced 2, (6) and a shift operator of the reduced Hamiltonian Hy(r).
Thus, in this case we follow the opposite way: Firstly we find the reduced operators by means of the factorization method
and from them we construct a kind of symmetry operators.

We start by looking for ladder operators A;f (0) for ng’ ,, that play the same role as /A\i with respect to L., i.e., modify the

eigenvalues of the total angular momentum, £. Thus, we will consider the reduced eigenvalue equation for L2, (6), given
by (2.15), and write it in the following form

Cr(0)P™(6) = ( _ sin® 089 — sin 6 cos 03 — (£ + 1) sin e)P;"(a) = —m2P" () (2.22)

where equation (2.22) is an eigenvalue equation for a new operator C;(6) with eigenvalues —m? and where € plays the
role of a parameter of such operator. Applying the factorization method to this equation, we obtain the factor operators
[27, 28]

A7 (0) = £sin6dy + L cos 6 (2.23)

which satisfy the following factorization properties

Ce(0) = A} yA; , — O* = —m?

A_ Cg—C[ 1/\50, /A\Z’Hé[_lzé[[\ze

22 Ax A
(Lo A7 gl 12e(esry = £20A7

This means that £ > |m|, and that the action of /A\t% o on eigenfunctions @, (60, ¢) = P} (0)dm(p) (2.8) is to change the
eigenvalue parameter ¢ of ifn(e) by ¢ + 1, while the label m keeps unaltered:

A7 (0) PP (0) < P (6), A}, () P1(6) < P (), A;(0) P=E(6) =0

where the last equation determines the lowest ¢-state, £, = m. The ladder operators /A\;(H) of L2, together with the
symmetry operators f§ o, generate a spectrum generating algebra (SGA) of L2.

These operators allow us to define the normalizable angular states of the system by acting on a fundamental state annihilated
by ladder and symmetry operators A,_, and £, o

Apog®e=0,m=0 = Ly ,Pr=0,m=0=0 = Do o<1

4
O m(0,9) =N (L5 )"(| [ALg)®oo,  0<m <t (2.24)
i=1



Figure 1: Schematic representation of the ladder operators IA\;—?(G) and symmetries LA;‘F for the angular Hamiltonian £.%.
Each state is represented by a dot in the plane (m, £).

where N is a normalization constant. In other words, we can move on different eigenvalue (£) states by means of ladder
operators, and inside each energy level by symmetry operators (changing m). This is essentially the action of an spectrum
generating algebra [29, 30] of the angular operator L?. The separated angular solutions obtained in this way are spherical
harmonics, @, (6, ¢) = Y;" (6, ¢). For instance,

Y7(0,¢) o< (L5 ,)?A3(0)A] (0)Do.0(6, ).

These angular operators and the angular wavefunctions, are common to all central potential systems.

3 Radial Symmetries: The Harmonic Oscillator

To complete the symmetry analysis, we must consider the reduced radial eigenvalue problem in order to find the remaining
shift operator if ;> then together with the known ladder /A\z ¢ operators (see (2.23)) we will form the second pair of
symmetries following the pattern of the angular Hamiltonian. The radial shift operators will depend on the particular form
of the radial potential V(r); however, the ladder operators /A\;T', g Of f,zg’m (which are given above) are common to all central

potentials. Thus, we have the following scheme for the remaining symmetry, S* similar to (2.20),

r,l,0°

Ae(r) — S, =52, A7, « L3(0) 3.1

In the following, we will apply the factorization method to the reduced radial Hamiltonian

(C+1)
2

N 2

H[(V) = _arr - _ar + + V(V) (32)
r

in order to find its shift ﬁf , (and ladder Af) operators. The central potential V(r) will be that of the HO or the KC

potentials

w? —k
Vho = T 2, Vkc = — (3.3)
r

where k is a positive real constant of the KC potential; w > 0 is an angular frequency and ¢ determines one of the
eigenvalues of L2.

We will devote this section to finding the shift and ladder operators for the HO Hamiltonian Hyo with potential Viyo ().
In the following section we will work out the same method for the KC potential V(7).



3.1 Shift and ladder operators of harmonic oscilator

Basic operators dy, f of radial oscillator H,(r)

We will handle the following notation for the reduced HO Hamiltonian, and the corresponding discrete eigenfunctions and
eigenvalues:
((e+1) o

St 2\ R.(r) = E,RS(r) (3.4)

He ()R} (r) = | =0, — ;a, +

Thus, we look for the factorizations of H,(r) = H,. There are two independent factorization sets of radial operators
{a;, b7} given by [31]:

At _ -1, w at 14 C+1
. ay = =0+ 5=+ 31, Ap Ry o< R,
He = aza, - (20— 1),
4= — 4l L w 4~ RC -1
a, =0r + ==+ %, a; R, < R~
3.5)
o+ — -1 _ w + 14 C+1
. W by = =0, + == = 3T, b}, Rf « RY
H,=b; b + £ (20 +3),
£+1 €+1 2 A 41 w ~_ € -1
b[ —6r+7—7r, be Rn+l

Both sets are related by the reflection —¢ — (£ +1). The operators d; and 132—? close a kind of two independent Heisenberg
algebras satisfying the following commutation relations,

Ay

g, 4y, —ara; =2w, by, b}, - bib; = 2w (3.6)

These elementary factorization operators modify both the energy (n) and the angular momentum (£) parameters of the
radial states R’ (r), as it is displayed in the commutation rules

i, He = (He-y + w)dy, at, He = (Hen — w)aj,,

b;H, = (He-y — w)by, bt, He = (Hen +w)b?

{+1

where one must be careful because @, is an annihilation operator of energy quantum w, while that role is played by I;Jg
in the second set. The effect of these operators is summarized in the following diagram Fig.2 where each point (¢, n)
represents the radial state RY.

Shift and ladder operators of the radial oscillator H;(r)

Next, from the previous operators we obtain pure shift, £* ,, that modify only the parameter £ of angular momentum and

r,0’
pure ladder, A% ,» operators, which change the label n of energy,

=by_ay . Z: 42 = b;+25’;+1
3.7
AE,V = b;dz ’ A}—, = bg+ld;+1
They modify their respective parameter in two units, for instance:
S He=HeoS, . Ay He = (He+2w)Ag, [He(r), A7 ] = £20A7, (3.8)

A representation of these operators can be found in a diagram Fig.3. For each energy, the state with the maximum value of
¢ is annihilated by b7, (the other options lead to no normalizable eigenstate). The expression Hy = b, bt +5(20+3)

£+17€6+1
in (3.5) leads to the energies: E,, = %(2n +3),wheren > £. If =0, Ey = 37“’

~

The ladder operators /A\(f, . =bja; and /A\zf bg 140

by L2, therefore they may be rewritten simply as A;.

depend on ¢ through the expression £(£ + 1), which can be replaced
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Figure 2: Schematic representation of the action of the auxiliary operators d; (r) and 5? (r) on functions R’ (r) represented
by the points (£, n) in the plane.

¢

Figure 3: Schematic representation of the action of the shift and ladder operators ﬁ;—' , and /A\;r on functions R’ (r)
represented by the points (£, n) in the plane.

Remark that the ladder operators for H, can not be applied to get more symmetries, but they give us the spectrum and
the connection of eigenfunctions of different eigenvalues. Therefore, they may be used to build the spectrum generating
algebra [32] of Hpo.

e Qt
Symmetries Sr’ .0
We have all the ingredients to define the symmetries. For sake of clarity, let us write a complete separated eigenfunction

in the form
oo (7,0, 9) = RE(r)PF(0) g ()

8



Thus, in this case the shift operators change two units the value of the parameter ¢ of the radial function,
81 r2t RADPEO)9ul9) — R (N)PF(O)m(p)

Meanwhile, the ladder operators /A\f o constructed above acting on the eigenfunctions Py'(6), change the eigenvalue
¢ — ¢ £ 1 therefore, we need two of them to match in a new eigenfunction:

A oAbyt ot REPT (@) (@) — RE(IPL,(0)dm(p)

The product of these second order radial shift and the two angular ladder operators supplies a second pair of symme-
tries:

S+ _ A+ A+ - -3
N LO+2,0 — Z“rAt’+2,19A£’+1,H’ S £,0 — z

r

The final action of the symmetries S;“ ro18

St a0 i RAOPIHOdm(0) = REZ(PEL(O)m(9).  Srp g REPIP(O)dm(e) — REZ(r)PFL,(0)dm(p)

A

They are not independent because their product, S‘: .08 depends on the involutive Hamiltonians. The same happens

6,0
with fz m.o» SO at the end we have a total of five independent symmetries, as it should be. These symmetries are
complemented with the ladder operators (3.8) which connect the eigenspaces with different energy.

Thus, the action of HO symmetries on the separated eigenfunctions is

A

+
Sr,f,(—)lpnf—lm o« W e,ms Woem-1 < Whom 3.9)

P+
0,m,p

and the action of ladder operators:
A;%an,ﬁ,m oc ‘PntZ,f,m (3.10)

The fundamental state is annihilated by A; and Sr‘ ¢ ¢+ This leads to two solutions (even and odd):
a) W) ="Yn=0,=0,m=0, b) W5 =Yn=1,=1,m=0

Then, in this case, there are two sublattices (even and odd) of states (¢, n) connected by ladder and symmetry operators.
For instance, in the even sector,

n
A+ S+ S+ F+
Won0,0 = (A,) Yo, Wan200=8 209 S5 2.6¥n00 Wonpem = (Ly, ,)" Won, 20,0

Next, we will characterize the symmetries of KC in the same spirit.

4 Radial Symmetries: Kepler-Coulomb

In this case, the factorization applied to the reduced Hamiltonian H,(r) = H,

n 2 1) %
. +€(€+)

He =—-0, — -0y - = 4.1
r r
lead us to only one pair of shift operators:
$: _ o5 o I¥1 &k
e =T r 2¢
That modify the angular momentum, £, keeping the energy, n,
S _ 14 k $ ¢ £+1
C el K2 2o =0+ 5~y 2L e R o Ry
He =2 on2on— 7o (4.2)
e 4(C+1)? S _ o+l _ k S— pl o pb-1
2r,t’_a"-i-% T 20 z“r,t’RnocRn
Then, for A, the energy will be given by
k2
E,=———=, n>¢
4(n+1)2



4.1 Coupling: Symmetries of Kepler-Coulomb

The factorization operators ii , modify the value of the total angular momentum from the radial states in one unit, this

change is matched by the A% .0 operators

A 3 _ At 4
Sr,€,9 - z“r €A€ 9> Sr,£’+l A€+1 0

9—2

r,+1

These operators allow us to move through states of the Keppler-Coulomb system with the same energy since:

A

+ S—
Sr’[ﬂ,gan,t’,m & \Pn,€+1,m’ Sr’[,glpn,f,m o \Pn,{,‘—l,m

4.2 Ladder operators of Kepler-Coulomb

In order to get the ladder operators of KC system we follow Ref. [29]. Consider the eigenvalue solution of the reduced

KC Schrodinger equation

. k>
H n — E n’ En J— 4.3
e¥e=Ente FYEETE @
where n = £,£+1,.... To obtain ladder operators for this potential, first we multiply the Schrodinger equation by 72 to
become
bt = (=12 0} = 20, —1* Ey — kr)yh = —L(€ + 1)y} (4.4)
We propose the factorization
N k? Ap oAl
hy =—1* 0} =216, + TEFNG ])2}’2 —kr = A} AL, +wn 4.5)
where
= (10 + aegr =+ D) DY AL, = Du(r 0 + spyr — 1) (4.6)
and
w, =-n(n+1) “4.7)
Now, we want this factorization to fulfill the fundamental property,
iln = A:n Ar ntWn= Ar n+l [\r nel T Wn+l (4.8)
This is true if we take D,, as a dilation operator that satisfy
Dnr= "“ rD,, D, = exp[log ((n + 1)/n) roy| 4.9)
Then, from the relation (4.8) we have the following intertwining relation
Ay hy=ho Ay, A by =0y AL, (4.10)
which allow us to connect consecutive eigenfunctions by means of ladder operators,
S /R SR 4.11)
Then, the operators A* ,,» are just the ladder operators we are looking for with the commutation rules:
A A = AL A =2(n+ 1), [Ae, A}l = A (EF - EF) (4.12)
In conclusion, the action of KC symmetries on the separated eigenfunctions
S:’[,glpn,ffl,m o ‘"Pn,é’,m, -ﬁ‘(;,wlyn,t’,mfl o an,t’,m (4.13)
together with the ladder operators
[\Z,rlpnfl,t’,m o an,é’,m, Ay_l,rlyn,f,m o lPnfl,fl’,m (4.14)
generate the eigentates from the ground state,
Sro.0%0=L50,Yo=Ag, ¥ =0
Then eigenfunction space ¥}, ¢, with energy E,, is given by:
Pooo=An, AL Yo, War0=8,40-Sh1 000 Ynem=(Lh,

10



S Symmetries of the Classical HO and KC Systems

Our next objective is to show that the same method based on factorizations can be applied to classical central Hamiltonians
with an expression, similar to (2.1), but now in terms of canonical coordinates (7, p,, 0, pao, ¢, Py),
H=p>+V L s L (2 5.1
=pr+ (V)+r—2 Pg"'m Py (5.1
Its structure is the same as the quantum version (2.2) with three functions,

: 2 L?
, H=p;+V(r)+— 5.2)
sin® @ r?

Lzzp(p’ Lzzp%"'

where H is the Hamiltonian, L? the total momentum, and L%, the square of the angular z-component. These functions
constitute a sequence of three involutive constants of motion, i.e. their Poisson brackets (PB), between any two of them,
including H, vanishes. Their constant values are denoted by E, £2 and m?, respectively. These constants of motion lead to
a kind of reduced one dimensional Hamiltonians in one of the variables ¢, 6, r when the rest of variables are replaced by
the value of a previous constant of motion:

(@)  Li(g.py) :=p =m?
2
(b)  Ln(0,pe)=py+ s =0 (5.3)

(¢) He(r,py) =p2+V(r)+ f—i =E

We start with these involutive constants of motion L%, L? and H; then, we will construct additional constants of motion
to reach the maximum number of five, corresponding to maximal superintegrable systems [18] as it is the case of HO and
KC. We will search these extra constants in the form of two complex pairs: i) the first complex pair, £ o will depend on

the variables 6, pg; ¢, p,. Its PB with L? will vanish and consequently its PB with H will also vanish (since H depends on
angular variables through Lz); and ii) the second pair Sf P depending on r, p,; 6, pg, which will commute with H (and,
trivially, with Lz, because it is independent of ¢ and p,); thus, the same ordering scheme (2.5) is valid here:

H, S, L, Ly, L (5.4)

Ve
Of course, not all these constants will be independent; we will see how to choose five of them. We will arrive to these
symmetries through the factorization of the reduced Hamiltonians (5.3), in terms of of ladder and shift functions. The

question we have to clarify is the definition of “ladder and shift functions" in the classical frame. We will introduce them
along the examples of HO and KC systems.

. *
5.1 Angular symmetry functions LW
Consider the classical version to the angular symmetries (5.7) of L2,

+

. L
0,0 = e (£ipg — —=) (5.9

tan 6

Similarly to the quantum case, these functions split into ¢ and 8 components.
(1) The p-factor: angular ladder functions A:—;

The first component corresponds to a pair of ladder functions for the constant of motion L,:

Ay =’ (L., A} =FiA (5.6)

+
[

In the classical frame we say that a pair of functions (like Ai) is a set of ladder functions for a constant of motion
(like L,) if a PB like (5.6) is satisfied (which is the classical analog of the commutator (2.10)).
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(i)

(iii)

@iv)

The 6-factor: angular shift functions X7

Let L2,(6) be the reduced Hamiltonian given in (5.3), then we define the following functions

m

X = tipg — 5.7
0.m PO tang SR
These functions are called shift-functions of L2, since they are characterized by a factorization relation,

ZhmZom = Lo(0) —m? (5.8)

which means that the constant of motion Lfn(e) must have a value £ greater or equal than the constant m?. The
following type of PB, is similar to the commutation (2.18)

2m dL>?
L%,3% =¥ =Myt
{ H,M}P«p—”" sin2 9 0,m om 0,m

(5.9)
where the condition p, — m in the PB means that after taking the PB the replacement of the constant of motion

D by its value m sould be made.

The PB with L2 will also be useful later,

2m
2 + I +
(L2 QY pom = Fi 2 A (5.10)

Then, the angular constant of motion £ 0 of (5.5) can be expressed as

Lo mo=Zomh (5.11)

S K

when the classical system is characterized by L, = m. In other words, it is the product of a ladder function of L%
and a shift function of L%n. From (5.10) and (5.9) we check that .£§ _ will commute with L? and H, but they will
act as ladder functions of L, due to (5.6),

2 + .
{L N z,m,(p}P«p_)m = {H, Lg’m’(p}p¢—>m = 07 {Lza z’m7¢}p‘p—>m = +l£§’m’¢

We can say that the complex functions L p constitute a pair of complex symmetries for L? (and for H) when the

value of the constant of motion L, is m. These symmetries are complex conjugate, Lg,m,w = (.E;’m“p)*.

Let us remark that in this case, the constant of motion  is the value of p,, which is a polynomial function, therefore
m can be replaced by p, simplifying the notation and PBs:

L. P + £ _yE A%
—>Ze,¢ =ipg — ——, Le,m,g;_’L =2y A

+
26 tan 6 0,0 N

,m

The ladder functions of the total angular momentum L? are obtained by another factorization of L2, (following
the way shown in Sect-2.3) in the form,

Aj g =#isinOpg+Lcost, A} Ay =Ly —m*=0"—m? (5.12)

where £? is the value of the constant of motion L?. An important remark is that similarly to the quantum case the
ladder character can be better expressed in terms of the square root VLZ:

(L2 A7 oo = Fi2UA; 4, {NL2 A7 g} = FiA (5.13)
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5.2

Radial symmetries and ladder functions of the HO

Next, we will obtain the radial shift functions associated to the HO system H, in order to find the second pair of complex
symmetries S, in the variables  and . It will also be useful to find the ladder functions of Hy, since they will allow us
to find the motion, the frequency and a pair of action-angle variables.

®

(i)

(iii)

@iv)

Basic factorization functions a;, b;. We will deal with the reduced HO Hamiltonian (where we have set 2m = 1)

2 2

¢
Hy(r) =p§+r—2+%r2 (5.14)

Then we look for the factorizations of this reduced Hamiltonian. There are two independent factorization sets of

radial functions {ay, by},
Hr,fza;a;—wf, a?:$ipr+§+%r
(5.15)

Hyp=bb;+wl, b =Fip, + r

SsS
SIS

Shift and ladder functions. Next, from the previous auxiliary functions {ay, by} found in (i) we obtain pure shift
functions, Z;’ , in a similar way to (3.7)

Zf[,:b[a[ (5.16)
The shift functions have the PBs of shift style (similar to the quantum version (3.8)):

O0H¢

4¢
{HZ f}Lz_)fz—+l Zf[—+2 ac

‘s,
They also allows to get pure ladder /A\zr radial functions, in the following way

Az—f,r =a;b;, (5.17)
The radial ladder functions have the following ladder-like PB:

{H, A}t’r}Lz_)gz = ¢2iw/\f’r (518)

This kind of ladder functions A+ depend only on ¢* which coincides with the eigenvalues of L?. Thus, we can
make this replacement in A7 ; 1n this case we use the notation AX. Although Af are not symmetries, their PBs
(5.18) are quite important. ThlS will provide the frequency of the system, and one pair of appropriate canonical
variables, as we will see later.

Symmetry functions. The product of the second order radial shift, X, and angular ladder, (A )2, functions, defined
in (5.12), supply a second pair of radial symmetries:

2
S0 =35 (N: ) = biat (£ isin0p + cos ) (5.19)

{H’Sif,e}Lzﬁlz =0

Due to (5.13), these symmetries have the following PB with VL2,

VL2, 8%, s = 7282, , (5.20)

Polynomial symmetries The symmetries that we are calculating, for instance S* have two drawbacks: a)

0,0
They are not polynomial in the momenta (due to the square root £ = VL2); and b) they are complex. These two
difficulties are solved by taking the linear symmetric and antisymmetric (and dividing by i) combination of the pair
of symmetries (or, essentially, taking the real and the imaginary part of any of them):

1

Sio= % (S:,f,e "‘Sr_,f,e) g Sio= %7 (3:5 0 Sr_,f,e) (5:2D
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They the following form:
S g = (8m’prr +80°prpo(—4L% + 4p>r? + w’r*) sin20)) / (4r°)

S5 o = (262 = Er?)(m® + €7 c0s 20) + 26p, por sin 26) /1

They are fourth (Srs’ o) and third (Sr“’ o) degree polynomials in the momenta p,, pg. They can also be expressed in

terms of the Q;; components of the Fradkin-Demkov tensor [14, 15]:

2
w
Qij = PiPj + —XiX;

Leading to the expressions:
S o= (L*> = L2)H - 2L%Q,,

Sf’g = 2(Lnyz - Lszx)

5.3 Radial symmetries of the classical KC system

Next, we will write the classical functions relevant to form the specific symmetries S, , of the KC system.

(i) Shift functions. In this case, the factorization applied to the reduced Hamiltonian H,(r)

, %k
He=pi+—5-—
r r
lead us to one pair of shift functions:
. t k _ k?
Z;[:+lpr+;—2—f, Z:’fzr[ H+E
They have shift-like PBs:
+ 2t + . BH[ +
{H, X% ,} = +i }"_22;’6 =+ — >

(ii)) Symmetries. Similarly to the quantum case,

£k
Sieo=ErNo Sl =Fipr+ o - ﬁ)( +isinfpg +{ cos 9)

(5.22)

(5.23)

(5.24)

(5.25)

(iii) Ladder functions, A¥, of the classical KC system. In the same way as we did for the quantum ladder operators, we

obtain the ladder functions,

Af:(¢ripr+rm—2\/k_7H)Dj’,

where
D7, = exp[F2irp,N-H/k]

The functions AZ, are just the ladder functions we are looking for:
ik

{AL ALY = ﬁ

{H,A*} = Fi4HV=H A* = Fi a(H)AL,

where

a(H) = 4(-H)V-H/k

(5.26)

(5.27)

In the same way as we mentioned in the ladder function of the HO, this function supply us with the frequency of
the motion, @ (H) as we will see later. Such frequency depends on the energy, as opposed to the HO, where it is

constant.
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(iv) Polynomial symmetries In principle the symmetries S;—" ¢, are not polynomial in the momenta p,, p, due to the

presence of £ = VL2, and they are complex. We can obtain real polynomial symmetries in the momentum functions
by means of the symmetric and antisymmetric combination of S} , and S :

! 1 _ 4 _
Sro= 3 (S:,e +Sr,9) ’ S = % (S:,e - Sr,6’) (5.28)
2
S; g = cos(6) (57 - g) + popysin(6), S} g = sin(6) (51770 - %) —{p, cos(6)

They are polynomials in the momenta p,, p, of second and third degrees , respectively. Furthermore they are
related to the well known Runge-Lenz A and angular momentum L vectors:

S o=As Sty =(LiAy - LyA,) =L xA| (5.29)

Where the Runge-Lenz vector is:

k
AszL—Er

6 Action-Angle Variables and Symmetries

We collect in Table 1 some of the basic factorization functions (ladder, shift, or symmetries) and split them into their
modulus and phase. We will make use of them in order to compute canonical variables that correspond to the solutions
of the characteristic function of Hamilton-Jacobi and to action-angle variables. In this way, we want to stress that such
canonical variables take a natural part in the symmetries (obtained by this method) of superintegrable systems, as we will
show below by means of HO and KC systems.

: E E E B E
Function i, Af, az (HO) bZ (HO) F, (KC)
Expression eti‘ﬁ(iipg—#) +ipg +Lcosf Trip,+§+%wr iipr+€/r—%wr iip,r+§ —%
2
|- ]2 2 —m? 2 —m? E+wl E - wt E+%;
2 2
Phase — arccos 21eotd arccos —— V(2 —m? | arccos -2EEer— arccos 2.9~ | arccos —=K
¢ £2—m? cos 0 2rVE+wt 2rVE-wl rVAC2E+k?

Table 1: Some functions together with their modulus and phase, where L* = €%, L2 = m?.

In this section, we want to interpret the constants of motion that we have previously obtained for the classical KC and HO
systems. We have seen that, essentially, the complex constants of motion S;, which are related to each pair, Hx and Hy4,
of reduced Hamiltonians (in our case, H| = H,, H> = Hy, H3 = H,), have the structure

S; = Eiﬂ Ai

where Zt . are shift functions of Hy., while Af are ladder functions of Hy. In polar coordinates we write
S* = |S* +i & s +i Oyl Ax A
k_| k|e =] k+1|€ | k|e
The modulus of the symmetry |Sif| = [X%,,||A%| depends on the involutive constants of motion, i.e., of the partial

Hamiltonians, so it is not an independent symmetry; but the phase & is a symmetry which is independent of the reduced
Hamiltonians. If we consider the pair
(Hi s €k = O + Ax)

It happens that S,f is a symmetry of Hy,| but its PB with Hy has the form (see for instance (5.20),

{Hy, Si} = FiaS; 6.1)
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(where a = 1 for KC and a = 2 for HO) and, taking into account that S} = |S,:—'|eii &k with {Hy, [Si 1} =0, then

{éx, H y =a (6.2)

Thus, based on these considerations, we expect that the pairs

(Hy,€y), (Hg,&q) (6.3)

are a good choice as starting point to search for two pairs of canonical variables which are made of constants of motion.
They can be modified slightly to get of a set of action-angle canonical coordinates. In fact the &, variables will be identified
with the angle, while partial Hamiltonian Hj will be a function of the action variable Jx. The remaining pair (J,, &)
comes from the reduced Hamiltonian H, and its ladder functions Af. Next, we will see the details for KC and HO systems.

6.1
D

2

3)

Action-angle variables for the KC system
From the pair (L; = p,£,) to the canonical variables (J, = py,£y).
The constant of motion &, according to (5.11) and (5.6)-(5.7) is defined by
£p = Ay +0g = @ +arccos (L cot@) = ¢ + arccos(coti cot §) (6.4)

L2-12

where the angle i is that of the plane of the motion and the z axis. The canonical bracket {£,, p,} = 1 is fulfilled.
Then, in this case, trivially, p, and J, coincide, and the ¢ canonical variables are

(Jp =Dy, éy) (6.5)

From the pair (\/ﬁ, &p) to canonical variables (Jg = VL2, &9).
According to (5.24) and (5.25), we have

2L%)r -k V12
V4L2H + k2 , 12— L%

From (5.13), we have the canonical bracket {¢5, VL2} = 1. In conclusion, J¢(L?) = € — Jo, such that for the
minimum value of L?, Jo(m?) = 0, then the action is Jg(L?) = £ — m, where m is the action of the variable ¢.
Finally, the second pair of canonical variables is

&g = Ag + 0 = arccos(csci cos ) + arccos =csci (6.6)

(Jg=C—m, &)

The PBs of cross variables of both set of pairs will vanish.
The pair (Hgc, &) and the canonical variables (J,- (Hkc), & ).

In this case, we dispose only of a pair of ladder functions to build the last pair of canonical variables (J, (Hkc), ;).
According to (5.26) they are given by

A; = GFir pr+rV=Hic = 57257=) expl#2irp, V=Hxc/k]

therefore

k2 -k — H
- L%, & =2rp.A—Hxgc/k +arccos ker

—4Hxc Vk2 = 4HycL?

Af = A explxig ], AF] =
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Recall the commutator
{Hkc, Af} = Fi4(—Hgc)V—-Hxkc Af = Fia(Hkc) Af

then, since {Hgc, e*¢} = ae®¢ {Hxc, ¢}, we get
{ér, Hkc} = a(Hkc) = —4HxcV—Hxc/k (6.7)

This PB leads to the canonical variable J,-:

k
(-4HxcV-Hxclk) =1 = J,=—-¢,
2+v/-Hkc

where ¢ is the constant of integration associated to the value J = 0 at the minimum value of the potential well.

d Jr (HKC)

{‘fr’ Jr(HKC)} =1 = d Hxe

In summary, the symmetries allow us to find the canonical variables

1
J = s ;J =€_m9 ;Jr:—_f, r (6.8)
(Jo =Pp:Ep: Jo &o N &)

such that all of them are constants of motion except &,, whose evolution is given by (6.7),

%‘fr = {&,, Hxc} = 4(=Hxc)V—Hkc/k

Thus a(H) is the frequency of the system which is equal to %y) . These results coincide with those given in [35, 37].

Notice that sometimes the dynamical variables take a different convention:

(J.6) » (V' =2rJ.& =£/(2m))

6.2 Action-angle variables for the HO system

(1) The pair (pg,&g)-

This is the same problem as before, for the KC potential, because the angular part is common to all central systems.
Therefore, the first pair of canonical variables is the same,

(Jo =Py, £, = @ +arccos(coticotd) ) (6.9)

(2) The pair (VL2, &).

From the expression of the functions aj, b7 we get the explicit form of the shift function

(210 S ) (im0 X

X =a;b] = Fipr+ ——+ || Fipr+ —— - %r) = F2VL2 p, + (=H +2L*/r?)
r r

Therefore, A4 has the same form as in KC, while

—H +2L%/r?
Oy = arccos ———
H? — 212
In this case the contribution of A4 is two times that of KC, since the ladder function entering in the symmetry is
(A§,9)2:
Ag = 2arccos(csci cos 8)
‘We have for the HO,

{VL?, Sf’[,g} = TLZiSri’f’H
which implies

L2, 60y =1
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Therefore, the action variable will be Jy = VL2/2 — Jy where Jj is a constant. Such a constant is determined from
the fact that the action Jg(L?) must be zero for the minimum value of L. This minimum value is L> = m?, (see the
expression (5.3)), for 6 = 7/2. Then, the action variable with Jy = m/2 has the form:

Jog=VL2/2—m/2 (6.10)
In this case, the angle variable is

—H +2L%/r?

S 6.11)

&9 =219 + 0 = 2arccos(sini cos f) + arccos

This completes the second canonical pair (Jg,&g).
(3) The pair (H, ¢&,).

In this case, we dispose only of a pair of ladder functions in order to build the last couple of canonical variables
(J-(H), &,). From the explicit expression

4 ¢ 2
Af=a*b* = (iipr+;+%r)(iipr+;—%r) =$i%pr+(H—%r2)
we get
H - ‘“—Zrz
& =1, = arccos ——=—— (6.12)
02 — 0212
The PB in this case is
{H:,&} =2w (6.13)
and the action has the form:
H,
Jr(Hr) = 2__-]0, {Jrsfr}: 1
w
where Jo = €/2.
In conclusion, we have obtained via the symmetries, a set of canonical variables
E ¢
(pt/ﬂ’g(p?f_msf@, @_5’67‘) (614)

such that all of them are constants of motion except &,, whose evolution is given by (6.13),
d
—& =2
dzf @

where the frequency 2w in this case is constant and it comes from the ladder function of the KC problem.

The expressions of these action-angle for HO and KC systems agree with those given in [35], after making a correspon-
dence: (r' = r/V2, Py = P2, 0% (= H) = €2/2,k'(= y) = k/V?2), where primed variables (and vy, ) are from that
reference.

7 Conclusions and remarks

Along this paper we have introduced in full detail a method based on factorizations to find the symmetries of quantum
and classical superintegrable systems. We have chosen the KC and HO systems to prove the consistency and compare this
approach with respect to other more conventional treatments. In the folllowing, we will point out some of the key points
that are specific of this method. Remark that although we have worked out separable systems in spherical coordinates
in this paper, it can also be implemented in other types of coordinates. The symmetries obtained are non Hermitian nor
polynomial in the momenta (the polynomial character is generally assumed). We have shown how polynomial symmetries
can also be obtained in a simple way within the factorization formalism, allowing us to express our symmetries in terms
of the standard ones found in the literature (see (5.22) for HO or (5.29) for KC). Let us mention these above mentioned
points in the quantum and classical contests.
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* Quantum properties.
The symmetries here obtained, in the quantum formalism, allow us to find the eigenfunctions of the degeneracy
eigenspaces. Each symmetry operator is made of two types of elementary operators: (i) ladder operators (we use
the notation /A\z o) of each of the involutive symmetries which connect different eigenvalue levels (in this example

the eigenvalue £ of L2, see for example (2.24)). In particular, the ladder operators of the Hamiltonian allows to jump
among energy levels and they lead to spectrum generating algebras [33]. (ii) Shift operators (with the notation ﬁ‘.f 2)

which change a parameter of a partial Hamiltonian (in this case the parameter £ in H;(r)). These shift operators
relate (partial) Hamiltonians with different potentials, and in the factorization style are called intertwining operators.

The symmetries obtained in this formalism have non Hermitian form and they include square roots of differential
operators (for instance £, where £(£ + 1) = L?), but polynomial symmetries in the momenta, are easily recovered.
The symmetry algebra can also be determined by using this type of symmetry operators [36].

* Classical properties.

We have shown how the factorizations can be defined in classical systems by means of PBs, and in particular the
functions called shift and ladder (in correspondence with shift and ladder operators known from usual factorizations
of quantum systems). Such functions do not have the same interpretation as in the quantum case, but they are
most useful. For instance, while ladder operators can be applied in the building of coherent states [33, 34] or to
span spectrum generating algebras [29, 30], the classical ladder functions give us algebraically the frequency of the
motion, or allows to complete the action-angle variables [29], and also can be used to define a classical spectrum
generating algebra.

» Connection between classical and quantum systems.
The factorization method, here presented, to find the classical symmetries is completely new (developed along a list
of references), and follows closely the steps of quantum systems. Some of the most interesting properties are that the
symmetries obtained are complex functions, whose phase can be identified in terms of action-angle variables (see
(6.8) and (6.14)). This is an example of the connection of symmetries with Hamilton-Jacobi formalism which was
not studied yet in the literature. The orbits (open and closed) are directly obtained from this kind of symmetries, as
well as the motion and frequency (corresponding to closed orbits) by means the ladder functions of the Hamiltonian.

One of the main advantages of this method is that it shows the close connection of classical and quantum system
analysis in a systematic way. We can follow at each step the quantum and classical expressions and interpret their
form. In fact, coherent states is one application where our quantum and classical symmetries can be applied in a
natural way to establish a bridge for quantum and classical formalisms [33, 34].

We have worked out the HO and KC systems in deep detail to make a clear exposition of the basic ingredients and to easily
appreciate the differences that one may find with respect to the existing vast literature [35, 37]. Our aim in the near future
is to showcase the versatility of this method considering its application to other models in quite different contexts such as
non-central potential systems that maintain the nest structure [7, 9, 39, 40, 41], parabolic systems [38], systems with spin
[42], non Euclidean systems [43], applications from exceptional orthogonal polynomials [44, 45] as well as a dimensional
generalization [46].
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