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Abstract

In this paper, we propose a theoretical comparison of two types of value-based
methods within the field of Multiple Criteria Decision Making/Aiding. Both meth-
ods make use of qualitative information to produce a value on an interval scale for
each alternative, assessed on a set of criteria, for ranking or classification purposes.
The two methods are known in the literature as the deck of cards and the one based
on ordinal proximity measures. The deck of cards method allows managing the
intensities of preferences in a qualitative way by making pairwise comparisons to
produce a value for each alternative, while the ordinal proximity measures method
allows managing the proximities between the terms of ordered qualitative scales in
a pure ordinal way and produces a value for each alternative. This paper provides
the mathematical background on the concept of closeness between objects of a
linear order, which is common to both methods and the way of assigning values or
scores to the terms of ordered qualitative scales. It is presented a proof that, under
certain circumstances, these two methods are equivalent. An illustrative example
shows how to build an interval scale with the two methods.
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1 Introduction

The field of multiple criteria decision-making/aiding (MCDA) became more and
more important over the last few decades. It helps decision-makers (DMs) navigate
the complexities of real-world decision situations with wisdom and appears as a
guiding light for DMs. MCDA is not merely an approach for dealing with complex
problems, it also encompasses methodologies, methods, procedures, and algorithms,
i.e., tools that empower DMs to deal with the multidimensional facets of decision
situations.

Let us point out that an MCDA decision situation presupposes the existence of
three fundamental elements: (1) a decision-maker or her/his representative and an
analyst; (2) a set of alternatives; and (3) a set of criteria. In a subsequent step, three
main expected results can be stated, each one leading to different problem statements
(see Greco et al. 2016): choice (i.e., select the best or a small set of the best alterna-
tives), ranking (i.e., rank the alternatives from the best to the worst, sometimes with
the possibility of incomparabilities), and classification (i.e., assign the alternatives to
pre-defined categories or classes).

In MCDA, there are mainly three types of methods (see Greco et al. 2016): value
— or scoring-based methods, relational-based methods, and rule systems-based meth-
ods. The most popular type of methodology worldwide is the first one, i.e., when a
value is assigned to each alternative under assessment (see Keeney and Raiffa 1976),
for ranking or classification purposes.

The panoply of value-based methods is vast. Some require great cognitive effort
from DMs while others make use of qualitative preference judgments, which greatly
facilitate the DMs’ task. Going from qualitative information to values attributed to
the actions is not a simple task, it requires the design of meaningful methods. The
value-based methods encourage a thoughtful exploration of trade-offs, enabling DMs
to easily compare alternatives. This is one of the main reasons they are immensely
popular in the field of MCDA. They have been confirmed to be very effective for
dealing with real-world decision-making situations in a vast range of areas.

The origins of the deck of cards method date back to the early nineties, when
Simos (1990a, 1990b) proposed a procedure for computing the weights of criteria (on
a ratio scale) for relational-based methods, more precisely for outranking methods.
This procedure was later improved by Figueira and Roy (2002). Siskos and Tsotsolas
(2015) enhanced the deck of cards method by adding a robustness analysis procedure
and surveying the use of this method in real-world applications. Pictet and Bollinger
(2008) adapted the method to determine the value functions (interval scales) of an
additive multi-attribute value theory (MAVT) model (see Keeney and Raiffa 1976).
We note that this method can be used in the context of MAVT to build ratio scales for
the weights and value or cardinal scales for the performance assessment criteria. A
comprehensive explanation is provided in Figueira et al. (2023).

Bottero et al. (2018) improved the method and adapted it to build the utility func-
tions and determine the capacities of the Choquet integral aggregation model.

The most important theoretical developments of the deck of cards method, with
the possibility to identify and deal with inconsistent judgements, were proposed by
Corrente et al. (2021). Two additional applications of the deck of cards methods with
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some minor theoretical developments can be seen in Dinis et al. (2023) and Figueira
et al. (2023).

We note that the deck of cards method can be used to construct cardinal, ratio, or
interval scales. In this case it is used on difference measures and the blank cards are
used to model the less or more attractiveness between pairs of successive levels in
the scale. The method can be used to compare all pairs of alternatives as in Corrente
et al. (2021). In this sense, it is used to build a comparison pairwise table as in AHP,
but the meaning of the blank cads is different from AHP, where the scale is absolute.

Ordinal proximity measures, introduced by Garcia-Lapresta and Pérez-Roman
(2015), allow for the management the proximities between the terms of ordered qual-
itative scales in a pure ordinal way. Some applications of ordinal proximity measures
to several decision-making problems can be found in Garcia-Lapresta and Pérez-
Roman (2017, 2018), Garcia-Lapresta et al. (2018, 2021, 2025), Garcia-Lapresta and
Gonzalez del Pozo (2019, 2023), Gonzalez del Pozo et al. (2020), Gonzalez del Pozo
and Garcia-Lapresta (2021) and Garcia-Lapresta and Marques Pereira (2022), among
others.

In this paper, we are interested in dealing with the problem of how to build a car-
dinal value function from ordinal judgments. Indeed, the purpose of this article is to
provide a mathematical comparison between the two methods and outline the com-
mon features as well as their practical relevance when both are applied to build car-
dinal scales within the range 0-100. It is targeted at readers with a theoretical interest
in methods for constructing interval scales from ordinal data. Since the methods are
also described in a simple way, they can also be of a particular interest to practitioners
in real-world applications.

In this paper, we have introduced the notion of proximity measure, which gen-
eralizes the notion of ordinal proximity measure, by allowing different intensities
of proximity between the terms of ordered qualitative scales. The reason for this is
to bring the approach of ordinal proximity measures closer to the the deck of cards
method. We have shown that, under certain assumptions, both approaches can be
considered formally equivalent.

While both the deck of cards method (adapted to the context of this paper) and
the new proximity measures approach seek to capture the intensities of proximity
between terms on ordered qualitative scales, there are some differences in the way
individuals display their perceptions. From a practical point of view, the deck of
cards method requires individuals to insert an integer number of blank cards between
consecutive terms of an ordered qualitative scale. In contrast, in the proximity mea-
sures approach, individuals display their perceptions by means of ordinal degrees
of proximity, either directly or through sliders (as in Garcia-Lapresta et al. (2025)).

The paper is organized as follows. Section 2 provides the mathematical back-
ground on the concept of closeness between objects of a linear order. Section 3 is
devoted to the two methods, which assign values or scores to the terms of ordered
qualitative scales. Finally, Sect. 4 provides some conclusions and outlines avenues
for future research.
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2 Closeness between the objects of a linear order

This section presents the deck of cards method, (ordinal) proximity measures and
some relationships between them.

Consider a linear order £ = {l1,l2,...,l4}, with g > 2, arranged from the low-
est to the highest: [y < Iy < --- <[, where < means “strictly less preferred than”.
The terms of £ can be alternatives, criteria, linguistic terms of an ordered qualitative
scale' (0QS), etc. Without loss of generality, in what follows we will say that £ is
an OQS.

2.1 The deck of cards method

In this subsection, we provide a brief presentation of the deck of cards method
adapted to the context of this paper. For more details the reader can refer to Corrente
et al. (2021).

Let e.s > 0 be the number of blank cards inserted between [, and [, whenever
r # s. First, insert blank cards in between consecutive terms:

Iy [exz) lp -+ Iy [er(r+1)] lrgr -+ g [6(971)9} lg.

By convention, e, = —1, forevery r € {1,2,...,g}.
The meaning of e,. (.4 1) is as follows:

1. e, (r41) = 0 means that the psychological distance between [, and I, is the
minimal between two different terms, i.e., the maximal proximity between two
different terms, equal to the value of the unit (see below).

2. e (r41) = 1 means that the psychological distance between [, and [,- 11 is twice
the unit.

3. er(r+1) = 2 means that the psychological distance between [, and /1 is three
times the unit, and so on.

In the next step, insert blank cards in between non-consecutive pairs of the scale lev-
els. All this information can be arranged in a comparison table (see Table 1).

The following consistency condition plays a relevant role in some results of the
paper (Propositions 2, 3 and 8). In particular, that condition determines the number
of cards between each pair of non-consecutive terms of the OQS from the number
of cards between consecutive terms. This fact makes it easier for agents to provide
their perceptions of the proximity intensities between the objects considered, avoid-
ing inconsistencies.

Condition 1 ( Corrente et al. 2021, p. 741) Given a comparison table, Condition 1
requires that the following equality must be verified:

ers tesg+1=rep (l)

!For instance, {‘very bad’, ‘bad’, “fair’, ‘good’, ‘very good’, ‘excellent’}
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Table 1 Comparison table
51 Iy ls It lg

I |

Iy u €rs ert

ls [ | €st

It ]

ly [

Table 2 Comparison table of I Iy I3 lq
Example 1 I ™ 1 4 5
l2 | 2 3
I3 0
I u

Jorall rys,t€{1,2,...,9} suchthat r < s < t.

Remark 1 1f a comparison table satisfies Condition 1, then e,; > e,; and e,; > ey,
whenever 1 <r < s <t < g:since r < s < t,wehave e.s > 0and eg > 0. Then,
by Condition 1, we obtain e,; = e,s + est + 1 and, consequently, e,; > e,s and
Crt > €st.

Example 1 Givenan OQS £ = {l1,ls,l3,14}, consider that 1 card is inserted between
l1 and I, 2 cards are inserted between [5 and I3, and no cards are inserted between [3
and ly,i.e., e120 = 1, ea3 = 2 and e34 = 0. If Condition 1 is assumed, then we obtain

el3=eciztexs+1l=4
ezg =ez3tez+1=3
ely=ecizteyt+l=eztey+1=>5

All this information is collected in Table 2.

2.2 Proximity measures

The notion of ordinal proximity measure, introduced by Garcia-Lapresta and Pérez-

Roman (2015), requires four conditions: exhaustiveness, symmetry, maximum prox-
imity and monotonicity.
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In order to analyze the relationships between the deck of cards method and ordinal
proximity measures, we now introduce the more general notion of proximity mea-
sure, by removing exhaustiveness.

A proximity measure on £ is a mapping that assigns an ordinal degree of proxim-
ity to each pair of terms of L. The ordinal degrees of proximity belong to a linear
order A = {61,09,...,d,}, with §; > 02 > - -+ > §j. Note that the members of A
are not numbers, but ordinal degrees of proximity: 41, for the maximum degree of
proximity; do, for the second degree of proximity; and so on until &y, for the mini-
mum degree of proximity.

Definition 1 A proximity measure (PM) on L with values in A is a mapping
7w Lx L— A,where 7(l,,ls) = 7,5 represents the degree of proximity between
[, and I, satisfying the following conditions:

1. Symmetry: wg. = mps, forall r,s € {1,2,...,g}.
2. Maximum proximity: m.s = 01 < r =s,forall r,s € {1,2,...,g}.
3. Monotonicity: T,s = Tyt and we - T, if 1 <r<s<t<g.

Symmetry means that the ordinal degree of proximity between two terms does not
depend on the order of comparison. Maximum proximity means that the maximum
degree of proximity, d;, is only reached when comparing a term with itself. And
monotonicity means that, given three different terms of the scale arranged from the
lowest to the highest, the ordinal degree of proximity between the first term and the
second one is greater than the ordinal degree of proximity between the first and the
third; and the ordinal degree of proximity between the second term and the third one
is greater than the ordinal degree of proximity between the first and the third.

We shall assume that the minimum degree of proximity, 0y, has been used in the

pairwise comparisons: h = max {p(ms) | 7,5 € {1,2,...,9}}, where p(d)) = k.
Note that, if = is a PM, by monotonicity we have m,.; = d; if and only if
(r,s) = (1,9) or (r,s) = (g,1).

Definition 2 If 7: £L x L — A is a PM that satisfies exhaustiveness: for every
0 € A, there exist [,.,l; € L suchthat § = 7., we say that 7 is an ordinal proximity
measure (OPM) on L.

Exhaustiveness means that all the ordinal degrees of proximity are used at least
once. This fact prevents the use of proximity intensities: the degrees of proximity are
purely ordinal.

Definition 3 A PM 7 : L x L — A is uniform if m.41) = 74s41) for all

r,s €{1,2,...,9 — 1}, ie., T2 =mo3 =+ =T(g_1)4, and totally uniform if
Tpr(rt) = Ts(s+¢) forall r,s,t € {1,2,...,g — 1} suchthat r +#,s+1 < g.
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Uniformity means that the ordinal degree of proximity between consecutive terms is
always the same. In turn, total uniformity means that the ordinal degree of proximity
between terms with the same jump is always the same.

Remark 2 For each g > 3, there is one and only one totally uniform OPM (see Gar-
cia-Lapresta et al. 2018, Remark 6) and it is metrizable (see Garcia-Lapresta et al.
2018, Prop. 4).

If 7:Lx L — A is the totally uniform OPM on £, then h=g¢ and
Ty (r+s) = 0541 forall 7,5 € {1,2,...,g — 1} suchthat r + s < g.Inparticular, we
have 7. (.11 = 02, mp1 = 6, and 7.y = 6y_p 41, forevery r € {1,2,...,9 — 1}.

Every PM 7 : L x L — A can be represented by a ¢ X g symmetric matrix
with coefficients in A: (m,.5), the proximity matrix associated with .

Taking into account Definition 1, all the elements in the main diagonal are ;.
Since (7,5) is symmetric, only its upper half will be shown:

01 mi2 T3 o Tig-1)  Tig

01 w23 - T2(g—1) T2g

(7rps) = 5
1 T(g-1yg

o1

Remark 3 The only difference between PMs and OPMs is exhaustiveness, which is
only required in OPMs (Def. 2). Without exhaustiveness, there may be gaps between
the ordinal degrees of proximity actually used, something that is not allowed in
OPMs. This fact is illustrated in the following example.

Consideranindividualthatcomparestheclosenessbetween Lisbon,MadridandMilan
(they areinastraightline). Ifthis individual knows the distances between those three cit-
ies,she/hecandefineaPMas 7r( Lisbon , Madrid) = d2, 7( Madrid , Milan) = d4
and 7( Lisbon , Milan) = 5. But if that individual only is confident that Madrid is
closer to Lisbon than to Milan, but not the real distances, then she/he only can show
the ordinal proximities through the OPM defined as 7( Lisbon , Madrid) = 4o,
7( Madrid , Milan) = d3 and 7( Lisbon , Milan) = d,.

A relevant family of OPMs is the one of metrizable OPMs (MOPMs). They were
introduced by Garcia-Lapresta et al. (2018) and they use linear metrics on OQSs.

An individual whose perceptions about the ordinal proximities between the terms
of an OQS are represented by a MOPM behaves as if she/he had in mind a linear
metric on the OQS. We note that the family of linear metrics is a proper subset of the
family of metrics (see Garcia-Lapresta et al. 2018, Prop. 1).

Definition 4 (Garcia-Lapresta et al. 2018, Def. 2). A linear metric on L is a mapping
d: L x L — R satisfying the following conditions for all r,s,t € {1,2,...,g}:

Ld(l, 1) >
I, ly) =

0.
2. d(l, 1) =0 < 1, =1,.
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o~ e~

o) Fd(ls, ), if r<s <t

It is worth noting that every linear metric on an OQS is determined in a univocal way
from the distances between consecutive terms of the OQS (see Garcia-Lapresta et al.
2018, Remark 1).

Definition 5 (Garcia-Lapresta et al. 2018, Def. 3). An OPM 7w :Lx L — A
is metrizable if there exists a linear metric d: L x L — R such that
Tps = T < d(le,ls) < d(lg, 1), for all rs,t,u € {1,2,...,g}. We say that
is generated by d.

Metrizable proximity measures (MPMs) can be defined in the same way of MOPMs,
but considering PMs instead of OPMs. Note that for g = 3,4, 5,6, the number of
MOPMs is 3, 25, 473 and 18,262, respectively. However, there are infinitely many
MPMs in all cases.

2.3 Relationships between deck of cards and proximity measures
In this subsection we show that the deck of cards method is very related to the PM’
approach.

In the following result, we justify that each comparison table generates a PM.

Proposition 1 Given a comparison table, the mapping 7 : L x L — A defined as
p(mrs) = eps+ 2 isaPMon L.

Proof Symmetry is satisfied by definition.

Maximum proximity: m.s =01 < e,s = p(mps) —2=—-1 & r=s.
Monotonicity: By Remark 1. |

Example 2 Applying Proposition 1 to the comparison table of Example 1, we obtain
the PM associated with the following proximity matrix

01 03 0g O7
61 04 O
Asgo = ! 5411 5; ,
3

that is one the MOPMs appearing in (Garcia-Lapresta et al. 2018, page 154).
In the following result, we justify that each comparison table satisfying Condi-
tion 1 generates a MOPM.

Proposition 2 Given a comparison table satisfying Condition 1, the mapping

d: L x L — R definedas d(l.,1ls) = eqs + 1 is a linear metric on L and, conse-
quently, it defines a MOPM on L.
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Table 3 Comparison table of I Io I3 la Is
Example 3 I 5 4 5 9
l2 | 1 2 6
I3 | 0 4
7 | 3
ls u
Tablg 4' Or.dinal degrees of ers d(ly, 1) Trs s
proximity in Example 3 0 1 o1 5
1 2 m23 03
2 3 T2 T24 4
3 4 T45 05
4 5 T3 35 d6
5 6 14 o7
6 7 m25 o8
9 10 15 dg

Proof 1.d(l,,l5) > 0, by definition.

2. d(l1ls) =0 < es =—1 < I, =g, by definition.

3. d(ls, 1) = d(l,,1s), by definition.

4. d(l ) =en+1=ers+esq+2=d(l.,ls)+d(s 1), if r<s<t.

Taking into account (Garcia-Lapresta et al. 2018, Prop. 2), the linear metric,
d, generates an MOPM 7 : L x L — A on L, being m exhaustive such that
Tps = Ty < d(l,ls) < d(lg, 1), forall r,s,t,u € {1,2,...,g}. a

In the following example, we show how Proposition 2 can be applied. Starting
from a comparison table that satisfies Condition 1, we calculate the distances between
the terms of the OQS provided by the linear metric that appears in Proposition 2, and
how the MOPM is generated from these distances.

Example 3 Consider the first example of (Corrente et al. 2021, 5.1) with the compari-
son table shown in Table 3.

In Table 4 we show the distances between the terms of the OQS L and the ordinal
degrees of proximity between them, arranged from lowest to highest number of blank
cards.

Thus, Table 3 generates the MOPM associated with the following proximity
matrix:

01 04 s 7 09

01 03 04 Og
01 2 6
o1 05

3t
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In the following result, we justify that each PM that provides a linear metric from
the ordinal degrees of proximity, in a specific way, generates a comparison table that
satisfies Condition 1.

Proposition 3 Given a PM 7 : L X L — A, if the mapping d: L x L — R
defined as d(l.,1s) = p(m.s) — 1 is a linear metric on L, then the comparison table
defined as e.s = p(mys) — 2 satisfies Condition 1.

Proof ¢.s +est +1=d(l.,ls) — 1+ d(ls, ;) — 1+ 1=d(l.,l;) — 1 = ey, for all
r,s,t € {1,2,...,g} suchthat r < s <t. a

Example 4 Consider the OQS £ = {l1,1ls,13,14} is equipped with the PM

7T:L><£—>A:{61762a"'7514}

with associated proximity matrix

01 05 Jg O1a
01 4 10
0 07

01

Note that 7« is not an OPM, because it is mnot exhaustive:
52, 53, 56, 59, 511, 512, 513 ¢ 7T(£ X [,) .

Itiseasytoseethatthemapping d : £ x £ — R definedas d(l,,1s) = p(m,s) — 1
is a linear metric on £ and the comparison table shown in Table 5, defined as
ers = p(mrs) — 2, satisfies Condition 1.

Taking into account Condition 1, we now introduce a similar condition in the set-
ting of proximity measures.

Condition2 A PM 7 : L x L — A is consistent if p(m,¢) = p(mrs) + p(7st) — 1,
forall ris,te{1,2,... g} suchthat r < s < t.

It is obvious that for g = 3, the 3 MOPMs are consistent. However, for g = 4,
Ol’lly 10 out of the 25 MOPMs are consistent: A222, A/223, A224, A232, A233, A243,
Alos, Assa, Assa and Ayoo (these proximity matrices can be found in Garcia-Lapre-
sta et al. 2018, pp. 154-155).

Definition6 GiventwoPMs 7 : £ x L — Aandn’ : £ x £L — A’,wesaythatthey

are ordinally equivalent if w,g = w4, < w. = m,,forall r;s,t,u € {1,2,...,g}.
Table 5 Comparison table of I I I Iy
Example 4 n ™ 3 6 B
lo | 2 8
I3 | 5
In | ]
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In the following result, we justify that each proximity measure has associated a
unique equivalent metrizable ordinal proximity measure.

Proposition 4 If w: L x L — A is a PM, then there exists a unique MOPM
7 L X L — A that is ordinally equivalent to w. We say that 7' is the MOPM
associated with .

Proof Given a PM w:LxL—A, let d:LxL— R defined
as  d(l.,ls) = p(ms) — 1. Taking into account (Garcia-Lapresta et al.
2018, Remark 1), let 7' : L x L —> A’ be the only MOPM generated by
d(li,12),d(l2,13),...,d(l4—1,14). Then, we have

g = T < d(l, 1) < d(li,ly) < p(mrs) — 1 < p(m) — 1 & Tpg = Ty O

Note that if two PMs are ordinally equivalent, then they share the same associated
MOPM. This fact is illustrated if the following example. (I

Example 5 Consider L=A{l,ls,l3,14} and the PMs
W:£X£—>A2{51,52,...,510} and 7T/:£X£—>A/={51,52,...,58}
with associated proximity matrices

g 24 gs %10 g1 23 24 g8
1 2 7 1 2 6

01 Og and 01 05 ’
01 01

respectively.

Note that none of these PMs are OPMs because 7 and 7’ are not exhaustive:
53758759 §é ﬂ'(ﬁ X E) and 57 §é 7T/(£ X [,)

Both PMs are ordinally equivalent, because mo3 = 12 &= 713 > T34 > Moq > T14
and 7hy = Ty = W = Thy = Thy = Ty

Taking into account the distances between consecutive terms, through
d(l,ls) = p(mrs) — 1, we have that the MOPM associated with both 7 and 7’ is the
MOPM 7" : L x L — A" = {01,082, ...,07} with associated proximity matrix

0p 93 94 Or
01 02 s
01 s

01

3 Assigning scores to the terms of ordered qualitative scales
In this section we show how to determine a value or score with the deck of cards

method as well as with a proximity measure method. We also present a theoretical
proof of the similarities between the two methods.
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3.1 The deck of cards method
In what follows we briefly present the computations of the deck of cards method to
assign scores to the terms of an OQS £ = {li,12,...,1,}, in a similar way to Cor-

rente et al. (2021):

1. Count the number of units between /1 and I,:

g—1
c= (es (s+1) T 1) .

s=1

2. Consider Sd¢(1;) = 0.
3. Compute the value of each unit:

_ 100
_ 10,

«

4. Compute the value of the remaining scale levels as follows by taking into account
the (r, s) cells of the diagonal next to the main diagonal:

r—1
S’?UC(ZT) :a’Z(es(sﬁ-l)"’_l), 7':2,...79.
s=1

Note that S2¢(1,) = 100.
3.2 Proximity measures

Garcia-Lapresta and Gonzalez del Pozo (2023) introduce and analyze several scoring
functions in the setting of OQSs.

Definition 7 (Garcia-Lapresta and Gonzalez del Pozo 2023) Given an OQS
L ={ly,la,...,l;}, a scoring function on L is a function S : £L — R satisfying
the following conditions for all r,s € {1,2,...,g}:

1. S{,)<S(s) & r<s.
2. If 7w is the totally uniform OPM on L, then there exists A > 0 such that
Sy)=8Sl)+(r—1)-A

We now generalize some of the scoring functions appearing in Garcia-Lapresta and
Gonzalez del Pozo (2023) from the framework of MOPMs to the one of PMs, with
values within the range [0, 100].

The first scoring function, .S, is based on the comparison between each linguistic
term and the worst linguistic term, /; (see Fig. 1).

@ Springer
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Fig. 1 Scoring function Sy, (Garcia-Lapresta and Gonzalez del Pozo 2023, Fig. 2)

Fig. 2 Scoring function S}, (Garcia-Lapresta and Gonzalez del Pozo 2023, Fig. 1)

Proposition 5 If L= {l;,ls,...,l;} is an OQS equipped with a PM
m: L X L — A, then the function S, : L — R defined as follows

100

Sw(lr) = h_1 . (p(ﬂ-rl) - 1)

is a scoring function on L.
Proof Obviously, S,,(l1) = 0. By monotonicity, we have
r<s & m -7 < plre) < p(mst).

Then, Sy (1) < Sw(ls) & r < s and, consequently, the first condition is satisfied.
If 7 is the totally uniform OPM on L, taking into account Remark 2, we have

100 100
Sw(ly) = ——- ) =-D=@r-1). —.
(1) = = - (plm) =) = (= 1) =
Hence, the two conditions of scoring functions are satisfied. O

The second scoring function, Sy, is based on the comparison between each lin-
guistic term and the best linguistic term, [, (see Fig. 2). Under a different approach
to the present paper, these comparisons are in the basis of the group decision-making
procedure introduced and analyzed by Garcia-Lapresta and Pérez-Roman (2018).

Proposition 6 If L ={l;,ls,...,l;} is an OQS equipped with a PM
m: L XL — A, then the function Sy : L — R defined as

100

Sb(lr) = h_1 (h - p(ﬂ-r!]))

is a scoring function on L.

Proof By monotonicity, we have
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T<S & Teg > Mrg & P(Tsg) < p(Trg).
Then,
Sp(ly) < Splls) & h—p(mrg) <h—p(msg) & p(msg) < p(mrg) & 17 <.

Thus, the first condition is satisfied.
If 7 is the totally uniform OPM on L, taking into account Remark 2, we have

100 100 100
S, l’r = — - — r = — — 1)) = 1) ——.
o) =g g —plmg) = (9= (g—r+1) =0 —1) —
Hence, the two conditions of scoring functions are satisfied. O

The third scoring function, Sy, is based on the comparison between each linguis-
tic term and the best and worst linguistic terms, [, and [; (see Fig. 3). This approach
is related to the TOPSIS method (see Hwang and Yoon (1981)), discrete choice tasks
(see Finn and Louviere (1992) and Marley and Louviere (2005)), voting systems (see
Garcia-Lapresta et al. (2010)) and the Best Worst Method (see Rezaei (2015)).

Proposition 7 If L= {l;,ls,...,l;} is an OQS equipped with a PM
w: L XL — A, then the function Sy, : L — R defined as

Spu(ly) = 50 - (1 N W)

is a scoring function on L.

Proof First condition:

=) If Spw(lr) < Spw(ls), then we have p(m1) — p(mrg) < p(ms1) — p(sg)
and, consequently, p(mr1) + p(msg) < p(ms1) + p(Trg). Obviously,
r # s. Suppose, by way of contradiction, that r > s. By monotonicity, ms; > 7,1
and m,g > meq. Then, p(ms1) < p(mr1) and p(m,g) < rho(msy). Consequently, we
have p(ms1) + p(mrg) < p(mr1) + p(msq), which is a contradiction.

<) If r <s, we have m1 > w51 and msy > mrg. Then, p(m1) < p(ms1) and
p(msg) < mpg. Consequently, we have p(m,1) — p(mrg) < p(ms1) — p(7sg). Thus,
SbUJ(lT) < Sbw(ls)-

Second condition: Let 7 be the totally uniform OPM on L. Note that Sy, (I;) = 0.
By Remark 2, we have

Fig. 3 Scoring function Sy, (Garcia-Lapresta and Gonzalez del Pozo 2023, Fig. 3)
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Table 6 Scores I ly I I ls
Sw 0 10 50 80 100
Sp 0 10 30 70 100
Spw O 10 40 75 100
0r) — p(0g— — -1 100
St (1)) = 50 - 1+w —50. (14" z9tr=1 —(r—1) ——.
g—1 g—1 g-1
Hence, the two conditions of scoring functions are satisfied. O

Note that Sw(ly) = Su(ly) = Spw(ly) = 100 and, consequently,
Sw(lr), Sp(ly), Sew(l) € [0,100] for every r € {1,2,...,g}. We also note that
o Sb(l’r‘) + Sw(l’r‘)

Spw(lr) = — forevery 7 € {1,2,...,g}.

Remark 4 The three scoring functions Sy, Sy and S, are different. For example,
consider the OQS £ = {l1,12,13,14,15} equipped with the MOPM that has the fol-
lowing associated proximity matrix

51 52 56 69 0 11

01 93 O7 b0
01 d5 s
01 d4

o

This MOPM can be visualized in Fig. 4.

Table 6 shows the scores obtained by the five terms of £ according to the scoring
functions S,,, Sp and Sp,.

Note that the three scoring functions provide different scores to I3 and 4. Since
Spw 18 the average of S, and Sy, it can be considered more balanced than the other
two.

In the following result we justify that, under some assumptions, the scores given
by the deck of cards and the ones provided by the scoring functions S,,, Sy and Sy,
coincide.

Proposition 8 Given a comparison table satisfying Condition 1, if m: L x L — A
is the PM defined as p(m,s) = ers + 2, then S = S, = Sy = Spu.

Proof 1t is easy to check that 7 is a PM on L.

r—1
By Condition 1, we have Z (es(sy1)+1) =€, +1=p(m,) — 1. In
s=1
particular,
g—1
0:2(65(5+1)+1) =eg+1=p(my)—1=h—-1
s=1
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Then,
— 100
Sic(lr) = Z (es(s+1) + 1) = h_1 (p(mr1) = 1) = Su(ly).
s=1
On the other hand,

i)

r—1 -1 g—1
Sy =a- Y (e +1) =a- ( (esarn) 1) =D (Esorn + 1)) =

s=1 s=1 s=r
100
a (h=1=(erg+ 1) =a-(h—=1=(p(mrg) =1)) = ;— - (h = p(mrg)) = Sy(lr).
Since S9(1,.) = Su (1) = Sp(l,.), we also have S%(1,.) = Sy (I;). O

The previous result shows the importance of Condition 1. Considering the way a
PM is generated from a comparison table provided by Proposition 1, in Proposition 8
we have shown that Condition 1, introduced by Corrente et al. (2021), ensures that
the four scores considered in this paper coincide.

4 Concluding remarks

The theoretical comparison presented in this paper between the deck of cards method
and the proximity measures method represents a significant contribution to the field
of Multiple Criteria Decision Analysis (MCDA). By focusing on the construction of
an interval scale within the range of 0-100, we have demonstrated that, under cer-
tain fundamental assumptions, the scores or values derived from both methods are
the same. This result underscores the robustness and reliability of these methods in
quantifying preferences and facilitating decision-making processes within complex
decision environments.

Moreover, our findings underscore the pivotal role of the deck of cards method
and the proximity measures method within the MCDA framework, particularly in
the context of building scoring functions. These methods serve as suitable tools for
decision-makers seeking to systematically evaluate alternatives across multiple cri-
teria and arrive at informed decisions that align with their preferences. In particular,
the additive Multi-Attribute Value Theory (MAVT) model (Keeney and Raiffa 1976)
stands to benefit significantly from the insights provided by these methods, offering a
structured approach, which can be used into a coherent decision-making framework.
An application of the deck of cards method to design a MAVT procedure can be seen
in Figueira et al. (2023).

Looking ahead, several promising avenues for future research emerge from our
investigation. First, there is a compelling need to explore the design and implementa-
tion of a proximity measure method for computing criteria weights, thereby establish-
ing a coherent linkage with the weights obtained through the deck of cards method.
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This endeavour promises to enhance the consistency of decision-making processes,
fostering greater transparency and accountability.

Furthermore, the development of an additive MAVT model grounded in proximity
measures represents a fertile area for future inquiry, offering new perspectives and
methodologies for addressing complex decision problems characterized by diverse
and often conflicting objectives. By leveraging the insights gleaned from the theo-
retical comparison between the deck of cards method and the proximity measures
method, we can unlock new pathways for refinement within the realm of MCDA.

Additionally, our intention to explore the comparison of the two methods under
conditions where more comprehensive information is available than that provided by
the diagonal of the deck of cards method holds significant promise for advancing our
understanding of their respective strengths and limitations. By delving deeper into
the nuances of these methods and their interactions with varying degrees of infor-
mational granularity, we can glean valuable insights into their applicability across
diverse decision contexts and stakeholder preferences.

In summary, the conclusions drawn from our theoretical comparison not only
deepen our understanding of the deck of cards method and the proximity measures
method but also catalyze further inquiry and innovation within the field of MCDA in
those aspects where agents must show their perceptions about the closeness between
objects in a non-numerical way.

Acknowledgments The authors are grateful to two anonymous reviewers for their useful comments and
suggestions. The financial support of the research project PID2021-122506NB-100 funded by MICIU/AEIL
/10.13039/501100011033 and ERDF, EU, is acknowledged. Jos\'e Rui Figueira has been financed by Por-
tuguese funds through the FCT - Foundation for Science and Technology, I.P., under project UID/97/2025
(CEGIST).

Funding Open access funding provided by FEDER European Funds and the Junta de Castilla y Ledn
under the Research and Innovation Strategy for Smart Specialization (RIS3) of Castillay Leon 2021-2027.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use
is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

Bottero M, Ferretti V, Figueira JR, Greco S, Roy B (2018) On the Choquet multiple criteria preference
aggregation model: theoretical and practical insights from a real-world application. Eur J Oper Res
271:120-140

Corrente S, Figueira JR, Greco S (2021) Pairwise comparison tables within the deck of cards method in
multiple criteria decision aiding. Eur J Oper Res 291:738-756

Dinis D, Figueira JR, Teixeira AP (2023) a multiple criteria approach for ship risk classification: an alter-
native to the Paris MoU Ship Risk Profile. Socioecon Plann Sci 90:101718

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

25 Page 18 of 18 J. R. Figueira, J. L. Garcia-Lapresta

Figueira JR, Oliveira HM, Serro AP, Colago R, Froes F, Robalo-Cordeiro C, Diniz A, Guimaraes M (2023)
a multiple criteria approach for building a pandemic impact assessment composite indicator: the case
of COVID-19 in Portugal. Eur J Oper Res 309:795-818

Figueira J, Roy B (2002) Determining the weights of criteria in the ELECTRE type methods with a revised
Simos’ procedure. Eur J Oper Res 139:317-326

Finn A, Louviere JJ (1992) Determining the appropriate response to evidence of public concern: the case
of food safety. J Public Policy Mark 11:12-25

Garcia-Lapresta JL, Gonzalez del Pozo R (2019) An ordinal multi-criteria decision-making procedure
under imprecise linguistic assessments. Eur J Oper Res 279:159-167

Garcia-Lapresta JL, Gonzalez del Pozo R (2023) Using scoring functions in a group decision-making
procedure with heterogeneous experts and qualitative assessments. Int J Approximate Reason
161:109004

Garcia-Lapresta JL, Gonzalez del Pozo R, Pérez-Roman D (2018) Metrizable ordinal proximity measures
and their aggregation. Inf Sci 448-449:149-163

Garcia-Lapresta JL, Iurev R, Pérez-Roman D (2025) Managing perceptions on the linguistic terms of
qualitative scales. Expert Syst Appl 261:125501

Garcia-Lapresta JL, Marley AAJ, Martinez-Panero M (2010) Characterizing best-worst voting systems in
the scoring context. Soc Choice Welfare 34:487-496

Garcia-Lapresta JL, Marques Pereira RA (2022) An extension of majority judgment to non-uniform quali-
tative scales. Eur J Oper Res 301:667-674

Garcia-Lapresta JL, Moreno-Albadalejo P, Pérez-Roman D, Temprano-Garcia V (2021) A multi-crite-
ria procedure in new product development using different qualitative scales. Appl Soft Comput
106:107279

Garcia-Lapresta JL, Pérez-Roman D (2015) Ordinal proximity measures in the context of unbalanced
qualitative scales and some applications to consensus and clustering. Appl Soft Comput 35:864-872

Garcia-Lapresta JL, Pérez-Roman D (2017) A consensus reaching process in the context of non-uniform
ordered qualitative scales. Fuzzy Optim Decis Making 16:449-461

Garcia-Lapresta JL, Pérez-Roman D (2018) Aggregating opinions in non-uniform ordered qualitative
scales. Appl Soft Comput 67:652—657

Gonzalez del Pozo R, Dias LC, Garcia-Lapresta JL (2020) Using different qualitative scales in a multi-
criteria decision-making procedure. Mathematics 8:458

Gonzalez del Pozo R, Garcia-Lapresta JL (2021) Managing the smiley face scale used by Booking.com in
an ordinal way. J Theor Appl Electron Commer Res 16:128-139

Greco S, Ehrgott M, Figueira JR (eds) (2016) Multiple criteria decision analysis. State of the art surveys.
Springer, New York

Hwang CL, Yoon K (1981) Multiple attributes decision making methods and applications. Springer, Berlin

Keeney RL, Raiffa H (1976) Decisions with multiple objectives: preference and value tradeoffs. Wiley,
New York

Marley AAJ, Louviere JJ (2005) Some probabilistic models of best, worst, and best-worst choices. J Math
Psychol 49:464-480

Pictet J, Bollinger D (2008) Extended use of the cards procedure as a simple elicitation technique for
MAVT application to public procurement in Switzerland. Eur J Oper Res 185:1300-1307

Rezaei J (2015) Best-worst multi-criteria decision-making method. Omega 53:49-57

Simos J (1990) L’Evaluation Environnementale: Un Processus Cognitif Négocié. Thése de doctorat, DGF-
EPFL, Lausanne

Simos J (1990) Evaluer I'Impact sur I’Environnement: Une Approche Originale par I’ Analyse Multicritére
et la Négotiation. Presses Polytechniques et Universitaires Romandes, Lausanne

Siskos E, Tsotsolas N (2015) Elicitation of criteria importance weights through the Simos method: a
robustness concern. Eur J Oper Res 246:543-553

Publisher's Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	﻿Relationships between the deck of cards method and the proximity measures approach
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿Closeness between the objects of a linear order
	﻿2.1﻿ ﻿The deck of cards method
	﻿2.2﻿ ﻿Proximity measures
	﻿2.3﻿ ﻿Relationships between deck of cards and proximity measures

	﻿﻿3﻿ ﻿Assigning scores to the terms of ordered qualitative scales
	﻿3.1﻿ ﻿The deck of cards method
	﻿3.2﻿ ﻿Proximity measures

	﻿﻿4﻿ ﻿Concluding remarks
	﻿References


