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Abstract

Radial germs of holomorphic foliations in dimension two have a characteristic prop-
erty: they are the only singular foliations whose reduction of singularities has no
singular points. We also know that they are desingularized by a single dicritical
blowing-up. Let us say that a foliated space ((C3,0), E, F) is almost radial when
it has a reduction of singularities without singular points; it will be “radial” under a
certain additional condition on the morphism of reduction of singularities. We show
that the radial condition corresponds to the “open book™ situation. We end the paper
with a discussion on the general almost radial case.
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1 Introduction

The reduction of singularities of a function, in the sense that we want to obtain the
normal crossings property for the total transform, produces systematically singular
points in the corners of the total transform. This is so unless we perform no blowing-
ups because the function is already a local coordinate.

In the case of foliations over an ambient space of dimension two the situation is not
exactly the same one. We can look at the foliation on (CZ, 0) given by the 1-form

xdy — ydx

whose invariant curves are the lines through the origin. The origin is of course a
singular point, but if we perform the corresponding quadratic blowing-up, we obtain
a foliation without singularities, that is transverse to the exceptional divisor.

In fact, among the foliations over (C2, 0), the above (radial) one is the only singular
foliation that can be totally desingularized with finite sequences of blowing-ups.

This work is devoted to analyse the natural similar question in ambient dimension
three. Namely, what kind of codimension one foliations in an ambient dimension three
may be totally desingularized by means of a sequence of blowing-ups?

The first example in dimension three is the “open book foliation” given in coordi-
nates x, y, z by the one form

ydz — zdy.

This foliation is a cylinder over the radial foliation in dimension two.

Let us give a word about the definition of foliated space. The ambient spaces are
not just regular varieties M, but a pair (M, E) where E is a given normal crossings
divisor, that is naturally transformed by the centers of blowing-up. Hence, a foliated
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space is a triple
(M9 E’ f)’

where F is a codimension one singular foliation on (M, E). The desired regular simple
points are non-singular for F, but we also ask F to have normal crossings with E at
them.

We call “radial foliated spaces” to those that can be totally desingularized by a
“controlled” sequence of blowing-ups. The main result in this paper is that the radial
foliated spaces are exactly the “open book foliated spaces”.

The condition over a sequence of blowing-ups of being “controlled” concerns the
first blowing-up. It must be either centered at a single point or in a germ of curve
having a transverse component of the initial divisor E. We obtain the main result in
the paper as follows:

First of all, we give a systematic description of radial foliated spaces foliations in
dimension two for the germified case, the case of the projective plane and the case of
Hirzebruch surfaces. These results are necessary for our arguments.

Secondly, we fix a controlled sequence of permissible blowing-ups that completely
desingularizes the foliated space (M, E, F). The idea is to obtain, step by step, neces-
sary properties of the sequence that finally allows to conclude the open book property.
Namely, we obtain the following properties:

e All the blowing-ups in the sequence are necessarily dicritical ones; that is, they
produce non-invariant exceptional divisor.
e There are no compact curves in the singular locus at any step of the sequence.

In order to prove the second property, once the first one is obtained, we introduce the
notion of “Hirzebruch tube” in ambient dimension three.

Finally, we conclude that the only possible foliated spaces having such a desin-
gularization sequence are open book ones, by arguments based on Mattei-Moussu
transversality properties.

We call “almost radial foliated spaces” to those that can be totally desingularized,
without asking the control condition on the resolution sequence. We give some unex-
pected examples of almost radial foliated spaces.

This paper ends by showing that almost radial spaces have (infinitely many) invari-
ant surfaces. The statement is related with Local Brunella Alternative, see [9, 10]
and [11]. In the cases when the Alternative is known to be true, the so-called “partial
separatrices” are useful in the proofs. A reduction of singularities without partial sep-
aratrices should have only simple singularities of “corner type” (see [3, 4, 8])). We
think that this kind of reduction of singularities corresponds in fact to the almost radial
case.

2 Blowing-ups of Codimension One Foliated Spaces

Let M be a non-singular complex analytic space. An ambient space over M is a pair
(M, E), where E is a normal crossings divisor of M. A foliated space M over (M, E)
is a triple

M= (M,E,F),
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where F is a codimension one singular holomorphic foliation over M.
Consider a codimension one singular holomorphic foliation F over M and a point
P € M. We recall that F is locally generated at P by a germ of holomorphic 1-form

n
w = Zaidx,-, a; € OM,Py i = 1,2,...,1’!,
i=1

satisfying the Frobenius integrability condition w A dw = 0 and such that the coef-
ficients a; are without common factor. We say that P is a singular point of F when
ai(P) =0,foranyi = 1, 2, ..., n. Letus denote by Sing(F) the set of singular points
of F, endowed with its structure of reduced closed analytic subspace of M. Note that
Sing(F) has codimension at least two in M.

A reduced and irreducible closed analytic subspace Y of M is said to be invariant
for F when i*w = 0, denoting by i : Yeg — M the inclusion of the regular part Yyeo
of Y in M. This property can be read locally at a single regular point of Y.

Consider a foliated space M = (M, E, F) and an irreducible component D of E.
We use the terminology dicritical component for saying that D is not invariant and
non-dicritical component for saying that D is invariant. Thus, we can decompose the
divisor E into two normal crossings divisors

E = Edic U EiIlVa

where Egjc is the union of the dicritical components of M and Ej,y is the union of the
non-dicritical components of M.

A blowing-up of ambient spaces & : (M’, E') — (M, E) is given by a blowing-
up ¥ : M’ — M with center a non-singular closed irreducible analytic subspace
Y C M having normal crossings with the divisor E. The divisor £’ is defined to be
E' = 7~ '(E U Y). We hope that there is no confusion with the double use of the
notation .

Remark 2.1 In the case when Y has codimension exactly one, the blowing-up 7 has
the following sense: the morphism 7 : M’ — M is the identity morphism and the
new divisor E’ is givenby E' = EUY.

Given a blowing-up 7 : (M’, E’) — (M, E) of ambient spaces centered at Y C M
and a foliated space M = (M, E, F), we have a transformation of foliated spaces

T M=WM,E,F)—> (M,E,F)=M

where F' is locally generated by 7*w divided by an appropriate power of a local
equation of the exceptional divisor 7 ! (¥). The transformation 7 : M’ — M will
be called an admissible blowing-up when the center Y is invariant for F.

We say that the blowing-up 7 is dicritical when the exceptional divisor 7 =1 (Y) is
dicritical for M’; otherwise, we say that 7 is non-dicritical.

Remark 2.2 In general, we ask the centers to be invariant since otherwise the blowing-
up breaks the dynamics. For instance, the blowing-up of the x-axis in (C3, 0) with
respect to the regular foliation given by dx = 0.
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2.1 Simple Regular Points

The reduction of singularities of a foliated space consists in finding a finite sequence
of admissible blowing-ups in such a way that the last transformed foliated space would
have only simple points. For details, the reader can look at [3, 4, 8].

Simple points may be singular for F or not. In this work we are not interested in
giving a complete description of simple singular points, we just precise the definition
for non-singular simple points.

Definition 2.1 Consider a foliated space M = (M, E, F) and a point P € M such
that P ¢ Sing(F). We say that P is a simple regular point for M when F and E
have normal crossings at P in the following sense: there is a local coordinate system
(x1, x2, ..., xp) such that F is locally given at P by dx; =0and E C (xjx2---x, =
0).

Remark 2.3 If P € M is a simple regular point for M, then we have two possibilities:

(1) The divisor Ej,y has exactly one component through P.

(2) All the irreducible components of E through P are dicritical ones. In this case,
the number of irreducible components of E through P is strictly smaller than
the dimension n = dim M. In other words, the point P cannot be a “corner” of
dicritical components.

2.2 Indestructible Singularities

We are interested in points where the foliation has a holomorphic first integral.

We say that a codimension one holomorphic singular foliation F over M has a
local holomorphic first integral at a point P if F is generated locally at P by a 1-form
of the type

w=df/h,

where f and & are germs of holomorphic functions at P.
Note that F has always holomorphic first integral at non-singular points.

Proposition 2.1 Let v : M’ — M be an admissible blowing-up with center Y C M
and consider a point P € Y where F has a local first integral at P. Then, the transform
F' has local first integral at all the points P' € w~'(P). Moreover, if the codimension
of Y is bigger than or equal to two, there is at least a singular point in w1 (P).

Proof The first part comes essentially from the commutativity of the pull-back of
differential forms given by
a*df =d(f om).

For the second part, up to adding a constant to the first integral f, we may assume
that f(P) = 0. Moreover, the fact Y is invariant implies that Y is contained in the
hypersurface H = (f = 0). In this situation, the exceptional divisor 7~1(Y) is non-
dicritical for M’ and all the points of 7 ~!(Y) belonging to the strict transform H’
of H are necessarily singular points for 7’'. When Y has codimension greater than or
equal to two, we see that 7~ (P) N H' # @. O

@ Springer
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As a consequence, the singular points where F has local first integral are “inde-
structible” under admissible blowing-ups. Moreover, if we start with a non-singular
point and we perform and admissible blowing-up with center of codimension at least
two, then we generate at least one of those “indestructible” singularities.

2.3 Two-Dimensional Index-Persistent Points

In this subsection we present another type of “indestructible” singularities in ambient
dimension two.

Definition 2.2 Let M = (M, E, F) be a foliated space of dimension two and a point
P € M. We say that P is an index-persistent point for M if there is a non-singular
curve I' C M invariant for 7 with P € I' and such that the Camacho-Sad index at P
of F with respect to I has strictly negative real part.

An index-persistent point is necessarily a singular point for F.

Remark 2.4 Take a point P € M and a curve I" invariant for F such that P € I'". Let
P’ be the point of 7~ (P) defined by the strict transform I'” of I" by 7. We know (see
[2, 5]) that the Camacho-Sad index of F’ at P’ with respect to I’ is exactly of one
unit less than the Camacho-Sad index of F at P with respect to I.

As a consequence of the previous remark, we have the following result:

Proposition 2.2 Let 7 : M’ — M be an admissible blowing-up of two-dimensional
foliated spaces. If there is an index-persistent point for M, then there is also an
index-persistent point for M'. Hence M’ has at least one singular point.

2.4 Radial Foliated Spaces

We end this section by defining the notion of radial foliated space.

Definition 2.3 Consider a foliated space M = (M, E, F). We say that M is an almost
radial foliated space if and only if there is a finite sequence of admissible blowing-ups

S: M=My LM Z . E My = My, EY, Fy) o)
such that all the points in My are simple regular points for M. We say that the

sequence S in Equation (1) is a resolution sequence for M.

The case N = 0 corresponds to an empty resolution sequence and in this case we
have that M has no singular points and all the points are regular simple points. The
following features are direct from the definition:

e The intermediate steps M ; are also almost radial foliated spaces, for j =
0,1,2,..., N. Indeed, a resolution sequence for M is given by the blowing-
UpS w41, Tj42, ..., TN
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e Let D be an irreducible component of E and let E’ C E be the normal crossings
divisor in M obtained by eliminating D. Then M’ = (M, E’, F) is also an almost
radial foliated space and the sequence 7y, 72, ..., my of blowing-ups induces a
resolution sequence for M’.

e If a blowing-up 7; has a center Y; of codimension one in M, we can eliminate
it. Proceeding in this way, we can obtain a resolution sequence such that all the
centers have codimension at least two. Such resolution sequences will be called
adjusted resolution sequences.

o As an application of Proposition 2.1, if Y;_; is the center of 7; and it has codi-
mension at least two in M, then we necessarily have that ¥; ; C Sing(F;_1).

Remark 2.5 1f M has no singular points, then M is almost radial if and only if all the
points in M are simple for M. In this case, the only adjusted resolution sequence is
the empty one.

Let S be a resolution sequence for an almost radial foliated space
M= (M, E,F)

and consider a point P € M. We can localize the resolution sequence at P to obtain
a resolution sequence Sp of the germ

Mp =(M,P),(E,P), Fp)

as follows. We consider the foliated spaces M ;j obtained by germifying M at the
compact sets
Kjp=(miomo---om) ' (P)

and the transformations 7 p : M i M j—1 given by the restriction of ;. Now,
we skip all the 7r; p that are the identity transformation, because the center Y;_; does
not intersect the compact set K ;1 p. As a consequence ot this procedure, we see that
M p is also an almost radial foliated space.

In order to define radial foliated spaces, we need to precise the kind of resolution
sequences we allow. Consider a blowing-up morphism of ambient spaces

7: (M E)— ((C",0), E)
with center Y C (C", 0). We say that 7 is E-controlled if the union of the ideal of ¥
with the ideals of the irreducible components of E fulfill the maximal ideal of Oc» ¢.

Remark 2.6 If Y = {0}, the morphism 7 is E-controlled, even when E = ¢. In the case
that Y = (x; = xp = --- = x,—1 = 0) is a curve, the morphism x is E-controlled if
and only if there is an irreducible component of E transverse to Y.

Definition 2.4 An almost radial foliated space M = (M, E, F) is a radial foliated
space if and only if there is a resolution sequence S for M such that the first blowing-up
in Sp is E-controlled, for any P € M.
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The main statement in this work is the following result that characterizes germs of
radial foliated spaces in dimension three.

Theorem 2.1 Consider a foliated space My = ((C3,0), E®, F). with non-empty
singular locus. Then M is a radial foliated space if and only if there are coordinates
X, y, z such that Fy is the “open book” foliation given by

w = ydz — zdy

and E° C (xyz =0).

3 Radial Foliated Spaces in Dimension Two

In this Section 3, we characterize germs of radial foliated spaces in dimension two,
radial foliated spaces over the projective plane and radial foliated spaces over Hirze-
bruch surfaces.

In dimension two, the concepts of almost radial and radial foliated spaces are
coincident as we see in the following proposition:

Proposition 3.1 Let M = (M, E, F) be a two dimensional foliated space. The fol-
lowing statements are equivalent:

a) M is an almost radial foliated space.
b) M is a radial foliated space.

Proof 1t is enough to note that the blowing-ups centered at points are automatically
controlled. O

3.1 Germs of Radial Foliated Spaces in Dimension Two

We say that a foliation F over (C?2, 0) is a cart-wheel foliation when it is generated
by the 1-form ydx — xdy in appropriate coordinates x, y.

Remark 3.1 We use the terminology “cart-wheel foliation” instead of “radial foliation”
to avoid confusion with the definition of radial foliated space.

In this Subsection 3.1, we prove the following result:

Theorem 3.1 A foliated space ((C?,0), E, F) is a radial foliated space over (C?, 0)
if we are in one of the following situations:

a) The origin is a regular simple point.
b) The foliation F is a cart-wheel foliation and E = Ejyy.

Note that any foliated space ((C2, 0), E, F), where E = Ej,y and F is a cart-
wheel foliation, is a radial foliated space. To see this, we just have to perform a single
blowing-up. If the origin is a regular point, and the foliated space is radial, we have
Situation a), since the only possible adjusted reduction sequence is the empty one in
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view of Remark 2.5. Thus, we have only to show that if the origin is singular and we
have a radial foliated space, then we are in Situation b).
The end of the proof of Theorem 3.1 will follow from Lemma 3.1:

Lemma 3.1 Consider a foliated space M = (((Cz, 0), 9, f) where the origin 0 is a
singular point for F and let

7 M=WM,E F)-> M

be the composition of a non-empty sequence of blowing-ups centered at singular points.
Assume that the first blowing-up is non-dicritical or that the number of blowing-ups is
bigger than or equal to two. Then, there is at least one point P' in M’ that it is either
a singular point or a regular non-simple point for M’.

Proof Assume first that all the blowing-ups in 7 are dicritical ones. Since there are
at least two blowing-ups, we find a point P’ € E’ that is the intersection of two
irreducible components of E” = E}; . This point P’ cannot be a simple regular point
for M.

Let us consider the case when there is at least one non-dicritical blowing-up. After
the first non-dicritical blowing-up, we know that the sum of Camacho-Sad indices
with respect to the exceptional divisor is equal to —1. Hence, there is at least one
index-persistent point. In view of Proposition 2.2, we get a singular point for M’. O

End of the proof of Theorem 3.1 We assume that the origin is singular for F and that
M is aradial foliated space. By eliminating components of the divisor, we know that
((CZ,0), ¥, F) is also a radial foliated space, in view of the statements in Subsection
2.4. By Lemma 3.1, we know that the single blowing-up of the origin

7 (M, E")— ((C?,0),0)

gives the only resolution sequence for (((Cz, 0), ¥, F). The blowing-up 7 must be
dicritical and the transformed foliated space has only simple regular points. The trans-
formed foliation is transverse to the exceptional divisor in all the points. This implies
that F has order equal to one and the initial part corresponds to a cart-wheel foliation;
hence it is a cart-wheel foliation in view of classical results of linearization. For more
details, see [5].

Let us show finally that E = Ej,,. Indeed, if Eg4ic is not empty, the dicritical
blowing-up of the origin is not a resolution sequence. This ends the proof of Theorem
3.1. O

Let us recall that in dimension two the centers in the adjusted resolution sequences
are always isolated points. Moreover, single points have normal crossings with any
normal crossings divisor. This allows us to state the following general result:

Corollary 3.1 Let M = (M, E, F) be a two dimensional foliated space, where M is
compact or a germ over a compact set. The following properties are equivalent:

(1) M is a radial foliated space.
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(2) The foliated space (M, ¥, F) is radial and the normal crossings divisor E satisfies
the next properties:

a) If D is a component of E such that D N Sing(F) # @, then D is non-dicritical.
b) Dicritical components are transverse to F at each point.
¢) Two dicritical components of E are mutually disjoint.

Proof Compactness allows us to work in a local way. Now the result follows from
Theorem 3.1. O

3.2 Radial Foliations Over the Projective Plane

Letusrecall that the degree d of a foliation F over the projective plane ]P’é is the number
of tangencies with a generic projective line (see [5]). In homogeneous coordinates
Xo, X1, X2, such a foliation is given by an homogeneous differential form

2 2
W =) Ai(Xo, X1, X2)dX;, Y XA =0,
i=0 i=0

where the coefficients A; are homogeneous polynomials of degree d 4 1, without
common factor.

In particular, a foliation of degree zero is given by the projective lines passing
through a common point P which is the only singular point of the foliation.

In a more general setting, the number of singular points of a degree d foliation over
IP%, counted with the multiplicity given by the Milnor number, is equal to d> +d + 1.
The reader can see [5] for an elementary proof of this fact.

This Subsection 3.2 is devoted to prove the following statement:

Proposition 3.2 Let M = (P2, E, F) be a foliated space over the projective plane
]P%. The following properties are equivalent:

(1) M is a radial foliated space.

(2) The foliation F has degree 0. Moreover, the divisor Eiy is a union of at most two
projective lines through the singular point P, on the other hand, the divisor E g
is either empty or just one projective line not containing P.

Proof The fact that (2) implies (1) follows from the arguments in Subsection 3.1. Let
us show that (1) implies (2). Let us first show that F has degree d = 0.

There is an homological invariant called Baum-Bott Index, associated to each point
P and a foliation F over a surface. It allows to compute the self-intersection number
of the normal fiber bundle Nz of the foliation as follows

Nr-Ng= Y BB(Z.P) @)

PeSing F
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(For details, see [1]). On the other hand, we know that N’z = O(2 + d) and hence the
self-intersection is given by

Nr-Ng=Q+d)?=4+4d +d>

The Baum-Bott Index can be computed in the case of singular points with a non-
nilpotent linear part as being the quotient between the square of the trace and the
determinant of the linear part. In the case of a cart-wheel singular point we have that

BB(F, P) = 4.

Note that we are dealing with a foliation F of degree d such that all the singularities
are of cart-wheel type. The Milnor number of a cart-wheel foliation is exactly equal
to one. So k = 1 4+ d + d? counts the number of singular points in this case.

Then, Baum-Bott formula in Equation (2) says that

A+4d +d*> =4k =4(1 +d +d?).

Hence d? = 4d?, thatis d = 0.

Now, since the divisor E must be non-dicritical through the only singular point P,
it is the union of at most two lines through P and some irreducible components not
containing P. If D is a component of the divisor not containing P, it is necessarily
dicritical, since the leaves are the lines through P. We necessarily have that D is
a projective line, otherwise, we find tangents with F. There is at most one of that
dicritical components, since two of them cannot meet (see Corollary 3.1). O

3.3 Foliations Over Hirzebruch Surfaces

We recall some known facts on Hirzebruch surfaces and their foliations. The reader
can find more details in [12].

Recall that Hirzebruch surfaces are the fiber bundles over ]P’(lc having fiber equal to
P}C. They are classified by an index § € Zx(, each one being isomorphic to a surface
Ss, that we describe below.

The Hirzebruch surface Ss is given by an atlas

As = {Uij, (xij, yij)}o<i,j<1s

where the four coordinate sets U;; are identified to C2, the coordinate changes are
given by the following equations

X00 = xo1 = 1/x10 = 1/x11, 3
=1 _ .03 _ .0 ()
yoo = 1/yo1 = x{yy10 = X7, /Y11,

and the intersections U;; N Uy, are defined by
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Uoo N Uo1 = (yoo # 0) = (yo1 # 0),
Uoo N U1 = (x00 # 0) = (x01 # 0),
Uoo N'U11 = (x00y00 # 0) = (x11y11 # 0),
Uo1 NUyo = (xo1y01 # 0) = (x10y10 # 0),
Uo1 NU = (xo1 # 0) = (x11 #0),
UioNU = (yio #0) = (y11 #0).

Let us describe now the field C(Ss) of rational funcions over Ss. Consider the
polynomial ring C[Xo, X1, Yo, Y1] as a bi-graded algebra where the bi-degrees of the
variables are given as follows:

XO = (170)7 Xl = (170)7 YO = (O’ 1)5 Yl = (_87 1)

This gives rise to the notion of bi-homogeneous polynomial of bidegree (a,b). In this set-
ting, the field of rational functions C(Ss) is given by the quotients of bi-homogeneous
polynomials of same bi-degree. The rational functions x;; and y;; correspond to the
following quotients:

x00 = X1/Xo, Yoo = X)Y1/Yo,
x10 = Xo/X1, yio = X{Y1/Yo,
xo1 = X1/Xo, yo1 = Yo/X{Y1.
xi1 = Xo/X1, yii = Yo/X3Y).

The group of classes of divisors is generated by F = (Xo = 0) and L = (Yp = 0)
with the following intersection pairing

F-F=0, F-L=1, L-L=56.

The curve Lo = (Y1 = 0) is the only curve with negative self-intersection Lg - Lo =
—48. For di,dy > O, the class d1 F + d, L is represented by P = 0, where P is a
bi-homogeneous polynomial of bi-degree (dy, d).

Note that Lg is covered by the charts Upy and Ujg. The corresponding changes of
coordinates in this charts are

x10 = 1/X00, Y10 = X(000- “)
Let us give a practical way of describing the singular foliations over Ss. Let F be a
foliation over Ss. Then, the tangent bundle 7'+ is linearly equivalent to —d1 F — d> L

and we call (dy, d>) the bi-degree of F. We know that the normal bundle N £ is linearly
equivalent to a F' + bL, where

a=d +2-6, b=dy+2.
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The bi-degree is also defined associated to a differential monomial, by assigning the
same bi-degree to X; andd X; and to Y; and dY;. In this way, a foliation F such that the
normal bundle N is linearly equivalent to a F + bL is defined by a bi-homogeneous
differential form

W = Apd X1 + A1d X1 + BodYy + B1dY; 5)

of bi-degree (a, b), such that the following Euler type equations hold:

XoAg+ X1A; —8Y1B; =0; YyBy+ YB; =0.
(The reader should be able to give generators of F in the affine charts, just by a
deshomogeneization of W).

Lemma 3.2 Let F be a foliation over Ss of bi-degree (d1, dz). Let m(dy, d2) be the
number of singular points of F counted with the multiplicity given by the Milnor
number. Then, we have that

m(dy, dy) = (d2 + D[2(dy + 1) + 6da] + 2.

Proof It can be deduced by taking a specific foliation of bi-degree (dy, d3). It can also
be obtained in a more intrinsic way as follows (see [1]). We know that

m(dy, d2) = c2(Ss) — Tr - N,

where ¢>(Ss) is the second Chern class of Ss, which is known to be equal to 4. We
obtain that m(d;, dy) = (dy + 1)[2(d1 + 1) + §dr] + 2, as desired. |

3.4 Radial Foliations Over Hirzebruch Surfaces

In this subsection we characterize radial foliated spaces over Hirzebruch surfaces.
Proposition 3.3 Let M = (S5, @, F) be a radial foliated space. We have that:

(1) If 6 # 0, then F coincides with the only projective fibration defining S;s.
(2) If 6 = O, then F is one of the two possible projective fibrations defining So =
PL x PL.
C C

Note that, in any case Sing(F) = (.

The proof of the above Proposition 3.3 is based on the Baum-Bott formula intro-
duced in Equation (2).

Let F be a foliation over Ss of bi-degree (d;, d») defined by a bi-homogeneous
1-form W as in Equation (5) of bi-degree (a, b), where

a=d +2-6, b=dy+2.

We assume that the foliated space (S5, @, F) is a radial foliated space, that is, all the
singularities are cart-wheel singularities. Since the singularities have Milnor number
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equal to one, we have exactly
m(dy, d2) = (da + D[2(d1 + 1) + d2] + 2

singular points. Moreover, the Baum-Bott index of each singularity is equal to 4. Hence
the Baum-Bott formula stands as

NE - Ng =2(di +2 —8)(dr +2) +8(ds +2)* = dm(dy, do).
We obtain the equation
6d\dy + 4dy + 4dy + 38d3 + 28d> + 8 = 0. (6)

Let us show that Equation (6) leads us to prove Proposition 3.3.
If we isolate d;, we get

_ —(38d3 +da(4+28)+8) (8 1)y =2
' 6dy + 4 2 3dy+2

From here, we distinguish two cases:

e Either § or d; is even. Since d| € Z, it must happen that
(dy—2)/(3dr +2) € Z.

This only occurs if dy € {—2, —1, 0, 2}.
e Both § and d; are odd. Since d; € Z we must have that

(5dy —2)/(6dr +4) € Z.

This never happens.
As a consequence, we need to study the following four situations:

(1) d» = —2. In this case we have d| = § and m(dy, d») = 0.

(2) dr» = 0. In this case we have di = —2 and m(dy, d») = 0.

(3) dr = 2. In this case we have di = —6 — 1 and m(d;, dp) = 2.

(4) § € 2Z and d» = —1. In this case we would have d| = 2+4/2 and m(dy, dr) = 2.
Let us consider one by one these situations:

e Situation 1 holds when F is the foliation given by the fibers. The bi-degree of
W must be (2, 0), this implies By = B; = 0 and the foliation is given by W =
X1dXo — XodX;.

e Situation 2 holds if and only if 6 = 0. Assume that § > 0. We are asking By and
Bj to have bi-degrees (—§, 1) and (0, 1), respectively. We have necessarily that
By = cY}, with ¢ € C* and thanks to the Euler-type condition Yy By + Y1 B; = 0,
we get B = —cYp. This is incompatible with the equation

XoAg + X1A1 = 8Y1(—cYp).
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When § = 0, we are like in situation 1, but we obtain “the other fibration” given
by W = Y1dYy — YodY.

e Situation 3 never holds. We are asking Ap and A; to have bi-degree (—24, 4).
Assume first that 6 > 0. We get necessarily that A; = le&- fori =0, 1, with A,-
of bi-degree (0, 2). From the equation

XoAg + X1A1 =68Y1 By,

we get that also Y| divides Bj1. On the other hand, by the equation YoBg+Y1 B = 0
also Y1 divides By and this contradicts the fact that W is without common factors.
When § = 0 the conditions XgAg+ X1A1 = 0and Ag, A1 having bi-degree (0, 4)
together implies that Ao = A; = 0. Condition YyBy + Y1 B; = 0 and the fact
that there are no common factors implies now that W = Y1dYy — YodYy, which
implies d| = —2, d» = 0. Contradiction.

o Situation4 never holds. We are asking By and B to have bi-degrees (4—4/2, 0) and
(4+46/2,0), respectively. This is compatible with the condition Yo By + Y1 B; =0
only if By = 0 and B; = 0. Since there are no common factors, we get necessarily
that W = X1dXo — Xod X1, which implies d; = é and d, = —2. Contradiction.

Corollary 3.2 Let (Ss, E, F) be a radial foliated space over the Hirzebruch surface S,
with § # 0. The foliation F is given by the fibers of the fibration S5 — IP’(IC. Moreover,
we have that:

(1) The non-dicritical divisor Eiy is a finite union of invariant fibers.
(2) The dicritical divisor Egic is the union of at most two rational curves transversal
to the fibers. If we have two components, they are not linearly equivalent.

Proof A curve transversal to the fibers is always rational and a generator of the Picard
group jointly with a fiber. Two of them are either linearly equivalent or not. In the
first case, they meet at § points. In the second case one of them is the curve having
negative self-intersection and the two curves do not intersect. Now, the result follows
from Corollary 3.1. O

4 Monoidal Blowing-Ups

In this section we introduce some useful features of blowing-ups centered at curves in
ambient spaces of dimension three.

4.1 Hirzebruch Tubes

Let us consider an ambient space (M, E) of dimension three. Given an irreducible
non-singular curve Y C M, we say that Y has full normal crossings with E if the
following properties hold:

(1) The curve Y has normal crossings with E.
(2) The curve Y is contained in each irreducible component D of E suchthat Y N D #
7
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Definition 4.1 Let us consider the blowing-up
7:(M,E)— (M, E),

with center a curve Y having full normal crossings with E. A non-singular curve
Y’ C M’ is said to be a l-infinitely near curve of Y if w defines an étale surjective
morphism Y/ — Y (that is, the morphism Y’ — Y is a non-ramified covering) and Y’
has full normal crossings with E’.

Remark 4.1 In the above situation, we have a “vertical foliation” on the divisor 7 ~! (Y)
given by the fibers 7 ! (P) over the points P € Y. A 1-infinitely near curve ¥’ of ¥
is contained in 7 ~1(Y) and it is transverse to that foliation. The converse is also true.
Namely, if we have an irreducible non-singular curve ¥’ C 7 ~!(¥) such that Y’ has
full normal crossings with E’ and it is transverse to the vertical foliation, then Y’ is a
1-infinitely near curve of Y.

Let us define now the concept of Hirzebruch tube (M, E; Y) of order («, B), for
a € Z=pand B € Z>1:

Definition 4.2 A Hirzebruch tube of order (a, B), with @ € Z>g and B € Z>1, is a
triple (M, E; Y), where (M, E) is a three-dimensional ambient space and ¥ C E is an
irreducible non-singular curve having full normal crossings with E. We ask the space
M to be covered by two charts Uy, U, isomorphic to C x ((Cz, 0), with respective
coordinate functions (x, y, z) and (u, v, w) satisfying the following properties:

(1) The coordinate changes are given by
u=1/x, v=xPy, w=z/x"

(2) Thedivisor E has one or two irreducible components. If E has a single irreducible
component E1, then

ExNU =(=0, EiNUy=(=0).
If E has two irreducible components E and E;, then

EiNUr=(y=0), EiNU;=@w=0),
EoxNnUi=(iz=0), ExNU; =(w=0).

The component E; will be called the marked component of E.

(3) The curve Y is given by the equations Y NU; = (y =z =0 and Y N U, =
(v = w = 0). Hence Y is isomorphic to ]P’(%: and the functions x, u define the two
standard affine charts of the projective line Y.

Let (M, E) be a three dimensional ambient space and consider a compact irreducible
curve Y C M.If (M, E; Y) is a Hirzebruch tube, where (M, E) denotes the germ of
(M, E) along Y, we also say that (M, E; Y) is a Hirzebruch tube.
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Proposition 4.1 Let (M, E; Y) be a Hirzebruch tube of order (a, B). Consider the
blowing-up w : (M', E") — (M, E) with center Y. Then we have the following
properties:

a) The exceptional divisor w1~ (Y) is isomorphic to the Hirzebruch surface Sa 18-
(Note that « + B > 1).

b) Let E| be the strict transform by 7t of the marked component Ey of E. The non-
singular curve Ly = E| N 7= Y(Y) is the unique irreducible curve with negative
self-intersection in - HY).

¢) Let Y C M’ be a 1-infinitely near curve of Y. Then, we have that (M', E'; Y') is
a Hirzebruch tube.

d) The only non-singular foliation on w='(Y) is given by the fibers of 7w over the
points of Y.

Proof Since Y is a projective line and 7 induces a fibration on 7~ (Y) with fibers
isomorphic to PL, we deduce that 7 ~1 (Y) is a Hirzebruch surface and the fibers define
a non-singular foliation on it. If we show that the index of the Hirzebruch surface is
greater than or equal to 1, the statement d) holds as a consequence of Proposition 3.3.
Then, let us see that the index of the Hirzebruch surface 77 1 (Y)ispreciselya+p8 > 1
and that Ly is the unique irreducible curve with self-intersection — (o + f).

The space M’ is covered by four charts Uy, Uz, Uiz, Uypy with respective
coordinates (xi, y1, 21), (41, v1, wy), (x2, y2, z2) and (u3, v2, wz). The blowing-up
morphism 7 is given by the equations

X = X1 = X2 u =uj = ujp
Yy =DYii1 = )2 UV =0wp =12
=21 =N w=wp =nw

In these coordinates we have that £ i =(y1 =0)=(vy =0)and
2 V) =@ =0=02=0)=w =0)= (@ =0.
The change of coordinates concerning the curve Lo = E} N 771(Y) is given by

oa+p
up=1/x1, vi=x; "y, wp=z1/x"

With the notations in Equation (4), we have that xp, y;, u1, vy play the role of
X00, Y00, X10, Y10, respectively. This ends the proof of statements a), b) and d).

Let us prove statement ¢). When the curve Y’ is the special curve L, we are done
by taking o’ = o and B’ = «a + B, in view of the previous computations.

Assume now that the curve Y’ is different from L. A firstremark is that Y'N Ly = @,
hence, we have that Y’ C Ujp U Up,. Moreover, we have that Y’ is a projective line.
Indeed, the curve Y’ is a non-ramified covering of the projective line Y through the
blowing-up; hence the covering is 1 to 1 and it is a projective line.

Let us see that Y’ is a curve in 7~ 1(Y) of bi-degree (0, 1). Let F be the linear
equivalence class in 7 NY) = Sa+p of a fiber of the blowing-up. Moreover, let
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L be the equivalence class of divisors such that L - Lo = Oand L - F = 1 and
L-L = a+ B. We know that F and L generate the Picard group of Sy and then we
can write [Y'] = aF + bL, where (a, b) is the bi-degree of Y’. Let us compute (a, b).
We have seen that

F-[Y=1

This implies that F - [Y’] = b = 1. On the other hand, we know that L¢ - Y’ = 0, this
implies that
0=Ly-Y =a+bLy-L=a.

Hence, the bidegree of Y’ is (0, 1). As a consequence, the curve Y’ is defined by
Y NUp = (Zy =0) and Y N Uy = (02 = 0), where

a+p a+p
~ +B—i - .
Z2=ZZ+E a,-x;"ﬂl=0, w2=w2+E ajus = 0.
i=0 i=0

and the coordinates (x3, y2, 22), (42, va, wy) defined in Uy» and Uj), respectively,
give us the desired Hirzebruch tube around Y’ of degree (&', ') witho’ = a + B and

B =B o

Remark 4.2 1f Y’ is different from L and E has two components, then ¥/ = 7~ )n
E}, where E is the strict transform by 7 of the non-marked component E»; this is
because Y’ is a 1-infinitely near curve of Y. Both in the cases when E has one or
two components, the marked component around Y’ is given by the exceptional divisor
7-1(Y). In the case when Y’ = Ly, the new marked component is the strict transform
E of the marked component Ej.

4.2 Vertical Blowing-Ups

This subsection is devoted to characterize the types of dicritical monoidal blowing-ups
in terms of equations. We start with the definition of vertical blowing-up:

Definition 4.3 Consider a blowing-up = : (M', E', F) — (M, E, F) of ambient
spaces with center an irreducible non-singular curve Y C M. We say that r is vertical
if and only if it is dicritical and the foliation induced by F" on =~ (¥) is the one given
by the fibers 7~ (P), when P varies over the points of Y.

Remark 4.3 1In the above definition we do not ask Y to be invariant for F, just to have
normal crossings with E. On the other hand, the role of the exceptional divisor E in
the definition is only relevant in what it concerns with the normal crossings condition.
Namely, the blowing-up r is vertical if and only if the induced blowing-up

M, 77\ Y), F)y—> (M, 0, F)

is vertical. Moreover, since Y is supposed to be connected, the condition of being
vertical may be tested after localizing the blowing-up m at a given point P € Y.
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Consider a foliated space M = ((C", 0), ¥, F). Take local coordinates z = (x,y),
withy = (32, ¥3, ..., ¥») and consider the non-singular curve Y given by

Y=(Mm=y3=-=y=0).
Assume that the foliation F is generated by the 1-form
o =a@dx+ Y aj@)dy; = ai(@)dx + ) _ yiai()—,
i=2 i=2 Yi
where the coefficients {a; (z)}}_, are without common factor.
Letw : M = (M',D,F') — M be the blowing-up with center ¥, where
D = 7~ 1(Y) is the exceptional divisor. Let us characterize under what conditions

7 is a dicritical blowing-up and/or a vertical blowing-up.
Given a germ of holomorphic function f(z), we can write

f@ = %Fs(x;y),

where each Fi(x;y) is a homogeneous polynomial of degree s in the variables y. The
generic order vy ( f(z)) is defined to be

vy (f(z)) = min{s > 0; F;(x;y) # 0}.

When f(z) is identically zero, we put vy (f(z)) = oo.
Denote by r the “log-generic order” of w along Y given by

r = min{vy(a1(2)), vy (y202(2)), ..., vy (Ynan(2))}
= min{vy (a1(z)), vy (a2(z)) + 1, ..., vy(an(2)) + 1}.

Let us write p(z) = Y 7, yia;(z). There are two possibilities:
NDic: vy(p(z)) =r, Dic: vy(p(z)) >r + 1.

We divide the case Dic into two options:

Dic-v: vy (y;ia;i(z)) > r+1foralli = 2,3, ..., n. Note that, in this case, we have
that vy (a1(z)) = r.
Dic-nv: vy (yj,ai,(z)) = r, for some ip € {2,3,...,n}.

Note that in the case Dic-nv there are in fact at least two different indices 2 < jy <
iop < n such that vy (yjyaj,(z)) = vy (yiyai,(z)) = r, hence we can take iy > 3.

Lemma 4.1 We have the following equivalences:

(1) = is non-dicritical if and only if we are in case NDic.
(2) 7 is dicritical if and only if we are in case Dic.
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(3) m is vertical if and only if we are in case Dic-v.
(4) m is dicritical non-vertical if and only if we are in case Dic-nv.

Proof The four equivalences can be read in any of the n — 1 standard charts of the
blowing-up 7. Take the chart that is given in equations by 2z’ = (x, y’), where

Y2=Yy Yi=yYi J =340

Recall that ) = 0 is an equation of the exceptional divisor D = 7~ 1(Y) in this chart.
The pull-back 7*w is given by

()

=3

If we are in the case NDic, the maximum power of the exceptional divisor that divides
T*w is y§r71 and thus the transformed foliation F” is locally generated by

TFw ay(z) p(Z) ag (Z)
o' = rr—1 :yé 1r dx + ZZW /r 1
A Y2 y =3

In this case, we have that y} divides the coefficients of ' for
dx,dyy, dy}, ..., dy).

Hence the exceptional divisor (y5 = 0) is invariant and thus the blowing-up 7 is
non-dicritical.

Assume now that we are in case Dic. Then, the maximum power of the exceptional
divisor that divides 7 *wis yér and thus the transformed foliation F is locally generated
by

o — o al(z)dx p(z) Zyi ae(z)

= dy,
T /T 1 1 l
)72 y2 /r+ /r

= a}(z)dx + Za; @)dy|.

i=2
At least one of the coefficients a| (z), a5(z'), a}(2'), .. ., a,(z') is not divisible by y;.
Hence the blowing-up 7 is dicritical.
Assume now that we are in case Dic-nv. We have that there is ip € {3,4,...,n}

such that y/, does not divide the coefficient alfo (z). For 7 being vertical we need the
foliation G to be defined by dx = 0, thus y} should divide a5(z), a,(z), ..., a,(z)),
which is not happening.
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If we are in the case Dic-v, we have that y} divides a(z'), foralli = 3,4,...,n
and y} does not divide @/ (z'). The restriction of o’ to 7~ 1Y) is given by

aﬂ (x;0, yé, yft, e, y,/l)dx =0.

Then, the foliation G = F'|p is exactly dx = 0. That is, the blowing-up 7 is vertical.
O

Proposition4.2 Letnw : M' = (M, E',F) - M = (M, E,F) be a vertical
blowing-up with center Y. Assume that all the points in w1~ (Y) are simple regular
points for M'. Then Y is not invariant for F.

Proof 1t is enough to consider the case when M = (C",0), withn > 3, and E = @.
Let us take the notations preceding Lemma 4.1 and the ones in the proof of that lemma.
We are in case Dic-v.

Now, let us show that the hypothesis that all the points in M’ are simple regular
points implies that 7 = 0 and hence a1 (z) is a unit in a generic point of Y. This implies
that Y is not invariant.

Let us write

al(@) =ai(x;y) =Y Al(x;y),

s>r

p@ =px;y)= Y Pxy),

s>r+1

where the A! (x; y), P;(x; y) are homogeneous polynomials of degree s in the variables
y and A} (x;y) # 0. Note that

ai@ _ Al(x;y)

aj@) = —— =L (), (M
Y2 b))
pz)  Pryi(xy)

ay(e) = <o = T ), ®)
A Y2

a}(z/):yé(---), j=3,4,...,n. ©)]

Assume by contradiction that » > 1. Up to a change of chart in the blowing-up, we
can assume that there is 1 < ¢ < r such that

Ar(x3y)
L = AL LY YY)
Y2
is a polynomial of positive degree 7 in the variables y3, y}, ..., y,. We conclude that

the set
H=(a](Z) =y, =0) = (A (x; 1, Y5, Y4, ..., y)) = ¥, = 0)
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is non-empty. Let P be a point in H. In view of Equations (7), (8) and (9), the 1-form
o' evaluated at P is given by

@' (P) = ay(P)dy,|p.

The hypothesis that " is non-singular at P implies that a}(P) # 0; but this means
that 7 is tangent at P to the dicritical component y), = 0 and hence P is not a simple
regular point for M’. This is the desired contradiction.

We conclude that » = 0 and hence Y is not invariant. O

Proposition4.3 Let M = (M, E, F) be a foliated space of dimension n > 3 and let
7. M =M,E,F)—> M= (M,E,F) be a dicritical admissible blowing-up
with center a curve Y. Assume that the foliation G = F'| -1y is not singular and
that there is a point Q € Y such that 7~ (Q) is invariant for G. Then, the morphism
7 is a vertical blowing-up.

Proof Itisenough to do the proof in the case when M = (C", 0) and E = {J, assuming
that Q = 0. Recall that we are in case Dic.
Take again the notations developed along this subsection. Moreover, let us write

a(xy) =Y Aly).  ajy) = Y Al(xy),

szr s>r—1

for j =2,3,...,n. Consider the 1-form given by

n
W=Al(x;y)dx + Z Al (x; y)dy;.
j=2

Let ® be a maximal common factor of the coefficients of W and let us write W = ®W.
Note that ® is homogeneous in the variables y of a certain degree 0 < ¢ < r. Let us
write

n
W=Al_ (x;y)dx + Z Al (s ydy;.
j=2

Let H be the foliation defined by W = 0. The blowing-up 7 is dicritical for  and
the induced foliation of the transform H’ of H over the exceptional divisor 7~ HY)
coincides with G, that is

H/|nfl(y) = g

The reader can verify that the fact that x = 0 is invariant for G implies that x = 0 is
invariant for 4. In particular, the coefficient A I (x;y) is not divisible by x and hence
it is not identically zero.

Note that if + = r, the coefficients of W for dy; are identically zero, for j =
2,3, ..., n and in this case the foliation G is given by dx = 0, that is, the blowing-up
7 is vertical.
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Let us show that = r. Assume the contrary, tllat isr —t > 1. Since x does not
divide A'(x; y), there is a monomial belonging to A' (x; y) not divisible by x. Hence,
up to a change of chart in the blowing-up, we can assume that there is 1 < k < r such
that

AN 1, 5, Yas oo V)

is a polynomial of positive degree  in the variables y5, vy, ..., y,. Recalling that
x divides Ai_t_l(x; y), for j = 2,3, ..., n, the singular locus of G = H/|n—l(y)

contained in x = 0 is given by in this chart by the non-empty set
(A)(0; 1, Y3, Yao oo y0) = 0) N (x = y5 = 0).

This is the desired contradiction. |

5 Dimension Three. First Statements

Let My = (((C3, 0), 4, Fp) be an almost radial foliated space, where the origin is a
singular point for 7. By definition, there is an adjusted resolution sequence

St Mo LM 2 My, (10)

In this Section 5, we describe some features of the sequence S.

Note that N > 1, since the origin is a singular point for F.

Let us fix some notations. We put M; = (M;, E/, F;) and we denote by
Y;_1 C M;_ the center of 7, for any j = 1,2,..., N. Let us also denote by

E’ the exceptional divisor nj_l (Yj—1)and by E Z the strict transform in M ; of Ef, for
1 < ¢ < j. In this way, we have that

) J
El =V E,

is the decomposition of E/ into irreducible components.
Moreover, it is useful to consider the consecutive composition of blowing-ups in
S, so we denote
Jj+s
7Tj =Mj410Mj420 - OTjyy,

foreach1 < s < N — j. We declare n; to be the identity in M ;; let us note the

. 1
double notation ]] = it

5.1 Equireduction Points

We give here the notion of S-equireduction point. This idea has been introduced in
other similar contexts, the reader can see [6].
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We define the essential sets Z; C M; by inverse induction on the index j =
0,1,..., N as follows. If j = Nweput Zy = @. For0 < j < N — 1, we put
Zj=Y;Umji1(Zjy1). Let us note that

vyt J2 yN-l
Z]_YjUYj UY]. U UYj ,

where Y/ = Y; and ijﬂ = nf+S(Yj+s), forl <s<N—j.
The essential sets coincide with the singular locus as stated in next Proposition 5.1:

Proposition 5.1 We have that Z; = Sing(F;), forany j =0,1,..., N.

Proof Let us first prove that Sing(F;) C Z;. Given apoint Q € M; \ Z;, there is an
open neighbourhood V of O such that M |y is isomorphic to the restriction of My
to an open set of My, via the composition 7% . Since we know that Sing(Fy) = ¥,
we see that Q cannot be a singular point of F;.

Conversely, if there is a point P € Z; \ Sing(F;), let k > j be the first index such
that P € Yi (up to the local isomorphisms of the previous blowing-ups around P).
Then 741 is a blowing-up with invariant center not contained in the singular locus.
This generates indestructible singularities as stated in Proposition 2.1. O

Definition 5.1 We say thata point P € Z; is an S-equireduction point if for any index

0<s <N —jandany P’ € Zj,, such that n;+S(P’) = P we have the following
properties:

(1) The germ (Z 4, P') is a non-singular analytic curve of (M, P’) having full
normal crossings with E/ 75, .
(2) There is an isomorphism (Z;, P') — (Z;, P) induced by n]j-ﬂ.

Remark 5.1 The complement in Z; of the set of S-equireduction points is a finite set.

Remark 5.2 Let P € Z; be an S-equireduction point and consider a point P’ € Z
such that 71; *(Py=P.Then P' € Z j+s is also an S-equireduction point.

Proposition 5.2 Let P € Z; be an S-equireduction point. We have the equality of
germs '
(Zj, P)=(¥]", P),

for any integer number s with0 < s < N — j such that P € ij+s.

Proof Let us consider first the case s = 0. Hence we assume that P € Y; and we
are going to show that (Z;, P) = (Y}, P). We know that (Z;, P) is an non-singular
irreducible curve and that (Y, P) C (Z;, P). Then, itis enough to show that the germ
(Y;, P) is a germ of curve. Let us reason by contradiction. If (Y}, P) is not a germ
of curve, then we have that Y; = {P}. That is, the morphism 7 is the quadratic
blowing-up with center P. Denote by I' = (Z;, P) the non-singular germ of curve of

Zjat P.LetI"" be the strict transform of I" by 77 ;1 and denote P’ = F’ﬂnjjrll (P). We

@ Springer



Radial Foliations in Dimension Three Page 25 of 41 46

know that I C Z;;| = Sing(F ;1) and, in particular, we have that P’ € Z;, . The
point P’ is a S-equireduction point and then (Z 41, P’) is a non-singular irreducible
germ of curve. “A fortiori”, we have the equality of germs

(T, P))=(Zj11, P).

The contradiction arrives noting that I'’, and hence (Z j+1s P’), is transverse to the
exceptional divisor JT]._J:I (P) and thus the condition of full normal crossings fails.

Let us prove the statement for an integer s such that 1 < s < N — j by inverse
induction on the index j. If j = N, there is nothing to say, since Zy = (. In the case
Jj = N — 1 the result is also true, since we have that Zy_1 = Yy_1. Assume that the
result is true for j/ > j. We have two cases P ¢ Yj or P € Y.

Assume first that P ¢ ¥; =Y j] . Recalling that the blowing-up morphism 7
is centered at Y;, we see that ;4 defines a local isomorphism over the point P.

Moreover, we have that P’ € Y IS Where +11(P) = {P’}. By induction hypothesis

Jj+1 J ]
applied to j* = j + 1 we have that (Z; 1, P') = (Y;LS, P’). We conclude since we
have that

7i1((Zjg1, P) = (Zj, P), mpn (YL, Py = (¥]™, P).

Assume that P € Y;. We know that (Z;, P) is an non-singular irreducible curve.
Since P € Y;—H, we have that (Y;—H, P) C (Zj, P). Then, it is enough to show that
the germ (Y /j ™ P)isa germ of curve. Take a point P’ € Y that projects over P,

that is n}+s(P’) = P. Since
/(Y jass P C (Y] P,

it is enough to show that n} +S((Y j+s. P')) is a curve. By induction hypothesis, we
have that (Yj4s, P') = (Zj4s, P’). Since P is an S-equireduction point, we know
that (Z 4, P’) is a germ of curve isomorphic to (Zj, P) via 7T]]-+S. We conclude that

n}+s((Yj+s, P’)) coincides with (Z;, P) and then it is a germ of curve, as desired. O

Remark 5.3 As a consequence of this Proposition 5.2, we have that (¥ ]J -H, P)is a

germ of non-singular irreducible curve, when P € Y )‘l * anditisan S -equireduction
point.

5.2 Index-Persistent Equireduction Points

We introduce here a kind of equireduction points that are persistent under blowing-ups.

Lemma 5.1 Consider an S-equireduction point P € Z; = Sing(¥}) and assume that
P belongs to a non-dicritical component D of EJ. Let (A, P) C (M, P) be germ of
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non-singular surface transverse to Z j. Then, we have that A is transverse to Fj at P
and thus we have a well-defined restriction G = F;|n. Moreover, the curve AN D is
invariant for G.

Proof If A is invariant for F;, then the curve A N D is contained in the singular locus
Sing(F;) = Z;. This is a contradiction with the transversality condition. To see that
A N D is invariant for § it is enough to look at point Q € AN D\ Z;. O

An S-equireduction point P € Z; is an index-persistent equireduction point for
M if P belongs to a non-dicritical component D of E/ and there is a germ of
non-singular surface (A, P) C (M, P) such that:

(1) A is transverse to Z;. Hence, by Lemma 5.1, the restricted foliation G = F;|a
exists and the curve A N D is invariant for G.

(2) The Camacho-Sad index of G with respect to A N D at the point P has strictly
negative real part.

Remark 5.4 We ask P to be and index-persistent point for G, but additionally we fix
the invariant curve A N D to get a Camacho-Sad index with negative real part.

Proposition 5.3 Assume that there is an index-persistent equireduction point for M ;.
Then, there is also an index-persistent equireduction point for M 1.

Proof Without lost of generality we can assume that P € Y;. Let P’ be the point
P = rrj_+1] (P) N D', where D' is the strict transform of D by ;1. We know that

Camacho-Sad index of G’ at P’ with respect to A’ N D’ has strictly negative real part,
see Remark 2.4. Now, it is enough to see that P’ is a singular point P’ € Z; 1, hence,
an equireduction point and thus, an index-persistent equireduction point. If P’ ¢ Z; 1,
we would have that G’ is regular at P’ and then, the Camacho-Sad index should be
Zero. O

Corollary 5.1 There are no index-persistent equireduction points for M, for any
j=0,1,...,N.

Proof Since Sing(Fn) = ¢, there are no index-persistent equireduction points for
M. Now, we apply the proposition to see that there are no index-persistent equire-
duction points for M, for j =0,1,..., N. O

5.3 Complete Dicriticalness

This subsection is devoted to prove the following statement:
Proposition 5.4 All the blowing-ups in S are dicritical blowing-ups.

We prove Proposition 5.4 as a consequence of several propositions.

Proposition 5.5 If the first blowing-up my : My — M is quadratic, then it is dicrit-
ical.
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Proof Assume, by contradiction, that 77| is non-dicritical and hence the exceptional
divisor E! = T 1(0) is invariant for . Let us recall that E! is isomorphic to the
projective plane ]P’%:.

Let us consider the intersection Z; N E! of the exceptional divisor E' with the
set Z| = Sing(F;) C Mj. Recall that Z; N E! is a closed analytic subset of E' of
dimension at most one, then it is a (maybe empty) finite union of points and curves
contained in E'. Moreover, the set T C Z; N E! of non-S-equireduction points in
Z1 N E! is a finite set.

Select a non-singular surface (A, 0) C (C3, 0) whose strict transform A’ by
satisfies the following properties:

a) TNL =@, where L' = A’ N EL
b) The projective line L’ cuts Z; N E! in a transverse way.

Indeed, the set of projective lines satisfying the above two properties is a non-empty
Zariski open set.

Let us show that A’ is not invariant for F; and hence we also have that A is not
invariant for Fy. Note that L’ N Z is a finite set. Consider a point Q € L'\ Z;. Recall
that we are assuming that E' is invariant for ;. Since Q is a regular point for 7 and
A is transverse to E!, we deduce that A’ is not invariant for F 1-

Let us consider the restrictions

G=Fola; G =Fila-

Looking at a point Q € L'\ Z; as before, we deduce that L' is invariant for G’. In
other words, the blowing-up

(A, 0,G) < (AL, G)

is a non-dicritical blowing-up. Since the self-intersection of L’ in A’ is equal to —1,
there is at least one point P € L’ such that the real part of Camacho-Sad index of G’
with respect to L’ at P is strictly negative. This is an index-persistent equireduction
point, contradiction by Corollary 5.1 O

Remark 5.5 In the quadratic case, we always have N > 2. Indeed, if N would be
equal to 1, we would have and induced foliation over the projective plane without
singularities and this is not possible.

Now, we go to the case of a monoidal first blowing-up.

Proposition 5.6 Assume that the center Yy of the first blowing-up m\ in the sequence
S is a curve. Then my is dicritical.

Proof The proof follows with arguments very similar to the ones in the proof of
Proposition 5.5. Let us give the main ideas.

By taking an appropriate representative of the germ Y, we can consider an equire-
duction point Qo € Y close to the origin. In order to prove that E' = 7~ 1(Yp) is
dicritical for M, it is enough to localize the sequence S at Q. Then, without loss of
generality, we can assume that the origin 0 is an S-equireduction point.
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Let us start our argument by contradiction, assuming that D = E } is non-dicritical
for M. Take a regular two-plane A C (C2, 0) transverse to Yy. Let A’ be the strict
transform of A by 1. The curve

L' ==;7'0)=ANE!

is invariant for G’ = F|a’. Moreover, there is a singular point P’ for G’ such that
the Camacho-Sad index of G’ at P’ with respect to L’ has strictly negative real part.
The point P € Zj, by arguments as in the proof of Proposition 5.3, hence it is an
index-persistent equireduction point and we contradict Corollary 5.1. O

Now we end the proof of Proposition 5.4 by induction on N. If N = 1, the result
is true. If N > 2, we can re-start at the foliated space obtained from M by skipping
the dicritical divisor E!, in view of the results in Subsection 2.4.

Remark 5.6 Note that the last blowing-up 7t cannot be a quadratic one, by the same
arguments as in Remark 5.5.

5.4 Corners of the Divisor

Let (M, E) be an ambient space of dimension n. A point P € M is called to be a
corner for (M, E) when the number of irreducible components of E through P is
equal to n.

Remark 5.7 Let (M', E") — (M, E) be a blowing-up of ambient spaces. If there is a
corner point for (M, E), then there is also a corner point for (M’, E), Equivalently,
if (M’, E’) is without corners, then (M, E) is also without corners.

If M = (M, E, F) is a foliated space, a dicritical corner for M is, by definition,
a corner for the ambient space (M, Egic), where Egjc is the union of the dicritical
components of E. By Remark 2.3, we know that if all the points in M are regular
simple points, there are no dicritical corners.

Proposition 5.7 Consider the sequence S in Equation (10). Then each ambient space
(M;, E') is without corners.

Proof It is enough to show that (My, EV) is without corners. Recall that My has
only simple regular points and that all the irreducible components of E" are dicritical
ones. In this situation, no corners are possible. O

Remark 5.8 The above Proposition 5.7 gives indications on the blowing-ups underly-
ing the sequence S. Namely,

(1) Ifthe center ¥;_1 is a point, then it cannot be in the intersection of two components
of the divisor Ei 1.

(2) If the center Y;_; is a curve with Y;_; C E! —1 then there is no component of
E*~!transverse to Y;_;. That is, the curve ¥;_; C E'~! has full normal crossings
with Ei~1,

@ Springer



Radial Foliations in Dimension Three Page 29 of 41 46

5.5 Restrictions to the Components of the Divisor

Consider an intermediate step M; = (M, E/, F;) in the sequence S and let D be
an irreducible component of the divisor E/. We know that D is a dicritical component
of M. Hence, we get a two-dimensional foliated space

M;lp = (D, E’|p, Fjlp),

obtained by restriction of M ; over (D, E J|p). The normal crossings divisor E/|p is
given by the intersections with D of the components of E/ not equal to D.

Lemma 5.2 The foliated space M| D is a two-dimensional radial foliated space and
all the irreducible components of E'|p are dicritical components for M j|p.

Proof The divisor D induces a restricted sequence S|p that provides a resolution
sequence for M j|p. The dicriticalness of the components of E/|p can be tested in
the last step of S. O

Note that Sing(F|p) is a finite subset of D and that | p is a cart-wheel foliation
at these points.

Proposition 5.8 Consider anindex0 < j < N and let D be an irreducible component
of the divisor E’. Let us denote by H the (finite) union of the irreducible curves
contained in Sing(F;) N D = Z; N D. The following statements hold:

(1) Thedivisor H = E/|pUH isanormal crossings divisor of D, the irreducible com-
ponents of H are dicritical for the restriction G = Filp and Nj p = (D, H,G)
is a radial foliated space of dimension two.

(2) If j <NandY; NH # ), then Y; is a curve contained in H.

Proof Induction on N — j. If j = N we are done, since My is a desingularized
foliated space without singularities, then H = ¢ and we are done. Assume that j < N.
Let us first prove Statement (2). We do an argument by contradiction, assuming that
Y; N H # ) is a single point Q (actually, we obtain the same contradiction when
Y; N H is anon-empty finite set of points). The morphism 7,1 induces a blowing-up

D' — D,

centered at the point O, where D’ is the strict transform of D C M by ;1. Invoking
induction hypothesis, we see that this blowing-up will create a dicritical corner in
N1, pr- This is not possible for a two dimensional radial foliated space.

Let us see that Statement (2) implies Statement (1). We have the following possi-
bilities:

(1) Y; N D = @. In this case \V; p is identical to Nj 1 pr.
(2) Y;ND # ¥and Y; N H # (. By Statement (2) we obtain that Y; is a curve
contained in H. Then V; p is also identical to N1 pr.
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(3) Y;ND # Yand Y; N H = {. Inthis case Y; N D is a finite union of points. Indeed,
if Y;N D isacurve, itis contained in H. Now, the new created exceptional divisors
are disjoint from the strict transform of H. We deduce immediately the desired
properties for \; p from the ones of Nj 1 ps, that are guaranteed by induction
hypothesis.

The proof is ended. O

Corollary 5.2 Consider an index 1 < j < N — 1. The set E/ N Sing(F;) is a finite
union of points and non-singular irreducible curves mutually disjoint.

Proof Let Y be a curve contained in E/ NSing(F ;). There is an irreducible component
D of E/ suchthat Y C D. In view of Proposition 5.8, we know that Y is an irreducible
component of the normal crossings divisor E/|p U H, where H is the union of the
curves in the singular locus contained in E/. Hence, the curve Y is non-singular.

Assume that there is another curve I' # Y in E/ N Sing(F;) suchthat ' NY # ¢
and let us find a contradiction.

If ' € D, both I and Y are mutually intersecting dicritical components of the
normal crossings divisor E/|p U H. Then we have a dicritical corner of in the radial
foliated space \V; p and this is not possible.

Assume that I' ¢ D. Given a point P in I’ N Y, we know that it is a regular point
for N p since it belongs to the dicritical component Y of the radial foliated space
N,

The modification of I" by the subsequent blowing-ups induces a quadratic blowing-
up for NV p centered at the point P. This would generate an indestructible singularity.

O

5.6 Compact Curves of the Singular Locus

In this subsection we show that there are no compact curves in the singular locus.

Lemma _5.3 Consider an index 0 < j < N. There are no Hirzebruch tubes
(M;, E7;Y) such that Y is a curve in the singular locus of Fj.

Proof We do the proof by induction on N — j. If j = N, we are done, since the
singular locus of Fy is empty. Assume that j < N, jointly with the corresponding
induction hypothesis and let us find a contradiction with the existence of a Hirzebruch
tube (M, E/; Y) such that Y is a curve in the singular locus of F;.

If Y; NY =, we are done, since the blowing-up 7 ;| induces the identity outside
Y and hence we find a Hirzebruch tube

(Mj1. E7TLY)

such that Y is a curve in the singular locus of F;; contradicting the induction
hypothesis.

Assume now that Y; N'Y # @. Let us note that Y is contained in E/ N Sing(F)).
Moreover, in view of Corollary 5.2, the curve Y does not intersect any other irreducible
component of E/ N Sing(F).
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By application of Statement (2) in Proposition 5.8, we necessarily have that ¥; C
EJ NSing(F;) andthen Y = Y;. Letus perform the blowing-up ;4 : M1 — M;
with center Y; =Y.

We will apply now Proposition 4.2, to get a contradiction. In order to do it, we will
show that 77 is a vertical blowing-up and that Z = J, where

Z = nj;‘l(y) N Sing(Fj11).

By Proposition 4.2 we obtain the contradiction that Y is not invariant.

Let us first show that 77 ;4 is a vertical blowing-up. We know that the only radial
foliation over the Hirzebruch surface ]Tj__:l (Y) is given by the fibers of the points of
Y by 11, see Subsection 3.4. Then, this foliation must coincide with the restriction
G of Fjy1 to the exceptional divisor y'rjjrll(Y), in view of Lemma 5.2. Hence the
blowing-up 71 is a vertical blowing-up.

Let us show now that Z = ). Assume the contrary. If Z contains an isolated point,
this point induces a quadratic blowing-up in the surface nj_+1] (Y) and then, it should
create an indestructible singularity in the foliation G. Hence Z is a finite union of
curves. Take an irreducible component Y’ of Z. By applying Proposition 5.8, we have
the following properties concerning Y’:

(1) Y’ cannot coincide with a fiber of the blowing-up, since it must be dicritical.
(2) Y’ is not tangent to any fiber. ‘
(3) Y’ has full normal crossing with E/ +1

We get that Y’ is a l-infinitely near curve of Y, then by Statement c¢) of Proposition
4.1 we obtain a Hirzebruch tube

(Mjq1, ETTL Y.

Since Y’ is a curve of the singular locus of F 1, we reach a contradiction with the
induction hypothesis. O

Proposition 5.9 The singular locus of F does not contain compact curves, for any
j=0,1,...,N.

Proof Assume by contradiction that there is an index 0 < j < N — 1 such that
there is a compact curve ¥ C M; contained in the singular locus Sing(F;) and that
the singular locus Sing(F%) does not contain compact curves for 0 < k < j. If we
show that (M, E iy ) is a Hirzebruch tube, we obtain the desired contradiction by
application of Lemma 5.3.

Note that we necessarily have that j > 1 since My = (C3, 0) does not contain any
compact curve. Moreover, the curve Y is contained in

J—p=xly:
E;=D=m; (Yj-.
Let us recall that Y is contained in the singular locus of F; 1, hence ¥;_ is not a
compact curve. Then, there is a point Q € Sing(F;_1) such that one of the following

situations occurs:
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(1) The center Y;_; is the germ of a curve at the point Q.

) Yj1={0}.

In both cases, we have that Y C nj_l Q).
Assume first that we are in situation (1), that is 77; is a monoidal blowing-up with

center at the germ of curve Y;_; at the point Q. In this case, we have that 71171 (Q)is
the only compact curve contained in D. Then, we have that ‘

Y =m;'(Q).

Note that the germ of curve Y;_; is not contained in any irreducible component of
EJ~1. Otherwise, the divisor of D given by

E/|puY

would have a corner, contradicting Proposition 5.8. Then, by taking local coordinates
(x,y,2) at Q, we can assume that

E'c(x=0), Yjoi=(=2=0)

and considering the standard charts of the blowing-up, we obtain the desired Hirze-
bruch tube.
Assume now that we are in situation (2). We have that D = nj_l (Q) is isomorphic

to the projective plane Pé. Doing a computation in coordinates of the blowing-up, we
see that if Y is a projective line, then

(Mj, H;Y)

is a Hirzebruch tube, where H is the union of the irreducible components of E J
containing Y or not intersecting Y. Thus, we have to verify that Y is a projective line
of the projective plane D and that E/ = H.

Again, in view of Proposition 5.8, we know that

(D,E/|pUY, Filp),

is a plane radial foliated space and that all the irreducible components of E/|pUY are
dicritical ones. Then by Proposition 3.2, we know that Y is a projective line and that
EJ|p is either the empty set, or it is equal to Y. In this way, we obtain that H = E/. O

By the previous Proposition 5.9, we have that the centers Y; in the sequence S
are either points or germs of curves contained in the singular locus of F;, for j =

0,1,...,N -1
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6 Radial Foliated Spaces in Dimension Three

In this Section 6 we give a proof of the main result Theorem 2.1 in this paper. Below
we recall its statement:

“ Consider a foliated space Mo = ((C3,0), E°, Fy), with non-empty singular
locus. Then My is a radial foliated space if and only if there are coordinates
X, Y, z such that Fy is the “open book” foliation given by v = ydz — zdy and
E® C (xyz =0).”

In order to start the proof of Theorem 2.1, we take an E-controlled adjusted
resolution sequence S for My as follows:

S: ((C3,0), E°, Fo) = Mo & M; 2 ... 22 Mmy. (11)

Note that N > 1. Recall that the fact that S is E°-controlled means that if the first
blowing-up | is centered in a curve Yy, then there is an irreducible component D of
EY transverse to Yo.

We are going to deal with the following cases:

A) The first blowing-up 71 is monoidal, centered at a curve Yy. The starting divisor

EO has a single irreducible component, it is dicritical for M and transverse to Y.
B) The first blowing-up 7 is quadratic, centered at the origin 0 € C3and E° = 0.
C) The general case.

6.1 Mattei-Moussu Sections

For more details on the results in this Subsection 6.1, the reader can look at [15] and
[14].
Let w be an integrable 1-form over (C3, 0) that we write as

w=a(x,y, z2)dx +b(x,y, z2)dy+c(x,y,z)dz.

Let us assume that Sing(w) is a non-empty analytic subset of (C3, 0) of codimension
at least two. That is, the 1-form w is a local generator for a foliation F such that
Sing(F) # . We say that the plane x = 0 gives a Mattei-Moussu section for w,
(alternatively: for the foliation JF) if and only if the two variables 1-form

n=wlx=0 =0, y,2)dy +c(0,y, z)dz

has isolated singularity in (CZ, 0). Hence 7 is a local generator for the foliation F|,—.
We will also call F|,—o the Mattei-Moussu section of F given by x = 0.

We are interested in considering Mattei-Moussu sections that give cart-wheel foli-
ations.

Lemma 6.1 Take an integrable germ of 1-form w over (C3, 0) and let us assume that
w|x=0 can be written as
w|x=0 = ydz — zdy.
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Then, up to a coordinate change, we can express w as
w=u(x,y,z)(ydz — zdy),

where u(x, y, z) is a unit. Hence, the foliation v = 0 is an open book foliation in
(C3,0).

Proof The 1-form w is written as
w=ydz—zdy +a(x,y,z2)dx +x(B(x,y,2)dy + y(x,y, 2)dz).
The differential dw of w is given by
do =¢1(x,y,2)dy Ndz + ¢2(x, y, 2)dz ANdx + ¢3(x, y, 2)dx A dy,

where ¢1 = 2 + x (0y /0y — 98/9z), hence ¢ is a unit. Consider the non-singular
germ of vector field

& =¢10/0x + ¢20/0y + ¢30/0z.

By the integrability property of w, we have that w(§) = 0. On the other hand, the
classical rectification of £ allows us to assume that

§=10/0x,

without loosing the property that w|,—o = ydz — zdy. In this new coordinates, we
have that « = 0, that is, we have

w = ydz —zdy + x(B(x, y, 2)dy + y(x, y, 2)dz).
By applying once more the integrability condition, we obtain that
o= (1+x8(x,y,2)(ydz — zdy),

as desired. O

Corollary 6.1 Let F be a germ of foliation on (C3, 0). Then F is an open book foliation
if and only if there is a Mattei-Moussu section G = F|a such that G is a cart-wheel
foliation. In this case, any plane section transverse to the singular locus is a Mattei-
Moussu section.

6.2 First Monoidal Blowing-up

We consider here the case A) above. We have the following proposition:

Proposition 6.1 Assume that the first blowing-up 7| in the resolution sequence S is
centered at a germ of curve Yo and that E® has a single component, which is dicritical
for Mg and transverse to Y. Then E° defines a Mattei-Moussu section Fy| g0 of Fo
that is a cart-wheel foliation.
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Proof Let us first show that N = 1. Denote E! = Eé UE } the divisor in the step 1,
where E 11 = 1(Yo) and Eé is the strict transform of E°. We know that both E(l)
and £ } are dicritical components. Moreover, the compact curve Eé NE } is not in the
singular locus of F71, in view of the results in Subsection 5.6. Thus, the next center Y
of m, is either a germ of curve over a point Q or just a point Q, where Q € Eé NE 11
In both cases we create a corner of dicritical components and this is not possible. This
shows that N = 1.

Consider the plane E 0 < (C3,0). We know that EV is dicritical for Fy and hence
the restriction G = Fy|go exists. Moreover, there are no curves of tangencies between
E° and Fo; otherwise, these curves would be visible after the blowing-up ;. Since
all the points of M| are regular simple points for M, we have that the tangency
curves between F; and Eé do not exist. Then G is a Mattei-Moussu section of Fy.
It is desingularized without singularities after a single blowing-up and hence it is a
cart-wheel foliation. O

The above Proposition 6.1 completes the proof of Theorem 2.1 for case A), in view
of Corollary 6.1.

6.3 First Quadratic Blowing-up

We consider in this subsection the case B) above. That is, we assume that the first
center Y in the resolution sequence S is the origin Yy = {0} and E® = @. Thus, the
sequence S fulfills the conditions of the adjusted resolution sequence considered in
Section 5.

Let us recall that the exceptional divisor E! = E 1] = 10) of 7y is isomorphic
to the projective plane ]P’é. Note also that we already know that E } is a dicritical
component for M.

Proposition 6.2 Assume that the first blowing up ;| in the resolution sequence S is
a quadratic blowing-up and that E® = (. Then, there is a Mattei-Moussu section
G = Fola of Fo such that G is a cart-wheel foliation.

Proof We already know the following properties:

(1) The restriction G; = Fi|g1 gives a radial foliated space over E'. Hence, it is
the degree zero foliation on the projective plane E! given by the projective lines
through a point P;.

(2) The intersection of the singular locus Sing(F7) with the exceptional divisor E is
the singleton { P; }. Indeed, it does not contain curves, since they will be necessarily
compact curves. Hence, this intersection is a finite set of points. Moreover, mod-
ifying points that are not singular for the foliation G; will produce indestructible
singularities.

Let us select a plane A C (C3, 0) such that the projective line L = E' N A’ does not
contain Pj, where A’ is the strict transform of A by .

In this situation A’ cuts transversely F; and the restriction G’ = F| s is a regular
foliation transverse to L. This implies both that G is a Mattei-Moussu section of F
and that G is a cart-wheel foliation. O
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The above Proposition 6.2 completes the proof of Theorem 2.1 for case B), in view
of Corollary 6.1.

6.4 Dicriticalness of a Transverse Component

Before going to the general case C), let us consider the case when 1 is monoidal. Let
us recall that the blowing-up 71 is E%-controlled, that is, there is a component D of
EO that is transverse to the center Y. Let us call D the control component.

Proposition 6.3 Assume that the first blowing-up in the resolution sequence S is
monoidal. Then, the control component D is dicritical.

Proof Up to skip the other components of E®, we may assume that E® = D. Let us
find a contradiction with the fact that D is invariant. We know that the first blowing-
up 71 is a dicritical blowing-up centered at a curve Yy. Consider G| = F| Els where

E } = !(Yp) and let D' be the strict transform of D by 1. Since there are no compact
curves in Sing(Fp), we see that the generic points of the fiber 77, ! O =DnNE 1] are
regular for 7. Since D’ is invariant, we conclude that T ! (0) is invariant for Gy .

In order to apply Proposition 4.3, let us show that G; is non-singular. The only
possible singularities should be a finite set of points in the fiber 77|~ 1(0), where G isa
cart-wheel foliation. Since the fiber is invariant and it has zero self-intersection inside
E ]1, this set of points is empty. We conclude that 7 is a vertical blowing-up and no
singularities appear, this contradicts Proposition 4.2, since the center Y| is invariant.

O

6.5 The General Case

Consider a radial foliated space
Mo = ((C*,0), E°, Fy).

Let us skip all the irreducible components in E°, unless the control component when
S is an adjusted resolution sequence starting at a monoidal blowing-up. We get a new
radial foliated space: .

Mo = ((C,0), E°, Fy)

such that S induces an adjusted resolution sequence S for My and we have that
EO = ¢ except for the case when Yy is a germ of curve. In this case, the divisor E°
has a single irreducible component, it is transverse to Y and it is dicritical, in view of
Subsection 6.4.

Lemma 6.2 In the above situation, we have that:

(1) There are local coordinates x, y, z such that Fy is the open book foliation given
by ydz — zdy.

@ Springer



Radial Foliations in Dimension Three Page 37 of 41 46

(2) The resolution sequence S satisfies that the blowing-ups
T, 25 v o, TN

are quadratic blowing-ups centered at the infinitely near points P; € M of the
curve y =z = 0.

(3) The last blowing-up mty is a monoidal blowing-up. The center Yy _1 is the strict
transform of the curve y = z = 0.

(4) The divisor EN~! has a single component trough Py_1 and it is transverse to
Yv_1.

Proof The resolution sequence S belongs to one of the cases A) or B). Then, we obtain
that the foliation Fq is a open book foliation.

Now, we have two cases: N =1or N > 2.

If we have that N = 1, the blowing-up 7 is necessarily a monoidal blowing-up
centered at the singular locus Yy = (y = z = 0) of Fy; otherwise we do not destroy the
whole singular locus. Note that in this case EY coincides with the control component,
hence it is non-empty and transverse to Y.

Assume that N > 2. The first blowing-up m; is a quadratic blowing-up centered at
the origin Py = 0. The other possibility is to be equal to the singular locus y = z = 0,
but this would eliminate completely the singularities, contradicting that N > 2. Now,
we can take local coordinates x1, y1, z1 at P; such that the foliation Fj is given by

yidzi — z1dy

and the exceptional divisor Elis locally given by x; = 0. We re-start the situation at
P; and we end by induction on N. O

Lemma 6.3 Take local coordinates x, y, z such that F is the open book foliation given
by ydz — zdy. If D is a dicritical component of E°, then D is transverse to the axis
y =z = 0

Proof Assume by contradiction that D is not transverse to y = z = 0. Then, one of
the following two situations holds:

ii) (y =z = 0) ¢ D. In this case, we have that N > 2 and the first infinitely near
point P; of y = z = 0 belongs to the strict transform D’ of D by 7.

Assume that we are in case 1). The property (y = z = 0) C D is stable under the
quadratic blowing-ups 1, 72, ..., my—1. Thus, without loss of generality, we may
assume that N = 1 and 7 is the monoidal blowing-up centered at y = z = 0. When
we perform the blowing-up we get a dicritical corner, this is not possible.

Assume now, that we are in case ii). In this case D’ N T ! (0) defines a projective
line I' passing through Pj. This curve I' is invariant in view of Proposition 3.2. On the
other hand, the curve I' is the intersection of two dicritical irreducible components of
the divisor and the foliation is regular and simple at the points of I" different from P;.
This contradicts the fact that I is invariant. O
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Let us end the proof of Theorem 2.1. The question is if we can “adapt” the coordi-
nates x, y, z to the given divisor E® in such a way that F is given by ydz — zdy = 0
and E° C (xyz = 0).

In view of Lemma 6.3, we can make a coordinate change x — ¢ (x, y, z) in such
a way that the (only) possible dicritical component of E? is x = 0. The invariant
components (there are at most two of them) are necessarily of the type

Ay +uz =0.

Then, up to a linear change of coordinates in y, z, we are done.

7 Almost Radial Foliated Spaces. Examples

In this Section we give some examples of almost radial foliated spaces in dimen-
sion three that are not radial foliated spaces. We end the paper by showing that any
almost radial foliated space M = ((C3,0), E, F) has at least one invariant germ of
hypersurface.

7.1 Non-Radial Open Books

Take the foliation F on (C>, 0) given by ydz — zdy = 0 and the divisor E° defined
by
xy—z=0.

The foliated space (((C3 ,0), E 0 F ) is almost radial but not radial. Indeed, the blowing-
up centered at the axis y = z = 0 gives an adjusted resolution sequence for it, hence
it is an almost radial foliated space. It is not radial since EV is a dicritical component
which is not transverse to the axis, contradicting Lemma 6.3.

7.2 Some Examples with Rational First Integral

Let us consider the foliations R, R2 and Rz on (C3, 0) defined respectively by the
rational differential 1-forms

ni=dei, i=123,

where the rational functions ¢1, ¢» and ¢3 are given by

2 2 2 2 2

xXz°-+y xXy+z xXz°+y

$pr=—"——, $r= . =
yz y z

Proposition 7.1 The foliated spaces N; = ((C3, 0), ¥, R;) are almost radial, but not
radial, fori = 1,2, 3.
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Proof Let us see first that they are not radial foliated space, since the corresponding
foliations R; are not open book foliations.

We have that (x =y = 0) U (y = z = 0) C Sing(R1), then the singular locus of
R1 does not correspond to an open book foliation. Concerning o, we have that

(y = z=0) C Sing(R»),

but the plane x = 0 does not determine a Mattei-Moussu section, as it should be in
the open book case (see Corollary 6.1). Indeed, the curve x = z = 0 is a curve of
tangencies for this section. Finally, in the case of R3, we have a similar situation to
the one in the case of R,.

Now, the foliated space N has a resolution sequence of length two, with evi-
dent centers. The foliated space N, has a resolution sequence of length two, the first
blowing-up centered at y = z = 0 and the second one centered in a new curve étale
over y = z = 0. Finally, the foliated space N3 has a resolution sequence of length
one centered at y = z = 0. O

7.3 Existence of Invariant Hypersurface

The existence of invariant hypersurface is a general question in the case of dicritical
germs of codimension one foliations. The reader can look at [4, 68, 13] and others.
The answer is positive for almost radial foliated spaces:

Theorem 7.1 Let M = ((C3,0), E, F) be an almost radial foliated space. Then there
is at least one germ of invariant analytic surface through the origin.

Proof If M is radial, we are done, since the foliation is an open book foliation. It
remains to consider the case when M is almost radial, but not radial. Moreover, we
can assume that £ = ¢J, without loss of generality. Let

m My = My, EY, F) — ((C,0),0, F)

be a monoidal blowing-up centered at a germ of curve (¥, 0) C (C3,0) that is
the first blowing-up of a resolution sequence for the almost radial foliated space
((C3,0),0, F).

We have that L = 7 ! (0) is either invariant or not invariant for 7.

If L is not invariant for F7, we are done by considering a regular point for 7] in
the fiber L and a germ of invariant surface on it.

Assume that L is invariant for F. Let G| be the restriction of F to the exceptional
divisor E! = E } = ! (Yp). We know that G defines a radial foliated space over E }
Noting that L is not contained in the singular locus of 7, the fiber L is invariant for G;.
Recalling that the self-intersection of L in E 11 is zero and that the only singularities of
G, are of cart-wheel type, we conclude that G| has no singular points. Hence, no point
in E! can be modified, except if the next bowing-up is a germ of curve ¥; contained
in E ? and transverse to the fiber.

We repeat our argument with the new center Y. If at one step of the procedure we
create a non-invariant fiber, we are done. If the fibers are invariant at each step, in the
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last one we can apply Proposition 4.2 to obtain the contradiction that the center is not
invariant. o

Let us note that the above proof shows that there are infinitely many invariant
surfaces for an almost radial germ of foliated space in dimension three.
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