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Abstract: Several studies have reported that in loblolly pine stands with high initial density, basal area declines
after reaching maximum carrying capacity. This behavior is not reproduced by most basal area development
models because the functions used are sigmoid and nondecreasing, tending toward an asymptote. We used a
combined exponential and power function to model the impact of initial density on the basal area development
of loblolly pine in a spacing trial. The combined exponential and power function is sufficiently flexible to
describe both the asymptotic behavior of the wider initial spacing plots and the decrease in basal area after
culmination of the closer spacings. We modified the original function to account for the time lag between stand
establishment (age � 0) and basal area establishment (age � 0), by allowing the origin of the function to be
different than age � 0. Two final models are presented: a model fitted using the population-average (PA)
approach and a model fitted using the mixed-effects (ME) approach. At the fixed-effects level, the PA and ME
models are not equivalent, and, therefore, the appropriate model should be selected according to the availability
of previous data and the objectives of the prediction. If previous observations are available, they can be used to
improve the predictions using the ME model. FOR. SCI. 58(2):95–105.
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STAND BASAL AREA development is a key component
for stand growth modeling (von Gadow and Hui
1999). Both before and after the onset of intraspe-

cific competition, stand basal area (BA) is greatly influ-
enced by the initial number of trees planted. Initial density,
together with survival rates and site quality, determines the
growing space available for individual trees and, thus, the
age at which intraspecific competition begins. The earlier
the intraspecific competition begins, the earlier the effects
of competition on diameter growth and mortality will start.
The equilibrium between diameter growth and mortality,
both largely influenced by the initial density of the stand,
dictates the dynamics of BA.

Many model forms have been used to describe stand BA
development for even-aged stands. Most model forms are
sigmoid and nondecreasing (e.g., Burkhart and Sprinz 1984,
Radtke and Burkhart 1999). Although these types of func-
tions might perform well in average stand densities, they are
not flexible enough to characterize the range of behaviors
that have been observed in loblolly pine BA development,
particularly at close spacings (spacing is defined as the
growing space, area, available per tree). When the effect of
initial spacing in loblolly pine BA development is studied,
some researchers have found that stand BA in close initial
spacings (generally, less than 4 m2/tree) decreases after
reaching its maximum. For example, Buford (1991) ob-
served a decline in BA after age 20 for the 1.8 � 1.8-m
spacing in data from a loblolly pine spacing study. Matney
and Sullivan (1982) also reported a decline in BA starting at

approximately ages 15–20 for high-density unthinned plots
of loblolly pine. This behavior of BA in close initial spacing
is reproduced by several loblolly pine growth and yield
models (Buford 1991). In models that show a turndown in
BA, BA is usually derived from diameter growth, often
driven by dominant height growth, and mortality and not
modeled directly. For example, the model of Bailey et al.
(1985), which calculates BA as a function of quadratic mean
diameter and number of trees, shows decreasing BA after
reaching a maximum for high initial stand densities. Models
that directly predict BA development are usually nonde-
creasing and, thus, unable to model the behavior of stands
planted at close spacing. In an attempt to overcome this
problem Harrison and Daniels (1988) used a correction
factor to modify the asymptotic nondecreasing form of their
BA model. Because the correction factor was a function of
relative spacing, Harrison and Daniels’s model required an
estimate of dominant height and survival to model the
decline in BA.

The objective of the research reported here was to model
BA production directly for varying initial planting densities.
Data from annual measurements of a loblolly pine spacing
trial over a 25-year span provided an empirical base for
modeling the effects of planting density on BA develop-
ment. To accommodate different prediction objectives and
situations with varying amounts of previous measurement
data, both population-average and mixed-effects approaches
were applied for modeling stand BA development.
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Background on Subject-Specific and
Population-Average Approaches

Data collected for forest growth and yield modeling are
typically grouped. For example, if we use in our analysis
measurements taken from two contiguous plots, the data
collected cannot be considered independent. This lack of
independence hinders the possibility of using traditional
techniques such as nonlinear least squares. To overcome
this problem two main approaches have been developed:
subject-specific (SS), and population-average (PA) (Zeger
et al. 1988). Models of the SS type represent the covariance
structure induced by the grouping of the data by allowing
some of the parameters that define the model to vary with
group (e.g., stand) through the incorporation of random
effects. An example of a SS approach is mixed-effects (ME)
models, in which the SS effects are assumed to follow a
parametric distribution. PA models directly model the with-
in-group error covariance structure, without explicitly ac-
counting for subject-to-subject heterogeneity.

Typically, BA is modeled with a nonlinear function of
several covariates, which could include variables such as

age (A), site index (SI), initial spacing (S), or thinning
treatment, that is,

BAi � f �Xi , �� � �i ,

where BAi is a vector of BA measurements for stand i, Xi is
a matrix of covariates, � is a vector of fixed-effects param-
eters, and �i is a vector of error terms. The PA approach
focuses on modeling the mean, or expectation, of BA,

E�BAi� � f �Xi , ��.

Thus, the parameters of a PA model are population-av-
erage responses to the covariates. A ME model focuses, on
the other hand, on the individual response, modeling BA as
a function of a vector of fixed-effects parameters (�) com-
mon to all subjects and a vector of random effects (ui)
unique for subject i, which is assumed to follow a multi-
variate normal distribution with mean zero and a variance-
covariance matrix pounds per square inch. That is,

BAi � f �Xi , �, ui� � �i .

The fixed-effects parameters of a ME model should be

Figure 1. Geographical location of the spacing trial replicates (three replicates at each of the four
locations: P1 and P2 are Piedmont sites; C1 and C2 are coastal plain sites).
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interpreted as the typical response of an individual and not
as the population-average response.

When a parameter estimation approach is selected, the
objectives of the analysis should be taken into account. If
the focus is exclusively on making inferences about model
parameters, then the PA approach is adequate when the
interest lies on the PA response to changing covariates; the
SS approach is preferred when the focus is on the typical
response of an individual to changing covariates (Davidian
and Giltinan 1995, Diggle et al. 2002). If the focus is on
prediction, then the PA approach has a smaller prediction
error than the SS approach when the SS response is com-
puted using only the fixed-effects parameters of the ME
models. If previous measurements are available to estimate
the random effects of the SS model, then the SS predictions
are more accurate than the PA predictions (Meng et al.
2009).

Both PA and SS (ME) approaches were used in this
study to model the development of stand BA across a wide
range of initial planting densities. Data from a loblolly pine
spacing trial were used in these analyses.

Data

Data used for this study were from a spacing study
maintained by the Forest Modeling Research Cooperative at
Virginia Polytechnic Institute and State University (Virginia
Tech). Four locations were included in this spacing study,
two in the Piedmont area (P1 and P2 in Figure 1) and two
in the coastal plain region (C1 and C2 in Figure 1). At each
location three replicates (blocks) were planted, and, in each
replicate, 16 plots with a different tree arrangement in each
were established. A representative block is illustrated in
Figure 2. Although each of the 16 plots has a different tree
arrangement, some of them have the same spacing (Table
1). There were a total of nine different initial spacings. The
diameter of each tree was measured every year from age 1
to age 25. The diameter for each tree in the study was
measured at ground level from age 1 through 5 and at breast
height from age 5 through age 25. Total height of each tree
was measured each year from age 1 through age 10 and
every 2 years thereafter.

During the 25 years of the study several events affected
the integrity of some of the plots. At age 11, several plots of

Figure 2. A representative block on the spacing trial design. The gray areas indicate the border zones.
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blocks 2 and 3 at location P1 suffered severe ice damage
(Amateis and Burkhart 1996). Data from this location for
ages 12 and older for seven plots at block 2 and nine plots
at block 3 were not considered for any of the analyses in this
study. At age 18, all plots from location P2 were dropped
from the study because of thinning in the adjacent stand. At
age 19 Hurricane Isabella damaged one plot at block 2 in
C2. Data for that plot after age 19 were not used. At age 20
southern pine beetle (Dendroctonus frontalis Zimm.) se-
verely affected two blocks at P1. Data for ages 21 and older
at these blocks of P1 were not used.

We considered spacing as the initial growing space
(area) available per tree, independently of the rectangularity
(Table 1). The design of the study was intended to examine
the effect of spacing and rectangularity on development of
loblolly pine stands and, thus, the degree of rectangularity
varied among plots. Because the effect of rectangularity in
this spacing trial has proven to be negligible for the main
tree variables, including diameter (Sharma et al. 2002a,b),
we modeled spacing effects based on the average space
available per tree regardless of the configuration of that
space.

Methodology
Model Form

A preliminary graphical analysis of the data revealed a
tendency of the plots with closer initial spacings to reach a
maximum BA and then decrease (Figure 3). Plots with
wider initial spacing tended to increase asymptotically, at
least until age 25. Hence, the model should allow for both
behaviors, the decrease after reaching a maximum at the
closer initial spacings and the asymptotic behavior of the
wider initial spacings.

For this study, we sought a model form that was flexible
enough to describe both the asymptotic behavior of the
wider initial spacing plots and the decrease in BA after
culmination of the closer spacings. The type II combined
exponential and power function (1) (Sit and Poulin-Costello
1994) provided this flexibility. The type II combined expo-
nential and power function has the form

Y � �X�e�X, (1)

where Y is the independent variable, X is the dependent
variable, and �, �, and � are parameters.

This equation passes, by definition, through the origin
(Y � 0, X � 0). In terms of BA, that would force the
development of BA to start at age 0 (BA � 0, age � 0).
However, because we define BA as the cross-sectional area
at breast height, the stand BA is not defined until the stand

Figure 3. An example of differences in the BA development
pattern in close and wide spacings. tph, trees per hectare.

Table 1. Summary of the fitting data set.

Spacing
(m2/tree) Tree arrangements (m) Trees/ha No. plots

Mean values at age 25a

dbh DH

1.49 1.22 � 1.22 6,730 12 17.0 19.0
2.23 1.22 � 1.83; 1.83 � 1.22 4,485 24 16.9 19.6
2.97 1.22 � 2.44; 2.44 � 1.22 3,365 24 18.7 20.1
3.34 1.83 � 1.83 2,990 12 18.8 19.9
4.46 1.22 � 3.66, 3.66 � 1.22;

1.83 � 2.44, 2.44 � 1.83 2,240 48 20.7 20.8
5.95 2.44 � 2.44 1,680 12 21.7 21.4
6.69 1.83 � 3.66; 3.66 � 1.83 1,495 24 22.8 21.1
8.92 2.44 � 3.66; 2.44 � 3.6 1,120 24 24.4 21.5

13.38 3.66 � 3.66 747 12 28.0 22.0

The initial number of trees planted per plot is 49 for all spacings. dbh, mean diameter at breast height (cm) for a given initial spacing; DH, mean height
(m) of undamaged trees with diameter greater than the quadratic mean diameter (m).
a Summary data for age 25 are averages over all locations and replicates.
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reaches breast height. Thus, the origin of the model should
be allowed to differ from zero (Y � 0, X � 0). Hence, we
added a new parameter, �, which accounts for the time
between stand establishment and stand BA establishment.
The final model form (2) has four parameters (�, �, �,
and �):

Y � �� A � ���e� � A��� Defined for A � �. (2)

We initially explored the pattern of the model parameters
with respect to initial spacing by allowing the parameters of
model 2 to freely change with initial spacing. For this
exploratory step we used nonlinear least squares, and we
ignored heteroscedasticity and autocorrelation in the errors.
To improve convergence during the fitting of the ME
model, parameter � was kept constant for all spacings. This
constraint facilitated the convergence of the model and
resulted in an adequate fit to the data during the fitting of the
final models. Graphical analysis of the variation of the
parameters (Figure 4) with spacing (S) showed that � and �
sharply changed at close initial spacings and tended to reach
an asymptote at wider initial spacings, whereas � increased
proportionally to initial spacing. This suggested including a
combination of S and S�1 or S and log(S), for representing
parameters � and � and S for modeling parameter �. The S
and S�1 combination for � and � produced the best results
as measured by the log-likelihood, the Akaike information
criterion (Akaike 1974), and the Bayesian information cri-
terion (Schwarz 1978). Including the corresponding S vari-
ables, the basic form of the model is

BA � ��0 � �1S � �2S
�1�

� �A � ���0e��0��1S��2S�1�� A��� Defined for A � �.

� � �0 � �1S (3)

We fitted two models to this basic form of the model, a
ME model and a PA model. Both models were fitted using
the nlme package (Pinheiro et al. 2009) in R (R Develop-
ment Core Team 2009).

Model Fitting
ME model

Following Pinheiro and Bates (2000), a general single-
level nonlinear ME model (nlme) for modeling stand BA
with consecutive measurements taken at each stand (single
level of grouping) can be defined as

yij � f ��ij , �ij� � 	ij , i � 1, . . . , M, j � 1, . . . , ni ,

(4)

where yij is the jth observation of stand BA from the ith
stand, M is the number of stands, ni is the number of
observations on the ith stand, f is a general, real-valued,
differentiable nonlinear function of a stand-specific param-
eter vector �ij and a covariate vector �ij, and �ij is the
normally distributed within-group error term. The stand-
specific parameter vector 
ij is modeled as

�ij � Aij� � Bijbi , bi � N�0, �� (5)

where � is a p-dimensional vector of fixed-effects, bi is a
q-dimensional random-effects vector associated with the
ith group (not varying with j) with variance-covariance
matrix �, p is the number of fixed-effects parameters in
the model, q is the number of random-effects parameters in
the model, and the design matrices Aij, and Bij are of size
r � p and r � q, respectively.

We can write Equations 4 and 5 in matrix form as

yi � fi ��i , �i� � �i

(6)
�i � Ai � � Bi bi

It is assumed that observations corresponding to different
groups (stands) are independent and that the within-group
errors �i are independently distributed as N(0, �2I) and
independent of the bi. This assumption is relaxed for the
extended nlme models (see next section).

Several methods have been developed to estimate the

Figure 4. Parameter estimates of model 2 when fitted sepa-
rately for each spacing.
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parameters of nlme models. The parameters can be esti-
mated either by maximum likelihood or by restricted max-
imum likelihood based on the marginal density of the re-
sponses y:

p�y ��, �2, �� � � p�y �b, �, �2�p�b ��� db, (7)

where p(y��, �2, �) is the marginal density of y, p(y�b, �,
�2) is the conditional density of y given the random effects
b, and p(b��) is the marginal distribution of b.

Maximization of Equation 7 requires solution of the
integral over the random effects. Because the function f is
usually nonlinear in the random effects, the integral in
Equation 7 generally does not have a closed-form expres-
sion. Lindstrom and Bates (1990) proposed a method to
approximate the likelihood function in Equation 7 that al-
ternates between two steps, a penalized nonlinear least-
squares step and a linear mixed-effects step. This method is
the one implemented in the nlme package (Pinheiro et al.
2009) in R (R Development Core Team 2009). Details about
the algorithm can be found in Chapter 7 of Pinheiro and
Bates (2000).

Extended ME

When the within-group errors are correlated and/or het-
eroscedastic, the nlme model can be extended to allow for
heteroscedastic and correlated errors. That is, �i � N(0,
�2�i), where the variance–covariance structure �i, param-
etrized by a fixed set of parameters �, can be decomposed
as

�i � Vi CiVi ,

where Vi is a positive definite diagonal matrix, that is, with
all diagonal elements equal to 1, and describes the variance
of the within-group errors and Ci is a correlation matrix that
describes the correlation of the within-group errors. That is,

Var�	ij� � � 2	Vi
 jj cor�	ij , 	ij�� � 	Ci
 jj� .

The log-likelihood corresponding to the extended nlme
model corresponds to a basic nlme model (Pinheiro and
Bates 2000). Hence, similar algorithms and approximations
to the basic nlme are applied to the extended nlme. Both the
basic nlme and the extended nlme described above are
easily extrapolated to the case of multiple-level models (see
Chapter 7 in Pinheiro and Bates 2000).

PA model

The PA model can be considered a simplification of the
extended nlme model, where the within-group variance-
covariance structure is represented by �i, but there are no
random effects to account for within-group dependence:

yij � f ��ij , �ij� � 	ij , i � 1, . . . , M, j � 1, . . . , ni

�ij � Aij�, (8)

where all the terms are defined as in the nlme model. We
can write Equation 8 in matrix form as

yi � f i ��i , �i� � 	i

�i � Ai�, 	i � N�0, � 2�i�. (9)

Because �i is positive-definite, it admits an invertible
square root �i

1/2, with inverse �i
�1/2 such that �i �

�i
T/2�i

1/2. Then, if we define y*i as

y*i � �i
�T/ 2yi

f*i ��i , �i� � �i
�T/ 2fi ��i , �i�

�*i � �i
�T/ 2�i

Equation 9 can be reexpressed as a classic nonlinear
regression model:

y*i � f*i ��i , �i� � �*i

�i � Ai�, 	*i � N�0, � 2I� (10)

Several methods to estimate the parameters in 10 exist.
There are full-likelihood and nonlikelihood approaches.
Among the latter, the most popular is the generalized esti-
mating equation (Zeger et al. 1988), which treats the cor-
relation structure as a nuisance, and it is not an adequate
approach when the correlation structure is of interest. We
focus on the full-likelihood approach, which is the one
implemented in the nlme package in R.

The log-likelihood function for model 10 is

l��, �2, � �y�

� �
1

2 �N log�2��2� � �
i�1

M ��y*i � f*i ��� �
�2 � log��i ��	,

where f*i (�) � f*i (�i, �i) and M is the total number of
observations.

The maximum likelihood estimator of �2 for fixed � and
�, that is �̂2(�, 
), is used to obtain the profiled log-likeli-
hood l(�, ��y), which is used to obtain the maximum like-
lihood estimates of � and �. Given the current estimate �̂(w)

of �, a new estimate �̂(w) for � is produced by maximizing
l(�, �̂(w)). The roles are then reversed, and a new estimate
�̂(w�1) is produced by maximizing l(�̂(w), �). The procedure
iterates between the two optimizations until convergence is
met. For a comparison of PA models versus SS models in a
forestry context, see Meng et al. (2009).

Significance tests and diagnostics for assessing
the quality of the fit

Models were compared using likelihood ratio tests
(LRTs) when nested and the Akaike information criterion
and Bayesian information criterion, otherwise. The signifi-
cance of the fixed-effects parameters for both the ME and
PA models was assessed with conditional t tests and F tests
(Pinheiro and Bates 2000). Assumptions about the within-
group errors and random effects were assessed graphically
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and analytically using LRTs and numerical summaries in-
cluding intervals of the estimated parameters. The model-
building strategy for the ME model conforms, in general, to
the procedure described in detail by Zhao et al. (2005).

Similar graphical tools were used to check the degree to
which different assumptions were met in the ME and PA
models. We assessed the need and adequacy of autocorre-
lation functions using plots of the empirical autocorrelation
function of the normalized residuals. To assess the assump-
tion of constant variance of the within-group errors, plots of
the residuals versus the fitted responses from the model
were used. The assumption of normality for the within-
group errors was assessed with normal probability plots of
the residuals. For the ME model, assumptions on the ran-
dom effects were assessed using several diagnostic plots.
Normal probability plots of the estimated random effects
were used to check marginal normality. Scatter plot matri-
ces of the estimated random effects were used to check the
structure of the random-effects covariance matrix.

Results
ME Model

The final ME model is defined in 11, and parameters,
including lower and upper confidence limits, are shown in
Table 2. Random parameters were found to be signifi-
cant, according to LRTs, at the location level in the inter-
cept of w (b2i), at the replicate level in S�1 of � (b1ij) and
� (b3ij) and in the intercept of w (b2ij), and at the plot
level in S�1 of � (b1ijk) and � (b3ijk). Scatterplot matrices of
the estimated random effects showed correlation between

the random effects at the plot level for S�1 in � and �, and
LRTs confirmed the need to model the covariance between
these two terms. All parameters were significant at � �
0.001. Model 11 follows:

BAijkl � ��0 � �1S � ��2 � b1ij � b1ijk�S
�1�

� �A � ���0e��0��1S���2�b3ij�b3ijk�S�1�� A��� � 	ijkl

� � �0 � b2i � b2ij � �1S Defined for A � �

Figure 5. Pattern of the estimated random effects at the
replicate level with respect to SI13.38 (average height of trees
with dbh larger than the quadratic mean diameter at age 25 in
the widest spacing [13.38 m2/tree]). A loess (local regression)
smoothing line is shown with a dashed pattern.

Table 2. Estimates and lower and upper confidence limits of
the parameters for the ME approach model 11.

Estimate Lower Upper

�0 2.24126 1.89786 2.58465
�1 �0.06315 �0.08507 �0.04123
�2 5.51533 4.39390 6.63677
�̂2,11 1.19427 0.67963 2.09864
�̂3,11 1.04038 0.68724 1.57497
�0 2.67811 2.07919 3.27703
�1 0.08647 0.07068 0.10226
�̂1 0.58246 0.27967 1.21308
�̂2,22 0.21974 0.12541 0.38502
� 1.35881 1.31477 1.40285
�0 �0.06335 �0.07047 �0.05624
�1 0.00130 0.00077 0.00183
�2 �0.07497 �0.09379 �0.05615
�̂2,33 0.01704 0.01009 0.02879
�̂3,22 0.01901 0.01250 0.02891
�̂3,12, �̂3,21 �0.81472 �0.91641 �0.61422
� 0.88259 0.84514 0.91142
�1,P1 0.28061 0.36465 0.44869
�1,P2 0.24912 0.34330 0.43749
�1,C1 0.46560 0.53191 0.59821
�1,C2 0.49560 0.56304 0.63049
�2,P1 �0.57121 �0.48405 �0.39689
�2,P2 �0.39371 �0.28667 �0.17962
�2,C1 �0.69346 �0.61628 �0.53910
�2,C2 �0.64183 �0.56781 �0.49379

All parameters were statistically significant at � � 0.001.
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b2i � N�0, �1� 
b1ij

b2ij

b3ij

� � N�0, �2� 
b1ijk

b3ijk
� � N�0, �3�

i � 1, . . . , 4; j � 1, . . . , 3; k � 1, . . . , 16;

l, l� � 1, . . . , 25

�̂1 � �̂1

�̂2 � 
�̂2,11

0
0

0
�̂2,22

0

0
0

�̂2,33
�

�̂3 � 
�̂3,11 �̂3,13

�̂3,31 �̂3,33�
�ijkl � N�0, �2�ijkl�

Var�	ijkl� � �2�Aijkl �2�1,i�Sijkl �2�2,i

The structure of the within-group error 	ijkl was modeled
with an autoregressive model AR(1) with correlation pa-
rameter estimate �. The variance was modeled with a com-
bination of two power variance models, one with age as
covariate and one with initial spacing as covariate and both
with parameters that change by location. The residuals of
the final model did not present any discernible pattern by
location or spacing. We also explored the possibility of a
trend between the random effects and site quality. Because
dominant height is affected by initial spacing (Antón-
Fernández et al. 2011), we defined site index as the average
height of trees with dbh larger than the quadratic mean
diameter at age 25 in the widest spacing (13.38 m2/tree),

SI13.38. We assigned an estimate of SI13.38 for each replicate
(three per location). When possible, SI13.38 was the ob-
served dominant height at age 25; for the rest of the cases
where dominant height at age 25 in the widest spacing was
not available, SI13.38 was estimated using a ME model for
dominant height specifically fitted to that data set. When the
estimates of the random effects at the replicate level were
plotted against SI13.38 (Figure 5) no discernible pattern was

Figure 6. Predicted BA for the mixed-effects (11) and PA (3) models for six selected initial spacings
present in the data set.

Table 3. Estimates and lower and upper confidence limits of
the parameters for the PA approach model 3.

Estimate Lower Upper

�0 2.98640 2.45716 3.51564
�1 �0.09791 �0.13324 �0.06258
�2 5.79073 4.50277 7.07868
�0 2.90716 2.71296 3.10137
�1 0.06276 0.03607 0.08945
� 1.24643 1.19196 1.30091
�0 �0.06393 �0.07292 �0.05494
�1 0.00189 0.00118 0.00260
�2 �0.05174 �0.06994 �0.03353
�1 1.89990 1.92374 1.86175
�2 �0.91449 �0.94296 �0.87275
� �0.84918 �0.89941 �0.77681
�1,P1 0.17029 0.23957 0.30886
�1,P2 0.17009 0.24683 0.32357
�1,C1 0.35750 0.41426 0.47101
�1,C2 0.39927 0.45900 0.51872
�2,P1 �0.60728 �0.52609 �0.44489
�2,P2 �0.36170 �0.26738 �0.17305
�2,C1 �0.66945 �0.59705 �0.52465
�2,C2 �0.66485 �0.59431 �0.52376

All parameters were statistically significant at � � 0.001.
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present for b3ijk. The other two estimated random-effects
parameters (b2ijk and b1ijk) showed a weak tendency to
decrease with increasing site index. The range of SI13.38 in
the data set was approximately 2 m.

Figure 6 shows the patterns of BA development by initial
spacing. BA at the closest initial spacing reaches its maxi-
mum at approximately age 15 and then starts to decrease,
crossing over the curves of the wider initial spacings. As
initial spacing increases (density decreases), the maximum
BA reached and the rate at which it is reached diminish.
Thus, closer initial spacings reach their maximum sooner
and approach it faster than wider initial spacings.

PA Model

The final form of the PA model is Equation 3, with
structure of the within-group error 	ijkl modeled with an
autoregressive moving average ARMA(2, 1) model with
autoregressive parameters (�1, �2) and moving average
parameter �. The variance was modeled, similarly to the
ME model, with a combination of two power variance

models: one with age as covariate and one with initial
spacing as covariate. Both contain parameters that change
by location:

Var�	ijkl� � �2�Aijkl �2�1,i�Sijkl �2�2,i.

The parameter estimates for the final PA model, includ-
ing lower and upper confidence limits are shown in Table 3.
All parameters are significant at � � 0.001.

Differences in the behavior of the PA and ME models for
the fitting data set were small except for initial spacings less
than 3 m2/tree (Figure 6). The PA model at the closest
spacings reached a higher maximum carrying capacity, and
it did so at an older age than the ME model. For the closest
initial spacing, the PA and the ME models start to diverge
at approximately age 12. The PA and ME models for the
closest initial spacings do not converge at age 25 nor do
they show any tendency toward convergence. At age 25, the
difference between the PA and ME models for the closest
initial spacing is 6 m2/ha.

Figure 7. Within-group residuals for the ME model by location, showing heteroscedasticity of the
residuals with respect to initial spacing when only heteroscedasticity along the age covariate is taken into
account.
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Heteroscedasticity and Autocorrelation

Heteroscedasticity was present in the residuals of both
models. The variance of the residuals of the models in-
creased with age and decreased with initial spacing. Even
after accounting for heteroscedasticity in the age covariate,
there was a pattern in the residuals of the models along the
initial spacing covariate (e.g., Figure 7). Accounting for
heteroscedasticity in both covariates improved the fit of the
models (Table 4).

Discussion and Conclusion

The two models proposed in this study describe the
effect of a wide range of initial spacing on the BA devel-
opment of loblolly pine stands. The basic form of the
models is a modified type II combined exponential and
power function, which allows the asymptotic behavior of
stand BA for wide initial spacing stands and a decrease in
BA after reaching its maximum for close initial spacing.
When used for predictions, the PA model is more accurate
when no previous measurements are available. If previous
measurements are available, the ME model could give more
accurate estimates (e.g., Meng et al. 2009).

As initial density increases, the variability of stand BA
also increases. The within-group error variance increased
with closer initial spacing, as shown by Figure 7 and as
indicated by the sign of the within-group error variance
parameters in Tables 2 and 3. In addition, in the ME model,
the random effects affecting parameters � and � were sig-
nificant in S�1, but not in S, indicating that differences
among blocks and among plots decreased as initial spacing
increased. Consequently, under similar conditions, predic-
tions of BA for closer initial spacings would probably be
less precise than predictions for wider spacings.

BA development models for loblolly pine often include a
measure of site quality, generally site index, as a covariate
in the model (e.g., Harrison and Daniels 1988, Hasenauer et
al. 1997). However, we found no evidence of an effect of
site quality on BA development for the spacing trial data
used. There was relatively little variability in SI13.38 across
the spacing study; thus, the effect of site index on BA
development may not be discernible.

If the main interest is on the fixed effects, the ME and PA
approaches are generally nearly equivalent (Pinheiro 2006),
and, in some cases, it is even possible to derive marginal
quantities from a nonlinear ME model (Lee and Nelder
2004, Serroyen et al. 2009). However, even when similar
inferences on the fixed effects can usually be obtained from
the fixed effects of the ME and PA approaches, there are
cases for which both approaches cannot be considered

equivalent, such as the models presented here. Because PA
models are more accurate than ME models when no previ-
ous measurements are available, we recommend the use of
the PA model for this situation and the use of the ME model
when previous measurements are available.

In conclusion, stand BA development for a wide range of
initial planting densities of loblolly pine can be represented
with a combined exponential and power function. Both
population average and ME modeling methods produced
satisfactory results when fitted with data from a 25-year-old
spacing trial. Based on information available, an appropriate
fitted model can be applied. If previous observations are
available, that information can be used with the ME model
to improve accuracy of predictions; when no previous obser-
vations are available, the PA model is the preferred option.
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