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1. Introduction

During the last decades, the theory of averaging has demonstrated a high degree of applicability in the study of the asymptotic
behavior of the orbits of dynamic systems. The idea is to measure the distance between the solutions of a time-dependent n-
dimensional ordinary differential equation written in standard form, dx/dr = e f(r,x), and those of the averaged equation,
dz/dt = &f(z), where f is constructed as the mean in time of f. Here, ¢ is a small parameter, which causes the independent
variable 7 to be referred to as fast time. The averaging principle establishes estimates for the distance between the solutions of both
equations with the same initial data at intervals of length proportional to 1/¢. The works of Bogoliubov and Mitropolsky [1], Hale [2],
Arnold [3], and Mitropolsky [4] contain pioneering results of the averaging theory with notable examples and applications; the books
by Sanders and Verhulst [5] and Sanders et al. [6] provide a comprehensive analysis of this theory in the context of periodic and
quasi-periodic differential equations; and the more recent article Artstein [7] introduces the notion of rate of averaging to deduce
accurate estimates for the distance between solutions, reaching conclusions which have been extended and applied in Bright [8]
and Artstein [9].

Some notable applications in oscillation and climatology theories, among others, justify the interest in including a slow time
in the above equations. Therefore, in this note we consider equations that also depend explicitly on the slow time ¢ = 7. That
is, they take the form dx/dr = € f(r,e7,x) = € f(r,t,x) and dz/dt = € f(et, z) = € f(t,x). This case has been analyzed in [4-6,9]
considering ¢ as a new dependent variable (adding the equation dt/dr = ¢), and adding to the classical hypotheses the Lipschitz
variation of f with respect to #: this allows the theory previously developed to be applied. However, a thorough analysis of the
averaged equation should consider it as a nonautonomous equation, with ¢ as an independent variable: such an approach would
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allow the use of dynamic methods from nonautonomous theory to deduce relevant properties of the averaged equation, and hence
of the initial one. The nonautonomous framework should avoid the condition of Lipschitz variation of f in 7, which is generally an
unnecessarily restrictive assumption.

The objective of the current work is to provide appropriate hypotheses that allow for the best application of standard methods
in the theories of averaging and of nonautonomous dynamical systems [10]. We prove the averaging principle when the families
of maps {R, XK — R", (1,x) » f(z,t,x)| = € R, } are equicontinuous for each compact subset X c R”, and provide quantitative
estimates for the difference between the solutions of the original and the averaged equations on intervals [z* t*+c¢/¢] for each fixed
¢ > 0. In addition, these estimates are uniform on 7*> 0, which is a matter of high interest in applied problems. We also show that
the weaker hypothesis of equicontinuity of the families {[0,c]xK — R", (1,x) = f(z,1,x)| = € R, } for each ¢ > 0 and each compact
subset X c R” imply the validity of the above estimates on intervals [0, ¢/e]: this weaker result also provides an extension on the
well-known autonomous averaging results to the nonautonomous setting. We complete this note with a simple example showing
that, when the hypotheses of equicontinuity of f fails, also the averaging principle fails: the maximum distance between the values
of the solutions of the initial and the averaged equation in intervals of length proportional to 1/¢ does not converge to 0 as e
decreases to 0.

2. Averaging results

Let x (z; 7% x*) and z,(r; 7% x*) be the respective solutions with value x* at time z* of equations

dx _ ef(z,er,x) and dz _ ef(er,z), 2.1
dr dr

where £ is the r-mean function of f (below defined). Our purpose is to bound the difference |x,(z; t* x*) — z,(r; 7% x*)| for 7 varying
in time intervals of length proportional to £~!. We will refer to 7 as the fast time in contrast to the slow time variable ¢ := er. This
change of variables provides the equations

dx dz N

— = f(t/e,t,x and —= = f(t,z2), 2.2

i f@/ ) i S z2) (2.2)
and, if X, (7;% x*) and Z(r; t*, x*) are the respective solutions with value x* at time r*, then

X (1375 x%) = X (eT;er’, x*) and  z,(r; 7% x¥) = Z(eT; eT¥, x¥). (2.3)
We denote R, := [0, o). The distance in R, and R” is that of the Euclidean norm | - |, d((t;, xy), (t2, x,)) = max{|t; — 15|, |x; — x5}
in R, xR", and d((zy,t;,X}), (13,15, X)) = max{|z; — 15|, |[t; — 15|, |x; — x5|} in R, X R X R".
2.1. Uniform averaging results

Recall that a modulus of continuity is a nondecreasing map 6 : R, — R, U {co} with lims_ o+ 6(5) = 8(0) = 0.

Hypotheses 2.1. The map f: R, x R, x R"” — R” is continuous and, for every £ C R”" compact: there exists My > 0
such that |f| < My on R, X R, X K; there exist a modulus of continuity 6, and L, > 0 such that |f(z,1;,x)) — f(1,15,%,)| <
Oty — 1) + L |x; — x,| for all = € Ry, t;,1, € R, and x;,x, € K; there exists f(t,x) = limT_,m(l/T)fOT f(o,t,x)do for all
(t,x) e RxR" and f(t,x) = limy_, (1/T) fTT” f(o,t,x)do uniformly on (z,1,x) € R, xR, X K.

Remark 2.2. It is easy to deduce that | f(t;,x,)| < My and |f(t;,x;) — f(ty,x)] < O(|t; —t2]) + L |x; — x,| for all #,,1, € R, and
x|, X, € K. In particular, f is bounded and uniformly continuous on R*x K.

Definition 2.3. Assume Hypotheses 2.1, and fix ¢ > 0 and £ c R"” compact. The uniform static rate of convergence of f on [0,c] x K
is

Si (&) 1= sup I3
(t*1.x)ERXR XK, T€[0,c/¢]

>

*+T R
/ (flo.t,x) — f(t,x))do

*

and the uniform dynamic rate of convergence of f on [0,c] X K is

T*+T R
/ (f(o,€0,x) — f(e0,x))do

*

éflc(e) = sup I3
(t*x)ER XK, T€[0,c/¢]

Proposition 2.4. Assume Hypotheses 2.1, and fix ¢ > 0 and K c R" compact. Then,
(D lim,_g+ 6%,.(€) = 0, (i) lim,_g+ 62(€) = 0.
Proof. (i) We take p > 0. The uniform convergence of Hypotheses 2.1 ensures the existence of T, = T,(K,p) > 0 such that

SUP ey ek i ET |(1/T) TZ*+T f(o,t,x)do — f(t, x)l < p for every e > 0 and T € [T, ¢/e]. On the other hand, sup.«; yer, xr, xx €T
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L(I/T) /jg f(o,1,x)do — F(1, x)( < p for every T € [0,T,] if 0 < & < p/(2Ty M), where My > |f| on R, x R, x K. So, Sf,c(e) < pif
<e<p/QRTyMy).
(i) For simplicity, we call §, := SCS (€). We take £ > 0 small enough to get /4, €10, c] and note that

t*+T R t*+\/g A
b, = sup / (f(s/e.t,x) = f@t,x)ds| > / (f(s/e,t,x) = f(t,x)ds 2.4)
1, x)ER XR XK, T€[0,c] |/ 1* 1*

for all (*, 7, x) € R, xR xK, and that 5°.(e) = sup(« er s, Tef0.c] LT (s /e, ,%) - f(s,x))ds|. We fixty e R,, x € Land T € [0, c],
and divide the interval [t, 7, + T in the subintervals Z, := [ty, tg+/5, ), I; := [tg+ /3, to+21/5, ), ..., L, 1= [tg+mc\/6,, 15+T],
where the length of 7,, is at most /6. Let t; :=inf I;. Let M be a bound for |f| on R, xR, x K. Then, by Hypotheses 2.1, Remark
2.2 and (2.4),

to+T N
/ (f(s/e.5,x) = f(s.x))ds

fo

me

< Z/ |f(s/e s,%) = f(s/et;,x)|ds
j=071;
mE

+2
=0
me mg—1 Me

52/ Oclls — 1) ds+ ) 8, +2Me\/5, + Z/ Ox(ls — ;1) ds.
=071 j=0 =01

As 0 is nondecreasing, the first and last terms are bounded by 8,.(1/5,) Y%, [; do = T 0x(1/5,) < c8x(1/5,), while the second

j=0 Ij
term can be bounded as Z:.";;léé < \/EZ;":‘;I Vo, < Th/f5, < c4/5,. Altogether, we get ft:)U+T(f(s/5,s,x)—f(s,x))ds| <
ZCG,C(\/E) +(c+ ZMK)\/E for all (1y,x) € R, x K and T € [0, c], which combined with (i) and with lim,_ ¢+ 91c(\/5—5) = 0 ensures

). O

/ (f(s/et;,x) — f(lj,x))ds
I

+3 [ Va0 feolas
j=071L;

Definition 2.5. Assume Hypotheses 2.1, and fix ¢ > 0 and X C R”. A pair of nonnegative functions (4A(¢), 4(¢)) is a uniform rate of
averaging of f on [0, c] X X if lim,_ g+ A(e) = lim,_, o+ /() = 0 and

‘r+ﬁ(s)/s R
— / (f(o,€0,x) = f(eo,x))do| < ii(e) (2.5)
Ae) | /=

for every (z,x) € R, x X and every ¢ € (0, o) with ﬁ(e) € [0,c].

Proposition 2.6. Assume Hypotheses 2.1, and fix ¢ > 0 and K c R" compact. For any a € (0, 1), the pair ((SCD,C(E))", (SCDIC(e))l‘“) isa
uniform rate of averaging of f on [0,c] x K.

Proof. Proposition 2.4(ii) ensures that both maps tend to 0 as ¢ — 0*. The definition of Sf’lc(e) yields

THED () /e .
3 / ' (f(o,€0,x)— f(eo,x))do
T

<82c(®)

for every (z,x) e R, x K if (SCD_K(S))“ < c. The result follows by dividing by (5 Cl?]c(e))“ at both sides. []

Let us fix ¢ > 0, and take (r*, x*) € R, xR". The proofs of Theorems 2.8 and 2.16 require to consider the maps [t*,t*+c] — R", 1 >
X (11, x*), Z(t; 1, x*), which solve Egs. (2.2) on [t *+ ¢] with value x* at %, as fixed points of the maps 8,8 C([r t* + ¢],R") -
C([r*, 1"+ c], R") given by

t t
SE)) 1= x*+ / f(s/e,s,%(s)ds and  SE(@) := x*+ / f(s,x(s)) ds. (2.6)
1* r*

The next technical lemma will also be used. It reproduces [7, Lemma 2.2]. A short and complete proof is given for the reader’s
convenience.

Lemma 2.7. Let us fix ¢ > 0, take t*> 0 and x* € R", and define ||X||y, = maX,gp o) [XO] and [[X||y; 1= max, gy pecp 1@ e ="Lg
for ¥ € C([t,* + ¢],R™). Then, ||%|l;; < |%]lq < e¢Lx||%|l;. In addition, if K C R" is compact and if f: R, x R, x K — R" is Lipschitz in

x € K with constant L. > 0, then the map S of (2.6) satisfies ||S(%1) — SE)|p < (1 — e ¢E0)||%;, — %, | for all %,, %, € C([t*,1*+ c], K).

Proof. Since |%(r)| e ~"lr < |X(1)| < |X(1)| DL for every t € [t 1+ c], |F]ly < |F]lo < L ||F]y. If %1, Xy € C[F 15+ ], K)
and [|S(%) = SE)ly; = )/ti(f (s/€,5,%,(5) — f(s/€, 5, %x(s)) ds| e~k for at € [t1"+c],

1
1S — SEIly; < e Ee / Li|%,(s) — %5(s)| ds
;
t
< ez, — 3, Iy / Ly O™ ds < (1 - e™h0)||7) = %5l

3
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which completes the proof. []
The next theorem extends to the more general setting here considered the information of [7, Theorem 3.1].
Theorem 2.8. Assume Hypotheses 2.1 as well as |f| < M on R, xR, xR". Fix ¢ > 0 and X C R" compact, and define the compact set

K :={x€eR"| d(x,K) < cM}. Let Mg and L be the constants of Hypotheses 2.1. Let (A(¢), fi(¢)) be a uniform rate of averaging of f on
[0,c] x K. Then,

[x (2% + 73 7% x™) — 2, (0% + 73 7% x*)| < X°FR (2 + cLg) Mg Ae) + ¢ iie))
for every (t%,x*) e R, XK, € >0 and 7 € [0, c/¢]. In particular, if

IA)C_,C(E) = sup [x (T*+ 737, x*) — z, (T + 7, 77, X)),
' (7% x*)ER XK, 7€[0,¢ /€]

then lim,_y+ D, (e) = 0.

Proof. The proof is based on that of [7, Theorem 3.1]. We fix ¢ > 0 and note that x,(z*+ 7; 7% x*) = X (e7* + er;er", x*) and
2, (t* + 73 7% x*) = Z(et* + e7; €7 x*) exist and belong to K for every (%, x*) € R, x K and 7 € [0, ¢/e], since |f| < M and Ifl<M
on R, x R". We fix (z*,x*) € R, X £ > 0, call * := e 7% call x,(r) := X,(t; 1, x*) and Z(r) := Z(t;1%,x*), define the maps S and S on
C([t*, 1"+ ¢], K) by (2.6), take t € [t*, r*+ ¢] with [|S(2) —= ()|l = |S(E)() — S(2)(t)|, and divide the interval [¢* ¢] in the subintervals
Iy :=[t% '+ Ae)), I := [1"+ A(e), "+ 24(e)), ..., L, = [1*+m, A(e), 1] for m, > 0, where the length of Z,, is at most A(¢). Let 7; be
the middle point of Z;. Since all the intervals are of length at most ¢, Remark 2.2 and the change of variable s = e ¢ in (2.5) yields

1S - S@)lls =

t
/ (f(s/e,s,2(s)) = £ (5, Z(s)) ds
1y

+) / |f(s, 20 = (s, ZsDlds + Y,
j=071; J=0

<> /1 S (s/e,5,2(5) = f(s/e, 5.2t )] ds
Jj=0“4%j

/ (f(s/e,5,21) = f(5,24,)) ds
I

ny my—1
<2 2/ Lg |2(s) — 2(t))| ds + Z A(e)A(e) +2M g Ae)
j=0"Z; Jj=0

my
<2y /1 LgMgls —t;|ds + cii(e) + 2MgA(e) < cLg Mg A(e) + ¢ fi(e) + 2M g A(e) .
j=071;

So, the first assertion of Lemma 2.7 ensures that ||S(2) — S(2)|l;; < @ := 2+ cLg)MgA(e) + ¢ fie). Since %, = S(X,) and Z = S(2), the
last assertion in Lemma 2.7 yields [|%, — Z|l;; < [IS&) = SElL+1SE = S@lly; < (1 —e~bo)||%, — Z[|; + @, so that ||%, — Z||;; < e“LRa.
Using again Lemma 2.7 and writing the value of a, we get ||%, — 2|, < e**L%((2+ cLg)MgA(e) + c i(e)). This bound is irrespective
of the choices of 7* (i.e., of ¥) and x* € K, and so (2.3) proves the first assertion. Since Proposition 2.6 ensures the existence of a
uniform rate of averaging of f on [0, c] X K, the second assertion follows from the first one. []

An easy adaptation of the previous proof leads to the next result, which provides a better bound for the distance between two
specific solutions taking values on a previously fixed compact set:

Theorem 2.9. Assume Hypotheses 2.1, and fix ¢ > 0 and K C R" compact. Let My and Ly be the constants of Hypotheses 2.1. Let
(A(e), fi(e)) be a uniform rate of averaging of f on [0,c] X K. If € > 0, z* > 0, and x (7* + 0%, x*) and z (¥ + 7, v, x*) exist and belong
to K for every v € [0,c/¢], then

[, (7% 4 7, 7% x*) = 2, (t% 4+ 73 7%, x*)| < LR (2 + c L) M A(e) + ¢ fi(e))

for every T € [0, c/¢].
2.2. Nonuniform averaging results
Less exigent conditions give rise to weaker results on averaging.

Hypotheses 2.10. The map f: R, xR, xR" - R” is continuous and, for every ¢ > 0 and K C R” compact: there exists M, ;. >0
such that |f| < M, on R, X [0, c] X K; there exist a modulus of continuity 6, and L, > 0 such that |f(z,1],x) = f(7.15,X,)| <
0.ty — 12D+ Lo g |x) — x| for all T € Ry, 11,1, € [0,¢] and x,,x, € K; and there exists £(t,x) := limy_ ,,(1/T) fOT f(s,t,x)ds for all
(t,x) e RxR".

Remark 2.11. It is easy to deduce that |f(f;,x))] < M., and |f(t;,x)) = f(ty,x)| < 0. x(t; —1,]) + L. g |x; — x,]| for all
11,1, € [0,¢] and x,,x, € K. In particular, f is uniformly continuous on [0, ¢]x K. In addition, if f(t,x) = (1/T) fOT f(o,1,x)do, then
f, %) = limy_ o, f7(,x) uniformly on [0, c] x K: it is easy to check that the family {fr | T € (0,0)} C C([0, c] x K, R") is uniformly
bounded by M, ;. and equicontinuous, and hence the assertion follows from Arzela-Ascoli’s Theorem.
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A map satisfying Hypotheses 2.10 is often called a KBM map (after Krylov, Bogoliubov and Mitropolsky): see [6]. Analogously,
we call UKBM maps (with U of uniform) to those maps satisfying Hypotheses 2.1.

Definition 2.12. Assume Hypotheses 2.10, and fix ¢ > 0 and K ¢ R” compact. The static rate of convergence of f on [0,c] X K is

T
/0 (f(o,1,%) = f(t.x))do

(Sfx(e) = sup 3
(t.x)€[0,c XK, T€[0,c/€]

B

and the dynamic rate of convergence of f on [0,c] X K is

T
/ (f(,€0,x) — f(e6,x) do
0

5P (e) 1= sup 3
ek xeK, Te[0.c/e]

Proposition 2.13. Assume Hypotheses 2.10, and fix ¢ > 0 and X c R" compact. Then,

(@ lim,_ o+ 5f &) =0, (i) lim,_ g+ 5fx(s) =0.

Proof. (i) The proof repeats in this simpler setting that of Proposition 2.4(i), having in mind the uniform convergence established
in Remark 2.11: we work for z* = 0 fixed instead of letting z* vary in R,, and with the bound M, x of |f| on R, X [0,c] x K.

(ii) We call 5, := ‘SEJC(S)' Note that 6, = Supy ye(0.cjxk. Te[0.c] fOT(f(s/e, t,x) - f(, x))ds|. So, if 0 < 7 < 7+ /6, < c, then
f;h/g(f(s/e,t, x)— f(t,x))ds| <26, for every (1,x) € [0,c] x K, since |fit+\/§| < |f();| + |f0’+\/§ |. This bound and M_ ;. substitute
2.4) and M in the adaptation to this setting of the proof of Proposition 2.4(ii): we work with 7, = 0 instead of letting ¢, vary in
R,, and obtain ( J(fes/ensix) = fGs, x))ds| <2¢6, (/5,)+(2c+2M, )1/5, for all x € K and T € [0, c], where lim;_q+ 8, (3) = 0.

Jo UGs/esx) = fsxds|. O

The results follows from here and (i), since 6§),C(5) = SUDyeke, Te[0.c]

Definition 2.14. Assume Hypotheses 2.10, and fix ¢ > 0 and X C R". A pair of nonnegative functions (4(¢), n(¢)) is a rate of averaging
of f on [0,c] x X if lim,_ o+ A(e) = lim,_+ 17(e) = 0 and

&€

E <n(e) (2.7)

T+A(e) /e R
/ (f(o,€0,x)— f(eo,x))do

for every (z,x) € R, X X and every ¢ € (0, c0) with e7 + A(e) € [0, c].

Proposition 2.15. Assume Hypotheses 2.10, and fix ¢ > 0 and K C R" compact. For any a € (0, 1), the pair ((6°.())*, 2(6°.(e))')
is a rate of averaging of f on [0,c] x K.

T+6 /€

Proof. Proposition 2.13(ii) ensures that both maps tend to 0 as ¢ - 0*. Since | f:+5/ HESVARES o [,

THED ()" /¢ R
€ / (f(o,€0,%) = f(eo,x) do| <257,.(e)
T

for every (z,x) € Ry X K if 0 < 7 + (6P,.(¢))* /& < ¢/e. So, we divide both sides by (6°.(e))*. O

Theorem 2.16. Assume Hypotheses 2.10 as well as |f| < M on R, xR, x R". Fix ¢ > 0 and K C R" compact, and define the compact
set K :={x eR"| d(x,K) < cM}. Let M, and L, g be the constants of Hypotheses 2.10. Let (4(¢), n(¢)) be a rate of averaging of f on
[0, c] x K. Then,

[x (5 + ;7% x*) — z, (¥ + 7375 x™)| < o>l

<R (2 + cL. )M, pA(€) + cn(e))
for every (t*,x*) € R, X K, € >0 and 7 € [0,c/¢]. In particular, if

D, x(e) := sup [x,(7;0,x%) — z,(7;0,x™)],
’ x*€k, 7€[0,c /€]

then lim, o+ D, j(¢) = 0.

Proof. Once again, we omit the details of the proof, which basically uses the results of this section to repeat the proof of Theorem
2.8 (slightly more complicated than this one) with +*= 0 and with (4, n) instead of @a,5». O

Finally, as in the uniform case, the previous proof can be easily adapted to check the next result.

Theorem 2.17. Assume Hypotheses 2.10, and fix ¢ > 0 and K C R" compact. Let M, ;. and L, x be the constants of Hypotheses 2.10.
Let (A(e), n(¢)) be a rate of averaging of f on [0,c]x K. If € > 0 and x,(z;0,x*) and z,(r;0, x*) exist and belong to K for every = € [0,c/¢],
then

X, (7;0,x%) — z,(7;0,x™)| < eler((2 + cL. )M, 4(e) + c n(e))

for every t € [0,c/e].
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Fig. 1. The map (z,1) — ¢(#)sin(z /1) of Section 2.3.

2.3. Optimality of the hypotheses

Let ¢ be the continuous piecewise linear function which takes value 1 in [2/5,3/5] and value O outside [1/5,4/5]. It is easy to
check that the globally bounded map f(z, ¢, x) := ¢(r) sin(z /1) (with f(z,0, x) = 0) satisfies all the conditions of Hypotheses 2.10 (with
mean function f = 0) excepting the equicontinuity on [0, c] of {t — ¢(#)sin(z/t)| = € R, } for ¢ > 1/5. The depiction of the graph of f
in Fig. 1 shows the reason for this: the map 7 — f(z,1) oscillates faster and faster as r increases. It is easy to check that the dynamic

rate of convergence (which is independent of x, as f) is given by 5°(¢) = supr¢jo

fOT ¢(s)sin(1/e) ds‘ = |sin(1/¢)| /;)C @(s)ds, which

does not tend to 0 as € - 0% if ¢ > 1/5. In addition, SUP(0,c /e] |x€(r;0, x*) = z,(7;0, x*)| = |sin(1/¢e)| /OC @(s)ds, and hence the limit
is not 0 whenever ¢ > 1/5. So, the last assertion of Theorem 2.16 does not hold under these weaker conditions.

Data availability

No data was used for the research described in the article.
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