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Abstract
Multivariate multiplicity codes have been recently explored because of their importance for
list decoding and local decoding. Given a multivariate multiplicity code, in this paper, we
compute its dimension using Gröbner basis tools, its dual in terms of indicator functions,
and explicitly describe a parity-check matrix. In contrast with Reed–Muller, Reed–Solomon,
univariate multiplicity, and other evaluation codes, the dual of a multivariate multiplicity
code is not equivalent or isometric to a multiplicity code (i.e., this code family is not closed
under duality). We use our explicit description to provide a lower bound on the minimum
distance for the dual of a multiplicity code.
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1 Introduction

Reed-Solomon and Reed–Muller codes are well-known families of linear error-correcting
codes obtained by evaluating polynomials over a finite field. They are the most widely used
families of algebraic codes, and many generalizations have been proposed over the years,
such as folded Reed-Solomon codes [18] or polynomial ideal codes [19]. An interesting
generalization is given by multiplicity codes, which were introduced in [27] and generalize
both Reed-Solomon and Reed–Muller codes by also evaluating the derivatives of the poly-
nomials. The first motivation to study these codes was that they provide a family that can be
locally decodable efficiently with an asymptotic rate of 1 [27]. Moreover, they can also be
list decoded, achieving the optimal rate versus list-decodability tradeoff [20, 25]. See also
[5, 9, 33, 35] for more on univariate multiplicity codes and polynomial ideal codes and [4–6,
26, 36] for more on multivariate multiplicity codes.

Duals and parity-checkmatrices of any family of codes are ubiquitous inmany applications
of coding theory: they are essential for syndrome-based decoding algorithms [12, 14, 34]
and are required to construct secret sharing schemes [8] or quantum codes [2, 24], among
others. Furthermore, in the case of Reed–Muller codes (multiplicity 1), their duals are used
to estimate their weight enumerator and in one of the proofs that they achieve the Shannon
capacity on different channels [1, Sec. 4.3].

Reed-Solomon codes are obtained by evaluating univariate polynomials of degree lower
than or equal to d , and their duals are also Reed-Solomon codes, up to an isometry. Similarly,
Reed-Muller codes and Cartesian codes are generalizations of Reed-Solomon codes, where
multivariate polynomials are evaluated instead. Again, the duals of these codes belong to the
same family [30].Adifferent generalization is given by univariatemultiplicity codes, inwhich
we evaluate univariate polynomials and their derivatives. In [33], it was proven that the duals
are also univariate multiplicity codes. Finally, (multivariate) multiplicity codes generalize all
the previous families by evaluating multivariate polynomials and their derivatives.

In this work, we explicitly compute the duals (and parity-check matrices) of general
multiplicity codes (Theorems 5.10 and 5.13). Surprisingly, we show that this “closedness
under duality” no longer holds for multiplicity greater than one and more than one variable
(see, e.g., Example 5.1 and Theorem 5.10), revealing an unexpected behavior of duals of
multiplicity codes, compared to previous evaluation codes.To this end,we start by considering
general multiplicity codes as in [16], i.e., where we evaluate any decreasing set of derivatives.
Then we show that duals of “box” multiplicity codes (those whose orders of derivatives
correspond to a box) are again “box”multiplicity codes (Theorem 5.6).We then use this result
to compute duals of classical multiplicity codes (as defined in [27]) in Theorem 5.10, since
they are obtained by puncturing “box”multiplicity codes.We also use our explicit description
of duals of multiplicity codes to lower bound their minimum distance (see Proposition 5.14).

The organization is as follows. In Sect. 2, we give preliminaries on Hasse derivatives and
multiplicities. In Sect. 3, we construct Hermite interpolation polynomials on one and several
variables. These polynomials are used to express duals. In Sect. 4, we compute the dimensions
of multiplicity codes, which are important for duality. In Sect. 5, we explicitly compute
duals of multiplicity codes. For the convenience of the reader, we include Appendix B and
Appendix C, where we explicitly compute duals for the univariate case (Proposition B.3) and
the case of 2 variables and multiplicity 2 (Corollary C.2 and Proposition C.3), respectively.
The general case is presented in Theorems 5.10 and 5.13. We end Sect. 5 with a lower bound
on the minimum distance of duals of multivariate multiplicity codes (Proposition 5.14).
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2 Preliminaries

In this section, we introduce notation and the main relevant results from the literature.
Basic notation. Throughout this manuscript, F denotes an arbitrary field and Fq the finite

field of size q , which is a power of a prime. We denote by F[x] = F[x1, . . . , xm] the ring of
polynomials in the m variables x1, . . . , xm with coefficients in F, and we denote by F[x]<k

and F[x]≤k the sets of polynomials in F[x] of degree less than k and at most k, respectively.
We set N = {0, 1, 2, . . .}, and for i = (i1, . . . , im) ∈ N

m , we denote xi = xi11 · · · ximm and
|i| = i1+· · ·+ im . Note that deg(xi) = |i|. For a monomial ordering≺, we denote by in≺( f )
(or just in( f )) the initial or leading monomial of f ∈ F[x]. We denote by Coeff( f , xi) ∈ F

the coefficient of f ∈ F[x] in the monomial xi. We denote by 〈A〉 the ideal generated by A
in a ring, and 〈A〉F the vector space over F generated by A. For integers m ≤ n, we denote
[m, n] = {m,m + 1, . . . , n} and [n] = [1, n]. We also denote by 1 = (1, 1, . . . , 1) ∈ N

m

the vector of all ones, and by δi, j the Kronecker delta (i.e., δi, j = 1 if i = j and δi, j = 0
otherwise).

For a code C ⊆ F
tn , we consider the t-folded Hamming metric in F

tn , i.e., the Hamming
metric of length n over the alphabet F

t . More precisely, we define

w(c1, . . . , cn) = |{i ∈ [n] : ci �= 0}|,
for c1, . . . , cn ∈ F

t .We then define the folded distance as d(c, c′) = w(c−c′), for c, c′ ∈ F
tn ,

and similarly for the minimum folded distance d(C) of a code C ⊆ F
tn .

For a code C ⊆ F
tn , we define the classical Euclidean dual as

C⊥ = {c ∈ F
tn : c · c′ = 0, for all c′ ∈ C},

where c · c′ = (c1, . . . , ctn) · (c′
1, . . . , c

′
tn) =∑tn

i=1 ci c
′
i .

2.1 Multiplicity codes

In this work, we consider Hasse derivatives to count multiplicities.

Definition 2.1 (Hasse derivative [21]) Take f (x) ∈ F[x]. Given another family of indepen-
dent variables y = (y1, . . . , ym), the polynomial f (x+ y) ∈ F[x, y] can be written uniquely
as

f (x + y) =
∑

i∈Nm

f (i)(x)yi,

for some polynomials f (i)(x) ∈ F[x], for i ∈ N
m . For i ∈ N

m , we define the ith Hasse
derivative of f (x) as the polynomial f (i)(x) ∈ F[x].

Using the Taylor expansion of a polynomial, it is immediate to see that the classic ith
derivative of f (x) is given in terms of the Hasse derivative by

∂ |i|

∂xi11 · · · ∂ximm
f (x) = i! f (i)(x),

where i! = i1! · · · im !. Therefore, in positive characteristic, classical derivatives can be recov-
ered from Hasse derivatives, but not vice versa. Hence, Hasse derivatives contain (strictly)
more information about the polynomial (in characteristic 0, they contain the same informa-
tion). If i ∈ [0, 1]m , then both derivatives coincide over any field since i! = 1. We now
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present the Leibniz rule for Hasse derivatives. This result will be used in Definition 4.2 and
Theorem 5.6.

Proposition 2.2 (Leibniz rule) For f , g ∈ F[x], we have
( f g)(i)(x) =

∑

j+k=i

f (j)(x)g(k)(x).

Proof By the definition of Hasse derivatives,

( f g)(x + y) =
⎛

⎝
∑

j∈Nm

f (j)(x)yj

⎞

⎠

(
∑

k∈Nm

g(k)(x)yk
)

=
∑

i∈Nm

⎛

⎝
∑

j+k=i

f (j)(x)g(k)(x)

⎞

⎠ yi.

Thus, we obtain the result. ��
Multiplicity codes were introduced in [27, Def. 3.4]. We now consider the case when the

evaluation points form a grid or a Cartesian product S = S1 × · · · × Sm , where every Si ⊆ F

is finite. In this work, all codes are linear (over F) unless otherwise stated.

Definition 2.3 (Multiplicity codes [27]) Take n = |S| and t = (m+r−1
m

)
. We define the

multiplicity code on S of multiplicity r and degree k as

M(S, r , k) =
{((

f (i)(a)
)

|i|<r

)

a∈S
: f ∈ F[x]<k

}

⊆ (Ft )n .

For easy notation, we sometimes omit the inner parentheses. The parameter r bounds the
derivatives, and k bounds the degrees of the evaluating polynomials. When the number of
variables is m = 1 and k < |S1|, then k is the dimension of the multiplicity code. But in
general, k does not represent the dimension.

Example 2.4 Assume Fq = {a1, . . . , aq}. The multiplicity code M(Fq , 1, k) is the classical
Reed-Solomon code

M(Fq , 1, k) = {( f (a1) , . . . , f
(
aq
)) : f ∈ Fq [x]<k} ⊆ F

q
q .

We can also see that

M(Fq , 2, k) =
{(

( f (a1) , f (1) (a1)), . . . , ( f
(
aq
)
, f (1) (aq

)
)
)

: f ∈ Fq [x]<k

}
⊆ (F2

q)
q .

A method to lower bound the minimum distance of multiplicity codes over grids is the
Schwartz-Zippel bound with multiplicities given in [13, Lemma 8].

Definition 2.5 (Multiplicity) We define the multiplicity of a ∈ F
m in f ∈ F[x], denoted

m( f , a), as the largest r ∈ N such that f (i)(a) = 0, for all i ∈ N
m such that |i| < r .

Lemma 2.6 (Schwartz-Zippel [13]) If s = |S1| = · · · = |Sm |, then for any f ∈ F[x],
∑

a∈S
m( f , a) ≤ deg( f )sm−1.

As a consequence, we obtain the following result, which is essentially [27, Lemma 3.5].
We will also use Lemma 2.6 in Proposition 5.14.

Proposition 2.7 ([27]) If s = |S1| = . . . = |Sm | and n = sm = |S|, then

d(M(S, r , k)) ≥ sm − (k − 1)sm−1

r
=
(

1 − k − 1

rs

)

n.
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Fig. 1 (a) The multiplicity set Jr with r = 4. (b) The box multiplicity set Jr with r = (3, 1)

2.2 General multiplicity codes

In order to compute duals of multiplicity codes, we consider general multiplicity codes for
decreasing or down sets of Hasse derivatives, as in [16].

Definition 2.8 ([16]) The set J ⊆ N
m is decreasing if whenever i ∈ J and j ∈ N

m are such
that j ≤ i, it holds that j ∈ J , where≤ is the coordinatewise partial order inN

m . We typically
consider two families of decreasing sets: The classical multiplicity set Jr = {i ∈ N

m : |i| <

r} for r ∈ N, and the coordinatewise or box multiplicity set Jr = {i ∈ N
m : i ≤ r} for

r ∈ N
m . Figure1 shows an example of a multiplicity set and a box multiplicity set.

We now define general multiplicity codes, an extension of Definition 2.5 that has already
been considered in [16, Def. 4.16].

Definition 2.9 (General multiplicity codes [16]) Given a decreasing set J ⊆ N
m , we define

the multiplicity code on S with multiplicity set J and degree k as

M(S,J , k) =
{((

f (i)(a)
)

i∈J

)

a∈S
: f ∈ F[x]<k

}

⊆
(
F

|J |)|S|
.

For easy notation, we sometimes omit the inner parentheses. Clearly, M(S, r , k) =
M(S,Jr , k), hence Definition 2.9 generalizes Definition 2.5. Furthermore, if r = r1 =
(r , . . . , r) and 1 = (1, . . . , 1), thenM(S, r , k) is a punctured code ofM(S,Jr−1, k). How-
ever, the dual of the latter is easier to compute in the multivariate case (note they coincide in
one variable). This is our approach in Sect. 5 (and also in Appendix C). In the following, it
is useful to remember at every moment that

Jr−1 = [0, r − 1]m,

when r = r1.WewriteJr−1 or [0, r−1]m interchangeably in the remainder of themanuscript.

2.3 Isometries for the foldedmetric

The linear isometries for the folded Hamming metric are known since the folded Hamming
metric is a particular case of the sum-rank metric, see [31, Th. 2].

Proposition 2.10 ([31]) Let φ : F
tn −→ F

tn be a linear vector space isomorphism. Then
φ is an isometry for the t-folded Hamming metric (i.e., w(φ(c)) = w(c) for all c ∈ F

tn)
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if, and only if, there exist invertible matrices A1, . . . , An ∈ GLt (F) and a permutation
σ : [n] −→ [n] such that, for all c1, . . . , cn ∈ F

t ,

φ(c1, . . . , cn) = (cσ(1)A1, . . . , cσ(n)An
)
.

Definition 2.11 The codes C, C′ ⊆ F
tn are equivalent if there exists a linear isometry φ :

F
tn −→ F

tn for the folded metric such that C′ = φ(C). We also say that φ is an equivalence.

In particular, two codes are equivalent if, and only if, so are their duals. More concretely,
we have the following. The proof is straightforward.

Proposition 2.12 Given invertible matrices A1, . . . , An ∈ GLt (F) and a permutation σ :
[n] −→ [n], define the equivalences φ,ψ : F

tn −→ F
tn by

φ(c1, . . . , cn) = (cσ(1)A1, . . . , cσ(n)An
)
,

ψ(c1, . . . , cn) = (cσ(1)(A
ᵀ
1 )−1, . . . , cσ(n)(A

ᵀ
n )−1) ,

for c1, . . . , cn ∈ F
t . Then for any linear code C ⊆ F

tn ,

φ(C)⊥ = ψ(C⊥).

Remark 2.13 Any family � of codes C ⊆ F
tn can be generalized to include all equivalent

codes � = {φ(C) : C ∈ �, φ is an equivalence}, as is done with generalized Reed–Solomon
codes. However, by Proposition 2.12, if we are able to compute the family �⊥ of codes that

are dual to some code in �, then we have also computed the family �
⊥
of codes that are dual

to some code in �. In Sect. 5, we compute the duals of multiplicity codes as in Definition 2.5,
and by this remark, we have computed the duals of “generalized multiplicity codes”, i.e.,
codes equivalent to a multiplicity code.

3 Hermite interpolation

In this section,we studyHermitian interpolator polynomials,whose coefficients are important
to compute the duals of multiplicity codes.We see how aHermitian interpolation basis for the
set Jr−1 is formed by polynomials with separated variables, when r = r1. Such a Hermitian
interpolation basis is easier than for the set Jr . For convenience of the reader, we include the
cases of univariate multiplicity 1 and 2 in Appendix A.

3.1 Single-variable Hermite interpolation

Let T = {a1, . . . , as} be a set of (distinct) elements of F. Let b10, b11, . . . , b1r , . . . , bs0, bs1,
. . . , bsr be any s(r + 1) elements in F. Define the map

ev(r) : F[x] → F
(r+1)s

f �→ ev(r)( f ) =
(
f (a1), f (1)(a1), . . . , f (r)(a1), . . . , f (as), f (1)(as), . . . , f (r)(as)

)
.

Theorem 3.1 (Single-variable Hermite interpolation) Let G(x) = (x − a1) · · · (x − as) be
the vanishing polynomial and h1, . . . , hs the indicator functions of T (see Appendix A).
There exists a unique polynomial f ∈ F[x]≤(r+1)s−1 such that

ev(r)( f ) = (b10, b11, . . . , b1r , . . . , bs0, bs1, . . . , bsr ) .
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Moreover, f = (
h1,0, . . . , h1,r , . . . , hs,0, . . . , hs,r

) · (b10, b11, . . . , b1r , . . . , bs0, bs1, . . . ,
bsr ), where we define, recursively in n = r , r − 1, . . . , 1, 0, in decreasing order, hi,r (x) =
(x − ai )r h

r+1
i (x) and

hi,n(x) = (x − ai )
nhr+1

i (x) −
r∑

k=n+1

hr+1(k−n)
i (ai )hi,k(x),

for i ∈ [s]. Here, hr+1( j)
i (ai ) is the value of the j th derivative of hr+1

i (x) at x = ai .

Proof Let
(
e1,0, . . . , e1,r , . . . , es,0, . . . , es,r

)ᵀ be the (r + 1)s × (r + 1)s identity matrix. In
other words, the ei,n’s represent the standard vectors for i ∈ [1, s] and n ∈ [0, r ]. We show
that ev(r)(hi,n) = ei,n , for all i ∈ [s], by induction in n = r , . . . , 1, 0 (in decreasing order).

(Case n = r ) The polynomial hi,r (x) = (x − ai )r h
r+1
i (x) and its first r − 1 derivatives

vanish on every element of T . By Proposition 2.2,

h(r)
i,r (x) = (x − ai )hi (x)g(x) + hr+1

i (x),

for some g(x) ∈ F[x]. Thus, h(r)
i,r (a j ) = hr+1

i (a j ) = δi, j , meaning ev(r)(hi,r ) = ei,r for
i ∈ [s].

(Case n ≤ r − 1) Fix i ∈ [s]. We assume by induction in n that ev(r)(hi,t ) = ei,t , for all
t ∈ [n + 1, r ]. Given hi,n(x) as in the proposition, we now show that ev(r)(hi,n) = ei,n . We
consider different cases in order to compute h(�)

i,n(a j ).

If 0 ≤ � ≤ n − 1, then we have ((x − ai )nh
r+1
i (x))(�)(a j ) = 0 and h(�)

i,n+1(a j ) = . . . =
h(�)
i,r (a j ) = 0, thus h(�)

i,n(a j ) = 0, for all j ∈ [s].
If � = n, then ((x−ai )nh

r+1
i (x))(n)(a j ) = hr+1

i (a j ) by Proposition 2.2, and h
(n)
i,n+1(a j ) =

. . . = h(n)
i,r (a j ) = 0, thus h(n)

i,n (a j ) = hr+1
i (a j ) = δi, j , for all j ∈ [s].

If n + 1 ≤ � ≤ r , then ((x − ai )nh
r+1
i (x))(�)(a j ) = hr+1(�−n)

i (a j ) by Proposition 2.2,
which is 0 if j �= i . Now, by the induction hypothesis, we have

h(�)
i,n(a j ) = ((x − ai )

nhr+1
i (x))(�)(a j ) −

r∑

k=n+1

hr+1(k−n)
i (ai )h

(�)
i,k(a j )

= hr+1(�−n)
i (a j ) − hr+1(�−n)

i (a j )δi, j

= 0,

for all j ∈ [s], and we are done.
��

Remark 3.2 Notice that, since hi,r (x) only depends on hi (x), then by induction all of the
polynomials hi,n(x), for n ∈ [0, r ], can be expressed as a function of only hi (x) (and its
derivatives at x = ai ), as in Propositions A.1. However, we omit this formula in general for
brevity.

Remark 3.3 In case the set T and the element ai are relevant, we also denote hi, j from
Theorem 3.1 by hT ,ai , j . Note that the polynomials hi, j ’s are playing the role of indicator
functions with derivatives.
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Remark 3.4 From Theorem 3.1, we have that

hi,r (x) = (x − ai )
r hr+1

i (x) = (x − ai )
r G(x)r+1

(
G(1)(ai )

)r+1
(x − ai )r+1

.

In particular, Coeff(hi,r , x (r+1)s−1) = (G(1)(ai )
)−r−1 �= 0. See also Appendix A.

Remark 3.5 In the case T = Fq , we have G(x) = xq − x . Hence G(1)(x) = −1. Therefore,

Coeff(hi,r , x
(r+1)q−1) = (−1)r+1.

Moreover, by Remark A.2, for r = 1, we have that hi,0(x) = h2i (x), since 2G
(2)(ai ) = 0,

for all i ∈ [q] in that case. In particular, deg(hi,0) = 2q − 2, thus for r = 1,

Coeff(hi,0, x
2q−1) = 0.

In the case T = F
∗
q , we have G(x) = xq−1 − 1. Hence G(1)(x) = (q − 1)xq−2 =

−xq−2 = −x−1 and G(1)(ai ) = (−ai )−1. Therefore,

Coeff(hi,r , x
(r+1)(q−1)−1) = (−ai )

r+1 .

3.2 Multivariate Hermite interpolation

Recall that S = S1 × · · · × Sm represents a Cartesian set, where every Si ⊆ F is finite. Fix
a positive integer r , set r = r1 and recall that Jr−1 = [0, r − 1]m . Let {ba,i}a∈S,i∈Jr−1 be a
multiset of |S|rm elements inF. Similarly to the single-variable case, we define the evaluation
map

ev(Jr−1) : F[x] → F
|S|rm

f �→ ev(Jr−1)(h) =
((

h(i)(a)
)

i∈Jr−1

)

a∈S
.

Corollary 3.6 (Rectangular Hermite interpolation) Assume |Si | = si . There exists a unique
h ∈ F[x] with degx j (h) ≤ rs j − 1 for j ∈ [m] such that

ev(Jr−1)(h) =
((
ba,i
)
i∈Jr−1

)

a∈S .

Moreover, h = (ha,i
)
a∈S, i∈Jr−1

· (ba,i
)
a∈S, i∈Jr−1

, where

ha,i(x) =
m∏

j=1

hSj ,a j ,i j (x j ) ∈ F[x],

and hSj ,a j ,i j is defined in Remark 3.3 (and Theorem 3.1) for a = (a1, . . . , am) ∈ S and
i = (i1, . . . , im) ∈ Jr−1.

Proof The map that sends a polynomial h ∈ F[x] with degx j (h) ≤ rs j − 1, for j ∈ [m], to
the evaluations ((h(i)(a))i∈Jr−1)a∈S is a vector space isomorphism from the space of such
polynomials to (F|Jr−1|)|S|. The map is surjective by using Theorem 3.1. Thus, it is an
isomorphism since the dimensions of both spaces are the same over F. ��
Remark 3.7 We also denote ha,i by hS,a,i in case the set S is relevant.
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Remark 3.8 Notice that

Coeff(ha,r−1, x
rs1−1
1 · · · xrsm−1

m ) =
m∏

j=1

Coeff(hSj ,a j ,i j (x j ), x
rs j−1
j ).

Therefore, by Remark 3.4, we have that

Coeff(ha,r−1, x
rs1−1
1 · · · xrsm−1

m ) =
(
G(1)

1 (a1) · · ·G(1)
m (am)

)−r �= 0, (1)

for a = (a1, . . . , am) ∈ S, where Gi (x) is the vanishing polynomial of Si .

4 Dimension

In this section, we compute the dimensions of general multiplicity codes (Definition 2.9)
using Gröbner basis tools (the reader is referred to [10] for an introduction to the theory of
Gröbner bases). The dimension plays an important role in computing the dual.

Definition 4.1 For any finite decreasing set J ⊆ N
m , we define

BJ = {i ∈ N
m \ J : j ∈ N

m \ J and j ≤ i �⇒ i = j}.
We next consider the polynomials whose derivatives of orders in J vanish in S. The

following definition is [16, Def. 3.18].

Definition 4.2 ([16]) Given a finite decreasing set J ⊆ N
m , we define

I (S;J ) =
{
f ∈ F[x] : f (i)(a) = 0, for all a ∈ S and all i ∈ J

}
.

Using that J is decreasing and the Leibniz rule (Proposition 2.2), it is easy to see that
I (S;J ) is an ideal in F[x]. In [16, Th. 4.7], a Gröbner basis for such an ideal is computed
for any monomial ordering.

Theorem 4.3 ([16]) Take G j (x j ) =∏α∈S j (x j − α), for j ∈ [m]. For any finite decreasing
set J ⊆ N

m , the family

F =
⎧
⎨

⎩

m∏

j=1

G j (x j )
u j : (u1, u2, . . . , um) ∈ BJ

⎫
⎬

⎭

is a reduced Gröbner basis for the ideal I (S;J ) with respect to any monomial ordering (see
[10, Def. 2.5.5 & Def. 2.7.4] for the definitions).

We also need the concept of footprint [15], which is well known in the commutative
algebra literature.

Definition 4.4 ([15]) Given a monomial ordering ≺ and an ideal I ⊆ F[x], we define its
footprint with respect to ≺ as


≺(I ) = {xi : xi /∈ 〈in≺(I )〉},
where in≺(I ) = {in≺( f ) : f ∈ I }, i.e., 〈in≺(I )〉 is the initial ideal of I with respect to ≺.
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   81 Page 10 of 29 E. C. Moreno et al.

Remark 4.5 For r = r1 and any monomial ordering ≺, using the Gröbner basis from Theo-
rem 4.3, it is straightforward to verify that


≺(I (S;Jr−1)) =
⎧
⎨

⎩
xi : i ∈

m∏

j=1

[0, rs j − 1]
⎫
⎬

⎭
.

In particular, any f ∈ 〈
≺(I (S;Jr−1))〉F satisfies degx j ( f ) ≤ rs j − 1, for all j ∈ [m].
Footprints are useful for reducing polynomials while preserving their evaluations, as we

show now. For instance, they play a major role when computing the dimension of a general
multiplicity code in Theorem 4.9.

Lemma 4.6 For any monomial ordering ≺ and any finite decreasing set J ⊆ N
m, the maps

〈
≺(I (S;J ))〉F ρ−→ F[x]/I (S;J )
η−→ (Ft )n

f �→ f + I (S;J ) �→
((

f (i)(a)
)
i∈J
)

a∈S
are isomorphisms of vector spaces over F, where t = |J | and n = |S|. In particular, the
images of the monomials in 
≺(I (S;J )) by ρ (i.e., modulo I (S;J )) and η ◦ ρ (i.e., their
Hasse derivatives) are F-linearly independent, and

|
≺(I (S;J ))| = |J | · |S| = tn. (2)

Proof The fact that ρ is an isomorphism of vector spaces over F follows from [10, Prop.
5.3.1]. Finally, the fact that η is an isomorphism of vector spaces over F follows from the
F-linearity of Hasse derivatives, the definition of I (S;J ) (for injectivity) and Corollary 3.6
(for surjectivity). ��
Definition 4.7 With notation as in Lemma 4.6, given f ∈ F[x], we define its reduced form
in S and J as

f = ρ−1( f + I (S;J )) ∈ 〈
≺(I (S;J ))〉F.

We deduce the following properties, which will be used in Theorems 4.9 and 5.6.

Corollary 4.8 With notation as in Lemma 4.6, given f ∈ F[x], we have
1. deg( f ) ≤ deg( f ) if ≺ is a graded monomial ordering.

2. f
(i)

(a) = f (i)(a), for all a ∈ S and all i ∈ J .
3. f = f if f ∈ 〈
≺(I (S;J ))〉F.
Proof 1. By the division algorithm [10, Th. 2.3.3], we have that

f = q1g1 + · · · + qMgM + r ,

for some q1, . . . , qM ∈ F[x], where F = {g1, g2, . . . , gM } is the Gröbner basis of
I (S;J ) from Theorem 4.3, and where r is an F-linear combination of monomials in

≺(I (S;J )). Since we are using a graded monomial ordering, it must hold deg(r) ≤
deg( f ), given how the division algorithm works. Finally, since F is a Gröbner basis of
I (S;J ), then we must have r = f by uniqueness of remainders [10, Prop. 2.6.1], and
we are done.
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2. It follows from
((

f
(i)

(a)
)

i∈J

)

a∈S
= η(ρ( f )) = η( f + I (S;J )) =

((
f (i)(a)

)

i∈J

)

a∈S
.

3. It follows by the uniqueness of remainders since F is a Gröbner basis, as in Item 1.
��

From the previous results, we deduce the following theorem,which includes a first formula
for the dimension of general multiplicity codes as in Definition 2.9.

Theorem 4.9 Let J ⊆ N
m be a finite decreasing set and ≺ any graded monomial ordering.

Then

M(S,J , k) =
{((

f (i)(a)
)

i∈J

)

a∈S
: f ∈ 〈
≺(I (S;J ))〉F ∩ F[x]<k

}

.

In particular, if Mk = {xi : |i| < k}, we have
dimF(M(S,J , k)) = |Mk ∩ 
≺(I (S;J ))|.

Moreover, if J = Jr or J = Jr−1 (or in general J ⊆ Jr−1), where r = r1, and k >∑m
j=1(rs j − 1), then M(S,J , k) = F

tn , i.e., it is the total space.

Proof The first equation follows by combining the three items in Corollary 4.8 with Defini-
tion 2.9. From there, the formula for the dimension follows by the fact that the set of Hasse
derivatives η(ρ(Mk ∩ 
≺(I (S;J )))) is an F-linearly independent set by Lemma 4.6.

Finally, let J = Jr−1, with r = r1, and k = ∑m
j=1(rs j − 1) + 1. Then one can easily

see that Mk ∩ 
≺(I (S;Jr−1)) = 
≺(I (S;Jr−1)), since 
≺(I (S;Jr−1)) corresponds to
the box

∏m
j=1[0, rs j − 1] (see Remark 4.5). Hence M(S,Jr−1, k) is the total space by

Lemma 4.6. Finally, if J ⊆ Jr−1, we also have Mk ∩ 
≺(I (S;J )) = 
≺(I (S;J )) and
the same result holds. ��

Wemay also obtain the following reduced formofmultiplicity codes,meaning that degrees
in each variable may be upper bounded without leaving out any codeword.

Corollary 4.10 If J ⊆ N
m is a decreasing set such that J ⊆ Jr−1 (for instance J = Jr or

J = Jr−1), where r = r1, then

M(S,J , k) =
{((

f (i)(a)
)

i∈J

)

a∈S
: f ∈ F[x]<k, degx j ( f ) ≤ rs j − 1,∀ j ∈ [m]

}

.

Proof It follows from Theorem 4.9, Remark 4.5 and 
≺(I (S;J )) ⊆ 
≺(I (S;Jr−1)). ��
In some cases, explicit formulas for the dimension are possible, as we show next. This

formula is also new to the best of our knowledge.

Corollary 4.11 Take r ∈ N, k ≤ m(rs−1), and S1, . . . , Sm ⊆ F such that s1 = · · · = sm = s.
Then, for r = r1,

dimF(M(S,Jr−1, k)) =
k−1∑

t=0

m∑

i=0

(−1)i
(
m

i

)(
t − irs + m − 1

t − irs

)

.
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Proof By Theorem 4.9, we just need to count the monomials in the footprint with degree
< k. By Remark 4.5, if we look at the exponents of the monomials in the footprint, we have
a hypercube of size rs×· · ·×rs = (rs)m . Therefore, this is the same problem as computing
the dimension of a Reed–Muller code over the entire affine space F

m
q , changing q with rs,

which gives the stated formula (see [23] and [32, Prop. 5.4.7]). ��
Remark 4.12 A similar result follows for Cartesian sets with different sizes by substituting
in the formula for the dimension of affine Cartesian codes (see [29, Thm. 3.1]) the sizes of
the constituent sets by rsi , for i ∈ [m].

5 Dual

The dual of a multiplicity code is equivalent (isometric for the folded Hamming metric)
to a multiplicity code in the univariate case m = 1 (see [33, Sec. 3]). The same holds for
Reed–Muller codes, i.e., multiplicity codes for several variables but multiplicity r = 1, see
[11, 23]. However, this is no longer the case in general for multiplicity r > 1 and m > 1
variables, as we now show.

Example 5.1 Take q = m = r = 2 and S1 = S2 = F2, i.e., S = F
2
2. For k = 0, 1, 2, 3, 4, 5,

the dimensions of the multiplicity codesM(S, r , k) are 0, 1, 3, 6, 10, 12, respectively. Since
the code length over the alphabet F2 is

(m+r−1
m

)|S| = 12, the corresponding duals have
dimensions 12, 11, 9, 6, 2, 0, respectively. In other words, only those of dimensions 0, 6 and
12 can have a dual that is equivalent to a multiplicity code for q = m = r = 2 and S = F

2
2.

We come back to the multiplicity code for k = 4 in Example C.5.

In Appendices B and C, we obtain the duals for the case m = 1 and m = r = 2,
respectively. We refer the interested reader to those appendices to see how our techniques
apply to simpler cases, which can help to understand the general case. Even though the dual
is no longer equivalent to a multiplicity code, in this section, we give explicit expressions
for the dual of a multiplicity code in general. We use this expression in Proposition 5.14 to
lower bound the minimum folded distance of such duals.

As in [33], we consider duality with respect to the usual inner product in F
tn (see Sect. 2).

We first compute the dual of M(S,Jr−1, k), where we fix r = r1, for a positive integer r ,
throughout this subsection. This will be an auxiliary step to computing the dual ofM(S, r , k)
(see also Appendix C). Recall that S = S1 ×· · ·× Sm , where S1, . . . , Sm ⊆ F are non-empty
and of finite sizes si = |Si |, for i ∈ [m].
Definition 5.2 We order Jr−1 = {i0, i1, . . . , irm−1} according to the graded lexicographic
order. In particular, i0 = 0 and irm−1 = r − 1.

The following technical result is helpful when describing the duals in Theorem 5.10.

Lemma 5.3 OrderingJr−1 as inDefinition 5.2, the first
(m+r−1

m

)
elements ofJr−1 are exactly

the i ∈ [0, r − 1]m such that |i| < r , and the first rm − (m+r−1
m

)
elements of Jr−1 are exactly

the i ∈ [0, r − 1]m such that |i| < (m − 1)(r − 1). In other words,
{

i j : j ∈
[

0,

(
m + r − 1

m

)

− 1

]}

= Jr ,

{

i j : j ∈
[

0, rm −
(
m + r − 1

m

)

− 1

]}

= J(m−1)(r−1) ∩ [0, r − 1]m .
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Proof The first equality is obvious. Now we prove the second one. Consider the map ϕ :
[0, r − 1]m → [0, r − 1]m defined as

ϕ(a1, . . . , am) = (r − 1 − a1, . . . , r − 1 − am).

It is straightforward to check that this map is a bijection. Now if (a1, . . . , am) ∈ [0, r − 1]m ,
then

∑m
i=1 ai ≥ r if, and only if,

∑m
i=1(r −1−ai ) = m(r −1)−∑m

i=1 ai ≤ m(r −1)−r =
(m−1)(r −1)−1. Hence ϕ([0, r −1]m \Jr ) = J(m−1)(r−1) ∩[0, r −1]m , and in particular,

rm −
(
m + r − 1

m

)

= rm − |Jr | = |[0, r − 1]m \ Jr | = |J(m−1)(r−1) ∩ [0, r − 1]m |,

since ϕ is a bijection. Taking into account that we chose a graded ordering for Jr−1, we have
obtained that the first rm − (m+r−1

m

)
elements of Jr−1 are the elements of J(m−1)(r−1) ∩

[0, r − 1]m , which concludes the proof. ��

We also need to introduce the invertible matrices that give us the equivalence (as in
Proposition 2.10) for the dual code.

Recall that S = S1×· · ·× Sm with si = |Si | for i ∈ [m]. Let {hSj ,a j }s j∈S j be the indicator
functions and G j (x) = ∏

a∈S j (x − a) the vanishing polynomial of S j (see Theorem 3.1
or Appendix A). By Corollary 3.6, the rectangular Hermite interpolation is given by the
polynomials

⎧
⎨

⎩
hS,a,i(x) =

m∏

j=1

hSj ,a j ,i j (x j )

⎫
⎬

⎭
a∈S, i∈Jr−1

,

where hSj ,a j ,i j (x j ) is defined in Remark 3.3 (and Theorem 3.1) for a = (a1, . . . , am) ∈ S
and i = (i1, . . . , im) ∈ Jr−1.

Definition 5.4 For each a ∈ S and i ∈ Jr−1, define

λai = Coeff(hS,a,i, x
rs1−1
1 · · · xrsm−1

m ) ∈ F.

We also set λai = 0 if i ∈ N
m \Jr−1 and define the rm ×rm matrix Ma =

(
λaiu+iv

)rm−1,rm−1

u=0,v=0
.

We need the following properties of such matrices, which will be used in Theorems 5.6
and 5.10.

Lemma 5.5 Ma is symmetric, upper anti-triangular (λaiu+iv
= 0 if u+v > rm −1) and every

entry in its main anti-diagonal is

λaiu+iv = λar−1 = Coeff(hS,a,r−1, x
rs1−1
1 · · · xrsm−1

m ) �= 0,

for u + v = rm − 1 by (1). In particular, Ma is invertible for all a ∈ S.

Proof First, notice that u + v = rm − 1 is equivalent to iu + iv = r − 1 due to the graded
lexicographic order in Definition 5.2. For the same reason, if u + v > rm − 1, then iu + iv ∈
N
m \ Jr−1, hence λaiu+iv

= 0 by Definition 5.4. ��

We may now describe the dual of M(S,Jr−1, k) as desired.
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Theorem 5.6 Fix a positive integer k ≤ N, where N =∑m
j=1(rs j − 1). Then

M(S,Jr−1, k)
⊥ =

{((
g(i)(a)

)

i∈Jr−1
· Ma

)

a∈S
: g ∈ F[x]≤N−k

}

=
{((

g(i)(a)
)

i∈Jr−1
· Ma

)

a∈S
: g ∈ F[x]≤N−k , degx j (g) ≤ rs j − 1,∀ j ∈ [m]

}

,

which is equivalent to M(S,Jr−1, N − k + 1), where Jr−1 is ordered according to the
graded lexicographic ordering.

Proof Let f , g ∈ F[x] be such that deg( f ) ≤ k−1 and deg(g) ≤ N−k. UsingDefinition 5.2,
we may see the codewords associated to f and g as (f(a))a∈S and (g(a))a∈S , respectively,
where

f(a) = ( f (i0)(a), . . . , f (irm−1)(a)),

g(a) = (g(i0)(a), . . . , g(irm−1)(a)),

for a ∈ S. By Corollary 4.8, f g has the same Hasse derivatives as f g, and moreover f g ∈
〈
≺(I (S;Jr−1))〉F, i.e., degx j ( f g) ≤ rs j − 1, for all j ∈ [m] (see Remark 4.5). Thus, by
Corollary 3.6, we have that

f g =
∑

a∈S

∑

i∈Jr−1

( f g)(i)(a)hS,a,i. (3)

Therefore, we deduce that

0
(a)= Coeff( f g, xrs1−1

1 · · · xrsm−1
m )

(b)= Coeff

⎛

⎝
∑

a∈S

∑

i∈Jr−1

( f g)(i)(a)hS,a,i, x
rs1−1
1 · · · xrsm−1

m

⎞

⎠

=
∑

a∈S

∑

i∈Jr−1

( f g)(i)(a)Coeff(hS,a,i, x
rs1−1
1 · · · xrsm−1

m )

(c)=
∑

a∈S

∑

i∈Jr−1

⎛

⎝
∑

j+k=i

f (j)(a)g(k)(a)

⎞

⎠ λai

=
∑

a∈S

∑

i∈Jr−1

⎛

⎝
∑

j+k=i

f (j)(a)g(k)(a)λaj+k

⎞

⎠

=
∑

a∈S

∑

j∈Jr−1

∑

k∈Jr−1

f (j)(a)g(k)(a)λaj+k =
∑

a∈S
f(a) · Ma · g(a)ᵀ,

where we use deg( f g) ≤ deg( f g) ≤ N − 1 <
∑m

i=1(rs j − 1) (by Corollary 4.8) in (a),
Eq. (3) in (b), and Leibniz rule (Proposition 2.2) in (c), together with the definition of λai and
Ma. Finally, the last expression is simply

0 =
∑

a∈S
f(a) · Ma · g(a)ᵀ =

∑

a∈S
f(a) · (g(a)Ma)

ᵀ,

by the symmetry of Ma. This means that
{((

g(i)(a)
)

i∈Jr−1
· Ma

)

a∈S
: g ∈ F[x]≤N−k

}

⊆ M(S,Jr−1, k)
⊥,
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and they are equal since both have the same dimension by Theorem 4.9 or by Corollary 4.11
(similar calculation as the classical Reed–Muller codes over F

m
q but replacing q by rs).

Finally, for each g ∈ F[x]≤N−k , consider its reduced form g ∈ 〈
≺(I (S;Jr−1))〉F with
respect to any graded monomial ordering. By Remark 4.5, we have that degx j (g) ≤ rs j − 1,
for j ∈ [m]. Moreover, by Corollary 4.8, we have that deg(g) ≤ deg(g) ≤ N − k and
g(i)(a) = g(i)(a) for all i ∈ Jr−1 and all a ∈ S. Hence, we conclude the last equality in the
proposition. ��

In order to compute the dual of M(S, r , k), we need to see this code as a restriction of
M(S,Jr−1, k).

Proposition 5.7 Let πr ,m : F
(rm ) −→ F(m+r−1

m ) be given by projecting onto the first
(m+r−1

m

)

coordinates, and extend it to πr ,m : (F(rm ))|S| −→ (F(m+r−1
m ))|S| coordinatewise. Then

M(S, r , k) = πr ,m (M(S,Jr−1, k)) .

Proof Straightforward using the ordering in Definition 5.2. ��
The following lemma is well known, see [22, Th. 1.5.7]. We will use it in the proof of

Theorem 5.10.

Lemma 5.8 For any code C ⊆ F
n and any I ⊆ [n], we have

(πI (C))⊥ = πI (C⊥ ∩ ker(π[n]\I )),

where πI : F
n −→ F

|I | is the projection onto the coordinates in I .

Definition 5.9 Given the matrix Ma from Definition 5.4, we define the matrix Na as the
(invertible) square submatrix of Ma formed by the entries in its last

(m+r−1
m

)
rows and first

(m+r−1
m

)
columns.

Therefore, we conclude the following.

Theorem 5.10 For positive integers r and k ≤ N, where N =∑m
j=1(rs j − 1), define

J⊥
r = J(m−1)(r−1) ∩ [0, r − 1]m = {i ∈ [0, r − 1]m : |i| < (m − 1)(r − 1)}.

Then, we have that

M(S, r , k)⊥ =
{((

g(i)(a)
)

i∈[0,r−1]m\J⊥
r

· Na

)

a∈S
:

g ∈ F[x]≤N−k , g
(i)(a) = 0,∀i ∈ J⊥

r ,∀a ∈ S

}

=
{((

g(i)(a)
)

i∈[0,r−1]m\J⊥
r

· Na

)

a∈S
:

g ∈ F[x]≤N−k , degx j (g) ≤ rs j − 1,∀ j ∈ [m], g(i)(a) = 0, ∀i ∈ J⊥
r , ∀a ∈ S

}

,

where [0, r − 1]m \ J⊥
r is ordered according to the graded lexicographic order.

Proof Define πr ,m : F
(rm ) −→ F

(rm−(m+r−1
m )) as the projection onto the last rm − (m+r−1

m

)

coordinates and extend it blockwise πr ,m : (F(rm ))|S| −→ (F(rm−(m+r−1
m )))|S|. We have

M(S, r , k)⊥ (a)= πr ,m (M(S,Jr−1, k))
⊥ (b)= πr ,m(M(S,Jr−1, k)

⊥ ∩ ker(πr ,m)),
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where we use Proposition 5.7 in (a) and Lemma 5.8 in (b). Hence we only need to compute
πr ,m(M(S,Jr−1, k)⊥ ∩ ker(πr ,m)).

Take g ∈ F[x]≤N−k (respectively, degx j (g) ≤ rs j − 1, for j ∈ [m]). For each a ∈ S,

define the square submatrix Pa of Ma formed by the entries in the first rm − (m+r−1
m

)
rows

and last rm − (m+r−1
m

)
columns. Due to the anti-triangular shape of Ma, we have that

((
g(iu )(a)

)rm−1

u=0
· Ma

)

a∈S
∈ ker(πr ,m) if and only if

(
g(iu)(a)

)rm−(m+r−1
m )−1

u=0
· Pa = 0,

for all a ∈ S. However, Pa is also anti-triangular with non-zero entries in its main anti-
diagonal, hence it is also invertible, and the last equation is equivalent to g(iu)(a) = 0, for all
u ∈ [0, rm − (m+r−1

m

)− 1] and all a ∈ S. Now, if this condition is satisfied, then

πr ,m

((
g(iu )(a)

)rm−1

u=0
· Ma

)

=
(
g(iu)(a)

)rm−1

u=rm−(m+r−1
m )

· Na,

for all a ∈ S. To conclude the proof, we notice that, by Lemma 5.3, the sets J⊥
r and

[0, r−1]m\J⊥
r are formed, respectively, by the first rm −(m+r−1

m

)
elements and last

(m+r−1
m

)

elements of Jr−1 according to the graded lexicographic order. ��
Remark 5.11 By Remark 3.5, if r = 2 and Si = Fq for all i ∈ [m], i.e., S = F

m
q , then

for all a ∈ F
m
q , we may assume that Ma and Na are anti-diagonal matrices whose main

anti-diagonals are formed by ones, as in Remark C.4. This only means that the codewords of

the dual M(S, r , k)⊥ are of the form
((
g(i)(a)

)
i∈[0,r−1]m\J⊥

r

)

a∈S , but where we order the
derivatives in [0, r − 1]m \ J⊥

r in reversed order than the graded lexicographic order. See
also Corollary B.2 and Example C.5.

In the case r = 1, that is, the case of Reed–Muller codes over the Cartesian product
S = S1 × · · · × Sm , we obtain the following well-known expression for the dual (see [28,
Theorem 2.3]). We only need to note that, for r = 1, rm = (m+r−1

m

) = 1.

Corollary 5.12 (Cartesian codes) For a set S = S1 × · · · × Sm, where Si ⊆ F is of size si ,
for i ∈ [m], and for positive integers k ≤ N, where N =∑m

j=1(s j − 1), we have

M(S, 1, k)⊥ = {(g(a) · Ca)a∈S : g ∈ F[x]≤N−k}
= {(g(a) · Ca)a∈S : g ∈ F[x]≤N−k, degx j (g) ≤ s j − 1,∀ j ∈ [m]},

where Ca can be explicitly computed in terms of the indicator functions of S.

Similarly to Proposition C.3, we can regard the dual of a multiplicity code described in
Theorem 5.10 as an evaluation code. In the next theorem, we give a basis of the dual of a
multiplicity code (i.e., one of its generator matrices, or equivalently, a parity-check matrix
of the original multiplicity code).

Theorem 5.13 Let r and k ≤ N be positive integers, where N =∑m
j=1(rs j − 1). We define

the sets

MN−k
u =

⎧
⎨

⎩
xi : i ∈

m∏

j=1

[0, (r − u j )s j − 1], |i| ≤ N − k −
m∑

j=1

u j s j

⎫
⎬

⎭
,

Ak
u =

m∏

j=1

G j (x j )
u j · MN−k

u ,
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for u = (u1, . . . , um) ∈ BJ⊥
r
, where G j (x j ) =∏α∈S j (x j − α) ∈ F[x j ] for j ∈ [m].

Setting Ak =⋃u∈BJ⊥
r

Ak
u, we have

M(S, r , k)⊥ =
{((

g(i)(a)
)

i∈[0,r−1]m\J⊥
r

· Na

)

a∈S
: g ∈ 〈Ak〉F

}

, (4)

where [0, r − 1]m \ J⊥
r is ordered according to the graded lexicographic order. Moreover,

for any graded monomial ordering ≺ and any subset Bk ⊆ Ak with in≺(Bk) = in≺(Ak) and
such that in≺( f ) �= in≺(g) for any two distinct f , g ∈ Bk, then |Bk | = dim(M(S, r , k)⊥),
and a basis of M(S, r , k)⊥ is given by

{((
g(i)(a)

)

i∈[0,r−1]m\J⊥
r

· Na

)

a∈S
: g ∈ Bk

}

. (5)

Proof We follow the idea of the proof of Proposition C.3.
First, the inclusion⊇ in (4) is straightforward, since any g ∈ 〈Ak〉F satisfies that deg(g) ≤

N − k and g(i)(a) = 0, for all i ∈ J⊥
r and all a ∈ S, by definition of Hasse derivatives.

We now prove the inclusion ⊆ in (4). Let g ∈ F[x]≤N−k be such that degx j (g) ≤ rs j − 1,

for j ∈ [m], and g(i)(a) = 0, for all i ∈ J⊥
r and all a ∈ S (recall Theorem 5.10). In other

words, g ∈ I (S;J⊥
r ). Since the polynomials

∏m
j=1 G j (x j )u j , for u = (u1, . . . , um) ∈ BJ⊥

r
,

form a Gröbner basis of I (S;J⊥
r ) for the ordering ≺ by Theorem 4.3, then by the division

algorithm [10, Th. 2.3.3], we can write

g =
∑

u∈BJ⊥
r

⎛

⎝ fu

m∏

j=1

G j (x j )
u j

⎞

⎠ ,

for polynomials fu ∈ F[x] such that

deg( fu) +
m∑

j=1

u j s j = deg

⎛

⎝ fu

m∏

j=1

G j (x j )
u j

⎞

⎠ ≤ deg(g) ≤ N − k, and

degx j ( fu) +
m∑

j=1

u j s j = degx j

⎛

⎝ fu

m∏

j=1

G j (x j )
u j

⎞

⎠ ≤ degx j (g) ≤ rs j − 1,

for j ∈ [m] (recall that ≺ is graded). In other words, the monomials xi appearing in the
polynomials fu satisfy

|i| ≤ N − k −
m∑

j=1

u j s j and 0 ≤ i j ≤ (r − u j )s j − 1,

for j ∈ [m]. Therefore, g ∈ 〈Ak〉F and we have proved Eq. (4). To prove that Eq. (5) gives a
basis of M(S, r , k)⊥, we first show that | in≺(Ak)| = dim(M(S, r , k)⊥). Define

T k
u = {xi : |i| ≤ N − k and u j s j ≤ i j ≤ rs j − 1, for j ∈ [m]}, for u ∈ BJ⊥

r
,

T k =
⋃

u∈BJ⊥
r

T k
u .
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By construction, in≺(Ak) = T k , sowe only need to show |T k | = dim(M(S, r , k)⊥). Clearly,
the map

ψ : 
≺(I (S;Jr−1)) −→ 
≺(I (S;Jr−1))

xi �→ x(rs1−1,...,rsm−1)−i

is a bijection, since 
≺(I (S;Jr−1)) = {xi : 0 ≤ i j ≤ rs j − 1,∀ j ∈ [m]} by Remark 4.5.
We next show that ψ restricts to a bijection between 
≺(I (S;Jr−1))\
≺(I (S;J⊥

r ))

and 
≺(I (S;Jr )). Take xi ∈ 
≺(I (S;Jr−1))\
≺(I (S;J⊥
r )). By definition, we have xi ∈

in≺(I (S;J⊥
r )), and therefore there exists u ∈ BJ⊥

r
such that in≺(G1(x1)u1 · · ·Gm(xm)um )

divides xi, by Theorem 4.3. In other words, u j s j ≤ i j ≤ rs j − 1, for all j ∈ [m]. If
k = (rs1 − 1, . . . , rsm − 1) − i, then 0 ≤ k j ≤ (r − u j )s j − 1, for all j ∈ [m]. Now, since
u ∈ BJ⊥

r
, then by definition, u ∈ Jr−1 \ J⊥

r , and therefore we have that r − u − 1 ∈ Jr ,

as in the proof of Lemma 5.3. Assume that xk /∈ 
≺(I (S;Jr )). Then by definition, xk ∈
in≺(I (S;Jr )). Hence there exists v ∈ BJr such that in≺(G1(x1)v1 · · ·Gm(xm)vm ) divides
xk, by Theorem 4.3. Thus v j s j ≤ k j ≤ (r − u j )s j − 1, which implies v j ≤ r − u j − 1, for
all j ∈ [m]. However this cannot happen since r − u − 1 ∈ Jr , v /∈ Jr (because v ∈ BJr )
and Jr is decreasing. Thus we conclude that xk = ψ(xi) ∈ 
≺(I (S;Jr )). Finally, we have
that

|
≺(I (S;Jr−1))| = |Jr−1| · |S| = (|Jr | + |J⊥
r |)|S| = |
≺(I (S;Jr ))| + |
≺(I (S;J⊥

r ))|,
by Eq. (2). Sincewe have shown thatψ(
≺(I (S;Jr−1))\
≺(I (S;J⊥

r ))) ⊆ 
≺(I (S;Jr )),
and they both have the same size, we have proven that

ψ : 
≺(I (S;Jr−1)) \ 
≺(I (S;J⊥
r )) −→ 
≺(I (S;Jr ))

xi �→ x(rs1−1,...,rsm−1)−i

is a bijection. Similarly to the computations above, we have that T k = {xi ∈

≺(I (S;Jr−1)) \ 
≺(I (S;J⊥

r )) : |i| ≤ N − k}, and therefore it is clear that

ψ(T k) = B≥k = {xi ∈ 
≺(I (S;Jr )) : |i| ≥ k}.
As a consequence, we can finally conclude that

| in≺(Ak)| = |T k | = |B≥k | = |Jr | · |S| − dim(M(S, r , k)) = dim(M(S, r , k)⊥),

where the length of the codes is tn = |Jr | · |S| = |
≺(I (S;Jr ))| (see Eq. (2)).
Coming back to the set in Eq. (5), we have shown that |Bk | = | in≺(Ak)| =

dim(M(S, r , k)⊥). Thus, we only need to prove that the vectors
{((

g(i)(a)
)

i∈[0,r−1]m\J⊥
r

· Na

)

a∈S
: g ∈ Bk

}

are F-linearly independent. Set Bk = {g1, . . . , gM }, with M = |Bk | and assume that there
exist λ1, . . . , λM ∈ F such that

(
g(i)(a)

)

i∈[0,r−1]m\J⊥
r

· Na = 0,

for all a ∈ S, where g = ∑M
i=1 λi gi . Since Na is invertible (see Theorem 5.10), then

g(i)(a) = 0, for all a ∈ S and all i ∈ [0, r − 1]m \ J⊥
r . Since the same holds for all i ∈ J⊥

r ,
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then g ∈ I (S;Jr−1). However, if g �= 0, then in≺(g) = in≺(g j ), for some j ∈ [M] (since
the initials of g1, . . . , gM are all distinct by hypothesis). This implies that

in≺(g) = in≺(g j ) ∈ in≺(Bk) ⊆ in≺(Ak) ⊆ 
≺(I (S;Jr−1)),

which contradicts that in≺(g) ∈ in≺(I (S;Jr−1)). Hence, g = ∑M
i=1 λi gi = 0, but then it

must hold that λ1 = . . . = λM = 0 since g1, . . . , gM all have distinct initial monomials. ��
To conclude, we observe that we may give the following lower bound on the minimum

distance of the dual when |S1| = · · · = |Sm |.
Proposition 5.14 If S = S1×· · ·× Sm, where Si ⊆ F, s = |S1| = . . . = |Sm |, n = sm = |S|.
Let N =∑m

j=1(r |S j | − 1) = m(rs − 1), 0 ≤ k ≤ N and r be a positive integer, then

d
(
M(S, r , k)⊥

)
≥
(

1 − m(rs − 1) − k

rs

)

n.

Proof Let g ∈ F[x]≤N−k be such that g(i)(a) = 0, for all i ∈ J⊥
r and all a ∈ S. Now, if a ∈ S

is such that g(i)(a) = 0, for all i ∈ [0, r − 1]m \J⊥
r , then m(g, a) ≥ r . Thus we deduce that

the codeword associated to g in M(S, r , k)⊥ (see Theorem 5.10) has folded weight at least

|S| − (N−k)sm−1

r by Lemma 2.6, and the result follows. ��

Appendix A Hermite interpolation for multiplicity 1 and 2

Multiplicity 1. Lagrange interpolation. Define the map ev : F[x] → F
s, f �→ ev( f ) =

( f (a1), . . . , f (as)) . For any s elements b1, . . . , bs in F, the classic interpolation asks for a
polynomial f ∈ F[x] such that deg( f ) < s and

ev( f ) = (b1, . . . , bs). (6)

Lagrange interpolation easily solves this problem. Indeed, let G(x) = ∏a∈T (x − a) be the

vanishing polynomial of T . For i ∈ [s], the polynomial hi (x) = G(x)

G(1)(ai )(x − ai )
satisfies

deg(hi ) = s − 1 and hi (a j ) = δi, j . Thus,

f (x) =
s∑

i=1

hi (x)bi = (h1(x), . . . , hs(x)) · (b1, . . . , bs)

satisfies Eq. (6) and deg( f ) < s. We call the polynomials h1, . . . , hs ∈ F[x] the indicator
functions of T .

Multiplicity 2. Let b1, b′
1, . . . , bs, b

′
s be any 2s elements in F. Define the map

ev(1) : F[x] → F
2s

f �→ ev(1)( f ) =
(
f (a1), f (1)(a1), . . . , f (as), f (1)(as)

)
.

For easy notation,we are omitting the inner parentheses. The goal of theHermite interpolation
of order 1 is to find a polynomial f ∈ F[x] such that deg( f ) ≤ 2s − 1 and

ev(1)( f ) = (b1, b
′
1, . . . , bs, b

′
s). (7)
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Lagrange interpolation (order 0) relies on h1, . . . , hs . To find f that satisfies Eq. (7), we now
look for 2s polynomials h1,0, h1,1, . . . , hs,0, hs,1 of degree ≤ 2 s − 1 whose images under
the map ev(1) are the standard vectors.

ev(1)(h1,0) = (1, 0, . . . , 0, 0)

ev(1)(h1,1) = (0, 1, . . . , 0, 0)
...

ev(1)(hs,0) = (0, 0, . . . , 1, 0)

ev(1)(hs,1) = (0, 0, . . . , 0, 1) .

In other words, hi,0(a j ) is the Kronecker delta, but its derivative is 0 on every element of T .
The polynomial hi,1(a j ) is 0 on every element of T , but its derivative is the Kronecker delta.

The following result shows how to find hi,1(x) and hi,0(x).

Proposition A.1 (Single-variable Hermite interpolation of multiplicity 2) Let G(x) be the
vanishing polynomial and h1, . . . , hs the indicator functions of T . There exists a unique
polynomial f ∈ F[x]≤2s−1 such that

ev(1)( f ) = (b1, b
′
1, . . . , bs, b

′
s).

Moreover, f = (h1,0, h1,1, . . . , hs,0, hs,1
) · (b1, b′

1, . . . , bs, b
′
s

)
, where

(
hi,0(x)hi,1(x)

) =
(
1 −h2(1)i (ai )0 1

) (
1x − ai

)
h2i (x),

for i ∈ [s], and h2(1)i (ai ) is the evaluation of the derivative of h2i (x) at x = ai .

Proof By definition, we can see that

hi,1(x) = (x − ai )h
2
i (x) and (8)

hi,0(x) = h2i (x) − h2(1)i (ai )hi,1(x). (9)

We have that hi,0(a j ) = δi, j and hi,1(a j ) = 0 for j ∈ [s]. By taking derivatives and using
Proposition 2.2, we obtain

h(1)
i,1(x) = (x − ai )

(1)h2i (x) + (x − ai )h
2(1)
i (x)

= h2i (x) + (x − ai )2hi (x)h
(1)
i (x)

h(1)
i,0(x) = h2(1)i (x) − h2(1)i (ai )h

(1)
i,1(x).

It is straightforward to see that h(1)
i,1(a j ) = δi, j and h(1)

i,0(a j ) = 0 for j ∈ [s]. Note the
polynomial

f = (h1,0, h1,1, . . . , hs,0, hs,1
) · (b1, b′

1, . . . , bs, b
′
s

)

satisfies Eq. (7) and has degree ≤ 2s − 1. The uniqueness of f ∈ F[x]≤2s−1 is due to the
fact that f is the solution of a system of 2s equations and 2s indeterminates. ��
Remark A.2 We have

(
hi,0(x)hi,1(x)

) =
(
1 −2G(2)(ai )

G(1)(ai )
0 1
) (

1x − ai
)
h2i (x).
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Indeed, by Proposition A.1, we only need to compute h2(1)i (ai ). Note (x − ai )hi (x) =
G(x)

G(1)(ai )
. By Proposition 2.2, we have

(x − ai )h
(2)
i (x) + h(1)

i (x) = G(2)(x)

G(1)(ai )
and h2(1)i (x) = 2hi (x)h

(1)
i (x).

Thus,

h2(1)i (ai ) = 2hi (ai )h
(1)
i (ai ) = 2h(1)

i (ai ) = 2
G(2)(ai )

G(1)(ai )
.

Appendix B Dual in the casem = 1

In this appendix, we give an explicit expression for the dual of single-variable multiplicity
codes. Even though this case was solved in [33], we include it for convenience of the reader.
This case is significantly simpler since Jr−1 = Jr (where r = r1) in m = 1 variable.

Recall S = {a1, . . . , as} ⊆ F, G(x) = ∏
a∈S(x − a) is its vanishing polynomial, and

{hi (x)}si=1 are the indicator functions of S. We denote by hr+1( j)
i (x) the j th derivative of

hr+1
i (x). We will assume in this appendix that k < s.

Proposition B.1 The dual of

M(S, 2, k) =
{(

( f (a1) , f (1) (a1)), . . . , ( f (as) , f (1) (as))
)

: f ∈ Fq [x]<k

}

is given by

M(S, 2, k)⊥ =
{(

(g (a1) , g(1) (a1))M1, . . . , (g (as) , g(1) (as))Ms

)
: g ∈ Fq [x]<2s−k

}
,

where Mi = (
G(1)(ai )

)−3 (−2G(2)(ai ) G(1)(ai )G(1)(ai ) 0
)
(which is invertible since

G(1)(ai ) �= 0), for all i ∈ [s].

Proof Take f ∈ Fq [x]<k and g ∈ Fq [x]<2 s−k . By Propositions 2.2 and A.1,

f g =
s∑

i=1

(
( f g)(ai ), ( f g)

(1)(ai )
)

· (hi,0(x), hi,1(x)
)

=
s∑

i=1

(
( f g)(ai ), ( f

(1)g)(ai ) + ( f g(1))(ai )
)

· (hi,0(x), hi,1(x)
)

=
s∑

i=1

(
f (ai ), f (1)(ai )

)
·
(
g(ai )hi,0(x) + g(1)(ai )hi,1(x), g(ai )hi,1(x)

)

=
s∑

i=1

(
f (ai ), f (1)(ai )

)(hi,0(x) hi,1(x)
hi,1(x) 0

)(
g(ai )
g(1)(ai )

)

,

where, by Proposition A.1,

(
hi,0(x)hi,1(x)

) =
(
1 −h2(1)i (ai )0 1

) (
1x − ai

)
h2i (x).
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We also have that Coeff(hi,0(x), x2 s−1) = −h2(1)i (ai )
(
G(1)(a1)

)−2
and Coeff(hi,1(x),

x2 s−1) = (G(1)(a1)
)−2

. Finally, as deg( f g) ≤ 2 s − 2 and deg(hi,0) = deg(hi,1) = 2 s − 1,
the addition of the coefficients of f g in x2s−1 is 0. Therefore,

s∑

i=1

(
f (ai ), f (1)(ai )

) (
G(1)(ai )

)−2 (
−h2(1)i (ai ) 11 0

) (
g(ai )g(1)(ai )

) = 0.

Thus, the result follows using Remark A.2 in order to express h2(1)i (ai ) in terms of G(x). ��
Corollary B.2 Assume Fq = {a1, . . . , aq}. The dual of

M(Fq , 2, k) =
{(

f (a1) , f (1) (a1) , . . . , f
(
aq
)
, f (1) (aq

)) : f ∈ Fq [x]<k

}

is given by

M(Fq , 2, k)
⊥ =

{(
g(1) (a1) , g (a1) , . . . , g(1) (aq

)
, g
(
aq
)) : g ∈ Fq [x]<2q−k

}
.

Proof The vanishing polynomial of Fq is G(x) = xq − x . Then, G(1)(x) = −1 and
2G(2)(x) = 0 (independently of q). Thus, the result follows from Remark A.2 and Proposi-
tion B.1. ��
Proposition B.3 The dual of

M(S, r , k)=
{(

( f (a1) , . . . , f (r−1) (a1)), . . . , ( f (as) , . . . , f (r−1) (as))
)

: f ∈Fq [x]<rs−k

}

is given by

M(S, r , k)⊥ =
{(

(g (a1) , . . . , g(r−1) (a1))M1, . . . , (g (as ) , . . . , g(r−1) (as ))Ms

)
: g ∈ Fq [x]<rs−k

}
,

where Mi is the invertible matrix given by

Mi =

⎛

⎜
⎜
⎜
⎜
⎝

λi,0 λi,1 · · · λi,r−2 λi,r−1

λi,1 λi,2 · · · λi,r−1 0
...

... . .
. ...

...

λi,r−2 λi,r−1 · · · 0 0
λi,r−1 0 · · · 0 0

⎞

⎟
⎟
⎟
⎟
⎠

,

where λi,r−1 = Coeff(hri (x), x
rs−1) = (G(1)(ai ))−r and, recursively in n = r − 2, r −

3, . . . , 1, 0, (in decreasing order), we define λi,n = −∑r−1
k=n+1 h

r(k−n)
i (ai )λi,k .

Proof Take f ∈ Fq [x]<k and g ∈ Fq [x]<rs−k . By Proposition 2.2 and Theorem 3.1,

f g =
s∑

i=1

(
( f g)(ai ), . . . , ( f g)

(r−1)(ai )
)

· (hi,0(x), . . . , hi,r−1(x)
)

=
s∑

i=1

(
( f g)(ai ), . . . , (( f g

(r−1))(ai ) + · · · + ( f (r−1)g)(ai )
)

· (hi,0(x), . . . , hi,r−1(x)
)

=
s∑

i=1

(
f (ai ), . . . , f (r−1)(ai )

)

⎛

⎜
⎜
⎝

hi,0(x) hi,1(x) · · · hi,r−1(x)
hi,1(x) hi,2(x) · · · 0

...

hi,r−1(x) 0 · · · 0

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

g(ai )
g(1)(ai )

...

g(r−1)(ai )

⎞

⎟
⎟
⎠ ,
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where hi,0(x), . . . , hi,r−1(x) are given in Theorem 3.1. Since deg( f g) ≤ rs−2, the addition
of the coefficients of f g in xrs−1 is 0. Therefore,

s∑

i=1

(
f (ai ), . . . , f (r−1)(ai )

)
Mi

(
g(ai ), . . . , g

(r−1)(ai )
)ᵀ = 0,

where Mi is given in the proposition statement, given that Coeff(hi,n(x), xrs−1) = λi,n , for
all n ∈ [0, r − 1] and i ∈ [s]. By a dimensional argument, we get the result. ��
Example B.4 By Proposition B.3, and using the Coding Theory Package [3] of Macaulay2
[17], or Magma [7], we obtain that the dual of

M(F2, 3, 3) =
{(

f (0) , f (1) (0) , f (2) (0) , f (1) , f (1) (1) , f (2) (1)
)

: f ∈ F2[x]<3

}

is given by
{(

(g(2) + g(1)) (0) , (g(1) + g) (0) , g (0) , (g(2) + g(1)) (1) , (g(1) + g) (1) , g (1)
)

: g ∈ F2[x]<3

}
.

In contrast with the case of multiplicity r = 1 (see Corollary B.2), in this case of multiplicity
r = 2, the codewords of the form

(
g(2) (0) , g(1) (0) , g (0) , g(2) (1) , g(1) (1) , g (1)

)
,

for g ∈ F2[x]<3, are not all in the dual M(F2, 3, 3)⊥ even for S = F2, the whole field. For
instance, if g = x2, then
(
g(2) (0) , g(1) (0) , g (0) , g(2) (1) , g(1) (1) , g (1)

)
= (1, 0, 0, 1, 0, 1) /∈ M(F2, 3, 3)

⊥,

since this word is not orthogonal to
(
f (0) , f (1) (0) , f (2) (0) , f (1) , f (1) (1) , f (2) (1)

)
= (0, 1, 0, 1, 1, 0) ∈ M(F2, 3, 3),

for f = x . This is because, for r = 2, it is not true that the matrix Mi from Proposition B.3 is
anti-diagonal with ones in its main anti-diagonal, even if S = Fq is the whole field (whereas
this holds for r = 1 by Corollary B.2, see also Remark C.4, Example C.5 and Remark 5.11).

Appendix C Dual in the casem = r = 2

In this appendix, S = S1 × S2 represents a Cartesian product where every Si ⊆ F is finite.
In this appendix, we compute the dual of multiplicity codes M(S, 2, k) for m = r = 2 and
k ≤ N = (2s1 − 1) + (2s2 − 1) (recall that for larger k such codes become the total space,
see Theorem 4.9). For simplicity, we use the notation

∂xi y j f = f (i, j)(x, y)

for the (i, j)th Hasse derivative of the bivariate polynomial f = f (x, y) ∈ F[x, y]. We may
order the Hasse derivatives of order (i, j) ≤ (1, 1) of f in a ∈ S as

(
f (a), ∂x f (a), ∂y f (a), ∂xy f (a)

) ∈ F
4,

i.e., according to the graded lexicographic order with x ≺ y. Thus, the derivatives of total
order i + j < 2 are the first three elements, i.e.,

(
f (a), ∂x f (a), ∂y f (a)

) ∈ F
3.
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Let π : F
4 −→ F

3 and π : F
4 −→ F be the projections onto the first 3 coordinates and the

last 1 coordinate, respectively, and extend them coordinatewise to π : (F4)|S| −→ (F3)|S|
and π : (F4)|S| −→ (F1)|S|, respectively. Then,

M(S, 2, k) = π(M(S,J(1,1), k)).

In particular, by [22, Th. 1.5.7], we have

M(S, 2, k)⊥ = π
(M(S,J(1,1), k)

)⊥ = π(M(S,J(1,1), k)
⊥ ∩ ker(π)), (10)

which is usually known as a shortened code. Hence, we first compute the dualM(S,J(1,1),

k)⊥.
Similarly to the evaluation function, given f ∈ F[x, y] and a ∈ S, we define the element

f(a) = ( f (a), ∂x f (a), ∂y f (a), ∂xy f (a)
) ∈ F

4.

Proposition C.1 Let h1, . . . , hs1 (resp. �1, . . . , �s2 ) be the indicator functions and G1 (resp.
G2) the vanishing polynomials of S1 (resp. S2). The dual of M(S,J(1,1), k) = {(f(a))a∈S :
f ∈ F[x, y]≤k} is
M(S,J(1,1), k)

⊥ = {(g(a)Ma)a∈S : g ∈ F[x, y]≤N−k}
= {(g(a)Ma)a∈S : g ∈ F[x, y]≤N−k , degx (g) ≤ 2s1 − 1, degy(g) ≤ 2s2 − 1},

where Ma =
(
G(1)

1 (ai )G
(1)
2 (a j )

)−2 (−�
2(1)
j (a j ) 11 0

)
⊗
(
−h2(1)i (ai ) 11 0

)
for a =

(ai , a j ) ∈ S. In particular, we have thatM(S,J(1,1), k)⊥ is equivalent toM(S,J(1,1), N −
k + 1).

Proof Let f , g ∈ F[x, y] be such that deg( f ) ≤ k−1 and deg(g) ≤ N−k. By Corollary 4.8,
f g has the same Hasse derivatives as f g. Therefore, using the Leibniz rule (Proposition 2.2)
and the interpolation of Corollary 3.6, we get

f g =
∑

a∈S
fg(a) · (ha,(0,0), ha,(1,0), ha,(0,1), ha,(1,1)

)

=
∑

a∈S
(( f g)(a)ha,(0,0) + ∂x ( f g)(a)ha,(1,0) + ∂y( f g)(a)ha,(0,1) + ∂xy( f g)(a)ha,(1,1)).

=
∑

a∈S
( f (a)g(a)ha,(0,0) + (∂x f (a)g(a) + f (a)∂x g(a))ha,(1,0) + (∂y f (a)g(a)

+ f (a)∂yg(a))ha,(0,1) + (∂xy f (a)g(a) + ∂x f (a)∂yg(a)

+ ∂y f (a)∂x g(a) + f (a)∂xyg(a))ha,(1,1))

=
∑

a∈S

(
f (a), ∂x f (a), ∂y f (a), ∂xy f (a)

)

⎛

⎜
⎜
⎝

ha,(0,0) ha,(1,0) ha,(0,1) ha,(1,1)
ha,(1,0) 0 ha,(1,1) 0
ha,(0,1) ha,(1,1) 0 0
ha,(1,1) 0 0 0

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

g(a)
∂x g(a)
∂yg(a)
∂xyg(a)

⎞

⎟
⎟
⎠

=
∑

a=(ai ,a j )∈S
f(a)

⎛

⎜
⎜
⎝

hi,0� j,0 hi,1� j,0 hi,0� j,1 hi,1� j,1

hi,1� j,0 0 hi,1� j,1 0
hi,0� j,1 hi,1� j,1 0 0
hi,1� j,1 0 0 0

⎞

⎟
⎟
⎠ g(a)ᵀ (by Corollary 3.6)

=
∑

a=(ai ,a j )∈S
f(a)

(
� j,0 � j,1

� j,1 0

)

⊗
(
hi,0 hi,1
hi,1 0

)

g(a)ᵀ.
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Note f g ∈ 〈
≺(I (S;J(1,1)))〉F, i.e., degx ( f g) ≤ 2s1 − 1 and degy( f g) ≤ 2s2 − 1 (see

Remark 4.5). By Corollary 4.8, deg( f g) ≤ deg( f g) ≤ N − 1 < (2s1 − 1) + (2s2 − 1).
Thus, Coeff( f g, x2s1−1

1 x2s2−1
2 ) = 0. Using Proposition B.3 to compute the coefficients of

hi,0, hi,1 and � j,0, � j,1 in x2s1−1
1 and x2s2−1

2 , respectively, we get 0 = ∑
a∈S f(a)Mag(a)ᵀ,

where Ma is given in the proposition statement for a = (ai , a j ) ∈ S. By the symmetry of
Ma, this means that
{(

(g(a), ∂x g(a), ∂yg(a), ∂xyg(a))Ma
)
a∈S : g ∈ F[x, y]≤N−k

} ⊆ M(S,J(1,1), k)
⊥,

and they are equal since both have the same dimension by Theorem 4.9 or by Corollary 4.11
(it is the same calculation as with classical Reed–Muller codes over the whole space F

2
q but

replacing q by 2s).
Finally, for each g ∈ F[x, y]≤N−k , consider its reduced form g ∈ 〈
≺(I (S;J(1,1)))〉F

with respect to anygradedmonomial ordering.ByRemark4.5,wehave that degx (g) ≤ 2s1−1
and degy(g) ≤ 2s2 − 1. By Corollary 4.8, deg(g) ≤ deg(g) ≤ N − k and ∂xi y j g(a) =
∂xi y j g(a) for all i, j ∈ {0, 1} and all a ∈ S. Hence, we conclude the second equality for the
dual is valid. ��
We now compute the dual of classical multiplicity codes for m = r = 2 by combining
Proposition C.1 and Eq. (10).

Corollary C.2 Let h1, . . . , hs1 (resp. �1, . . . , �s2 ) be the indicator functions and G1 (resp. G2)
the vanishing polynomials of S1 (resp. S2). The dual of M(S, 2, k) is given by

M(S, 2, k)⊥ = {((∂x g(a), ∂yg(a), ∂xyg(a))Na)a∈S : g ∈ F[x, y]≤N−k, g(a) = 0,∀a ∈ S}
= {((∂x g(a), ∂yg(a), ∂xyg(a))Na)a∈S :
g ∈ F[x, y]≤N−k, degx (g) ≤ 2s1 − 1, degy(g) ≤ 2s2 − 1, g(a) = 0,∀a ∈ S},

where Na =
(
G(1)

1 (ai )G
(1)
2 (a j )

)−2 (−�
2(1)
j (a j ) 0 1 − h2(1)j (ai ) 1 01 0 0

)
for a = (ai , a j )

∈ S.

Proof By Eq. (10), we need to compute C = M(S,J(1,1), k)⊥ ∩ ker(π) and project it onto
the first 3 coordinates in each block of 4 coordinates. By Proposition C.1, C is formed by the
codewords

(
(g(a), ∂x g(a), ∂yg(a), ∂xyg(a))Ma

)
a∈S , (11)

for g ∈ F[x, y]≤N−k (respectively, degx (g) ≤ 2s1 − 1 and degy(g) ≤ 2s2 − 1), where the
last component in every block of 4 coordinates is zero. That is, where g(a) = 0 for all a ∈ S
(by the anti-triangular shape of Ma). Hence, the codewords in (11) have the form

(
(0, ∂x g(a), ∂yg(a), ∂xyg(a))Ma

)
a∈S = (((∂x g(a), ∂yg(a), ∂xyg(a))Na, 0

))
a∈S ,

for g ∈ F[x, y]≤N−k (respectively, degx (g) ≤ 2s1 −1 and degy(g) ≤ 2s2 −1) and g(a) = 0
for all a ∈ S. We obtain the result by projecting onto the first 3 coordinates in each block. ��

In Corollary C.2, we determined the dual of a multiplicity code as a vector space with
certain equations, that is, it is determined implicitly. In the following result, we show how to
regard this dual also as an evaluation code, and we explicitly compute one of its bases (i.e.,
one of its generatormatrices or, equivalently, a parity-checkmatrix of the originalmultiplicity
code).
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Proposition C.3 Using the notation from Theorem 4.3, let

A1 = G1(x) · {xα yβ : 0 ≤ α < s1, 0 ≤ β < 2s2, α + β ≤ N − k − s1},
A2 = G2(y) · {xα yβ : 0 ≤ α < 2s1, 0 ≤ β < s2, α + β ≤ N − k − s2}.

Then,

M(S, 2, k)⊥ = {((∂x g(a), ∂yg(a), ∂xyg(a)) · Na
)
a∈S : g ∈ 〈A1 ∪ A2〉F

}
.

Finally, let ≺ be a graded monomial ordering and let A ⊆ A1 ∪ A2 be such that its initial
monomials with respect to ≺ are all different and are exactly those in

T = {xα yβ : α < 2s1, β < 2s2, α + β ≤ N − k, and (s1 ≤ α or s2 ≤ β)}.
Then a basis of M(S, 2, k)⊥ is given by

{((∂x g(a), ∂yg(a), ∂xyg(a)) · Na
)
a∈S : g ∈ A}.

Proof Let g ∈ F[x, y]≤N−k be such that degx (g) ≤ 2s1 − 1, degy(g) ≤ 2s2 − 1, and
g(a) = 0, for all a ∈ S. By definition, we have g ∈ I (S;J1). Since {G1(x),G2(y)} forms
a Gröbner basis of I (S;J1) with respect to ≺ (Theorem 4.3), then by the division algorithm
[10, Th. 2.3.3], we can write

g(x, y) = f1(x, y)G1(x) + f2(x, y)G2(y),

where degx ( fi Gi ) < 2s1, degy( fi Gi ) < 2s2 and deg( fi Gi ) ≤ N − k, for i = 1, 2. Hence
g ∈ 〈A1 ∪ A2〉F, and the first part on the generators follows.

Next, since in≺(G1(x)) = xs1 and in≺(G2(y)) = ys2 , the set of initial monomials of all
the polynomials in A1 ∪ A2 is precisely T , hence we may choose A ⊆ A1 ∪ A2 as in the
proposition (notice that in≺(A1) ∩ in≺(A2) �= ∅ thus necessarily A � A1 ∪ A2).

Since the initial monomials of the polynomials in A are all distinct, then such polynomials
areF-linearly independent, and byLemma4.6, so are theirHasse derivatives. Since |A| = |T |,
then the only thing left to prove is |T | = dim(M(S, 2, k)⊥).

The map xα yβ �→ x2s1−α−1y2s2−β−1 gives a bijection between T and the monomials
in 
≺(I (S;J2)) of degree ≥ k. The number of such monomials is tn − dim(M(S, 2, k))
by Theorem 4.9 (recall that t = |J2|, n = |S| and tn = |
≺(I (S;J2))| by Lemma 4.6).
Therefore,

|T | = tn − dim(M(S, 2, k)) = dim(M(S, 2, k)⊥),

and we obtain the result. ��
When we evaluate over the whole affine plane S = F

2
q , we have the following simple

formula for the matrices Ma and Na.

Remark C.4 By Remark 3.5, if S1 = S2 = Fq , i.e., S = F
2
q , then for all (a, b) ∈ F

2
q ,

M(a,b) =

⎛

⎜
⎜
⎝

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞

⎟
⎟
⎠ and N(a,b) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ .

We illustrate the previous results with a worked example for q = m = r = 2.
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Example C.5 Consider q = m = r = 2 and S1 = S2 = F2, i.e., S = F
2
2, as in Example 5.1.

Set N = m(rs − 1) = 6 and k = 4. The multiplicity code M(S, r , k) = M(F2
2, 2, 4) has

dimension 10 and one of its bases, by Corollary 4.10, is given by the Hasse derivatives

( f (a, b), ∂x f (a, b), ∂y f (a, b))(a,b)∈F22 ∈ (F3
2)

4

of themonomials 1, x, y, x2, xy, y2, x3, x2y, xy2, y3. For instance, if f1 = x , then ∂x f1 = 1
and ∂y f1 = 0, since such Hasse derivatives coincide with classical derivatives (see Sect. 2).
If we order S as (0, 0), (1, 0), (0, 1) and (1, 1), then the corresponding codeword is

c1 = ((0, 1, 0), (1, 1, 0), (0, 1, 0), (1, 1, 0)) ∈ (F3
2)

4.

Similarly, if f2 = xy, we have ∂x f2 = y and ∂y f2 = x , thus we obtain the codeword

c2 = ((0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 1, 1)) ∈ (F3
2)

4.

Now we look at the dual codeM(F2
2, 2, 4)

⊥, which has dimension 12 − 10 = 2. By Propo-
sition C.3, a basis of M(F2

2, 2, 4)
⊥ may be given by the Hasse derivatives

((∂x g(a, b), ∂yg(a, b), ∂xyg(a, b)) · N(a,b))(a,b)∈F22
= (∂xyg(a, b), ∂yg(a, b), ∂x g(a, b))(a,b)∈F22 ∈ (F3

2)
4

(where we have used Remark C.4 for N(a,b)) of the polynomials

g1 = G1(x) = x2 + x and g2 = G2(y) = y2 + y.

Since ∂x g1 = 1 and ∂yg1 = ∂xyg1 = 0, the corresponding codeword is

d1 = ((0, 0, 1), (0, 0, 1), (0, 0, 1), (0, 0, 1)) ∈ (F3
2)

4,

and we can easily verify that c1 · d1 = c2 · d1 = 0. Similarly for g2. Using g1 and g2, a
generator matrix of M(F2

2, 2, 4)
⊥, i.e., a parity-check matrix of M(F2

2, 2, 4) is given by

H =
(
0 0 1 0 0 1 0 0 1 0 0 1
0 1 0 0 1 0 0 1 0 0 1 0

)

∈ F
2×12
2 .
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