
P
q
W
a

U
b

V
c

A

K
P
J
H
Q
Q

1

i
h
t
h
v
c

r
t
r
i
t
k
o
a

s

h
R

Annals of Physics 490 (2026) 170472 

A
0
(

 

Contents lists available at ScienceDirect

Annals of Physics

journal homepage: www.elsevier.com/locate/aop  

arity-deformed 𝑠𝑙(2, 𝑅), 𝑠𝑢(2) and 𝑠𝑜(3) algebras: A basis for 
uantum optics and quantum communications applications
.S. Chung a , H. Hassanabadi b , L.M. Nieto b ,∗, S. Zarrinkamar b,c

Department of Physics and Research Institute of Natural Science, College of Natural Science, Gyeongsang National 
niversity, Jinju 660-701, Republic of Korea
Departamento de Física Teórica, Atómica y Óptica, and Laboratory for Disruptive Interdisciplinary Science (LaDIS), Universidad de 
alladolid, 47011 Valladolid, Spain
Department of Basic Sciences, Garmsar Branch, Islamic Azad University, Garmsar, Iran

 R T I C L E  I N F O

eywords:
arity-deformed algebra
ordan-Schwinger realization
olstein-Primakoff realization
uantum optics
uantum communication

 A B S T R A C T

Having in mind the significance of parity (reflection) in various areas of physics, the single-
mode and two-mode Wigner algebras are considered adding to them a reflection operator. 
The associated deformed 𝑠𝑙(2, 𝑅) algebra, 𝑠𝑙𝜈 (2, 𝑅) and the deformed 𝑠𝑜(3) algebra, 𝑠𝑜𝜈 (3), 
are constructed for the widely used Jordan-Schwinger and Holstein-Primakoff realizations, 
commenting on various aspects and ingredients of the formalism for both single-mode and two-
mode cases. Finally, due to its potential application in the study of qubit and qutrit systems, 
the parity-deformed 𝑠𝑜𝜈 (3) representation is analyzed based on the isomorphy of 𝑠𝑜(3) and 𝑠𝑢(2). 
Related applications are discussed as well.

. Introduction

After a century of the advent of quantum mechanics, this theory still has outstanding challenges and open questions to debate 
n many basic concepts and formulas of the theory. As a result, a variety of modifications to the related fundamental relationships 
ave been proposed, primarily in an attempt to investigate not only problems in physics, but also in other domains of science and 
echnology beyond our current experimental techniques and facilities. On the other hand, it is well known that theoretical physics 
as always been inspiring and that the history of physics is full of examples of theoretical predictions prior to their experimental 
erification. This makes theoretical and mathematical physics continue to be an attractive field of study for the scientific community, 
ompeting with the incredible technological achievements that are being achieved in recent times.
Given the current great technological importance of quantum theory in modern technologies, in what is called second quantum 

evolution, which covers applications in various fields, such as quantum information, quantum communication, quantum telepor-
ation and quantum technologies in general, we are interested in analyzing possible generalizations of some fundamental basic 
esults that can be contrasted using current or future experimental techniques in development. In particular, remembering here the 
mportance that the analysis of the harmonic oscillator problem has had in both optics and quantum technologies, we are going to 
heoretically consider a generalization of Wigner’s algebra modified by parity inclusion. To be precise, what is considered here is a 
ind of parity-warped operator algebra, sometimes called Wigner, Dunkl, or Wigner-Dunkl algebra. The pillars of the formulation 
f the problem and the consideration of the reflection operator go back to the works of Holstein and Primakoff, Wigner, Baxter 
nd later Dunkl [1–4]. Generalization of algebra is usually done by the Jordan-Schwinger and Holstein-Primakoff realizations of the 
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associated creation and annihilation operators and their extensions [5–10]. In physics, however, the applications are quite interesting 
and include a variety of concepts such as coherent states, compressed states, cat states, fidelity, entanglement transfer, etc. Let us 
now review, in chronological order, some of the most notable works that are closely related to the objectives of our work.

In pioneering work, with a goal quite different from that pursued here, Plyushchay investigated the deformed Heisenberg 
algebra with reflection in [11], demonstrating that the normalized deformed algebra has the form of a guon algebra [12,13]. Using 
a reflection-deformed Heisenberg algebra, a unified description of anyons, bosons and fermions was analyzed in the instructive 
survey [14]. The hidden supersymmetry and related tri-supersymmetric structure of some physical examples were investigated in 
full detail by Jakubský et al. [15], who also studied the role of parity. In interesting novel work, Dehghani and others studied the 
Wigner-Heisenberg algebra in relation to so-called cat states [16]. The same group later analyzed a parity-deformed version of the 
Jaynes–Cummings model, studying in detail the entangled states in a lossy cavity interacting with an external field [17]. Also, a 
very interesting connection to generalized Rabi model has been proved by Moroz [18].

The hidden superconformal symmetry of the harmonic oscillator problem was obtained by a non-local Foldy-Wouthuysen 
transformation in [19]. The consequences of parity deformation on entanglement transfer to distant atomic qubits were considered 
in [20], where the qubits were assumed to be embedded in two lossy cavities connected by a leaky fiber.

In [21] a form of generalized Dunkl oscillator has been formulated in both relativistic and non-relativistic cases. Quantum error 
tracking with parity measurements was discussed in [22]. The analysis of dynamical transformations between quantum reference 
frames, including the parity properties, was formulated by Ballesteros et al. [23]. The optical properties of a pumped-dissipative 
quantum dot cavity with a parity-deformed Heisenberg algebra were investigated in [24] and it was shown that the deformation 
produces a collective effect on the photonic emission of the system. Fakhri et al. studied a two-photon parity-deformed Jaynes–
Cummings model and discussed in detail the effect of deformation on important physical quantities, including fidelity [25]. Fakhri 
and Sayyah-Fard [26] derived and discussed in depth the 𝑥 representations of the coherent and cat states of the para-bosonic 
oscillator algebra. The supersymmetric structure of deformed Heisenberg algebras with reflection has been studied in [27–32]. 
Also, the generalization of the Dunkl oscillator to Calogero–Sutherland model has been well addressed in [33,34].

The effect of parity on quantum optimization and computation was well covered in [35–37]. The problem of two qubits moving 
in a parity-deformed field was considered in [38], where it was shown that parity warping can give us greater protection against 
entanglement. The gauge invariance of a charged Wigner-Dunkl system was analyzed in [39] and it was shown that the gauge 
invariance holds in case of minimal coupling to a vector potential. In Ref. [40] a generalization of the Wigner-Dunkl problem was 
considered and the related coherent states were studied, as well as the corresponding Mandel parameter and the bunching/anti-
bunching effect. Very instructive and quite up-to-date applications, as well as the importance of parity in the study of fidelity and 
quantum error correction, are investigated in Refs. [41,42].

In [43] the Jaynes–Cummings model with intensity-dependent coupling with a Holstein-Primakoff 𝑆𝑈 (1, 1) state was considered, 
and it was shown that the revivals of the radiation squeezing exhibit a periodic character. The generalization of the Jaynes–
Cummings model was studied using the deformed harmonic oscillator problem and the Holstein-Primakoff realization of 𝑠𝑢(1, 1)
by Chaichian and coworkers [44]. The Holstein–Primakoff transformation is also present in many other fields, including the laser-
cooled trapped ion interaction [45], the 𝑁-body Lipkin model [46], and equilibrium electron-magnon systems [47]. The transfer of 
quantum information between a nanomechanical resonator and a superconducting transmission line resonator via a charged qubit 
in the case of two non-degenerate modes was considered using the Jordan-Schwinger realization in [48]. The generalization of the 
Jaynes–Cummings and Dicke models was formulated using a generalized Jordan–Shchwinger realization and therefore the associated 
integrability and superintegrability were discussed in [49]. The realization of three-dimensional Jordan-Schwinger problems was 
studied in [50]. Finally let us mention that the 𝑆𝑂(3) group has been used to investigate modern applications of quantum theory, 
including the maximally entangled states of qubits [51,52] and qutrits [53]. The perfect transfer of path-entangled and single-
photon states in the so-called 𝐽𝑥 photonic lattices was discussed in the novel paper by Perez-Leija and co-workers [54]. Some 
other applications of such parity-deformed fields in the study of the para-Bose cavity field in JCM [55], the Tavis-Cummings 
model [56], the entanglement protection between two qubits by using a leaky cavity and parity-deformed fields [57], the quantum 
Fisher information of a single-qubit parity-deformed JCM [58], and the charging a quantum battery mediated by parity-deformed 
fields [59] have already been investigated in the literature. However, as far as we know, there is no prior generalization of two 
modes of such parity-deformed fields in the field.

In the present work, due to the wide application of parity-dependent systems and the already mentioned applications in quantum 
communication and computing, we aim to investigate the effect of parity in a special form of generalized Wigner algebra.

This article is organized as follows. In Section 2, the single-mode Wigner algebra and its realizations are reviewed, while the 
two-mode Wigner algebra is discussed in Section 3. In both cases, what will be called 𝜈-deformed Wigner algebra will be defined 
and studied. Two realizations of the algebra 𝑠𝑢𝜈 (2), the Jordan-Schwinger realization and the Holstein-Primakoff realization, are 
investigated in Section 4, while a representation of the 𝑠𝑜𝜈 (3) algebra is studied in Section 5. Finally, in Section 6 we summarize 
the main conclusions of the present work.

2. Single-mode Wigner algebra and its realizations

The single mode Wigner algebra [5] is given by the commutation relations 

[𝑎, 𝑎†] = 1 + 2𝜈𝑅, [𝑁, 𝑎†] = 𝑎†, [𝑁, 𝑎] = −𝑎, (1)
2 
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where 𝑎 and 𝑎† are annihilation and creation operators, respectively, and 𝜈 > − 1
2  with 𝜈 being the Wigner parameter. The reflection 

operator 𝑅 is defined by 

𝑅 = (−1)𝑁 , (2)

and obeys the following anticommutation relations 

{𝑅, 𝑎} = {𝑎†, 𝑅} = 0, (3)

as well as 
𝑅† = 𝑅−1 = 𝑅, 𝑅2 = 𝐼. (4)

Before proceeding further, it should be noted that although the Fock-Bargmann is considered in the complex domain, Sifi and Soltani 
introduced a Hilbert space on which the Dunkl operator on the real line [60,61]. Therefore we preserve the common notation 𝑥
here. Let us introduce the eigenvectors of the number operator 𝑁 as 𝑁|𝑛⟩ = 𝑛|𝑛⟩, 𝑛 = 0, 1, 2,…  [21], where 𝑁 is a Hermitian 
operator and the ground state |0⟩ satisfies 𝑎|0⟩ = 0. From (1), we have the following representation [11] 

𝑎|𝑛⟩ =
√

[𝑛]𝜈 |𝑛 − 1⟩, 𝑎†|𝑛⟩ =
√

[𝑛 + 1]𝜈 |𝑛 + 1⟩, (5)

where the 𝜈-deformed numbers are defined as 
[𝑛]𝜈 = 𝑛 + 𝜈(1 − (−1)𝑛). (6)

In fact, the first 𝜈-deformed numbers are [21] 
[0]𝜈 = 0, [1]𝜈 = 1 + 2𝜈, [2]𝜈 = 2, [3]𝜈 = 3 + 2𝜈, [4]𝜈 = 4. (7)

In general, we have 

[2𝑘]𝜈 = 2𝑘, [2𝑘 + 1]𝜈 = 2𝑘 + 1 + 2𝜈, 𝑘 = 0, 1, 2,… (8)

Some properties for the 𝜈-deformed numbers are the following
[𝑛]𝜈 + [𝑛 + 1]𝜈 = 2𝑛 + 1 + 2𝜈,

[𝑛 + 2]𝜈 − [𝑛]𝜈 = 2,

[𝑛]𝜈 + [𝑛 + 2𝑘 + 1]𝜈 = 2𝑛 + 2𝑘 + 1 + 2𝜈, 𝑘 ∈ Z,

[𝑛 + 2𝑘]𝜈 − [𝑛]𝜈 = 2𝑘, 𝑘 ∈ Z,

[𝑚]𝜈 [𝑛 + 1]𝜈 − [𝑛]𝜈 [𝑚 + 1]𝜈 = 𝑚 − 𝑛 − 𝜈(2𝑛 + 1)(−1)𝑚 + 𝜈(2𝑚 + 1)(−1)𝑛 − 2𝜈2((−1)𝑚 − (−1)𝑛). (9)

If we split the set of integers as Z = Z0 ⊕ Z1, with Z0 = {0, 2, 4,…} and Z1 = {1, 3, 5,…}, Eq. (9) can be rewritten as 

[𝑚]𝜈 [𝑛 + 1]𝜈 − [𝑛]𝜈 [𝑚 + 1]𝜈 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(𝑚 − 𝑛)(1 + 2𝜈), 𝑛 ∈ Z0, 𝑚 ∈ Z0,
𝑚 − 𝑛 + 2𝜈(𝑚 + 𝑛 + 1) + 4𝜈2, 𝑛 ∈ Z0, 𝑚 ∈ Z1,
𝑚 − 𝑛 − 2𝜈(𝑚 + 𝑛 + 1) − 4𝜈2, 𝑛 ∈ Z1, 𝑚 ∈ Z0,
(𝑚 − 𝑛)(1 − 2𝜈), 𝑛 ∈ Z1, 𝑚 ∈ Z1.

(10)

Now we will look for the coordinate realization for the single-mode Wigner algebra (1). The realization depends on the choice of 
the basis functions. For the ordinary boson algebra, we have the realization [62] 

𝑎 = 𝜕𝑥, 𝑎† = 𝑥, 𝑁 = 𝑎†𝑎 = 𝑥𝜕𝑥. (11)

For the monomial basis given by 𝑓𝑛(𝑥) = 𝑥𝑛 (𝑛 = 0, 1, 2,… ), this realization is 

𝑎𝑓𝑛(𝑥) = 𝑛𝑓𝑛−1(𝑥), 𝑎†𝑓𝑛(𝑥) = 𝑓𝑛+1(𝑥), 𝑁𝑓𝑛(𝑥) = 𝑛𝑓𝑛(𝑥). (12)

where the domain does not include the origin. Since 𝑎𝑓0 = 0, this representation is bounded from below and 𝑓0 is called the ground 
state. Considering now the so-called quasi-polynomial basis 𝜙𝑛(𝑥) given by 

𝜙𝑛(𝑥) =
𝛤 (𝑥 + 1)

𝛤 (𝑥 + 1 − 𝑛)
, 𝑛 = 0, 1, 2,… , (13)

a new realization for the ordinary boson algebra (11) appears as 

𝑎 = 𝑒𝜕𝑥 − 1, 𝑎† = 𝑥𝑒−𝜕𝑥 , 𝑁 = 𝑥
(

1 − 𝑒−𝜕𝑥
)

= 𝑎†𝑎, (14)

where 𝜕𝑥 ∶= 𝑑
𝑑𝑥  is the ordinary derivative, 𝑒±𝜕𝑥𝑓 (𝑥) ∶= 𝑓 (𝑥 ± 1) and the corresponding action is 

𝑎𝜙𝑛(𝑥) = 𝑛𝜙𝑛−1(𝑥), 𝑎†𝜙𝑛(𝑥) = 𝜙𝑛+1(𝑥), 𝑁𝜙𝑛(𝑥) = 𝑛𝜙𝑛(𝑥). (15)
3 
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2.1. Monomial basis Wigner algebra realization

For the monomial basis 𝑓𝑛(𝑥) = 𝑥𝑛, the realization of the Wigner algebra (1) is 

𝑎 = 𝜕𝑥 +
1
𝑥
(

𝜈 − 𝜈(−1)𝑥𝜕𝑥
)

, 𝑎† = 𝑥, 𝑁 = 𝑥𝜕𝑥, 𝑅 = (−1)𝑥𝜕𝑥 . (16)

The representation of this algebra in this basis is 
𝑎𝑓𝑛(𝑥) = (𝑛 + 𝜈 − 𝜈(−1)𝑛)𝑓𝑛−1(𝑥), 𝑎†𝑓𝑛(𝑥) = 𝑓𝑛+1(𝑥), 𝑁𝑓𝑛(𝑥) = 𝑛𝑓𝑛(𝑥). (17)

It should be noted that (16) correspond to the algebra of finite-difference equations [63–68]

2.2. Quasi-polynomial basis Wigner algebra realization

In this subsection we derive the quasi-polynomial basis for the Wigner algebra, which is related to 𝑍2-grading, which implies 
that 𝑅𝑓𝑛(𝑥) = (−1)𝑛𝑓𝑛(𝑥). Thus, we change the quasi polynomial for an ordinary boson algebra into the 𝑍2-graded quasi polynomial 
for the Wigner algebra. The 𝑍2-graded quasi polynomial basis is defined as 

𝜙𝜈
𝑛(𝑥) ∶=

𝑛−1
∏

𝑘=0
(𝑥 − 𝑘 − 𝜈(−1)𝑘), 𝑛 ≥ 1, (18)

with 𝜙𝜈
0(𝑥) ∶= 1. Therefore, the realization is 

𝑎 = 𝑇𝜈𝑒
𝜕𝑥 − 1, 𝑎† = (𝑥 − 𝜈)𝑇𝜈𝑒−𝜕𝑥 , (19)

where

𝑇𝜈𝐹 (𝜈) ∶= (−1)𝜈
𝑑
𝑑𝜈 𝐹 (𝜈) = 𝐹 (−𝜈).

One can easily check that the above realization obeys
𝑎𝜙𝜈

𝑛(𝑥) = [𝑛]𝜈 𝜙𝜈
𝑛−1(𝑥),

𝑎†𝜙𝜈
𝑛(𝑥) = 𝜙𝜈

𝑛+1(𝑥),

𝜙𝜈
𝑛(𝑥) = (𝑎†)𝑛1, (20)

[𝑎, 𝑎†]𝜙𝜈
𝑛(𝑥) = (1 + 2𝜈𝑅)𝜙𝜈

𝑛(𝑥),

where 
𝑁 = 𝑎†𝑎 − 𝜈 + 𝜈𝑅. (21)

Therefore, the set of polynomials {𝜙𝜈
𝑛(𝑥)|𝑛 = 0, 1,…} provides a basis for the realization of the Wigner algebra.

3. Two-mode Wigner algebra

We can extend the single-mode Wigner oscillator algebra into the two-mode Wigner oscillator algebra as follows [3]
[𝑎𝑖, 𝑎

†
𝑗 ] = 𝛿𝑖𝑗 (1 + 2𝜈𝑅𝑖), [𝑎𝑖, 𝑎𝑗 ] = 0, [𝑎†𝑖 , 𝑎

†
𝑗 ] = 0, (22)

[𝑁𝑖, 𝑎
†
𝑗 ] = 𝛿𝑖𝑗𝑎

†
𝑖 , [𝑁𝑖, 𝑎𝑗 ] = −𝛿𝑖𝑗𝑎𝑖, (23)

where 𝑖 = 1, 2, and 
𝑅𝑖 = (−1)𝑁𝑖 , {𝑅𝑖, 𝑎𝑖} = {𝑎†𝑖 , 𝑅𝑖} = 0, [𝑅𝑖, 𝑎𝑗 ] = [𝑅𝑖, 𝑎

†
𝑗 ] = 0, for 𝑖 ≠ 𝑗. (24)

The number operators and the associated ladder operators satisfy (6)
𝑎†𝑖 𝑎𝑖 = [𝑁𝑖]𝜈 . (25)

The eigenvectors of the number operators 𝑁𝑖 are defined as 

𝑁𝑖|𝑛1, 𝑛2⟩ = 𝑛𝑖|𝑛1, 𝑛2⟩, 𝑛𝑖 = 0, 1, 2,… , (26)

where 𝑁𝑖 are Hermitian, and the ground state |0, 0⟩ obeys 𝑎𝑖|0, 0⟩ = 0, 𝑖 = 1, 2. From (23), we have

𝑎1|𝑛1, 𝑛2⟩ =
√

[𝑛1]𝜈 |𝑛1 − 1, 𝑛2⟩, 𝑎†1|𝑛1, 𝑛2⟩ =
√

[𝑛1 + 1]𝜈 |𝑛1 + 1, 𝑛2⟩, (27)

𝑎2|𝑛1, 𝑛2⟩ =
√

[𝑛2]𝜈 |𝑛1, 𝑛2 − 1⟩, 𝑎†2|𝑛1, 𝑛2⟩ =
√

[𝑛2 + 1]𝜈 |𝑛1, 𝑛2 + 1⟩. (28)

It is worth noting that the two-mode deformed Heisenberg algebra has been already discussed in connection with fractional helicity, 
Lorentz symmetry breaking, and anyons [69].
4 
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4. Realizations of 𝒔𝒍(𝟐, 𝑹) and 𝒔𝒍𝝂 (𝟐, 𝑹) Wigner algebras

We are going to consider two different realizations of the Wigner algebras 𝑠𝑙(2, 𝑅) and 𝑠𝑙𝜈 (2, 𝑅): the Jordan-Schwinger realization 
and the Holstein-Primakoff realization.

4.1. Jordan-Schwinger realization based on the two-mode Wigner algebra

From (23), we have that the Jordan-Schwinger realization of the ordinary 𝑠𝑙(2, 𝑅) algebra is given by [50] 

𝐽+ = 𝑎†1𝑎2, 𝐽− = 𝑎1𝑎
†
2, 𝐽0 =

1
2
(𝑁1 −𝑁2), (29)

with 
[𝐽+, 𝐽−] = 2𝐽0, [𝐽0, 𝐽±] = ±𝐽±. (30)

If we now consider the two-mode Wigner oscillator algebra (22)–(23), we will obviously need more generators to construct a 
Jordan-Schwinger realization due to the existence of reflection operators, and we can therefore write 

[𝐽+, 𝐽−] = 2𝐽0 − 𝜈(2𝑁2 + 1)𝑅1 + 𝜈(2𝑁1 + 1)𝑅2 + 2𝜈2(𝑅2 − 𝑅1). (31)

Therefore, if we now introduce the following three generators 

𝑃 = 𝑁1𝑅2 −𝑁2𝑅1, 𝐾 = 1
2
(𝑅2 − 𝑅1), 𝑄 = 1

2
(𝑅2 + 𝑅1), (32)

then, the algebra 𝑠𝑙(2, 𝑅) plus the reflection symmetry (i.e., the algebra 𝑠𝑙𝜈 (2, 𝑅)) can be described with the above operators as 
follows

[𝐽0, 𝐽±] = ±𝐽±, [𝐽+, 𝐽−] = 2𝐽0 + 2𝜈𝑃 + 2𝜈(2𝜈 + 1)𝐾,

[𝐾,𝑄] = [𝐾, 𝑃 ] = [𝐾, 𝐽0] = 0, {𝐾, 𝐽±} = 0,

[𝑄,𝑃 ] = [𝑄, 𝐽0] = 0, {𝑄, 𝐽±} = 0, (33)
[𝑃 , 𝐽0] = 0, {𝑃 , 𝐽±} = ±2𝑄𝐽± .

The representation of the algebra is then given as
𝐽0|𝑛1, 𝑛2⟩ =

𝑛1 − 𝑛2
2

|𝑛1, 𝑛2⟩,

𝑃 |𝑛1, 𝑛2⟩ = (𝑛1(−1)𝑛2 − 𝑛2(−1)𝑛1 )|𝑛1, 𝑛2⟩,

𝑄|𝑛1, 𝑛2⟩ =
1
2
((−1)𝑛1 + (−1)𝑛2 ) |𝑛1, 𝑛2⟩,

𝐾|𝑛1, 𝑛2⟩ =
1
2
((−1)𝑛2 − (−1)𝑛1 ) |𝑛1, 𝑛2⟩, (34)

𝐽+|𝑛1, 𝑛2⟩ =
√

[𝑛1 + 1]𝜈 [𝑛2]𝜈 |𝑛1 + 1, 𝑛2 − 1⟩,

𝐽−|𝑛1, 𝑛2⟩ =
√

[𝑛1]𝜈 [𝑛2 + 1]𝜈 |𝑛1 − 1, 𝑛2 + 1⟩,

with 𝑛𝑖 = 0, 1, 2,…  Introducing 
𝑛1 = 𝑗 + 𝑚, 𝑛2 = 𝑗 − 𝑚, (35)

and 
|𝑗, 𝑚⟩ = |𝑗 + 𝑚, 𝑗 − 𝑚⟩ = |𝑛1, 𝑛2⟩, (36)

we have the following representation
𝐽0|𝑗, 𝑚⟩ = 𝑚 |𝑗, 𝑚⟩,

𝑃 |𝑗, 𝑚⟩ = [(𝑗 + 𝑚)(−1)𝑗−𝑚 − (𝑗 − 𝑚)(−1)𝑗+𝑚] |𝑗, 𝑚⟩,

𝑄|𝑗, 𝑚⟩ = 1
2
[(−1)𝑗−𝑚 + (−1)𝑗+𝑚] |𝑗, 𝑚⟩,

𝐾|𝑗, 𝑚⟩ = 1
2
[(−1)𝑗−𝑚 − (−1)𝑗+𝑚] |𝑗, 𝑚⟩, (37)

𝐽+|𝑗, 𝑚⟩ =
√

[𝑗 + 𝑚 + 1]𝜈 [𝑗 − 𝑚]𝜈 |

̃𝑗,𝑚 + 1⟩,

𝐽−|𝑗, 𝑚⟩ =
√

[𝑗 + 𝑚]𝜈 [𝑗 − 𝑚 + 1]𝜈 |

̃𝑗,𝑚 − 1⟩.

This representation has dimension (2𝑗 + 1), which implies that the allowed value of 𝑚 are 
𝑚 = −𝑗,−𝑗 + 1,… , 𝑗 − 1, 𝑗, with 𝐽+|𝑗, 𝑗⟩ = 𝐽−|𝑗,−𝑗⟩ = 0. (38)

Therefore, the value of 2𝑗 is an integer.
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4.1.1. Representation for odd 2𝑗
In this case 2𝑚 is also odd. Thus, we have 

𝑄 = 0, 𝐾 = 𝑅𝐽 , 𝑃 = 2𝑗𝑅𝐽 , (39)

where we set 𝑅𝐽 = (−1)𝑗−𝐽0 . Thus, the 𝑠𝑙𝜈 (2, 𝑅) algebra has three generators:

[𝐽0, 𝐽±] = ±𝐽±, [𝐽+, 𝐽−] = 2𝐽0 + 2𝜈(2𝜈 + 𝑗 + 1)𝑅𝐽 , (40)

𝑅2
𝐽 = 𝐼, [𝑅𝐽 , 𝐽0] = 0, {𝑅𝐽 , 𝐽±} = 0. (41)

4.1.2. Representation for even 2𝑗
In this case 2𝑚 is also even and we may write 

𝐾 = 0, 𝑄 = 𝑅𝐽 , 𝑃 = 2𝐽0𝑅𝐽 . (42)

Thus, the 𝑠𝑙𝜈 (2, 𝑅) algebra has three generators satisfying 

[𝐽0, 𝐽±] = ±𝐽±, [𝐽+, 𝐽−] = 2𝐽0
(

1 + 2𝜈𝑅𝐽
)

, 𝑅2
𝐽 = 𝐼, [𝑅𝐽 , 𝐽0] = 0, {𝑅𝐽 , 𝐽±} = 0. (43)

4.1.3. Examples
• 𝑗 = 1∕2: In this case, we have the following matrix representation 

𝐽0 =
(

1∕2 0
0 −1∕2

)

, 𝐽+ =
(

0 [1]𝜈
0 0

)

, 𝐽− =
(

0 0
[1]𝜈 0

)

. (44)

If we assign 𝐽± to the 𝜈-deformed Pauli matrices 𝜎𝜈±, and preserve the third element in the same form of ordinary 𝜎𝑧, 
i.e. considering 𝐽0 as 12𝜎𝑧, then we can write 

[𝜎𝜈+, 𝜎
𝜈
−] = [1]2𝜈𝜎𝑧 = (1 + 4𝜈 + 4𝜈2)𝜎𝑧, (45)

where we used 𝑅𝐽 = 2𝐽0.
• 𝑗 = 1: The matrix representation in this case is 

𝐽0 =
⎛

⎜

⎜

⎝

1 0 0
0 0 0
0 0 −1

⎞

⎟

⎟

⎠

, 𝐽+ =
⎛

⎜

⎜

⎝

0
√

[2]𝜈 ! 0
0 0

√

[2]𝜈 !
0 0 0

⎞

⎟

⎟

⎠

, 𝐽− =
⎛

⎜

⎜

⎝

0 0 0
√

[2]𝜈 ! 0 0
0

√

[2]𝜈 ! 0

⎞

⎟

⎟

⎠

. (46)

If we assign 𝐽0, 𝐽± to the 𝜈-deformed angular momentum generators 𝐿𝜈
𝑧, 𝐿

𝜈
±, respectively, we have the following relationships 

[𝐿𝜈
+, 𝐿

𝜈
−] = 2𝐿𝜈

𝑧(1 + 2𝜈𝐿𝜈
𝑧), (47)

where we used 𝑅𝐽 = 𝐿𝜈
𝑧. The algebra (47) is called quadratic algebra.

• 𝑗 = 3∕2: Here, the representation takes the form

𝐽+ =

⎛

⎜

⎜

⎜

⎜

⎝

0
√

[3]𝜈 [1]𝜈 0 0
0 0

√

[2]𝜈 [2]𝜈 0
0 0 0

√

[3]𝜈 [1]𝜈
0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

, 𝐽0 =

⎛

⎜

⎜

⎜

⎜

⎝

3∕2 0 0 0
0 1∕2 0 0
0 0 −1∕2 0
0 0 0 −3∕2

⎞

⎟

⎟

⎟

⎟

⎠

,

𝐽− =

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0 0
√

[3]𝜈 [1]𝜈 0 0 0
0

√

[2]𝜈 [2]𝜈 0 0
0 0

√

[3]𝜈 [1]𝜈 0

⎞

⎟

⎟

⎟

⎟

⎠

, 𝑅𝐽 =

⎛

⎜

⎜

⎜

⎜

⎝

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

⎞

⎟

⎟

⎟

⎟

⎠

. (48)

• 𝑗 = 2: In this case, the matrices appear in the form

𝐽+ =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0
√

[4]𝜈 [1]𝜈 0 0 0
0 0

√

[3]𝜈 [2]𝜈 0 0
0 0 0

√

[3]𝜈 [2]𝜈 0
0 0 0 0

√

[4]𝜈 [1]𝜈
0 0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

𝐽− =

⎛

⎜

⎜

⎜

⎜

⎜

0 0 0 0 0
√

[4]𝜈 [1]𝜈 0 0 0 0
0

√

[3]𝜈 [2]𝜈 0 0 0
0 0

√

[3]𝜈 [2]𝜈 0 0
√

⎞

⎟

⎟

⎟

⎟

⎟

, (49)
⎝ 0 0 0 [4]𝜈 [1]𝜈 0⎠
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𝐽0 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, 𝑅𝐽 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 0 0
0 −1 0 0 0
0 0 1 0 0
0 0 0 −1 0
0 0 0 0 1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

4.2. The Holstein-Primakoff realization of 𝑠𝑙𝜈 (2, 𝑅) algebra

For the ordinary 𝑠𝑙(2, 𝑅) algebra, the standard Holstein-Primakoff single-mode realization of the undeformed algebra has the 
form [5] 

𝐽 (0)
+ =

√

2𝑗 −𝑁 𝑎, 𝐽 (0)
− = 𝑎†

√

2𝑗 −𝑁, 𝐽0 = 𝑗 −𝑁. (50)

The latter is related to the (2𝑗 + 1)-dimensional Fock space spanned by |𝑛⟩, which obeys 𝑁|𝑛⟩ = 𝑛|𝑛⟩, 𝑛 = 0, 1,… , 2𝑗. A comparison 
with Eq. (29) gives 

𝑁1 −𝑁2
2

⟺ 𝑗 −𝑁, 𝑅1 = 𝑅2 = 𝑅. (51)

Thus, the algebra 𝑠𝑙(2, 𝑅) reads 

[𝐽+, 𝐽−] = 2𝐽0(1 + 2𝜈𝑅), [𝐽0, 𝐽±] = ±𝐽±. (52)

Now, we can find the Holstein-Primakoff realization of algebra 𝑠𝑙(2, 𝑅), which is given by

𝐽0 = 𝑗 −𝑁, 𝑅 = (−1)𝑁 ,

𝐽+ =

√

(2𝑗 −𝑁)(𝑁 + 1) + 𝜈(1 + 2𝑗 + 𝑅(−1 + 2𝑗 − 2𝑁))
𝑁 + 1 + 𝜈(1 + 𝑅)

𝑎, (53)

𝐽− = 𝑎†
√

(2𝑗 −𝑁)(𝑁 + 1) + 𝜈(1 + 2𝑗 + 𝑅(−1 + 2𝑗 − 2𝑁))
𝑁 + 1 + 𝜈(1 + 𝑅)

.

The calculation is detailed in the Appendix. In fact, we have constructed the only polynomial structure function that (a) reduces to 
standard Holstein-Primakoff when 𝜈 vanishes, (b) preserves truncation at 𝑁 = 2𝑗, and (c) keeps parity grading consistent.

5. The 𝒔𝒐𝝂 (𝟑) algebra

Finally, from a basis change for part of the generators which reflects the isomorphism of 𝑠𝑜𝜈 (3) and 𝑠𝑢𝜈 (2) we comment on the 
corresponding modified algebra 

𝐿𝑧 = 𝐽0, 𝐿𝑥 = 1
2
(𝐽+ + 𝐽−), 𝐿𝑦 =

𝑖
2
(𝐽− − 𝐽+). (54)

As a result, the algebra 𝑠𝑜𝜈(3) is given by

[𝐿𝑧, 𝐿𝑥] = 𝑖𝐿𝑦, [𝐿𝑧, 𝐿𝑦] = −𝑖𝐿𝑥,

[𝐿𝑥, 𝐿𝑦] = 2𝐿𝑧 + 2𝜈𝑃 + 2𝜈(2𝜈 + 1)𝐾,

[𝐾,𝑄] = [𝐾, 𝑃 ] = [𝐾,𝐿𝑧] = 0, {𝐾,𝐿𝑥} = {𝐾,𝐿𝑦} = 0, (55)
[𝑄,𝑃 ] = [𝑄,𝐿𝑧] = 0, {𝑄,𝐿𝑥} = {𝑄,𝐿𝑦} = 0,

[𝑃 ,𝐿𝑧] = 0, {𝑃 ,𝐿𝑥} = 2𝑖𝑄𝐿𝑦, {𝑃 ,𝐿𝑦} = −2𝑖𝑄𝐿𝑥.

5.1. Representation for odd 2𝑗

In this case, denoting 𝑅𝐿 = (−1)𝑗−𝐿𝑧 , the 𝑠𝑜𝜈 (3) algebra has three generators that satisfy: 

[𝐿𝑧, 𝐿𝑥] = 𝑖𝐿𝑦, [𝐿𝑧, 𝐿𝑦] = −𝑖𝐿𝑥, [𝐿𝑥, 𝐿𝑦] = 2𝐿𝑧 + 2𝜈(2𝜈 + 𝑗 + 1)𝑅𝐿. (56)

5.2. Representation for even 2𝑗

Now the algebra 𝑠𝑜𝜈 (3) also has three generators: 

[𝐿𝑧, 𝐿𝑥] = 𝑖𝐿𝑦, [𝐿𝑧, 𝐿𝑦] = −𝑖𝐿𝑥 [𝐿𝑥, 𝐿𝑦] = 2𝐿𝑧(1 + 2𝜈𝑅𝐿). (57)
7 
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6. Conclusions

Starting from very recent applications of some concepts from various fields of theoretical physics and quantum technologies, 
we have developed a new parity-deformed type of Wigner algebras, these being the essential reasons for introducing these new 
mathematical structures:

• The broad application of parity-deformed systems in quantum information and communication, including the study of coherent 
and compressed states, cat states, data transfer, and error correction.

• The application of the Holstein-Primakoff and Jordan-Schwinger realizations in various fields, including quantum communi-
cation.

• The usefulness of 𝑆𝑂(3) group representations in the study of multi-qubit systems.
• The experimental limitations and the importance of theoretical calculations in the modeling and preparation of experiments 
in the areas already mentioned.

• The application of the groups considered in this work in the study of qutrits.
• The possible application and generalization of traditional light-matter Hamiltonians, including the conventional Rabi model 
and its recent generalizations.

• The possible investigation of the two-mode Landau problem in parity-deformed formalism.
• Notable applications of harmonic vibronic models in solid-state, molecular and chemical physics and their applications in 
quantum technologies.

As a result of this work, and based on the single mode and two mode Wigner algebra, the deformed algebra 𝑠𝑙(2, 𝑅) (𝑠𝑙𝜈 (2, 𝑅)) 
and the deformed algebra 𝑠𝑜(3) (𝑠𝑜𝜈(3)) were constructed. First, the single-mode Wigner algebra and two types of its realizations 
were analyzed: one based on the monomial basis and another based on the graded quasi-polynomial basis 𝑍2. The single-mode 
Wigner algebra was then extended to the two-mode case, which was used to obtain the algebra 𝑠𝑙𝜈(2, 𝑅). The following results were 
found: (a) for 𝑗 = 1∕2 we have the same algebra as 𝑠𝑙(2, 𝑅), (b) the case 𝑗 = 1 produces the quadratic algebra and (c) the cases 
𝑗 = 3∕2, 2, 5∕2,…  result in the algebra 𝑠𝑙𝜈(2, 𝑅), which is neither the algebra 𝑠𝑢(2) nor the quadratic algebra. The Holstein-Primakoff 
realization of this algebra was also discussed, and finally the algebra 𝑠𝑜𝜈 (3) was derived from the isomorphy with algebra 𝑠𝑢𝜈(2).

Having prepared the required deformed basis, our next goal is to generalize the present work and investigate its consequences 
on the temporal evolution of certain related quantum systems, including the analysis of the fidelity of entanglement transfer as well 
as the entanglement transfer in the so-called 𝐽𝑥 photonic networks. We hope that the present formulation helps generalizing the 
conventional Rabi model in a novel manner, a topic we are currently working on.
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Appendix. Derivation of Holstein-Primakoff realization

Considering the single-mode Wigner algebra 
[𝑎, 𝑎†] = 1 + 2𝜈𝑅, [𝑁, 𝑎] = −𝑎, 𝑅 = (−1)𝑁 , {𝑅, 𝑎} = 0, (A.1)

and defining 
𝐽0 = 𝑗 −𝑁, 𝐽+ = 𝐹 (𝑁,𝑅)𝑎, 𝐽− = 𝑎†𝐹 (𝑁,𝑅), (A.2)

using 
𝑎𝐺(𝑁,𝑅) = 𝐺(𝑁 + 1,−𝑅)𝑎, 𝑎†𝐺(𝑁,𝑅) = 𝐺(𝑁 − 1,−𝑅)𝑎†, (A.3)

and 
𝑎†𝑎 = [𝑁]𝜈 , 𝑎𝑎† = [𝑁 + 1]𝜈 , (A.4)

one finds 
[𝐽+, 𝐽−] = [𝑁 + 1]𝜈𝐹 (𝑁,𝑅)2 − [𝑁]𝜈𝐹 (𝑁 + 1,−𝑅)2, (A.5)

and 
[𝑁 + 1]𝜈𝐹 (𝑁,𝑅)2 − [𝑁]𝜈𝐹 (𝑁 + 1,−𝑅)2 = 2(𝑗 −𝑁)(1 + 2𝜈𝑅). (A.6)

Solving this difference equation yields 

𝐹 (𝑁,𝑅)2 =
(2𝑗 −𝑁)(𝑁 + 1) + 𝜈

(

1 + 2𝑗 + 𝑅(−1 + 2𝑗 − 2𝑁)
)

𝑁 + 1 + 𝜈(1 + 𝑅)
, (A.7)

and substituting (A.7) into (A.1) gives exactly Eq. (53).

Data availability

No data was used for the research described in the article.

References

[1] E.P. Wigner, Do the equations of motion determine the quantum mechanical commutation relations? Phys. Rev. 77 (1950) 711.
[2] L.M. Yang, A note on the quantum rule of the harmonic oscillator, Phys. Rev. 84 (1951) 788.
[3] M.T. Raiford, Statistical dynamics of quantum oscillators and parametric amplification in a single mode, Phys. Rev. A 2 (1970) 1541.
[4] C.F. Dunkl, Integral kernels with reflection group invariance, Canad. J. Math. 43 (1991) 1213;

C.F. Dunkl, X. Xu, Orthogonal Polynomials of Several Variables (Encyclopedia of Mathematics and its Application, second ed., Cambridge University Press, 
Cambridge, 2014.

[5] T. Holstein, H. Primakoff, Field dependence of the intrinsic domain magnetization of a ferromagnet, Phys. Rev. 58 (1940) 1098.
[6] M. Arik, D.D. Coon, Hilbert spaces of analytic functions and generalized coherent states, J. Math. Phys. 17 (1976) 524.
[7] L.C. Biedenharn, The quantum group 𝑆𝑈𝑞 (2) and a 𝑞-analogue of the boson operators, J. Phys. A 22 (1989) L873.
[8] A.J. Macfarlane, On 𝑞-analogues of the quantum harmonic oscillator and the quantum group 𝑆𝑈 (2)𝑞 , J. Phys. A 22 (1989) 4581.
[9] T.D. Palev, N.I. Stoilova, Wigner Quantum Systems (Lie superalgebraic approach), Rep. Math. Phys. 49 (2002) 395;

R.C. King, T.D. Palev, N.I. Stoilova, J. Van der Jeugt, The non-commutative and discrete space structure of a 3D Wigner quantum oscillator, J. Phys. A: 
Math. Gen. 36 (2003) 4337;
R.C. King, T.D. Palev, N.I. Stoilova, J. Van der Jeugt, A non-commutative n-particle 3d wigner quantum oscillator, J. Phys. A: Math. Gen. 36 (2003) 
11999.

[10] P.A. Horváthy, M.S. Plyushchay, M. Valenzuela, Bosonized supersymmetry of anyons and supersymmetric exotic particle on the non-commutative plane, 
Nuclear Phys. B 768 (2007) 247.

[11] M.S. Plyushchay, Deformed heisenberg algebra with reflection, Nuclear Phys. B 491 (1997) 619.
[12] R. Scipioni, A new type of statistics of identical particles, Nuovo Cim. B 109 (1994) 479.
[13] R. Scipioni, Generalised statistics of particles, Phys. Lett. B 327 (1994) 56.
[14] P.A. Horváthy, M.S. Plyushchay, M. Valenzuela, Bosons, fermions and anyons in the plane, and supersymmetry, Ann. Phys. 325 (2010) 1931.
[15] V. Jakubský, L.M. Nieto, M.S. Plyushchay, The origin of the hidden supersymmetry, Phys. Lett. B 692 (2010) 51.
[16] A. Dehghani, B. Mojaveri, S. Shirin, M. Saedi, Cat-states in the framework of Wigner–Heisenberg algebra, Ann. Phys. 362 (2015) 659.
[17] A. Dehghani, B. Mojaveri, S. Shirin, S. Amiri Faseghandis, Parity deformed jaynes-cummings model: ’’Robust maximally entangled states’’, Sci. Rep. 6 

(2016) 38069.
[18] A. Moroz, Generalized Rabi models: Diagonalization in the spin subspace and differential operators of Dunkl type, Europhys. Lett. 113 (2016) 50004.
[19] L. Inzunza, M.S. Plyushchay, Hidden superconformal symmetry: Where does it come from? Phys. Rev. D 97 (2018) 045002.
[20] A. Dehghani, B. Mojaveri, R.J. Bahrbeig, F. Nosrati, R. Lo Franco, Entanglement transfer in a noisy cavity network with parity-deformed fields, J. Opt. 

Soc. Am. B 36 (2019) 1858.
[21] S. Sargolzaeipor, H. Hassanabadi, W.S. Chung, Effect of the Wigner Dunkl algebra on the Dirac equation and Dirac harmonic oscillator, Modern Phys. 

Lett. A 33 (2018) 1850146;
W.S. Chung, H. Hassanabadi, One-dimensional quantum mechanics with dunkl derivative, Modern Phys. Lett. A 34 (2019) 1950190.

[22] R. Mohseninia, J. Yang, I. Siddiqi, A.N. Jordan, J. Dressel, Always-on quantum error tracking with continuous parity measurements, Quantum 4 (2020) 
358.

[23] A. Ballesteros, F. Giacomini, G. Gubitosi, The group structure of dynamical transformations between quantum reference frames, Quantum 5 (2021) 470.
9 

http://refhub.elsevier.com/S0003-4916(26)00131-4/sb1
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb2
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb3
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb4
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb4
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb4
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb4
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb5
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb6
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb7
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb8
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb9
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb9
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb9
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb9
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb9
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb9
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb9
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb10
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb10
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb10
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb11
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb12
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb13
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb14
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb15
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb16
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb17
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb17
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb17
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb18
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb19
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb20
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb20
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb20
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb21
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb21
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb21
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb21
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb22
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb22
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb22
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb23


W.S. Chung et al. Annals of Physics 490 (2026) 170472 
[24] L.M. Hurtado-Molina, S.P. Thirumuruganandham, S. Echeverri-Arteaga, E.A. Gómez, Formation of spectral triplets induced by parity deformation in a 
quantum dot–cavity system, Phys. B 604 (2021) 412698.

[25] H. Fakhri, S. Mirzaei, M. Sayyah-Fard, Two-photon Jaynes–Cummings model: a two-level atom interacting with the para-Bose field, Quantum Inf. Process. 
20 (2021) 398.

[26] H. Fakhri, M. Sayyah-fard, Para-Bose oscillator algebras of odd orders: 𝑥-representations and Wigner functions for coherent and cat states and their 
photon-added and photon-subtracted counterparts, Eur. Phys. J. Plus 137 (2022) 1199.

[27] M.S. Plyushchay, Deformed heisenberg algebra, fractional spin fields, and supersymmetry without fermions, Ann. Phys. 245 (1996) 339.
[28] M.S. Plyushchay, Hidden nonlinear supersymmetries in pure parabosonic systems, Internat. J. Modern Phys. A 15 (2000) 3679.
[29] F. Correa, M.S. Plyushchay, Hidden supersymmetry in quantum bosonic systems, Ann. Phys. 322 (2007) 2493.
[30] F. Correa, L.M. Nieto, M.S. Plyushchay, Hidden nonlinear supersymmetry of finite-gap Lamé equation, Phys. Lett. B 644 (2007) 94.
[31] F. Correa, V. Jakubský, L.M. Nieto, M.S. Plyushchay, Self-isospectrality, special supersymmetry, and their effect on the band structure, Phys. Rev. Lett. 

101 (2008) 030403.
[32] S.H. Dong, W.S. Chung, G. Junker, H. Hassanabadi, Supersymmetric Wigner–Dunkl quantum mechanics, Results Phys. 39 (2022) 105664.
[33] F. Finkel, D. Gómez-Ullate, A. González-López, M.A. Rodrí Guez, R. Zhdanov, New spin Calogero Sutherland models related to 𝐵𝑁 -Type Dunkl operators, 

Nuclear Phys. B 613 (2001) 472.
[34] F. Finkel, D. Gómez-Ullate, A. González-López, M.A. Rodrí Guez, R. Zhdanov, 𝐴𝑁 -Type dunkl operators new spin calogero–sutherland models, Comm. 

Math. Phys. 221 (2001) 477.
[35] M. Drieb-Schön, K. Ender, Y. Javanmard, W. Lechner, Parity quantum optimization: encoding constraints, Quantum 7 (2023) 951.
[36] M. Fellner, K. Ender, R. ter Hoeven, W. Lechner, Parity quantum optimization: benchmarks, Quantum 7 (2023) 952.
[37] R. Raussendorf, C. Okay, M. Zurel, P. Feldmann, The role of cohomology in quantum computation with magic states, Quantum 7 (2023) 679.
[38] B. Mojaveri, J. Taghipour, Entanglement protection of two qubits moving in an environment with parity-deformed fields, Eur. Phys. J. Plus 138 (2023) 

263.
[39] G. Junker, S.H. Dong, P. Sedaghatnia, W.S. Chung, H. Hassanabadi, On the gauge invariance of Wigner-Dunkl quantum mechanics in the presence of a 

constant magnetic field, Ann. Phys. 454 (2023) 169336.
[40] P. Sedaghatnia, H. Hassanabadi, G. Junker, J. Kr̆iz̆, S. Hassanabadi, W.S. Chung, Investigation of the generalised wigner-dunkl harmonic oscillator and its 

coherent states, Ann. Phys. 458 (2023) 169445.
[41] X.-Y. Zhu, T. Tu, G.-C. Guo, C.-F. Li, Fast high-fidelity parity measurement of spin qubits in quantum dots using modulated pulses, Phys. Rev. A 107 

(2023) 033708.
[42] Y. Lu, A. Maiti, J.W.O. Garmon, S. Ganjam, Y. Zhang, J. Claes, L. Frunzio, S.M. Girvin, R.J. Schoelkopf, High-fidelity parametric beamsplitting with a 

parity-protected converter, Nat. Commun. 14 (2023) 5767.
[43] V. Buz̆ek, Jaynes–Cummings model with intensity-dependent coupling interacting with Holstein-Primakoff 𝑆𝑈 (1, 1) coherent state, Phys. Rev. 39 (1989) 

3196.
[44] M. Chaichian, D. Ellinas, P. Kulish, Quantum algebra as the dynamical symmetry of the deformed Jaynes–Cummings model, Phys. Rev. Lett. 65 (1990) 

980.
[45] V.I. Koroli, V.V. Zalamai, Dynamics of a laser-cooled and trapped radiator interacting with the Holstein-Primakoff 𝑆𝑈 (1, 1) coherent state, J. Phys. B: At. 

Mol. Opt. Phys. 42 (2009) 035505.
[46] J.G. Hirsch, O. Castaños, R. López-Peña, E. Nahmad-Achar, Virtues and limitations of the truncated Holstein-Primakoff description of quantum rotors, 

Phys. Scr. 87 (2013) 038106.
[47] U. Bajpai, A. Suresh, B.K. Nikolić, Quantum many-body states and green’s functions of nonequilibrium electron-magnon systems: Localized spin operators 

versus their mapping to Holstein-Primakoff bosons, Phys. Rev. B 104 (2021) 184425.
[48] C.P. Sun, L.F. Wei, Y. Liu, F. Nori, Quantum transducers: Integrating transmission lines and nanomechanical resonators via charge qubits, Phys. Rev. A 

73 (2006) 022318.
[49] T. Skrypnyk, Integrability and superintegrability of the generalized 𝑛-level many-mode Jaynes–Cummings and Dicke models, J. Math. Phys. 50 (2009) 

103523.
[50] V. Sunil Kumar, B.A. Bambah, R. Jagannathan, Jordan-Schwinger-type realizations of three-dimensional polynomial algebras, Modern Phys. Lett. A 17 

(2002) 1559.
[51] F. De Zela, Topological phase for entangled two-qubit states and the representation of the 𝑆𝑂(3) group, J. Opt. B: Quantum Semiclass. Opt. 7 (2005) 372.
[52] A.R.P. Rau, Symmetries and geometries of qubits, and their uses, Symmetry 13 (2021) 1732.
[53] D.B. Uskov, P.M. Alsing, Vector properties of entanglement in a three-qubit system, Phys. Rev. A 102 (2020) 032401.
[54] A. Perez-Leija, R. Keil, H. Moya-Cessa, A. Szameit, D.N. Christodoulides, Perfect transfer of path-entangled photons in 𝐽𝑥 photonic lattices, Phys. Rev. A 

87 (2013) 022303.
[55] H. Fakhri, M. Sayyah-Fard, The Jaynes–Cummings model of a two-level atom in a single-mode para-Bose cavity field, Sci. Rep. 11 (2021) 22861.
[56] M. Algarni, K. Berrada, S. Abdel-Khalek, H. Eleuch, Deformed tavis-cummings model: entanglement, parameter estimation and statistical properties, Math. 

10 (2022).
[57] B. Mojaveri, J. Taghipour, Entanglement protection of two qubits moving in an environment with parity-deformed fields, Eur. Phys. J. Plus 138 (2023) 

263.
[58] S. Abdel-Khalek, E.M. Khalil, A.B. Alruqi, M.A. Althomali, Evolution of the entanglement, photon statistics and quantum Fisher information of a single 

qubit parity deformed JCM, Opt. Quantum Electron. 55 (2023) 161.
[59] B. Mojaveri, R. Jafarzadeh Bahrbeig, M.A. Fasihi, Charging a quantum battery mediated by parity-deformed fields, Phys. Rev. E 110 (2024) 064107.
[60] M. Sifi, F. Soltani, Generalized Fock spaces and Weyl relations for the Dunkl kernel on the real line, J. Math. Anal. Appl. 270 (2002) 92.
[61] F. Soltani, Generalized Fock spaces and Weyl commutation relations for the Dunkl kernel, Pac. J. Math. 214 (2004) 379.
[62] D.J. Griffiths, Introduction to Quantum Mechanics, second ed. Prentice Hall, Upper Saddle River, NJ, 2004.
[63] S.M. Roman, G.-C. Rota, The umbral calculus, Adv. Math. 27 (1978) 95.
[64] H. Exton, 𝑞-Hypergeometric functions and applications, Horwood Publishers, Chichester, 1983.
[65] A.V. Turbiner, Hidden algebra of the 𝑁-body calogero problem, Phys. Lett. B 320 (1994) 281.
[66] Y. Smirnov, A. Turbiner, Lie algebraic discretization of differential equations, Modern Phys. Lett. A 10 (1995) 1795.
[67] C. Chryssomalakos, A. Turbiner, Canonical commutation relation preserving maps, J. Phys. A: Math. Gen. 34 (2001) 10475.
[68] A.V. Turbiner, One-dimensional quasi-exactly solvable Schrödinger equations, Phys. Rep. 642 (2016) 1.
[69] S.M. Klishevich, M.S. Plyushchay, M. Rausch de Traubenberg, Fractional helicity, lorentz symmetry breaking, compactification and anyons, Nuclear Phys. 

B 616 (2001) 419.
10 

http://refhub.elsevier.com/S0003-4916(26)00131-4/sb24
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb24
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb24
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb25
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb25
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb25
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb26
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb26
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb26
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb27
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb28
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb29
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb30
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb31
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb31
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb31
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb32
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb33
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb33
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb33
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb34
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb34
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb34
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb35
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb36
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb37
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb38
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb38
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb38
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb39
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb39
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb39
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb40
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb40
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb40
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb41
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb41
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb41
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb42
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb42
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb42
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb43
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb43
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb43
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb44
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb44
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb44
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb45
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb45
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb45
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb46
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb46
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb46
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb47
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb47
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb47
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb48
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb48
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb48
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb49
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb49
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb49
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb50
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb50
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb50
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb51
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb52
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb53
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb54
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb54
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb54
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb55
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb56
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb56
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb56
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb57
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb57
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb57
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb58
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb58
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb58
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb59
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb60
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb61
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb62
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb63
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb64
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb65
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb66
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb67
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb68
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb69
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb69
http://refhub.elsevier.com/S0003-4916(26)00131-4/sb69

	Parity-deformed sl(2,R), su(2) and so(3) algebras: A basis for quantum optics and quantum communications applications
	Introduction
	Single-mode Wigner Algebra and its realizations
	Monomial basis Wigner algebra realization
	Quasi-polynomial basis Wigner algebra realization

	Two-mode Wigner algebra
	Realizations of sl(2,R) and slν(2,R) Wigner algebras
	Jordan-Schwinger realization based on the two-mode Wigner algebra
	Representation for odd 2j
	Representation for even 2j
	Examples

	The Holstein-Primakoff realization of slν(2,R) algebra

	The soν(3) algebra
	Representation for odd 2j
	Representation for even 2j

	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Appendix. Derivation of Holstein-Primakoff Realization
	Data availability
	References


