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ARTICLE INFO ABSTRACT

Keywords: Having in mind the significance of parity (reflection) in various areas of physics, the single-
Parity-deformed algebra mode and two-mode Wigner algebras are considered adding to them a reflection operator.
Jordan-Schwinger realization The associated deformed s/(2, R) algebra, s/,(2, R) and the deformed so(3) algebra, so,(3),

Holstein-Primakoff realization
Quantum optics
Quantum communication

are constructed for the widely used Jordan-Schwinger and Holstein-Primakoff realizations,
commenting on various aspects and ingredients of the formalism for both single-mode and two-
mode cases. Finally, due to its potential application in the study of qubit and qutrit systems,
the parity-deformed so, (3) representation is analyzed based on the isomorphy of so(3) and su(2).
Related applications are discussed as well.

1. Introduction

After a century of the advent of quantum mechanics, this theory still has outstanding challenges and open questions to debate
in many basic concepts and formulas of the theory. As a result, a variety of modifications to the related fundamental relationships
have been proposed, primarily in an attempt to investigate not only problems in physics, but also in other domains of science and
technology beyond our current experimental techniques and facilities. On the other hand, it is well known that theoretical physics
has always been inspiring and that the history of physics is full of examples of theoretical predictions prior to their experimental
verification. This makes theoretical and mathematical physics continue to be an attractive field of study for the scientific community,
competing with the incredible technological achievements that are being achieved in recent times.

Given the current great technological importance of quantum theory in modern technologies, in what is called second quantum
revolution, which covers applications in various fields, such as quantum information, quantum communication, quantum telepor-
tation and quantum technologies in general, we are interested in analyzing possible generalizations of some fundamental basic
results that can be contrasted using current or future experimental techniques in development. In particular, remembering here the
importance that the analysis of the harmonic oscillator problem has had in both optics and quantum technologies, we are going to
theoretically consider a generalization of Wigner’s algebra modified by parity inclusion. To be precise, what is considered here is a
kind of parity-warped operator algebra, sometimes called Wigner, Dunkl, or Wigner-Dunkl algebra. The pillars of the formulation
of the problem and the consideration of the reflection operator go back to the works of Holstein and Primakoff, Wigner, Baxter
and later Dunkl [1-4]. Generalization of algebra is usually done by the Jordan-Schwinger and Holstein-Primakoff realizations of the
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associated creation and annihilation operators and their extensions [5-10]. In physics, however, the applications are quite interesting
and include a variety of concepts such as coherent states, compressed states, cat states, fidelity, entanglement transfer, etc. Let us
now review, in chronological order, some of the most notable works that are closely related to the objectives of our work.

In pioneering work, with a goal quite different from that pursued here, Plyushchay investigated the deformed Heisenberg
algebra with reflection in [11], demonstrating that the normalized deformed algebra has the form of a guon algebra [12,13]. Using
a reflection-deformed Heisenberg algebra, a unified description of anyons, bosons and fermions was analyzed in the instructive
survey [14]. The hidden supersymmetry and related tri-supersymmetric structure of some physical examples were investigated in
full detail by Jakubsky et al. [15], who also studied the role of parity. In interesting novel work, Dehghani and others studied the
Wigner-Heisenberg algebra in relation to so-called cat states [16]. The same group later analyzed a parity-deformed version of the
Jaynes-Cummings model, studying in detail the entangled states in a lossy cavity interacting with an external field [17]. Also, a
very interesting connection to generalized Rabi model has been proved by Moroz [18].

The hidden superconformal symmetry of the harmonic oscillator problem was obtained by a non-local Foldy-Wouthuysen
transformation in [19]. The consequences of parity deformation on entanglement transfer to distant atomic qubits were considered
in [20], where the qubits were assumed to be embedded in two lossy cavities connected by a leaky fiber.

In [21] a form of generalized Dunkl oscillator has been formulated in both relativistic and non-relativistic cases. Quantum error
tracking with parity measurements was discussed in [22]. The analysis of dynamical transformations between quantum reference
frames, including the parity properties, was formulated by Ballesteros et al. [23]. The optical properties of a pumped-dissipative
quantum dot cavity with a parity-deformed Heisenberg algebra were investigated in [24] and it was shown that the deformation
produces a collective effect on the photonic emission of the system. Fakhri et al. studied a two-photon parity-deformed Jaynes—
Cummings model and discussed in detail the effect of deformation on important physical quantities, including fidelity [25]. Fakhri
and Sayyah-Fard [26] derived and discussed in depth the x representations of the coherent and cat states of the para-bosonic
oscillator algebra. The supersymmetric structure of deformed Heisenberg algebras with reflection has been studied in [27-32].
Also, the generalization of the Dunkl oscillator to Calogero-Sutherland model has been well addressed in [33,34].

The effect of parity on quantum optimization and computation was well covered in [35-37]. The problem of two qubits moving
in a parity-deformed field was considered in [38], where it was shown that parity warping can give us greater protection against
entanglement. The gauge invariance of a charged Wigner-Dunkl system was analyzed in [39] and it was shown that the gauge
invariance holds in case of minimal coupling to a vector potential. In Ref. [40] a generalization of the Wigner-Dunkl problem was
considered and the related coherent states were studied, as well as the corresponding Mandel parameter and the bunching/anti-
bunching effect. Very instructive and quite up-to-date applications, as well as the importance of parity in the study of fidelity and
quantum error correction, are investigated in Refs. [41,42].

In [43] the Jaynes—Cummings model with intensity-dependent coupling with a Holstein-Primakoff SU(1, 1) state was considered,
and it was shown that the revivals of the radiation squeezing exhibit a periodic character. The generalization of the Jaynes—
Cummings model was studied using the deformed harmonic oscillator problem and the Holstein-Primakoff realization of su(1, 1)
by Chaichian and coworkers [44]. The Holstein—Primakoff transformation is also present in many other fields, including the laser-
cooled trapped ion interaction [45], the N-body Lipkin model [46], and equilibrium electron-magnon systems [47]. The transfer of
quantum information between a nanomechanical resonator and a superconducting transmission line resonator via a charged qubit
in the case of two non-degenerate modes was considered using the Jordan-Schwinger realization in [48]. The generalization of the
Jaynes-Cummings and Dicke models was formulated using a generalized Jordan—-Shchwinger realization and therefore the associated
integrability and superintegrability were discussed in [49]. The realization of three-dimensional Jordan-Schwinger problems was
studied in [50]. Finally let us mention that the SO(3) group has been used to investigate modern applications of quantum theory,
including the maximally entangled states of qubits [51,52] and qutrits [53]. The perfect transfer of path-entangled and single-
photon states in the so-called J, photonic lattices was discussed in the novel paper by Perez-Leija and co-workers [54]. Some
other applications of such parity-deformed fields in the study of the para-Bose cavity field in JCM [55], the Tavis-Cummings
model [56], the entanglement protection between two qubits by using a leaky cavity and parity-deformed fields [57], the quantum
Fisher information of a single-qubit parity-deformed JCM [58], and the charging a quantum battery mediated by parity-deformed
fields [59] have already been investigated in the literature. However, as far as we know, there is no prior generalization of two
modes of such parity-deformed fields in the field.

In the present work, due to the wide application of parity-dependent systems and the already mentioned applications in quantum
communication and computing, we aim to investigate the effect of parity in a special form of generalized Wigner algebra.

This article is organized as follows. In Section 2, the single-mode Wigner algebra and its realizations are reviewed, while the
two-mode Wigner algebra is discussed in Section 3. In both cases, what will be called v-deformed Wigner algebra will be defined
and studied. Two realizations of the algebra su,(2), the Jordan-Schwinger realization and the Holstein-Primakoff realization, are
investigated in Section 4, while a representation of the so,(3) algebra is studied in Section 5. Finally, in Section 6 we summarize
the main conclusions of the present work.

2. Single-mode Wigner algebra and its realizations

The single mode Wigner algebra [5] is given by the commutation relations

[a,a’1=1+2vR, [N,a']=d, [N,a] = —a, (€Y
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where a and «' are annihilation and creation operators, respectively, and v > —% with v being the Wigner parameter. The reflection
operator R is defined by

R=(-DV, @

and obeys the following anticommutation relations

{R.a} ={a",R} =0, 3)
as well as
R'=R'=R, R*=1 “@

Before proceeding further, it should be noted that although the Fock-Bargmann is considered in the complex domain, Sifi and Soltani
introduced a Hilbert space on which the Dunkl operator on the real line [60,61]. Therefore we preserve the common notation x
here. Let us introduce the eigenvectors of the number operator N as N|n) = n|n), n = 0,1,2,... [21], where N is a Hermitian
operator and the ground state |0) satisfies a|0) = 0. From (1), we have the following representation [11]

alny =/, In=1),  d'In)=In+1], In+1), (5)
where the v-deformed numbers are defined as

[nl, = n+v(l = (=D". 6)
In fact, the first v-deformed numbers are [21]

0], =0, [, =1+2v, [2],=2, [3],=3+2v, [4],=4 %)
In general, we have

[2k], = 2k, [2k+1], =2k +142v, k=0,1,2,... (8)
Some properties for the v-deformed numbers are the following

[n]l, +[n+1], =2n4+ 142y,
[n+2], —[n], =2,
[n], +[n+2k+1], =2n+2k+14+2v, keZ,
[n+2k]l, —[n], =2k, ke,
[ml,[n+ 11, = [n), [m+ 1], = m — n = v2n + D(=1D)" +v2m + D)(=1)" = 2V>(=1)" — (=1)"). 9

If we split the set of integers as Z = Z, @ Z,, with Z, = {0,2,4, ... } and Z, = {1,3,5, ...}, Eq. (9) can be rewritten as

(m —n)(1+2v), n € Ly, m € Zy,
m—n+2v(m+n+1)+ 472 n € Zy,m € Ly,
m—n=2v(m+n+1)—-4H2, ne€Z;,mel,
(m—n)(1-2v), n€Zy,me7Zy.

[m], [n+1], = [n],[m+1],

10)

Now we will look for the coordinate realization for the single-mode Wigner algebra (1). The realization depends on the choice of
the basis functions. For the ordinary boson algebra, we have the realization [62]

a=0,, at =x, N:aTa:xax. an
For the monomial basis given by f,(x) =x" (n=0,1,2,...), this realization is

afy()=nfo1(x), @ f,(0) = frp1 (), NG = nf(x). 12)

where the domain does not include the origin. Since af, = 0, this representation is bounded from below and f, is called the ground
state. Considering now the so-called quasi-polynomial basis ¢,(x) given by

I'(x+1)

¢ = T Ty

n=0,1,2,..., (13)
a new realization for the ordinary boson algebra (11) appears as
a=e’>x—1, aT=xe_’>X, N=x(1—e_a~‘)=aTa, a4

where 0, := % is the ordinary derivative, ¢*% f(x) := f(x + 1) and the corresponding action is

a,(x) = n,_1(x),  a@'$,(x) = G (X), Ny (x) = ngh, (x). (15)
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2.1. Monomial basis Wigner algebra realization

For the monomial basis f,(x) = x", the realization of the Wigner algebra (1) is
a=0, 41 (v=v=D"), @ =x N=xd, R=(-1 (16)
The representation of this algebra in this basis is
afy(x) = (+v=v(=D"f, () @' [0 = (), NS0 = nf, (). a7
It should be noted that (16) correspond to the algebra of finite-difference equations [63-68]

2.2. Quasi-polynomial basis Wigner algebra realization

In this subsection we derive the quasi-polynomial basis for the Wigner algebra, which is related to Z,-grading, which implies
that Rf,(x) = (-1)" f,,(x). Thus, we change the quasi polynomial for an ordinary boson algebra into the Z,-graded quasi polynomial
for the Wigner algebra. The Z,-graded quasi polynomial basis is defined as

n—1
o) = [Jer—k=w-1F), nx1, (18)
k=0
with qb(V)(x) := 1. Therefore, the realization is
a= Tvedx -1, a =(x- v)TVe_ox, (19)
where

d
T,F(v) 1= (=1)"@ F(v) = F(-v).
One can easily check that the above realization obeys

a(x) = [n], ¢_, (),
a0 = ¢, (),

#'(x) = (a1, (20)
la,a"1¢p}(x) = (1 + 2vR) $!(x).
where
N =a'a=v+VR. 21)

Therefore, the set of polynomials {¢)(x)|n =0, 1,...} provides a basis for the realization of the Wigner algebra.
3. Two-mode Wigner algebra

We can extend the single-mode Wigner oscillator algebra into the two-mode Wigner oscillator algebra as follows [3]

la,al1=8,;(1+2vR),  la,a]1=0, [a},al]=0, (22)

[N;,a]1=5;a], [Ny.a;] = —§;a;, (23)
where i = 1,2, and

R =DM, {R.g}={d.R}=0, [R.q]= [R,.,aj.'] =0, fori#j. (24)
The number operators and the associated ladder operators satisfy (6)

ala; =[N, (25)
The eigenvectors of the number operators N, are defined as

Nilny,ny) = nilny,ny), n;=0,1,2,..., (26)
where N; are Hermitian, and the ground state |0, 0) obeys 4;|0,0) =0, i = 1,2. From (23), we have

ajlny,my) = \/nil, Iny = 1,my), a“"]»"z) =VlIn + 1], Inp + 1,ny), (27)

aylny, mpy = N/l Iny,my = 1), alny.ny) = Iy + 11, Iny.my +1). (28)

It is worth noting that the two-mode deformed Heisenberg algebra has been already discussed in connection with fractional helicity,
Lorentz symmetry breaking, and anyons [69].
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4. Realizations of sI(2, R) and sl, (2, R) Wigner algebras

We are going to consider two different realizations of the Wigner algebras s/(2, R) and s/,(2, R): the Jordan-Schwinger realization
and the Holstein-Primakoff realization.

4.1. Jordan-Schwinger realization based on the two-mode Wigner algebra

From (23), we have that the Jordan-Schwinger realization of the ordinary s/(2, R) algebra is given by [50]
1
Jy=dlay, J_=ayad], Jy= SN = Ny, (29)
with
[y, J_1=2Jy, [Jo. Il ==J,. (30)

If we now consider the two-mode Wigner oscillator algebra (22)—(23), we will obviously need more generators to construct a
Jordan-Schwinger realization due to the existence of reflection operators, and we can therefore write

[y, J_1=2Jy — (2N, + DR, + V2N, + DRy + 2V3(R, — R)). (31)
Therefore, if we now introduce the following three generators
P=NRy- MR,  K=3(Ry=R),  Q=3(Ry+R), (32)
then, the algebra s/(2, R) plus the reflection symmetry (i.e., the algebra s/, (2, R)) can be described with the above operators as
follows
o, T =+J,, [J,.J_1=2Jy+2vP +2v(2v + DK,
[K,Q]=[K,P]l=[K,Jy] =0, {K,J,}=0,
[0, P]=10,Jp] =0, {0.J.} =0,
[P,Jy] =0, {P,J,)=+20J, .

(33)

The representation of the algebra is then given as
m-m
2
Plny,ny) = (n(=1)"2 = ny(=1)")|ny, ny),

Ol = 2 (=1 + (=1)%) Iny.ny),

Jolny,ny) = [ny,ny),

Klnpm) = 3 (1) = (=) Iy, m), (34)

Jilny.ny) = \/In + 11,[m, Iny + 1,y = 1),
J_lnymy) = V1, Iny + 11, |ny = Ly + 1),
with n; =0,1,2, ... Introducing
ny=j+m, ny=j—m, (35)
and
ljom) = 1j+m.j = m) = |ny.ny), (36)
we have the following representation
Joli.my = m |j.m),
Pljom) = [( +m)(=1)™" = (j = m)(=1Y/*"] |j,m),
QI7m) = =1/ + (=1 |1,
KITm) = 2U=1" = (1] (), (37)
Jlim) = Vi +m+ 1,1 =ml, Ljom+1),
J_{jomy = N+l =m+ 11, |jom=1).
This representation has dimension (2j + 1), which implies that the allowed value of m are
m=—j,—j+1,..j—1j,  with | j)=J_|j.=j)=0. (38)

Therefore, the value of 2 is an integer.
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4.1.1. Representation for odd 2

In this case 2m is also odd. Thus, we have
0=0, P=2jR,,

where we set R; = (—=1)/~J0. Thus, the s/,(2, R) algebra has three generators:

K =Ry,

o Il = +J,.
2 _
R=1,

[ J_1=2Jy+2vQ2v +j + DRy,
[R;,Jo] =0, {Ry,J,.} =0.

4.1.2. Representation for even 2j

In this case 2m is also even and we may write
K =0, O =Ry,

Thus, the s/,(2, R) algebra has three generators satisfying

P =2JyR,.

o Jol=#Jd,, [J,J_1=2Jy(1+2vR;), R3=1, [R;,J)]=0, {R,.J.}=0.

4.1.3. Examples
» j =1/2: In this case, we have the following matrix representation

_(1/2 0 _ (0 1, (0 0
0= (0 ) el ) = o)

Annals of Physics 490 (2026) 170472

(39

(40)
(41)

(42)

(43)

(44)

If we assign J, to the v-deformed Pauli matrices ¢!, and preserve the third element in the same form of ordinary o,

i.e. considering J, as %o‘z, then we can write
2 2
[6},0"1=1[110, = (1 +4v+4v)o,,

where we used R; = 2J,,.
+ j = 1: The matrix representation in this case is

1 0 0 0 V21! 0 0 0 0
Jh=lo o of. s =lo o vzl =y o ol
0 0 -1 0 0 0 0 2,0 0

(45)

(46)

If we assign Jy, J,. to the v-deformed angular momentum generators LY, L}, respectively, we have the following relationships

z
[LY,LY]=2LY(1 +2vLY),

where we used R; = L. The algebra (47) is called quadratic algebra.
+ j =3/2: Here, the representation takes the form

0 /B0, 0 0 3/2 0 0
5|0 0 V21,121, 0 g0 120
7o 0 0 B, 0 0 0 —1/2

0 0 0 0 0 0 0

0 0 0 0 1 0 0 0
;| vBLoL 0 0 of  _[0 -1 0 0
- 0 VI21,121, 0 o) V7lo o 1 o0
0 0 31,011, © 0 0 0 -1
+ j =2: In this case, the matrices appear in the form

0 [4],[11, 0 0 0

0 0 V3lL12], 0 0
J. =0 0 0 31,121, 0 .

0 0 0 0 (41,111,

0 0 0 0 0

0 0 0 0 0

V41,110, 0 0 0 0

J_= 0 131,121, 0 0 0],
0 0 [31,12], 0 0
0 0 0 (41,111, 0

(47)

(48)

(49)
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coo—o
coocoo
lLooco
cocoo
co—oco

coo
—coc oo

(=]
|
)

4.2. The Holstein-Primakoff realization of si,(2, R) algebra

For the ordinary s/(2, R) algebra, the standard Holstein-Primakoff single-mode realization of the undeformed algebra has the
form [5]

JO=v2j-Na, JO=d"\2j-N, Jy=j-N. (50)
The latter is related to the (2 + 1)-dimensional Fock space spanned by |n), which obeys N|n) = n|n),n =0,1,...,2j. A comparison
with Eq. (29) gives
N, - N,
2
Thus, the algebra s/(2, R) reads

< j-N, R =R,=R. (51)

U, J_1=20y(1+2vR),  [Jo,J,]=%J,. (52)
Now, we can find the Holstein-Primakoff realization of algebra s/(2, R), which is given by
Jo=j-N, R=(=DY,

\/(2j—N)(N+1)+v(1+2j+R(—1+2j—2N))
J, = a

8 (53)

N+1+v(l+R

;b [@IZ NN+ D+ V(1 42+ RE1+2j=2N)
-=¢ N+1+wWl+R :

The calculation is detailed in the Appendix. In fact, we have constructed the only polynomial structure function that (a) reduces to
standard Holstein-Primakoff when v vanishes, (b) preserves truncation at N = 2j, and (c) keeps parity grading consistent.

5. The so,(3) algebra

Finally, from a basis change for part of the generators which reflects the isomorphism of so,(3) and su,(2) we comment on the
corresponding modified algebra

L.=Jy, L,= %(.Lr +JI), L= é(.l_ - ). (54)
As a result, the algebra so,(3) is given by
(L. L]=iL, [L,,L,]=—iL,,
[Ly. L] =2L, +2vP +2v(2v + DK,
[K,Q]=[K,P]=[K,L,]=0, {K,L,} ={K,L,}=0, (55)

[Q,P1=[0,L,]1=0, {Q,L,}={0,L,}=0,
[P,L,]=0, {P,L,}=2iQL,  {P,L,}=-2iQL,.

5.1. Representation for odd 2j
In this case, denoting R; = (—1)Y/~%z, the so,(3) algebra has three generators that satisfy:
(L..LJ)=iL,  [L.LJ)=-iL,  [L.LJ]=2L +2vQv+;+DR,. (56)

5.2. Representation for even 2j

Now the algebra so,(3) also has three generators:

[L..LJ=iL,  [L.L]=-iL [L, Ly =2L.(1+2vR)). (57)

X
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6. Conclusions
Starting from very recent applications of some concepts from various fields of theoretical physics and quantum technologies,

we have developed a new parity-deformed type of Wigner algebras, these being the essential reasons for introducing these new
mathematical structures:

The broad application of parity-deformed systems in quantum information and communication, including the study of coherent
and compressed states, cat states, data transfer, and error correction.

The application of the Holstein-Primakoff and Jordan-Schwinger realizations in various fields, including quantum communi-
cation.

The usefulness of SO(3) group representations in the study of multi-qubit systems.

The experimental limitations and the importance of theoretical calculations in the modeling and preparation of experiments
in the areas already mentioned.

The application of the groups considered in this work in the study of qutrits.

The possible application and generalization of traditional light-matter Hamiltonians, including the conventional Rabi model
and its recent generalizations.

The possible investigation of the two-mode Landau problem in parity-deformed formalism.

Notable applications of harmonic vibronic models in solid-state, molecular and chemical physics and their applications in
quantum technologies.

As a result of this work, and based on the single mode and two mode Wigner algebra, the deformed algebra s/(2, R) (s/,(2, R))
and the deformed algebra so(3) (so,(3)) were constructed. First, the single-mode Wigner algebra and two types of its realizations
were analyzed: one based on the monomial basis and another based on the graded quasi-polynomial basis Z,. The single-mode
Wigner algebra was then extended to the two-mode case, which was used to obtain the algebra s/, (2, R). The following results were
found: (a) for j = 1/2 we have the same algebra as s/(2, R), (b) the case j = 1 produces the quadratic algebra and (c) the cases
j=3/2,2,5/2,... result in the algebra s/, (2, R), which is neither the algebra su(2) nor the quadratic algebra. The Holstein-Primakoff
realization of this algebra was also discussed, and finally the algebra so,(3) was derived from the isomorphy with algebra su,(2).

Having prepared the required deformed basis, our next goal is to generalize the present work and investigate its consequences
on the temporal evolution of certain related quantum systems, including the analysis of the fidelity of entanglement transfer as well
as the entanglement transfer in the so-called J, photonic networks. We hope that the present formulation helps generalizing the
conventional Rabi model in a novel manner, a topic we are currently working on.
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Appendix. Derivation of Holstein-Primakoff realization

Considering the single-mode Wigner algebra

[a,a’]=1+2vR, [N,d] = —a, R=(-DV, {R,a} =0, (A1)

and defining

Jo=j—N, J, = F(N,R)a, J_=d"F(N,R), (A.2)
using

aG(N,R)=G(N +1,-Rya, a'G(N,R)=G(N - 1,-R)d, (A.3)
and

d'a=[N],, ad =[N +1], A4
one finds

[J,,J_1=[N +1],F(N,R? - [N],F(N +1,-R)?, (A.5)
and

[N +1],F(N,R)? — [N],F(N + 1,—-R)?> = 2(j — N)(1 + 2vR). (A.6)

Solving this difference equation yields

(2j = N)Y(N + 1)+ v(142j + R(=1+2j —2N))

F(N,R)? =
N+1+v(l1+R)

s (A7)

and substituting (A.7) into (A.1) gives exactly Eq. (53).
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