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Abstract

Given a differential or g-difference equation P of order n, we prove that the set of exponents of a
generalized power series solution has its rational rank bounded by the rational rank of the support of P
plus n. We also prove that when the support of the solution has maximum rational rank, it is convergent.
Using the Newton polygon technique, we show also that in the maximum rational rank case, an initial
segment can always be completed to a true solution. The techniques are the same for the differential
and the g-difference case.
© 2026 The Author(s). Published by Elsevier B.V. on behalf of Royal Dutch Mathematical Society (KWG).
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

An important class of solutions of differential and g-difference equations are formal
power series. Their relevance comes from algebraic, geometric, analytical, combinatorial and
logical point of views. Denef and Lipschitz’s paper [9] deals with the logical questions;
Singer’s and Grigoriev’s works study the possibility of finding these solutions, and some of
their convergence properties [15,23]; the excellent book on combinatorics by Flajolet and
Sedgewick [12] contains a complete section devoted to the relation between solutions of
polynomial differential equations and combinatorics; and one cannot forget the relation between
power series, derivations, Hardy fields, o-minimal structures and related topics [8,19,20].
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Finally, any survey of the bibliography would be incomplete without citing van der Hoeven’s
works on transseries [16] and the magnum opus [1]. This latter work provides an extensive study
of the algebraic-differential properties of the H-field of well-based transseries. Our work deals
with the classical differential subfield {2 of generalized power series introduced by Grigoriev
and Singer [15], which is also an H-field.

We work in the field {2 of generalized power series with complex coefficients and real
exponents is the set of series Z:‘io a; xVi,wherea; € C,v; e R, vy < vy < --- and limv; = 0.
Notice that other authors (see for instance [10,21]) call generalized power series those with well
ordered set of exponents.

Grigoriev and Singer in [15] prove that if y(x) = Y 2ja;x" € 2 is a solution of a
non trivial polynomial ordinary differential equation P(y,y’, ..., y™) = 0 with coefficients
in the field of formal Laurent series C((x)), then its support suppy(x) = {v; | @ # 0}
(the set of exponents with non-zero coefficient), generates a finite Z-module but they provide
no information on its rational rank. Our first aim (Theorem 1) is to prove in an elementary
way that, modulo the support of the equation, this rational rank is at most the order of the
equation. Our arguments work almost word by word for g-difference equations. Our proof
of Theorem 1 allows us to show that in both cases, when the rational rank of the solution
reaches its maximum possible value, then the solution is necessarily convergent (assuming P
is a polynomial), which is Theorem 2. We make use of the convergence results of Gontsov,
Goryuchkina and Lastra [13,14]. Theorem 3 addresses the possibility of completing an initial
segment so(x) = Y ,_; -, i X" to an actual power series s(x) solution of the differential or
g-difference equation P = 0. Finally, Theorem 4 is the consequence of applying the previous
results to the case of autonomous first order differential equations, providing new proofs about
the existence and convergence of Puiseux solutions of these equations given in [7].

Other authors have proved related finiteness results in other contexts [5,6,8,18-20,22], but
among these, none gives effective bounds for the rational rank of the support of the solutions.
The unique effective bound we have knowledge of is by van der Hoeven, in [16] (Corollary
8.38), who shows in the language of transseries that if P(y,y’, ..., y") = 0 is an algebraic
differential equation and f is a transseries solution, then essentially the rational rank of the
semigroup of monomials of f can only increase by the order n of P. This is the same result
as our Theorem 1 in the case of differential equations, and over a field which neither contains
nor is contained in {2. Our arguments have the advantage of simplicity and conciseness.

In this paper we work indistinctly with ordinary differential equations and g-difference equa-
tions. Given a polynomial P € 2[yo, y1, - - ., Yul, the equation P = 0 means P(y(x), y'(x), ...,
y™(x)) = 0, with the assumption that y’(x) refers to either the usual derivation operator
y(x) = %, the Euler derivation y'(x) = x % or y'(x) = y(q x), for some g € C, with
lg| # 1. We do not consider mixed equations.

Given P € {[yo, y1,...,Ys] we denote by supp P the union of the supports of the
coefficients of P, and if E is a subset of R then (E) is the Q-linear subspace of R generated
by E. Our first result is Theorem 1 which states that if s(x) € {2 is a solution of P = 0 then

{supps(x) Usupp P) _ " )
{supp P)

In particular, if the coefficients of P are formal power series with integral exponents, then the

maximal number of rationally independent irrational exponents that can appear in supp s(x) is

the order n of the equation P = 0.

The second result of this paper addresses the question of the convergence of the solution s(x)
provided P is a polynomial in x, yg, ..., y,. It is well known that the convergence of a solution

dim,
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is not guaranteed: Euler’s example y — x?>y’ — x = 0 has as solution the formal power series
e(x) = Zn>0n!x”“. B. Malgrange in [17] gives a sufficient condition for a formal power
series solution s(x) of a polynomial differential equations P = 0 to be convergent in terms of

the linearized differential operator along the solution, L = Y ", %(s(x), s 8 if L

i

has a regular singularity at the origin then the solution s(x) is convergent. This criterion has
been extended in the differential case by R. Gontsov and I. Goryunchkina in [13] and in the
q-difference case by R. Gontsov and I. Goryunchkina and A. Lastra in [14] for power series
solutions with complex exponents. In Theorem 2 of this paper we provide a new sufficient
condition for the convergence of the solution s(x) which only depends on the order n of the
differential or g-difference equation P = 0, and on the support of the solution. Specifically,
if (supps(x)) has the maximal possible rational rank (Eq. (1) is an equality) then s(x) is
necessarily convergent. In particular, if P is of order one and with constant coefficients, any
solution of the equation P = 0 is convergent. Theorem 2 provides a negative criterion for a
series to be a solution of a differential or g-difference equation. For instance, neither the series
x" 4e(x) nor x™ g(x) (where £(x) is as above) is a solution of a nonlinear first order differential
(or g-difference) equation with convergent coefficients.

Our third main result addresses the question of the possibility of completing an initial
segment so(x) = Y, ;. ¢; X to an actual power series solution s(x) solution of the equation
P = 0. Given an equation P = 0, the Newton polygon method [5,6,15], provides, for any
positive integer k, a finite family of necessary initial conditions NICy(P) given by Eq. (10),
such that the first k coefficients and exponents of any solution Y o, a; x" of P = 0 satisfy
NIC,(P). We say that so(x) is an admissible initial segment for P = 0 if its coefficients and
exponents satisfy NIC;(P).

In the algebraic case (i.e. n = 0), Puiseux’s Theorem shows that any admissible initial
segment for P = 0 is the truncation of an actual solution. This is no longer true for differential
and g-difference equations: even in order and degree one, there are examples [2,3] of admissible
initial segments which cannot be completed to a solution. Section 3 of [15] introduces the
concept of stabilization as a criterion which guarantees the existence (and uniqueness) of
an actual solution with initial segment so(x). In Theorem 3 we introduce a criterion of a
different nature: if the support of an admissible polynomial so(x) for P = 0 has n linearly
independent irrational numbers over Q (modulo (supp P)) then so(x) is in fact the truncation
of an actual solution of P = 0. Indeed, there can be more than one solution s(x) with the same
truncation so(x), unlike the stabilization criterion, for which the solution is unique (see example
in Section 5). In particular, if P = P(x, y) = 0 is a polynomial in x, y (i.e. the equation of an
algebraic curve), then the hypothesis of Theorem 3 always holds, so that it may be understood
as a kind of generalization of Puiseux’s Theorem to differential and g-difference equations.

Section 2 introduces the context and a technical result from which the two main theorems
follow in Section 3. Then, in Section 4 we recall the essential notions and results on the Newton
polygon process (see [2—06,15]), which we use to prove the technical Proposition 1, from which
Theorem 3 follows straightforwardly. In Section 4.3 we apply the previous results to the case
of autonomous ordinary differential equations. In Section 5 we give a detailed example to
illustrate our main results.

Notice that instead of generalized power series in x, we could have worked with generalized
power series in x~!. The results and proves are the same with the obvious modifications.

2. Notation and a technical lemma

Following [15], we denote by (2 the field of formal power series s(x) = Y c¢;x* with
complex coefficients and real exponents, such that lim;_, », @; = 0o, where we always assume

3
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that ) < o < ---. The support of a power series s(x) is the set of exponents with non-zero
coefficient: supps(x) = {u; : ¢; # 0}. Given an additive subgroup I' of R we denote in this
work

C((x")) = {s(x) € 2 : supps(x) C I'} C 12

the subfield of {2 of series whose support is contained in I'. We also denote by K = C((x%y)
the field of fractions of the ring of formal power series.

We are going to deal with differential and g-difference equations simultaneously, hence it
should be more convenient to use the Euler derivative in the case of differential equations,
but some of our results are specific for the case of differential equations with the ordinary
derivation, in particular, the case of autonomous equations. Hence we deal simultaneously
with differential equations in terms of the ordinary differential operator, in terms of the Euler
differential operator and with g-difference equations, with |g| # 1.

Throughout this paper P will denote a polynomial P(yy, ..., y,) in the indeterminates
Yo, V1, - - - » Yo With coefficients in {2. Given s(x) € {2, we set

P(s(x)) = P(s(x), s'(x), ..., s™(x)),

where s'(x) is either the ordinary derivative d;(;‘ ) the Euler derivative x d;(;‘) or the g-difference
operator s(g x), and s*)(x) is the «-th iteration. We do not consider mixed equations. We note
that the field {2 is closed under the three operators above, as is C((x™)) for the Euler derivative
and g-difference operators, and also for the ordinary differential operator provided 1 € I'.
We introduce notations for our differential and g-difference operators. Define ¢ = 1 in the
case of differential equations with the ordinary differential operator dd—x or ¢ = 0 for differential
equations with the Euler differential operator, and g-difference equations. For u € Rand x € N,
define (Sl(f) =pu(pn—1)---(u —« + 1) for differential equations with the differential operator

f—x, and 5/8() = p~ for differential equations with the Euler operator xj—x, and Sl(f) = g“* for

q-difference equations. In particular SLO) = l in all cases, and we denote §,, = 81(}). Then for any
s(x) = Z?io cix*,and k =0, ...,n, we write the x-th iteration of the respective operator ’
as:

00
s(K)(x) — Zci Sl(fi) Hi—ex
i=0

The expression ord, s(x) denotes the valuation of s(x): the minimum of the support of s(x) or
400 if s(x) = 0.

The expression P = 0 denotes the corresponding equation of order n. A solution of P =0
is a power series s(x) such that P(s(x), s'(x), ..., s"(x)) = 0. The support of P is the union
of the supports of its coefficients.

Our first two results rely on the following elementary fact about derivations with respect to
transcendent monomials. Fix I' an additive subgroup of R and consider a family of exponents
U1, ---» m € R whose classes modulo (I'), fiy, ..., i, € R/(I") are Q-linearly independent.
Let IV =(I"U{uy,..., 4n}). By definition, any o € I"” can be written uniquely as

a=[a]lr + Z[“]w M,
j=1
where [a]r € (I') and lee]y,; € Q.
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Lemma 1. With the above notation and conditions, for any j = 1,...,m, there exists
. . /
derivation D; on C((x™")) such that

oo o0
D; (Zci x“") = Zci loily; X%,
i=1

i=1

Proof. The expression above is obviously a well-defined map in C((x” /)), due to the linear
independence of the classes. A straightforward computation shows that it is linear and satisfies
the Leibniz rule. [

Let us remark that the above derivation D; depends on I" and w1, ..., u, although we do
not stress this fact in the notation. Notice also that D; vanishes on C((x")) and on C((xTi-1)),
for Iy = (I'U{p1, ..., wj—1}). Let us give some examples: Assume that I" = {0}, u; = 1 and
Wy = 7, hence D;(x?37) = 2x?137 and D, (x*37) = 3x*37; now assume that I’ = 7 Z,
w1 =2 and pu, = e, hence Dy (x2+37/2) = x237/2 D,(x2137/2) = 0, and Do (x7T3¢) = 5x7 3¢,

Notice that Lemma 1 is a particular case of the fact that given a group homomorphism
¢:I' — C, the map ) c¢; x* +— Y o(u;)c; x* is a derivation.

We will work with the following substitution operation on P € {2[yy, ..., y,], for s(x) € £2:

P[s(x)] = P(s(x) + Y0, 8'(X) + y1, - - ., sx) + y2) € 200, Y1, -5 Yul-

This substitution, which corresponds to a change of variable y = s(x) + y in the equation
P = 0, and which other authors denote P, in [1], or P[s(x) + Y] in [3] is relevant because
it allows us to iterate monomial substitutions and see how each of these affects the Newton

Polygon.
By the chain rule:
opP ]
5 [s(x)] = 3 (Pls(x)D), «=0,1,...,n.
Y YVie
For P € C((x")[vo, ...,y and py, ..., i,y and I as in Lemma 1, take s(x) € C((xy)
(assuming without loss of generality that 1 € I"). Extending the derivation D; to the ring
C((xT /))[yo, ..., Yal by acting trivially on the indeterminates yo, yi, ..., y, we get, as the D;
are derivations vanishing on C((x), the equality:
D; (Pls()) = ai (P[s()]) D;(s“(x)). @
k=0 K

We introduce some notation that is useful for studying the coefficients of P (hence, of

P[s(x)], too). Given p = (pg, ..., Pn) € Z';J(;l, the expression P, € C((x™)) will denote the

coefficient of y,°y}' -- -y in P. We shall use the basic vectors ¢g = (1,0,...,0),...,e, =
,...,0, 1), each having n + 1 components (we start at 0 because ¢; will be related to y;).

Examining each term on both sides of (2), we obtain the key equality:

Di(PIs()],) = Y (pe + DPLs(N)]pre,) Dj(s“(x)). 3)
k=0

3. Solutions and rational rank

Before proceeding, we state our results on the rational rank, and defer their proof to the end
of the section, for the sake of clarity.
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Theorem 1. Let P € 2[yy, ..., Yu] be a non-zero polynomial, and s(x) € {2 a solution of
the equation P = 0. Then:

(supp s(x) U supp P)
<n
(supp P)

Thus we obtain a bound for the rational rank of solutions of equations with coefficients
Puiseux series.

dim

Corollary 1. If s(x) € {2 is a generalized power series with
{supp s(x) U Q)
e ¢ 7"

then s(x) is not the solution of a nontrivial equation of order n over the field of Puiseux series.

dim,

Corollary 2. If s(x) € §2 is a generalized power series with
dimg(supp s(x)) > n

then s(x) is not the solution of a nontrivial equation P = 0, of order n with constant
coefficients.

For instance x 4+ x™ is not a solution of a non-trivial equation P = 0 of order one and
constant coefficients, that is, with P(yo, y1) € Clyg, y1]. We will improve this result in the
case of autonomous first order differential equations (see Theorem 4).

Remark 1. From Grigoriev and Singer’s [15] and Fortuny Ayuso and Cano’s [6] finiteness
results for solutions of differential and g-difference equations, our Theorem 1 implies straight-
forwardly that if supp P C Z then: if s(x) € {2 is a solution of P = 0, then supps(x) is
contained in a Z-module of rank at most n+ 1. This gives an explicit bound for those existence
results.

Our second main result deals with the case when P is a polynomial in x also. Notice that
in this case (supp P) is either {0} if P has constant coefficients or Q otherwise.

Theorem 2. Take P € C[x, yg, ..., Y] with P # 0 and assume s(x) € {2 is a solution of
P = 0 whose support has maximal rational rank, that is

. (supps(x) U supp P)
dimg =n
{supp P)
Then s(x) converges uniformly in any sector S of sufficiently small radius with vertex at the
origin and of the opening less than 2 .

The following result covers Theorem 11 in [7] and is a consequence of the previous Theorem
for the case of first order equations with constant coefficients:

Corollary 3. Let P(yy, y1) a polynomial with constant coefficients. Let s(x) € {2 be a solution
of the equation P = 0. Then s(x) is convergent in the sense of Theorem 2. Moreover, if s(x)
is a Puiseux series then it is convergent in a neighbourhood of the origin.

Proof. Either s(x) is a constant or dimg(supp s(x)) > 1. Since (supp P) = {0}, by Theorem
1, dimg(supp s(x)) = 1 and the result follows from Theorem 2. [

6
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We divide the proofs of Theorems 1 and 2 into a shared initial part and their respective
ends.

Common part of the proof of Theorems 1 and 2. Let s(x) = Y o, a; x* € £2 be a solution
of the non- triVial equation P = 0. We may assume without loss of generality that for some
0<k <mn, : (s(x)) # 0: otherwise we proceed by induction on the total degree of P, as +— aP
and s(x) Would satisfy the hypotheses of both results. Thus, we can define:

p . 7P n+1
(s(x)) —ex | 0 <k <n}, A= min{ord, —p(s(x)) | p€ Zzo }

Yie

A = min{ord,

(notice that A < +o0 because for some 0 < k¥ < n, 0} P (5(x)) # 0 as stated above). This A
corresponds to the one defined in [14] and A is just an auxiliary constant to be used in the
forthcoming proof.

Consider

su U supp P
mo = dimg PPSOYUSDP) 1oy,
(supp P)
which in theory could be infinity in the case of g-difference equations. Part of our argument
will consist in proving that it cannot be.

Let Iy = (supp P). For 1 < j < my (if mg = oo the last inequality is strict), define u;

and I'; inductively as follows: Assume that I, I'f, ..., I';_; and, uy, u2, ..., ;j—1 have been
defined (so that for j = 1 only [} exists). By the definition of m,, there exists the minimum k
of the set of indices i such that a; # 0 and o; & I';_;. We set ju; = oy and I'; = (I U {u}).

We can choose N large enough such that the truncatlon s(x) = Z::l a; x“ of s(x) satisfies
the following property:

ord, (s(x) — 5(x)) > [A| + 21 + |4, o

which is possible because either s(x) has a finite number of terms or its exponents tend to
infinity. Notice that s(x) could be equal to s(x) if the latter has a finite number of terms.
Once N is set, we can divide the exponents of 5(x) into a finite number m of finite sequences

(,ul,i):"zo, coes (m, ,)l’"o, such that p;; € I'; for any j, i. Formally, we rewrite:
m
f)=) Zc, Xl )
j=0 i=0

where the following properties hold:

(i) The sequence of exponents (i ;;) is increasing with respect to the lexicographical
ordering of their indices (j, i) (with prevalence on the first component).
(ii) The exponents p;; € I';, fori =0,...,t;and j =0,...,m

(iii) The coefficients c;; are non-zero for j =1,...,mand 0 <i <t¢;.
(iv) The exponent p;o = wu; ¢ I';_; for j = 1,...,m, that is, it adds one to the rational
rank.
By properties (i)—(iv), the set I' = I, the exponents uy, ..., i, and I, satisfy the hypothesis

of Lemma 1. In order to make C((x™)) a differential field with the operator dd—x we do the
following: If 1 & I, we set I" = (I, U {1}) otherwise we set I" = I,,. Hence I" and
U1, - - -, m, and eventually 1, satisfy the hypothesis of Lemma 1 and C((x r /)) is closed under
the three operators that we use. Any coefficient of P[s(x)] belongs also to C((xT ,)), and we

7
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may apply the derivations D;, j =1, ..., m, to these coefficients (if 1 & I',, we will not use
the operator D,,; corresponding to 1).
Noticing that P[s(x)],, = %(E(x)), Eq. (3) applied to p = (0,0, ..., 0) gives:

_ 9P _ e
Di(PGx)) =) 3y, 5 D% (x) (6)
k=0 K
From now on, the notation #(x) = ax” + --- will mean that ¢ € C (a may be 0), and
ord, (¢(x) — a x*) > . By definition of A, we can write, for x €0, ..., n:
opP
(s(x)) = de x4
Vi
and we know that there is at least one x € {0, ..., n} with d, # 0. Using the Taylor expansion
of the left hand side of this equality and property (4), we also obtain
opP
((x) =d x5 -
From the properties of the derivations D;, and because [/J/jﬁ()]u_j =1 and [p j/,,-]m = 0 for

every (j',i) < (j,0), for j =1,..., m, we have:
D) = cjo 8] M o

Hence, Equation (6) becomes:

n

Dj(PGE)) = D (de X' 4 )0 80 X )
k=0

n
— . (k) At
_CJ10<ZdK8Mj)x I+ ’
k=0

This finishes the common arguments.

(N

End of proof of Theorem 1. In order to obtain a contradiction, we assume that mgy > n so
that w,+; is defined. Recall that the exponents of s(x) tend to 4+oo. This allows us to choose
N large enough such that m > n 4 1 and ord, P(5(x)) > A + tny1- NOW Wyi1.0 = tnt1, and
these inequalities imply that the left hand side of Eq. (6) has order greater than A + fi,41.0.
Since cj,g # 0, using (7) we obtain the n + 1 equalities:

deaffjeo, i=1,2,...,n+1, ®)
k=0

which is a square linear system with coefficient matrix (Sffj)). Because |g| # 1 and p; is an
increasing sequence of real numbers, then the p; are pairwise distinct, and we have g/ # g*
for i # j. Thus the coefficient matrix is a Vandermonde matrix in the case of g-difference
equations and in the case of differential equations with the Euler operator. In the case of
differential equations with the ordinary differential operator, the matrix (8/(1"?) is reduced by
elementary column operations to the Vandermonde matrix (u'). Hence, system (8) has the
unique solution dy = d; = --- = d, = 0, contradicting the fact that at least one d, is non-zero.
Thus, my < n which gives Theorem 1. [J
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End of proof of Theorem 2. In this case, mo = n, and u, is defined, and we can choose N
and m such that ord, P(5(x)) > A + u,, and m = n. Thus wu, 0 = w, is also defined. The left
hand side of Eq. (6) has order greater than A 4 1,0 and we obtain the system of equations (8)
for j =1,2,...,n. If d, = 0, then this system of equations becomes another Vandermonde
system for dy, d, ...,d,—1, so that dy = d; = --- = d,— = d, = 0, again contradicting the
existence of one non-zero d;. As a consequence, d,, # 0, so ord, Zg’)—i(s(x)) = A+ éen, and we
get:

apP oP
(s(x))—en=A <ord,
Yn Ay,

This means that the linearized differential operator Zﬁ:o %(s(x)) v, along s(x) has a regular
singularity at x = 0. If s(x) is a formal Puiseux power series, then we apply the main result
in [17] to guarantee that s(x) is convergent in both differential cases. If s(x) € {2, Condition (9)
is the hypothesis of Theorem 1 of [13], which proves the Euler differential case. To prove the
ordinary differential case we only need to rewrite P in terms of the Euler operator, that is, to
replace y, with Z';zl a. j X “y;, where the coefficients a, ; are the Stirling number of the first
kind. Condition (9) becomes then the hypothesis of Theorem 1 of [13] again.

For the case of g-difference equations we need to distinguish the cases |¢g| > 1 and |g| < 1,
as in [14]. If |g| > 1, the fact that d, # 0 and that u; is an increasing sequence of positive
real numbers let us apply Theorem 1 of [14] straightforwardly. If |g| < 1, in order to apply
the same Theorem we need to show that dy # 0. As in the previous argument, if dy = O,
then (8), for j = 1, ..., n becomes a Vandermonde system for di, ..., d,, whose only solution
isd, =---=d, =0, getting the same contradiction. Thus dy # 0 and we can apply Theorem
1 of [14] again to obtain the convergence. [

ord,

(s(x))—exk, forx=0,1,...,n. )

4. The Newton—Puiseux polygon

In this section we give a short description of the well known method of the Newton (or
Newton—Puiseux) polygon applied to polynomial differential and g-difference equations (see
for instance [4,6,11]), which we shall use to prove Theorem 3.

Let us introduce some notation: For p = (pg, ..., pn) € Z'Lgl we denote |p| = po + p1 +
o4 ppand w(p) = p1 +2 02+ - - +n p,. As before, we set ¢ = 0 in the cases of differential
equations with respect to the Euler derivative or g-difference equations, and ¢ = 1 in the case

d

of differential equations with respect to the derivative 7.

Fix a non-zero polynomial P € [y, ..., y,], and write it uniquely as

pezr:(r)l aesupp(P)—e w(p)

with P ) € C. Given V = («, r) € R x Zsy, Py will denote the sum of all the terms of P
corresponding to the point V, that is

Py = Py, = Z Pl pX@ eIy IO yon
(a.lp=V

There is no confusion possible between Py ,y and Py, except when n = 0, in which case
we shall abuse the notation as the context will clarify what value we are using. The cloud of
points C(P) of P is the set of points in the plane:

C(P)={(a,r) € R X Zzg : Py # 0}.
9
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We are interested in generalized power series with exponents in increasing order. In this setting,
the Newton—Puiseux polygon (Newton polygon for short) of P, denoted N'(P), is the convex
hull in R? of the set obtained by adjoining the half-line R~ x {0} to each point in C(P):

N(P) = conv.hull. {(er, r) + R=0 x {0}) : (@, 7) € C(P)}.

Its border is composed of a sequence of points and segments. Given a positive number © € R,
the supporting line of anti-slope p, is the unique line with equation L, (P) = ur +o = ap
with o9 minimum and L, (P) N N(P) # @. The element of anti-slope (v of N(P), E,(P) is
that intersection L,(P) N N(P), which can be either a segment (called a side of N(P)) or
a point (a vertex). In both cases we denote by Top(E,(P)) and Bot(E,(P)) the highest and
lowest points of E,(P), respectively (if E is a vertex, they coincide). Finally, instead of the
ordinate r of a point V = («, r), we shall call it its height, and denote r = ht(V).
Given V = («, r) € R x Zsy, the indicial polynomial of P at V is

LD(P;V)(T) = Z P(ut,p) T(p) € (C[T],
(a,lph=V

where T is equal to T for the Euler differential operator or the g-difference operator, and
T = ]_[Zzl(T (T-1--(T—«+ 1))[)” for the differential operator dd—x.
The characteristic polynomial of P with respect to a anti-slope pu € Ry is

p(@) = Y 8 PupyClfl= D" Ty 6,) C"Y e ClCl,
(a,|peE(P) VeE,(P)
where ht(V) is the ordinate of V. The key Lemma of the Newton polygon process gives the
following necessary condition, which shows the importance of the characteristic polynomial
(see [5, Lemma 1, pg. 63] and [6, Lemma 2, pg. 123] for a short proof):
Lemma 2. Let s(x)=cx*+ >

Ppyy(c) = 0.

cq x* € §2 be a solution of P = 0. Then

o> (L

In fact, this lemma translates into a sequence of necessary conditions for a power series to
be a solution of P = 0. Given s(x) = Z?io c; xVi € {2, with v; < v;4 for all i > 0, denote,
for the sake of simplicity:

Py=P, and P = Pjcix""]= Plcox™ +---+¢;x"], i=12,....

If s(x) is a solution of P = 0, then for each i € Z~, the series Y _,-; ¢; x*! must be a solution of
P; = 0. Thus, we obtain the sequence of necessary initial conditions (NIC) on the coefficients
of s(x) when it is a solution of P = 0:

¢(Pi§Vi)(ci)=O’ i =0, 1,.... (10)

We need, however, to check whether a finite power series is effectively the truncation of a
solution. To this end, we introduce the following concepts: a finite sum r(x) = cox™ + --- +
cpx’ with ¢; € C* (i.e. non-zero) and v; < v;41, with v; € R will be called a generalized
polynomial. Such a generalized polynomial r(x) is admissible for P, or for P = 0 (or simply
admissible) if the necessary initial conditions (10) are fulfilled fori =0, 1, ..., k. In particular,
any truncation r(x) of a solution s(x) € {2 is an admissible generalized polynomial, but
the converse is not true, even for linear equations: the generalized polynomial r(x) = x is
admissible for the differential equation P = 2 yy— y; —x +x2 (in terms of the Euler differential

10
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operator) but there is no solution s(x) € {2 of P = 0 having r(x) = x as a truncation.
Notice that the same holds considering P = 0 as a g-difference equation with ¢ = +/2 and
r(x) = (1+~2/2)x.

However, the converse statement holds when supp (x) has maximum rational rank. This is
our third main result:

Theorem 3. Assume that the equation P = 0 of order n admits a generalized admissible
polynomial r(x) with

U P
dimg (supp r(x) U supp P) - (an
(supp P)
Then r(x) is the truncation of a solution s(x) of P = 0, and the above inequality is actually
an equality.

Before proving this result, we need to study the behaviour of the Newton polygon under
changes of variables of the form y = cx” + y. (See [5,6]).

Lemma 3. Let Q = Plcx"]. Then:

(1) N(Q) is contained in the closed right half-plane defined by the supporting line L,(P).

(2) Let h the height of the point Top(E,(P)). Then N (P) and N(Q) are equal above h. In
particular Top(E,(P)) = Top(E,(Q)) and L,(P) = L,(Q). Moreover, Py ) = Q.p)
for all (a, p) with (a, |p|) in the border of N'(P) and |p| > h.

(3) The height of the point Bot(E,(Q)) is zero if and only if $p.,)(c) # 0.

(4) The following sequence of inequalities holds:

ht(Top(E,(P))) = ht(Bot(E,(Q))) = ht(Top(E,.(Q))),
where (. > v in the last expression.

We have the following characterization of generalized admissible polynomials in terms of
the Newton polygon:

Lemma 4. Let r(x) = cox™ + --- + ¢ x% with vy < --- < v, and, as above, Py = P
and Py 1 = Pi[c;xVi] fori = 0,...,k. Let us denote Q = P[r(x)] = Pry1. Then r(x) is an
admissible generalized polynomial for P if and only the bottom vertex of E, (Q) has height
greater than or equal to one.

Proof. Assume that r(x) is admissible. Applying Lemma 3 iteratively, we obtain the inequality
ht(Bot(E,, (Pes1))) = 1.

Conversely, assume that r(x) is not admissible for P. Let i be the minimum index for which
equation (10) does not hold. By part (3) of Lemma 3, ht(Bot(E,,(P;+1))) = 0 and by part (4)
of the same Lemma,

0 = ht(Bot(E\, (Pi+1))) = ht(Top(Ey,, , (Pi+1))) = ht(Bot(E,,,, (Pi42))) = 0.
Applying iteratively this argument we get ht(Bot(E,, (Pi+1))) =0. O

The following result is also well-known but we include its proof for the convenience of the
reader.

11
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Corollary 4. Let r(x) be an admissible generalized polynomial for P = 0, and let Q =
P[r(x)). Then either r(x) is already a solution of the equation P = 0, or N(Q) has a side
E,(Q) with v > max(supp(r(x))).

Proof. By Lemma 4, we know that ht(Bot(E,, (Q))) > 1. If N (Q) does not intersect the
horizontal axis of coordinates then the null power series is a solution of O = 0 and therefore
r(x) is already a solution of the equation P = 0. Otherwise, there is a vertex of N (Q)
of the form (B8, 0). Let (8’,0) be the intersection of L, (Q) with the horizontal axis. Since
ht(Bot(E,, (Q))) > 1, the point (0, 8’) & C(Q), and by (1) in Lemma 3 we get 8’ < B, which
implies the existence of a side E,(Q) of N(Q) with anti-slope v > v,. O

The next Lemma provides several relations between P = 0 and some of the equations
g—: = 0, which will be useful in the proof of the main Proposition of this section.

Lemma 5. Let r(x) be an admissible generalized polynomial for P, and set Q = P[r(x)].
Let v > max(supp r(x)) and assume there exists a point V. = (a,r) € E,(Q) N C(Q), with
r > 2. Take p with |p| = r such that Q,p) # 0, which exists because V € C(Q). Let i be an
index 0 <i < n such that p; > 1, and set P = g—; and @ = ?[r(x)].

Then r(x) is an admissible generalized polynomial for P, and the point V. = (o, r — 1)
belongs to E,(Q) N C(Q). Moreover, if V is a vertex of N(Q) then V is a vertex of N(Q).

Proof. The cloud of points of P is a subset of the image of the points of C(P) with height
at least 1 under the map A(a,r) = (a, 7 — 1). By the chain rule Q = % hence C(Q)
is a subset of the image of the points of C(Q) with height at least one under A. Moreover
a(mp,ei) = pi Q(a,p)> 50 that the point V = (o, r — 1) belongs to C(Q)N A(L,(Q)). As A is an
affine translation, the existence of V implies that A(L,(Q)) is the supporting line of anti-slope
v of C(Q). Therefore V € E,(Q).

AshtV =r—1>1,and V € E,(Q), we have ht(Top(E,(Q))) > 1. Let v; = max supp r(x).
Since v > g, by (4) of Lemma 3 we get ht Bot(E,, (@)) > Top(EV(E)) > 1. Hence by Lemma
4, the generalized polynomial r(x) is admissible for P.

Assume now that V is a vertex of A/(Q), so that there exists v’ > max supp r(x) with v # v’
and V € E,(Q)N E,(Q). We conclude that Ve Ev(a) N Ew(@) which proves that Visa
vertex of N(Q). O

4.1. Admissible polynomials with maximal rational rank and characteristic polynomials

The goal of this subsection is to prove that if (x) is an admissible generalized polynomial
for the equation P = 0 which has maximum rational rank then the characteristic polynomials
of the relevant sides of the Newton polygon of P[r(x)] always have non-zero roots. That is,
after the last exponent of r(x), the equation P[r(x)] = O behaves as an algebraic curve and
r(x) can always be completed to a solution of P = 0.

Throughout this subsection, r(x) will be denote an admissible generalized polynomial for
P = 0 such that

PU
dimg SUPPPUsUPRICE) 02

(supp P)

12
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ol

atp; a+v N @

Fig. 1. Newton Polygon of Q = P[r(x)] and some elements that appear in the proof of Lemma 6.

where n is the order of P = 0. Let I" = (supp P). Recall that we can rewrite r(x) using Eq.
(5), such that the exponents satisfy properties (i)—(iv) after that Equation. Thus, we have:
r(x) = Z(CJ?O XM iy Xt e gy xM), (13)
j=0

and we set, from now on, Q = P[r(x)].

As in the previous section, we denote u; = ;o and either IV = (I" U {uy, ..., n})
if 1 e (FU{pr,...,um}) or IV = (" U{py, ..., n, 1}), otherwise. The derivations D;,
j =1,...,m, on C((x!")) are defined as in Lemma. Notice that Q@ € C((x'")[yo, ..., yal-
Given p = (09, P15 .-+, Pn) € Zﬁgl and o € I"', we write Q, € C((xT")) for the coefficient of
Yoly{t---yi" in Q, and Q. € C for the coefficient of x*+¢® in Q,. Recall that ¢; is a
vector with n + 1 components, all zero except the i + 1 — th, which is 1.

The existence of the admissible generalized polynomial r(x) generates conditions on the
coefficients of Q at elements of anti-slope greater than max supp r(x) = W s, -

Lemma 6. Let v > maxsuppr(x) = fm,, and consider the element E,(Q) of anti-slope
v of N(Q). Assume there is a point V = (a,r) € E,(Q), with r = ht(V) > 1. Then for all
0 = (Po, P1s-++»Pn) € Z’:(;l with |p| = r — 1, and for all j = 1,2,...,m, the following
equality holds: -

Y (0 + D3 Qapen = 0- (14)
k=0
Remark 2. Notice that each p = (py, ..., p,) With |p| = r — 1 gives rise to m conditions (14)

on the coefficients of Qy.

Proof. Fix for all this proof a p € Z’gl with [p| = r — 1. Let V; = (@ + p;,r — 1) for
j=1...,m. Notice that V; ¢ N(Q) because V € E,(Q) and v > i, ,, > u; (see Fig. 1).
Thus, Q(aJrlle’p) =0.

13
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Since uy, ...,y and I' fulfil the hypothesis of Lemma 1, we may apply the derivations
D to Q, and for each j =1, ..., m, Eq. (3) becomes

Dj(Qp) = Z(PK + 1)(Qpte,) D (r®(x)). (15)
k=0

Since V = (a, r) is on the border of N (Q) and |p + e,| = r, we have:

a+te w(pteg) 4. a+ew(p)tek 4.

Qp+e,( = Q(a,ere,()x = Q(a,ere,()x

where the last equality holds because w(p + e,) = w(p) + k. Because of Properties (i)—(iv) in
the expression of r(x) the following equality holds:

Dj(r* ) = cjo 8 M7 4

where recall that ¢; o # 0 for each j = 1,...,m. Hence, the right hand side of Eq. (15) is
equal to

cjo (Z(pK +1) ajfj) Q(a,pm)) xetmtee®) ¢ (16)
k=0

and the left hand side of Eq. (15) has, by definition of D;, order at least ord, Q,. Thus, if

Q, = 0 we are done. So we assume Q, # 0 from now on. Set ord, O, = 1+ € w(p).

It is enough to prove that n > o + 1 ; because this implies that the first term of (16) is zero
which combined with (15) gives Eq. (14). By definition of L,(Q), any point in C(Q) belongs
to the closed right halfplane defined by L,(Q). Since V = (o, r) € E,(Q) C L,(Q), the point
(¢ +v,r — 1) lies in L,(Q) because L,(Q) is a line with anti-slope v. Therefore, any point
with ordinate r — 1 in N'(Q) has abscissa greater than or equal to & + v. As Q, # 0 then
Qe wip).p) 7 0 so that (n,r —1) € C(Q) and hence n > o+ v >a+ ;. O

The key consequence of Lemma 6 is the following result.
Proposition 1. Let v > maxsuppr(x) and V = (a,r) € E,(Q) with Qy # 0. The indicial

polynomial W g.v\(T) is a power of the polynomial (T —6§,,)---(T — 8,,) up to a non-zero
constant c:

W(Q;V)(T) =cC (H(T - 81/-]')> .
j=1

Proof. We proceed by induction on r. The case r = 0 is trivial because ¥(p.vy(T) = Q(q4,(.....0)
is a non-zero constant under our hypothesis Qy # 0.

We need to prove the case r = 1 because our induction argument requires r > 2.

Assume r = 1. The indicial polynomial of Q at V = («, 1) is, by definition,

n
Uon)(T) = Qaey T
k=0

Applying Lemma 6 to p = (0, ..., 0) we get ¥(g.v)(8,;) =0for j =1,...,n (i.e. each §,;
is a root of ¥p.y)(T)). Since the polynomial ¥(y.v)(T) has degree at most n, we must have:

n n
Vo (T) =Y Quueny T = Qe [ [(T = 81)).
k=0 j=1

14
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and we need to show that Q.. 7# 0. Assume for contradiction that Q..,) = 0, then
Yo;vy(T) = 0 and all the coefficients Qq,c,) should be zero for «k = 0,...,n, which
contradicts the fact that Qy # 0. This finishes case r = 1.

Assume the result holds for » — 1 and consider the general case. Let V = («, r), with r > 2
and all other notations as before. For any p € Z’;’gl with |p| =r—1,Eq. (14)for j =1,...,n
implies the following equality of polynomials in the variable 1 of degree at most n:

Z(pk DT Quprey = (on + 1) Qapren | [(T = 81))- (17)
j=1
because ‘SM_/’ for j =1,...,n, are different roots of the left hand side.

We are going to prove that Q. ....0) 7 O and apply Lemma 5 to use the induction
hypothesis. Arguing by contradiction, assume that Q4 ....0) = 0. Take y € Z'f{)l with
ly| = r maximal with respect to the reverse lexicographical order such that Q) £ 0. This
y exists because Qy # 0, and y # (0,0, ..., r) by the assumption. Let p = y — e, for some
k < n with y, > 0, which exists too because y,, < r. Eq. (17) applied to this p implies that if
O (a,p+¢,) = 0, then the left hand side of (17) is the null polynomial so that Q(,,y = 0 because
y = p + ec. Hence Qu,pte,) 7 0. This contradicts the definition of y. Thus our assumption
is false and Q(u,.....0,r)) 7 0.

Multiplying both sides of Eq. (17) by T, as T T () = TFeo) we get

n n
D e+ DT Qpieyy = (on + D) Quapreny T [ [(T = 8. (18)
_ j=1

The sum of all the left hand sides of (18) for p with |p| =r — 1 gives:

Do D e+ DT O piey =1 D TV Quyy =1 Wion(T),

lpl=r—1 k=0 lyl=r

where the second equality is the definition of the indicial polynomial, and the first one follows
from collapsing the preimages of the map (p, k) — y = p + .. As a consequence, summing
all the corresponding right hand sides of (18) we get

r Yo (T) = ﬂ(T 8u) Y (on+ 1D Quupten TY. (19)

lpl=r—1

We are now going to apply the induction hypothesis in order to prove that the summation on
the right hand side is, up to a non-constant factor, an r — 1 power of ]—['}:l(T — 8y;). To this
end, recall that Q. (0,0,...ry) 7 0 and consider P = ﬂ . By the chain rule, 0="Plrix)] = ﬁ
and in particular, a(oz,(0,0 1) = T Q@ .0,...r) 7& 0. Lemma 5 guarantees that r(x) is an
admissible generalized polyn0m1a1 for P. Let V = (at, r — 1). We know that then Qv # 0, and
by Lemma 5 again, V belongs to an element E,(Q) of anti-slope v. These properties allow us
to apply the induction hypothesis to P, r(x) and V which means that the indicial polynomial
Yo.v)(T) is, up to a non-zero constant an r — 1-th power of [[}_,(T — §,,). Thus, on one

hand, by definition and because O = %< we have
VoM = > QupT" = Z (0n + 1) Quaprem T, (20)
lpl=r—1 |pl=r—1
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and, on the other, by the induction hypothesis, there is a non-zero constant ¢ with
n r—1
Vo (T) = c <l_[(T - aﬂj)> . Q21
j=1
The proof of the first statement in the Proposition finishes by connecting (20) and (21), and
inserting the result into (19). O

Corollary 5. In the conditions of Proposition 1, if E,(Q) is a side of N(Q), then the
characteristic polynomial ®p.,)(C) has at least one non-zero root.

Proof. By definition:
Pon(©) = Y Vo)) C" ™.

WeE,(Q)
We have proved above that for all W € E,(Q) NC(Q), ¥Yg;w)(8,) # 0, because v > p;, for
all j =1,...,n. Since E,(Q) is a side, it has at least two vertices, whence ¥(y.,)(C) has at

least two non-zero monomials, and thus it has at least one non-zero root. [J

Proof of Theorem 3. Let Q = P[r(x)]. Consider the following procedure, analogue to the
Newton—Puiseux construction for algebraic curves:

Procedure 1. COMPLETION OF r(x) TO A SOLUTION OF P = 0.

Setup. SET ro(x) =r(x), Q1 = Q, no = max(supp(r(x))), and i = 1.

IF y = 0 is a solution of Q; = 0 THEN RETURN s(x) = r;_;(x) ELSE
CHOOSE a side of N(Q;) with anti-slope n; > n;_j.

CHOOSE a non-zero root d; of the characteristic polynomial ®g,.n(C).
SET ri(x) = ri—1(x) +d; x" and Q;11 = Q;[d; x"].

SET i =i+ 1 and GOTO 1.

RETURN s(x) = r(x) + > o, d; x.

QAR BN~

We shall show that in each iteration, the main loop of the above procedure can be performed,
that the output s(x) belongs to {2, and it is a solution of the equation P = 0. From this follows,
by Theorem 1, that m < n, hence m = n.

Let us prove that each step can be performed. Assume r;_(x), Q;, n;— are defined for
some i > 1 and r;_1(x) is admissible for P = 0. If the condition of line 1 holds the
procedure finished. Otherwise, as r;_j(x) is admissible for P = 0 there exists n; > n;_; by
Corollary 4 such that A (Q;) has a side of anti-slope 7;. This allows line 2 of Procedure 1 to
be performed. Proposition | guarantees the existence of a non-zero root d; of the characteristic
polynomial &g,.,)(C) which gives line 3.

We have proved that the above method either returns a generalized polynomial r;_;(x)
which is a solution of P = 0 or, after infinitely many steps, it returns a formal power series
s(x) = r(x)+2fil d; x™ . From the definition of 7o and the fact that ny < 5;, it is obvious that
r(x) is a truncation of s(x) but it remains to prove that s(x) € {2 and that s(x) is a solution
of P = 0. These facts follow from the following Proposition, which can be found in the
literature under slightly different hypotheses: In [15] the equation P = 0 is differential and has
coefficients in the field C((x%)), in [4] the series s(x) has rational exponents, and in [6] P =0
is a g-difference equation whose coefficients are grid-based series. The arguments presented in

16



J. Cano and P. Fortuny Ayuso Indagationes Mathematicae xxx (Xxxx) xxx

those proofs are equally valid in our setting with minimal modification. For the convenience
of the reader we sketch the proof of the specific statement we need, thus ending the proof of
Theorem 3. O

Proposition 2. Let P € 2[yo, y1, ..., Yu] and s(x) = Z?io c; xVi be a series with vg < v| <
. such that s(x) satisfies the necessary initial conditions (10) for any i > 0. Then s(x) € {2
and it is solution of the equation P = (.

Proof. First, we are going to define a special point which we call the pivot point of P along
the series ) .-, c; x" and will be central to our arguments.

As previously, we denote Py = P and P,;; = P;[c; x"]. By Lemma 3 we know that
ht Top(E,, (P;)) > htTop(E,,,,(P;41)) > 1, for any i > 0. Hence there exists an index iy such
that this sequence of heights stabilizes, and therefore the points Top(E, (P;)) stabilize too: there
is a point V = (a, r) such that Top(E,,iO(P,-O)) = Top(E,,(P;)) = V for all i > io. This V is
the pivot point of P along s(x).

We know that » > 1 by Lemma 3. Notice that for any k > ip, setting oy =
ord, P(Zf:_é ¢; x") one has oy > o 4+ rv; because the point (o, 0) is in C(P;) and the
supporting line L,, (P;) passes through V. Hence, in order to prove the Proposition it is enough
to show that s(x) € (2, that is lim v; = oo, because then automatically lim oy = co which makes
s(x) a solution of P = 0.

We may assume that r = 1, because if » > 2 we can apply r — 1 times Lemma 5 to find
some derivative P’ = ﬁ of P, such that, the height of the pivot point of P’ along s(x)
is one. Thus from now on we assume that r = 1.

We may also assume that « = 0 so that V = (0, 1). Let us sketch why (a detailed argument
can be found in [6, pages 15 and 16]). Performing the change of variable y = x"0 y on P = 0,
and multiplying the resulting equation by x~#, with 8 = o + V;,» We obtain a new equation
P = 0 whose pivot point along 5(x) = x~ "0 s(x) is (0, 1) and such that the coefficients of
F,-O are elements of {2 with non-negative order in x. Using Fio instead of P, we may assume
that P = 0 is in quasi-solved form: N(P) is contained in the first quadrant, and in particular
the coefficients of P have non-negative order in x, and V = (0, 1) is a vertex of N'(P), and
vy > 0.

We first prove the Proposition assuming that P is in quasi-solved form and with the
additional hypothesis that its coefficients are grid-based, that is: there exists a finitely generated
semigroup G of Ry such that supp P C G. In this case we can prove that s(x) is also
grid-based. The general case will follow from this one.

By Lemma 3, the point V = (0, 1) is a vertex of N(P;) for all i > 0. Also by Lemma
3, the equality Po.,) = (Pi)o.,) holds for all i > 0 and x = 0,1,...,n. Hence the
indicial polynomials W(p,yy(T) and ¥(p,,vy(T) are equal for all i > 0. Let 2 = {u € Ry |
Ycp,vy(8,) = 0}. This set is finite because the set of roots of the polynomial ¥p.vy(T) =
Yo Poeo T is finite (it is not identically null since (0, 1) is a vertex), and |¢| # 1 in
the case of g-difference equations. Let G’ be the semigroup generated by G and X', which is
finitely generated.

Let us prove inductively that supp P, C G’ and that v; € G’. The case i = 0 holds by
hypothesis. Let i > 0 and assume that supp P, C G'; let us first prove that v; € G’. By
hypothesis, p;.,,)(c;) = 0. If the element E,,(P;) is a side then its vertices are (0, 1) and
(i, 0), so that v; = o; € supp P; C G'. Otherwise E, (P;) is the vertex {V}, which implies
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that & p...,)(¢i) = Y(p,.vy(8y,)ci, so that v; € Y. In both cases, v; € G'. Since P = Pi[c; x"]
then supp Py C G’. This shows that supp s(x) C G’ which implies that lim v; = oo as desired.

It only remains to prove the Proposition when P has coefficients in {2, not necessarily grid-
based. Take N > 0 and denote by R the polynomial obtained by truncating in the variable x
the coefficients of P up to order N. Define as usually Ry = R and R;y; = R;[c; x"] fori > 0.
Since the coefficients of P have non-negative order in x and v; > 0, then the truncation up to
order N of R; and that of P; coincide for all i > 0. In particular, if vy < N then, ®(g;;,,)(c;) =0
for 0 <i < k. Since supp(R) is finite, it generates a finitely generated semigroup G of R>. As
before, we may prove by induction that v; € G’ for 0 < i < k. Since the set G’ N R<y finite,
then the set supp s(x) N R.y is finite for any N and therefore either lim v; = oo or supp s(x)
is finite; in both cases s(x) € {2 and we are done.

4.2. On the completion of admissible polynomials to solutions

Grigoriev and Singer in [15] provide, in the case of differential equations, a criterion for
an admissible polynomial to be the truncation of an actual solution of P = 0, based on the
following definition. As before, r(x) = Zi':(; c; x" is an admissible generalized polynomial
for the equation P = 0, and we denote Py = P and P,y = P;[¢c; x"], for 0 <i <k — 1. Let
V = Bot(E,,_,(Fy)) be the bottom vertex of E,,_,(Fy).

Definition 1. We say that r(x) stabilizes P if the height ht(V) is 1, and v;_; is greater than
the maximum of the finite set X' = {it € R>¢ | ¥(p,v)(5,) = 0}.

In Section 3 of [15] the authors prove the following stabilization criterion (for differential
equations): if r(x) stabilizes P then it is the truncation of a unique solution s(x) of P = 0.
For the benefit of the reader we include a proof which covers also the g-difference case.

Proof of the Stabilization Criterion of [15]. We need to show the existence and uniqueness
of a solution s(x) = r(x) + Zik ¢ x'i € {2, with v; < v;4; for all i. By Proposition 2, it
is enough to prove that 7(x) can be completed uniquely to an s(x) such that s(x) satisfies the
necessary initial conditions (10).

Notice that whenever v, > vi_ and ¢; satisfy the necessary initial condition @(p,.,,)(cx) =0
then the generalized polynomial r(x) + ¢ x"* stabilizes P. Thus, by recurrence, we only need
to prove that: either (I) P(r(x)) = 0 and the condition $p,.,,)(cx) = 0 does not hold for any
Vi > Vg—1 and ¢x # 0; or (II) P(r(x)) # 0 and there only exist one vy > v;_; and one ¢; # 0
with Q(pkwk)(ck) =0.

Let v > vi_;. Because ht V = 1, there are only three cases for the element E, (Py): (a)
E, (Py) is a vertex of N(Py) with ordinate zero; (b) E, (Py) is the vertex V; (c) E, (Py) is
the side joining V and the vertex of N'(P;) on the horizontal axis, say (8, 0).

In case (a), Pp,;,)(C) is a non-zero constant polynomial, so it has no roots. In case (b),
Dpv)(C) = ¥pvy(8,,) C whose only root is C = 0 as ¥p.v)(6,,) = Yp_;;v)(8y) # 0
because r(x) stabilizes P. In case (c) we have

Ppv)(C) = ¥p.vy(6y,) C + Prg0,....005

both of whose coefficients are non-zero by assumption so that it has a single root.
If P(r(x)) = 0 then we are necessarily in case (b) because C(P;) has no points with ordinate
zero, whence (I) holds.
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Assume that P(r(x)) = dx” + --- with d # 0, hence (y,0) is a vertex of N'(P). As
V = (a,1) for some o and V € L, ,(F), then y > o + v_y. If v # y — « then we are
either in case (a) or case (b), so that @p,.,,)(C) has no non-zero roots. As y —a > v;_i, there
only remains the possibility vy = y — «, giving case (¢) with 8 = y, and P(p,.,,)(C) has a
single non-zero root, which is (II). [

The criterion presented in Theorem 3 is of a different nature than this one: it only depends
on the dimension of the Q-vector space spanned by the support of r(x) and the order of the
equation, while the above criterion required knowing the whole equation P, r(x), and the
substitution P, = P[r(x)].

In Section 5 we present an example of an admissible generalized polynomial that satisfies
the criterion of Theorem 3 and that can be completed in two different ways to a solution of the
differential equation so that the stabilization criterion of Grigoriev and Singer does not apply.

4.3. Autonomous ordinary differential equations of first order

In this subsection we will apply our previous results to the case of first order autonomous
ordinary differential equations. In the next Theorem we prove that any solution s(x) € {2 of
that kind of equation is a formal Puiseux series (statement (1)). We also provide alternative
proofs of two known results: Theorems 11 and 12 in [7] (statements (2) and (3)).

Let P = 0 be a non-trivial autonomous ordinary differential equation of first order, that is,
a first order differential equation invariant by the translations x — x + ¢, ¢ € C. Hence P can
be written as a non-zero polynomial with constant coefficients in yp and y;, where y; refers
to the derivative <. Let us denote by K* = Udzl(l((xiz)) the field of formal Puiseux power

d
series, i. e. the ﬁelfl of grid-based elements of C((x?)).

Theorem 4. Let P(yo, y1) = 0 be non-trivial an autonomous first order ordinary differential
equation. Then

(1) If s(x) € £2 is a solution of the equation P = 0, then s(x) € K*.

(2) If s(x) € K* is a solution of P =0, then s(x) is a convergent Puiseux power series.

(3) For any point (xg, co) € C?, there exists an convergent solution s(x) of P = 0 passing
through the point (xo, co).

Proof. Part (2) is consequence of our Theorem 2, see Corollary 3. In order to prove parts (1)
and (3), let us note some specific properties of the Newton polygon of P in this case.
Since P is a polynomial with constant coefficients, we can write
dy d

P=Y">"P,yyl. PjeC )

i=0 j=0

Then any term P; ; y6 y{ corresponds to the point (—j, i+ j) in C(P), which provides a bijection
between the non-zero terms of P and C(P). Let V € C(P) be a point lying in some side
or vertex of A (P). There exist unique integers 0 < i < d; and 0 < j < d, such that
V = (—j,i + j). Then, the indicial polynomial ¥p,v\(T) = P, ; T/, with P; j # 0 because
V € C(P). We are assuming that P is effectively a differential equation, that is, y; appears
in P, so that there is a point with strictly negative abscissa in C(P). This implies that for any
w € R, the characteristic polynomial &p.,,(C) has a non-zero root if and only if 4 =0 or
is the anti-slope of a side of AV/(P).
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Let us prove part (1). Let s(x) = cox"0 4+ --- € 2, with ¢y # 0, be a non-constant

solution of P = 0. We may assume that uy # 0, otherwise, we perform the change of
variable P[co] = P(yo + co, y1) to obtain a polynomial with constant coefficients which has
s(x) —co=cyx*1 4 ..., with u; > 0, as solution. By Lemma 2, ¢¢ is a non-zero root of the

characteristic polynomial & p.,,)(C). By the above properties of N'(P), either po = 0 or g
is the anti-slope of a side of AV(P). Since the sides of N/(P) are rational, necessarily pq is a
non-zero rational number. Hence r(x) = ¢y x*° is an admissible polynomial for P = 0. Since
supp P = {0} and (suppr(x)) = Q, then r(x) satisfies the hypothesis of Theorem 3. Hence,
r(x) is the truncation of a solution s(x) of P = 0. By Theorem 1, (supps(x)) = Q, hence
s(x) € C((x9)). Now, the arguments given in Proposition 2 for the grid-based case, shows that
s(x) is grid-based, hence s(x) € K*.

Let us prove part (3). Since P is autonomous, we may assume that xo = 0. Performing the
transformation P(yo + co, y1), we may assume that co = 0. Write P as in (22). If Py = 0,
then s(x) = 0 is a solution and we are done. Assume that Py # 0. Since P is of order one,
the Newton polygon N'(P) has a vertex of the form (—j, i + j), with j > 1. Hence N(P) has
at least one side with anti-slope 0 < po € Q. By the properties of A/(P), the characteristic
polynomial &p,,,(C) has a non-zero root cp, and as in part (2), there exists a power series
s(x)=cox"0+ ... € K* solution of P = 0. By Corollary 3, s(x) is convergent. [J

5. Example
Consider the irrational number v = 7r/2 and the linear differential equations
Li=ty—yn—(c-Dx+@E@-2)x+x-3)x),
Li=ty—y—(t—Dx+(—2)x*+(x —5)x°),

where y; refers to the Euler derivative x% and yo = y(x), for y(x) € 2. Set P =
Ly L,+x%yoy, and r(x) = x +x%. Here L, L, is considered as a product of polynomials, not

as a composition of differential operators. More precisely

P=yi+17yi+ (-2t +x% yoy

+(QT-)x+Qt—-Hx*+ (@ =3+ (T —5x) y

+Q2tl—x+2t2 -+t -1+ (5—1)x°) ¥

+(1 =21+ )x*+@ -6 42>+ +(15-81+ PP,
Let us verify that r(x) satisfies the criterion of Theorem 3 for P = 0 but it can be continued
to two different solutions, so that r(x) does not satisfy the stabilization criterion. Recall that
Theorem 3 guarantees also the convergence of those continuations.

As the order of the equation P = 0 is one and 7 is irrational we only need to show that
r(x) is admissible. To this end, define Py = P, P; = Py[x], P, = P;[x*]. Writing only the
terms corresponding to the border of each Newton polygon, we have

Pi=(y-yn)’+2@ =22 -ty + @ =272+,
Py=(yo—y)’+2 (@ =2 x> 01—ty + (=27 x 4o

From now on we refer the reader to Fig. 2 for the structure and elements of the Newton

polygon of each the equations we shall compute.

The element E;(Py) of anti-slope v; = 1 is the side of N (Py) with vertices (0,2) and
(2,2). Its characteristic polynomial is ®(p.1)(C) = t2(r~' — 1)(C — 1), whose only root is
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Ly(Ps) L3(Ps)

N (Py)

OO OO OO
9 10 11 12

N(Q4)

e D=

1 2 3 4 5 6 7 8 ‘9”:-1@.11 12 13 14 15 16
L5(Qa)

Fig. 2. Newton polygons of Py, P, P, and P; following the admissible generalized polynomial x + x7 4 x2 4 x>
until the stabilization step is reached.

c; = 1. Hence the polynomial r;(x) = x is admissible for P but does not satisfy either the
criterion of Theorem 3 (it has no irrational exponents), or the stabilization criterion (because
htBot(E{(Py)) = 2).

Now for P, the indicial polynomial for the vertex V = (0, 2) of N (Py) is ¥(p,.v)(1t) = T—H,
whose root is © = . Set v, = t. Since 1 < 7 < 2, the element E.(P;) is V, and its
characteristic polynomial is @(p,.r)(C) = 0 so that any ¢, € C is a root. We choose ¢; = 1. Thus
r2(x) = x + x7 is an admissible polynomial for P = 0. We have not reached the stabilization
step because E.(P,) = {V} and the bottom vertex is V which has height 2 (see N'(P,) in Fig.
2). However, we can already apply Theorem 3 so that x + x* can be continued to at least one
solution of P = 0. Moreover, by Theorem 2, any solution which is a continuation of x + x*
is convergent.

Let us try and continue the process to see when we reach the stabilization step.

As N(P>) has a unique side, of anti-slope 2, E>(P,), we need to compute the corresponding
characteristic polynomial

By (C) = (T =2 +2(1 =22 —1)C + (1 —2)* = (t — 2*(C — 1)?,
whose only root is c; = 1 which makes r3(x) = x + x7 + x? an admissible polynomial. Let
P3 = PQ[XZ]Z

Py=(tyo—y)’+(@=3) 2 -ty + (-4 2"+,

whose Newton polygon A(Ps) has E»(P;) = {V}. Again, we still have not reached the
stabilization step.
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The Newton polygon A (P;) has two sides: setting W = (3, 1), they are E3(P3) = [V, W]
and Es(P;) = [W, (8, 0)] of anti-slopes 3 and 5 respectively. Notice that Proposition 1 applies
to the points V, W and (8, 0) and as a consequence their corresponding indicial polynomials
are powers of (i — 7) up to a constant factor:

Uipyvy (1) = (T = 1, Yy (10) = (1 =3) (0= 10), Fpyson() = (T =4 (u—1)°.
This guarantees that the characteristic polynomials &p,;3(C) and Pp,;5(C) have non-zero
roots. For anti-slope 3 we get

Ppy3(C) = (T =3)*C*+ (1 =3)3-1)C =(r —3)*C(C - 1),
and for anti-slope 5,

Dpy5)(C) = (t =3)(5—1)C + (1 — 47,
whose single root is ds = %. Since Pp,:3(1) = 0 and Pp,.5(ds) = 0, we can
continue r3(x) with either x> or dsx° to get admissible polynomials. Let Py = P; [x3] and
Q4 = P3[ds x°]:

Pr=@yo—y)’ =@ =3)x =ty +x’+---,

Qi=@y-—y)’+@T—=3)x n—ty)+U+0)x""" -
The structure of N(P;) guarantees that z(x) = x + x7 + x? + x> stabilizes P because
Bot(E3(P4)) = W has height 1 and its indicial polynomial ¥p,.wy(u) = (r — 3)(u — 7)
has no roots greater than 3. The stabilization criterion now implies that z(x) can be completed
to an actual solution z(x), necessarily convergent. Similar arguments apply to the other choice

Q4 = P3[dsx’] and w(x) = x + x7 + x> + ds x>, which can be continued to a convergent
solution w(x). For the sake of the reader we include some of the first terms of zZ(x) and w(x):

_ 1 T+1

T 2 3 5 447
z(x)-x—i—x +x"+x + (‘l,' 5)(3 t)x + 4(1_ 3))6 + s
- T 2 5 T 1 4+ 3 6
w(x) =x+x +x"+dsx 4(_[ 3) X (‘L’ 6)(7,’ 3)X +
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