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Resumen

Este trabajo de fin de grado se basa en el estudio de la supergravedad en D = 11, que
juega un papel importante en la Fisica Tedrica moderna porque:

1. Es el limite en bajas energias para la teoria M [1].
2. D=11=10+1 es la dimension mas alta compatible con la supersimetria [2], [3].

3. La supergravedad en D =4, N = 8 que se obtiene por reducciéon dimensional de la
supergravedad en D = 11 es posiblemente una teoria finita en todos los 6rdenes de
la teoria de perturbaciones [4].

Las teorfas de Chern-Simons (CS) también son relevantes. Se trata de teorias que
consisten en acciones construidas exclusivamente en términos de los campos de gauge
de algtin (super)grupo, con la condicién de que sean invariantes gauge. Solo existen en
dimension impar. Por ejemplo, se sabe que la (super)gravedad en D = 3 es también una
teorfa de CS [5] , aunque eso ya no es cierto cuando D > 3, D impar. Sin embargo, se ha
conjeturado que:

1. (Cremmer-Julia-Scherk) El grupo de simetrias de la supergravedad en D = 11 es
Osp(1]32) 16].

2. (Horava) La teoria M es en realidad una teoria CS basada en Osp (132)®Osp (1]32).
Esto implicaria, en particular, que la supergravedad en D = 11 es un limite de bajas
energias de dicha teoria de CS [7].

El estudio busca analizar la posible relacion de la supergravedad en D = 11 con una
teorfa de CS basada en el grupo Osp(1]32). Para ello, consideraremos tinicamente el caso
bosobnico (i.e. tomaremos el campo del gravitino ¢ igual a cero) y construiremos una
teoria de CS modificada con un campo dado por una 3-forma .7
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Abstract

This degree project is based on D = 11, which plays an important role in modern The-
oretical Physics because:

1. Is the limit of low energies for the M theory [1].

2. D =11 =10+1 is the highest possible dimension compatible with supersymmetry

121, [3]

3. The supergravity in D = 4, N = 8 which is obtained by dimensional reduction of
supergravity in D = 11 is possibly a finite theory at every order of perturbation
theory [4].

Chern-Simons (CS) theories are also relevant. These theories consist on a set of
actions exclusively constructed in terms of the gauge fields of some (super)group with the
condition of gauge invariance. They only exist with odd dimensionality. For example, it
is known that (super)gravity in D = 3 is also a CS theory |5], although this is not true
when D > 3, D is odd. However, it has been conjectured that:

1. (Cremmer-Julia-Scherk) The symmetries group of supergravity in D = 11is Osp(1|32)
|6].

2. (Horava) The M theory is a CS theory based on Osp(1]|32) ® Osp(1|32). That
would imply, particularly, that supergravity in D = 11 is a low energy limit of that
CS theory [7].

This study analyzes the possible connection of supergravity in D = 11 with a CS
theory based on the group Osp(1]32). To this end, we will only consider the bosonic
case (i.e. we will take the gravitino field ¥ equal to zero) and we will build a CS theory
modified with a field given by a 3-form <.
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Chapter 1

Introduction

“Imagination will often carry us to worlds that never were, but without it we
go nowhere.”

Carl Sagan

1.1 Motivation

We move in our daily environment without understanding almost anything about the
world. We spend a little time thinking about the mechanisms which make life possible ,
and in the forces which make them possible, as gravity, that binds us to the Earth. In the
atoms which compose our bodies and whose stability is fundamental for our lives. Few of
us dedicate time to make us questions about why nature is as it is, and where the cosmos
came, or wether it has been always there, definitely, about the existence of fundamental
limits on which humans can learn about.

It is very common in our society that the receptor of this kind of questions would reply
just shrugging or with some religious reference. However, much of the philosophy and
science has been guided by such issues. At present, our knowledge about the fundamental
laws of physics is not only an incomplete whole, but it is not even an self-consistent whole.

Usually we start doing physics studying isolated phenomena, explained through ad
hoc disjointed theories. Over time we observe that actually these theories can correspond
to different aspects of a more general unification theory. It is for example the case of
the four fundamental interactions. Quantum electrodynamics and electroweak interac-
tion were the first unified theories (after electricity and magnetism of course). After that,
quantum chromodynamics was unified to them within the standard model frame. Never-
theless, gravitational force resists the attempts to be unified with the other interactions.
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Probably, one of the most promising approaches with this objective has been that of
string theory, quantum gravity, loop quantum gravity and non-commutative geometry.
From among these four, string theory is particularly appropriate to achieve the objective
of unification. Within its frame, the four fundamental interactions correspond simply to
each different vibration modes of only one solid fundamental object called string.

There exists a problem when we try to formulate the theory in only one way. Actually,
we can formulate it in five different ways: type I, type ITA, type IIB, heterotic SO (32)
and heterotic Eg x Eg; which are related through a net of dualities. The type ITA theories
have as a limit of low energies supergravity IIA in D = 10, the type IIB theories have as a
limit of low energies supergravity IIB in D = 10 and the heterotic SO (32) and heterotic
Es x Eg theories have as a limit of low energies N = 1 supergravity / Yang-Mills with
SO(32) and FEg x Eg group respectively. . In 1995, E. Witten introduced a possible
explanation [8] (see also [1])which says that supergravity ITA in D = 10 can be obtained
from a formulation supergravity in D = 11 — called M-theory by Witten - whose low
energy limit is CJS supergravity, related with strings theory by dimensional reduction.

No one knows the defining principles of M-theory, only the compactification and low
energy limits. A conjecture was put forward by [9], called matrix theory, in which space-
time was substituted by a space of matrices. Later, in 1997, Horava [7] suggested that
M-theory could after all be a Chern-Simons field theory.

The present work explores the second conjecture. We will analyze the relation between
this supergravity in D = 11 and a CS theory based on the Osp(1|32) group considering
only the bosonic case.

1.2 Work schedule

The process we will follow after constructing a CS theory modified with a field given
by a 3-form .o is to introduce one scale factor with dimensions A which allows to take
the low energy limit and to choose as a Lagrangian the term in A of the development
of the original Lagrangian that results from the scale change (Horava argues that this
Lagrangian corresponds to the low energy limit). After that we compare the equations
of this Lagrangian with that of the bosonic case of supergravity in D = 11.

What we can observe is that we reproduce the equations for some selection of the
free parameters, and then, the role of the auxiliary field which has to be present in the
formulation of the first order of supergravity in D = 11, is played by the gauge fields of
certain Osp(1|32) generators. that would provide evidence supporting the existence of a
relation between supergravity in D = 11 with a CS theory. But we don’t know the precise
form of this relation because, when introducing the 1 field, the CS equations are not the
same that that of the supergravity in D = 11. If we reach this connexion, it would imply
that Osp(1]32) plays almost a role in M-theory, whose basic equations are not known at
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the moment.
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Chapter 2

Initial considerations

In this section we will introduce the fundamental aspects of the theory that we are going
to develop.

2.1 ;What is supergravity?

Supersymmetry|2] (see also [3|) is, by definition, a symmetry between fermions and bo-
sons. Supersymmetric theories allow us to relate fermion properties (matter) with boson
properties (force carriers) in both plane or curved spaces (supergravity). A supersym-
metric field model cosists on a set of quantum fields and of a Lagrangian for them which
exhibit such a symmetry. The Lagrangian determines, through the action principle, the
equations of the motion and hence the dynamical behaviour of the particles. A supersym-
metric model which is covariant under general coordinate transformations or, equivalently,
a model which possess local (“gauged”) supersymmetry is called a supergravity model.

Supersymmetric theories describe model worlds of particles, created from the vacuum
by the fields, and the interactions between these particles. Supersymmetry manifests
itself in the particle spectrum and in stringent relationships between different interaction
processes even if these involve particles of different spin and of different statistics. Both
supersymmetry and supergravity aim at a unified description of fermions and bosons, and
hence of matter and interaction. Supergravity is particularly ambitious in its attempt at
unification of the gravitational with the other interactions. All supersymmetric models
succeed to some degree in these aims, but they fail in actually describing the world as
we experience it and thus are models, not theories. We are still striving to find some
contact between one of the models and physical reality so that that model could become
an underlying theory for nature at its most fundamental level.

As we have introduced, supergravity is the supersymmetric theory of gravity, or a
theory of local supersymmetry. It involves the graviton described by Einstein’s gravity

13
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(general relativity), and extra matter, in particular, a fermionic partner of the graviton,
called the gravitino. By itself, Einstein’s gravity is non-renormalizable, so its quantization
is one of the most important problems of modern theoretical physics. Supersymmetry is
known to alleviate some of the ultraviolet divergences of quantum field theory, via can-
cellations between bosonic and fermionic loops, hence the UV divergences become milder
in supergravity. In fact, by going to an even larger theory, string theory, the nonrenor-
malizability issue of quantum gravity is resolved, at least order by order in perturbation
theory. At energies low compared to the string energy scale (but still very large compared
to accelerator energies), string theory becomes supergravity, so supergravity is important
also as an effective theory for string theory.

We start with some of the basic concepts as the Maurer-Cartan equations for the Lie
algebra sp(32), which will give us information about the curvatures of our model.

2.2 Maurer-Cartan equations for the Lie algebra sp(32)

Connections are usually defined on principal bundles. We shall consider only the trivial
bundle case, so, for us, connections will be one-forms*. A connection form associates
to each basis of a vector bundle a matrix of differential forms. The connection form
transforms in a manner that involves the exterior derivative of the transition functions,
and the main tensorial invariant of a connection form is its curvature form. We can
introduce the condition for the vanishing of the curvature for the one-form f as follows:

df=~fNf . df=—f, (2.1)

where

faﬁ = fﬁa ) faﬂ = Oowfvﬁ ) Oav = _Cwoc ) (22)

where C,, is the simplectic metric.
f can be expanded in the basis of symmetric antisymmetrized products of v matrices:

a 1 a 1
f - fllry + Zfab’}/ b + Efal...ag, y (23)

where

(VA =+ =2 (2.4)

n® is the Minkowski metric in D = 11,

*or three forms in the case of supergravity, defined on space-time
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1
7= 50" ="
1
0105 — o Z (o) loyte@ Nl (2.5)
" o€Ss

i.e. The weight are antisymmetrized products of v matrices y**% 9 and I are
excluded because they are not symmetric; (7%%)a5 = —(7%%)sq , etc.

2.3 Gauge algebra

We now say that the Maurer-Cartan equations are no longer satisfied. Then, the curvatures
are the quantities that express the failure of the one-form f to satisfy the Maurer-Cartan
equations.

Q=df + f* . (3.6)

The differential of 2 is given by:

Q= Qf — fQ . (3.7)

We can also expand ) in the basis of symmetric antisymmetrized products of ~
matrices:

1 1
Q= Qa'ya + ZQabfYab + EQal...a57alma5 . (38)

2.4 Gauge transformations

These transformations are given by:

5f=fb—bf+db

where b = b is a zero-form gauge parameter:

4

The variation of the curvature Q is:

1 1
b= by — ~bay® + abal,._asval'““f’ . (4.9)

50 = Qb —bQ . (4.10)
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Chapter 3

Chern-Simons form and action

A CS theory is special because its action is proportional to the integral of the three-form
of CS. In our case we will define a “CS-like" form in order to make possible this procedure.

We can write the 12-form H as a function of the curvatures Q2 as follows:

H=Tr(Q) =Tr(QxQxQxQxQxQ) , (0.1)

which is a closed and gauge invariant form. That is:

o dH = 6Tr(dQ Q%) = 6Tr((Qf — FQ)Q) =0 |

o OH =6Tr(6Q Q%) =6Tr((2b—00Q)Q°) =0 .
Since dH = 0, H = dB for some 11-form B . And this form is quasi-invariant, i.e.,

5B =dA . (0.2)

Now, one can define a Chern-Simons action Iog as follows:

[CS:/ B (0.3)
(%II

where .#" is the D = 11 space-time. Iog is gauge invariant up to topological effects
that we will not consider.

17
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3.1 Modified “CS-like" form

Since the bosonic part of D = 11 contains a three-form field, we will put it by hand.

F=dod , =0, (1.4)
where % is a four-form and o7 is the three-form field we introduce by hand.

With this curvature, the following closed, invariant form can be written.

H = Tr(Q%+aTr(Q)Tr(Q2) + 5 (Tr(92))’ +Tr ()7
+ §(Tr(9)>F + eTr(0?) 2 + 0.7 (1.5)

where a — o are constants and T7(Q?), Tr(Q*) are other closed-invariant forms not
considered before. Note that we do not add Tr(Q2*) nor Tr(Q°) and Tr(2) because they
are identically zero.

Note that the second expression of equation(1.4) tells us that the H closed invariant
form is gauge invariant under transformations &/ — &/ 4+ dA of the three-form field o7

3.2 Scale factor

All quantities f, €, o, % are dimensionless. We consider dimensional quantities by
introducin a scale factor, A\, with dimensions [\] = L' (in geometrized units, for which
¢ = 1 = G, and all the quantities have dimensions expressed in terms of powers of L).

Now we set:
a 1 ab 1 ai...as
f = /\ea/y + Zwab/y + gwal...asv oo ) (26)
where,
fa = deq e =L
fab = W , [wab] = [wal...a5] = LO ) (2 7)

fal...a5 - wal‘..ag, Y
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and,

ad =NA, [Al=L° . (2.8)

A physical action describing gravity wuld have dimensions of an action, which in
geometric units is LY (in D = 11). So we start with Icg and expand in \ as a result of
the change of scale,

Ies = Icslo+ Aesli + .. (2.9)
We keep the power A\, since \? I¢s|o is dimensionless and [\?] = L™, so [I¢s|e] = L.

Also, Icslo = [ ,» Blg and dBly = H|g, where:

B = Blp+AB|i+..
H = H|og+AH| + ... (2.10)

This expansion in A is used in the method of Lie algrebra expansions first used in [10]
and studied in general in [11].

3.3 Expansion of H

We are interested in H|yg. Since H contains the curvatures Qg, Qup, Qa,. a5, We need to
know their expressions in terms of e,, Wap, W, .. a5-

To simplify the calculations, we write

Q=df + f*, (3.11)

with,

a 1 ab 1 at...a
f = de*+ 7 Wab +§wa1ma5’y 145 (3.12)
= de+wp+ws , (3.13)
so:

Q = Me+dw+ (e +w)(e +w) (3.14)
= Ade + ew + we) + dw + w? + \2e? (3.15)

AT+ R+ \*Qy . (3.16)
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One has to bear in mind that T contains a piece proportional to v*, but also a piece
proportional to y*. The previous equations tells us that, in order to obtain the piece
H]ly that comes e.g. from Tr(Q5), one has to consider all the contributions containing ns
factors €2y , ng factors R and ny factors 7" in which a way that,

1. ng+ ny + ny = 6 (there are 6 curvatures)

2. ny + 2TL2 =9
The only two solutions for this case are:

e nyo=4n=1ny=1,or

e ny=3n=3n9=0

But R, T, Qs contributons come from any of the 6 Q2 in Tr(Q°), so we finally have:

Tr(Q%]y = TrONV(Q4, T, R)) + Tr(W(Q3, T3, R")) | (3.17)

where e.g. W(Q3,T, R) is the sum of all “words" that can be formed with four s,
one 7' nd one R.

It is even easier to consider directly the field equations.



Chapter 4

Field equations

It is easy to see (see, for example [11]) that the field equations for Ios can be obtained
directly from H. Let us call these equations E(f) = 0 and E (<) = 0 respectively. Then:

E(f) = 69°+4aTr(Q*)Q% + 2aTr(Q"Q + 68T7(2%)*Q
+ Ay F P+ AT Tr(0*)Q + 2eF77Q (0.1)

and,

E() = ~Tr(QY + §(Tr(Q%)* + 26 FTr(Q%) + 30.F7* . (0.2)

We need these equations for e and w (wy and w;), and o for the action I|g, which
comes from Hlg. It is easy o see that:

E(e) = E(f)lo-1=s ,
E(w) = E(f)l , (0.3)
E(A) = BE(A)|y-3=6 -

So we just have to find E(f)|s, E(H)|o and E(A)|¢ by tking into account that:

— AT+ R4+ N\, |

Q
F = NF=)dA . (0.4)

4.1 Field equation for w

We need to know the contributions of all terms in equation (0.1). Here we have to consider
again all the contributions containing ns factors {25 , ng factors R and n, factors 7' in

21
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which a way that:
e 60|y corresponds to ng, ny, ny such that:

n2:4,n1:1,n020 s

SO
60°)g = 6W(03,T) .

o 4 aTr(0Q?) Q3|y. also contains 4§, and 1 T in all possible combinations. If T is one
of the 3Q's in Q3, then Tr(Q?) = Tr(Q3) = Tr(e*) = 0 because e* oc y*% and
Tr(y*-%) = 0; only Tr(I) = 32.

So T has to be one of the two 2's inside the trace. Now, T' = de + ew + we, and
Tr(e*(de + ew +we)) = Tr(e*de) + Tr(e*w + e*we) = Tr(e*de), but e? o< ¥*192 and

de x . And there is no way this can give something proportional to the unit
matrix, so:

4aTr(?) Pl =0 .

e 2 aTr(0*) Qg . Here there are also 4Q% and 1 T. The contribution Tr(Q3)T
vanishes because Tr(Q3) = Tr(e®) oc Tr(y*+) = 0.

When T is inside the trace, we have:
Tr(TQ*) = Tr(dee® + we” + ewe®) =0 .

e 68Tr(Q?)2Qly. This is zero for the same reasons as above.

o 4.7 O3|y. Since F = AF, we have to find Q3%[s. In this case,ng, ny,ny have to
satisty:

n2:3,n1:1,n020 .

Hence,

4y.F D3|g = 4y Feb .
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o 40.7Tr (%) Qly. Here, as before, ny = 0,ny = 0, but 7T7(Q3) =0
So,

46.FTr(2%) Qe =0 .
e 2¢.7%Qlg. Since F? = \OF? we need Q3, but there is no such contribution:

2e 72 Qg =0 .

So the w equation is simply:
6W(03,T) +4yFe® =0 . (1.5)

Now the equation actually have different contributions; one proportional to y*2,
which gives the equation for wy, and another proportional to 4%  which gives the
equation for ws.

Note that €5 oc 4219 is also proportional to y*1-~95 because ¥+ oc ¢ 4160105

4.1.1 Equation for wy, (i.e. for wg)

We consider (1.5) in more detail:

W(Q2,T) = T + e5Te* 4 e*Te* + *Teb + Te® (1.6)

and T is given by:

T = de+ew+ we =de+ ewr, +wre + ews + wse
= T+ ews + wse (1.7)

SO.

W(QZ’ T) = €8T + 66T€2 + €4TL64 + €2TL€6 + TL€8
ws + eBwse + eTwse? + eSwse® + ePwset
4. 5, 3 6, 2 7T 8 9
e*wse’ + e’wse® + e“wse’ + ewse® + wse (1.8)

= WI((e*)*, Tr) + W(e’, ws)

-+
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To see how the 74,4, and v,,. o, contributions come out, note the identity:

k
fyaf)/almak = Z(_]‘)Zil 77aa¢'7a1...&i...ak + ’Yaal...ak . (19)
i=1
When contracted with the two-form, say e, and B* % one gets:

a ai...a a apai...a
€ fYaB ! kaal.A.ak =ke BCL(lQ...ak +7aa1...ak€ Bk y

i.e., all terms in the sum (1.8) add up, and the first term appears k times. The
same pattern exists when two matrices V4, 4., Va;..as are multiplied, but now there are
contributions with al possible number of contractions: the first term of (1.8) is the one-
contraction contribution with no contractions. The e*T}, terms have the structure y&.y(1),
This gives:

where v have no contractions and v(7) one contraction.

The 77 contraction will cancel because only the atrices that are symmetric with all
indices does contribute. So the €87}, terms only appear in the wy, equation, because:

,yal...ag o 6(11...0L9ab,}/ab ] (111)
In general, since:
O Ao G (1.12)
we have:
ai...a (_]‘)k ai...apak11...Q
fy 1 k — m 1 kQk+1 11’Yak+1.“a11 , (1.13)
On the other hand, the e®ws terms of (1.8) are of the form:
A 0) = A4 4 N (12) 4 (10) 4 (8) 4 A (6) 4 (@) (1.14)

The 71 contribution vanishes because there is no w,. The only symmetric 7 is 7.
So the e’ws terms only appear in the ws equation.

The wy, equations are:

€ayCag L LagYA1...09 + €4y Ca5 T Loy Y01 ...Q9 + ... (1.15)
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It is clear that all five terms in (1.8) give the same contribution, so we finally get:

D€y agLLagyar...a9 =0 . (1.16)

It is a well known fact that this equation implies 77, = 0, which can be used to express
Wapy in terms of e u and its derivatives, we, = —wWap, dz", € = —e® Md:c“.

4.1.2 Equation for w; (i.e. for wg, ,.)

This equation has two contributions. One is given by 4y Fe® in (1.5), which is proportional
to v, and the contribution with four contractions from the terms with 9 €’s and one wj
in (1.8), which is also proportional to ®.

We compute the contribution with four contractions in Appendix 6.1. After a long
process we obtain:

9! ,

W(e, ws) — 2 11 Car--Cas€ ey, pag Y™ (1.17)

Taking into account both terms in (1.8), we see that the ws equation is:

9!
12 - E ea1'-'€a5€b1~-6b4wb4...b1a6'yalma6 + 47F€a1m6a6’}/a1“'a6 -0 . (118)

Let us see what this equation leads to:

First we write:

F =Fy pe™..e™ (1.19)

(i.e., Fy, 5, are the components of the four form F' in terms of the eb)

So we have:
9!
: by...b .06 by...b .06
3 Car-++Cas Cby €y €W UL Syt Ay FT ey, g, €,y =0 (1.20)
Where:
ba.by . baby c
w 0 =W acCe -

We now write the products of ten €'s as:
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d
€a1---€a5€by---Cby€c = Eal‘..a5b1...b4ch )

for some ten-form E?. Factorizing out this form and %%, we have:

9 .
§€[a1...a5|b1...b4cd| wb4..‘b1a6} + 4’76(11...agbl...b4de1Mb4 =0 ) (121)

where the bracket [ ] indicates antisymmetrization in a;...ag with weight 1.

We refer to the Appendix 6.2, where it is shown that the solution is given by:

40
wdl...d5d _ _a ,YF[d1---d4 535] ) (1.22)

This equation relates the components of the gauge field one-form w? % to the com-
ponents of the four-form F' = dA. It can be written as:

40
wihtds — _§7Fdln'd4ed5 ) (1.23)

Let us check this result substituting (1.23) in the first term of (1.19), we get:

9! 40
Eeal...e%ebl...eb‘* (—y’yF[bl.ume%wal'“aG) = —4vyFe,, ...eq" " .

4.2 Field equation for .o

We need to know the contributions of all terms in equation (0.2). We will expand the
calculation in Appendix 6.3. Now we show the result:

We know that the addition of all these contributions give us the final equation result:

479324, ..Ca5 DWas. ay, € +30F2 =0 . (2.24)

Now we have to write this final result in a more convenient form:

ai...a1l __ 2
4v32¢q4,...05 D Wa, . ay,€ = —30F" |
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47y 32eq,...€44 Dblwa%_,aHbQeblebzeal'“““ = -3 O'Fbl_..b4F61_._c46b1...6b4661...664 .

Now we can use Fg, 4, = €dy...dsby..0s€" -..€%, then:

4732 €ay. .aghibady...ds D" W, o 2 €7 = =3 0€h,. brer.cadsdg FTPE
so we obtain:
4732 (_1)77 - 6! 51?171723111(13 Dbl wa7...a11b2 = _3O-ebl...b401...C4d1...d3Fb1Mb4FCIWC4 .
If we use the expression (2.19):
gar--ai - pyby by _ _@ §ar--ain - gbo by o
b1bad;...ds3 wa7...a11 9| Y bibody...ds a11 ar...a10
40 a7...a10b
= _a Y 5b17b2d11.0,.c2lg Db1 Fa?---alo
40 . .
= _(_7) g Y 6b17d1133 Dbl Fa7~~-a10
40 1
= 4.7 or ¥ D" Fyay. a5 = =1 ¥ D" Fyay ds
S0:
128 - 6!
(—=1)" 5 VD" Fyay.dy = —30€b,. byer..cady.dy F P FO
and we will use n = 1:
by 9o by...by TC1...Ca
D Fb1d1...d3 = —5120 72 Ebl...b4cl...04d1...d3F F . (225)

Which is the expression we were looking for.
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4.3 Field equation for e
We need to know the contributions of all terms in equation (0.1) again, but now we have

to find E(f)|s instead of E(f)|y. We have performed the calculations in Appendix 6.4, so
we show that the contributions that give us our action are:

6W(Q5, T?) | + 6W(Q3, R)| + 4y F(Q3T + QT + TQ3)|. = 0 (3.26)

Where |,/ selects the contribution proportional to a v matrix with a single index ¢,
or equivalently, a v matrix with ten indices, @110

As we can see, whe should expand the contributions given by 6°|s, which are
6W(Q3,T?)|, + 6W(Q3, R)|/, but its calculation is a very tedious procedure, so we will
try another way which is to analyze all terms in the stress energy tensor, which are of
two possible types: F*P? F,, .; gap and F*? F,, .5 (in the daz* basis). This means that
Einsteins equations can be written as:

1
Ruy = 59uwR = PF Fapy + Q F Fopigu (3.27)

Where P and Q are two constants. We know that the covariant derivative V# (RW — % gWR)
of the e.h.s vanishes, so the covariant derivative of the r.h.s must also vanish. On the
other hand we know that:

Oy Fupyr] =0 (3.28)

VMFMV,OO' - EVpU)xl...)\471...T4F/\1.”>\4FT1MT4 . <329)
There is a factor before €,,,x,..A47...r, Which is not important for the argument.

Then, V# (RW — %gWR) has to vanish when we use the two equations above. This
fixes the relative factor between the two terms in (3.27):

VH [ P Fa/)’vu Fap'yl/ +Q FoBye Fap’yJ gw] — PVH Fa/ﬂ’vu Fap’yz/ +P Faﬁvu V*FE, By
+ 2QVHEF, s G -
Where we have used V*#g,, = 0.

Now, using (3.28), the third term in the r.h.s is:
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2QV "™ O F 50 -

Using (3.29), the first term is:

F)\l...)\4FTl...T4F

_ papy
Pe A1 apyy

L A4TL... T4

but this can be easily shown to vanish by using the Schouten identity.

So we are left with:
FP NHFop [P +8Q)
Since this has to vanish, P = - 8Q.

So we don’t have to worry about the relative factor in the stress-energy tensor. We
only need to fix the overall factor.

Taking the trace of equation (3.27), we get:
11 uypo uvpo
R—;R:PF Fovpy + QAL)FFPOE,, 0

9 11 .
—R="P (1 - §) Foppy FFP7

7.€.

vpo 1 vVpo
R=P 25 Fuup P77 = 5 PFup F (3.30)

So, we can get the required value of P by requiring that this equation is the one that
corresponds to supergravity. This value has to coincide with the one obtained from our
action, which is:

6W(Q5, T?) |, + 6W(Q, R)|y + 4y F (T + QTQ + TQ)|, =0 .

We refer to the Appendix 6.5 to writte the equation in a more explicit form:

0 = 6W(E,ud)ly + WO Ry

+ 47F(e5w5 + etwse + Swse? + ewse® + ewset + w5e5)|¢ .
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Let us now compute the trace of this equation times e®v,:

0 = 6Tr(9wsewse® + dw2e® + Jwse*wse” + wse wse® + Jwsetwse®)  (3.31)
+ 6Tr(4Rpe’) + 4yF 6Tr(wse’) .

We use this expression to obtain one equation of the form (R = ...) , where R is de
Ricci scalar.

First, we use the ws equation, which gives:

~

ws = k(Fe4eF), F=F, ,7""%,

Of course, we know the value of k, we will substitute it later. In terms of F, the
equation is:

o
Il

54k2 Tr(FeFe’ + Fe’Fe® + eFeFe’ 4+ eF'e?Feb)

FeFe'0 4 Fe’Fe’ + eF2e' + eFele” + FelFe®

Fe'Fe’ + eFe?Fe® + eFe’Fe’ + FelFel + FeoFe® (3.32)
eFe3FeT + eFe'Fel + Fe'Fe® + FeSFe® + eFetFe®

+eFePFe) + 24Tr(Rpe) + 48y k F Tr(Fe™) |

+ o+ o+ o+

That is:

0 = 542 Tr(F%e" + 3FeFe' + AFe®Fe® + AFe*Fe® + AFe'Fe™ + AFe® Feb)
+ 24Tr(Rpe®) + 48y k F Tr(Fe") .

Let us compute the term containing R :

24Tr(Rpe’) = 24 - 32 - Ryjay€ay...Ca1 €77
Now, we write:
Ra1a2 = Ra1a27b1b26b16b2 ,

so the term is:

24Tr(Rpe’) =24-32- R, , "PePe e, .00, €1 .

a1az2,
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Now, calling E/ = e, ...€4,, €%, we can prove that:

_ N E
€b1€b2€a3...€all - 11'€b1b2a3...a11 Y

where n = —1, (++1) if the metric is mostly plus (mostly minus).

So:

24 TT(RL(EQ) =24-32- %Ralaz,blb2€b1b2a3...a11EalmallE )

al...a1l — a1a2 .
where €y, p0a5...01, € =n9! 5b1b2 , SO:

2432 ) p w4832,

24T N=""
r(fre’) = =5 aras, 110

31

Now we refer to Appendix 6.6 where we perform the calculations of the remaining

terms.

We can obtain the value of the constant P of equation (3.30) comparing with the

result of (6.21). We also substitute the value of k, so:

110 256 193536
S Y e F?
K 18- 32 (7 55 11 )

1
= —»<§7kr+1260k2>.F2.
Now we compute the value of k using (1.23):

1 o as 140
Ws = awa1...a5’7 Pt = —angdl da
]’C(F@ + GF) = k(Fal...a47a1...a46a5/ya5 + eas’yasFalmazl’Yal...azl)

ai...a4 ,.as
2k F € Yay..as »

ds
€ 7°Vdy...ds

SO:

(3.33)

(3.34)
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We can calculate the value of the constant P:

120

CHAPTER 4. FIELD EQUATIONS

(3.35)

p— . 2 —_— —_—
P=127 (3 51 9]

1260 - 202
(50 912



Chapter 5

Conexion with supergravity in D = 11

The objective of this chapter is to analyze the possible connexion between supergravity in
D = 11 with the CS theory we have developed. Then, we will compare the field equations
we have obtained with the field equations which come from supergravity in D = 11. As we
have found this conexion, it means that probably there is a relation between supergravity
in D =11 and a CS theory.

We have to compare both field equations for o/ and e with the equations of super-
gravity in D = 11. That will allow us to determine the value of the constant o that we
introduced by hand:

From equation (2.25) we can obtain the relation between ¢ and 7. The equation that
supergravity provides (see, for example [12]) for the 7 field is:

1

Dbl Fb1d1...d3 = <W) 61?1---17401---C4d1---d3Fbl.“bzll-?qmc4 : (01)

Which means that:

90 B 1
5120~2 )  \32.27)

a:f(g). (0.2)

Now, we have to extract the value of v from the field equation for e in order to
determine o. The equation that supergravity provides (see, for example [12|) for the e

SO:

33
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field is:
1\?
R=(3) I 0.3
(12) (0.3)
We have from (3.33) that:
1
2
- A
BT <l.ﬂ_ 1260~202> ’ (0-4)
3 519! (51-91)2
so:
5 1
7T 158 (; L20 1260~202> ' (0:5)
35O (519))2

Then, we have obtained the constant which goes with the four form .% in the closed
invariant form (1.5).



Chapter 6

Appendices

In this chapter we will show the calculations performed along the different chapters and
sections in order to make more clear the reading of this work.

35
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6.1 Contribution W(e’ ws) of the field equation for w;

In this section we compute the contribution with four contractions W(e?, ws) to obtain
the equation for ws.

9\ /5
s (4) (4) Aleg, ;€™ € Wh, 10T

8 b b.
¢ e (4 4 Aleg,...eq . Wy, bras€agV Y
5-

8 4
b bs b* _ai...ag
(3 5 -3leq,...eq €t €Wy braghe YT

e Hirst term:

e Second term:

ot

+

we can check that:

e Third term:
7

e wse?
4

5)
b b aj...q
( “Aleg,...eq €€ Wh,  bras€asCagY T

7
b1 b b* at...a
( - 3! €qy---€as€  -..€ was brasba € €ag”Y e

7
21 (2) ( ) 2leg, .. easeb eb? wb2bla6b3b4eb g3yt a6
we can check that:

6+ (0 =00 =00

e Lourth term:

5

e

* W
g

5
Swse® — ( 4! ealeaerl...eb4wb4,__b1a36a4...easy"“l"‘“f"

6\ /4
b1 b: bt ai...a
5 “3leq, . €as€t € Wiy brashs€ €asCagY T

6 3 b1 ba bt b: 5
2 (2 2 .2!601 -€a,€ ‘e wbzblasbsme eiea 7a1 4o

6\ /2 1
b b b ai...a
3! (1 ) €ay---Cas€  Whyaghobsbs € ---€  €aqgY ™",
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we can check that:

()G = () a5 () =
02 EE) 2 () E=O)0)

o Fifth term:

5

b1 by aj...ag
4 () ey €. W, biasCas---CagY

4
o4 ( )( ) - 3! 6“16a2€b1"'ebgwbs..~b1a3b4eb4ea4_..e%,yal...%
5 | b1 b2 b* bs aj...ag
-+ 2 '2.6(11-..@0,36 € “Whobiagbsbs € € " €a5€as”Y

eSwse

b} 1
b bt b ai..a
€ay--CasC Whiashy. by € ---€  CaqYy "0

3
b4 bi.a1...a
(4 4'6a1 -€a;Waghy .0, € ---€ 17 e )

we can check that:

ot

Now we need the terms e*wse® and so on, which have the same structure of the five
terms analyzed so far, with the same factors, but changing right and left. Tipically, we
will have:

b1 b ba biy1 ai...a6
L€ ---€ wbl~-~blak+1bl+1-~-b4€ ...€ €ak+2...€a6’}/ s

and:

b4 bl+1 b bl ag+42-.-060K4+101...0f
€ap+2---€qg€ --.€ wbl+1‘..b4ak+1bl.‘.b1 €€, €Y .
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If we reorder the indices agi1...a¢ with a;...a; in the second expression, we will get
the same sign as the one that appears by interchanging e, ., ., and eq;...€q (because
they are different forms). The same can be said of the b’s and eb/ So both terms are
the same. The contribution of e®wse* will be the same of that of e*wse?, and so on.

So we only need to sum the contributions obtained above, taking care of reorganizing
the indices to have a common factor:

it 3 [0)0)e+ () e
- QO 000
OO0 OO0
QOO 00O
- OO0 006

1..-06

2

It turns out that the Contributions of ewe and e"we? cancel each other, and this is

also the same case of eSwe? and e®we*. So we obtaine:

9!
9 bi b .
W(e’,ws) — 2 - 1p CarCas€ o€ “Why  bragY "
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6.2 Derivation of the equation for ws

In this section we will analyze the expresson (1.21) contracting it with ed1--aodi--ds
9' aj...asdi...ds by...b1 ¢ ai...agdi...ds 1by...by
56 €a1...a5b1...b4cdw ag + 47 €a1...a6b1...b4d € F - O .
Now, we use the property:
cagbr by by.bri_k
€M IR aer e = (T1)TRNOS ALY (2.1)
where 7 depends on the signature of the metric *,
(+—.m)=»n=0, (—+..+)—=n=1,
and,
bi..b b b
O o = 5ai<1>"'5ai<k) : (2.2)
oESE
We have, irrespective of the metric,
9‘ |5a6d1...d5 bg...b1 ¢ |5d1...d5 b1...by
55- by...bged W as T 4y 610,y 0 =0. (2.3)
Now, we use the property:
k
aay...ap_1 ai...a
5b1-~bk - Z 5;7115b11...l31’.€..bk ’ (2'4)
I=1
in the first term, with a = ag. The contributions 67...0%¢ vanish because w® % is
b1 by ae
antisymmetric. So we have:
9!5'5a65d1...d5 by...b1 ¢ 9!5'5a65d1...d5 by...b1 4 6' 5d1...d5 Fbl...b4 -0 2.5
5 2 % Oy bya” as — 5 270 %by.bact ag *7 0 Oy byd =Y, (2.5)
9! | babl ¢ | fbiba \ sdi..ds 9! | sdi..ds  bi.by c
3 Sl ¢4 4~v6! F Oy et — 3 Sloyloys w™ ™ =0 . (2.6)

*We will use the signature (— + ...4+) in the end of this work, when we compare our final equations
with that of the supergravity model.
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Contracting ds and d in (2.6), we get:

9! 9!
<§ 5lawbt1 € 4 4y 6! Fbl“'b4> (11 — 4)gl — 3 — 5lwbet gl — o (2.7)

SO:

|
%5! Guwbi -t ¢ = —4 . TlyFor-bi

. 4.7 b
Wbt ¢ = 9'6'72F” b (2.8)
_ 56 by...b
= g E (2.9)
Substituting this in (2.6), we have:
9! 567 9!
o Dl Blwh = ( 9'7 5 0!+ 4 6') Fhubigte (2.10)
= (=28 5ly+ 24 5ly) Frbaghb, (2.11)
= —4.5ly Fhbaghed, (2.12)
= 4.5y 5l Fhbigfde gl (2.13)
= —4.5lyplFlddigds]l (2.14)
Then:
4-5!-51~2
w[dl...d4dd5] _ TR ;/' F[dl...d4§55} (215)
42
= o T (2.16)

We now use this equation to solve for w™* % (not antisymmetrization). To this

end, we use the following trick; first we make equation (2.15) more explicit,

wd1d2d3d4d5d _ wd1d2d3 dd5d4
_wd1d2 dd5d4d3 . wd1 dd3d4d5d2
_ o,y didadsdads 4-2 (Fd1d2d3d45d5 (2 17)
o dodszdy dsdi d1  d3zds dsds
F d n F d U]

_ gpdide  dy dsds didads dsdy
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Now we antisymmetrize in the indices d;...ds, with weight one,

wdl"'d5d 4. w[dl...d4dd5] _ _49'2 fde1d2d3d4635 7
and, substituting (2.15) in (2.18),
wdl...dg)d _ _@ ,VF[dl...d4 535] .

9!

41

(2.18)

(2.19)
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6.3 Contributions of the field equation for .o/

In this section we compute all the contributions to obtain the field equation for <:

e YT'r(Q%)|¢ corresponds to ng, ny,ny such that:

neo=2n=2n9=0,0r ny=3n=0n,=1,

SO:
YTr(QY)|e = v TrW(Q3,T%, R%)) + v Tr(W(Q3,T°, RY)) .
The first contribution can be calculated as follows:

Y TrW(Q3, T?, R%)) = 4y Tr(QBT?) + 2y Tr(QT Q.T)

using the expression T, + wse + ews, where T, = 0 from equation (1.16) and
ws o< y*% we can forget about T, then:

Tr(T?%) = Tr(e*(wse + ew’)?)

Tr(e’wsews + e’wi + e*wse*ws + e*wsewse)

Tr(e’w? + e*wse?ws) |

Tr(QT QT) = Tr(e*(wse + ew®)e*(wse + ew®))

3 3

Wy + e3w562w5e + 62w5e4w5 -+ 62w5e w5e)

4’(1)5) .

Tr(etwse

= Tr(ewse*wse + e wse

3

These final tems e3wse?wse + e2wse*ws add up, so we have:
5€°Ws 56" Ws ,

4y Tr(QBT?) + 2y Tr(Q0T QT) = 4yTr(e®w?) + 4yTr(e*wse*ws) + 4yTr(e*wsews)
= —dyTr(ew?) .

The second contribution can be calculated as follows:

YTr(W(Q, T, RY)) = 4y Tr(Q R) |



6.3. CONTRIBUTIONS OF THE FIELD EQUATION FOR <&/ 43

We know that R = dw + w A w, but w = w;, + ws, where wy, < v and ws o 7° so
we have:

R = dwp, + dws +w? 4+ wp, A ws + ws A wy, + wi

We can analyze eacht term in order to see the  which is related:
RL - dU}L—i_U}%O(’)/2 )
Dws = dws+ ws Awp, +wp Aws < y°
then:

4y Tr(e® R) = 4y Tr(e®{ Ry + Dws +ws Aws}) ,

and we consider only the terms which go with v, so:

4y Tr(e® R) = 4y Tr(e® Dws) + 4y Tr(e® w?) .

The second term of this expression vanishes with the result of the first contribution
—4~9Tr(eSw?), so finally:

4yTr(e® R) = 4yTr(e® Dws) = 4y Tr(ea,..-Cag D Way .. Way, y™ M)

ai...ail

= 4v32eq,...€0; D Wa,. ayy €
o 5 (Tr(02)) g

The first contribution can be calculated as follows:

5 (Tr(92))* = 6 (Tr(T?)Tr(02) + Tr(QT + TQ)Tr (T + TQ,) + Tr(02)Tr(T?))
We know:

Tr(Q3) =Tr(e*) =0,

and it is easy to demonstrate that

Tr(QsT +TQ) =0 .
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For the second case we do not have contributions, so:

5 (Tr(92)*|s=0 .

o 2¢.7Tr(Q?)|¢ = 2¢Tr(92%)|3 which corresponds to ng,ny, ny such that:

ng=1n=1,ny=0 ,or

we obtain:

2eFTr(Q%)|3 = 2 FTr (T +TQ) =0 .
[ J 30’9\2|6 = 3O'F2|0 = 30'}72

The addition of all this contributions give us the final equation result:

4324, ...05 D Wy, qp, €M + 3cF?=0 .



6.4. CONTRIBUTIONS OF THE FIELD EQUATION FOR E 45
6.4 Contributions of the field equation for e

In this section we compute all the contributions to obtain the field equation for e:

e 6Q°|g corresponds to ng, ny, ny such that:

ne=3n=2n9=0,0r ny=4n=0n9=1,

so we have this two contributions that we will examine later:

60°)s = 6W(Q3, T R°) + 6W(Q, T°, RY) .

o 4aTr(?)03s
The first possibility corresponds to ny = 3,11 = 2,n9 = 0:
— Tr(Q3)Q, T? =0, that is because Tr(Q3) oc Tr(e*) =0 ,

— Tr(QT) Q3T = 0, the trace Tr(e*(Ty, + ews + wse)) = Tr(e3ws + e*wse) =0

(

(

— Tr(T?)Q3 = 2Tr(ew?e)();, that is because:
Tr(T?

so as, we have the total contribution:

4aTr(0*)0 = 4aTr(T*)Q5 = 8aTr(ewie)e’ .

Which is propotional to 4®. That means that we have not to consider it because
we are looking for contributions which go with v*

The other option, no = 4,n; = 0,ng = 1:

- Tr(Q) R =0,

— Tr(R) Q3 = Tr(R + RS = 2Tr(e*(Rr + Dws + ws A ws))e® =
2Tr(e? Dws + e*w?)e’ .

Then we have:

4aTr(Q2?)0* = 8aTr(e*w?)el .

Which does not contribute.

) = Tr((ews+wse)?) = Tr(ewsews+ewse+wse’ws+wsewse) = 2Tr(ewse) |
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e 2aTr(04)Qs

Where we have the first contribution corresponding to ny = 3,17, = 2,n9 = 0:

— TS, T)T = Tr (8T + Q2T + QT2 + TONT — 4T (OB3T)T —
4Tr(ebwsee’ws)T =0

— Tr(W(Q2,T%)) Qy = —4yTr(eSw?)e?, which we know from equation for &7 |
S0
2aTr(Q4) Q = —8Tr(eSw3) e |

which is proportional to v*“? and will not conribute.
The other option, no = 4,n; = 0,ng = 1:

— Tr(W(Q3, R)) Qs = ATr(Q3R)Qy = 4Tr(eS Ry, + €8 Dws + eSwi)e® =
4Tr(e8 Dws + eSw?) e? |

- TrW(QY))R=0
s0:
2aTr(QHQ = 8aTr (e’ Dws + e®wz) e* |

which does not contribute because it goes with v*12 .

° 66T7‘(Q2)2 Qs
The first contribution:

— Tr(T*)Tr(Q3)Q2 =0 ,

— Tr(QT)*Q2 = 0 , as we have seen previously.

The second contribution:

— Tr(Q2)*R=0 ,
— Tr(QR)Tr(Q3)Q =0 ,

So there are not contributions.
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o 4y FO3lg = AN FQ3|g = 4y F Q35
Then we have the possibilities:

n2:2,n1:1,n020 5

SO:

AyFQP |5 = dyF (BT + QTQy + TQ3)

o 40.7 Tr(0%)Qls = 46F Tr(2%)Q5
We have the possibilities:

- Tr(Q)T =0,
— T QT +T0) =0

so there are not contributions:

46.7 Tr(QHQs =0 .

o 2¢.7%0)|g = 2e¢F*Q)y = 2e F2Q,

That is because the only possibility s no = 1,n; = 0,79 = 0. This term does not
contribute because it goes with y*1%2.
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6.5 Explicit form of equation for e
In this section we will write the equation (3.31) in a more explicit form.

That is:

0 = 6(T%° +Te*Te* + Te'Te? + Te®T + 2T?e* + *Te*Te? + 2Te'T) + e*T?e?

+  'Te*T + e9T?)| + 6W(Q5, Rp)| + 6(cPwz + ePwie? + e'wie + e*wze”
+ wied) |y + Ay F(e'T + Te? + Tet)|,
0 = 6(T%° + Te*Te* + Te'Te? + Te®T + 2T?e* + *Te*Te? + 2Te'T) + e*T?e?
+  e'TeT + e8T?) |y + 6W (5, Rp)| + 6(ePw2 + efwze? + etwiet + fwze®
+ wie®) |y + A F (T + *Te? + Te)|,
S0:

0 = 6W(e8,w§)]7/ +6W<Q%>RL)|7/

+  AyF(ws + etwse + wse? + e*wse® + ewse? + w5e5)|7/ )
Let us now compute the trace of this equation times e®v,:
0 = Tr(6W(e,wi)|y e+ 6W(Q, Ry)|y e+ 4yF (e>wse
+ elwse® + Swse® + etwze® + ewse® + wse®)|, ) (5.20)

Using the cyclic property of the trace,

0 = 6Tr(9wsewse® + dwze + Jwse*wse” + Jwse’wse® + Jwsetwse®)
+ 6Tr(4Re”) + 4vF 6Tr(wse®) .
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6.6 Calculation of the remaining terms of equation (3.32)

In this section we will compute the remaining terms of equation (3.32):

Now we compute theterm:

48v k F TT(F67) = A8k Fy p,e " 3264,y F e ™1

48327 - k-
— 11/? 77 Fbl'“b4Fa1ma4Eal...all6b1“.b4a5"'a11E
- 117' TV Fyy gy FOot st
4832704l k-
g 77F

11! o

For-ta

The calculation of the remaining terms is a little bit trickier:

e The first term:

BAR2 Tr(F2e') = B4k Tr(F?eq,...e0,7" 1)
= S4RPTr(F*)E = 54K 4132 Fyy o F 8

e The second term:
54 3K2Tr(FeFe®) = 54-3k2Tr(Ey™ Fye-on E)

ﬁ €a1...a11
54 - 3k? ~ -
S TPy Py B

54 - 3k? A
= Tn 10 Tr(Fy" Frye)E .

Now, we need yaﬁ%:

VoY, = AUNE Ly + AF Yy oy,
— 4fyb4b1...b3Fb1Mb4 +4Fab1u.b3,_yb1mb3a + 117b1...b4Fb1
= 3F .

So this term is:

54 - 3k?
11!

3.32. 4| F-F,  E
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e The third term:

54 k%4

2N 2o,
11!

~1

= 04 k2 49V Tr(Fym92 Fry, o)

54 - K2 ATr(Fe?Fe®) = (Frymezfrys-aie, . B)

We need:

7a1a2F’7a1a2 = ’7a1’7a2F’7a1a2 = _/7(117&2}7'7@2@1
= —YUY2 N Ve + 11F = =4 (3F)y,, + 11F
= —9F +11F =2F .

So the term is:

54 k24
— 22324 LB
110
e The fourth term:
H4 - kQ 4TT(F@3F68) — % .54 k2 4TT(F’Yal...agF/yazl...asealmanE)
8! . R
=~ k2 - ATr (Fay..asFy™ ") E .
We need:
,yalma3ﬁ1/ya1...a3 = (7(11(127@3 - 2'7(1177(12(13)}%7(11”.&3 = 7&1(127{13}%7(13&1&2

A

= VarasYas F (77" — nT8y®2  gtac2m)
= Yarar Yo F (YY" = 27010, I
— 66F

where 74,4, 7" Fv‘” = %lﬁv‘” + 22%2}%7@ — 6OF .
So the term is:

66 - 54 k24 - 32 4!
110-9

F I Y U
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e The fifth term:

A oAT 54 . .
54 . k2 4TT(F64F67) — E . 7! k2 4T7’(F7a1,,,a4F’7a1'"a4)E .
Wee need:
fya1~~~a4ﬁ1f}/alma4 = 7&1...(137&4}?’7&1.“&4 = _7a1...a37a4F7a4a1ma3

= _7a1...a3’}’a4F(’ya‘lfyalw% _ 37]“4(11’)/@2“3)
= —Yar..asVa FYHY + 30y 0 Y EYPE

where 37,4, as 7™ ]:W“?“’d = 6Y3a0 F7“2“3 + 33%agas , SO:

A

Varoas FY® = —3.66F +27- (2)F = —144 F .
So the term is:

54
_ . ' 2 . . ' ai...a
i TVk*4 3241144 F9-%F, E .

e The last term:

A5 54k%-4-6! . R
54 - k‘2 4TT(F@5F66) — T TT(F’Yal,,,%F’Val'"aE’) .
We need:
Yorwas FY = Yoy Yag PO

A

= ’Val...a4’}/a5F(’ya5fyal~-'a4 _ 477a5a1,.ya2a3a4)
—3 . 144F — 47{11“_@47(11F7a2a3a4 ’

where, 47a1~~.a47a1F7a2a3a4 =43 7a4a3a2F7a2a3a4+447a2a3a4ﬁ1’)/a4a3a2 = 32,}/@1.“&3}%7(11...(13 )
SO:

A

Yar.ag Fy"9 = —432F 432 - 66F = 1680F .

So the last term is:

54 k?
11!

-4.6!-1680 -4!. 32Fa1...a4pal'”a4E .
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Putting all terms together, equation (5.20) can be written as:

48 - 32 71 4!
0 = — —R+48-32-~v-k-——F, , Fu-o
1o T i 11 e +
9 8 4-66 7!-4-144 1680 -4 - 6!
= 54k%4-32(1—- = — — —
SAkT4 -3 ( 1110 T110.9 " 11!
which can be written as:
48 - 32 7! 4!
- — = 48 -32 .~ k- — " F [a1-aa
g [tHA8-32-y 11 e
4! . 8|
+ B54k*32 ——— 420 F,, 4, F

11!

aj...a4
) Fal...a4F )

(6.21)



Chapter 7

Conclusions

We have succeded in formulating the bosonic part of D = 11 supergravity as a limit of
a CS-like theory based on the group SP(32), where the three-form field has been added.
Along the way we have shown that the auxiliary field that appears in the first-order
version of D = 11 supergravity [13| can be replaced by some gauge fields corresponding
to the generators of sp(32)

It is true that we have added the field @7 “by hand" at this stage. Of course, when
adding fermions, the requirement of supersymmetry will leed to the presence of &7, which
has to be present, in D = 11 by counting of degrees of freedom of supermultiplets con-
taining spins s < 2 and a graviton (s = 2). Also, the 7 field is the one that couples
naturally to membranes via the term:

ort 00" 020
HP gt 01 Ogk

Moreover, we have founded some of the values of the constants present in the original
CS-like action, so that, the resulting equation coincide with that of D = 11 supergravity.
In fact, only two of them were relevant, the other do not appear in the bosonic equations
of the A* term of the expansion. They however appear when the spin field 1) is restored.
We can not provide an argument giving the values of the adjusted constants because they
are fixed to supersymmetry, which is not considered here.

To conclude, this result implies that, at least in the bosonic case, there is a connection
between the CS theory and supergravity, as conjectured by Horava [7]. Wether this
connection remains when the v field is restored was not the topic of the present work.
However, it can be shown that the same procedure, applied to Osp(1]32) does not lead
to the full supergravity in D = 4. Therefore, if there is a connection, it will be subtle,
and certainly not the kind of connection conjectured by Horava. In any case, the result

33



54 CONCLUSIONS

presented her provides evidence on favour of a connection between supergravity and
Osp(32), which by the way was conjectured by Cremmer, Julia and Scherk in their work
in D = 11 supergravity.
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