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1 1. Introduction

2 We will consider a well-known model describing the evolution of a population which is structured by means of a physio-
3 logical variable that usually is named as size. In particular we consider a model that consists of a nonlinear partial differential
4 equation with nonlocal terms (the population balance law)

5 U+ (@, I (), ) Wy = =X, L,(E), ) U, Xmin < X < Xmax, t >0, (1.1)

¢ anonlinear and nonlocal boundary condition that represents the birth law

Xmax
7 g(xminz Ig(t)a t) u(Xmil‘la t) = / a(X, Iot(t)v t) U(X, t) dxs t > Oa (12)
Xmin
8 and an initial condition
9 u(x,0) = uop(®), Xmin < X < Xmax, (1.3)
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where I, (t), I,(t) and I;(t) are defined by

L(t) = / ) UG 8 dx, £ > 0, (1.4)
I () = / " e ux,t) dx, 20, (1.5)
L (t) = /Xmax yg(X) u(x, t) dx, t=>0. (1.6)

The independent variables x and t represent size and time, respectively. The values X, and x,.x represent the minimum
and maximum size, respectively. The dependent variable u(x, t) is the size-specific density of individuals with size x at time
t. We assume that the size of any individual varies according to the next ordinary differential equation

dx

T g(x, Ig(t), ). (1.7)
The functions g, « and u represent the growth, the fertility and mortality rate, respectively. These are usually called the
vital functions and define the life history of an individual. Functions g, & and u are nonnegative. Note that all the vital func-
tions depend on the size x (the structuring internal variable) and on the time t. The explicit time dependence can reflect the
influence of some environmental changes on the vital functions or a seasonal behavior of the population. These functions
also depend on the total amount of individuals in the population by means of the weighted functions Iy (t), I,(t) and I, (),
which represent a way of weighting the size distribution density in order to model the diverse influence of the individuals
of different sizes on the life conditions.

We can find an extensive study on physiologically structured population models, with analytical studies of aspects such
as derivation, existence and uniqueness, smoothness and the asymptotic behavior of solutions in [1-3]. In particular, this
size-structured population model has been studied for the last three decadés and the properties of existence and uniqueness
of solutions was given in [4,5]. It has been successfully applied to the study of different real population problems. In order
not to be exhaustive we can mention its application to the cellular dynamics [6,7], the forest dynamics that employs a
hierarchical version [8,9], Daphnia magna population studies [10], etc.

The increase in the biolbgical realism in such a model is achieved at the expense of a loss in mathematical tractability.
Moreover, when such models include nonlinearities and environmental dependence on the different physiological rates, the
use of efficient methods that provide a numerical approach is the most suitable mathematical tool for studying the problem
and, indeed, it is often the only one available. Nevertheless, the numerical approach to these equations has important
drawbacks because they are usually nonlinear equations and the nonlinearities in the partial differential equation and the
nonlocal boundary condition are caused by nonlocal terms. A revision of the numerical schemes proposed for the solution
of this problem was made in [11]. Also, the numerical integration allows us the study of some other qualitative properties
as, for example, the long-time behavior in real data problems, and they shown their effectiveness [6-8].

The choice of a suitable nunferical method for the integration of the problem is an important challenge. The convergence
is the main property we look for. In general, it means that the numerical solution is close to a representation of the exact
solution as the discretization parameters go to zero. The order of convergence quantifies the rate of convergence of this
approach with respect to the discretization parameters, and it is quite important too. Also it is necessary to evaluate the
computational cost which quantifies the effort needed to obtain the numerical approximation. One way to measure it is the
time spent to derive the numerical results. This time increases with the accuracy or the complexity of the numerical scheme.

In this work, we will pay attention to the relationship between the global error and the computational cost. First, we shall
try to obtain the most efficient relation to solve the problem between the discretization parameters for a given numerical
method. Next, we shall compare diverse numerical methods for a given problem to look for the most efficient.

The order of a numerical method depends strongly on the smoothness properties of the theoretical solution and, for
example, compatibility between initial and boundary conditions must be held and the data functions should be regular. We
believe that for real problems with empirical data, the conditions needed to obtain a convergence order greater than two are
too demanding. On the other hand, first convergence order method presents a lack of efficiency in comparison to the second
order ones. So, second order schemes maintain a good compromise between the required smoothness and the efficiency of
the schemes.

We will employ four second order numerical methods developed and analyzed in different works. Two of them are based
on a finite-difference discretization (Lax-Wendroff and Box schemes) [12] and the others are based on a characteristics
curves integration, the first one considers all the nodes in the spatial grid, aggregation grid node method (AGN), and the
second one uses a selection procedure to keep constant the number of spAtial grid nodes, selection grid nodes method
(SGN) [11]. We obtained their convergence order in [12,13].

In the following section, we introduce the procedure and we apply it to several theoretical test problems. In the final
section, we present the procedure in a real data problem for which we do not know the exact solution. We descfibe briefly
the employed numerical methods in the Appendix.
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2. Analytical approximation to efficiency

The numerical methods considered involve two discretization parameters: one step size k used for the time integration,
and the other one h related to the size variable. In the theoretical analysis of the error of a second order method, it is typical
to obtain a bound of the global error in the form

Enr = Cih? + Gk, (2.1)

with C; and C, positive constants. As the parameters go to zero, we consider this expression as the representative part of
the exact error and, for our purposes, we admit it as a valid approximation to the global error of a specific second order
numerical method.

On the other hand, it is natural to consider that computational cost depends on the size of the problem, which is given by
the size of the system of equations that can be represented in terms of the discretization parameters. In [14], it is declared
that the measure of the work in complex algorithms is not linear and follows a power law. However, taking into account that
we discretize two different variables in a different way, we do not use the same power for both discretization parameters
(as we will see, numerical experiments corroborate such assumption). Then, we establish

Chi = C3h I, (2.2)

with a and b negative real numbers, and C; positive. Constants Cy, C;, C3, a and b, that appears in the error and cost expres-
sions of the numerical method depend on the specific problem being approximated.

From numerical simulations of the method, it is usual to analyze its efficiency through log-log efficiency charts: the verti-
cal axis correspond to the error and the horizontal axis is the cost. So, for different values of the discretization parameters, we
plot the error produced for the corresponding approximation versus the computational effort required. When we compare
two different methods in the efficiency plot, we prefer the method that gives more accuracy for the same computational
effort (or, in other words, the method that provides the cheapest way of obtaining a prescribed precision).

On the other hand, when we consider a specific numerical method for the approximation of a problem, we consider what
the best choice of the discretization parameters is. Here, we look for the best relationship between h and k for each problem:
that is, we assume that

k=rh, (2.3)

with r a fixed positive constant. So, our purpose is to select the most efficient value of r. From expressions (2.1) and (2.2),
and assuming (2.3), we can write the error in terms of the cost:

2
G, \ @b
& = (G + Gr?) <7hb) . (24)
C3T
In the log-log representation, we have
Cr + Cor?
log &, = log GrGer + log Cp. (2.5)

(Groyais - a+b
Note that, for each r fixed, different values of h provide a line with the negative slope 2/(a + b) (the error decreases as the
cost increases), and this slope is r independent (the lines associated to a specific method, and corresponding to different

values of r, are parallel). So, the most efficient line corresponds to the value of r which minimizes the first term on the right
hand size of (2.5). It is easy to see that such minimum is reached at

[ci b
r=_ |22, (2.6)
Ga

So, if we compare different methods for a problem, for each method we take the optimal value of r provided by (2.6). In
this comparison, one can hope that for a sufficiently small value of h, the best method comes from the line with the biggest
absolute value of the slope. That is, when its computational effort satisfies that |a|] + |b| is minimum. However, numerical
simulations for very small values of h would be unsuitable due to the effect of the rounding errors.

Now, we use a test problem to illustrate the above analysis. It satisfies the regularity hypotheses that the numerical
schemes need to obtain their optimal order [13]. We consider (1.1)-(1.6) on the size interval [0, 1], with the following data
functions: the size-specific growth, fertility and mortality moduli
z

1+ 22
z (14 exp(—0.1sin?t))?
(z+ 12  exp(—0.1sin®t)
142 +2x° 4 02t
exp(—0.1 sin’ t)

g(x,z,t) =0.1(1 —x (1 + exp(=0.2 sin®t)) exp(0.1 sin®t),

aix,z,t) =3x*(1 —x%)

ux,z,t) =02z
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Table 1
Test problem. Errors, CPU time (seconds) and order of the Lax-Wendroff method.
k\h 1.563E—2 7.813E-3 3.906E—3 1.953E-3
1.563E—2 1.70887E—04 4.32113E-05 1.19400E—05 4.55518E—06
: 2.16 423 8.29 16.08
781363 1.70403E—04 4.27032E—05 1.07997E—05 2.98008E—06
’ 427 8.31 2.00 16.06 2.00 30.30 2.00
3.906E—3 1.70293E—04 4.25816E—05 1.06751E—05 2.69960E—06
’ 8.38 16.09 2.00 30.24 2.00 60.58 2.00
1.953E—3 1.70270E—04 4.25526E—05 1.06447E—05 2.66877E—06
: 16.22 30.31 2.00 60.46 2.00 121.16 2.00
Table 2
Test problem. Errors, CPU time (seconds) and order of the Box method.
k\h 1.563E—2 7.813E-3 3.906E—3 1.953E-3
1.563E—2 1.60938E—04 3.90024E—05 1.05184E—05 4.31543E—06
’ 5.98 11.63 21.23 39.31
7 813E—3 1.62287E—04 4.02536E—05 9.75213E—06 2.62964E—06
’ 11.66 22.52 2.00 40.45 2.00 78.79 2.00
3.906E—3 1.62628E—04 4.05910E—05 1.00647E—05 2.43809E—06
i 22.54 42.56 2.00 78.18 2.00 156.29 2.00
1.953E—3 1.62713E—04 4.06757E—05 1.01491E—05 2.51628E—06
’ 42.95 76.83 2.00 154.93 2.00 309.97 2.00
Table 3
Test problem. Errors, CPU time (seconds) and order of the AGN method.
k\h 1.563E—2 7.813E-3 3.906E—3 1.953E—3
1.563E—2 1.97544E—04 5.36689E—05 2.04184E—05 1.23818E—05
’ 8.09 9.42 12.04 17.27
781363 1.98990E—04 4.93843E—05 1.34139E—05 5.10102E—06
i 27.79 30.26 2.00 35.16 2.00 44,94 2.00
3.006E—3 1.99622E—04 4.97482E—05 1.23457E—05 3.35301E—06
’ 105.73 110.63 2.00 120.44 2.00 140.07 2.00
1.953E—3 1.99792E—04 4.99071E—05 1.24371E—05 3.08636E—06
’ 413.41 423.27 2.00 442.98 2.00 482.24 2.00

The weight functions, ¢ = g, 1 and «, are taken as

c, 0<x<1/3
Vo) = 1c(2—3x3(54x* —27x4+4), 1/3<x<2/3,
0, 2/3<x<1

1

c= ,
21250 In(5/3) — 21248 In(4/3) — 71131/15

and we consider as the initial size-specific density the function

—x
1+x

up(x) =

The problem (1.1)-(1.6) has the periodic solution u(x, t) given by

ulx, t) = T x

X
exp(—0.1 sin? t).

The numerical integration for this numerical experiment was carried out on the time interval [0, 10].

The first step is to obtain, for each numerical scheme, a table with errors and cpu-times (as a measure of the computational
cost). At each entry in columns two to five of Tables 1-4, for the Lax-Wendroff, Box, AGN and SGN methods respectively, the
upper value represents the global error & j in the maximum norm. The lower number on the left is the cpu-time measured
in seconds and the lower number on the right is the order s of the method computed as

s log(&2h,2k/8hk)
o log(2) ’

Each column and each row of the tables correspond with different values of the spatial and time discretization parameter,
respectively. The results in the tables clearly confirm the expected second order of convergence for all of them.
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Table 4
Test problem. Errors, CPU time (seconds) and order of the SGN method.
k\h 1.563E—2 7.813E—3 3.906E—3 1.953E—3
1.563E—2 2.06511E—04 5.24792E—05 1.66820E—05 1.09822E—05
i 2.80 5.51 10.94 21.63
781363 2.17214E—04 5.25011E—05 1.29471E—05 4.15956E—06
: 5.21 10.27 1.98 20.40 2.02 40.66 2.00
3.906E—3 2.17952E—04 5.35886E—05 1.26666E—05 3.24574E—06
. 10.41 20.54 2.02 40.78 2.05 81.29 2.00
1.953E—3 2.19986E—04 5.45466E—05 1.33365E—05 3.16631E—06
. 20.82 41.06 2.00 81.56 2.01 162.53 2.00
Table 5
Test problem. Analytical approximations of global error and computational cost, and optimal r.
Error Computational cost Topt
Lax-Wendroff 1.9h? + 6.0E — 03 k? 7.3E — 04 h=0-93 =0.99 18.32
Box 6.1E — 01h? + 8.0E — 03 k? 3.6E — 03 h~0-86 | —0:94 9.18
AGN 8.0E — 01h? + 3.3E — 02 k? 3.8E — 03 h™0-27 166 12.17
SGN 8.4E — 01h? + 2.6E — 02 k? 1.4E — 03 h=091 |—0-94 5.80

error

10 10 10

cpu time

Fig. 1. Test problem. Efficiency plot. Box method solid line, Lax-Wendroff method dotted line, AGN dotted-dashed line, SGN dashed line.

The second step is to derive the values of Cy, C;, C3, a and b in the error and cost expressions (2.1) and (2.2). For this
issue, we have used a multiple regression technique. We compute such constants with the Matlab® routine regress. Also,
it provides R? (coefficient of determination which represents a quantitative measure of how well the fitted model predicts
the dependent variable: if R> = 1, then the fit of the model is perfect). In Table 5, we present the analytical approximations
to the global error and the computational cost (with R? higher than 0.99), and the optimal value of r provided by (2.6).
These approximations show us that the error caused by the size-discretization is higher than the error caused by the time-
discretization. This fact could be explained by the existence of nonlinearities based on nonlocal terms. With respect to the
computational cost, there is an equilibrium between the size and time discretization unless the integration with the AGN
method which shows a higher dominance of the time discretization due to the accumulation of grid nodes.

In Fig. 1 we present the corresponding efficiency plot, where we display the error (in the vertical axis) and the work
(in the horizontal axis) in logarithmic scale. We choose for each method the value of r that represents the most efficient
behavior, unless for the Lax-Wendroff method which also must satisfy the Courant-Friedrichs-Lewy (CFL) condition [15],
f < 9.09. We obtain in such figure that the difference methods behave betfer than characteristics curves methods on the
error interval shown. The most efficient method correspond with the Lax-Wendroff method although the box method slope
is the best. Also it is shown that the selection procedure improves the l/:)\ehavior of the characteristic curves methods.

Remark 1. Numerical experiments confirm the proposed expression for the computational cost formula (2.2).

Remark 2. Again, numerical experiments corroborate expression (2.1) for the global error. However, such formula would
not be valid for not so smooth functions. In that case, the powers in (2.1) must be determined, for example, by means of
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a nonlinear least-squares fitting technique (into Matlab® is developed with 1sqcurvefit function) which provides a
similar procedure.

Remark 3. Again, we have to point out that constants in formulae (2.1) and (2.2) depend on the specific problem being
approximated: functions data chosen, size of the time integration considered, etc.

3. Real data case: mosquitofish population

In this section, we deal with the evolution of a mosquitofish population described in [ 16]. The size interval is [9, 63] and
we use the following function data: the fertility rate, o (x, t) = a(x) T, (t), where «(x) fitted to field data and
A

t\? t—30 (t—30)2
— 1-— + , for0 <t < 30,
30 10 150
1, for30 <t < 90,
TOt(t) = 3 2
t—120 t—90 (t—90)
— 1+ + , for9o <t < 120,
30 10 150
0, for 120 < t < 365,

the growth rate g(x, t) = g(x) Tg(t), g(x) = 25 (1— %),9 <x < 63,and

t\° t—30 (t—30)2

02408 — 1— + , for0 < t < 30,
30 10 150

1, for30 <t <90,

Tg(t) = 3 2

t —120 t—90 (t —90)

0.2—0.8 1+ + , for90 <t < 120,

30 10 150
0.2, for 120 < t < 365,

the mortality rate u(x, z, t) = u(x, z) T, (t),

—2000
0.1 exp , for9 <x < 31,
z
—2000 —2000
n(x,z) = 10.1 exp +10.023 — 0.1 exp
z z
(x—31)3(1—3(x—32)(65—2x)), for31 < x < 32,
0.023, for32 < x <63,
2, 9 <x < 30,
with y, (x) = :72@ 3131 +3(x—-30)2x—59), 30<x<3l,
0, 31 <x <63.
£\’ t—30 (t—30)2
2— | — 1— + , 0<t <30,
30 10 150
1 30<t <90
T, =1{" = =7
“o 24 (12120 i 1+t_90+(t_90)2 90 <t < 120
30 10 150 ’ - -
2, 120 <t < 365.

The numerical integration was carried out on the time interval [0, 365] (1 year). For this real situation, a theoretical solu-
tion is unknown so, for the analysis developed in the previous section, we take, for each numerical method, the numerical
approximation computed on the finest grid as a representation of the exact solution. More precisely, we have employed
different values of the size and time discretization parameters and we choose the finest grid values as the solution (k =
h = 7.813E — 3). We present the results on Tables 6-9, for the Lax-Wendroff, Box, AGN and SGN methods respectively. The
results in the tables clearly confirm the expected second order of convergence for such methods. We have to note that, in
Table 6, we show how the Lax-Wendroff method is not able to obtain the solution of the problem when the CFL condition,
r < 1.485, is not satisfied.

With the same procedure used in the previous section, we can describe the expressions of the principal error terms and
computational cost with respect to the discretization parameters and the optimal value of r, for each method, as shown in
Table 10, with R? higher than 0.98. The behavior of the dominant error is as in the theoretical test example unless in the case
of the AGN method in which the time discretization error is dominant.
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Table 6
Mosquitofish problem. Errors, CPU time (seconds) and order for Lax-Wendroff method.
k\h 1.250E—1 6.250E—2 3.125E-2 1.563E—2
2.386E—04
1.250E—1 216
2.428E—04 5.883E—05
6.250E-2 431 8.56 2.02
2.441E-04 5.982E—-05 1.410E—05
312562 8.61 17.13 2.02 34.19 2.06
1.563E—2 2.446E—04 6.017E—05 1.444E—05 3.094E—06
: 17.33 34.51 2.02 68.77 2.05 138.93 2.19
Table 7
Mosquitofish problem. Errors, CPU time (seconds) and order for the Box method.
k\h 1.250E—1 6.250E—2 3.125E-2 1.563E—2
1.250E—1 2.049E—04 5.432E—05 2.544E—05 2.097E—05
i 5.47 10.75 21.88 43.30
6.250E—2 2.025E—04 5.088E—05 1.306E—05 6.189E—06
’ 10.44 20.34 2.01 40.78 2.06 83.90 2.04
3.125E—2 2.022E—-04 5.020E—05 1.203E—-05 2.750E—06
’ 20.10 39.47 2.01 78.39 2.08 160.86 2.25
1.563E—2 2.022E—04 5.020E—05 1.203E—05 2.750E—06
i 38.75 76.17 2.01 152.76 2.06 313.28 2.13
Table 8
Mosquitofish problem. Errors, CPU time (seconds) and order for the AGN method.
k\h 1.250E—1 6.250E—2 3.125E-2 1.563E—2
1.250E—1 2.854E—05 2.854E—05 2.854E—05 2.854E—05
’ 6.20 7.90 11.29 18.72
6.250E—2 7.220E—06 7.220E—06 7.220E—06 7.220E—06
' 21.91 25.62 1.98 33.09 1.98 48.59 1.98
312562 1.891E—06 1.891E—06 1.891E—06 1.891E—06
’ 86.54 94.17 1.93 109.61 1.93 141.13 1.93
1.563E—2 9.283E—07 9.283E—07 9.283E—07 9.283E—-07
: 356.52 372.65 1.03 405.10 1.03 470.83 1.03
Table 9
Mosquitofish problem. Errors, CPU time (seconds) and order for the SGN method.
k\h 1.250E—1 6.250E—2 3.125E-2 1.563E—2
1.250E—1 1.653E—04 5.707E—05 2.991E—-05 2.819E—05
’ 1.58 3.14 6.35 12.92
6.250E—2 1.740E—-04 3.858E—05 1.031E—-05 7.220E—06
’ 3.17 6.30 2.10 12.56 2.47 25.44 2.05
312562 1.435E—04 4.748E—05 8.595E—06 2.750E—06
: 6.35 12.64 1.87 25.16 2.17 50.27 1.91
1563E—2 1.368E—04 2.984E—05 1.097E—05 1.788E—06
’ 12.71 25.32 2.27 50.52 2.11 100.85 2.27
Table 10
Mosquitofish problem. Analytical approximations of global error and computational cost, and optimal r.
Error Computational cost Topt
Lax-Wendroff 1.3E — 02 h% + 4.9E — 04 k? 3.4E — 02 h=0%9 |~0-99 5.19
Box 1.2E — 02 h? + 1.1E — 03 k? 1.1E — 01 h~0-98 092 3.30
AGN 2.8E — 05h? + 2.1E — 03 k? 1.3E — 01 h7037 168 0.25
SGN 1.2E — 02 h? + 2.2E — 03 k? 2.6E — 02 h=1.00 =099 227

Then we compare all the methods in the corresponding efficiency plot, Fig. 2, in which we use the optimal r for all the
methods unless the Lax-Wendroff method which is limited by the CFL condition. The results confirm that the Box method
is the most efficient and that the SGN is the most efficient into the characteristics methods. These conclusions are different
from the ones given in [ 16]. In such work, we did not use the analytical expressions of the optimal r obtained in this work.

Finally, we want to add two aspects that we pointed out in [16]. The use of the finite difference methods introduces
spurious oscillations that are more difficult to avoid in the case of the Lax-Wendroff one. Thus the characteristics schemes
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Fig. 2. Mosquitofish problem. Efficiency plot. Box method solid line, Lax-Wendroff method dotted line, AGN dotted-dashed line, SGN dashed line.

perform solutions that fit the qualitative behavior better than the finite difference methods. On the other hand, the long-
time integration shows some weakness if the numerical integration with the AGN method and makes more efficient the
SGN method because of the selection procedure.

4. Conclusions

We have presented a procedure to obtain an analytical approximation to the efficiency. We have used it to compare four
different second-order numerical methods. We have shown the best relation between the discretization parameters for each
method and we have obtained the most efficient numerical method in two situations: a theoretical example and other one
based on biological data. We have limited our study to these second order techniques, however other numerical procedures
would be considered.

Such comparisons depend strongly on the problem analyzed, so, we cannot expect for a numerical method which behaves
better in all the possible numerical tests. Thus, for a particular problem, in which we usually have to compute numerically
the solution with many different data, the most efficient method seems to be the most useful and here we establish an
appropriate technique in order to compare them.

However, previous works [ 16] showed that not only the accuracy of the numerical approximations is an influential fact
but other qualitative properties are also necessary. At least, we expect the numerical integration provides a non-negative
approximation because the problem is biologically meaningful and they must keep the singularities the vital functions could
present and not to introduce other misunderstandings in the solution as, for example, spurious oscillations.

In general, on a long time integration, the use of methods which preserve some of the qualitative properties of the solution
can perform better. In this way, characteristics curves methods would be good candidates. Qualitative considerations should
be incorporated to select a particular numerical method for a specific problem.
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Appendix. Numerical methods

A.1. The Lax-Wendroff method

Let ] be a positive integer. Let the points of the grid in the size variable be X; = Xyin +jh, 0 <j < J, where h = xma"jﬂ

is the grid diameter. We denote by k the time step, and the discrete time levelsast, = nk,0 <n < N,N = [%] The sub-
index j makes reference to the grid point x; and the super-index n to the time level ¢,. Finally, we denote by Uj" the numerical
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approximation to u(x;, t;),0 < j < J,0 < n < N. We suppose that an approximation to the initial condition (1.3), U, is
given (for example, the grid restriction of the initial datd'uq).

The Lax-Wendroff method is a two-stage scheme defined foreachn = 0, 1, ..., N—1.First we calculate the intermediate
values in the following way

U=, - (g Ut — g, Uy — , (A7)

where %” = g2(%, Q(r,U") . ta).j = VRS N

=32

= 3 (g +x) T, = 2 (UL U, = a(xy,
2 2
Qp (yu U”) s tn),j = 1,2,...,].The function Q,(V"),n = 0,1, ..., N — 1, denotes the composite trapezoidal quadrature

rule and products y, U", s = u, g, must be interpreted componentwise. In the second stage, we obtain the values Uj"“ Jj=
1,2,...,]—1,as

k ntd o onpl n+4 ontd n+4  ontd
an+]=U'n_E<g 12U 12_g ]ZU' 2>_ij 2y. 2,

J iy Tt -3 -3 J
Un+1=0
] ’
h Un+% _ 1 U”*% U”J“% ntg _ ) Un“r% t kY i — 1.2 1: n+3 _
where U, =3 (Uus + i1 )oK = X, Qn (v, st 5)0 = 1L,2,...,] — ’gj+% = &\ X 1

Qp (yg U”*il) Lt + %)] =0,1,...,] — 1. Now, Qh(V’”%), 0 < n < N — 1, denotes the composite mid-point quadrature
rule. Finally, the approximation ug“ to U(Xmin, tht1), for 0 < n < N — 1,is calculated with the condition

gg+1 Ug+1 — Qh(OlnH Un+1),
where gi™" = g (Xmin, Q@ (¥, U"™") , t,) and a}‘“ = (X, Q (¥4 U™") tny1),j = 0,1...,J,0 < n < N — 1. Again, the
products "1 U™ and y, U™, s = g, @, must be interpreted componentwise.

A.2. The Box method

The parameters J, N, h and k, and also the mesh grid, are defined as in Appendix A.1. Again, we start with an initial

condition U°. 1

We introduce the half integer grid points xjf% = % (Xj_] + Xj) , 1 <j <]J; the mean value operators Uj“+j = %(Uj"+1 +
A
n+3 n+1 n41 .
ur), U]_’l% =5 (U, +U), Uj,; =3 <Uj712 + U, 2) and the difference operator DU/" = U — UF".
The box method is defined by
n+% n+% n+% n+%
DU +DYL, g Y —gEYTE e e A8)
2k h =3 i3 '
g(r]l+1 U(1)1+1 — Qh(O(n+l Un+1), (A.9)

1
1<j<]J,0<n<N —1,where Q,(V") represents the trapezoidal quadrature rule, and, for0 < n < N — 1: gjnJr2 =

1 ; n+1 .
X}, Qu (ygU"+2),tn + 5),0 <i=lg" =g (Xmin Qu (¥, U™) ta)i 1 %2 = u(xj,%, Q (y,AU”z) Jth+ %)

1 <j <J. Notation for &" as in the Lax-Wendroff method.

oq
_

A.3. Aggregation grid nodes method (AGN)

The parameters J, N, h and k are defined as in Appendix A.1.

The initial grid nodes are given by on = Xmin +Jjh, 0 < j < J. We suppose that the approximations to the theoretical
solution in such nodes are known, Ujo, 0 <j <J.We also suppose that at the first time level ¢, the new grid nodes, X!, and
the corresponding solution values, U', are known. Furthermore, on and X1]+1 0 <j <] — 1, are (numerically) in the same
characteristic curve. Angulo and Lopez-Marcos obtained the initial conditions by means of the well-known second order
method [13].

The numerical approximations at the time level t,,; 5,0 < n < N — 2 are obtained as follows. We suppose that the nu-
merical approximations at the previous time levels, t, and t,, 1, are known, X", U" and X"*!, U"*!, Where Xj" and X]’fll 0
j < ]+ n — 1 belong (numerically) to the same characteristic curve. We introduce the notation w*(x, I (t), I, (t), t)

I 1A
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B, I (6), 1, (0), £) + g, I (£), £), QX V) = Y070 F975 (v 4+ V)i () = %5(X)).s = @, g, je.j = 0, 1,...., p. This
notatlon w111 be used throughout the subsection. Flrst the grid values at the time level ¢, are calculated by

Xn+2

2
Xg+ = Xmin> 442 — = Xmax; (A]O)

k
X = Xt + kg (xg“ +58 (6T QXL UM )

3QX™1, y, U — QX" y, U") k
g g A (A11)
2 2
X =X, +2kg (L Q (XL p U ). 2<j <]+t (A.12)
and the approximations to the theoretical solution in these nodes at such time level using
k
UM = Urt exp (_ku* (XS“ + 28007 Q (X y U ),
3QXM UM — QX" y, U 3Q(X™L y, UM — QX" y, UM k
, i +=11, (A13)
2 2 2
U”+2 _ an—z exp (_2 Kt (Xjnjll, Q (X““, Ve U"H) Q (X"H, Y, U"H) : tn+1)) , 2<j<J4+n+41, (A.14)
Ui, =o. (A.15)

The equations at the time level t,,, are completed with the approximation U(’;Jr2
tion of the boundary condition (1.2)

nt2 Q(Xn+2, OL(X'H_Z, Un+2) Un+2)

0 g(xmin, Q (Xn+2» }'g Un+2) s tn+2) ,

Q2 where a;;(X"2, U™?) = o (X2, Q(X"2, y, U™?), ty5) ,0<j<J+n+2,0<n<N-2

to U(Xmin, tnr2) by means of the discretiza-

(A.16)

A.4. Selection grid nodes method (SGN)

The following scheme considers a modification in the grid of the previous one so that, by using a selection of the grid
nodes, the number of nodes does not increase at each time level. Thus, we try to reduce the computational cost without loss
of accuracy.

The grid nodes and the numerical approximations at time t,, X2, U?, are defined by means of (A.10)-(A.16) for n = 0.
Next, we calculate Q2(X?, yi U?).

At the new time level, there is a different number of nodes because a new node that fluxes through the boundary is
introduced. So, at the time level ty, we have (J + 1) grid nodes, at t; we have (J + 2) and at t; we have (J + 3). Now, the first
grid node X/ that satisfies

Xy = Xl = 1LT1J1H+] X7
is eliminated and, also XH, the grid node in the same characteristic curve at ty, is taken out. The number of nodes at the
levels involved in the implementation of our two-step scheme are kept fixed: (J + 3) nodes for the time level reached in the
integration and (J + 2) and (J + 1) for the previous ones. However, the approximations to the nonlocal terms at such time
levels are not recomputed.

Now, we suppose that the numerical approximations at time levels t, and ¢, are known, and they are denoted
by {Xg. X, .. XX = Xmax} - {UGL UL .. UL U =0}, QX" p,U"), s = a, g, i, and {Axg+1 = Xmin, X[, ..,
XHUXI = xmad (UL UTT L U U}jﬁ =0}, QX" y, U™ s = o, g, u (note that X and X', 0 < j <
J—1, are, numerically, in the same characteristic curve). In addition, the grid considered at t, has lost two nodes with respect
to the moment when X" was actually calculated, while the grid used at t, 1 has only one node less than X"*'. The numerical
grid nodes at the new time level t,,;,, are computed by means of (A.10)-(A.12),2 < j <]+ 1, and the approximations to the
theoretical solution in these nodes are obtained using (A.13),(A.14),2 <j < J+41,and (A.15). The equations at time level t,,,
are completed with the approximation Ug+2 t0 U(Xmin, tat2) Using (A.16). Now, we calculate Q (X"2, y U"2), s = a, g, 1.
Note that, for the time levels t,, n > 2, the quadrature rules always use the same number of nodes (J + 3). Finally, we
eliminate the first grid node X, "2 that satisfies

n+2 n+2
|X1+1 =X

2
— X7

X2 _ Xn+2|

1= m<m X

and we take out XH , the grid node in the same characteristic curve at the previous time level.
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